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PREFACE

Feedback circuits and their related properties have been extensively
investigated since the early days of electronics. From the time scientific and
industrial communities started talking about and working with active
elements like vacuum tubes or transistors, until today, much literature and
many scientific results have been published which reinforce the importance
of feedback. Improved features have been implemented in integrated
circuits, novel techniques of analysis have been proposed which deeply
improve our understanding of the resulting layouts, and new design
strategies have been developed to optimise performance. Nevertheless, the
genuinely complex subject of feedback and its applications in analog
electronics remain obscure even for the majority of graduate electronics
students.

To this end, the main focus of this book will be to provide the reader with
a real and deep understanding of feedback and feedback amplifiers.
Whenever possible and without any loss of generality, a simple and intuitive
approach will be used to derive simple and compact equations useful in
pencil-and-paper design. Complex analytical derivations will be used only
when necessary to elucidate fundamental relationships. Consequently, the
contents of the book have been kept to a reasonably accessible level.

The book is written for use both by graduate and postgraduate students
who are already familiar with electronic devices and circuits, and who want
to extend their knowledge to cover all aspects of the analysis and design of
analog feedback circuits/amplifiers. Although the material is presented in a
formal and theoretical manner, much emphasis is devoted to a design
perspective. Indeed, the book can become a valid reference for analog IC
designers who wish to deal more deeply with feedback amplifier features
and their related design strategies, which are often partially —or even

incorrectly— presented in the open literature. For this purpose (and despite
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maturity of the subject), novel formalisms, approaches, and results are
described in this book. For instance, a generic small-signal model applicable
to a variety of different transistor types operating in the active region is
introduced. A new comprehensive approach for the frequency compensation
of two-stage and three-stage amplifiers is adopted. Novel and insightful

results are reported for harmonic distortion in the frequency domain.

The outline of the text is as follows:

Chapter 1 provides a brief introduction to the operating principles of
Bipolar and MOS transistors together with their small-signal models. This
chapter is an invited contribution by Dr. Ginaluca Giustolisi.

A general small-signal model for transistors in the active region of
operation is derived in Chapter 2. The resulting model helps the reader to
acquire a uniform view of the designer’s tasks and sidesteps the impractical
distinction traditionally practised between Bipolar and MOS devices. This
model is then thoroughly utilised in the rest of the chapter and the book
itself. The three basic single-transistor configurations, which are the
common-emitter, common-collector, common-base, for the bipolar transistor
and common source, common-drain, common-gate for the MOS transistor,
are subsequently revisited. General relationships, for both these active
components, valid at low and high frequencies are accordingly developed.

Feedback is introduced in Chapter 3. Feedback features are discussed in
detail with particular emphasis on achievable advantages (and corresponding
disadvantages) from a circuit perspective. Moreover, after an overview of
the numerous techniques proposed until now to analyse feedback circuits,
the two techniques which are the most useful in the authors’ opinion are
presented together with Blackman’s theorem which is concerned only with
the impedance level change due to feedback. Both techniques, namely the
Rosenstark and the Choma methods, lead to exact results, but provide

information only from a behavioural and approximated point of view. In
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fact, it is also demonstrated that these methods can bestow a deeper
understanding of feedback properties.

Chapter 4 analyses the frequency and step response of transfer functions
characterised by different combinations of poles (and zeros) that are
commonly found in real practice. From this starting point, useful definitions
will be given to help designers derive fundamental relations which ensure
closed-loop stability with adequate margins.

Frequency compensation is a fundamental step in feedback amplifier
design. Chapter 5 gives a classification of the most commonly employed
compensation techniques. The traditional approaches such as dominant-pole
compensation and Miller compensation are presented in detail with emphasis
being devoted not only to the theoretical viewpoint, but also to a strong
design perspective. Improved zero compensation techniques, which allow
the frequency response of the resulting amplifier to be optimised, are then
presented. In addition, the nested Miller approaches, which are becoming
more and more important given the trend to reduce power supply, are also
included..

Chapter 6 combines the knowledge introduced in the previous three
chapters. The fundamental feedback amplifier architectures (Series-Shunt,
Shunt-Series, Shunt-Shunt, and Series-Series topologies) are discussed
assuming they are made with the general transistor introduced previously.
Then practical applications are given for the two analysis and frequency
compensation approaches.

Chapter 7 focuses on harmonic distortion in feedback amplifiers. Static
non-linearity is analysed in a theoretical and exact manner. Moreover, the
study of distortion versus frequency is carried out in a simple fashion and the
results applied to the main frequency compensation techniques. We avoid
traditional approaches such as the Volterra or Wiener series, which are
computationally heavy, by exploiting considerations deriving from

frequency compensation, which are mandatory in feedback amplifiers.
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Chapter 8 deals with noise performance. Methods of analysis are
illustrated and practical considerations and approximations which arise in
real amplifiers, are included.

Chapter 9 looks at some examples taken from modern microelectronics
which locally involve feedback or which are used in feedback
configurations. The objective of the chapter is not only to show further
practical examples, but also to outline some typical features inherent to these
selected circuits. Thus a dual goal is achieved: acquiring more knowledge
about the items treated in previous chapters, and gaining greater insight into
some of the properties exhibited by well-known and useful circuits, strongly
related to the topic of the book.

Lastly the Appendix summarises useful results related to the analysis of

transfer functions of RC networks.



Chapter 1

INTRODUCTION TO DEVICE MODELING
Gianluca Giustolisi

This chapter will deal with the operation and modeling of semiconductor
devices in order to give the reader a basis for understanding, in a simple and
efficient manner, the operation of the main building blocks of
microelectronics.

1.1 DOPED SILICON

A semiconductor is a crystal lattice structure with free electrons and/or
free holes or, which is the same, with negative and/or positive carriers. The
most common semiconductor is silicon which, having a valence of four,
allows its atoms to share four free electrons with neighboring atoms thus
forming the covalent bonds of the crystal lattice.

In intrinsic silicon, thermal agitation can endow a few electrons with
enough energy to escape their bonds. In the same way, they leave an equal
number of holes in the crystal lattice that can be viewed as free charges with
an opposite sign. At room temperature, we have 1.5-10" carriers of each
type per cm’. This quantity is referred to as », and is a function of
temperature as it doubles for every 11 °C increase in temperature [1]-[2].

This intrinsic quantity of free charges is not sufficient for the building of
microelectronic devices and must be increased by doping the intrinsic
silicon. This means adding negative or positive free charges to the pure
material. Several doping materials can be used to increase free charges.
Specifically, when doping pure silicon with a pentavalent material (that is,
doping with atoms of an element having a valence of five) we have almost
one extra free electron that can be used to conduct current for every one
atom of impurity. Likewise, doping the pure silicon with atoms having a
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valence of three, gives us almost one free hole for every impurity atom. A
pentavalent atom donates electrons to the intrinsic silicon and is known as a
donor. In contrast, a trivalent atom accepts electrons and is known as an
acceptor. Typical pentavalent impurities, also called n-type dopants, are
arsenic, As, and phosphorus, P, while the most used trivalent impurity, also
called p-type dopant, is boron, B. Silicon doped with a pentavalent impurity
is said to be n-type silicon, while silicon doped with a trivalent impurity is
called p-type silicon.

If we suppose that a concentration N, of donor atoms (greater than the
intrinsic carrier concentration, #,) is used to dope the silicon, the
concentration of free electrons in the n-type material, n,, can be assumed as
equal to

n, =N, (1.1)

In fact, this is an approximation, since some of the free electrons of the
doping material recombine with the holes, but it is sufficient for as long as
condition N, >>n, istrue.

The fact that some free electrons recombine with holes, also reduces the
concentration of holes in the n-type material, p,, to

n’

-0 1.2
D N, (1.2)

Similarly, if we dope the silicon with a concentration N4 of acceptor
atoms, the concentration of free holes in the p-type material, p,, is equal to

p,=N, (1.3)

while the electron-hole recombination reduces the concentration of free
electrons in the p-type material, 7, to

nl
"= (1.4)
1.2 DIODES

A diode, or pnjunction, is made by joining a p-type to an n-type material
as in Fig. 1.1. The p-side terminal is called anode (A) while the n-side
terminal is called cathode (K).
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Note that the p-type section is denoted with p+, meaning that this side is
doped more heavily (in the order of 10 carriers/cm’ ) than its n-type
counterpart (in the order of 10" carriers/cm’), thatis N, >> N, This is not

a limitation since most pn junctions are built with one side more heavily
doped than the other.

Close to the junction, free electrons on the n side are attracted by free
positive charges on the p side so they diffuse across the junction and
recombine with holes. Similarly, holes on the p side are attracted by
electrons on the n side, diffuse across the junction and recombine with free
electrons on the n side.

Electric field
‘7
S
A = im +-+ K
i R R
P | + + N d
- -+ +
.
| | | \ - X
I ] I k3 Ll
Immobile 0 X  Immobile
negative - Depletion = positive
charge region charge

Fig. 1.1. pn junction.

This phenomenon leaves behind positive ions (or immobile positive
charges) on the n side, and negative ions (or immobile negative charges) on
the p side, thus creating a depletion region across the junction where no free
carriers exist. Moreover, since charge neutrality obliges the total amount of
charge on one side to be equal to the total amount of charge on the other, the
width of the depletion region is greater on the more lightly doped side, that
is, in our case where N, >> N, we have x, >>x .

Due to immobile charges, an electric field appears from the n side to the p
side and generates the so-called built-in potential of the junction. This
potential prevents further net movement of free charges across the junction
under open circuit and steady-state conditions. It is given by [1]-[2]

N
®,=U, In( "JZV”) (1.5)

n

!
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Ur being the thermal voltage defined as
U, =— (1.6)

where T is the temperature in degrees Kelvin (= 300 K at room temperature),
k is the Boltzmann’s constant (1.38:10% JK™) and ¢ is the charge of an
electron (1.602:10™" C). At room temperature, Uy is approximately equal to
26 mV. Typical values of the built-in potential are around 0.9 V.

Under open circuit and steady-state conditions, it can be shown that the
widths of depletion regions are given by the following equations

12
x =[2‘9si50®0 Np } (1.72)
7 g NN, +Np)
12
%, {2551'50‘1’0 N4 } (1.7b)
g Ny, +Np)

where & is the permittivity of free space (8.854:10"% F/m) and &, is the
relative permittivity of silicon (equal to 11.8).
Dividing (1.7a) by (1.7b) yields

s (1.8)

which justifies the fact that x, is greater than x, if N, >> N. Moreover,
under this condition, we can further simplify (1.7) in

2 (D 1/2
x, z(_gio_] (1.9a)
gNp
26 £ DN, )
E . &
X, % (—(}VZO_DJ (1.9b)
qivy

The charge stored in the depletion region, per unit device area, is found
by multiplying the width of the depleted area by the concentration of the
immobile charge, which can be considered equal to ¢ times the doping
concentration. So for both the sides of the device we have
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12
N,N
" =gN x, =|2q¢,6,P, —4—L2— 1.10a
Q qap (qszo ONA+ND] ( )
NN, )
* =gNpx, =| 2q&,6,D, —1—L2— 1.10b
Q an(qSIO ONA'*'NDJ ( )

Note that the charge stored on the n side equals the charge stored on the p
side, as is expected due to the charge neutrality.

In the case of a more heavily doped side, as in our example where
N, >> N, we can simplify (1.10) to

Q" =0 ~[2g5,60,N, ] (1.11)
1.2.1 Reverse Bias Condition

By grounding the anode and applying a voltage ¥y to the cathode, we
reverse-bias the device. Under such a condition the current flowing through
the diode is mainly determined by the junction area and is independent of V.
In many cases this current is considered negligible and the device is modeled
as an open circuit. However, the device also has a charge stored in the
junction that changes with the voltage applied and causes a capacitive effect,
which cannot be ignored at high frequencies. The capacitive effect is due to
the so-called junction capacitance.

Specifically, when the diode is reverse biased as in Fig. 1.2, free electrons
on the n side are attracted by the positive potential V; and leave behind
positive immobile charges. Similarly, free holes in the p region move
towards the anode leaving behind negative immobile charges. This means
that the depletion region increases and that the built-in potential increases
exactly by the amount of applied voltage, V.

Given that the built-in potential is increased by Vg, both the width and the
charge of the depletion region can be found by substituting the term ®@y+¥V
to @g in (1.7) and (1.10), respectively. In particular the charge stored results
as

12
NNy

—4 2 1.12
N,+N, ( )

g =0 =1:2‘I5si50 (q)o + VR)
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Electric field
‘—.—_

Pt o

+ o+ + 4+ o+
++++ + +
+ o+ + + 4+ 4+

=

<

pi)

-Xp 0 Xn

| Depletion
region

A 4

Fig. 1.2. Reverse-biased pn junction.

This charge denotes a non-linear charge-voltage characteristic of the
device, modeled by a non-linear capacitor called a junction capacitance.

For small changes in the applied voltage around a bias value, V3, the
capacitor can be viewed as a small-signal capacitance, C,, whose expression
is found by differentiating1 (1.12) with respectto ¥y

c _dot . Cy

=92 - (1.13)
! dVR 1+£
(DO
where
N N 172
Cjoz(qgsiEO A*YD J (114)
20, N,+N,

is a capacitance per unit of area and depends only on the doping
concentration.

1.2.2 Graded Junctions

All the above equations are valid in the case of abrupt junctions. For
graded junctions, that is where the doping concentration changes smoothly

U All the derivatives are evaluated at the quiescent operating point.
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from p to n, a better model for the charge can be described by changing the
exponent in (1.12) as follows [4]

1-m

_ N, N

0" =0 ={2qas,-eo(<bo +VR)#} (1.15)
NA +Np

where m is a technology dependent parameter (typical m values are around
1/3).
In this case, the junction capacitance per unit of area turns into

do* C,
C,= O __ “n (1.16)
1+ &
cI)0
where
1-m
1-
Cpo =2 2ge 60 alp (1.17)
(O} N,+N,

1.2.3 Forward Bias Condition

With reference to Fig. 1.3, by grounding the cathode and applying a
voltage Vp to the anode, we forward-bias the device. Under this condition
the built-in potential is reduced by the amount of voltage applied.
Consequently, the width of the depletion region and the charge stored in the
junction are reduced, too.

If Vp is large enough, the reduction in the potential barrier ensures the
electrons in the n side and the holes in the p side are attracted by the anode
and the cathode, respectively, thus crossing the junction. Once free charges
cross the depletion region, they become minority carriers on the other side
and a recombination process with majority carriers begins. This
recombination reduces the minority carrier concentrations that assume a
decreasing exponential profile. The concentration profile is responsible for
the current flow near the junction, which is due to a diffusive phenomenon
that is called diffusion current. On moving away from the junction, some
current flow is given by the diffusion current and some is due to majority
carriers that, coming from the terminals, replace those carriers recombined
with minority carriers or diffused across the junction. This latter current is
termed a drift current.
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This process causes a current to flow through the diode that is
exponentially related to voltage Vj as follows

Ip=AyJ, exp[Z—Dj (1.18)

7

where Ap is the junction area and Js the scale current density which is
inversely proportional to the doping concentrations. The product ApJy is
often expressed in terms of a scale current and denoted as Zs.

Electric field
4—......._

Vb p+ e

+ + + F + F

| | l -
I I I -

x 0 Xn
Depletion
3 region .

Fig. 1.3. Forward-biased pn junction.

As far as the charge stored in the device is concerned, we have two
contributions under the forward bias condition. The first is given by the
charge stored in the depletion region, @, that can be evaluated by
substituting —=¥p for Vg in (1.12), assuming there is an abruptjunction. In the
same manner, this charge yields a small signal junction capacitance that can
be expressed by (1.13) and (1.14). In any case, since this contribution is
negligible, the junction capacitance is often modeled with a capacitive value
of 2Cj where Cy is expressed by (1.14) or (1.17), depending on whether the
junction is assumed to be abrupt or not.

The second contribution takes into account the charge due to minority
carrier concentrations close to the junction that are responsible for the
diffusion current. This component yields a diffusion capacitance, Cy, which
is proportional to the current /;, as follows [1]-[2]

I
Cy=17 -2 1.19
T (1.19)
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where 77 is a technology parameter known as the transit time of the diode.
The total capacitance, Cy, is the sum of the diffusion capacitance, C,, and
the junction capacitance, C;, that is

Cr=C;+C;»C,; +2C (1.20)
1.24 Diode Small Signal Model
In the case of reverse bias, the diode can be simply modeled with the

junction capacitance defined by (1.13) and (1.14) or by (1.15) and (1.17),
depending on whether the junction is abrupt or graded.

Reverse bias Forward bias
O ©

Ci—— rd Cd Ci
O )]

Fig. 1.4. Diode small signal models.

In the case of forward bias a small signal resistor, r,, models the current-
voltage relationship. Specifically, from (1.18) we have

-1 -1
r,= dly || Ay exp ol U (1.21)
v, U, U, 7,

The capacitive contribution is taken into account by adding the capacitor
Cr in (1.20) in parallel to »,. Diode small signal models are depicted in Fig.
4.

1.3 MOS TRANSISTORS

Currently, = Metal-Oxide-Semiconductor  Field-Effect = Transistors
(MOSFETs or simply MOS transistors) are the most commonly used
components in integrated circuit implementations since their characteristics
make them more attractive than other devices such as, for example, BJTs.
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Specifically, their simple realization and low cost, the possibility of having a
complementary technology with the same characteristics for both
complementary devices, their small geometry and, consequently, the
feasibility of integrating a large number of devices in a small area, their
infinite input resistance at the gate terminal and the faculty of building
digital cells with no static dissipation, all motivate the great success of MOS
transistors in modern technologies.

A simplified cross section of an n-channel MOS (n-MOS) transistor is
shown in Fig. 1.5. It is built on a lightly doped p type substrate (p-) that
separates two heavily doped n type regions (n+) called source and drain. A
dielectric of silicon oxide and a polysilicon gate are grown over the
separation region. The region below the oxide is the transistor channel and
its length, that is the length that separates the source and the drain, is the
channel length, denoted by L. In present MOS technologies the channel
length is typically between 0.18 wm and 1 um. In a p-channel MOS (p-
MOS) all the regions are complementary doped.

There is no physical difference between the source and the drain as the
device is symmetric, the notations source and drain only depend on the
voltage applied. In an n-MOS the source is the terminal at the lower
potential while, in a p-MOS, the source is the terminal at the higher
potential.

gate

source T drain

T Polysilicon
Si02
u} N, n+ s

p- bulk or substrate

Fig. 1.5. Simplified cross section of an n- MOS transistor.
131 Basic Operation

To understand the basic operation of MOS transistors we shall analyze
the behavior of an n-MOS depending on the voltages applied at its terminals.

If source, drain and substrate are grounded, the device works as a
capacitor. Specifically, the gate and the substrate above the SiO; interface
are two plates electrically insulated by the silicon oxide.
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If we apply a negative voltage to the gate, negative charges will be stored
in the polysilicon while positive charges will be attracted to the channel
region thus increasing the channel doping to p+. This situation leads to an
accumulated channel. Source and drain are electrically separated because
they form two back-to-back diodes with the substrate. Even if we positively
bias either the source or the drain, only a negligible current (the leakage
current) will flow from the biased n+ regions to the substrate.

VG >Vin

el T L

= + + + ++ + + + + + + =

n+
depletion region p- substrate channel
oL
(a)
o 4 tox

n-channel
n+ n+
S L .

(b)

A

Fig. 1.6. Cross section of an n-MOS transistor when the channel is present:
a) bidimensional, b) tridimensional.

By applying a positive voltage to the gate, positive charges will be stored
in the gate. Below the silicon oxide, if the gate voltage is small, positive free
charges of the p- substrate will be repelled from the surface thus depleting
the channel area. A further increase in the gate voltage leads to negative free
charges being attracted to the channel that thereby becomes an n region. In
this condition the channel is said to be inverted.
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The gate-source voltage for which the concentration of electrons under
the gate equals the concentration of holes in the p- substrate far from the gate
is said to be the transistor threshold voltage, Fy,.

At a first approximation, if the gate-source voltage, Vs, is below the
threshold voltage, no current can exist between the source and the drain and
the transistor is said to be in the cutoff region. In contrast, if the gate-source
voltage is greater than the threshold voltage, an n channel joins the drain and
the source and a current can flow between these two electrically connected
regions.

Actually, for gate voltages around Vg, the charge does not change
abruptly and a small amount of current can flow even for small negative
values of Vs =V, . This condition is termed weak inversion and the

transistor is said to work in subthreshold region.

When the channel is present, as in Fig. 1.6, the accumulated negative
charge is proportional to the gate source voltage and depends on the oxide
thickness, #,, since the transistor works as a capacitor. Specifically, the
charge density of electrons in the channel is given by [1]-[2]

Qn = Cox (VGS - VTn) (l 22)
where C, is the gate capacitance per unit area defined as

C - Eubo (1.23)

ox
tox

and &, is the relative permittivity of the SiO, (&, is approximately 3.9)
The total capacitance and the total charge are obtained by multiplying
both the equations (1.22) and (1.23) by the device area, as follows

C,, =WIC,, (1.24a)
QT—n = WLCax (VGS - VTn) (1 24b)

1.3.2 Triode or Linear Region

Increasing the drain voltage, Vp, causes a current to flow from the drain
to the source through the channel. A drain voltage different from zero will
modify the charge density but for small ¥, the channel charge will not
change appreciably and can be expressed by (1.22) again. Under this
condition, the device operates as a resistor of length L, width W with a
permittivity proportional to {J,. Therefore, the relationship between voltage
Vps and the drain-source current, 7, can be written as [7]
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W
Ip = 1,0, TVDS (1.25)

where x4, is the mobility of electrons near the silicon surface.
Substituting (1.22) in (1.25) yields

w
Ip=u,C, T(VGS ~V )VDS (1.26)

Larger drain voltages modify the charge density profile in the channel.
Specifically, referring to Fig. 1.7, we can express the channel charge density
as a function of channel length. For x = 0, that is, close to the source, (1.22)
holds, while for x = L, that is, close to the drain, we have

Qn(L):Cox(VGD —VTn) (]27)

Assuming a linear profile, the charge density has the following
expression

Qn(x)=wx+g(0) (1.28)
VG > VTn
VD
e [ T
Si0:

n+ __Ehﬂ‘_”ﬂ——————-—'—'_____—__—_ n+

p- substrate E: |i .;x

0 L

Fig. 1.7. MOS transistor channel for large V).

The current can be expressed in a form similar to (1.25) but with a
different charge expression. If the charge density profile is linear, the
average charge density can be used instead. The average charge density
results in

én = Qn (L);_ Q” (O) = Cox(VGS - VTn - %1) (1 29)
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and substituting this value in (1.25) leads to

— W w Ve
Ip=up,0, ’ZVDS =u,C, T[V(s -V _%)VDS (1.30)

The current I is linearly related to ¥s and has a quadratic dependence
on Vpg. Under this condition the device is said to operate in triode or linear
region. Note also that (1.30) is reduced to (1.26) for small values of Vps.

1.3.3 Saturation or Active Region

A further increase of Vp, can lead to the condition of a gate-drain voltage
equal to Vp,. In this case the charge density close to the drain, Q,(L),
becomes zero and current /p reaches its maximum value. This condition is

shown in Fig. 1.8.

VG >VTn
T VDG>V1n
- T
. Si0z
n+ ﬂa_ﬂﬂﬁl—"/”;‘ n+ l

pinch-off X

p- substrate

O ———--
—t=---

Fig. 1.8. MOS transistor channel for Vp; > V.

At a first approximation, the current does not change over this point with
Vps since the charge concentration in the channel remains constant and the
electron carriers are velocity saturated. Under this condition the transistor is
said to work in saturation or linear region.

Denoting Vps. as the drain source voltage when the charge density O,(L)
becomes zero, we can find an equivalent relationship that expresses the
pinch-off condition by substituting V,; =V, -V, into Vy,; >V,,.

Specifically, we get

Vos > Visar (1.31)

where
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Vs =Vas =V (1.32)

Substituting the value ¥pg = Ve defined in (1.32) into (1.30) gives the
current expression in the pinch-off case and results as

nCox 4
D~ ﬂ 2 L (VGS - I/tl'n

) (1.33)

As mentioned above, (1.33) is valid at a first approximation. In fact,
increasing Vp yields an increase in the pinch-off region as well as a decrease
in channel length. This effect is commonly known as channel length
modulation. To take this effect into account, a corrective term is used to
complete (1.33) which becomes

_HC W

= Wos Va1 A0V s ~Visa ) (1.34)

Ip =

The parameter A is referred to as the channel length modulation factor
and, at a first approximation, it is inversely proportional to the channel
length, L.

1.34 Body Effect

All the equations derived above were based on the assumption that the
source and the substrate (or the bulk) were connected together. Although this
is a rather common condition, in general the voltage of these two terminals
can be different. In this event a second order effect occurs commonly
referred to as the body effect [6]. A different voltage between the source and
the bulk is modeled as an increase in the threshold voltage, which assumes
the following expression [6]-[8]

Vi = Vo + Vs + 204] - 200 (135)

with Fgg being the source-bulk voltage, Vrpy the threshold voltage with zero
Vs, ¢r the Fermi potential of the substrate and y a constant referred to as the
body-effect constant. The Fermi potential is defined as [1]

__kr. [N,
Pr: ql[n) (1.36)

1
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while the value of y depends on the substrate doping concentration as
follows [1]

29N
y= qiv 4& (137)

C

ox

1.3.5 p-channel Transistors

For a p-channel transistor we can use the same equations derived in the
previous sections, provided that a negative sign is placed in front of every
voltage variable.

Therefore, Vs becomes Vg, Vps becomes Vsp, Vi becomes—Vyp,, and so
on. Note that in a p-MOS transistor the threshold voltage is negative. The
condition for a p-MOS to be in saturation region is now Vsp > Vs + Vip.
Current equations (1.30) and (1.34) still hold but the current now flows from
the source to the drain.

1.3.6 Saturation Region Small Signal Model

The low-frequency small signal model for a MOS transistor operating in
the active region is shown in Fig. 1.9.

id

Vg O—CL <40 W
-+
Vgs JmVgs dmbVsb rd
g is

Vs

Fig. 1.9. Low-Frequency small signal model for a MOS transistor in active
region.

The most important small signal component is the dependent current
generator, g, Ve, whose transconductance, g,, isdefined as

/4
= a 2 = #IIC()X K
aV(;S L

Em (VGS - Vrn) (1.38)

Solving (1.33) for V;s — Vo3, yields
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(1.39)

and substituting this value in (1.38) we get the well-known expression for
the transconductance

gmz‘lzﬂncox%ID (140)

Another useful expression for g, can be found by comparing (1.38) with
(1.33) thus obtaining

I, .
gm=-———2 : (1.41)
Vas =V

The second dependent current source, gumsVss, accounts for the body effect
and its transconductance is defined as

ol ol,, oV,
&mp =— Do _ _ D In (142)
Vs OV Vg

in

The first derivative in (1.42) results as

ol,
6VTn

w
_:uncox T(VGS - V'I'n ) =—8n (l 43)

while the second one comes out by deriving (1.35) with respect to Vg, thus
yielding

0 [V’rno +7(\/I—/sn +2l| _\/2,¢l’|)]: L (149

Wy W 2Ves + 20|

Therefore, substituting (1.43) and (1.44) in (1.42) we get

P (1.45)

g L
" 2\/ Vig + 2i¢/«‘|
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Note that this value is nonzero even if the quiescent value of Vsz equals
zero. Specifically, the body effect arises only if a small signal, vy, is present
between the source and the bulk terminals. In general g is 0.1-0.2 times g,
and can be neglected in a non-detailed analysis.

The last model parameter is the resistor »4, which takes into account the
channel length modulation or, which is the same, the dependence of the
drain current on V. It is related to the large signal equations by

i :ﬂ (1.46)
vy OVpy

Substituting in (1.46) the current expression in (1.34) results as

L = aID = 0 /‘nCox K(Vm - VTn )2 [l + j'(VDS - VI)S.\'al )]
rg Vs ps 2L (1.47)
cC_ W
= A%T(V(}S - V’rn)2 ~ Al

and finally

1
- 1.48
d ﬂ«]D ( )

The high-frequency model of a MOS transistor, which includes the
capacitive effects, is shown in Fig. 1.10.

+
Cogs—— Vgs  gmVgs( ¢ ) gmbVsb rd Cdb——

Csb———

A
o]
g

Fig. 1.10. High-frequency small signal model for a MOS transistor in
active region.
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Each capacitive contribution has its own physical meaning that can be
understood by analyzing the detailed n-MOS cross section in Fig. 1.11.

metal polysilicon oxide

D FOX

= . Cdb_sw
oo™ oiT T o
o C’s B p- substrate

Fig. 1.11. Detailed n-MOS cross-section.

The most important capacitor is the gate-source capacitor whose value is
given by two different terms. The first term takes into account the capacitive
effect between the gate and the channel, which is electrically connected to
the source. At a first approximation, the corresponding capacitor, C ., is a
linear capacitor that depends on the oxide thickness as well as on the device
area. It can be demonstrated that its value is approximately given by [4], [7]

2
Cg_ch ~ 5 WLC()x (1 49)

The second term that contributes to the gate-source capacitance is given by
the overlap that exists between the gate and the source n+ region. This
overlap is unavoidable and results from the fact that during the fabrication
process the doping element also spreads horizontally. Naming Lp the overlap
diffusion length, the resulting parasitic capacitor, Cg 4, 1S given by

C.. o =WL,C,, (1.50)

gs_ov

Hence, the capacitor Cg, in Fig. 1.9 is expressed by the sum of (1.49) and
(1.50), that is

C, =WC(,X(§L+LD) (1.51)



20 Chapter 1:Introduction to Device Modeling

Since Lp << L the capacitor Cy, is mainly determined by the gate-channel
capacitance and the overlap effect can be neglected in many cases.

The same boundary effect that determines the gate-source overlap
capacitance yields the gate-drain capacitance that is given by

c d =ng_uv ZWLDC

& o (1.52)
This capacitor makes a strong contribution when the transistor is used as a
voltage amplifier and a large voltage gain exists between the drain and the
gate. In all other cases its contribution is negligible.

The second largest capacitor is the source-bulk capacitor, which can be
split into three contributions all of them given by the depletion capacitances
of reverse biased pn junctions. The first, C,, takes into account the junction

capacitance between the n+ source area and the bulk. Its expression is
similar to (1.13) or (1.16) depending on whether the junction can be
considered as abrupt or graded. Assuming a graded junction we have

c,=—"" —4cC. (1.53)

where A4, is the area of the source junction and Cj, is defined as the source
junction capacitance per unit area.

The second contribution is responsible for C,, , and takes into account the
depletion region between the channel and the bulk. Even in this case we
have an expression similar to (1.53) that is

Al _ 4 ,C

m A
1+ Ve
q)0

where Ag is the area of the channel which can be evaluated as WL.

The third term is referred to as the source-bulk sidewall capacitance and is
denoted as Cg «. This capacitance is due to the presence of a highly p+
doped region (field implant) that exists under the thick field oxide (FOX)
and prevents the leakage current from flowing between two adjacent
transistors. The value of Cs 4 can be particularly large ifthe field implant is
heavily doped as in modern technologies. The expression of Cy w is then

Cup s = (1.54)
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c. it _pe (1.55)

where P; is the perimeter of the source junction, excluding the side adjacent
to the channel. Both C,0 and C,, are capacitances per unit length.
Consequently, the source-bulk capacitance is given by the sum of (1.53),
(1.54) and (1.55), that is

Csb = (As + Ach Js + PsC (156)

Js—sw
The fourth capacitor in the model in Fig. 1.9 is the drain-bulk capacitor,
Cy. This is similar to the source-bulk capacitance except for the fact that the

channel does not make any contribution. Therefore equations similar to
(1.53) and (1.55) can be written as follows

A,C.
Cop =L =4,C (1.57a)
(1+%
0
PC'—sw
Cop ow =" =P,Chy (1.57b)
1+Vﬂ
®0

and the drain-bulk capacitance results as

Jjd-sw

(1.58)
1.3.7 Triode Region Small Signal Model
The low frequency small signal model for a MOS in triode region is a
resistor whose value can be determined by deriving (1.39) with respect to

Vps, that is

_1_: oI, —uC /4
r, OVp

ox 'i_(VGS “V'rn ‘VDS) (1-59)

If Vps is small (1.59) is often approximated by
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1 = 1y Cox Z(VGS - VTn) (1.59)

¥ L

The high-frequency model is not easy to determine because the channel is
directly connected to both the source and drain resulting in a distributed RC
network over the whole length of the device. Moreover, because of the
capacitive nature of junction capacitances, the capacitive elements are highly
non-linear. This is another factor making the model quite complicated for
management by hand analysis.

A simplified model, which is quite accurate for small Vpg, can be
obtained by evaluating the total channel charge contribution and by
assuming half of this contribution to be referred to the source and half to the
drain [7].

Specifically, since the total gate-channel capacitance is given by

C, o =WLC,, (1.60)

4

gate-source and gate-drain capacitances can be modeled as
L
Cgs=ng=WCUX(E+LD] (1.61)

where the overlap contribution has been included.

Vg
Cgs —_ rd S ng
Vs O N\ 0o vd

c |

sbi f—j

Cdb

Fig. 1.12. High-frequency small signal model for a MOS transistor in triode
region.

In the same way, the channel-bulk contribution is shared between the
source and the drain thus yielding for Cy and Cy the following
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AC
Csb = (As + —ih_Jst + Pscjs~sw (1 623)
Ach
Ca=| Ay +7 de + Pded—sw (1.62b)
The resulting high-frequency small signal model is depicted in Fig. 1.12

1.3.8 Cutoff Region Small Signal Model

In the cutoff region the resistance 74 is assumed to be infinite so the
equivalent model is purely capacitive.

' Cab

Cgs ng
Vs © — o W

C L

sbi

— Cdb

Fig. 1.13. High-frequency small signal model for a MOS transistor in cutoff
region

Since the channel is not present, both Cgs and Cg, are due only to the
overlap contribution, that is

Cg.v = Cga' = WLDCz)x (l '63)

Source-bulk and drain-bulk capacitances are similar to those given in
(1.62) with the difference that the channel does not make any contribution,
that is

Cdb = Adcjd + Pded—Sw (1 .643)
Cy =4, +PC, (1.64b)

Js—sw

The fact that no channel exists, generates a new capacitor, Cgz, which
connects the gate and the bulk. Its value is given by the oxide capacitance
multiplied by the device area, that is
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Cpp = Ay Co =WLC,, (1.65)

ox

The resulting small signal model is shown in Fig. 13.
1.3.9 Second Order Effects in MOSFET Modeling

The main second order effects that should be taken into account when
determining a MOS large signal model are reported in this section. Their
effects are always present but are especially prominent in short-channel
devices and, often, cannot be ignored.

In the following we shall neglect the subscript n, which referred to n-
MOS transistors.

1.3.9.1 Channel length reduction due to overlap

Referring to Fig. 1.11, we see that designed channel, L, is reduced due to
the overlap. Assuming a symmetric device with equal overlap, Lj, at both
the source and the drain, the amount of reduction is equal to 2L, that is, the
effective channel length, L.g is equal to

Ly=L-2L, (1.66)

metal polysilicon oxide

\ / @

A FOX _ FOX
i) | e
T | P e

& | pinch-o :

% | Leff point L[Iilnch
p+ field 8 » '
implant PO ™ » e

Lo p- substrate B Lo

Fig. 1.14. Channel length modulation.

Obviously, the influence of the overlap is greater in short channel devices
as it strongly affects the real channel. As a consequence, in all the previous
equations, (1.66) should be used for the channel length.

A similar equation holds for the width, W, as well (W = W — 2W)).
However, this effect is less frequent since minimum MOS widths are hardly
chosen especially in analog designs. Thus we can assume W =W, .
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1.3.9.2  Channel length modulation

The channel length modulation was discussed in previous sections and
was modeled by the channel length modulation factor, 4, in (1.34). In this
model, the pinch-off point was assumed to be close to the drain end.

A more effective modeling would take into consideration the fact that, in
practice, the pinch-off point moves towards the source as Vpg increases due
to the variation in the drain depletion region. As a consequence, the effective
channel length, L, is further reduced as shown in Fig. 1.14. Defining Lpnch
as the distance between the drain end and the pinch-off point we get

Ly=L-2L,-L (1.67)

pinch

The value of Lpnn is a function of Vpy, Vpssw and the doping
concentration of the channel. Substituting, for example, (1.67) in (1.33) we
observe that, due to a shorter channel, the drain current increases with ¥ps.
Obviously, this effect is particularly evident in short-channel devices [8].

1.3.9.3  Mobility reduction due to vertical electric field

As known, the mobility, x, relates the electrical field, E, to the drift
velocity of carriers, v, as [1]-[2]

v, =uk (1.68)

In our previous model we assumed the mobility to be a constant. Actually
the value of this parameter depends on several physical factors, the most
important of which is related to the carrier-scattering mechanisms.

The carrier scattering in the channel is greatly influenced by the vertical
electric field induced by the gate voltage. Consequently mobility changes
with Vgs. A semi-empirical equation used to model the mobility reduction
due to vertical fields is [6]

Hy
= 0 1.69
& 1+‘9(VGS _VT) ( )

where g is now the new mobility (or better the new surface mobility), g is
the mobility in the case of low fields and & is the mobility degradation factor
whose value can be related to oxide thickness as 2.3/¢,, {nm) [6].

It can be shown that this effect can be modeled as a series resistance, Rg,
in the source of the MOS where
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9

Rom— 2 (1.70)
s /'IOCox W/Lej]

1.3.9.4  Mobility reduction due to lateral electric field

Mobility is further reduced due to the high lateral electric field. Since, at
a first approximation, the electric field is proportional to Vpg/L.y, this effect
is more pronounced in short-channel devices.

The linear relationship (1.68), which relates the drift velocity to the
electric field, no longer holds for high fields because the mobility strongly
depends on the field itself and decreases as the field increases. Specifically,
at high electric fields, the drift velocity of carriers deviates from the linear
dependency in (1.68) and even saturates. To account for this physical
phenomenon, the mobility, 4, in (1.69) is corrected as follows [6]

Hy
=t (1.71)
‘uﬂ 1+ H VDS

Vinax Lefj

where g5 is the effective mobility, Vg/L,y represents the lateral field and the
term Ve 1S the maximum drift velocity of the carriers. A typical value of
Vmax 18 in the order ofa 10° m/s.

This velocity limitation can be responsible for the saturation in MOS
transistors since a MOS can enter the active region before Vps reaches the
value of Vgs — V7. Consequently, (1.32) must be adjusted to account for the
carrier saturation velocity.

1.3.9.5 Drain Induced Barrier Lowering (DIBL)

This effect is due to the strong lateral electric field and affects the
threshold voltage. The principal model assumes the channel is created by the
gate voltage only. Actually, a strong lateral field from the drain can also help
to attract electrons towards the surface. Strictly speaking, the drain voltage
influences the surface charge and helps the gate voltage to form the channel.
This effect is modeled with a reduction in the threshold voltage (that is, a
barrier lowering) and is also modeled by modifying (1.35) as [6], [8]

Vi =Vyo+ 7(\/VSB + 2|¢F| - \/2|¢F')_ opVps (1.72)

where op is a corrective factor responsible for the dependence of the
threshold voltage on Vps.
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Also the DIBL is more pronounced in short-channel devices and its main
effect is a further reduction in the output resistance.

1.3.9.6  Threshold voltage dependency on transistor dimensions

As transistor dimensions are reduced, the fringing field at border edges
can also affect the threshold voltage [8].

VG
= + 4+ + + + + + + + + =
Si0z
f charge linked to \
charge linked to the gate charge linked to
the source the drain

p- substrate

1L

Fig. 1.15. Border effects in MOS transistors.

Referring to Fig. 1.15 and without entering into a detailed physical
explanation, applying a voltage ¥ to the gate creates a channel. However,
due to border effects, only charges in the darker trapezoidal area are linked
to the gate voltage. The threshold voltage definition in (1.35) refers all the
charges in the rectangular area below the silicon to the gate voltage, as in
Fig. 1.6. Since the threshold voltage depends on the channel charge linked to
the gate voltage, it is apparent that the previous model overestimates the
value of V7. This border effect is not critical in long-channel devices, but in a
short-channel transistor it can be significant.

To model this phenomenon, the threshold voltage in (1.35) is modified in

Vi =Vio— 7y 2l¢F‘ +Fy Ve + 2'¢F| (1.73)

where F; is a corrective factor that represents the ratio between the
trapezoidal and the rectangular areas used to model the channel. As a
consequence, ¥y is less than its original value in (1.35).

In a similar way, the threshold voltage depends on transistor width if this
dimension becomes comparable to the edge effect regions, that is, in narrow-
channel (i.e., with short width) devices.
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In this case, after applying a voltage to the gate, border effects deplete a
wider region thus increasing the threshold voltage. This effect is modeled by
adding the term F,(Vsp + 2|¢f|) to theoriginal ¥ in(1.35). F), is a corrective
factor that approaches zero in the case of wide channels.

Taking into account (1.72) and (1.73) the final form for the threshold
voltage becomes

Vy =Vyo — 72| + Eor Vs + 26| —0pVis + F, Vs +2lg]) - (1.74)

1.3.9.7  Hot carrier effects

High lateral electric fields can generate high velocity carriers also called
hot carriers. In short-channel devices, due to their high velocity, electron-
hole pairs can be generated in the channel by impact ionization and
avalanching. As a consequence, in n-MOS, a current of holes can flow from
the drain to the substrate. This effect can be viewed as a finite resistance that
connects the drain to the substrate and can result in a major limitation when
realizing high impedance cascode structures.

Moreover, some hot carriers with enough energy can tunnel the gate
oxide thus causing either a dc gate current or, if trapped in the oxide, a
threshold voltage alteration. This latter phenomenon can drastically limit the
long-term reliability of MOS transistors.

A further hot carrier effect is the so-called punch-through. It happens
when the depletion regions of source and drain are so close each other that
hot carriers with enough energy can overcome the short-channel region thus
causing a current that is no longer limited by the drift equations. It is as if the
channel were no longer present in the device and both source and drain areas
were connected together. This phenomenon is limited by increasing the
substrate doping which consequently limits the depletion region extensions.
This effect not only lowers drain impedance but can also cause transistor
breakdown.

1.3.10  Sub-threshold Region

In our previous modeling we assumed that no conduction could exist if
the gate voltage is below the threshold. Actually, when the gate voltage is
increased over the threshold, there is not an abrupt transition from the cut-off
region to any of the conducting region. Specifically, a small drain current
can flow at gate voltages a few millivolts below ¥F7. In this condition, the
device is said to operate in sub-threshold or in weak inversion region and the
current has an exponential relationship with the voltage applied.

Assuming long channel devices, the drain current is well expressed by [9]
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w V.. V. V
1,=1,,—ex G lexpl ——% |—exp| - -2 1.75
p =407 p(nUT j|: P( U'r) P( U, H (1.75)

where all voltages are referred to the substrate. In (1.75), Ipy is a
characteristic current whose typical value is around 20 nA and 7 is a slope
factor whose value is about 1.5. Specifically, n depends on the surface
depletion capacitance, Cy, as

n=1+—g—d (1.76)

ox

The weak inversion condition is expressed as

-1 w
]D Sn—z_—.ucox

ZU? 1.77
” 7Y (1.77)

Often, to be sure that a transistor is operating in sub-threshold mode,
(1.77) is roughly approximated to

I, << uC,, %Uf. (1.78)

Assuming Vpg > 75 mV and the source short-circuited to the bulk, the
drain current exponential relationship can be simplified into

W V..
Ip=15—e¢ O 179
p = dpo 7 XP[nUTj ( )

Despite the exponential relationship, the drain current is very small and
so is the transconductance g,, (equal to Ip/nUy). Therefore the device is very
slow. Moreover, it should be noted that transistor matching is very poor (due
to threshold voltage variations) and that minimum size devices are normally
avoided when working in weak inversion. This leads to large parasitic
capacitances that further decrease device speed.

1.4 BIPOLAR-JUNCTION TRANSISTORS

Bipolar transistors or BJT were widespread until the end of seventies
when MOS technology started to become popular thanks to the fact that a
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larger number of transistors could be put together in a single integrated
circuit. Today, silicon-based integrated circuits are mainly fabricated using
CMOS processes, with a small slice devoted to bipolar technologies.

With respect to MOS, bipolar transistors have the advantage of a larger
transconductance factor, g,, and a larger output resistance, », so they exhibit
better performance in terms of current driving capability and achievable
voltage gain. Unfortunately, unlike MOS transistors, their base resistance is
finite and drastically decreases at high frequencies.

Recent bipolar transistors have a unity-gain frequency in the order of 20-
50 GHz. Since MOS unity-gain frequencies are one order of magnitude less,
BJTs are mainly used in RF or high-speed digital integrated circuits.

collector base emitter
n+ p+ 1+
p -
actual base
n- epitaxial layer actial tolecte
Lom

n+ buried layer

p- substrate

Fig. 1.16. Bipolar-Junction Transistor cross section.

A typical simplified BJT cross-section is shown in Fig. 1.16, where the
so-called npn vertical transistor is depicted. It can be seen as two back-to-
back diodes because it is made up of two n-regions separated by a p-region
called base. The actual base region is the gray p-region in the figure whose
width, Wj, is small with respect to the other proportions and in modern
bipolar processes is between 0.5-0.8 um. This region has a medium doping
concentration, in the order of 10" carriers/cm®. The emitter is the heavily
doped n+ region in the figure. It has a width of a few pm and its doping
concentration is in the order of 10%' carriers/cm’. Finally, the actual collector
region is the gray n- epitaxial layer in the figure. The collector doping
concentration is in the order of 10" carriers/cm®. To reduce the resistive path
that connects the actual collector region to the collector contact, a heavily
doped buried layer is grown below the device. The gray area represents the
region where the so-called transistor effect takes place and is the actual npn
transistor. Since this area extends vertically, the transistor is said to be
vertical. Finally, note that, unlike for MOSFETSs, the transistor is not
symmetric.
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14.1 Basic Operation

To understand the basic operation of a bipolar transistor let us consider
the simplified scheme in Fig. 1.17 where the emitter terminal is connected to
ground. The base-emitter junction acts as a diode and a current flows if the
junction is forward biased. In such a situation, thatis Vgz > 0, a current of
majority carriers (holes in this case) flows from the base terminal across the
base-emitter junction. Meantime, a current of electrons flows from the
emitter across the base-emitter junction and enters the base thus diffusing
towards the base-collector junction. Due to the different doping levels
electrons that diffuse into the base are much more than just holes that diffuse

into the emitter [1]-[3].
B EE VB

«— WB —»

— W —»

n+ | p n- n+ Ve

— B T

depletion
regions

Fig. 1.17. Simplified scheme of a BJT.

If V¢ is larger than 0.2-0.3 V, the excess of electrons in the base is subject
to a negative electric field imposed by the collector voltage. When those
electrons appear at the base-collector junction, they are pushed into the
collector region. Since the base width, Wj, is small, electrons coming from
the emitter do not have the possibility to recombine with holes in the base
and almost all are pushed into the collector.

In such a situation, the small base current is mainly determined by holes
while electrons coming from the emitter mainly determine the large collector
current. Consequently, the emitter current is the sum of those two
contributions. Under this condition the transistor is said to operate in the
active region.

The collector current, I, is caused by the base-emitter voltage and, as for
a diode, it has an exponential relationship that is
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Io=A,Jc exp[@) (1.80)
U,

where Ag is the emitter area and .Ji¢ is a constant term that represents a
current density and is inversely proportional to the base width, Wpg, and its
doping concentration. The product 4,Jcs is often expressed in terms of the
current scale factor /¢.

In addition, the base current is exponentially related to the base-emitter
voltage and has an expression similar to (1.80). Consequently, at a first
approximation, the ratio between the collector and the base current is
constant and independent of both voltages and currents. This ratio is
commonly referred to as S, thatis

1.

- (1.81)

Br

Due to the small amount of base current with respect to the large collector
current, the value of S is typically between 50 and 200.
The ratio between the collector current and the emitter current, I, is

denoted with a and results as

ap =1 (1.82)
E

Since I; = Ic + I, the constant ;. can be expressed in terms of S, that is

Br (1.83)

which is close to unity for high values of f.

14.2 Early Effect or Base Width Modulation

In (1.80) the collector current is independent of the collector voltage.
However, this is true only at a first order approximation since the
dependence in fact exists. Referring to Fig. 1.17, we note that the effective
base width, Wy, that should be used for evaluating Jc, is different from the
designed base width, W3, due to the presence of two depletion regions. The
base-emitter depletion region is caused by a forward biasing. Therefore, it is
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small and almost independent of the voltage applied. In contrast, reverse
biasing creates the base-collector depletion region, which, consequently, is
larger and strongly depends on the voltage applied. Specifically, the
collector voltage modulates the base-collector depletion region, thus
decreasing and influencing the effective base width, W .

To take this effect into account, a corrective term is introduced in (1.80)
that becomes [6]

V. V..
I.=A4.J cexp| 2L i1+ L 1.84
C £V CS p(U,. j( VA] ( )

where the constant V4 is commonly referred to as the Early Voltage and has
a typical value between 50 and 100 V. In most of the applications, especially
for large signal analysis, this effect is negligible.

143 Saturation Region

When the collector-emitter voltage, Vg, approaches the value of about
0.2-0.3 V, commonly referred to as Vg, the base-collector junction
becomes forward biased. In such a situation, holes from the base start to
diffuse into the collector, and the collector current is no longer related to the
base current by (1.81). Specifically, the base-emitter junction behaves like a
diode whose current Iz exponentially depends on Fp; while the base-
collector junction behaves like a voltage source whose value is set to Vegga.

144 Charge Stored in the Active Region

In the active region, the base-emitter junction is forward-biased so, like in
a forward-biased diode, the charge stored across this junction is derived from
two contributions. The first takes into account the charge in the small
depletion region, O, and can be modeled by substituting —Fpg to ¥y in
(1.12). This charge leads to a junction capacitance whose value can be
approximated by 2CgpAr Where Cyop, has an expression similar to (1.14) or
(1.17) depending on whether the junction is assumed to be abrupt or not.

The second contribution is given by the minority carrier concentration in
both the base and the emitter. As in a forward-biased diode, this contribution
leads to a diffusion capacitance, Cy ., expressed by

1
Cdbe =Tb EC— (1.85)

T



34 Chapter 1:Introduction to Device Modeling

where 7, is a technology parameter commonly referred to as the base-transit-
time constant. The total base-emitter capacitance, Cy,, is then given by

Cpe =2C g4, + Cipe ® C gy (1.86)

In contrast, since the base-collector junction is reverse-biased, its relative
charge is stored in the depletion region. Assuming a graded junction, the
corresponding capacitance, C),, is expressed by an equation similar to (1.16)
multiplied by the effective area of the base-collector interface, 4z, that is

AeCon,
Cpe = —— 12 (1.87)

(1 + VC”]
(DCO

1.4.5 Active Region Small Signal Model

The most commonly used small signal model is the hybrid-m model. This
model is similar to the small signal model for a MOSFET in saturation
region and is shown in Fig. 1.18. Note that for historical reasons, small
signal subscripts that refer to the base-emitter components, i.e. be, are
substituted by the Greek letter 7z and small signal subscripts that refers to the
base-collector components, i.e. bc, are substituted by the Greek letter .

As in the MOSFET case, the most important parameter is the dependent
current generator, g,v,, whose transconductance, g, is defined as

g, = fe 9 Igexp Vo | Ic. (1.88)
Ve OV U; U,

The small signal resistance, ¥, is defined as

-1 |
" :( ol J :[L Ol j _Br (1.89)
OV B OV Em

The resistor ». models the Early effect and is defined as

-1 -l
r, = ol = -a—](.\, exp Vr 1+h zﬁ (1.90)
Wy Ve Ur Va I
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All the above dc small-signal components are intrinsic terms of any BJT
since they depend on the npn junction itself.

Vb iy (|3|“ ic Ve
O'_/\/\/ > | < O
+
Crio= r Ve gmvr re Ces——
i le
Ve

Fig. 1.18. Small signal model for a BJT in active region.

The model in Fig. 1.18 also includes a base resistance, r,, which comes
out in a real implementation. Specifically, 75, models the resistive path that
exists between the effective transistor base region (i.e. the gray area in Fig.
1.16) and the base contact (i.e. the p+ doped region). This path presents a
small ohmic resistance of a few tens or hundreds of ohm. With respect to ry,
rp has a small value and, in low frequency operations, it can be neglected
since the base-emitter voltage is practically equal to v, In high-frequency
circuits (i.e. in RF applications), part of the base current flows across C, thus
reducing the effective impedance in the base-emitter branch. Because of the
presence of r,, v, can be significantly different from the base-emitter voltage
applied thus considerably affecting transistor properties. In practice, #s
cannot be neglected ifa high-speed circuit is being analyzed or designed.

Note that there is also an ohmic resistance in series with the actual
collector (whose value is lowered by the n+ buried layer) but its presence is
not as crucial as the base resistance is.

As far as the capacitive contribution is concerned, we have two main
intrinsic capacitors, C, and C,, as well as capacitor, C,, which exists in
integrated implementations only.

Specifically, capacitor C,, is the base-emitter capacitor and is expressed
by (1.86), while C,, which represents the base-collector capacitive
contribution, is expressed by (1.87). Due to their nature, C, is at least one
order of magnitude smaller than C, and, in several cases, is neglected.
However, its contribution becomes significant when a high gain exists
between the base and the collector.

Capacitor C,;, comes out from the reverse biased pn region realized by
the collector-substrate junction. This capacitor is quite large and is modeled
by the following expression



[5]
(6]

(7]

9]
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AreC o
CS™ j0cs (19])

CCS = m
1+&i
CD_\'O

where A¢y is the effective collector-substrate area, Cy,, is the collector-to-
substrate capacitance per unit area and @, is the built-in potential for the
collector-substrate junction.
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Chapter 2

SINGLE TRANSISTOR CONFIGURATIONS

2.1 THE GENERIC ACTIVE COMPONENT

In order to ensure that all analytical results derived herein are applicable
to feedback configurations realised with both BJT and MOSFET
technologies —including heterostructure bipolar transistor (HBT) and III-V
compound metal-semiconductor field effect transistor (MESFET)
technologies— we introduce the generic transistor component, whose circuit
symbol and low-frequency small-signal model are shown in Fig. 2.1a-b and
Fig. 2.1c, respectively [PC981].

This device is identified by four terminals denoted as X, Y, Z and B.
Specifically, X, Y, and Z respectively representing the emitter, base, and
collector terminals for BJTs (and HBTs) or the source, gate, and drain of
MOSFETs (and MESFETs). The fourth terminal B represents the substrate
or bulk node, it is almost always biased at a fixed potential and conducts a
negligible static current. Symbols X, Y and Z were chosen to remind us of
the functional equivalence between our generic device and the negative
second generation Current Conveyor (CCII-) [SS70], [TLH90], [PPP99].
The ideal negative1 CCII is a three-terminal device labelled by X, Y and Z
(see Fig. 2.2) and is characterized by the following port relation

v, 0 1 0,
i, |=|0 0 0}, @D
i, | -1 0 0],

"'Ina positive CCII the direction of the current flow at terminal Z has an opposite
sign to a CCII-, i.e. i, = +iy.
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Z Z

Vix

'.:" O

Fig. 2.1. Generic transistor used to represent BJT, HBT, MOSFET, and
MESFET devices: Circuit symbol with the bulk terminal a), and without the
bulk terminal b). Low-frequency small-signal model c).

‘I

CCll Z7|—<

Vyo—dX

Fig. 2.2. Circuit symbol of a second-generation current conveyor.

The resistance at terminal Y is ideally infinite (no current flows through Y).
The current flowing into terminal Z is a replica (but with opposite sign) of
that flowing into terminal X. The voltage at terminal X is a replica of that
applied to Y. The current in X can be supplied directly through terminal X
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itself, or can be produced by copying the voltage at terminal Y acting across
an external impedance connected to terminal X.

As can be argued from Fig. 2.1b, the small-signal model of the generic
transistor is derived by merging the BJT and MOSFET models. In order to
further simplify the model, we could relate the bulk transconductance, g,
with transconductance g,,, via the bulk transconductance parameter, A, (do
not mistake this parameter for the MOS channel-length modulation
parameter, A)

Emb = A& m (2.2)

Parameter 4,, is always much lower than 1. Its value is around 0.2-0.3 for
MOSEFETs and is equal to zero for BJTs. Thus, since resistance, r,, is infinite
for MOSFETs, the following relationship always holds

o (2.3)

An important parameter, not shown in the model, is the current gain, f,
equal to

B=gul (2.4)

Its value is usually in the range of 50 to 200 for BITs, and, of course, is
infinitely large for MOSFETs.

Resistance », is for any kind of transistor large enough to justify its
neglect in discrete realisations employing discrete (load) resistors, while it
must be often considered in IC applications. Hence, when appropriate and
for the sake of completeness, we will include r, in ouranalytical derivations.

2.2 AC SCHEMATIC DIAGRAM AND LINEAR ANALYSIS

In this book, we will be mostly interested in the small-signal properties of
(feedback) configurations rather than their bias details. Thus, to simplify our
description and analysis, and to focus only on the performance of interest,
we will regularly make use of the AC schematic diagram, i.e., a circuit
diagram in which biasing details are not shown.

Although small-signal analysis could be performed directly on the
original schematic diagram (experienced designers do this), in this chapter
we will not follow this procedure. For the sake of clarity (and for educational
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purposes) we will derive from the small-signal equivalent circuit from an AC
schematic by replacing each transistor with its small-signal model and
evaluating the circuit parameters. Later in the book, we can briefly refer to
the results obtained below without requiring further investigations.

The small-signal equivalent circuit is obtained by linearising the circuit
around its operating point. Figure 2.3 depicts a linear two-port network,
whose output is terminated by a load resistance R;. The output signals,
voltage Ve Or current i, are generated in response to an input port signal
whose equivalent voltage and resistance are respectively, v,, and Rs. Thus, a
voltage and a current gain can be defined between v, and v.,, and ig, and i,.

r.!‘!‘.' ¥ out

Linear

Network

Y
ot

Fig. 2.3. Linear network with indicated input/output equivalent resistances.

Important parameters of this system are the input and output resistances seen
at the input and output ports, which are responsible for a signal loss at the
input and output when coupled with resistances Rg and R;. We will denote
these two resistances with r, and 7.., respectively. The use of lowercase
variables and subscripts is to remind us that these are small-signal
resistances. Note that in general they depend on the load and source
resistances, respectively.

In the rest of the chapter we will analyse the four basic single-transistor
configurations. Since these schemes are covered in many electronic circuit
textbooks, we will assume that the reader is familiar with their complete
analysis (including biasing techniques, AC coupling, etc). Here we will
recall only their salient small-signal features.
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2.3 COMMON X (EMITTER/SOURCE) CONFIGURATION

Fig. 2.4a depicts the AC schematic diagram of the common X (CX)
configuration. This circuit is used to provide voltage and current gain. The
figure also includes resistance Ry, which would not be strictly necessary, to
render the analysis a more general one. It can account for the distributed
base resistance of bipolar devices or the internal resistance of the signal
generator. The small-signal circuit is illustrated in Fig. 2.4b. By defining the
input and the output resistances of the common X configuration as illustrated
in Fig. 24a, we can simply see by inspection that these are #, and 7,
respectively.

5 o out

RY Y :‘row RL

a
R Y Y 'iH’I Z
0]
Vin Y irL
— rp 5- VP G/ To :E RL

X |8m'p
-
b

Fig. 2.4. Common X configuration: AC schematic diagram a), small-signal
circuit b).

Voltage gain between terminal Y and Z can be evaluated considering that
v, equals v,, and taking into account the input coupling between Ry and rp
leading to the overall voltage gain

I8
A, =tow e P g r R, 25)
v, v, Ry +r,

n in
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The voltage gain is inverting, and neglecting the input loss, is reduced to
g»R;, when the device output resistance, #,, is much higher than the load
resistance, K. Conversely, it achieves its maximum value, g,r,, which
depends only on bias conditions and technological parameters, when the load
resistance is much higher than the transistor output resistance. Also for this
reason, quantity gm#, is said to be the intrinsic voltage gain of the
configuration.

The current gain is defined as the ratio between the current flowing into
the Y terminal and that flowing in the load resistor to ground. It has a finite
value only for bipolar devices and is strictly related to parameter #in (2.4).

A= g o (2.6)
, i r,+R;

Its magnitude decreases to a value lower than £ when the output resistance
cannot be considered much higher than the load resistance

2.4 COMMON X WITH DEGENERATIVE RESISTANCE Ry

The common X configuration with a local resistive feedback Ry is shown
in Fig. 2.5a.

Although the main concern of this book is feedback, for the moment we
will not consider the effects of resistance Ry from a feedback point of view,
but analyse it directly from the small-signal circuit illustrated in Fig. 2.5b.
To find the input resistance of the CX configuration we apply the KCL at
terminal X

v, —v, Y,

Rx + xr . _r_—gmv/) T 8wV = 0 (27)
X o P
. . Vo Vy .
By considering that v, = R, (— - R—J and solving (2.7) for v, we get
r
P X
R
l+g,r,+ "
RX Yo
v, = —— y (2.8)

b4 1 R
P 1+Rx[ﬂbgm+ )'f‘ L
r() r{)
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out
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7%
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:: Y
[«

Fig. 2.5. Common X configuration with degenerative resistance: AC
schematic diagram a), smali-signal circuit b).

Finally, the input resistance, 7,,, can be expressed in terms of v,/v,,

7 ='—y= L x:r +r - (293)

Observing that r,, has an infinite value for MOS devices, we can avoid
considering the term which accounts for the bulk transconductance in (2.8).
Thus, (2.9a) can be usefully rewritten as

o =ty #1220, R R ] (2.9b)

1+ =L
r

0
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Assuming R; and Ry are lower than #,, the input resistance r,, is accurately
approximated by the well-known relation

P ® byt (1 + ﬂ)RX (2.9¢)

The equivalent output resistance is evaluated by setting the input node to
ground. Hence, the small-signal circuitin Fig. 2.6 results.

by
o)

An

¥yy
g -

© O

EmbVbx

X Vil

v r
p p i
Ry=

Ry

i

Fig. 2.6. Circuit for the evaluation of the output resistance in common X

configuration with degenerative resistance.

By applying a test voltage, v., at terminal Z, we note that /; equals i;, so v,
can be expressed as

v, = (rp + RY )’RX iz +h [l.: ~—&n (vp + lbva )] (2103)
Since
Vi =~y + Ry JRy i, (2.10b)

and
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r
=- ? R IR, i, .
v, Py (rp + Y)I Vi (2.10¢c)

the output resistance is

ra=rl =Y =
=0 I vy=0
Fp

=r + 1+g"’[r,,+Ry +/1,,]};,J(rp+Ry)]RX 2.11a)

It is apparent that resistance r,, has increased compared to the pure CX
configuration. In particular, for MOS transistors the expression simplifies to

rout:ro+[1+gm(l+ﬂ‘b)rn]RX (leb)

Note that the body effect contributes to the output resistance growth. For
bipolar devices we find the well-known result given in (2.11c), evaluated
assuming resistance Ry lower than 7,

T = 1o + {1+ 8,7, )1, | Ry Q.11c)

which tends to r, + (1+ p)r, if Ry is greater than Tp

To determine the voltage and current gain of the CX configuration, we
make use of the Norton equivalent at the output of the circuit, as shown in
Fig. 2.7a. The expression of the Norton resistance is exactly the same as
given in (2.11). Then we only have to calculate the short-circuit output
current. We prefer to perform this calculation in two steps:

& I Z
O O O
: | = vV = r
Izge r, ‘VyJVZZ = y 2 "z, 20
Emeqy
L
a b

Fig. 2.7. Models of common X configuration with degenerative resistance:
Output Norton equivalent a) and alternative small-signal model b).



46 Chapter 2: Single Transistor Configurations

First we evaluate the voltage partition between v,, and v,

Vy

(2.12)

in =
vy=0

Since we must set the node Z to ground, this is equivalent to setting R;, to
zero. Using this condition in (2.9b) we obtain

r =7, +(l+gmrp)r0HRx 2.13)

y

vz

Then we evaluate the equivalent transconductance, gy, by considering the
short-circuit current flowing info terminal Z, which is expressed by

, . 1
lzge =1 v,=0 =8&mVp _(gmb +I"— Vy =

o

R, l+g,r A8 R (2.14)
= gm__X—p vngm 1_._b—X_ vp
1 1+ 4,g,R,

Tp

I, + R
ﬂ’bgm ”r{) " X

Thus, the equivalent transconductance is found to be

zs¢ ‘ Em ! (2153)
1+ 2,80 Ry 1+ Tp l,Jr,,gEf!’__.,._

1

Ry 1+4,8,Ry + Ry
0

where (2.8) with £; =0 has been used.
Compared with the simple CX configuration, the degeneration reduces the
transconductance value, although it provides higher input and output
resistances.

The above expression is further simplified if it is possible to neglect
resistance #, Moreover, for bipolar transistors, or neglecting the body effect
in MOS transistors, we get the well-known result

ey ¥ —M— (2.15b)
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which is lastly approximated by 1/Ry, if g,Ry>>1. Observe, as a special
case, that if Ry equals 1/g,,, gue, 1s approximated by g,,/2.
Finally, the voltage gain is

r

v . v
=L =uj ¥y =—— WA 2.16
Av zsc' 7 ”). 4 Ry y gqu ~H 1. ( )

=0

The above discussion is helpful in developing a simple model of the
configuration considered, which is similar to the pure CX configuration,
without explicitly including resistance Ry. The model is shown in Fig. 2.7b,
with its parameters already defined in (2.11), (2.13), and (2.15). It can be
used to simplify the analysis of complex circuits including, as building
blocks, CX stages with degeneration. In particular, it provides exact voltage
and current gains and output resistance. Note, however, that the input
resistance 7, is evaluated with the output short-circuited. It (slightly) differs
from the actual input resistance, which depends instead on R;. Of course, r,,

if the condition R; <, is met.

v, =0

is very well approximated by r,

The current gain is related to the equivalent parameter, B, = g, 7, o’
V=

which is nearly equal to 4. It is further reduced by the output coupling loss,
so that

i r, ¥,
Al 2_{61_‘:’gmeqry’ - z—_gmrp - (217)

=0
i, =0 p, + R, r,+R,

Except for the lower loss at the output, it is similar to that of CX without the
degenerative resistance.
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2.5 COMMON Y (BASE/GATE)

The common Y (CY) configuration is generally exploited for its current
following capability. In this configuration the X terminal is the input and Z
is the output. Figure 2.8a depicts a general common Y topology where

resistance Ry, which is not strictly necessary, is again included to generalise
the analysis.

7 O out
Ry '
—w—CE— B R
L
X —
jRX I in
T . _
X 7
O
ix
" » 3
yi X
L
b

Fig. 2.8. Common Y configuration: AC schematic diagram a), alternative
small-signal model b).

The input resistance, #,, seen by input generator, f,, in Fig. 2.8a, can be
found by replacing the transistor with its model and writing the KCL at node
X (we can simplify calculation by ideally removing resistance Rx and
considering its effect later)

Vv, —V, v
ix_( x v")+—p+gmvp_gmbvx =0 (218)
r,o 7,
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Since
r (2.19a)
v, =— v, .19a
o, +R,
and
v, =R, (i, +i,) (2.19b)

remembering relationship (2.2), we obtain

rin =v_xHRX =
I

7o

= R
R R ” X
1+(l+/1b)gmrp + A, g, Ry + Tp THy TRy + R Ry
rr,

(r, + R, {1 + BA] (2.202)

o

The above relation can be simplified if condition Ry < #, is verified. In such a
case we can distinguish two often encountered sub-cases

1) R;<r,(simple load)

1

o= IR for MOSFETS (2.20b)
(1 + ﬂ'b )gm ” X

rn=—2|R, for BITs (2.20¢)

n 1+ ﬂ P

2) R;>r,(e.g., cascode load)

ro=——% IR, for MOSFETs (2.20d)

" (1+/1b)gmro

R, r
=—LP IRy for BJTs (2.20¢)

r.
" ﬂro +RL



50 Chapter 2: Single Transistor Configurations

The output resistance #, is the same as in the previous configuration and is
given by (2.11).

As for the CX configuration with degeneration, we develop an alternative
model useful for simplifying gain calculation in more complex circuits.
Again, due to the current-out nature of the configuration, it is convenient to
represent the circuit at its output node with its Norton equivalent circuit.
Figure 2.8b illustrates this model. The output resistance is r, given in (2.11),
and the input resistance (r, evaluated with the output shorted to ground) can
be derived directly by setting R, = 0 in (2.20a) and can be rewritten as

R
- T Ir, (2.200)
0 1+(1+/1b)g,,,r/)+lhngY

v

X

i

X

V=

The inner current gain, A4y, between the current flowing into the grounded
terminal Z and the current i, is

R

(l+ﬂ’b)gmrp+ ' +’i
_ 7, ~ (l+ﬂ’h)gmrp (221)
Ry +7, N (+2)g,r, +1 '

X

vz=0 (1+j'b)gmrp +

0

As expected, its value is very close to one. If we assume that a load
resistance, R;, is connected to the output node, the current gain of the
complete amplifier is given by

goimw By 1 (2.22)

R,+r, "R +r,

and the voltage gain is simply

A=Y g IR

’ vx I RXer

(2.23a)

Assuming an ideally unitary inner current gain and a load resistance, R,
which is much lower than the equivalent out resistance, ., (2.23a) can be

approximated as
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4, = R (2.23b)

2.6 COMMON Z (COLLECTOR/DRAIN)

The common Z amplifier, shown in Fig. 2.9a, is used as voltage follower
(or as level shifter). Its input is located at the Y terminal and the output is at
the X terminal. The usual topology of the common Z amplifier is
implemented without resistance R, but to develop general relationships we

include this resistance and only in the final step do we simplify the equations
by eventually setting its value to zero.

Y re X
O— —W—o0
n +
r, = vy -C sz vy
=

Fig. 2.9. Common Z configuration: AC schematic diagram a), alternative
small-signal model b).

Except for the different designation of resistances at terminals X and Z,
the calculation of the input resistance leads to exactly the same relationship
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as for the common X topology with a degenerative resistance. Here we
report for the sake of completeness the expression given in (2.9a) rearranged
for this case

o=t r, 4| 1420 s R (R |R, ) (224)
by 1+-%
v,

0

The output resistance is similar (again, with different resistor names) to
the input resistance of the common Y amplifier. Rearranging (2.20a) yields

(rp +R, {1 + Rl)
- L IR,  (225)

out
r, +R, +R, . R/R,

1+ (l + 4, )gmrp + 4,2, Ry +
0 rorp

Due to the voltage following function exhibited by this configuration, the
alternative model, using which it is convenient to represent the circuit, is
illustrated in Fig. 2.9b. In the model the output resistance is #, given in
(2.25), and the input resistance (7, evaluated with the output open) can be
derived directly by making R, infinitely large in (2.24). In this case, we are
interested in finding the Thévenin equivalent of the circuit at the output, then
the model exploits a voltage-controlled voltage source as a dependent
source. To evaluate the equivalent voltage gain, 4, which represents the
intrinsic voltage gain (i.e., without the source and load resistance) of the
common Z amplifier, we use KCL at terminals X and Z

- v
> 4 % —i_gmvp + &ums Vs =0 (2263)

< 4+ -2=0 (2.26b)
R, R, r,

By substituting (2.26b) into (2.26a) and solving for v, we get
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1+gmrp+R—Z

.
y, =X : v, (2.27)
r R, 1
P1+~2+Ry| 2,8, +—
rD rO

By remembering that the value of r, is finite only for the bipolar
transistor we can set A, to zero. Using (2.27) and the relation v, = v, + vy,
after some manipulation we get

R, +7,

gmro +
v v
A = . = p ~
1w 2, )g,r, + 2 e
AL (2.282)

1+gmrp

e

s
1+(1+ 4, )g,7, +}é";

As expected, the voltage gain is close to one. In particular, in bipolar
technology the inaccuracy is due to the ratio between the bias resistance Ry
and resistance r,. Indeed, relationship (2.28a) becomes

A, = —% for BITS (2.28b)
1+ 8+ -2
RX

On the other hand, in MOS implementations the loss is due to the bulk
transconductance as shown below

A, = Enf for MOSFETs (2.28¢)
(1+4,)g, R, +1

The total voltage gain of the common Z amplifier including input and
output loss is equal to

A — ry RL

= o (2.29)
R, + v, R, +ry



54 Chapter 2: Single Transistor Configurations

The current gain is finite only for the bipolar technology, and it is given

A= 4 Y (2.30a)

If we assume an ideally unitary inner voltage gain, 4,, and a much higher
input resistance than the source resistance, the current gain can be
approximated as

L (2.30b)
] RL

2.7 FREQUENCY RESPONSE OF SINGLE TRANSISTOR
CONFIGURATIONS

To evaluate the frequency response of a circuit comprising the generic
active component, we have to consider the transistor high-frequency small-
signal model. This model is depicted in Fig. 2.10 and includes capacitors C,
Cu C, and Cy. It generally applies to all transistor types although, as
discussed in Chapter 1, for each kind of device the capacitances have a
different physical meaning.

Cr
||
Y = Z
o, o
Cp T T Vp C\I/ EmVp C\l’) 8Emb Vix<g Fo :"C
o

Fig. 2.10. High-frequency small-signal model of the generic transistor.
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Of course, this is not the only possible model, more accurate models can
be developed in particular to better approximate the behavior of the device
for frequencies higher than its transition frequency. However, except for RF
circuits, the model in Fig. 2.10 is sufficiently adequate to allow frequency
behavior analysis and feedback amplifier compensation to be performed.
Moreover, in the following we shall neglect the effect of the capacitance Cys
for simplicity, because it is not responsible for any substantial effect.

2.7.1 Common X Configuration
The AC schematic of the common X configuration is shown in Fig. 2.11 a

and the corresponding high-frequency small-signal model is depicted in Fig.
2.11b.

out
R,
Ry 7
9] Vour
Vin t
y e B.E k = =
— CP P 5- P C\I/) r C < RL
g v o a
X m'p
4
b

Fig. 2.11. Common X configuration: AC schematic diagram a), high-
frequency small-signal circuit b).

The circuit voltage gain transfer function can be written as
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Vo (5) _ L+ bys

231
V. (8) 1+ as + ays’ ( )

A(s)=

where the DC voltage gain 4,, is given by (2.5). The coefficients a;, @, and
b, can be found by applying the procedure described in the Appendix or
through a direct analysis of the circuit. They are given by

RL C() + (rp”RY + r() ’RL + rp”RY gmro“RI, k‘m (232)

a = pHR}' C,+r,

a, = rP“RY Cpro RL (Cm + Cn)+ rp”RY Cmro“Rl, Ca (233)
b= (2.34)
Em

We see that the contribution of C,, to coefficient a; (which approximately
determines the first pole) can become dominant for high values of the

voltage gain, g,7,|R, . The magnification of C, is predicted by the well-

known Miller theorem.

It is worth noting that coefficient b, related to the (positive) zero can be
evaluated by inspection of Fig. 2.11b [MG91]. Indeed, at the complex
frequency of the zero (i.e. s =—1/b;) the output voltage must be zero and all
the current of the controlled source, g,v,, flows through the capacitor C,,.
Thus, after equating the two currents we get

8nV, =5C,v, (2.35)

which gives the frequency of the zero.

2.7.2 Common X with a Degenerative Resistance

Consider now the common X configuration with a degenerative resistance at
node X, and its small-signal model shown in Fig. 2.12a and 2.12b,
respectively.
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== ~ < < . Co RL
ngp EmbVbx| © J:

Fig. 2.12. Common X configuration with degenerative resistance: AC
diagram a), small-signal circuit with parasitic capacitances b).

We again have a transfer function in the form of equation (2.31), where the
DC voltage gain is now given by (2.16). By applying the method explained
in the Appendix, the coefficients a,, a; are given by

= 10,C, 41 |R,Co +(r,|Ry + 1Ry 47, | Ry & IR C (2.36)

a, =16,C, (1, + Re|Ry JR(C,o + C,) 47, |Ry Coti|RLC, (2.37)

p
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Alternatively, coefficients a; and a, can be obtained directly from (2.32) and
(2.33) if we consider that we have to substitute r, and r, with r, and r,,
respectively, to evaluate the equivalent resistance seen by capacitors C,, and
C,. Besides, the equivalent resistance seen by capacitance C,, after
neglecting transconductance g, and resistance r,, is equal to

_ Ryt Ry Ir, (2.38)

Vo =
ke l-*-R/\’gm

In fact, considering the small-signal circuit in Fig. 2.13, we get

v, +V,

i = 2.39
b R (2.39)
and
v, =RXip + Rl\,gmvp (2.40)
Y V4
Ry
% I L ©
| & Em'p
B i, X
Ry 'x

Fig. 2.13. Small-signal circuit to evaluate the equivalent resistance seen by
capacitance C,.

Coefficient b, can be obtained directly from (2.34) by substituting the
transconductance g,, with its equivalent g, in the common X configuration
with a degenerative resistance

b =——n (2.41)
gmeq
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Similarly to the DC analysis, it would be useful to develop an equivalent
model of the common X configuration with a degenerative resistance for the
high-frequency analysis. The schematic of the model, which recalls that of a
common X configuration without resistance Ry, is shown in Fig. 2.14.

C

w:Q %
|
1]

\{:""!

AAA

YyYy

\ﬁfl

®
A
¢
]|
L]

)

=1

Fig. 2.14. High-frequency equivalent model of the common X configuration
with a degenerative resistance.

It is apparent that to account for frequency behavior, we have introduced the
new capacitor C,, while the other two capacitors, C, and C,, are those
intrinsic to the device model. After replacing the transistor and Ry in Fig.
2.12a with the above equivalent model, coefficients a, and a, of the transfer

function become
a4 = y”RY C,v + VZHRLCO + (ry"RY + rzuRL + ry”RY gmrz”RLkm (2'42)
a, =r,|R,C,r.|R,(C, +C,)+7,|R Cor|R,.C, (2.43)

Equating (2.42) and (2.43) with (2.36) and (2.38), respectively, under the
assumption that », and hence r, are much greater than R;, we obtain the
condition for the equivalence of the two models

r|RC, =r,C, (2.44)
Hence, after some algebraic manipulation we get
RX + Ry ”r ( )
? R, +R)r
L+ Ry&n x5y (2.45)

= C =4— .
Y [rp+(1+rpgm)RX”Ry g [rp+(l+rpgm)RXJRy d
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By neglecting r, and Ry with respect to g,r,Ry inside the square brackets of
the denominator, the equivalent capacitance can be approximated to

. (2.46)
g RXHRY gm ‘

As expected, (2.46) shows a reduction of the equivalent capacitance seen at
node Y. In reality, this bootstrapping effect is predicted by the well-known
Miller theorem for those cases where the voltage gain across the capacitor
tends to be unitary.

A more accurate evaluation of the zeros can be achieved by using the
nodal admittance matrix as proposed in [R85]. The nodal admittance matrix
can be written by inspection of the circuit in Fig. 2.12b in terms of the
Laplace transform variable s. The device under consideration is identified by
the four terminals X, Y, Z and B, where node B is connected to the reference
node. Hence, the nodal admittance matrix can be defined as

yyy yyx yyz
Y=y, Va Vu (2.47)
yf.'y yZX yZZ

Evaluating the admittance terms inside the matrix [DK69] and neglecting
resistance ¥, and transconductance g,,;, we get

G,+g,+slc,+c,)  -(g,+sC,) —sC,
Y= —(g,+g,+sC,) G.+g,+g,+sC, 0 (2.48)
& _SQn —8m Gl, +SCm

where terms G; represent the conductance (i.e. the inverse of the resistance
R)) of the i-th element. Of course, elements #, and g, can be simply included
in the matrix but at the cost of more complex expressions. Neglecting term
g, with respect to g,, the nodal admittance matrix can be rewritten as

Gy+g +s(Cp+Cm) —(gp+sCF) -sC,,
Y= _(igm +SC/’) Gx +gm +SCp 0 (249)
gm - SCm - gm Gl, + SCm

As known from linear circuit theory, the transfer function numerator
polynomial is an invariant characteristic of a circuit, while the denominator
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polynomial depends on the specific input and output terminals. In particular,
it is analytically given by the determinant of the minor defined by the input
and output node. Hence, for the common X configuration with degenerative
resistance we get

(g", +s5C p) G, +g,+ sC,,

A, =

1
_C,Cpst B o o 8 g 5
Em ~ SCm —8m R.\’ R,\'

It is apparent that in the case where degenerative resistance Ry is equal to
zero we find the same positive zero in (2.41), which also coincides with the
approximated dominant zero obtained through (2.50).

2.7.3 Common Y and Common Z Configurations

Both the common Y and the common Z configurations can be represented
by the transfer function

2
Als) = A”HIL%SZ
I+as+a,s

2.51)
where the DC gain has already been derived in Sections 2.5 and 2.6. The
coefficients a; and a; that identify the system poles are the same as in the
common X configuration with the degenerative resistance. Indeed, the small-
signal network is the same as the one in Fig. 2.12b after short-circuiting the
voltage source. Regarding the numerator, we can again use the nodal
admittance matrix (2.48). In particular, for the common Y configuration we
get

Gy +g, +s(C/, +C,,,) —(gp +st
b _SCm ™

A, =

Xz

~C.C, s +g,C s+% (2.52)

pm m
Y

which shows two zeros that can be complex and conjugated.
For the common Z configuration the numerator of (2.51) is equal to

—(gm+st) 0

A, =-
8m sC GL + SCm

X

=(g, +5C,XG, +5C,,) (2.53)

m

which shows two real and negative zeros.
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Chapter 3
FEEDBACK

Feedback, whether intentional or parasitic, is pervasive in all electronic
circuits and systems. Usually, a feedback network includes a subcircuit that
allows a fraction of the output signal to modify the effective input signal, in
such a way as to produce a circuit response that can differ substantially from
the response produced in the absence of such feedback. If the magnitude and
the relative phase angle of the fed back signal decreases the magnitude of the
signal applied to the input, the feedback is said to be negative or
degenerative. Otherwise, the feedback is said to be positive or regenerative.
Because negative feedback tends to produce stable! circuit responses, it is
used in most applications. Note, however, that the parasitic feedback
incurred by the energy storage elements associated with circuit layout,
circuit packaging, and second order high frequency device phenomena often
degrades an otherwise negative feedback circuit into a potentially
regenerative or severely underdumped network. In contrast, positive
feedback often enhances an inclination towards unstable behavior. This
property proves useful when designing oscillators. Moreover, small amounts
of positive feedback can be useful even in linear applications. For instance,
to reduce component spreads (i.€., Rimax/Rmin and/or Cpae/Cmin). Nevertheless,
positive feedback is always applied with some caution [WH95], [SPIT98],
[LG98], [PP994].

Feedback has been exploited in the design of amplifiers since the early
days of vacuum-tube electronics. Feedback theory was developed by
electronic engineers to satisfy the demand for amplifiers and repeaters
exhibiting stable performance for telephone applications. In particular,
Black, who was an electronic engineer at Bell Laboratories, is credited as the
revolutionary inventor of the feedback amplifier in 1927 [B34]. Since then,

! The definition of stability and related issues are presented in the next chapter.
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feedback has become a key design issue both in analog and digital electronic
circuits and systems.

Feedback applied around an analog network allows gain to be stabilised
(desensitised) with respect to variations in circuit elements, and active device
model parameters. This desensitisation property is crucial in view of
parametric uncertainties caused by device parameters spreads, power supply
variations, temperature changes, aging phenomena, and so on. Feedback
allows the input and output resistances of a given circuit to be suitably
modified in any fashion desired. It improves the linearity of the output signal
by reducing dependence on the parameters of inherently nonlinear active
devices used to implement the open loop circuit. Finally, it can lead to an
increase in the closed-loop bandwidth.

However, all these features are paid for in terms of a proportional
reduction in gain. This is usually a small price to pay, particularly in
applications using operational amplifiers whose dc open-loop voltage gain is
very large (60 dB, at least). Besides, as already mentioned, (negative)
feedback can determine oscillation, hence, frequency compensation is
usually mandatory?.

3.1 METHOD OF ANALYSIS OF FEEDBACK CIRCUITS

There are several approaches for analysing feedback circuits [H92],
[PCO981]. The most straightforward one is to directly analyse the circuit by
writing the Kirchhoff equations on the small-signal circuit and deriving the
circuit characteristics. However, this approach is computationally tedious, it
does not allow one to disclose the general properties of feedback circuits
which can greatly simplify the analysis and, perhaps more importantly, it
gives no insight into circuit behavior and hardly provides useful design
equations. Thus, alternative approaches have been developed.

Most of the traditional techniques used to analyse feedback amplifiers
start from the idealised block diagram in Fig. 3.1 [G85], [SS91], [C91],
[LS94], where blocks A and f are the open-loop network (that we may
identify as the open-loop amplifier) and the feedback network, respectively.
Then parameter A represents the gain of the open-loop amplifier and fis the
feedback factor, i.e. the portion of the output signal fed back to the input.
Signals xy, x,, X, and x; represent source, output, feedback and error signals,
respectively. This representation gives only approximate results when
applied to real amplifiers, principally because it assumes unidirectional
blocks. Moreover, it is difficult to take into account the loading effects of the

2 Frequency compensation is treated in Chapter 5 of this book.
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feedback network on the basic amplifier, and the determination of A and fis
usually a non-trivial task (especially because A is rarely independent of fin
practical electronics). Nevertheless, this scheme is suitable for a simple
focus on the main feedback properties.

b

Fig. 3.1. Idealised feedback system.

Assuming blocks A and f are linear and unidirectional, the transfer
function of the feedback amplifier is given by

X A
G, =22= 3.1a
F 1+ A4 (3.1a)

s

where Gr is the closed-loop gain and quantity fA is called the loop gain.
Note that for negative feedback, the loop gain must be positive. Therefore,
the closed-loop gain is smaller than the open-loop gain (by a factor 1+ fA). If
fA <0 the feedback is positive. If fA is much greater than 1, the closed-loop
transfer function falls to 1/f, which is independent of the open-loop gain. To
better represent this concept we can rewrite (3.1a) as

_1_H
GF—foA (3.1b)

If the feedback network contains circuit elements that are not susceptible
to uncertainties we can achieve a closed-loop gain which is desensitised to
parameter variations of the open-loop function. This property can be
formally expressed by evaluating the sensitivity of the closed-loop gain
versus the open-loop one

o _dGp 4 _ 1 (3.2)

A da Gy 1+




66 Chapter 3: Feedback

which shows that a relative variation in the open-loop system A corresponds
to a relative variation in the closed-loop system (1+fA) times lower.

In real cases, unfortunately, blocks A and f are made up of active and
passive components, and generally they cannot be assumed to be
unidirectional. Of course, to take into account the electrical nature of real
amplifiers a straightforward nodal analysis can be applied, but the approach
is tedious because it requires the simultaneous solution of numerous
equations even for medium-complexity circuits. A commonly used approach
models the amplifier and the feedback network with their proper two-port
models, each having as their input and output variables both the port voltage
and port current [G85]. This leads to an explosion of cases that depend on
the specific kind of amplifier and feedback network implemented. The
approach can also take into account the non-unidirectional nature of real
blocks, but in this case the two-port model increases in complexity and the
final analysis, though accurate, becomes extremely elaborate [GM93]. As a
result, there are several limitations to this approach. The two-port network
which models the block must be selected judiciously. The computation of
closed-loop parameters (transfer function and input and output resistances) is
tedious, especially if block A is a multistage amplifier or a multi-loop
feedback is implemented. Moreover, the method is straightforwardly
applicable to only those circuits that implement a global feedback (a
feedback between the input and the output) [PG981], whereas many
feedback amplifiers exploit only local feedback®.

Other methods to analyse feedback amplifiers are based on Mason’s
signal flow graph (SFG) theory [MS53], [M56], [MZ60], [C91], [MGI1]:
they can either be derived from it, or related to it [R74], [C90], [B91],
[MG91]. The implicit drawback of the uncritical application of the classical
signal flow analysis is that we almost completely lose our understanding of
circuit behavior, and as a consequence, we have greater difficulties in
carrying out the design. This drawback is overcome by approaches that can
be derived from signal flow analysis, such as the Rosenstark method [R74],
the Choma method [C90], and the Blackman theorem [B43]. The Rosenstark
and the Choma methods primarily focus on the evaluation of the closed-loop
transfer function. The Blackman theorem —intrinsic to the other two
methods— involves the computation of the input and output resistance of a
feedback amplifier. Both the Rosenstark and Choma procedures together
with the Blackman theorem give circuit designer a very powerful tool for the
analysis and design of feedback amplifiers. Indeed, not only do they achieve
exact relationships by describing the closed-loop amplifier efficiently and in

3 Local feedback occurs when the input and output terminals of the feedback
network do not coincide respectively with the output and input terminals of the
amplifier.
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a very simple manner, but also provide useful design guidelines by
highlighting the properties and limitations implicit in specific types of
feedback configurations.

3.2 SIGNAL FLOW GRAPH ANALYSIS

Classical SFG techniques have never gained popularity not only in circuit
design but even for analysis. This is mainly due to uncertainties in
transcribing circuit diagrams into their SFG equivalents. Mason himself
recognized that the construction of a SFG is somewhat obscure, and that “A
link in the chain of dependency is limited in extent only by one’s perception
of the problem.” Although some of these drawbacks have been overcome
[KOO], the method still remains less direct than those proposed by
Rosenstark and Choma, which will be the only one comprehensively
considered in this text and described in the following sections. However,
since these methods descend from SFG through which they can easily be
demonstrated, we need to introduce some elementary concepts of SFG
analysis.

A signal flow graph allows us to graphically represent a circuit (or more
generally, a system) through the links between system variables. The nodes
on the graph represent variables and the relations among them consist in the
branches between the nodes with their associated weights. As a result, a
variable is the linear superposition of the node variables at the source of
incoming branches.

A general linear circuit can be represented by the signal flow graph
shown in Fig. 3.2. Variables x, and x, represent the input and output signals,
moreover, two other generic variables, x, and x', linked together through the
control (or critical) parameter P, are explicitly shown. Parameters a, are the
weight branches. Variables x', x, and the control parameter, P, can model a
controlled generator, or the relation between voltage and current across two
nodes of the circuit. This representation is particularly suited to feedback
circuits.

Fig. 3.2. Example of a signal flow graph.
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Assuming x, and x, as dependent or output variables we can express them
as a function of the two other independent or source variables, x, and x',

X, =ay Xy +apx, (3.3a)
X, =0y Xy +ayX, (3.3b)

Since x',= Px, solving for x, yields

=X, 34
! 1—P022 ! ( )

and by substituting (3.4) into (3.3a), the transfer function of the closed-loop
amplifier results

G, = o = g + S2nf (3.5)
b 1-Pa,,

Of course, to evaluate G, we have to relate weights a, with circuit
elements. Term ay; can be found by setting the control parameter to zero and
evaluating the transfer function between input and output under this
condition. Term a;, is the transfer function between the output and the
controlled variable, x’, setting the input source, x,, to zero. Term a,; can be
computed via the transfer function between the source variable and the inner
variable, x,, when the controlled variable, x', is set to zero, which in other
words means setting control parameter, P, equal to zero. Term a,; gives the
relation between the independent and the controlled inner variables setting
control parameter, P, and input variable, x,, to zero. Finally, it is worth
noting that, as apparent from Fig. 3.2, product —Pa,, represents the loop gain
of the network, also more properly termed the return ratio.

Equation (3.5) is only one of the many mathematical representations of a
linear circuit, which also depends on the particular choice of parameter P.
Note, however, that unless P is selected as feedback factor f, which is not
always transparent in feedback architectures, expressions for the loop gain
and the open loop gain of the feedback amplifiers remain obscure. In the
following we utilise (3.5) as a starting point to derive the Rosenstark,
Choma, and Blackman procedures.
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3.3 THE ROSENSTARK METHOD

Now we will try to express the transfer function Gy, obtained by
considering the signal flow analysis, in a form which is more similar to the
result given in (3.1b). Indeed, (3.5) can be rewritten as

ay +[a,;a21 _anjpazz
G.= 2 3.6
; o (3.6)

This form is exactly that found by Rosenstark and allows us to elaborate its
procedure. Except for term a;; in the numerator, it is similar to relationship
(3.1b).

The Rosenstark method is based on the calculation of the return ratio, T,
the asymptotic term, Gy, and the direct transmission term, G, All these
quantities, must be calculated with respect to one and only one controlled
source within the feedback amplifier. Moreover, they are a function of the
specific input and output conditions, which means they depend on the input
source resistance, Rs, and output load resistance, R;. The exact input-output
transfer function of the feedback amplifier is thus given by [R74]

G,+G,T
= Jo " 3.7
Y G-D
The three quantities in (3.7) are directly related to the weights a; and
parameter P of the flow graph through the following relationships obtained
by comparing (3.6) and (3.7)

G, =a, (3.8a)

T = _Pa22 (3.8b)

G, =-% (3.8¢)
ay

Hence, to evaluate the three terms, we have to refer a controlled source
quantity, x’, to a controlling quantity, x,, by a parameter P and follow the
steps given below:
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1. Switch off the critical controlled source setting P = 0.To achieve the
direct transmission term, G,, compute the transfer function between the
input and output (i.e., evaluate a;,). Condition P = 0 requires an open circuit
(short circuit) to replace the branch containing the controlled source if P is
associated with a controlled current (voltage) source.

2. Set the input source to zero. This means short-circuiting the voltage
source or opening the current source. Replace the critical controlled voltage
(current) source by an independent voltage (current) generator of value P.
The return ratio, T, coincides with the resulting controlling quantity changed
insign, -x, (i.e., evaluate a; and multiply itto P).

3. Set the critical parameter to infinitely large (i.e., > — o). Since the
controlled variable must be finite, this is equal to setting x, = 0. The
asymptotic ~ gain, G, is the transfer function between the input and the
output under this special condition.

A comparison of (3.1) with (3.7) suggests that, for those cases where the
direct transmission term, G,, isnegligible, the returnratio equals the product
between the amplifier gain and the feedback factor (i.e., T = fA). For this
reason we will use the terms return ratio and loop gain almost
interchangeably, although this is not exactly true. The term G,/(1+7) in (3.7)
can be viewed as a corrective term, which modifies (3.1) when the loop gain
is not very large compared to unity. Under this condition, (3.1) and its
consequences are no longer valid. Thus (3.7) is a more general, and
insightful relation, for computing the closed-loop gain than (3.1). The
asymptotic gain equals the reciprocal of the feedback factor (i.e., G =1/f).
Term G, represents the transfer function of a feedback amplifier under the
ideal condition of infinite loop gain. Thus, for well-designed feedback
circuits, exhibiting low values of G, and high values of 7, the transfer
function of the feedback circuit is well approximated by G, The reader can
recognise in this observation the basis for the customary paper-and-pencil
analysis of feedback configurations employing ideal operational amplifiers.

In order to illustrate the use of the Rosenstark theory and to give an idea
of its strength and simplicity, let us apply the method to a common Z
configuration whose load determines an intrinsic feedback. The circuit,
reported in Fig. 3.3a, is the same as that analysed in Chapter 2 (the source
and the load resistances are coincident with resistance Ry and Ry//R,
respectively). The small signal model, in which for simplicity the bulk
transconductance, gus, and the transistor output resistance, r, have been
neglected, is shown in Fig. 3.3b.
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Fig. 3.3. Common Z configuration: a) AC schematic, b) small-signal

model.

Assume as control parameter P the transconductance of the transistor, g,
Hence, the controlling variable (denoted before as x,) is voltage v,, and the
controlled variable (x') is the current of the controlled generator. Setting
parameter P equal to zero means switching off the controlled current source.
By evaluating under this condition the transfer gain of the amplifier we
found the direct gain G,. In particular, the voltage at node X is due to a
partition of the input signal,

R,

G =—=——
RL+rp+R5

(3.9)

]

Consider the controlled current source an independent current source, P =
Zm, and set to zero (i.e. shorting) the input signal generator. Now evaluate the
voltage v, due to the independent current source, P,

R,
v, =-—r : 3.10
P r R, +r,+ R, En ( )

Hence, changing the sign and multiplying for the transconductance value we
obtain the return ratio

T=gr R,
En’y R, +r, + Ry

311

Finally, set control parameter, P, equal to infinity. The controlled current
source is finite, and this means that the control variable, v,, must be equal to
zero. Hence, i,= i;= 0, and the asymptotic gain results
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=1 (3.12)

O

Substituting (3.9), (3.11) and (3.12) in (3.7), we get

(1 + gmrp )RI

4, = (l + g,,,r,,)R,‘ +F, + R,

v

(3.13)

which gives exactly the same result found directly in paragraph 2.6. To
immediately verify this assertion set R = O in (3.13) and compare it with
(2.28a).

Besides the simplicity of the procedure, the Rosenstark method, gives
precise information on the ideal behavior ofthe common Z amplifier through
the asymptotic gain and illuminates how an increase in the loop-gain, 7,
moves the final transfer function close to its ideal value G 4,

3.4 THE CHOMA METHOD
Like the Rosenstark method, the one proposed by Choma starts from the

signal flow representation expressed by relationship (3.6), but adopts as
reference the relation in (3.1a), according to

]_P[azz _axzaz\)
G,.= il 3.14
=y (3.14)

1-Pa,,

In this case, only the denominator is expressed in terms of loop gain, 7. The
whole function is multiplied for weight a;,, which represents the Direct
Transmission Term, &,, and the numerator now depends on a novel
parameter termed the null return ratio, Tp. Thus the exact input-output
transfer function of the feedback amplifier is given by [C91]

1+ 7,

G/" = G()
1+T

(3.15)

where, of course, (3.8a) and (3.8b) hold, and

T = ~P(a22 - M) (3.16)

an
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Like for the Rosenstark method we have to choose a controlled source P
inside the feedback circuit. To calculate the Return Ratio, T, and the Direct
Transmission Term, G,, we can follow the same steps described in point 1)
and 2). But now, we have to change step 3) to evaluate the null return ratio.

Thee —c,+C, ~C,+2C, (1.20)

3. Replace the critical controlled source by an independent source of
value P (like in the second point of the previous paragraph), without
nullifying the input source. The Null Return Ratio, 7%, will be coincident
with the resulting controlling quantity changed in sign, -x,, assuming the
output voltage is equal to zero. It is worth noting that the input source is not
independent, but its value must guarantee the zero condition at the output.

To demonstrate point 3), set x,=0 ineq. (3.3a), yielding

_ A,
x, =——2x (3.17)
ay

and after substituting eq. (3.17) in (3.4) we get

X,= [a22 - M}x; (3.18)

ap,

Like the asymptotic gain, also the null return ratio gives interesting
information from a circuit/design point of view. Moreover, it helps to
identify the nature of the feedback. The ratio between the return ratio and the
null return ratio, 777y, quantifies the degree to which the local feedback
approaches global feedback [C91]. When it is o the feedback is global.

Of course, both Rosenstark and Choma methods give the same results,
and comparing (3.7) with (3.15) we obtain

T G
=0 3.19
:;oo ( )

TR

To evaluate the null return ratio, consider again the small-signal model of
the common Z amplifier in Fig. 3.3b. Since voltage at node X must be
assumed to be zero, this means that the current of the critical generator P
(equal to g,,) all flows through resistances Ry and #,. Hence the null return
ratio is given by

T/(’ = _v/) = gmr/) (320)
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3.5 THE BLACKMAN THEOREM

Feedback not only modifies the closed-loop network transfer function,
but also determines a change in the input/output resistances (impedances).
Specifically, as demonstrated in many classical textbooks such as [MG91],
the input resistance increases (decreases) by a factor 1+7 when the signal
mixed at the input is a voltage (current). In contrast, the output resistance
increases (decreases) by a factor 1+7 when the sensed signal is a current
(voltage). This conforms to the well-known rule that a series (shunt)
feedback connection in either the input or output increases (decreases) the
associated port resistance. However, in practical circuits there is not often a
sharp separation between the above mentioned cases. In other words, there
are situations that do not match either of the canonical configurations, and
hence a more general technique is needed to derive resistance relations.

Input and output resistances can be efficiently evaluated by using the
Blackman theorem [B43]. It was introduced in 1943 and rediscovered by
Rosenstark [74] and Grabel [MG91], and was also independently developed
through signal flow analysis by Choma [C90].

The signal flow scheme in Fig. 3.2 and related equations (3.3) and (3.4)
are general and, hence, can be used to represent the relation between the
voltage and the current at the input or the output port. Let variables x, and x,
be the voltage and the current of the considered port respectively. Egs. (3.3)
and (3.4) can be rewritten as

V=a,l+a,x, (3.21a)
X, = ayl +ayx, (3.21b)

Following the same procedure which leads to the Choma representation

we get
a,a
1_}9(%2_ 12 21]
a

Rzzzal, (3.22)
I |- Pa,,

To interpret this result observe that term «;, is the ratio between V and I,
when the controlled variable is zero. In other words, this means that term «;;
is the resistance level without feedback (i.e., P = 0). Term Pa,, is the loop
gain, which is computed by setting variable x, and, hence, I equal to zero.
This means evaluating the loop gain with the considered port unloaded.
Finally, as derived in the Choma approach, term P(a,, —ay,a,,/a,,) is the
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loop gain setting the output variable to zero. This means that the null return
ratio is the loop-gain after short-circuiting the port considered.

From the above discussion, and representing the loop gain as an explicit
function of Ry and R;, we can specify (3.22) to represent the closed-loop
input and output resistances, #,, and #,,, as follows

1+7(0,R,)
_ : 2
Fin rm,{)/ 1+ T(OO,R[) (3 3)
. 1+ T(Ry,0) 5.24)

on ruu/,n/ 1 1 T(R\ ,OO)

where #,, and 7y, ., are the corresponding driving point input and output
resistances with the critical parameter P equal to zero, and 7(0, R;), T(0,R;),
T(Ry, 0) and 7(Rs, o) are the return ratios under the specific conditions for
the source resistance, Ry, and load resistance, R;.

We have already discussed the ability of feedback to provide gain
desensitisation. However, such desensitisation of the input and output
resistances cannot be achieved. In fact, it can be shown through relations
(3.23) and (3.24) that I/O resistances depend on open loop parameters.

The application of Blackman theorem to the common Z amplifier in Fig.
3.3 is now described. Assume transconductance g, as the control parameter
P. The input and output4 resistances with g, = 0 are

r/nﬂ/ = rp + RI, (325)
rnul,n[ = rp + RS (326)

Both 7{(0, R;) and T{Ry , 0) are equal to zero, whereas 7{0, R;) and T{Ry, o0)
result

r R
7(0,R, )= 227 (3.27)
r,+ R,

T(RS’OO):gmrp (328)

Hence, input and output resistances are given by

4 As usual, the output resistance is calculated excluding resistor R;,.
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rlll :rp +R{,(l+gmrp) (329)
v, + R

rr)m = (330)
t+g,7,

Of course the two results found here are the same as those obtained by
simplifying (2.24) and (2.25).



Chapter 4

STABILITY
FREQUENCY AND STEP RESPONSE

In the previous chapter we enunciated the basic feedback concepts and
described efficient techniques for analysing feedback amplifiers.
Particularly, we defined the open-loop gain, the loop-gain (or return ratio),
and other quantities, all as DC values. However, these quantities are in
general a function of frequency and they should be better referred to as
transfer functions instead of gains. Moreover, the feedback factor could also
be frequency dependent (to this end, the best example is perhaps the well-
known RC-active integrator made up of an op-amp and a feedback network
constituted by a resistor and a capacitor). Thus, all these effects should be
taken into account in the Rosenstark and Choma relationships, (3.8) and
(3.16), which allow us to accurately obtain the closed-loop transfer function.
In addition, for a first-order model, they should also be considered in (3.1).
Similarly, in the Blackman equations, (3.23) and (3.24), we need to use the
appropriate return ratio transfer function to obtain input and output
impedances instead of resistances.

For the sake of simplicity, in this chapter we will assume that the
feedback factor is constant, at least in the frequency range of interest. In
addition, we will assume that the feedback network is designed so as to not
introduce further poles in the loop gain. Such a condition is fortunately often
verified in feedback amplifiers with a purely resistive feedback network.

It should be well known to the reader that an electronic circuit and system
are said to be stable if all bounded excitations yield bounded responses.
Otherwise, if bounded excitations produce an unbounded response the
system is said to be unstable. Passive RLC circuits are by nature stable.
Active networks contain internal energy sources that can combine with the
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input excitation to cause the output to increase indefinitely or sustain
oscillations. Note, however, that in practice the output of an unstable circuit
cannot diverge indefinitely, since a limit is set by the power supply rails.

It should also be well known that stability is ensured if all the poles of a
given circuit/system lie in the left-half of the s-plane. Thus, we could check
the stability of a feedback amplifier by evaluating the closed-loop transfer
function and determining the locations of its poles. This procedure, however,
does not provide design insides and does not specify the margins by which
stability is achieved. In fact, circuit components are affected by
manufacturing tolerances, temperature and ageing phenomena, etc., which
cause a parameter to deviate from its nominal value. Under this scenario, we
need to introduce safety stability margins, which are the phase margin and
gain margin. Moreover, even stable amplifiers, hence that have a bounded
response, can take too much time to reach a steady state. For this purpose,
the classical feedback circuit analysis technique derived from the well-
known Bode disclosures can be utilised [B45].

In the following paragraphs we will examine the frequency response of
transfer functions characterised by different combinations of poles (and
zeros) that are found usually in real practice. Starting from this, useful
definitions will be given which help designers to derive fundamental
relations to ensure closed-loop stability with adequate margins. The closed-
loop step response in the time domain, for each typology of transfer
function, is also derived.

4.1 ONE-POLE FEEDBACK AMPLIFIERS

Among the feedback properties, the closed-loop bandwidth extension to
the original open-loop amplifier is often included [G85], [SS91]. We will
show that this property applies only to one-pole amplifiers, but is not
effective in multi-pole amplifiers.

Let us consider an open-loop amplifier having the following transfer
function including a single (negative) pole, whose angular frequency is p;

Als)=—= 4.1

Now connect the amplifier in feedback with a pure resistive network,
whose feedback factor is f, as shown in Fig. 4.1.
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A(s) " >

f

Fig. 4.1. Block diagram of a feedback amplifier.

Returning to (3.1a), the closed-loop transfer function results as

G‘{)
Gr(s)= ——FS

(4.2)

I+ -
P

where Gy, is the DC closed-loop gain and p;y is the closed-loop pole, each
given by

A 1 T 1

R ST = R — (4.3a)
l+/4, [f1+T, f

Pp = (1 + on)Pl = (1 +7, )pl ~T,p (4.3b)

The foregoing approximations hold for large loop gains (7,>>1), which are
required for an adequate desensitisation of the closed-loop response with
respect to open-loop parameters. It is seen that increasing 7, from zero shifts
the pole along the negative real axis, as illustrated in Fig. 4.2 Since the pole
is located in the negative s-plane for any value of f, the system is termed
absolutely or unconditionally stable. This denotes an attractive condition
indicating that a one-pole amplifier is stable under all input signal conditions

! This plotis called the root locus diagram. Its construction can become tedious for
higher order systems and we do not make use of this tool to examine stability. The
interested reader is referred to [SS91], [G85], or any feedback control text e.g.
[FPE94],
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and for all ranges of component values. Unfortunately, this is not a realistic
case, since real amplifiers have more than one pole.

jo?

s-plane

—X <€ < > G

—(1+T,)p, —Pi

Fig. 4.2. Effect of feedback on the pole location for a single-pole amplifier.

Returning to (4.3b), we see that the closed-loop pole has been shifted to a
higher frequency by a factor equal to 1+7, (that is, approximately the DC
loop gain), which is the same amount of reduction experienced by the
closed-loop DC gain with respect to the open-loop gain. Thus, a gain
bandwidth trade-off exists between the open- and closed-loop transfer
functions, indicating that in a one-pole amplifier we can apply feedback to
obtain higher bandwidth where amplifier gain reduction is allowed. This
trade-off is represented by the gain-bandwidth product, i uw, which is the
product of the DC open-loop gain, 4, and its -3-dB angular frequency p,.
Note also that the gain-bandwidth product of a single-pole function exactly
equals its unity-gain frequency, @y (i.e., the frequency at which the module
of the gain becomes unitary, for this reason it is also called the fransition
frequency). Moreover, @y is an invariant amplifier parameter, since its
value is the same for the open-loop and closed-loop amplifier, as illustrated
in Fig. 4.3, showing the open-loop, closed-loop and loop-gain transfer
functions. Of course, the gain-bandwidth product of A(s) is independent of
the degree of feedback applied and is equal to the maximum bandwidth
achieved with the unitary feedback factor, f = 1 (i.e., with the amplifier in
unity gain feedback configuration). More interestingly, (4.3b) predicts that
the gain-bandwidth product of the loop-gain transfer function will equal the
closed-loop pole. Thus, when studying the stability of a feedback amplifier,
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it is usually convenient to analyse the frequency response of the loop-gain
rather than that of the open-loop transfer function. This is because the loop-
gain transfer function gives information on most of the closed-loop
properties.

dB A

20log|4 : Z%gw(jm]

o|

20loglT(jo)
201logT,|

2010g|G - (jo)

201logG, |

P Pr A,p, ®
Fig. 4.3. Relation between the open-loop and closed-loop transfer
function magnitudes.

The closed-loop characteristics of an amplifier can be also investigated in
the time domain, by evaluating the response, x,(f), to a unitary input step

u(t). The step response gives important specifications for applications (such
as instrumentation, control, and sample data systems) sensitive to the
amplifier’s transient response.

Let us consider a closed-loop configuration comprising the single-pole
amplifier with the transfer function shown in (4.1). The step response is
easily found to be

xn (t) = (1 - e_pl“ll blvbu(t) (44)

The output steady state value is Gy, and is reached exponentially with time
constant 1/py.;.

The reader should know that the settling time, t,, is the time interval
required for the output response to settle to some specified percentage of the
final value. For a single-pole amplifier the settling time is then proportional
to p;y. Usually, the settling time needed to reach 1% or 0.1% of the final
value is considered. In these two cases, the settling time results 4.6/p;, and
69/p/|
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4.2 TWO-POLE FEEDBACK AMPLIFIERS

The loop-gain transfer function of real amplifiers includes more than one
single pole. In the absence of suitable compensation, this can cause
instability phenomena even under negative feedback. To demonstrate these
instability problems, and the related importance of a sufficiently large
separation between the two lowest poles of the loop-gain transfer function,
consider now an open-loop amplifier with two real negative poles. As
already mentioned, and as will be further explained in the following
chapters, it is more convenient to analyse the loop gain instead of the
amplifier open-loop gain.

Assume that the amplifier operating within the given feedback network
gives rise to the following two-pole loop-gain function

()= do 4.5)
§ 8
I+ — (1 + )
[ PIJ P

It should now be observed that for second-order and higher-order transfer
functions, the gain-bandwidth product, wgsw =T,p;, does not necessarily
coincide with the unity-gain frequency w, However, this is still a good
approximation if the second pole is greater than «;uy. This observation is
graphically explained in Fig. 4.4, where two loop-gain functions (with
different pole separation) are plotted.

Note that hereinafter and unless differently indicated, we will denote the
gain-bandwidth product of the loop-gain transfer function with sy

Using (3.1a), the closed-loop transfer function becomes

G,,(s)zﬁ_@_:_i“’_af (4.6)

2 ) .
1+2§s+52 (H‘j[H“J
a)n wo pl*'l pl~'2

where @, and & are the parameters called pole frequency and damping

factor, respectively, and are expressed as functions of the loop-gain poles by
[SS91]

a)n:\/plp2(1+To) (47)
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Pt D 1 D )2}
£= ~ /— + J— (4.8)
2w, 2\[i P P

dB 4
20log|T, |

f
wr~T,p,

Fig. 4.4. Magnitude of two second-order loop gain transfer functions
characterised by two different second poles p, and pj. Only in the second
case does the gain-bandwidth product coincide with the transition frequency.

The last identity in (4.6) is an alternative expression of G(s), with p,; and
P2 as the closed-loop amplifier poles given by

P =0,(§5VE 1) (49)

These poles are either real or complex conjugate pairs, depending on the
value of & (or parameter Q equal to 1/(2£), sometimes used instead of & and
called the pole Q factor). The location of the closed-loop poles, as the DC
loop-gain is increased from zero, is illustrated in Fig. 4.5 showing that a
second-order feedback system is absolutely stable. However, the design of a
second-order system having a specific and well-defined frequency and
transient response requires careful consideration of where the poles are to be
located.
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Fig. 4.5. Effect of feedback on the pole location for an amplifier with two
real poles.

By normalising the module of the closed-loop transfer function and the
angular frequency to Gy, and w,, respectively, we obtain the frequency
responses plotted in Fig. 4.6.

This figure helps to visualise that when & is lower than a critical value

(namely 1/\/5 ), an overshoot in the frequency domain arises at a frequency,
@, with the (peak) amplitude, G, both given below [MG91]

w,, =w,\1-2E* (4.10)

op 0

Gy = Gy — e 4.11)

2UNI-£°

It is apparent that the relative amplitude of the overshoot depends only on

the damping factor, & For & = 1/\/5 it can be shown that the module of the
frequency response is maximally flat (which is often referred to as the
Butterworth condition). Specifically, this condition yields the largest
possible closed-loop 3-dB bandwidth within the constraint of a monotone
decreasing frequency response.
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&)f”&)o

Fig. 4.6. Normalised module of the closed-loop frequency-response of a two-
pole amplifier, for different values of the damping factor.

The expression of the step response of the closed-loop two-pole amplifier
is

I . .
%, (0 = [ 1= —— (e ™V — pe™2)|G o ut) (4.12)
P —Pin

If the closed-loop poles are complex conjugate —a condition which arises
when the value of & is lower than 1- the step response exhibits an
underdamped behavior (conversely, an overdamped closed-loop response
requires £ >1). In such cases the step response is better expressed by the
following relationship

x, () =41- 6 sin(\/l_?w”tj + cos( 1-¢£2 a)ot)}e'f‘”"’ G, u(t)=

1-¢&2

2 g

l - p—
=<1- wco{ 1-¢-w,t \/1__?

] e 5 LG u(t) (4.13)
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Underdamped amplifiers are not unstable systems, but nonetheless they
are usually unacceptable, because overshoot arises in the time domain which
is responsible for slow settling behaviour.

Normalising the step response to u(t), we can draw the plots in Fig. 4.7,
illustrating the step response of a two-pole feedback amplifier for different

values of & versus @,!.

underdamped
£=0.1

05 fe il =l
overdamped

0 5 0 5 2

wgl
Fig. 4.7. Normalised step response of a two-pole feedback amplifier for
different values of the damping factor.

To maintain peaking in both the frequency and step responses below a
desired value, parameter & must be properly set. To this end, relationship
(4.8) implicitly provides the required relation between the two (open-loop)
poles for a given value of & and 7, In order to avoid excessive
underdamping, open-loop amplifiers must be designed with a dominant pole
and a second pole at a frequency higher than the gain-bandwidth product of
the loop gain (i.e., p» > T,p)). Thus, to analyse and design feedback
amplifiers, it is useful to introduce a new parameter called the separation
factor, K, which is the ratio between the second pole and the gain-bandwidth
product of the return ratio 7{s)

k=-tr _ P (4.14)
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The separation factor is strictly related to a parameter of the loop gain
commonly used to measure the degree of stability of a feedback system
namely, the phase margin?, ¢ . Indeed, the phase margin is defined as 180°

plus the phase of the return ratio evaluated at the transition frequency, w;.
Figure 4.8 illustrates how the phase margin is determined on the Bode plots3
of a second-order transfer function.

dB 4 20logT(j)|

A arg[l(jo)]

s

-180° |-

Fig. 4.8. Bode plots of a two-pole system and graphical definition of
phase and gain margins.

For a second-order system with negative poles we have

¢=l80°—tan"&—tan"ﬁ:tan"ﬁ'—%-tan"& (4.15)
P P, Wy @y

In a well-designed amplifier 7, is larger than unity and the condition
p>T,py must also hold. Thus, sy is about equal to the transition
frequency, wy, and tan'l(pl/a)r) ~ (. Then (4.14) is reduced to

2 Another parameter, less frequently utilised by electronic designers, is the gain
margin, Gy,defined as the difference between the gain 20 log | T(w,) and O dB,

where @, is the frequency at which the phase equals —180°.

3 We assume that the reader is familiar with the Bode plot technique. For a review of
this method see for instance [SS91], [G85].
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K ~tan ¢ (4.16)

indicating that in a two-pole amplifier K is almost equal to the trigonometric
tangent of the phase margin. In other words, for a target phase margin, we
obtain through (4.16) the value of the separation factor required during the
compensation design step.

From the above it derives that to design and analyse feedback amplifiers
it is more convenient to represent the closed-loop transfer function, G,.(s), as
a function of the gain-bandwidth product, @, and the separation factor, K
[PP982]. Indeed, the conventional parameters, @, and & (or parameter Q)
traditionally used in feedback systems, have been found very useful in
designing and analysing filters, but are less effective in the context of
feedback amplifiers. This because, unlike @5y and K, which are parameters
of the loop gain, w,and & are parameters related to the closed-loop amplifier.
But designer effort is mainly (if not exclusively) focused on properly setting
the open-loop amplifier parameters in order to achieve the closed-loop
specifications. In addition, the new representation provides a simple vehicle
for characterising feedback systems. Indeed, the pole frequency and the
damping factor can be expressed as

w, = p KTO(H‘T(} “a)unw\/E (4.17)

C1+kT, JK
VK 2

Upon inserting (4.17) and (4.18) into (4.6), the closed-loop transfer
function becomes

4 (4.18)

Gp(s) = 0 (4.19a)

(4.19b)
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where the complex frequency s’ is the complex frequency s normalised to
WGpw.

The normalised overshoot frequency and correspondent peak (as
functions of w;gy and K) are now determined to be

@, =a)GBW,/KiI—Ki (4.20a)

G 2

= 4.20b
Gr,  JK(@-K) (4209

The magnitude of the frequency response normalised to G, versus
w/ wggy for different values of K, is plotted in Fig. 4.9. It can be noted that

condition K = 2 i.e., p2 = 2agpw, means a maximally flat frequency response.
Moreover, for a given wgyw, the bandwidth diminishes for decreasing values
of K.

The poles of the closed-loop amplifier can be also expressed as

K K
Priz = Ocpw {3 * (? - 1)1(} (4.21)

and the response to an input unitary step (assuming underdamped behaviour)
is

’F 2 2 K
K . K K - OGR!
x,(t) = {l - J Py sm[JK s wGBWt]+cos[,’K v a)GBWt]Je 2 }G,,Fu(t) =

-[ 4 S [K |- ecsw
1K COS[ K—TwGEWt— 4—_—Kﬂe 2 N }G”Fu(t) (422)
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10 . |

oY

Fig. 4.9. Normalised module of the closed-loop frequency response for a
two-pole feedback amplifier versus normalised frequency, for different
values of X.

The step response versus time normalised to @gw for different values of
K, is plotted in Fig. 4.10.

To optimise the closed-loop amplifier step response, useful information
for the designer are the time, #, when the first peak occurs (i.e., the time at
which the first time derivative of x,(f) becomes zero) and its overshoot, D,
[YA90], that are given by

27
PR S (4.23)
" oy VK - K?
K

D=e V4K (4.24)
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Depw
Fig. 4.10. Step response for a two-pole feedback amplifier versus
@qpyt for different values of parameter K.

Like for the peaking amplitude in the frequency domain, the overshoot
amplitude in the time domain depends only on the value of K. Relationships
(4.23) and (4.24) are useful for optimising design in the time domain.
Equation (4.24) gives the value of K for a specified settling error, and from
(4.23) we determine the gain-bandwidth product needed by the settling time
required. For instance, obtaining a step response to within 1% means K =
2.73. From (4.16) this value corresponds to a phase margin of about 70°.
Then, if 1% settling is to be achieved within a time period not greater than
100 ns, the required gain-bandwidth product is 2m+ 5.37 Mrad/s.

It should now be pointed out that in real amplifiers the second pole is
generally fixed by design and topology constraints. Subsequently, the
requirement on parameter K (or equivalently on the phase margin) indicates
the gain-bandwidth we must provide to the loop-gain transfer function to
ensure an adequate stability margin. To this end, as shall be discussed in
detail in the next chapter, we have to properly reduce the dominant pole of
the open-loop amplifier. This mandatory operation drastically reduces the
high-frequency capability of the feedback amplifier, which, if operated in
open-loop conditions, is characterised by a high-sensitive gain, but has its
maximum bandwidth potential limited by the frequency of the second pole.
As a consequence, the bandwidth improvement caused by the feedback is
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effectively achieved only in one-pole amplifiers. However, these are
somewhat an abstraction, since real architectures —even single-stage ones—
exhibit multiple poles. Bandwidth extension is, therefore, not such a general
and effective property as commonly reported. Actually, amplifiers with the
highest frequency performance (e.g., RF amplifiers) all adopt open-loop
topologies.

4.3 TWO-POLE FEEDBACK AMPLIFIERS WITH A POLE-ZERO
DOUBLET

The loop gain of real amplifiers can include a pole-zero doublet beside
two significant poles. Usually, a doublet arises from imperfect pole-zero or
feed-forward compensation due to process tolerances [KM74], [BARSO],
[PP95], or is caused by the frequency limitation of current mirrors when they
are used to provide a differential-to-single conversion [GPP99].

The degradation in the settling performance of a one-pole amplifier with
a pole-zero doublet was first discussed in [KMG74]. The effect of the
doublet in a class AB one-pole amplifier was then analysed for both the
settling and slewing time periods in [S91], [SY94]. However, extending the
results in [KMG74] to two-pole amplifiers is not as straightforward as
sometimes reported [GM74], [LS94], [EH95].

A simpler representation of a two-pole amplifier with a pole-zero doublet
was proposed in [PP992]. The approach is based on the consideration that, in
practice, the pole and the zero forming the doublet are often very close. In
addition, they are usually located at a frequency around or greater than wggw.
Thus, such a doublet leaves the loop-gain unity-gain frequency almost
unchanged, but can considerably alter the phase margin. We now
demonstrate that a two-pole amplifier with such a pole-zero doublet can be
modeled by an equivalent pure two-pole amplifier with a modified second
pole.

Consider an amplifier whose loop-gain transfer function includes two
poles and a pole-zero doublet (p, and z,), as given below

1+
1 z,

' s
(HLIHL] S
2 P P

Without loss generality, assume p, to be the lowest frequency pole
(remember that a dominant-pole behavior is mandatory to achieve stability).
Phase margin evaluation of (4.25) gives

(4.25)

T(s)=T,
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. . 0z
¢ =tan™" Py tan " P4 _ T (4.26)
w, w;y oy

From the considerations regarding the location of p,; and z, made above,
the transition frequency, @y, can be assumed to be equal to the gain-
bandwidth product, a@sw, (which formally represents the unity-gain
frequency of a one-pole amplifier) so that (4.26) can be rewritten as

VP et P g B (4.27)

D;pw Dipw Dipw

¢ =tan”

Nevertheless, if we want to accurately evaluate the deviation of w; from

wepw we can use the following results.
By using parameter K defined in (4.14), and the trigonometric identity

tana +tanb +tanc —tanatanbtanc
tan(a+b+c)= (4.28)
]| —tanatanb —tanatanc —tanbtanc

from relationship (4.27) we get

(K + %) Pa_
tan(g) = K| 1+ Doy (4.29)
1+ (wd} oy SRR
L Digw Dew

where parameter A is the spacing of the doublet normalised to its pole and
wy 1s the doublet average frequency (evaluated as the geometric mean
between py and z,), respectively, defined by

A= [ _ iaj (4.30)
Py

Wy = Pa2y 431

Normalising the doublet frequency, @y to @wosw
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o - P (4.32)

dn
Dipw

relationship (4.29) can be written

(K + l)a)dnA
K (4.33)

(1+02 N1-A - Ko,A

tan(g) = K| 1+

By inspection of (4.33) we note that the second term in square brackets
represents the change caused by the doublet in the tangent of the phase
margin. Of course, if A = 0 pole p, perfectly matches zero z, and (4.33)
simplifies to (4.16). Moreover if z, is greater (lower) than p,, A isnegative
(positive), and the effect of the doublet is to decrease (increase) the phase
margin compared to the same two-pole system without the doublet.

From the above it derives that we can model the two-pole amplifier with
a pole-zero doublet by using an equivalent pure two-pole amplifier having
the same gain-bandwidth product (i.e., gain and dominant pole) and a second
pole, py.q, which guarantees the same phase margin given by (4.33). Hence,
(4.25) is approximated by

T(s)~ T, 1 (4.34)

£1+ij 14—
y2 p2eq

where
1
[K+]—<)a)dnA
Daos = K| 1+ w,. 4.35)
2 1+ Ni-a-Ko,a | "

The second term within square brackets in (4.35) gives the deviation of
the equivalent second pole with respect to the actual second pole, which
depends on both w,, and A. It can be easily shown that the deviation is at a
maximum when ay,, = 1, for a fixed value of A (and K), that is when the
average doublet frequency is equal to the gain-bandwidth product. In
contrast, with @y, and K given, the influence of the doublet is highest in
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correspondence to the value of A which nullifies the denominator of (4.35),
that is

(4.36)

For instance, assuming K = 2 and w,, =2, A is 0.693.

In [PP992] the model was validated for values of A in a range from -1 to
0.5, meaning a doublet with its pole and zero spaced by a factor of two.

The time-domain closed-loop step response can be also approximately
represented through that of a pure two-pole amplifier. To evaluate the effect
of a pole-zero doublet, we calculate the relative deviation of 4, and D in a
two-pole amplifier given by (4.23) and (4.24)

a, (k-2 +1) 0, A

= 437
tﬁ K(K - 4) (ﬁa)jn )V 1-A - KwdnA ( )
k(k? + 1K@ -K) @A @38

(4- k)’ (1+ w2, 1= - KA

Q:—Zﬂ'
D

For those cases in which A is small, such as when a doublet arises from
process tolerances in a pole-zero compensation [BARS80], [PP95],
relationships (4.37) and (4.38) can be approximated to

a, (K —2)&(2 + 1) w,,

7~— K(K~4) (l+a)3n)A (439)
aD_ k(k* +INKE-K) w,, . 4.40)
D (4-K) (1+w2)

The approximate relationships show that the relative variations of #, and
D are linearly related to the spacing of the doublet. It can be seen that for
phase margins greater than 50° (i.e. K > 1.2) the variation in D is much
greater than that of 4,. Besides, when the zero is lower than the pole, the
doublet has the effect of reducing overshoot (both in the frequency and in the
time domain).
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As discussed in section 4.3, the second pole is often already defined and
the compensation task requires setting the dominant pole or, better, the gain-

bandwidth product, @z . Relationship (4.29) can be written as

1 w(z;BW(p2+pdA)+p2wjn (4 41)

2 2
Ogpyw — Oipw + @4 — PPy

tan(g) =

hence, the required wzw implies having to solve the following third-order
equation

tan(¢)w(3;ﬁw '(Pz + pclA)a)(ziBW + tan(¢)(w121n - P P:/A)w(mw _p?.wjn =0
(4.42)

As particular cases, first consider the one where the pole-zero doublet is
derived from differential-to-single conversion. In this event doublet spacing,
A, is exactly equal to -1. By developing (4.42) in Taylor series around the
point @z = pa/tan(@) truncated to the second term, we get

3p; P; 2
2p, + py)wbyy +| tan(g) + Py ———— Wi +| ——-2p5 |P.=0
( 2 /) Grw ¢(,D2 /)P/ tan(@) GBI an’ () Pa |P2

(4.43)

which is sufficiently simple to be solved with pencil-and-paper.

In contrast, when the second pole can be moved to guarantee stability,
such as in the design strategy for cascode amplifiers proposed in [MN89],
from (4.41) noting that

D (4.44)

py =2
T -A

we have to set p, according to

1+CU2 A a)dn

n F—] _A tal](¢) (4 45)
vl + 2 tan(¢) |
dn \/7 dn
1-A

P2 = Qg tan(g)
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4.4 THREE-POLE FEEDBACK AMPLIFIERS WITH REAL
POLES

Some amplifier architectures have three separate poles [P99], one of
which must be dominant to allow stability. Consider then the third-order
loop-gain transfer function given below

T(s)= L, (4.46)

[1 + ij{] + ij[l + i}

P P> P3

The phase margin of the loop gain is equal to (approximating @, with
Wiaw)

p=tan" L2 ytan P2 _gpe (4.47)
O ipw Opw
Since
tan(a + b) = ~A0(@) * tan(0) (4.48)
1 — tan(a) tan(b)
and
tan(a +90°) = - — (4.49)
tan(a)

relationship (4.47) can be rewritten as

L _tan(¢)(L+L) Lo Lo (4.50)

WDi;pw Py P3)%csw  Pa1Ps

Thus, assuming the non-dominant poles to be definitely set, the required
gain-bandwidth for a given phase margin can be achieved from (4.50). In
particular, we get
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1 :ta“<¢>[i+ij1+\/1+ 4 pps
Dy 2 P, Ps tan’ (¢) (P2+P3)2

~ tan(g/ﬂ)[L + L]

4.51)

P, P3

It is worth noting that the frequency compensation of a three-pole
amplifier can be performed following the same procedure as for an
equivalent two-pole amplifier with a loop gain given by

1

(HLJ[HL
p] pZeq

The time constant of the equivalent second pole equals the sum of the
second and third pole time constants of the three-pole amplifier. In other
words, the equivalent pole is

T(s)~T, (4.52)

P, = 2B (4.53)

and the frequency and time-domain behaviour of the closed loop amplifier
can be approximated with those developed in section 4.2.

4.5 THREE-POLE FEEDBACK AMPLIFIERS WITH A PAIR OF
COMPLEX AND CONJUGATE POLES

Another common situation for a three-pole amplifier is when a dominant
pole occurs in conjunction with a pair of complex conjugate poles. We use
the symbolism introduced in section 4.3 to express such a loop-gain transfer
function

T(s)= L, (4.54)

s s s?
[1 + —j(l + +— J
P Dgpwi Ogpw K,
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This representation can be particularly useful when the complex poles derive
from two indented feedback loops (such as in three-stage amplifiers with
nested-Miller* compensation). In this case, term gy, isthe gain-bandwidth
product of the inner loop-gain and Kj is the ratio between the second pole

and the gain-bandwidth product in this inner loop. The phase margin of the
whole amplifier is given by

Dipw 1— wcz;/sw
2
) S '¢
$=90°—tan™ LW _ (g1 DowmTs (4.55)
1— _Yasw Dipw
0K, Wéawi
hence from (4.55) we get
’ 1
(wcgw,- J ~tan(gyZem _ L _ g (4.56)
Dipw Oopw K

and we can determine the gain-bandwidth required for a fixed phase margin
when the higher poles are fixed

L _m@y, /1+ il ! (4.57)
Daw 2 K, tan” (@) | @¢pw; ,

Like the case of three separate poles, now we can define an equivalent
second pole and, if the quantity within the square roots is close to one, which
means

K tan’(g) >4 (4.58)

the equivalent second pole is approximated by auy,. The frequency and
time domain behaviour of the closed loop amplifier are hence equal to those
of the closed loop amplifier whose open loop transfer function is

1

s s
[1 + —j(l + ]
D Diawi

4 See Sec. 5.5 of this book.

T(s)~T, (4.59)
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4.6 TWO-POLE FEEDBACK AMPLIFIERS WITH A ZERO

Often the loop gain of a feedback amplifier has a zero which can heavily
affect the transfer function of the closed-loop amplifier. Indeed, if the loop
gain is

1+
T(s)=T, z (4.60)

o)

the closed-loop transfer function exhibits the same zero and is given by

1+2
Ge(s) =G, — L (4.61)
1+2 2 54
w w

0 0

where in the denominator @, is still given by (4.7) and the damping factor is
modified with respect to (4.8) according to

2y (P_2+T Joirs (4.62)
1+T P

The phase margin of the feedback amplifier, under the assumption of a
dominant-pole behaviour whose pole and zero is higher than the transition
frequency, wy, is given by

@ =90° + arctg T arctg (4.63)

Dw Dipw

which shows that a negative zero helps stability, but a positive zero can
drastically reduce the phase margin. Therefore, during compensation
particular care must be taken to avoid or minimise the effect of positive
ZE10s.

Although it is seldom used, the step response of a feedback amplifier with
the closed-loop transfer function in (4.61) is
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x,(1) = {1 - —“—1_[(1 - ]P/«'ze_mm - (] - pijpﬂe‘l’l'?’ ]}G()I"u(t)
Pri =P z z

(4.64)

where p;; and pr, are the poles given in (4.9). For an underdamped amplifier
(4.64) can be expressed more profitably as

xo(t)z{l—[Hsin( 1—§2a)”t)+cos( 1—gzwozﬂe‘é‘“v’}Gn,,u(t) (4.65)

where H =

l_éfzwo + § (ﬁwn *11 )
z 1_52 z
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Chapter 5

FREQUENCY COMPENSATION TECHNIQUES

In the previous chapter we demonstrated the necessity, in a feedback
network, to achieve an open loop dominant-pole frequency response whose a
phase margin is greater than 45° (or K > 1). Indeed, this condition not only
ensures closed-loop stability but also avoids unacceptably underdamped
closed-loop responses. Unfortunately, many amplifiers, and particularly
broadbanded amplifiers, earmarked for use as open-loop cells are not
characterised by dominant-pole frequency responses. The loop-gain
frequency response of these amplifiers must be therefore properly optimised
in accordance with standard design practices known as frequency
compensation techniques [SS91], [GM93], [LS94]. These methods imply the
inclusion of compensation RC networks in the uncompensated circuit to
introduce additional poles or to modify the original loop-gain poles so as to
provide a given phase margin.

Referring to Fig. 4.8, it is easily understood that the simplest way to
achieve stability is to reduce the loop gain. If the frequency of the poles
remain unchanged, the unity-gain frequency is decreased by the same
amount as the loop gain reduction and consequently the ratio between the
second pole and the gain-bandwidth product is increased. The loop gain can
be reduced via the feedback factor for by decreasing the amplifier open-loop
gain. However, neither are practical design choices because changing the
loop gain may conflict with closed-loop performance such as gain, accuracy,
etc. Moreover, it is worthwhile noting that compensation must be ensured for
all the possible feedback configurations. If the feedback factor is not
specified, compensation should be performed in the worst-case condition,
that corresponds to the unitary feedback (i.e., with the highest loop gain and
gain-bandwidth product, f = 1 and T,= A4,).
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In the following three paragraphs we will study the engineering methods
and related tradeoffs underlying the key issue of the frequency compensation
for a two-pole open loop transfer function. Of course, the discussion is easily
extended to multi-pole functions with two dominant poles. The last two
paragraphs deal with the frequency compensation of three-stage amplifiers.

5.1 DOMINANT-POLE COMPENSATION

Let us consider the two-pole amplifier in Fig. 5.1 whose open-loop
transfer function is

A
A(s)= ° 5.1
§ k)
(l + }(1 + )
b P
where
Ao = GmleZRIR2 (52)
1
=-— 5.3
P RC, (5.3,
1
= 5.4
P2 R,C, (5.4)

GmiVin C\D R 1

CI'}\W G,V 2 R, =G,

——®
o]

-+
Fig.5.1 Small-signal model of a two-pole amplifier.
The two poles are determined by the parasitic capacitances associated with

node A and B. Assuming these poles are widely separated with p, << p,, the
tangent of the phase margin becomes
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P _L R,C,
tan(¢)————A ’ —1/1,, [R,C; j (5.5a)

o

Conversely, if p,<<p; we would have

4 __1_ R\ C,
tan(qﬁ)-,AU}p2 _}A(,!(chzj (5.5b)

To guarantee a phase margin greater than 45°, tan(¢#) must be greater than
unity. Hence, from (5.5a) and (5.5b), we must ensure that the ratio between
the two time constants is in the order of the DC gain. For example, assuming
the two equivalent resistances to be equal and a typical gain of 30 one of the
capacitances should be more than 30 times the other, to guarantee stability
within proper margins.

At this point, the most intuitive way to provide stability is to add a
capacitance in parallel to C; (or (), thus setting the dominant pole at the
input or the output. If we adopt this strategy, the choice of where to insert the
compensation capacitor depends on convenience in terms of lower added
capacitance. This simple compensation approach is called dominant-pole
compensation, which 1is rarely used, except in single-stage (cascode)
amplifiers, because it requires large compensation capacitors and leads to
feedback amplifiers with very low bandwidth. To show the reduction in
bandwidth, without loss of generality consider the amplifier as being in
unitary feedback and set the dominant pole at the input by adding the
compensation capacitor C¢- to Cy. Thus (5.5b) turns out to be

1 R(C, +C,
tan(¢) ~ i —‘%';—) (5.6)
0 2v2

and the dominant pole after compensation, p,¢;, which defines the open-loop
bandwidth

1
N —_— 5.7
P R, (Cn +C(') ©-D

must be lower than the second pole (which remains unchanged to p,)
reduced by the DC gain times the tangent of the phase margin (always higher
than 1)
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P <—2r (5.8)

tan(¢)|4,

To conclude, the bandwidth of the dominant-pole compensated amplifier is
defined by the second pole and the DC open-loop gain. As we shall see in
the next paragraph this condition does not hold for the Miller compensation
strategy.

5.2 MILLER (POLE-SPLITTING) COMPENSATION

The well-known Miller effect can be efficiently exploited to perform
frequency compensation that for this reason is called Miller compensation or
pole splitting compensation. To understand its properties and design issues
consider the small-signal model in Fig. 5.2, which but for the presence of the
interstage capacitance C, coupling the first and second stage, is equal to the
one in Fig. 5.1.

Ce
: _)I_ T
| € |
®" "'r J- Vout
i H O
G Vi C‘D R 2 '_':C')\vr GmzV’ EFRz TG
==

Fig. 5.2. Small-signal model of a two-pole amplifier with interstage
capacitance.

Neglecting for the moment capacitor C. depicted in dashed lines, the
subject open-loop transfer function is

s
T+—
1+b
A(s)=4, 24, z (5.9)
l+as+a,s (1 1 j s?
I+ —+— |5+
P P PP

where the DC gain 4, is still given by (5.2) whose the coefficients are
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a =RC, +R,C, +(R + R, + RG,, R, )C, (5.10)
. ¢,
a, =R R,C,)|C +|1+—|C, (5.11)
¢,
C,
b= (5.12)

m?2

Thus, assuming the poles are widely separated their approximate expressions
become:

1
~ 5.13
7 Rz(Cz +C,)+R, [Cl +(1 +Gm2R2)Cr] 6B
RAC, +C R/ |C 1+G, ,R
pzz 2( 2+ r)+ 1[ ]+(+ m2 Z)CI‘] (514)

C
R,R,C, [C, + (1 + = JC]
CZ

Capacitor C, provides a path for feedback and for feedforward. The
feedforward leakage produces a real zero in the right-half plane (RHP) given
by

.= Om (5.15)

C

r

The effect of this zero is neglected here for simplicity (the zero may be
either at a very-high frequency or be compensated with one of the methods
described in the next paragraph).

In (5.13) and (5.14), term (I+G,,,2R2 )C, accounts for the Miller effect

[MG87]. In practical cases it is the dominant term because capacitance C,. is
multiplied by a factor as high as a stage gain,G,,R,. In such cases the
expressions of the two poles (5.13) and (5.14) simplify to

1

P~ (5.16)
! Rl [Cl + (1 + GmZ RZ )C/]
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Cl +(1+Gn12R2)Cr
p, =
¢
R,C,C+1+—|C,
¢,

From equations (5.15) to (5.17) the pole splitting due to Miller effect
becomes apparent. In fact, an increase in the internal feedback capacitance,
C,, shifts the dominant pole and the second pole to a lower and higher

(5.17)

frequency, respectively (and also decreases the RHP zero). For this purpose,
to improve the separation of the two poles it is very efficient to multiply C,..

Thus, pole-splitting compensation entails connecting a capacitor between
two phase inverting nodes of the open-loop amplifier. With reference to the
equivalent circuit in Fig. 5.2, the electrical impact of this additional element
is the replacement of the internal interstage capacitance, C,, by the
capacitance sum, C¢+C,.

Letting Cp ~C-+C,,(5.16) and (5.17) can be further simplified to

]

RZC/)

& 5.18
RleZ ( )

P

G
__—m2 (5.19)

P (€, +¢)

where capacitance C), is usually significantly larger than C, and has also been
assumed to be greater than either €, or (5. Note that the value of the
compensated second pole given by (5.19) encounters an intuitive
justification. In fact, at the frequency at which it occurs (i.e. after the
transition frequency or equivalently the gain-bandwidth product),
capacitance C, can be considered as short-circuited. Hence, the input and the
output of the voltage-controlled current-source are shorted, C; and C are in
parallel and the equivalent resistance seen at their terminals is approximately
1/G ;.

In contrast, the expression of the zero (5.15) becomes

G
=——"— (5.20)

Ze =T N
C,+C.

Although z can exert a significant influence on the high-frequency response
of the compensated amplifier, the following discussion presumes tacitly that
z¢> pac. Hence, the gain-bandwidth product and the phase margin are
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G
o =T, (5.21)
G,, C,+C,
tan(g) = "~ —— 5.22
(¢) Gml CZ +Cl ( )
and the required compensation capacitance must be set according to
Gml
C, = o tan(¢)(C, +C,)-C, (5.23)

m?2

For a fixed phase margin (¢ is proportional to the ratio between the
transconductance of the first and second stage. Moreover, it is proportional
to the total (input-output) capacitance. Note also that for a given DC gain
and phase margin, the gain-bandwidth product is set by the frequency of
second pole. Consequently, to compare the Miller and dominant-pole
compensations we can compare only the second poles, and it is apparent that
the second pole resulting from the Miller compensation is much higher (due
to pole-splitting) than that of a dominant-pole compensated amplifier. In
addition, Miller magnification allows us to use lower capacitance values.

For these reasons the Miller compensation technique is extensively used
to design IC amplifiers. Compensation capacitor C¢- can be fabricated as a
part of the amplifier (in this case the amplifier is said to be internally
compensated) or can be externally applied to pins reserved for this purpose
on the (uncompensated) opamp package.

By comparing (5.20) and (5.21), we find that we can neglect the right-
half plane zero when the transconductance gain of the second stage is much
higher than that of the first stage. This condition is seldom satisfied in
CMOS transconductance amplifiers and especially when low-power
dissipation is required, so that a specific strategy to compensate the zero
must be applied.

5.3 COMPENSATION OF THE MILLER RHP ZERO

In the previous paragraph we showed that the pole-splitting technique is a
convenient vehicle for achieving the desired pole separation in an open-loop
phase-inverting amplifier. Unfortunately, (5.20) indicates that the larger the
C¢ ,the lower the RHP zero. In bipolar technologies the transconductance
G, is invariably large enough to ensure that the frequency of the zero is
greater than the compensated unity-gain frequency, thereby rendering the
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impact of z;- on the compensated frequency response inconsequential. But
for MOS and CMOS technologies, the transconductance is small, and as a
result, the effects of the RHP zero evidenced in the forward transfer function
of a phase inverting amplifier may not be negligible. When the transmission
zero is significant, its primary effect is to incur excess phase lag (phase lag
in addition to that produced by the two open-loop poles), while prohibiting a
uniform 20 dB-per-decade frequency response roll-off rate at high
frequencies. The stability problems caused by the resultant deterioration in
phase margin justifies the implementation of compensation techniques that
neutralise the effects of the RHP zero.

Various compensation schemes have been proposed for two-stage MOS
opamps. They are based on the concept of breaking the forward path through
the compensation capacitor by using active or passive components. The first
of these was applied in a NMOS opamp [TG76] and then in a CMOS opamp
[SHG78]. It breaks the forward path by introducing a voltage buffer in the
compensation branch. Next, a compensation technique was proposed which
uses a nulling resistor in series with the compensation capacitor [A83].
Another solution works like the former but uses a current buffer to break the
forward path [A83]. Finally, both current and voltage buffers can be adopted
to compensate the right half-plane zero [MT90].

5.3.1 Nulling Resistor

The most widely used compensation technique is the one based on the
nulling resistor. It entails the incorporation of a resistor, R, in series with

the Miller compensation capacitor as shown in Fig. 5.3.

@ o—'\M—)I_—o
R, i,

&

Fig. 5.3. Compensation network using a nulling resistor.

The popularity of this scheme stems from the fact that it can be
implemented monolithically with a MOS transistor biased in its triode
regime (which approximates a linear resistor). Moreover, its highpass nature
does not reduce the low-frequency dynamic range of the imcompensated
configuration. By using this compensation branch in the equivalent circuit in
Fig. 5.2, and neglecting capacitance C, (usually much lower than C ), the
zero is now at frequency
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PR S— (5.24)

’ 1
——R. IC
[GmZ C/j ¢

and is moved to infinite frequency by setting R, equalto 1/G,,. Thus, the
RHP zero originally ignored in the process of arriving at the pole-splitting
results has effectively been eliminated.

If R is greater than 1/G,,;, a left-hand zero is created because z, becomes
positive. Ideally, this zero can be exploited to offset or even cancel the
effects of the second compensated pole, thereby leading to an open-loop
amplifier with an increased gain-bandwidth product as first proposed in
[BARSO].

By imposing the condition

G G
m?2 - m2 (525)

C2 (GmZR(' ~1k‘('

a new second pole arises which is given by 1/(R-C¢), as can be found by
directly analysing the equivalent circuit. This pole does not depend on the

load capacitance. However, this optimised approach has a quite worse @,

than the other optimised compensation strategies for equal power
consumption and area of the amplifier including the compensation network
(i.e., global transconductance in the amplifier) as demonstrated in [PP95]
and [PP97].

5.3.2 Voltage Buffer

Figure 5.4 shows the compensation branch with a voltage buffer. It
eliminates feedforward through the compensation capacitance Cg-.

@) °(®)

Ce

Fig. 5.4. Compensation network with an ideal voltage buffer.



112 Chapter 5: Frequency Compensation Techniques

Unfortunately, unlike the passive compensation strategy discussed above,
the buffer utilised attenuates the achievable output swing of the amplifier.
The adoption of an ideal voltage buffer (i.e., with infinitely large input
impedance, zero output impedance, and unitary gain) gives the same
dominant pole as in (5.18) and the same second pole as in (5.19) without
depending on capacitance C'|. But byeliminating capacitive feedforward, the
troublesome RHP zero incurred by the internal interstage capacitance, C,, is
not decreased by the compensation element C¢. In other words, the effective
feedback capacitance is C),, while the feedforward capacitance is C,.

The foregoing discussion presumes an ideal voltage buffer. Practical
buffers have small, but not zero, output impedance and large, but not
infinite, input impedance (see Fig. 5.5).

@ o) —w—

Cr

Fig. 5.5. Compensation network with a real voltage buffer.

The resistive component of the buffer output impedance, #,, establishes a
left-half plane zero with capacitance C. Asfor the case with the nulling
resistor, this zero can be exploited to increase the amplifier gain-bandwidth
[PP95]. Following this last compensation strategy and with some
approximations, the poles and zeros become [PP95]

1

A—_— 5.26
P RIGHIIZRZC(' ( )
G
Py (5.27)
(“'2 + CI)Gerv
! (5.28)

B =le v
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2, = 5.29)

IC (,V(-}"\, (
G,,

2, = Im2 5.30

2 c, (5.30)

Now the right-half plane zero, z,, is placed at a very high frequency and can
be neglected. Moreover, as proposed in [AH87] and developed in [PP95], a
pole-zero compensation can be performed to increase the gain bandwidth
product. In particular, we can properly design the voltage buffer to ensure
the output resistance is equal to

G ¢
C,.

(5.31)

ypo=—t

' GJIIZ ((‘(' - (‘vlr ) G

m?2

which sets z;- = py. The new second pole is now the old third pole in (5.28)
which by using (5.31) becomes

G,, C.
apy 2 Gm G (532)
Pacw A C, C,+C,

The phase margin is given by

G C?
tan(g) = — 23— < (5.33)
(’ml (’2(C| +Cl})

which yields the required compensation capacitance

G
C. = Jtan(g) o) (5.34)

After substituting the value found in the gain bandwidth product we get

G

- ml o (535)
\/tall(¢) gml (Cl +C, )Cz

m?2

Wy =
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Theresulting @, has a higher value than that given by (5.21), and is
inversely dependent on the geometric media of C, + C, and C,.

5.3.3 Current Buffer
Consider now the ideal compensation branch using the current buffer
depicted in Fig. 5.6. This solution is very efficient both for the gain-

bandwidth [C93], [RK95] and PSRR performance [A83], [RC84], [SS90],
[SGGI1]. Moreover, it does not have the drawback exhibited by the voltage

buffer of reducing the amplifier output swing.

OL F~®

Ce

Fig. 5.6. Compensation network with an ideal current buffer.

With an ideal current buffer, the second pole is given by

G
Py = —””C (5.36)
C,[HJ2 )

C(.‘

and the phase margin is by

c?

(5.37)
C, (C<' + Cz)

GmZ
tan ¢ =
() G

ml

By solving for the compensation capacitance we found
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4G
Gml 1+ N+ ml CZ Cl ~
2Gn12 tan((b)(‘;ml CI

GI)I Gm
ztan(¢)—2?l—C, + \/;n(¢)G Le,c,

m2

C. =tan(g)

(5.38)

m2

Generally the output capacitance, C,, is much higher than the inner
capacitance, C,, andrelationship (5.38) can be further simplified to

G
Ce z\{tan@) "0y (5.39)
GmZ

Hence, for a given phase margin, the required compensation capacitance is
slightly lower than the value required by the optimised compensation with
voltage buffer in (5.34), while the resulting gain bandwidth product is
slightly higher.

However, compensation with a real current buffer (and specifically, with
finite input resistance) is not as straightforward as the other compensation
approaches. As shown in reference [PP97], to achieve compensation we
have to guarantee that the input resistance of the current buffer, r., is equal to
or lower than half 1/G,,,. Moreover, the condition

, = 5.40
‘ 2C}'ml ( )

represents an optimum to maximise the gain-bandwidth product. Under
condition (5.40) the required compensation capacitor is

G G
C.r~h—"C + (h+lj = CC, (5.41)
2Gm2 2 Gm2
where
h:M (5.42)
2 + tan{¢g)

Usually, relationship (5.41) can be further approximated
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G
Ce z\/(h%—%j G'"‘ C,C, (5.43)

m2

and the gain bandwidth product results as

G (5.44)
G
(h+lj " C,C,
2)G,,

For practical phase margin values, the gain bandwidth product in (5.44) is
even higher than that obtained with a ideal current buffer. It is also higher
than the one obtained using a real voltage buffer. However, compensation
with a real current buffer is a less efficient strategy because, as demonstrated
in [PP97], it needs more area and/or power for equal gain bandwidth product
than compensation based on a real voltage buffer.

Depy =

5.4 NESTED MILLER COMPENSATION

The compensation of multistage amplifiers (i.e., with a number of gain
stages higher than two) requires iteration of the simple Miller compensation
described previously [C78], [C821], [C96], [HLS85], [EH95]. Typically,
three- and even four-stage amplifiers are found in CMOS implementations
including an output power stage for driving heavy off-chip loads [C822],
[OA90], [PD90], [TGCI90], [CNI1], [PNC93]. Moreover, given the decrease
in supply voltages, cascoding is not a suitable technique for IC applications
demanding both high gain and swing. Hence, cascading three or more
simple stages is the only viable option. Consequently, multistage amplifiers
and their frequency compensation issues have become increasingly
important in modern microelectronics [FH91], [EH92], [NG93], [PPS99],
[GPPOO]. In the following we will discuss in detail compensation of three-
stage amplifiers, which are the most common architectures, but the results
obtained can also be adapted (although often not very directly) to
architectures with a higher number of stages.

5.4.1 General Features

Among the possible ways of exploiting Miller compensation in
multistage amplifiers, the so-called nested Miller (NM) compensation is one
of the most widely used. It can be utilised when only the final gain stage is
voltage-inverting.
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The small-signal equivalent circuit of a three-stage amplifier including
nested Miller compensation is depicted in Fig. 5.7. Parameters G, and R; are
the i-th stage transconductance and output resistance, respectively.
Capacitors C; represent the equivalent capacitance at the output of each
stage, C¢, are the compensation capacitors, and C; is the equivalent load
capacitor.

(o]
il ] :: — . :: L
4 by & G {8 . TRy Ty |° JR T Cr
(Jmfvm ("mz‘v ijv

-

Fig. 5.7. Small-signal model of a three-stage NM-compensated amplifier.

In the following we neglect the effects of the parasitic capacitances since
they are generally one order of magnitude lower than the compensation
capacitances. Neglecting second-order terms, the open-loop transfer function
of the circuit in Fig. 5.7 is expressed by

I_CC2 §— CCICC2 S2
Gm3 Gm2Gm3

A(s)= A, (5.45)
Cp,C
[Hi] 1[;;]c_
D Gm2 Gm3 Gm2Gm3
where A, is the DC open-loop gain equal to
Ao = GmleZ Gm3RI RZ R3 (546)
and p, is the frequency of the dominant pole
- 1 (5.47)
P Rle2R2Gm3R3C('I .

Hence, the gain-bandwidth product, @y;sw, of the amplifier is equal to
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G
—zl (5.48)

'l

DBipw =

Equation (5.45), in addition to a dominant pole, also includes two other
higher poles and two zeros. Moreover, since the coefficients of the s and s°
terms in the numerator are both negative, a RHP zero is created, which is
located at a lower frequency than the other LHP zero. In analogy to the
discussion of the previous paragraph, using voltage followers or current
followers can nominally eliminate both zeros. Another solution is the
multipath Miller approach proposed in [YES97] that, according to Fig. 5.8,
provides a zero cancellation due to the effect described in [EH95]. In brief,
the forward path contribution is ideally nullified by setting G,,. equal to G,

n out

Fig. 5.8. Basic module for multipath nested-Miller zero cancellation.

When using any of these techniques, or in the case of a very large G,;,
such as in power amplifiers (whose output stage is biased with large
quiescent currents and is realised with large devices), relationship (5.45)
simplifies to

1

LC
[1+i)[1+_ccz s+—C(’2 L szJ
J4 GmZ GmZGm3

A(s) =4, (5.49)
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Equation (5.49) allows an interesting interpretation of the compensation
process. We will show that assuming a dominant-pole frequency response,
the second and third stage can be considered as closed in a unity-gain
feedback configuration by capacitor C¢, acting as a short circuit for
frequencies above @, -

Consider now the open-loop gain of the second and third stage alone
(which we also refer to as the inner amplifier), A{(s), its DC gain, the
dominant pole pi; dueto the Miller effect on C¢-, and the second pole p,; at
the output terminal. They are given by

A4, :Gm2Gm3R2R3 (5.50)
Pu = —1 (5.51)
RyG 3 RyCy
G,
JPORRER 5.52
p21 CL ( )

If now we assume A(s) in unity-gain feedback connection, the resulting
closed-loop transfer function is characterised by exactly the same second-
order polynomial as in the denominator of (5.49). This consideration justifies
the representation utilised in equation (4.54) and allows, in turn, the
straightforward compensation technique discussed below.

For a well designed (i.e., with appropriate stability margins) inner
amplifier, the second pole p,; must be located well beyond the unity-gain
frequency wr;, which, under the dominant-pole behaviour assumption, is
approximately equal to wggy; and given by

G (5.53)

w X
GBWi CCZ
In order to avoid overshoot in the module of the inner amplifier
frequency response, a proper ratio, K; between py and @ggp; has to be set as
described in paragraph 4.5. A fairly optimum value of K, is 2 (i.e. an inner
phase margin of about 64°) which is the minimum value guaranteeing
monotonic behaviour in the frequency response module. This leads to the
expression of capacitor C¢,

Gm2

5

m3

Cpp=2222¢, (5.54)
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In other words, we have an external feedback loop through C¢ and an
inner one through C¢,. The stability of the inner loop must first be
established so that we can proceed to the external one. Any design attempt
not providing a proper phase margin for the inner loop would inevitably
require an extremely high value of C¢; or even not achieve stability at all.

Now we return to the frequency response of the whole open-loop
amplifier, which can be rewritten as in (4.54) and is here reported for clarity

A4,(s)=4, : ! > (5.55)
s s S
I+— 1+ +—
p] a)GBWi 20)GBWI
Evaluation of the phase margin yields (see (4.55))
2
Lasw. |- Lasw_
@ i 2wk
¢ =90°—tan”' L;V’:‘can_1 G (5.56)
_ Dcpw Dosw_
20k, D Gawi

Solving (5.56) for /@y, and combining with (5.48) and (5.53) gives the
expression of capacitance C¢ as a function of the required phase margin

Co = [tan(¢) ++Jtan’ (@) + 2}2—' C, (5.57)

m3

Equations (5.54) and (5.57), are very similar to those in [EH95], where a
third-order Butterworth frequency response in unity-gain configuration is
assumed. However, (5.57) is more general because allows to set
compensation capacitor C¢ for the desired phase margin.

5.4.2 RHP Cancellation with Nulling Resistors

Now we extend the considerations on the nulling resistor network
reported in 5.3.1, to the three-stage nested-Miller compensated amplifier.
Figure 5.9 illustrates the RC compensation network which includes two
nulling resistors R and R, to be used in the amplifier of Fig. 5.2.
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® o AN }I o ©
Re, Cci

O—W )| o ©
RCZ CCQ

Fig. 5.9. Conventional compensation network using two nulling resistors.

With the introduction of these two resistors the open-loop gain given in
(5.45) changes to

l )Ccz]s 1 +(] -G SR('Z)GmZR('I C(‘ICC2S2

m3
[Hi] H[R(.z g_;]c(,zﬁi&sz
b Gm2 Gm3 GmZGml

Observe that only R¢; modifies the denominator because R changes the
zero of the inner amplifier. It is also clear that the numerator of (5.58) is
greatly different from that of (5.45) and now depends on R¢y and R¢2. By
inspection of (5.58), it is possible to nullify the s° term and to make the s
term positive by choosing

1+ [R('lc(,'l + (Rcz -
Als)= 4,

= 1 (5.59)

R(‘2 -
Gm2Gn13R('l G

m3

In this manner, the residual LHP zero can be exploited to increase the phase
margin. However, we shall not further develop this approach because better
ones have been elaborated.

ch ———-—‘W\———O@

® o— c

CC‘Z

Fig. 5.10. Compensation network using a single nulling resistor.
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A simpler technique based on a single nulling resistor and illustrated in
Fig. 5.10 was proposed in [LM99]. When applied to the amplifier in Fig. 5.7,
it gives the following loop-gain expression

G .R. -1
14| R-Cey +| R 1 Cey |5+ —225—C,Cpys?
Gm3 GmZGm3
A (5.60)

’ 1-G._,R
[1 + i] 1 +[L - LJCQS +—m7C . C, s
pl GmZ Gm3 GmZGm3

In this case the s* term in the numerator can be simply set equal to zero
by choosing

A(s)z

Re=—— (5.61)

m3

and the loop-gain only has a negative zero which can be used to increase the
phase margin.

Now equation (5.54) cannot be used, but the same procedure can still be
adopted to achieve simple new equations for C¢; and C¢y, for a given value
of phase margin. After having substituted (5.61) in (5.60) and assuming K, =
2, we can set C¢ and evaluate the phase margin

G

Cppy=2—"2C, (5.62)
Gm3 - GmZ
Diaw
$=90° — tan™ DGpwi +tan™ Dipw _
2
_ Dgpw z
2
20065,

(5.63)

2 2
o 1)
GBW GBW
Dpwi DGawi

2
w, ),
GBW a)GBWI‘ ( GBW ] -2 + 22

Dawi DGrwi

=tan <




Feedback Amplifiers 123

where z is the zero 1/R-C¢ and @sw;, comparing (5.55) with (5.60) and
using (5.62), is ¥2G,3/Cy. Solving (5.63) for wesw, /w;sw and combining with
wcaw = Gm/Ccy and (5.61) gives the value of capacitance C

[J}?(ztanz(@ #1)+ 2tan(9) + 2+ tan’ () + tan(g) - 7 |

N = C
« 1 + ytan(g) A
(5.64)
where
Gml
= 5.65
X G, ( )

By considering that ¥ is lower than tan(¢) for the phase margin of interest
(i.e., for ¢ >60°), the above equation can be approximated as

_tan(p) +/2 + tan? (4) + 2 ptan(p)
- 1+ ytan(g)

2C, (5.66)

(8]

which is more suitable for pencil and paper design, and provides the same
results as (5.57) for y<<1. Compared to (5.57), relationship (5.66) gives
lower values of C¢, for the same phase margin.

It is interesting to note that we assumed no constraint for
transconductances except Gn3 > Gpj otherwise Ccz in (5.62) would be
negative. This allows the power consumption to be optimised since low
quiescent currents can be used and, perhaps more importantly, we are free to
choose the input and output transconductances G, and G,;3. Unfortunately,
like for classic NM compensation, this method still requires large
compensation capacitors for heavy capacitive loads. For instance, if g,3; =
4g,, and for a target phase margin of 70°, the required compensation
capacitor C¢y equals 0.9C;.

An alternative and efficient compensation technique is based on the
compensation network shown in Fig. 5.11 [PP02]. The previous single-
resistor compensation network is here modified by adding another resistor,
Rcy, in series with capacitor Cep. Although this change may appear of
marginal significance, it turns out to be very attractive because it allows
pole-zero compensation to be achieved by using reduced compensation
capacitor values. This in turn leads to an improvement in terms of gain-
bandwidth product, slew-rate and settling time.
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® o————

Cer —wW—o ©
® o—h—w— K¢
Cor R

Fig. 5.11. Alternative two-resistor compensation network.

The transfer function of the amplifier in Fig. 5.7, using the compensation
network in Fig. 5.11 becomes

1+G,,,R- R~ -1
14| R-Cp, +(RC2 +R. _L]CCZ S+( TG, (z)Gm3 ¢ Clcmsz
A Gm3 GmZGm3 (567)

° s 1 1 1-G,,R
1+= |1+ +——— |Cpys + —2ECC..C,s*
[ pj[ (Ra - ij s e c e,

m2~m3

A(s) =

The above shows that the zeros can both be made negative and their
values adjusted to exactly cancel the two higher poles. Hence, by setting

Re=—— (5.68)

m3

and equating the coefficients of the second-order polynomials we get

G
Ce =[ 3 —IJCC2 (5.69)
m2
C
R, = I ¢ (5.70)
Gm3 CC2

The transfer function of the amplifier in (5.67) now has a single pole.
This means that a suitable value of C¢, can be chosen to maximise the gain-
bandwidth product, allowing it to reach the same order of magnitude as an
optimised two-stage Miller-compensated amplifier. Again G,3; must be
higher than G,;, so that the compensation elements will be positive.
Moreover, it is worth noting that relations (5.68)-(5.70) are independent of
G, and, ideally, the compensation capacitors are also independent of the
load capacitor.
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Of all the possible solutions that reduce (5.67) to a single-pole function,
the one chosen also has the property of providing an inherent pole-zero
cancellation for the (open-loop) transfer function of the amplifier containing
only the second and third stage. Indeed, by denoting their second pole and

(negative) zero as p, and Z , respectively, these are given by

~ G
=—" 5.71
P c, ( )
~ 1
zZ= , (5.72)
Roy +R. ——— |C
( c2 T e Gm}] c2

whose expressions perfectly match if equations (5.68)-(5.70) are used.
However, note that the inner amplifier, which is closed in the feedback loop
by capacitor C,, is now comprised between the input of the second stage
and the common node of K, and R.. Therefore, according to our design
methodology, we firstly have to check the stability of this feedback loop.
The open-loop transfer function of the inner amplifier is

R-C,C
3

m Gm3
4,(s)=4, . (5.73)
14+ Gy Ry RyCoys + Ry R, CoyC 8

where A4,, is given by (5.50). From (5.73) and using (5.68) and (5.70) we
derive the expressions of the unity-gain frequency and those of the second
pole and zeros of the inner amplifier

m?2
@iy = —2% (5.74)
R CCZ
Gs
~ 2 5.75
pZ/ C/‘ ( )
G
z), v —" (5.76)
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2, _[i_l}% (5.77)
Cea C,

indicating that the second pole and the first zero remain very close provided
that C¢<<C,. In this case, the second (RHP) zero tends to G,,3/C¢- and must
be higher than the unity-gain frequency given in (5.74). to ensure stability.
Setting the inner phase margin greater than 64° yields G,,3>2G,,,. The above
relation establishes a lower limit for the ratio between G, and G,;». Under
this condition, any value of C¢; << ()}, ideally ensures the stability of the
inner amplifier. A minimum usable value for C¢; exists in reality.
Compensation capacitors must be greater than the parasitic capacitances at
the high-impedance nodes to be valid for development. Besides, and usually
more importantly, slew-rate considerations posit the fundamental limit for
the minimum value of C» [PP02], [PPPO1].

5.5 REVERSED NESTED MILLER COMPENSATION

When the amplifier is made up of three gain stages and the inner stage is
the only inverting one, reversed nested Miller compensation (RNMC)
becomes the most suitable technique [EH95].

5.5.1 General Features

Figure 5.12 shows a three-stage amplifier small-signal circuit including
reversed nested Miller compensation performed by capacitors Ccyand Cer.
As usual, parameters Gy, and R, are the i-th stage transconductance and
output resistance, respectively. Capacitors C; represent the equivalent
capacitance at the output of each stage, while C; is the equivalent load
capacitor. Since capacitor C¢; has no connection with the load capacitor (but
only with parasitic capacitor ), inner loop stability is virtually achieved for
all practical C¢; values, and will not be examined. For the same reason, this
technique has an inherent bandwidth advantage over other multistage
compensation approaches based on the Miller effect.
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Fig. 5.12. Small-signal model of a three-stage amplifier with reversed nested
Miller compensation.

Neglecting second-order terms, the open-loop gain of the circuit in Fig.
5.12 is given by

1_[Cc‘2 % Ce }_ CaiCer 52
sz GmEGmBRE GnaEGm3
[Hi] l+( Ce,C, _Ccz % Cey },Jr CerCy 52
P GusCor Gy G GpGos
where 4, is the DC open-loop gain equal to G, R G, 2R2G 383 and py is the
dominant pole due to compensation capacitor C¢y. Therefore, the dominant
pole and the gain-bandwidth product are equal to those of the nested Miller
compensation in (5.47) and (5.48), respectively. Moreover, again as for the
NMC, we have two other higher poles (usually complex and conjugates) and
two zeros, the lower one on the right-half plane and the other on the left-half
plane.

Unlike in the NMC, large values of G,; do not facilitate the task of
compensation. If G,3 is much higher than G,;, except when considering
parasitic capacitances, a pole-zero cancellation occurs which modifies (5.78)
into a single pole transfer function. But the pole and the zero involved in this
compensation are positive, a condition which is critical for stability.
Therefore, we must provide viable compensation procedures also for large
values of G;s.

First observe that both zeros can be eliminated by using two voltage or

current buffers in series with compensation capacitors to break the forward
paths, as illustrated in Fig. 5.13 and 5.14, respectively.

(5.78)

A(S)= A,
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Fig. 5.13. Compensation network with voltage buffers.
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Fig. 5.14. Compensation network with current buffers.

In these two cases (5.78) respectively becomes

As)=4 ! (5.79)

A(s)= 4 (5.80)

It is worth noting that the above expressions have exactly two poles thanks
to the action of the ideal buffers. Both second poles are also negative. The
second pole in (5.79) can be simply interpreted by analysing the circuit in
Fig. 5.15, where the inner amplifier, 4,, through the capacitive network, acts
as a G,y multiplier by a factor equal in module to C/Cc». The same
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considerations hold for the second pole of (5.80). The only difference is that
C¢y and Cy, are now in parallel.

A2

=
5
VWA
=
L%
11
H
L3

Fig. 5.15. Circuit model for the evaluation of the second pole.

The specified phase margin for the two cases respectively is given by

; Cc?
tan(¢)=3"i—“— (5.81)
Gml C('lcl,
G 2
tan(g) = —23 Cix (5.82)

G, Cey (C<'| +C/.)

Since C¢, is set by the required unity-gain bandwidth, and assuming G,,;,
Gy and C, to be already set, (5.81) and (5.82) give the needed value of Cys.
Although it has been demonstrated here that ideal buffers provide a
conceptually simple vehicle for the cancellation of the zeros, we will not
stress these approaches any further because of the second-order effects of
real buffers. In fact, the two approaches, as described above, prove to be
inefficient especially in a low-voltage low-power context. Actually, the use
of real voltage buffers unacceptably limits the output swing, while real
current buffers —matching the requirement of very low input resistance— are
expensive in terms of area and power consumption. Fortunately, we will
show in 5.5.3 and 5.5.4 that both approaches can be simply modified so as to
become suitable for practical applications.

For the sake of completeness, we shall first deal with the nulling resistor
technique, which unfortunately is rather difficult to accomplish in a RNMC.
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5.5.2 RHP Cancellation with Nulling Resistors

Figure 5.16 shows the compensation network including two nulling
resistors, as customarily employed.

() O MWy H——“——{)C)

R Cci
A o—w | o (B
R Cey

Fig. 5.16. Compensation network with two nulling resistors.

By using this network in the circuit in Fig. 5.7, the numerator of the open-
loop gain in (5.78) becomes

c, , I R
N(s)=1+ (R('IC(‘I + ReyCop — Eij} - C('IC(Q(R("R” B GGy B a,;]sz
(5.83)

in which, as usual, only dominant terms are considered.

It can be shown that (5.83) provides real and negative zeros only with
complex matching between Ry and R, (by setting one of the two
resistances equal to zero, it also is easy to verify that the RHP zero cannot be
eliminated as the s* coefficient is always negative).

A more effective solution is that shown in Fig. 5.17, which uses only one
resistor and leads to the following expression of N(s)

N(s)=1+| R.(Cp +Cpy)- Cea }—CSC” (Gl ﬂR(.Jsz (5.84)

m?2 m3 m?2

—i—80)

@ o—w— ‘o

fe Ly @

CC‘2

Fig. 5.17. Compensation network with one nulling resistor.
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Setting Re = 1/Gpz, (5.84) becomes

C('l

N(s)=1+ s (5.85)

n?
yielding only one negative zero. Of course, the denominator of the open-loop
gain is still the same as in (5.78). In this case, it is convenient to have

G,2=G,;. As we shall show, this choice allows a pole-zero cancellation to be
achieved. Indeed, assuming that also

CeC > 4C('12 (5.86)

meaning that the determinant of the second order factor of (5.78) is positive,
it follows that all poles are real and thus (5.78) becomes

1

Als)=4, (5.87)
C,C
- s](l el }
b GrsCo
For a given phase margin we get
Ci’G
(@ m3 (588)

Corm—r ™
tan(¢)CI,Gml

Now, by substituting (5.88) in (5.86), condition (5.86) is satisfied if
G2, /G > 4tan(g). Since a phase margin of about 60° is generally required,
it follows that the transconductance of both the second and third stage must
be at least seven times greater than the transconductance of the first stage.
Since transconductances are usually set by other kinds of specifications, the
application of this technique is implicitly limited.

5.5.3 RHP Cancellation with One Real Voltage Buffer

To achieve RHP cancellation, we can efficiently make use of only one
voltage buffer in the inner loop, as shown in Figure 5.18.
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Fig. 5.18. Compensation network with one voltage follower.

By adopting this compensation network the output swing turns out to be
completely preserved. In addition, we shall exploit the finite output
resistance of the voltage follower to perform some simplifications as
described below. Denoting this output resistance as r,, the loop-gain transfer
function is modified to

1+[r Co - Cai ]s— CaiCeyr, §2
Yoo
A(S)Z A() . Gm2Gm3rv szGm3R2 ~
s | Ce) (CL +C¢ +Gm3erC]) rCorCp o s
14+ — + S+ N
pl Gm3CCI Gm2Gm3rv
(1+7,Ceys —Ca
- A(, X GmZGm3R2
[l+ $ j |:1+ C(,‘Z(CL +C +Gm3r\’c(.'l)si||:1+ CoiCyh, s}
P G,i3Coy Gk, (CL +Cq +Gm3"vcm)

(5.89)

Relationship (5.89) includes one dominant LHP zero and a RHP zero that
is now shifted to a very high frequency (since it is multiplied by the stage
gain G,,R,). Moreover, there are two non-dominant poles which are real and
negative under the condition (in practice usually met) G,,,R,C,,>2 C;. These
two poles are well approximated by the terms inside the square brackets in
the second expression of (5.89). We can use the output resistance of the
voltage follower to obtain some forms of simplification, and among the
possible alternatives, we can set the value of this resistance equal to the
transconductance of the last stage
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1
r, = 5.90
e (5.90)

m3

Substituting (5.90) in (5.89) the non-dominant poles and the two zeros result
as

p — C('I Gn13 (5 91)
’ (CL +2CC1) Cer .

Dy = (Cz, +2C ) GG Ry (5.92)
} CI‘ C('l .

ZI - G,"3 — CL + 2C('| pz (593)

C('2 C('I

z :_GmSGm2R2 (5 94)

’ Cey

It is apparent that p; and z; are at a very high frequency (with p;> |z;])
and their contribution to the phase margin can be neglected. Moreover z, >
2p, assures a monotonic behaviour for the loop gain module. The phase
margin is then given by

@, .
¢ =tan™ P2 tan B (5.95)
Wiaw 2

from which we get

G
C,, =C, —m 2a (5.96)
€2 G 3
m (1-a)tan(@)+ (I —a)’ tan(@)? - 4a
where parameter & is equal to
Ca (5.97)

A=—"
C,+2C,
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Equation (5.96) can be simplified by observing that for the auspicious
condition C¢ < C;, parameter @ is lower than 1/3 and for practical phase
margin values around 60°-70° we have

(1-a)’ tan(¢)® > 4a (5.98)

indicating that the zero can also be neglected when evaluating the phase
margin. In conclusion, (5.96) can be approximated by (5.82).

5.5.4 RHP Cancellation with One Real Current Buffer

As can be deduced by returning to Fig. 5.14, the overall feedback current
is given by the sum of the currents flowing into the two compensation
capacitors. Thus, we need to use only one current buffer in the loop to break
the forward path, as shown in Fig. 5.19, simplifying design and reducing
power and area consumption. Since the overall feedback current is still the
same, the loop-gain transfer function is again given by equation (5.80) and
(5.82) still holds.

—I—=8
@ o Cer
(_] —I—o®

CCZ

Fig. 5.19. Compensation network with one current follower.

If we consider the finite input resistance of the current follower, r,, the
loop gain will include another pole and two zeros, as shown below

14(Cpy +C oy Jros + CorCeale 2
Als)=-4, m (5.99)

(lJr s )[1+C‘('2(C('1 +C1,)Sj[]+ CCoyr, ]
P G,3C (C/ +C('1)szR|

in which the two zeros have a negative real part. Besides, they are real if

C('IC( 2

— 2 (5.100)
Gm] (C( 1 + CV('2 )~

r.<4

[
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that gives a higher limit for the current follower input resistance. If this
condition is met, the expressions of the two zeros become

1
N 5.101
B (Ce +Cer ), ( :
22 ~ Gm3 (C('l +C(‘2) (5102)

C(.‘l C(,'2

Choosing the highest value of r. defined by equality in (5.100), it can be
shown that z, is four times greater than z,. Moreover, we have that p, << p; if

Cii/Cpy <<G,,R /4, which is a condition easily met in practice. Thus

the second zero and the third pole in (5.99) are allocated well above the
second pole, and do not appreciably modify the phase margin.

Finally, if C¢) >C¢, we have that p, < z;. This means that the first zero
does not modify @ggw, but must be considered when evaluating the phase
margin which is

G c,.? .
-1 Ym3 Cl +tan™ Dipw (5.103)

¢ =tan
G Cey (C(.‘l +CL) Zy

and is reduced to (5.82) if z; >>wgpw.
Thanks to the action of the negative zero, the approach adopting a current
buffer is preferable to the one using a voltage buffer.
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Chapter 6

FUNDAMENTAL FEEDBACK CONFIGURATIONS

In this chapter we will consider the four basic types of feedback
amplifier: the series-shunt, the shunt-series, the shunt-shunt and the series-
series configurations. These are wused to realise voltage, current,
transresistance and transconductance closed-loop amplifiers, respectively,
and are capable of significantly reducing the dependence of forward transfer
characteristics on the ill-controlled parameters implicit to the open-loop
gain. Particularly, this chapter analyses first the low-frequency performance
of these architectures, which are normally realised by multi-stage topologies,
and subsequently gives frequency compensation guidelines. At this purpose,
the results derived in Chapter 2 and Chapter 5 are extensively exploited.

6.1 SERIES-SHUNT AMPLIFIER

The AC schematic diagram of a series-shunt feedback amplifier is
depicted in Fig. 6.1. In this circuit, the output voltage, v,, is sampled by
feedback network composed of the resistances Rz and Rr. The sampled
voltage is fed back in such a way that the closed-loop input voltage, vy, is
the sum of vyy (the voltage across the input port of the amplifier) and vg
(developed across Ry in the feedback subcircuit). Since vy =vyy;+vy., the
output port of the feedback configuration can be viewed as connected in
series with the amplifier input port. On the other hand, output voltage
sampling constraints the net load current, /x;, to the algebraic sum of the
amplifier output port current, in,and the feedback network input current, ig;.
Accordingly, the output topology is indicative of a shunt connection of the
feedback subcircuit to the amplifier output port. The fact that the voltage is
fed back to a voltage-driven input port renders the driving point input
resistance, 7., of the closed-loop amplifier large, whereas the output
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resistance, #,,, is small. The resultant closed-loop amplifier is therefore best
suited for voltage amplification, in the sense that the closed-loop voltage
gain can be made approximately independent of source and load resistances.

For large loop gain, this voltage loop gain is nominally determined by only
the feedback subcircuit parameters.

Vout

F

Fout

Fig. 6.1. AC schematic diagram of the series-shunt feedback amplifier.

The small signal model of the amplifier in Fig. 6.1 is shown in Fig. 6.2,
where the model developed in section 2.4 and depicted in Fig. 2.7 has been
used for the degenerated common X transistor T2.

‘z.f Vot

O
Rs ]
. r v = = ; =
Vi f"rj i = Ful Razp = ry? ‘}'2 g ffL
gm.fvp-f g mb.fva)l gm('q_? Yoz

= ES

z R
Rp T Vbt

Fig. 6.2. Small-signal model of the series-shunt feedback amplifier.

As a practical rule, evaluation of the terms needed both in the Rosenstark
and Choma methods or in the Blackman equations becomes simpler if one
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node of the controlled source is at ground potential. This means that for
multi-transistor amplifiers we can profitably choose the controlled source
among those associated to a common X transistor. According to this
heuristic rule, in the small-signal model of the series-shunt amplifier we
choose as controlled source P the transconductance g,.,;, and apply the
Rosenstark method as described in the steps below. Observe that whenever
possible we prefer evaluating the circuit parameters directly on the AC
schematic. In our opinion, this is essential to develop the indispensable skills
required to an analog circuit designer.

1) To evaluate the direct transmission term, G,, we set =0 (g, 2=0).
This, unless a load effect on terminal Z of TI, means eliminating transistor
T2 and leading to the AC schematic diagram depicted in Fig. 6.3. It clearly
represents a voltage follower whose transfer gain was derived in paragraph
2.6 and is expressed by relationships (2.28a) and (2.29). Then, substituting

R,;“(R,‘ +R,,) and Ry to Ry and Ry, respectively, and including term
R, /(R,, + R,,) which takes into account the voltage partition at the output of

the voltage buffer (resistance r., has been considered much higher than R;),
we get the gain, G, under the special condition of zero feedback

G - v‘l ~ R[, ryl gmlR/;' H(Rl + RI)
o R, +R. 1y + Ry (1 + Ay )gmlR/;“(R/, + Rl")+l

4 Emey? =0

6.1)

Resistance #, is the resistance seen at the Y1 terminal of circuit in Fig. 6.3.
In common cases, where Ry <r,; and the intrinsic voltage gain of the
common Z configuration is close to the unity, relationship (6.1) can be
further simplified into

. R,
Co= (1+ 2, XR, +R;:) (©2)
which shows that this contribution is always lower than one. Thus, the direct
transmission term, G,, can be neglected without introducing appreciable
errors in the evaluation of the closed-loop gain.

Under the same condition of controlled source set to zero, we can
evaluate the driving point input and output resistances, i, and Fouo» DY
using (2.24) and (2.25), respectively. We rearrange below the simplified
expressions of 7, o, and P by considering Rai//ry <<,

rm,o{ = r/)l + (1 + gmlrp] IR/:' ”(Rl + RI" )] (63)
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v Tp + Ry
I N L
oul 0 1+ (1 + lhl )gmlr/’]

R+ IR, ~ R, (6.4)

Yout

R R, (|72,

Fig. 6.3. AC schematic diagram of the series-shunt feedback amplifier
setting g.,>=0.

2) To evaluate the return ratio, we set v, to zero and replace the original
controlled current generator, g,..V,2, With an independent current source, i.
Again, transistor T2 can be eliminated while transistor T1 is in common Y
configuration as illustrated in Fig. 6.4.

g Rz;”"yz V.2

S RS - —

Fig. 6.4. AC schematic diagram of the series-shunt feedback amplifier
setting v= 0.

The circuit can be simplified by considering the Norton equivalent of
generator i and resistors Ry, Ry, and R | | r.;, shown in Fig. 6.5
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_|_—"\NV_
- RS ! , ‘Ir
rp! :E vP" C\lf) ¢
v
gm/vpf gmb/va}' y2 RZ]“rl/Q
2 v 1
R+ R ||72)||RE o !

Fig. 6.5. Small-signal model of the series-shunt feedback amplifier
setting vg= 0.

where i’ is given by

i'= RL”rzz i~ R, i
R, “" ot R, R, +R;

(6.5)

and inwhich R;<<r,, is assumed in the approximation.

From (2.22), which expresses the current gain of a common Y
configuration, assuming the input and output loss negligible (or in other
words directly from (2.21)) we get (assuming R, <<r;)

iy R, (1+’1bx)gmlrpl (R: +R/.)\R/; R (6.6)
i R, +R, (1 + "{bl)gmlrpl +1 (R,,« +R, llle +ry R 4R
Thus the return ratio, 7, with respect to the critical parameter g, is
_ v)’z _ izl - RL
T= _gmqu T - (RZl“ryZ )gmez/2 —l_ ~ R,‘ n RF (RZI “ry2)gmcq2 (67)

3) Evaluate now the closed loop asymptotic gain, G, by setting the
parameter g,.,» infinitely large. By inspection of Fig. 6.2, since the current of
the controlled current generator, gu..2Vy2, 1 still finite, the voltage v,, must
be zero and this holds only if current i, is zero. The KCL at node Z1 implies
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1
gmlvp] :(gmhl +*jv.xl (68)

ol
and the LKV at the input port gives
v, = &+1 VotV (6.9)
Pl
Combining (6.8) with (6.9) we get

v, %

Vi = ~ >
R. 1+4
1+5+1[/’tb]+1'j "
rpl gmlr()]

in which the approximation presumes Ry<<#,. In conclusion, unless a small
loss, the whole input voltage, v,, is transferred across resistance Rj.
According to Fig. 6.6, which derives from this consideration, we get

(6.10)

G, =" e B 6.11)
‘ Ry 1+ 4y,
Y A 8meyg2® ’
RF vom‘
V.
il Rg R ||7 o2

Fig. 6.6. Small-signal model which represents the virtual short-circuit
condition.

Therefore, neglecting the contribution of (;, in the closed loop gain, the
feedback factor, f, results

f= _——(1R+ A:'I)QR” (6.12)
I I
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The final closed loop gain expression is obtained by substituting G,, T,
and G, into the Rosenstark relationship (3.7), which gives

1 R R R
1 e L R L
I+, [ i R, ] R, +R, ( Z]”ryZ)gW/z i (R/. + R, N1+ /1/)1)

(6.13)

2

R,

;gf;jgj(Rz1W)z)gmwz

1+

In the case we want to apply the Choma method, according to Section 3.4
we have to evaluate the null return ratio, 7y, instead of the asymptotic gain,
G In particular, consider again the AC schematic diagram in Fig. 6.4 in
which the input voltage source has not been nullified, as shown in Fig. 6.7a.

il
RZJ| |ry2 V..
RS o -
Fs RF Vom :0
'ﬁ‘.‘v‘ O
= L = i
Rg R, "z
a
R |
v, re
’ o1 | Yl o
EnlVpl| Bmb1Vox Rz Iy,
e / —
:E v T}
Re+RI|RET | i

b

Fig. 6.7. Circuit for evaluating the null return ratio of series-shunt feedback
amplifier: AC schematic diagram a), small-signal circuit b).

Since we must consider the output voltage to be zero, all the current, i, of
the current generator (which replaces the critical controlled source) flows
trough resistance Ry, and sets the voltage at node X1, vy, to be
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v, = R,i (6.14)

By inspection of Fig. 6.7b we see that the current which sets voltage v,, is
equal to the sum of the currents which flow through resistances R, and Ry,
minus the current supplied by the input voltage source v,. Neglecting this

last component, voltage v,, is approximated by

vy~ (Rl (1 " %}' (6.15)

A

which means that the null return ratio is

Ty = “Vyo = (1 + %J(RZI “"yz )gm2 (6.16)

Of course, a more accurate result can be achieved by using relationships
reported in Section 2.5, but at the expense of simplicity and clearness.
Moreover, (6.17) could be achieved through relationship (3.19), which
relates the null return ratio with the parameters implicit in the Rosenstark
method.

To evaluate the closed-loop input and output resistances we have firstly
to calculate 7(0, R;), T{x, R;), T(Ry, 0) and T(Rs, ) which are the return
ratios under the specific conditions for the source resistance, Ry, and load
resistance, R,. The approximate expression of the return ratio derived in
(6.7) does not include resistance Ry since we neglected the input loss.
Therefore, (6.7) is representative of the condition Ry= 0.

R,

m(RZl‘iryl )gmch (6 l7)

T(Oa R, ) =

On the other hand, when Ry isequal to infinite, in the equivalent model in
Fig. 6.5 we must nullify the current flowing through Ry. Thus, to evaluate
T(=, R;) we can use the circuit in Fig. 6.8 with i, =0 and being

g R/,nrzz i~ R,

-tz o T (6.18)
R, Hrzz +R, R, +R,
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Fig. 6.8. Small-signal model for the evaluation of the Null Return Ratio and
T, R;) in the series-shunt feedback amplifier.

Neglecting the effect of current g, vsy, current gain 7,,/¢ is

I o R, R/{”(RL +R/-) (6.19)
i R, +R. R, “(R/, FR)Hr, + RZl”ryZ
and hence we get
v 3 .v
T(CO’ R/A ) = _gmc(/.? e = gmuzﬂ (RZ] Il"yZ )LIi =~
(6.20)

R, Ky (R +R, )RZl”ryZ
R, +R, (R/; +R, +R, )"

ol

~ 8 hiey 2

After substituting (6.3), (6.17) and (6.20) into (3.23) we find the input
resistance. However, since T(eo,R;) is generally lower than 1, r, can be
approximated to

R
~ I' ~
Fin = r/n,u/ I+ R,‘ N R,,- (RZI Hryz )gmutﬂ ~

6.21)

R R,
7R/‘ + ;{I' I;*_ [6 g"”r/’I (RZ] “’.\‘2 )gmu(ﬂ

x
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It is apparent that for MOS transistor implementations 7, is infinite since
Finot 18 infinite. Parameters 7{HK, 0) and 7(Kjy, o) can be directly evaluated
from (6.7) and are given by

T(Ry,0)=0 (6.22)
T(Ry,) = (R,\[r,2 )8 e (6.23)

Thus, according to (3.24) the output resistance is

ruul 0! R;:

Fow = ~ (—)—7 (6.24)
I L+ (RZI ”ryZ)gmqu RZl ”ryZ gmeq2

and, as expected, compared to its open-loop value is reduced by
approximately the loop gain.

6.1.1 Series-shunt Amplifier with Buffer

When practical design constraints lead to a feedback resistance, R, too
much higher than load resistance, &;, the loop gain could become too low,
and we get a proportional reduction of the feedback benefits. This problem
can be circumvented by inserting a voltage follower between the output port
of transistor T2 and the node to which the load termination and the input
terminal of the feedback subcircuit are incident. The resultant circuit
diagram, is shown in Fig. 6.9.

Fig. 6.9. AC schematic diagram of the series-shunt feedback amplifier with
output buffer.
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Transistor T3, highly reduces the open-loop output resistance, Fuo,
which becomes quite independent of feedback resistance, R;. The foregoing
improvement can be confirmed through an analysis of the small-signal
model of the modified amplifier in Fig. 6.9. To this end, assume transistor
T3 a quite ideal voltage follower with unitary gain and with an input
resistance much higher than resistance Rz. The loop gain of the circuit in
Fig. 6.9 can be evaluated by using the small signal model in Fig 6.10, which
can be further simplified by using a Norton equivalent current generator.
After some approximations the ultimate circuit model is that shown in Fig.

6.11.

Fig. 6.10. Small-signal model to evaluate the loop gain of the circuit
in Fig. 6.9.

Ny

A

i | e ) © 2r, 2RI,

Emi¥pl | EmbVbxi

Vexl| 3 , R

RE ||RF I E-I

Fig. 6.11. Approximated equivalent model of circuit in Fig. 6.10.

Consequently, (6.6) can now be rewritten as
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iz (] + }‘bl)gmlrpl R22 R[“RF

== (6.25)
1 (l +2‘b|)gmlrp1 +1 R RF“RE + P
and, the return ratio with respect to the critical parameter gy, is
_( ) Iy Ry ( )
T= RZ]"ry2 8 meq? —l— ~ —E— RZlnr)Q 8 meqg? (626)
¥

The fundamental difference with the previous case is that instead of
factor R, /(RL +RF), which introduces open loop gain reduction, we have
now factor Rz/Ry, which can be simply made greater than one. Moreover,
asymptotic gain, G, is unchanged, while forward gain, G,, is further
reduced. Indeed, resistance R, in (6.2) is now replaced by the parallel
between R, itself and the resistance seen at node X of transistor T3 (i.e.,

Fy3 + R,

1+ (1 + )'b3 )gm3rp3
a higher open loop gain and a lower forward gain, the closed loop gain, G,
tends to be more close to G, Of course, the improved topology provides
also advantages in terms of input resistance, increased by the greater loop
gain

“R“”R,‘ ). It is apparent that since the circuit now exhibits

Fn ® (RI:' nRI )gml rpl % (RZI nryZ )gmqu (627)
I

and in terms of output resistance, which is reduced both for the greater loop
gain and for the lower open loop output impedance provided by voltage
buffer T3

Fpy + R,

(6.28)
(RZI ”ry2 )gme(/Zr/)}gm}

¥,

~
out ™

R,
Rz2

6.2 SHUNT-SERIES AMPLIFIER

While the series-shunt feedback circuit well behaves as a voltage
amplifier, the shunt-series configuration, whose AC schematic diagram is
depicted in Fig. 6.12, is best suited for implementing a current amplifier. In
the subject circuit, the current on node X of transistor T2, equal to the output
signal current, i, (approximately equal for BJT’s), is sampled by the
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feedback network formed by resistors Rz and R;.. The sampled current is fed
back to a current-driven input port. Thus, the resultant driving point output
resistance is large, and the driving point input resistance is small. These
characteristics allow for a closed loop current gain, G{(Rs, R;) = i,/is, that is
relatively independent of source and load resistances as well as insensitive to
transistor parameters.

Fig. 6.12. AC schematic diagram of the shunt-series feedback amplifier.

To analyse the circuit in Fig. 6.12, consider its small-signal model
illustrated in Fig. 6.13, where the model of the common X configuration
with a degenerative resistance (see Fig. 2.4) has been used for transistor T2,
and assume the transconductance g, as critical parameter P.

R_s i
i yi Yy 2 = i Lout
5 Fal Rzl "p2 Vp2 T2
ot e Emeq 'y Em2Vp2| b2’ br2 R

T =
Rp =
2Ry Vx2

Fig. 6.13. Small-signal mode! of the shunt-series feedback amplifier.
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1) To evaluate the direct transmission term, G,, we set P=0 (g =0).
This means switching off transistor T1, then taking into account the load
effects of T1 we can consider the circuit AC schematic diagram depicted in

Fig. 6.14, and its small-signal model in Fig. 6.15

T2 I out
Ky

F21

.

Ryl

Fig. 6.14. AC schematic diagram of the shunt-series feedback amplifier
setting gme,1=0.

I .
:RZI”rzi | r . fout
e © o3,
¥ L
¥ Em?, P2 Emb2"bx2
R < Vbx2 1;

Fig. 6.15. Small-signal model of the shunt-series feedback amplifier setting
gmez/I:O-

Resistance R'g and current /s in Fig. 6.15 are given by

Ry = (R, + Ry )R, (6.29)
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i :—&HFLI. (6.30)
YOR R,

Since circuit in Fig. 6.15 represents a common Y configuration, it can be
analysed by using its equivalent model in Fig. 6.16, in which 4, and 7, are
defined in (2.21) and (2.11).

—

=

L3%Y
<
Ty
—~

out

t D

YW
®
YW
-
::J
'»\'l'l
~

R’ r j L
S %2 Ayi2zx2
-
Fig. 6.16. Equivalent model of the circuit in Fig. 6.15.
Then using relationships developed in paragraph 2.5 we obtain
G = s _ Ry (1+ Z’b2)gn12rp2 i 631
N &'mcql=0 RS + rxz (l + j’hZ)gmlr[ﬂ +1 RI‘ + rz2

which is a quantity always lower than one. Moreover, we can easily evaluate
the input and output resistance, ¥y o, and o0, by using the results in (2.20a)
and (2.11), respectively. Note that to evaluate the input resistance we have to
consider the circuit scheme in Fig. 6.13

F,+R
~| R, e R, 6.32
Fin ol { pt ]+(1 +/1,,2)g,,,2’”,,2 “ L Hr_\’l ( )
ruul,ul = rz2 = gm2(l + le )}‘”2 [(rp2 + RZl”rzl ).RIJ (633)

2) To evaluate the return ratio we set i; to zero and replace the original
controlled current generator, gue,ivy1, With an independent one, i. Now, as
can be deduced from the equivalent circuit shown in Fig. 6.17, transistor T2
works as a voltage follower, and voltage v, is a portion of the voltage at
node X of T2.
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=8 Rilr| &,

RE% RS% o Vy;

Fig. 6.17. AC schematic diagram of the shunt-series feedback amplifier
setting i,= 0.

To simplify calculation, assume that r,, is much higher than R; and Ry,
and that Rz is the lower resistance at node Y of transistor T2. Using
equation (2.38c), expressing the voltage gain of a common Z transistor, the
loop gain results to be

Em2 Rl“(Rl * R““Hryl ) R‘\.“r“ ‘gmu(/IRZl (634)

T=-v, =~
" (14 43)2.2 R,,H(R,,- + R ryl)+l Rs”ﬁu +R,

which, neglecting the voltage loss between terminals Y and X of T2, lastly
simplifies to

R I,

e Y R, (6.35)

megl

3) Now we evaluate the closed loop asymptotic gain. By inspection of
Fig. 6.13, we realise that setting the parameter g,., infinitely large leads v,
to equal zero, which in turn means that all the input current, i, flows into
feedback resistance, R;. In addition, since a finite value of current g1V,
would cause vy to be different from zero, term gy, vy itself must equal
zero. With these considerations, we can model the circuit with that in Fig.
6.18.
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Fig. 6.18. Small-signal circuit to evaluate the asymptotic gain of the shunt-
series feedback amplifier.

By inspection of fig. 6.18 we easily find that the current entering into
terminal X of transistor T2 is equal to

i, = [1 + %i}; (6.36)
i

hence, neglecting resistance r,,, we get

(] + ﬂ'b2)ngrp2 (l + R‘/j

e+ (l + ﬁ‘bZ)granpZ R

G — I(mt

0

(6.37)

IY
7 Bmegl =

Therefore, substituting (6.32), (6.35) and (6.37) into the Rosenstark
relationship, exact expression of the closed loop gain of shunt-series
feedback amplifier can be found. For practical cases where the loop gain is
much greater than one, the closed loop gain is very well approximated by the
asymptotic one.

Finally, we have to calculate the resultant input and output resistances
through terms 70, R;), 7(, R;), T(Rs, 0) and T{Rs, o). From (6.35) we can
simply calculate 7(0, R;) and T(e, R;), whose expressions are

T(0,R,)=0 (6.38)
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gm2rp2 ry]

) i +RF

1+ 4 1
(+ bZ)gmzrp2+ +m”m

Moreover, the expression of 7(Rg, 0) is exactly as given by (6.35). Indeed
this equation was calculated assuming R; negligible compared to r,.
However, in the opposite case of infinitely large R; we have to evaluate
under this hypothesis the voltage gain ofthe common Z in Fig. 6.17 and the
general result in (2.29) becomes'

T(o,R, )=

gmequZl (639)

Ry RE”(RI-' + Rs)

, = ~ 40
Tlkeoe - Re+r, R, (R, + Ry )+ 7,5 (6-40)
Thus, term 7(Rg, o) results to be
R R, + R R
T(Ry,0)~ cl(Re < &) S G Rz (6.41)

- RE“(RI«' + RS)+ Py Ry + Rpe

Now we are able to apply Blackman equations to obtain the closed-loop
input and output resistance expressions. The input resistance is reduced by
the specific loop gain in (6.39)

_— Ry WELLTIY (6.42)

gm2rp2gmeq]RZI gmequZl

2
(1+ﬂ'b2)gm2rp2 +1+ Lz
RE

The output resistance although reduced by term (6.41) is also heavily
increased by the loop gain (6.35)

! From the exact equation (2.28a) assuming Rz; = R;—®, we get sz=rpllﬁ and

p

neglecting the input and output voltage loss in (2.29) we obtain A ~ 4,,
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gm2rp2 RS
_ "™  Ry+Rp
Tou = Re[(Ry + Rs)
out out 0l - RE”(RF + RS) RS

REH(RF +Rs)+ Y Rg + R Emegl

I+ gmequZl

(l+/1b2)gm2rp2 +1+

(6.43)

RZl

thus, as clearly indicated by the approximated relation (6.44) we globally get
the expected increase in the output resistance

Ry +7,,
) e {1 Ratra 6.44
Four gn72r02(rP2" b{ i RI-“(RP +RS )J | |

6.3 SHUNT-SHUNT AMPLIFIER

The AC schematic diagram of the third type of single loop feedback
amplifier, the shunt-shunt amplifier, is drawn in Fig. 6.19. A cascade
interconnection of three transistors, T1, T2 and T3, forms the open loop,
while the feedback subcircuit comprises a single resistance, Rz The output
voltage, v, 1s sampled by Ry and converted into a current which is fed back
to the input port. Therefore, both the driving point input and output
resistance are very small. Accordingly, the circuit operates best as a
transresistance amplifier in that its closed loop transresistance, G{Rs, R;) =
Voulis, 18 nominally invariant with source resistance, load resistance and
transistor parameters.

Fin

Ll d

Fig. 6.19. AC schematic diagram of the shunt-shunt feedback amplifier.

Considering the equivalent small-signal model of shunt-shunt circuit
shown in Fig. 6.20, we can arbitrarily choose transconductance gmeq as
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parameter P (but other different choices do not lead to any fundamental
difference).

RF Vour
— 1 ©
|
I} = =z =z E = = = =z
s Rg = ’_wj"y; Fry FRy ’y_’j"y} Tra IR (_yjjv_vj Fra¥ R,
Boneq Myl Bey?y2 BumeqFy3
i

Fig. 6.20.Small-signal mode! of the shunt-shunt feedback amplifier

1) We set P = 0 (gmeq1 = 0) then taking into account the load effects (input
resistance of T1 and output resistance of T3), the circuit small-signal model

depicted in Fig. 6.21 is considered. The feedforward transresistance and the
corresponding input and output resistances are

R
G, =2 = L B[ (6.45)
i emeq1 0 RS“ryl + R, + R,‘”rz3
ot = (Re + Ry [rs ), (6.46)
Yout,ol = (R + Ryl 1)‘03 (6.47)
_\(‘Vn"‘
K Vout
. [
i >
s ) Rg = "1 | Yy r.s |3R,
2 i
Fin,ol = Fout,ol
Fig. 6.21. Small-signal model of the shunt-shunt feedback amplifier setting
Emeq1™ 0.

2)

Set i; to zero and replace the controlled current generator with an
independent current source, i. Transistor T1 can be considered switched off.

and the resulting AC model is that in Fig. 6.22, which leads to the small-
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signal model in Fig. 6.23. The return can be immediately evaluated from Fig.
6.23, or even directly from Fig. 6.22, and is given by

R, ””zs
R, ”rzx +R, + Rs”’}u

r= gmuql (RZI “ryZ )gmeq2 (RZ2 Hr}d )gmuq} RS Hrvl (648)

where r,; >> R, and r., >> R,, was assumed for simplicity

AN

T2 ‘ T3 Rp
e

Fig. 6.22. AC schematic diagram of the shunt-shunt feedback amplifier
setting i,= 0.

Rp

-~ i
Rollr., 2 , = = ) =
: 2l 2 ’.v?j“.v? Y Fra Rz ’;-5,]\‘33 B2 RZ R0, jv"’
g"‘"‘"—".fz \’}2 gmmﬁ Uy} ) .
T

Fig. 6.23. Small-signal model of the shunt-shunt feedback amplifier setting
i, = 0.

3) Set the parameter the parameter g,., infinitely large. By inspection of
Fig. 6.20, since the voltage v,, is still finite, the voltage v,, must be zero.
This means that all the input current flows through feedback resistance R,
thus setting the output voltage v, to —R.i,. The asymptotic transresistance
results to be

G, =" =—R, (6.49)

)
Lmeyl 2*

Hence, substituting G, T and G, into the Rosenstark relationship (3.7), we
get the closed loop transresistance G, that, in general, due to the very high
loop gain is almost coincident with the asymptotic gain
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G, ~—R, (6.50)

To calculate the closed-loop input and output resistances we can derive
(0, R;), T(«, R;), T(Rs, 0) and T(Rg, «) directly from (6.48). Thus we have

T(0,R,)=0 6.351)

T, R,) = e (Ro 12 a (Roolr o fils (652
L megl AU 2 Jomeq2 223 JSmead RI‘“"ZJ'*'RF-’-".VI '

T(Ry,0)=0 (6.53)

T(Rg,%0) = & e (RZ' Hrﬂ )g”"“l2 (R””rﬂ )gme‘ﬂ 5+ R + Rs ”r s ”

(6.54)
and the input and output resistances are
Ty = (RI ’ RL ”rz}) ryl r (655)
: )
gmeql (RZI “ryZ )gmqu (RZ2“ry3 )gmeq3 (RI Hrz3 ) RL‘lrz3 " RF + r},|
- (& + Bl s 656)

oul r:J

gmaql (RZI ”ry2 )gmezﬂ (RZ2 ”ryfi )gmct/3 (R\ ”ryI )R “l" R+
AR Yl 2 23

6.4 SERIES-SERIES AMPLIFIER

Fig. 6.24 depicts the AC schematic of the series-series feedback
amplifier. Three transistors, T1, T2, and T3, are embedded in the open loop
amplifier and the feedback subcircuit is provided by resistor R, combined
with local feedback resistors Ry, and Ry;. The feedback network samples the
output current, f,,, and compares it with the input voltage. Therefore, both
the driving point input and output resistance are very high, and, accordingly,
the circuit operates best as a transconductance amplifier in that its closed
loop transresistance, G;{Rs, R;) = i,,/Vy, is nominally invariant with source
resistance, load resistance and transistor parameters.
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7
‘S

Fig. 6.24. AC schematic diagram of the series-series feedback amplifier.

From a comparison of series-series feedback circuit in Fig. 6.24 with
series-shunt feedback amplifier with output buffer in Fig. 6.9, it is apparent
that the only difference between the two amplifiers is the load resistance at
node Z of transistor T3. Therefore, unless some minor differences we can
follow the same analysis we have previously developed for the series-shunt
amplifier with output buffer. In particular choose as controlled source P the
transconductance gpme, and proceed with the following steps.

1) Set P=0 (gmes2=0). Assuming transistor T1 implementing an ideal
voltage buffer and transistor T3 implementing an ideal current buffer, the
feedforward transconductance can be directly derived by inspection of Fig.
6.24, and results to be

G = lou R (6.57)

[

v,
* V8meq2=0
Moreover, the open-loop input and output resistances are about equal to

rm,r)l zrpl +(I+gmlrplXREI“RF) (658)

Touol ®¥3+ {1 + &3 (1 + /2173)”03 ]’pJN(Rm +RF) (6.59)

2) Replace the controlled current generator with an independent current
source, i, and set the input voltage source to zero. In this case, neglecting the
effect of load resistance on the accuracy of the voltage follower implemented
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by transistor T3, we get the same return ratio as the series-shunt feedback
amplifier with output buffer in Fig. 6.9. Hence, it is about equal to (6.27)

R,
T~ ﬁ RZI ‘)k\'zgl;tle/Z (660)

Consider the transconductance g, infinitely large. Since the voltage v, is
still finite, the voltage v, must be zero. This implies that the current
provided by terminal Z of transistor TI must be zero, and hence the voltage
v,1 and the associated current given by the voltage source must be zero. In
conclusion, the asymptotic transconductance can be evaluated on the
equivalent AC model in Fig. 6.25.

AA
L
=

Fig. 6.25. AC schematic diagram to evaluate the asymptotic gain of the
series-series feedback amplifier.

In particular, the voltage at terminal X of transistor T1 (node X1 in Fig.
6.25) is equal to the source voltage. Furthermore, transistor T1 does not
supply current. The current through resistance R, (i.e., vy / Rgp) is thus
equal to that flowing through resistance R,.. Besides, the voltage on node X3,
which defines the current of resistance R;», is

Vs :(H-&Jv.\, (6.61a)

RI:']

and the current which flows into node X3 is equal to
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i :-(L‘Jrii):— L+L(1+ﬁJ v, (6.61b)
Rlz"l RI:'Z R/:'I RIL'Z RI','I

which leads to

G — I()ul

o0

! 1 R,
~ -(— bt ) (6.62)
RI:'I RI:‘Z RI:’I RI:’2

Y lgmey2

The closed-loop transconductance is given combining (6.57), (6.60) and
(6.62) in (3.7), and since the loop gain is generally very large, the closed
loop transconductance is quite equal to the asymptotic one G,

The assumption of ideal voltage and current buffer for Tl and T3,
respectively, in the evaluation of the return ratio, means that we are
neglecting the load effect of resistance Ry and R;. Hence, the return ratios
calculate nullifying the source or the load resistance are almost equal to the
value given by relationship (6.60)

R,
T(RS»O)E T(O,R,‘)z ha Rlelrngme(ﬂ (6.63)
v

Besides, we have to evaluate the other two specific return ratios 7(e0, R;) and
T(Ry, ). To do this, return to Fig. 6.24. To calculate (e, R;) assume again
that transistor T3 is an ideal voltage buffer. Thus voltage v,3, which is equal
t0 ~gme2Rz2, appears unchanged at terminal X3, and the voltage at node Y2
can be found by considering two voltage partitions in X1 and Y2
respectively

v, =— (r‘" * RZl“ryZ )\Rh'l RZIHry2 .
y2 R/‘- + (r + RZIHr)Q JTRIJI Fa+ Rzn""yz meq2

ol

Ry, = (6.64)

Thus T{e, R;) is

N R, ||R; Ralr,s
RolR. +7, + Rylr,, R,

ol

meg2trZ22 =

T(OO’ R,)

(6.65)

Ry Ry “"yz
~ mey?2
Ry+R. .

ol

R7.2
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which is usually lower than 1.

To calculate 7{Ry, o) consider transistor T1 working as an ideal current
buffer having an input resistance at terminal X to be ideally zero. Thus,
current gy, is partitioned, and the part which flows through resistance R;- is
found also at terminal Z of T1. After some calculation we get

RZ 2 RI:’Z

Ry (6.66)
Ry + 1,5+ (R,,- ”R/—z) Ry + Ry

T(Rs ’00) [ (Rm Hryz )gmez]2

In conclusion, combining (6.64), (6.65) and (6.66) in the Blackman
relationships we get

R (R + Ry )
Fn BV, L+ mey R, tr b2 SR 1 Rt b A (667)
,/{ Emeq2 l'” 2 R, ](R,,, + R, + g,m,zRzn”')/szlerl
R |
) 1 Ry 6.68
roul raul,ol( * gmequZl”ryz R/«' J gmell2 Rzlnr)’szz Rl;‘2 ( )

Ry + 1y + (R Rya) Ryy + Ry

6.5 A GENERAL VIEW OF SINGLE-LOOP AMPLIFIERS

From the cases discussed in the previous paragraphs of this chapter, it
clearly turns out that the Rosenstark method, and in particular the use of the
asymptotic gain, leads to a simplified description of a feedback amplifier in
terms of an ideal one with infinite loop gain. As the reader should well
know, a particular form of this approximation is common practice in opamp
analysis and design. This conducts to the well-known principle of virtual
short circuit. This approximation is of course adequately verified in feedback
circuits with large loop-gain, and allows to a calculation of the circuit
closed-loop gain that is considerably simpler then in the original circuit and
particularly suited for pencil-and-paper computation.

As a conclusion of this part of the chapter, we want to show that the four
classes of feedback amplifiers above analysed can be ultimately represented
with a circuit in which the transistor network is substituted by an ideal
differential amplifier having infinite voltage gain, infinite input resistance,
zero output resistance, and eventually an output current-controlled current
source.
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From this point of view, the ideal series-shunt feedback amplifier is
illustrated in Fig. 6.26. It is implemented by the differential amplifier in non-
inverting configuration. Its transfer function is coincident with the
asymptotic term previously obtained in (6.11) given by

You _q 4 Ri (6.69)

v.\' R I

Fig. 6.26. Ideal scheme of a series-shunt feedback amplifier.

The ideal shunt-series feedback amplifier is illustrated in Fig. 6.27. It is
implemented with and ideal differential amplifier and a current-controlled
current source with a gain, @. All the input current goes through the
feedback resistance, Rr, and sets the differential amplifier output voltage.

Fig. 6.27. ldeal scheme of a shunt-series feedback amplifier.

The output current, i, provided by the differential amplifier is sensed and
delivered through the current-controlled generator at the load resistance. The

complete transfer function is
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o :a{l N %j (6.70)

1 X E

and is equivalent to (6.37).
The ideal shunt-shunt feedback amplifier is depicted in Fig. 6.28. It
performs the current to voltage conversion thanks to the virtual ground

exhibited by the differential amplifier. Its transfer function is

You _ _p, 6.71)

[
— b vou!

R

Fig. 6.28. Ideal scheme of a shunt-shunt feedback amplifier.

The ideal series-series feedback amplifier is shown in Fig. 6.29. It
performs a voltage to current conversion. Indeed, due to the virtual short
circuit, the input voltage appears at the inverting node of the differential
amplifier, thus generating a current through resistance, Rgi, which is also
equal to that through resistance, Rp. The differential amplifier output voltage
is then set by v, and the current through Rg. This, divided by Rg sets the
differential amplifier output current, i, that is replicated at the output of the
series-series feedback amplifier through the current-controlled crrent source
of gain a;. The ideal transfer function of the series-series feedback amplifier
is hence given by

b _ —al[—l—[l N ﬁ) N L} (6.72)
Vy Ry Ry, Ry
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Fig. 6.29. Ideal scheme of a series-series feedback amplifier.

It is apparent that by using the virtual short circuit principle, transfer
functions of the ideal feedback amplifiers can straightforwardly be evaluated
without the need of feedback theory. Of course, finite gain and finite
resistances of the differential amplifier can be used to better model a real
feedback amplifier, but the use of more accurate models can lead to a loss in
simplicity of the circuit analysis. Sometimes, the analysis of a network
containing even only one such a “real” differential amplifier is so difficult
that is more efficient to apply the Rosenstark method.

The ideal feedback amplifiers presented in this paragraph have the
purpose of giving more insight into the feedback amplifiers performance.
Their use allows both to improve the intuitive perception of the four basic
feedback circuit topology as well as their inherent performance and to
quickly achieve approximate input-output transfer functions.

6.6 FREQUENCY COMPENSATION OF THE FUNDAMENTAL
CONFIGURATIONS

As discussed in the two previous chapters, an amplifier operated in
feedback configuration requires compensation. To be more precise, we have
to guarantee an adequate phase margin within the specific portion of the
circuit that, closed in feedback, provides the system loop gain. This key
point means that, to provide stability, we have to consider soley the circuit
path utilised to evaluate the return ratio and subject it to the compensation
techniques described in Chapter 5.

In the following, we shall present simple guidelines for the compensation
of the fundamental configurations which are amenable to pencil-and-paper
evaluation. To this end, we will reduce multi-pole systems into two-pole
ones. Of course, this constitutes a rough simplification that, nevertheless,
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affords a deep understanding of the most significant elements associated
wit2h the compensation step. More accurate results involving second-order
effects that are required to further refine the compensation process are
achieved by using circuit simulators like SPICE [VNP80].

6.6.1 Frequency Compensation of the Series-Shunt Amplifier

The schematic shown in Fig. 6.30 is the high-frequency small-signal
equivalent circuit of the series-shunt amplifier in Fig. 6.1. In the scheme, the
load capacitance (', includes the outputcapacitance, C,;, of transistor T2.

Co Gy

—l

Yl Zl iy Y2 | 2 Vout

Yy Ry Rm‘.Vp; Emb1'bxt ol (?e’i ' zi('l"-’ Iy
- 3 i S + V2
£

_RL Ci

=

Fyye
W

C pl rp}

CE ;[; T = mey? ‘}?
& = L2

X1 =

_H_

Fig. 6.30. High-frequency small-signal model of the series-shunt feedback
amplifier.

To evaluate the return ratio we must set voltage source v, to zero. By
initial circuit inspection we find that the loop gain is made up of the gain-
stage provided by transistor T2, closed in loop through the feedback resistors
Ry and R;, and transistor T1. In particular, transistor T1 is in common Y
configuration and works as a current buffer.

Since inside the loop we have only one inverting gain stage with both
input and output high-resistance nodes, to compensate the circuit we can
profitably exploit the Miller approach by connecting the compensation
capacitor, C¢, across terminals Y and Z of transistor T2.

This generates a dominant pole at node Y2. The second pole is due to the
output capacitance, and we neglect the other high-frequency poles within the
loop. Now, to perform compensation we have to simply follow the procedure
developed in Chapter 5, on the equivalent circuit in Fig. 6.31, also equivalent
to the one in Fig. 5.2 except for the additional capacitor C;. Note however,
that since C is a large capacitor, the parasitic capacitor (') can be neglected.
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Of course, to avoid positive zeros we must use one of the techniques
discussed in the same chapter.

@ (:f Vout
It
C
1 — jv' C\LDGm‘?";F R2 T=C,
=

1l

R
GmiVin (‘LD 1

Fig. 6.31. Equivalent small-signal model used for compensation.

By comparing the circuit in Fig. 6.31 and the one in Fig. 6.30, we find
that the transconductance of the second stage coincides with
transconductance gueq2

Gm2 = grnet/2 (673)

Moreover, the second-stage output resistance accounts for the feedback
resistors according to

R, =R, “rzzn(RF + REerl) (6.74)

where r,, is evaluated according to (2.20f) and is a low-valued resistance.
Thus, (6.74) generally simplifies to

Ry~ R/,“rzz“RF (6.75)

The equivalent transconductance G, can be evaluated by applying a test
voltage, v,,, at node Z of transistor T2, and evaluating the short circuit
current, j, at node Z of transistor T1. Since transistor T1 is in a common Y
configuration, the current through terminal Z1 is approximately equal to that
flowing into terminal X 1. Consequently, transconductance G, is found by
analysing the circuit model in Fig. 6.32, which implies

1 rallR I
L mRe L (6.76)
ra r.\'l"RI? + RI" R/-'
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Rp

Vv, )

Fig. 6.32. Equivalent small-signal model to evaluate G,,,.

Resistance R,is thatfound atnode Z1-Y2, and is equal to
R = Rm””leryz (6.77)

where r; is evaluated by short-circuiting node Z of transistor T2. Hence
from (2.11) it is equal to

r
Fa=r,+ [1 + gml[/—)l + Ay jrol :’(rpl + Rx))R/;HR/f (6.78)
Fo t R,
which is usually a large resistance and can be neglected in (6.77).

Finally, we evaluate capacitors C, and C,.The first capacitance is equal
to C,+Cy, but, as already mentioned, it is redundant because of the
dominant contribution given by the compensation capacitor. The second
capacitance is equal to the load capacitance(usually much greater than the
intrinsic capacitances). This is an important contribution as it determines the
second pole. Once all the circuit parameters in Fig. 6.31 have been
identified, the compensation steps straightforwardly follow those given in
Chapter 5.

The compensation of a series-shunt feedback amplifier with an output
buffer is achieved in a substantially similar manner.

Observe that the approach described above is implicitly equivalent to the
one customarily used by circuit designers, that requires breaking the
feedback loop and suitably updating the impedance levels. This approach is
pictorially described in Fig. 6.33. It is also worth mentioning that analytical
methods like the one described in [T92] have been developed to find the
loop gain without breaking the loop. These techniques are particularly
efficient if associated with circuit simulation programs.
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Fig. 6.33. Evaluating the loop gain by breaking the loop.

6.6.2 Frequency Compensation of the Shunt-Series Amplifier

The schematic shown in Fig. 6.34 is the high-frequency small-signal
circuit of the series-shunt amplifier already depicted in Fig. 6.12. Note that
load capacitance C;, includes the output capacitance, Cy,, of transistor T2.

For the shunt-series amplifier, the circuit path for evaluating the return
ratio comprises the gain stage (provided by transistor T1) closed in unitary
loop by transistor T2 (which is in common Z configuration and works as a
voltage buffer) and the feedback resistors. It is worth noting that the load
impedance is outside the loop, and, hence, does not play any role in the
compensation process.
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Fig. 6.34. High-Frequency small-signal model of the shunt-series
feedback amplifier.
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Again, like the series-shunt amplifier, we have only one inverting gain
stage with high-resistance input and output nodes, which correspond to the Y
and Z nodes, respectively, of transistor T1. Thus Miller compensation can be
usefully applied (although dominant-pole compensation could in principle be
performed at node Z1 or even at Y1).

By using the equivalent circuit in Fig. 6.31, the transconductance of the
second stage G,; now coincides with the equivalent transconductance of
transistor T1

Gm2 = gmez]l (680)
and the second-stage output resistance is

R, :Rmi

7z

Ir,a (6.81)

where 7, is the input resistance (at terminal Y2) of the common Z transistor.
It can be calculated using the expressions in Chapter 2, however, it is large
and can be generally neglected.

The transconductance of the first stage, G, is evaluated by applying a
test voltage source at node Y2, calculating the short-circuit current at node
Y1, and then taking their ratio. If we approximate the voltage gain between
Y2 and X2 to be exactly unitary, we get

I

G, =—
ml R[,»

(6.82)

Resistance R; is the equivalent one at node Y of transistor T1, and is
equal to

R = RSHryIHRIV (6.83)

where node X of transistor T2 is assumed to have an output resistance small
enough to be considered as a ground connection.

Finally, we calculate the equivalent capacitor C; which is given by the
capacitive contribution at node Z1-Y?2

Cy=Cp+Cyror (6.84)

ol
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in which Cj1or can be evaluated by suitably modelling transistor T2
according to the method described in section 2.7.2 and using equation (2.46),
which yield

Ciaror =C) + G, (] +gme</2RL) (6.85)

Vout

o

R, L C

d I L

Fig. 6.35. AC schematic diagram of a buffered shunt-shunt feedback
amplifier.

2R3 Ry 3
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6.6.3 Frequency Compensation of the Shunt- Shunt Amplifier

To analyse the compensation of the shunt-shunt amplifier, for simplicity,
we will refer to the circuit in Fig. 6.35 instead of using the one in Fig. 6.19.
It exhibits only one amplifying stage (transistor T2) within two voltage
buffering stages provided by transistor T1 and T3. Thus, the equivalent
resistance at the gain stage input is low (that of terminal X1) and Miller
compensation becomes impractical. Instead, we have to use, dominant-pole
compensation at node Y3 which is the only high-impedance node. The
equivalent resistance which, associated with the compensation capacitor, sets
the dominant pole is

R, = Rzz“*:z“”ﬁ ~ Ry, (6.86)

The second pole arises at the output terminal, as is associated with the
usually large load capacitance.

It is worth noting that the original scheme in Fig. 6.19 was made up of three
(inverting) gain stages. This structure usually includes three low-frequency
poles (two at the high-resistance internal nodes, Y2 and Y3, and one at the
output due to the high load capacitance). In this case, the most suitable
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compensation technique is a variant of the nested-Miller one and is called
hybrid nested Miller. We shall not discuss this technique here, for details
interested readers are referred to [EH95].

6.6.4 Frequency Compensation of the Series-Series Amplifier

Drawing the high-frequency small-signal circuit of the series-series
amplifier in Fig. 6.24 is left to the reader.

For the series-series amplifier, the circuit path for evaluating the return
ratio includes the gain stage provided by transistor T2, transistor T3 (which
acts as a voltage buffer), the feedback resistors, and transistor T1 which acts
as a current follower. Again, the load impedance is outside the loop, and
hence does not play any role in the compensation process. Given the
presence of an inverting gain stage with both input/output high-resistance
terminals, Miller compensation is the most suitable technique.

Thus, transconductance G,;, ofthe equivalent model in Fig. 6.31 must be
assumed to be the equivalent transconductance g,..,» of transistor T2

Gy, = Emeq? (6.87)
and resistors R; and R, are given by

R, = RnHr:zHry3 ~R,, (6.89)

Ry~ Ry, (6.90)

In (6.90) the loading effect of the feedback network can be neglected
because of the buffering operation of transistor T1.

Finally, assuming T1 and T3 to be ideal current and voltage follower,
respectively, we get

1

ml
R,

G (6.91)
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HARMONIC DISTORTION

Semiconductor devices are inherently nonlinear. For example, Bipolar
transistors in forward active region exhibit an exponential relationship
between the collector current and the base-emitter voltage, while in saturated
MOS transistors the drain current approximately depends on the square of
the gate-source voltage. Therefore, circuits made up with transistors or, more
generally, with real active components exhibit a certain amount of
nonlinearity, and this means that the relationship between their input and the
output variables is not so ideally linear as assumed in the previous chapters.
Usually, active devices used for analog signal processing applications are
operated in a quasi-linear region. Thus the linearity assumption is almost
verified especially when signals with small amplitude are processed.
However, designers are asked to evaluate the limits of the linear
approximation or to characterise the effects of nonlinear distortion in circuits
and systems used as linear blocks [S99]!. To achieve these targets harmonic
distortion analysis is customary employed.

Consider the open loop amplifier Ay in Fig. 7.1 with its DC nonlinear
transfer characteristic x,=Ax;(x,). When nonlinearities are small, that is the
transcharacteristic is characterised by gradual slope changes, the circuit is
said to operate under low-distortion conditions’. This implies, in other
words, that transistors do not leave the active region, and small-signal
analysis can be used to produce meaningful results. Harmonic distortion in
this case is usually calculated with the series expansion of the nonlinear DC

! Linear distortion arises in a linear amplifier which has a non constant frequency
response in the frequency domain [S99].

2 Fora rigorous definition of the low-distortion condition see [0S93].



174 Chapter 7: Harmonic Distortion

transfer characteristic. Let us assume that it is well represented by the first
three power terms

2 3
X, = Ay (x;) = a\x; +a,x] +ayx; 7.1

Assuming now the incremental input voltage be a pure sinusoidal tone
x; =X, cos(wt), the output signal becomes’

x, = by + b, cos(wt)+ b, cos(2wt )+ b, cos(3wt) (7.2)

where terms b; are

by =22 X2 (7.3)
2

b =a, X, + %agx;‘ (7.4)

b, =22 x? (7.5)
2
a

by = T‘X? (7.6)

X, X

_‘—I' ANL ——O'>

2
a, +a,x, +a,x;

Fig. 7.1. Nonlinear open-loop amplifier.

Due to the amplifier nonlinearity, the ideal sinusoid at the input changes
its shape at the output. Indeed, the output signal is a superposition of a
constant term, represented by the coefficient by, a sinusoidal waveform with
a frequency equal to that at the input multiplied by the coefficient b,

1+cos2x 3 3cosx+cos3x
7 and cos’ X=—4—Q

3 Remember that cos’ x =
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(fundamental component), and two other sinusoidal waveforms having a
frequency twice and three times greater than that of the input signal,
multiplied by the coefficients b, and b;, respectively (second and third
harmonic components). To outline the weight of the harmonics, the
harmonic distortion factors are defined as given below [S70]

lba] 1

2 14
HD, bl 74 X, (7.72)
HD, = 2 14 2 (1.7b)
: lb,l 4 q,

where the gain compression [MW95], which arises in term &, and is due to
coefficient «s;, have been neglected. It is worth noting that the harmonic
factors increase with the input amplitude.

In order to allow a simple comparison with the closed-loop cases that will
be developed in the following paragraphs, the harmonic distortion factors
can be also referred to the amplitude of the output fundamental component,
X, =a X,

o

HD,=1% x (7.8a)
2 a

HD, =14 x? (7.8b)
4 q,

Of course, the two above equations can be used to compare the linearity

performance of two different amplifiers but at the same (fundamental) output
signal level.

Alternatively, we can represent the input signal by the
expressionx; = X ,-ejwr and the output signal, through (7.1), becomes

2 3 2, 200 3, e
x,=ce’™ +c,e* +cie” =a, X' +a, X[ e +a, X[ e’ . Thus, to

1
obtain the same distortion factors as in (4) we have to define D, = _I_Z_l
2 e
c
and HD, :lu As we will show this representation is useful to

4|c‘|.

characterise nonlinear systems in the frequency domain.
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7.1 HARMONIC DISTORTION AT LOW FREQUENCY

In this section we shall analyse the influence of feedback on harmonic
distortion for low-frequency input signals. In other words, we consider the
input signal frequency lower than the cut-off frequency of the loop gain,
which can be therefore assumed constant, i.e. 7(jw) = 7.

7.1.1 Nonlinear Amplifier with Linear Feedback

The classical theory of feedback amplifiers asserts that negative feedback
reduces harmonic distortion by the loop-gain [GM93], [LS94]. Let us
consider the same amplifier in Fig. 7.1 characterised by the same nonlinear
function given in (7.1), and feed a fraction f of the output signal back to the
input, as shown in Fig. 7.2. This means to close the amplifier in loop with a
linear feedback, f, and obtaining a return ratio 7, equal to fa,. It is well
known that the harmonic distortion terms given by (7.7a) and (7.7b) are

reduced by the factors (1+T{, )2 and (l +T, )3 ,respectively. Alternatively, we
obtain a reduction by a factor (1+7,) on the harmonic distortion factors

referred to the output signal magnitude.

Fig. 7.2. Nonlinear amplifier with linear feedback.

Following the approach described in [PM91], a more accurate result of
the harmonic distortion factors of a closed-loop amplifier can be obtained.
Indeed, for the feedback amplifier in Fig. 7.2 we have
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X, =x,-Xx,=x— [x, (7.9

hence relationship (7.1) can be rewritten as

X0 =& (x.\' _ﬁ())+a2 (xx -fxo )2 tay ('xA _ﬂo )3 (7.10)

The output signal can be expressed as a new power series with the source
signal as independent variable

X, ~dX, + dyx! + dyx; (7.11)

where coefficients a;, a5, and a3y can be obtained by interpreting the power
series as a Taylor’s series

2 3
x, =l 1d Col i 1d o) (7.12)
dx, |y, 2 dx, 0.0 6 dx; 0.0

Taking the derivatives of (7.10) and considering that x,= 0 when x, = 0, we
obtain

_ 7.13
a, I+T” ( )
' a2

- (7.14)
ey

2
av3:a3(l+fal)—3’a2f (715)
(1+ fay )

that through relationships (7.7) and (7.8) lead to

HDz/l:“; X =-—-—-—4X, (7.16)
2a
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_ 2 L 2
. _ta al+4T) o la a(+T) 17
o4 (eT)) T 4d 14T, °

in which subscript “fI” stands for linear feedback.

By inspection of (7.17) we see that for amplifiers where coefficient «y is
negligible, the third harmonic is still determined by «,. Moreover, the third
harmonic distortion can be minimised if

/ -5 (7.18)
14T, 243

and for 7,>>1 (7.17) and (7.18) simplify to

l_2c122 l_2a§
la aa la aa
HD,, =-——2_ 3 x2__73_ 71 y? 7.19a
k¥ 4 al (1+T;))3 s 4 a]j, 1+TO 0 ( )
2
24 (7.19b)

aty

7.1.2 Nonlinear Amplifier with Nonlinear Feedback

When also the feedback network is made up of active components (for
instance, when MOS transistors working in triode region are employed as
feedback elements instead of pure linear resistances, [[F94]), the feedback
network cannot be considered ideally linear as previously done. Evaluation
of the distortion of a feedback amplifier where both the amplifier and the
feedback network introduce substantial nonlinearities was carried out in
[PP981], and is developed in the following.

First, consider the nonlinear behaviour of the feedback path according to

2 3
)C/ = FNI. (x(ml ) = f]xum + f2'xuul + .ff(xoul (720)
The input signal, x,, can be written as

X, =X, X, (7.21)
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hence, after substituting (7.1) into (7.20), and again substituting the resulting
equation into (7.21), we get

Xy = (1 + fiay )xl +(f|az +f2a]2 )XIZ +(f|a3 +2 fraa, +f3a|3 )",3 (7.22)

We can invert a nonlinear function, x,(x,), represented by a power series
up to the third-order term

x.(x,)=cx, +czx,2 +c3x,3 (7.23)
into
X;(x,) = Kyx, + Kyx?2 + Kyx? (7.24)

by using the conversion formulas [KO91], [WM95] reported below

K =— (7.25)
<
K,=-22 (7.26)
4
2
K, :i] —C—3+2(c—2] (7.27)
¢ G G

Therefore, x, is given by

2
1 X _hay e

x.’ = B3
I+ fiay (l+f,a‘)3

(7.28)

2
_ ! fia;s+2haa, + fal _2[ﬁa2 +fzain 3
1+ fia,y I+ fia 1+ fia, )

and combining (7.28) with (7.1), taking only the first three power terms, we
get
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x, =a K x, + (a,K2 +a,K} )xf + (a,K3 +2a, K\ Ky + a3 K} )xf (7.29)

In conclusion, being 7, = aif;, the second and third harmonic distortion
factors are

3 3
HD, =LK G |y L@z fa LGSy g
20 K, g " 24/(+7) 2a(1+7T,)
HD;, :1(5+2"—2K2 +a—3K]2JX3 -
4 K, a, a
- f, aﬁ _,2f|az2 +4f2a|202 -2fa)
4 a (+71,) \
"y al 2fa +afala, -2f a)
_lay ’ a, a(1+7,) 2
4 a} 1+7, ‘

A more compact form of the second and third harmonic distortion
coefficients can be obtained considering that the return ratio, 7,, isusually
much greater than one. Hence, after normalising the amplifier terms a,, a3 to
the amplifier gain a,, and the feedback terms f,, f3 to the feedback linear

term, fi, (by defining awn, = av/a,, asy = aslay, fon=flfiand fiy=filfi) we get

{1
HD,, :‘2" EaZN _fZN)X() (7.32)
!

-
1y 1 X 1 ,
HD3/ :Z T—alz—(aw “2"22N)”( 3N -2/22N)_47—,CITGZN/2N on (7.33)

By inspection of (7.32) and (7.33), it is apparent that feedback does not
reduce the nonlinearity of the feedback network. Thus, we cannot obtain an
amplifier having a nonlinearity lower than that of the feedback network, and
even small nonlinearity terms of the feedback networks cannot be neglected,
but they must be taken into account.
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In order to evaluate the different weight between the nonlinearity of the
amplifier and that of the feedback network, it is useful to write the two
coefficients when the amplifier is linear (i.e., with &; = 0 and @3 = 0)

1 f2a|2 1 fzal
HD,y, == =3 7.34
2/ 2(1+TO)2 s (1+T) ( )
3 2f22a,47 _ zf22a12
PN S YA PO S T A 735
3Iim 4 (1+T(,)3 s T 4 1+T,, 0 .

As expected, comparison of (7.34) and (7.35) with (7.16) and (7.17),
which refer to the case of nonlinear amplifier with linear feedback, shows
that the feedback path is more critical than the forward path. Indeed,
assuming the nonlinearity for both the amplifier and the feedback network to
be equal, which means a, = f, and a; = f;, for the same output magnitude,

relationship (7.16) is lower than (7.34) by a factor alz, and relationship

(7.17) is lower than (7.35) by about al Moreover, it is worth noting that for

negative feedback, distortion due to the feedback network has an opposite
sign to that due to the amplifier.

A more compact and clear representation of the harmonic distortion in a
nonlinear amplifier with nonlinear feedback is

HD,, = HD, , + HD,,, (7.36a)
HD,, = HDs, + HDy, + 4HD, , HD, , (7.36b)

In conclusion, the second and third harmonic distortion terms can be
compactly represented by relationships (7.36) which are only a simple
function of the second and third harmonic distortion of the whole feedback
network evaluated in two particular cases:

e anonlinear amplifier with linearised feedback network
e alinearised amplifier with nonlinear feedback network.

This consideration can be particularly interesting from a design point of
view, since other than allowing us to get more insight into the circuit
behaviour and its final performance, permits to evaluate all the harmonic
distortion factors through separate calculation (or simulation) of the two
couples of terms HDy,, HD3y, and HD,y,, HDy, [PP981].
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7.2 HARMONIC DISTORTION IN THE FREQUENCY DOMAIN

In the previous paragraphs, both the amplifier and the feedback network
were assumed to be frequency independent. This hypothesis is clearly a
rough approximation. Transistors have parasitic capacitances which cause
the gain and even the nonlinear amplifier coefficients to vary with
frequency. Yet, high-gain feedback circuits must be frequency compensated
to ensure closed-loop stability, while the feedback network can include
reactive  (usually capacitive) components. Therefore, the previous
expressions can be used with reasonable accuracy only under the hypothesis
of low-frequency input signals.

In general, evaluation of harmonic distortion of a dynamic system
requires complex calculation involving Volterra series or even Wiener series
[BR71], [MSE72], [NP73], [WG99]. Nevertheless, under the assumption of
low-distortion conditions —which means in practice, that the amplifier output
is not saturated and transistors do not leave their active region of operation—
we can use the usual small-signal analysis to produce accurate results. Let us
start our discussion by considering amplifiers in open-loop configuration.

7.2.1 Open-loop Amplifiers

To render the analysis sufficiently general, we will refer to two-stage
amplifiers, that adequately model real amplifiers (the obtained results could
then be extended also to multi-stage topologies, as well). Besides, we
simplify analysis by separating the effect of nonlinearities of the first and
second stage. These two cases are illustrated in Fig. 7.3a and 7.3b. Of
course, in real amplifiers both the two phenomena coexist as nonlinearity
can contemporarily come from the input and the output sections.
Nevertheless, this simplification is instructive and even representative of
actual cases. Indeed, the first scheme (Fig. 7.3a) exemplifies a conventional
op-amp or a CMOS OTA with a nonlinear output stage. In this event the
output section operates in large-signal conditions and its nonlinear behaviour
is hence exacerbated. The second scheme (Fig. 7.3b) seems uncommon.
Later, we will demonstrate that this case models the high-frequency
distortion in single-stage amplifiers. Besides, it can exemplify amplifiers
operated under large common-mode input signals, responsible for the
generation of nonlinearities in the input stage.
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> A, X, Ax *o

— S >
H(jw) a,(jo)+a, (jo)x, + as(jo)x;
a
X, A NL P A 2 Xo
— S S N
a,(jo)+a,(jo)x; +a;(jo)x] H(jw)
b

Fig. 7.3a. Amplifier models with: linear input stage and nonlinear output
stage a), nonlinear input stage followed by a linear stage b).

Evaluation of harmonic distortion factors for the amplifier schematised in
Fig. 7.3a is straightforward. We can use (7.7) and (7.8) after noting that the
input signal of the nonlinear block is now H(jw)X,. Hence, the distortion
factors are

() 1 e (o)
D, (@)~ 2 |ay(jo) Ao}, _5' (o) 2 ¥oli0) 737
3 f a ’ H 4fa1 /a)f

Harmonic distortion referred to the amplitude of the output signal
fundamental component are formally identical to the last equations in (7.7)
and (7.8) except that now these expressions must be evaluated at the
frequency of the input signal (fundamental). Note that this also holds for X,,
i.e., also the output signal must be calculated at the fundamental frequency.
Consequently, when we have to evaluate the frequency behaviour of HD,
and HDs, it is easier to refer to their formulations in terms of the input signal
X,

The above equations give the magnitude of //D; and HDs, as this is the
most common information required by designers. However, in their general
form these equations can be used to obtain also information on phase
distortion. In the following we will consider only the magnitude of distortion
factors.
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The second basic case considered is that of a nonlinear amplifier followed
by a linear stage, as shown in Fig. 7.3b. Assuming, as usual, that the
incremental input voltage is a pure sinusoidal tone, x; =X, cos(a)t), the

intermediate output is
X, = b (jw)|cos(wr)+|b, (jw)|cos(2wr) + |b, ( jw)| cos(3er) (7.39)

where coefficients b,(jw) are again given by (7.3)-(7.6) in which a,(jw) have
to be used instead of constant values a,. Then, the output signal is

x, b (jo)H(jo)|cos(wr)+|b, (jo)| H(j2w) cos(2wt) +
(7.40)
+|by(J@)|H(j3@)|cos(3er)

In the above equations the phase contribution of b,(jw) to the x, components
and that of H(jw) to x, has been neglected. Finally, from (7.7) and (7.8) we
get

(o) [HG20) 1 |ar (o) [H(j20)

HD,(w)~ : : (=
2 lay (jo)| |H(jo) 2oy (jo) |H(jw)

|X,(Jw)| (7.41)

1 |as(jo) |H(j30) vz a3 (joo)| |H(j3w)|

' : P = X, (o) (1.42)
O R AT A T

HD;(w) =

Comparing the above expressions with (7.7) we see that the harmonic
distortion factors are now multiplied by the ratio of the transfer function
magnitudes evaluated at the frequency of the considered harmonics and at
the fundamental frequency.

As a particular case, assume that coefficients ¢, are constant, and that the
transfer function H(jw) has a single pole (the pole of the amplifier and also
of the loop gain)

H(jw)= (7.43)

)
1+
w

¢

Accordingly, (7.41) and (7.42) become
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2
1+ , I+ jw/o, ,
sz(a,):laiiwt_ ,=la—2zl].—|——JX"(ja))’ (7.44)
a |1+ j20/o, 2 hal |1+ j20/,|
3
1 1+ jw/
HD3( ):laiH—']_a)/a)c_ 12=_1_ ;133| J@ wC' 'X()(_]Cl))’z(745)
a, |1+ 3w/ w, 4n%a 1+ Bolw,|

The above equations show reduction of the second and third harmonic
distortion factors with respect to their low-frequency values. Indeed, at
frequencies respectively equal to @,/2 and @,/3, the asymptotic diagrams of
HD,(w) and HD4(w) start to linearly decrease. Then, the distortion factors

become constant at the cut-off frequency. This behaviour is qualitatively
shown in Fig. 7.4.

4 HD(dB)
HD»>
HD,
x o
wc O @ -
3 2

Fig. 7.4. Harmonic distortion factors for the scheme in Fig. 7.3b.
Coefficients g, are assumed constant and «, is the pole of H(jw).

7.2.2 Closed-loop Amplifiers

Consider now the same feedback amplifier in Fig. 7.2, but where the
transfer functions of blocks Ay, and f are now frequency dependent.
Specifically, let block Ayp be characterised by the frequency-dependent
nonlinear coefficients a;(jw), ax(jw), and a3(jw), and denote as F(jw) the
transfer function of linear feedback block f, as schematised in Fig. 7.5.
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ANL *o

a,(jo)+a,(jo)x; +a,(jo)x}

f

F(jo)

Fig. 7.5. Nonlinear feedback amplifier in the frequency domain.

To derive the distortion factors of the system in Fig. 7.5, we will now
develop an intuitive method which requires simple algebraic manipulations.
The approach leads to expressions of distortion factors that are a direct
extension of those in (7.16) (7.17) found at low frequency.

As usual, we assume a sinusoidal input tone x; = X, cos(aw¢) and that it is

possible to write the output signal as a power series of the source signal
1
x, ~|aj(jw) X, cos(ot + La|(jw))+ Eya; (jo) X! cos(2at + Zas (jw))
1
+g |as (o)X, cosQBar + Lai(jw)) (7.46)

The problem is to find the expression of the closed-loop nonlinear
coefficients a', (jw).

The first coefficient a')(j@), which is responsible for the linear
behaviour, can be simply found. It is equal to the forward-path transfer
function divided by 1 plus the loop-gain transferfunction, 7{(jw)

@\ (joy=—at0)____ale) (7.47)
I+a(jo)F(jo) 1+T(jw)

Equation (7.47) implies computation of 7(jw) and a,(jw) at the frequency of
the input tone (i.e., the fundamental frequency).

To evaluate the higher-order coefficients we have to follow a simple, but
not trivial reasoning. Concentrate our attention to derive the second
harmonic component at the output. It is produced by the nonlinear block
when a signal at the fundamental frequency is presented to its input. Now
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observe that the second harmonics is proportional to x,z. If the circuit is

perfectly linear (i.e., (@) = as(jw) = 0), x, would be equal to

X, /|1+T ( ja))'. Therefore, the nonlinear block produces a second harmonic

component with amplitude equal to llaz ( ja)){ —1—2—X 3 This
2 1+ T(jw)

component can be viewed as a spurious signal injected at the output of the
nonlinear block, as depicted in Fig. 7.6. It is subsequently processed by the
feedback loop and appears at the output terminal decreased by the loop gain
but evaluated at the frequency of the harmonic considered, i.e.,2@.

i a,(jo) - -—17—2 X! cos(2ax)
2 fl+7(jow)|

A v

a,(jw)

<

F(jw)

Fig. 7.6. Equivalent representation to evaluate second harmonic distortion in
the frequency domain.

From the above discussion it follows that the nonlinear term a', (j@) is
equal to

1 1
[i+TGw)] 1+ T(2w)

d,(jo)= a,(jo) (7.48)

The nonlinear coefficient a'y(jw)can be evaluated by following a

similar procedure. Neglecting the contribute due to a)jw) we get
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Voo 1 .
ay(jo)= 3 TGw)] 14T(3a) a,(jo) (7.49a)

Taking into account also the effect of a)(jw) an expression similar to
(7.15) can be deduced. At this purpose, we consider the schematisation
depicted in Fig. 7.7 which leads to

2a; (jw)
a (jw)ay(jo)

1 1
[+T( )] 1+T(j3w)

a'y(jo)= a, (ja)){l - J (7.49b)

1 |aGo) |,

. @me) |
4+ ]"‘{jw)|J

X2 cos(3axt
aGorasGa)| * )

A +Y %

a,(jow)

Fliw)

Fig. 7.7. Equivalent representation to evaluate complete third harmonic
distortion in the frequency domain.

Substituting (7.47), (7.48) and (7.49b) into (7) and (8) we get

l’az(jw)‘ 1 X =
2 |l (o) 1+ T (o)l +T(j2w)

HDz/ (0)=
(7.50)

_LmGe)] 1
2|a,(joo)|" 1+ T(j200)|

X, (jo)
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a; (jw)
a(jo)a,(jw)

1jasGo) 1 2

HD, ()=
(@) 4o (o) i +7¢ ja))[2|1 +T(j30)|

a3 (jo)

1 |a3(ja))l 1
a(jo)a;(jw)

T4 lay ja,)|3 V+T(j3w)

Ix, (o)’

(7.51)

Of course, the above equations adhere with (7.16), (7.17) and (7.19a)
found in the case of frequency-independent loop gain, or that is the same, for
low-frequency input signals, in the present case, distortion of a feedback
network in terms of the output fundamental is reduced of a quantity still
equal to the return ratio but evaluated at the considered harmonic.

It is useful to extend these results to a more general model in which we
put the nonlinear block between two linear blocks in the forward path, as
shown in Fig. 7.8a. This system includes as particular cases the closed-loop
version of both occurrences, depicted in Fig. 7.3a and 7.3b, in which
distortion appears after or before a linear stage.

AI Xa A NL Xp Al Xo
- =
H, (jaw) ay(jo) +ay(jo)x, +ay(jw)x? H, (ja)
Flw)

Fig. 7.8. A general model of closed-loop noniinear amplifier for evaluation
of harmonic distortion in the frequency domain.

To obtain distortion factors of the system in Fig. 7.8, we can follow the
same procedure described above. Let us first evaluate the nonlinear
coefficients that relate x, to x,. The first-order coefficient is

H (jo)H,(jw)

L+ T(w) a/(jw) (7.52)

a'\(jw)=

where T(jw)=a(Jo)F(jo)H,(jo)H,(jo).
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To obtain the second-order coefficient it is convenient to refer to Fig. 7.9,
which illustrates the second-order component injected at the output of the
nonlinear block

H(jo) H,(j2w)

a, (jo) = o, (jo) (7.53)
’ [1+TGo)} 1+ T(20)
oy G|, (o)
; ﬁﬁ ~ X, cos{ax)
A1 xg-.._ A + Al Xy
H, (w) Tl ave H, (o) -

Fig. 7.9. Equivalent representation to evaluate the second harmonic
distortion for system in Fig. 7.8.

A similar procedure can be applied to the third-order coefficient, yielding

, 3 . 2, .
d, (jw){ 7o) J D) [ ). 2al/) (750
+T(jw) | 1+T(j3w) ay(jo)a,(jo)
Then, the harmonic distortion factors are expressed by
' H(jo)|H,(j2
Hsz(w):llaz({w)\ I' (o) ?(1 ) _ x-
2 oy Jo)| [l + TG + T(20)H, (o)
(7.55)

1 oy (o)) |H,(j20)
2l (jo) 1+ T(20)|H, (o)

X, (o)
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tHasGo)  HGoHG30) | adGe) |..

HD3/ (a)) = 4 ; ] 2 ] ] . . N
o) |+ T (o) 1+ T(3w)| H, (o) a;(jo)a,(jo)|

/ H,(j3 20
:% la3(.j(0)l l L (j3w) - -‘1—2 a (Ja)). ]if\’,,(ja)){z
la, (o) 1+ T(j30)H,(jw) a,(jo)a,(jo)|

(7.56)

7.3 HARMONIC DISTORTION AND COMPENSATION

In this paragraph we will study the effect of the different types of
frequency compensation on harmonic distortion. To this end, we will first
apply the above results to two-stage amplifiers and then a typical single-
stage amplifier will be considered. Dominant-pole and Miller techniques for
a two-stage amplifier are treated in sections 7.3.1 and 7.3.2, respectively.
Under the assumption that the second stage is the principal responsible for
nonlinear behaviour, we will demonstrate the better linearity performance of
Miller-compensated amplifiers. Linearity performance of a single-stage
architecture with dominant-pole compensation will be treated in section
7.3.3.

Linear and, unless specified, frequency-independent feedback is thorough
considered for simplicity.

7.3.1 Two-stage Amplifier with Dominant-Pole Compensation

The analysis carried out in the previous paragraph can be now directly
applied to two-stage amplifiers compensated with the dominant-pole
technique.

We can use the same model in Fig. 7.8, and assume Hy(jw) =1 and H\(jw)
to be a single-pole transfer function given by (7.43) and here reported again

H\(jo)= L (7.57)
1+ jo/o,

This means that the nonlinearity is caused by the second stage. Assume also
forsimplicity thenonlinear coefficients g, being independent of frequency.
From (7.50) and (7.51), being T, = Afa, and @y, =(1+7T, )0, , we get

immediately
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1+2 %
1 a, h ..
Mo @)= i ¥ 2w o
CO o+ 1+
Opw D¢y
(7.58)
) wl
w
:la_; L Lix, (o)
2Cl| (]+70)]+j 2(0
W¢;pw
1+ /3 @
1 a’ h? o,
3 2 ¢
HDy, (@)=~ "%[1-2 . X,
a a,a, (1+T0) - I+ 3w
D;pw D;pw
(7.59)
) 1+,3%
1 a, a; 1 ¢ .2
=—-—1-2 X{J(Ja)
403[ aan(HTu)]ﬂ. 3w I }
We;pw

Second- and third-order harmonic distortion factors start to linearly
increase (from their low-frequency values) at a frequency equal to w, /2

and @, /3, respectively. Moreover, they become constant at frequencies
equal to @guy /2 and @y, /3, respectively. At @y, they begin to

decrease.

A final observation concerns the distortion caused by the first amplifier
stage. Nonlinear contributions of the input stage are reduced by the loop gain
at low frequencies, and by the compensation capacitor at high frequencies
(compensation tends to shunt the output of the first stage). Therefore,
assuming the output stage as a principal source of nonlinearity is very well
justified both for low and high frequencies. We will show in the following
that this assumption is inadequate for Miller-compensated amplifiers.
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7.3.2 Two-stage Amplifier with Miller Compensation

Another important case study is the evaluation of distortion for a two-
stage Miller-compensated amplifier. Let us first analyse the open-loop
amplifier in Fig. 7.10a, in which the second stage is nonlinear. In the figure,
R and v, are the output resistance and the output voltage of the first stage,
whose transconductance is G,. The second stage, instead, is modeled by a
voltage-controlled voltage source, Ay, to preserve simplicity. To this end,
we can also model the first stage with its Thévenin equivalent. The open-
loop output voltage is then expressed by

2
Vou = Ay (V1) = —(al +a,v) + ayVy )vl (7.60)
c C
= B | G
Vout R vom
| — W
Goi¥in R EE}"E e G RV, é) )\W K,
T =c
a B

Fig. 7.10. Models of a Miller-compensated two-stage amplifier with a
nonlinear output stage: Norton equivalent input stage a), Thévenin
equivalent input stage.

The return ratio and the asymptotic gain ofthe amplifier in Fig. 7.10 are

JoRC

T i) = J9RE 7.61

o) = jorC ™ (7.6
1

G (jw)=—— 7.62

(JO) J@RC (7.62)

Given the Miller effect, we can consider the pole as being placed at the
output of the first stage. Thus to analyse the circuit, we can use an equivalent
block diagram similar to the one in Fig. 7.8 and depicted in Fig. 7.11 in
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which the nonlinearamplifier Ay is characterised by the same nonlinear
coefficients in (7.60).

Xi + 1 x Xo
— GuR — — B ANL >
_ | TrjaRC ay +ayx; +ayxi
JjaoRC

Fig. 7.11. Equivalent block diagram of the amplifier in Fig. 7.10b.

By comparing the general model in Fig. 7,8 with that in Fig. 7.11 we can
utilise (7.52)-(7.54) to obtain the expression of the nonlinear closed-loop

coefficients, where Hh(jw)=1, 1/ f = \Gw‘ and

: G, (Jo)T(jw) 1
H\(jw)= A (7.63)
a, I+ jwRC
In addition, the closed-loop gain results
. G, Ra
As(jo)= e (7.64)

1+ joRC(1+a))

which, despite the different sign (inessential in evaluating distortion), equals
the transfer function obtained by a direct inspection of the circuit in Fig.
7.10. Then, from relationship (7.52)-(7.54) we get the equivalent nonlinear

coefficients a'j (jw), a'5(j®),and a'y (jw)whichrelate x,to x,inFig.7.11

]

W(Jjw)= 7.65
)= RC T a) (7.65)
a', (jo)= L+/2 wRC a, (7.66)

[14+ joRC(1+a)| I+ j20RC( + a))]
; 2
ay(jw)= 1+J33a)RC a| 1-2—2 (7.67)
1+ jorC( +a)} 1+ j30RCO +a))) aay
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The closed-loop Miller-compensated amplifier can then be modeled as
depicted in Fig. 7.12, where the amplifier studied above is closed in a loop
with feedback block f. Note that to further simplify the scheme, Fig. 6.12b
includes the new nonlinear block A}, , with its nonlinear coefficients
a'\(Jw), a'5(jw), anda'y (jw)defined above. Moreover, for conformity

with the notation used in the previous section, we define the gain of the first
block, h, as equal to G,R.

5 i a + 1 A a
G R S [ L NL -
.Q_ P Cim _ | 1+ jorC

joRC

]
X ANL %o

0 (jw) + a3 (jo)x, + dy(jo)x;

3

b
Fig. 7.12. Two-stage Miller-compensated closed-loop amplifier models.

Gain h in Fig. 7.12b is equal to G,R and coefficients a, are defined in

(7.65-(7.67).

From relationships (7.50)-(7.51a), and given that 7, = Afa), we get the
second and third harmonic distortion factors
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1+ j2wRC
o B
i a
PO 2ere TN 14 jr T
1+7, 1+7,
(7.68)
1 I 1+ j2wRC
'Eail T = | X, Ge)
_+.
Ay jpwre T4
+T,
] 2 2 1+ j3wRC
HD, ()~ 25" 3(1—2 az] [+ j3aRC] X =
4a (1+7,) 34y S Y- N )
1+ j3wRC 1+ joRC
1+7, 1+7,
_la | [1_2 a;] 1+ j3wRC| ]X(ijz (7.69)
44 1+T ¢ '
altlel Bl et
+ [¢]

where in (7.69) we have only considered the dominant terms.

To better compare the above results with those obtained in the case of
dominant pole compensation we must express (7.68)-(7.69) in terms of w,,
that is now equal to 1/[RC(1+a,)] and wg;pw equal to (1+7T,)w,

, l+j2(—l ‘”)w
+ .
HD,, (0)= =22 L] N

\
1+
@iy

Diipw

(7.70)
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(7.71)

Starting from their low-frequency values, second- and third-order harmonic
distortion factors linearly increase at a frequency equal to (1 +a,)wc /2 and

(1+a,)a)€ /3, respectively. Compared to dominant-pole compensation, we

see that the frequency band where distortion factors remain equal to their
low-frequency values is greater in the Miller-compensated amplifier by a
factor equal to 1+a;.

Equations (7.70) and (7.71) also predict that HD,, and HDs; become

constant at frequencies equal to @y /2 and @gyy /3, respectively. At
@y they begin to decrease. This behaviour was already found appropriate

in two-stage amplifiers compensated with a dominant pole. In contrast, when
using Miller compensation it is unrealistic. Indeed, the local feedback
operated by the Miller capacitor causes coefficients a;(jw) to decrease with

frequency. At high frequencies, distortion of the first stage becomes
dominant and a nonlinear model of the first stage should then be included to
accurately predict harmonic distortion.

The use of nonlinear models for both the first and second stage
considerably complicates distortion evaluation. However, since the two
distortion mechanisms are dominant over different frequency ranges
(distortion due to the input stage is effective at high frequencies, whilst
distortion due to the output stage is dominant at low frequencies) we can
separately study the two cases with our distortion models*. We shall not use
this approach now, because it can be shown that fairly good approximation
for distortion factors valid up to the gain-bandwidth product is found simply

4 An example of how to treat distortion coming from two cascaded stages is
described in the next section, 7.3.2.
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by eliminating the poles in (7.70) and (7.71) respectively at

Oy » Oy /2 and at @y , Oy 13
As a result, HD,; and HDs, for a two-stage amplifier compensated with

Miller technique are expressed by

la h w
HD c——2_ " |l+/2—" X =
2’(0)) 2 a, (1+TU)2 T (l+al)a)LJ '
(7.72)
la, 1 , o | w .
=——= [+ 22—+ j—lX
2012 1+Tn1 " (1+al)a)ci +jw<mwl O(wa
h2[1—2 a )
ta a,a; . w 2
HD ~ -2 3 X. =
s1(@) 4a,  (1+7,) / (l+a)w.| "
(7.73)
2
PR o[
a3 143 ) ) . \2
=23 ] X
4a,3 1+7, (l+al)wc +ja)(;ﬁw‘l 0(]0)]

To qualitatively illustrate the improvement in linearity of Miller
compensation over dominant-pole compensation, Figure 7.13 shows the
HD;; achieved in both cases. A similar plot can be drawn for HDx,

A HD, (dB)

DGrw
o 2 log w
S >
@ We (1+a,) ~Gpw
2 2

Fig. 7.12. Typical behaviour of second-order distortion factors for two-
stage amplifiers with dominant-pole compensation (curve a) and Miller
compensation {curve b).
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7.3.3 Single-stage Amplifiers

The last case we shall study is that of the single-stage amplifiers. These
architectures are frequently employed in IC applications (for instance in
switched-capacitor circuits) for their high-frequency performance. Indeed, a
single-stage amplifier exhibits only an (output) high-resistance node.
Moreover, this output node often exploits cascoding, allowing a voltage gain
similar to that of two-stage amplifiers to be achieved. Of course, these
amplifiers are used in closed-loop configurations and, due to the internal
structure, output dominant-pole compensation is invariably utilised.

The small-signal model of a (open-loop) single-stage amplifier is
illustrated in Fig. 7.13, in which C'is the output compensation capacitor.

irv icy
GmVin CD R TC | Vour
[

Fig. 7.13. Small-signal model of a single-stage amplifier.

In general, there are two sources of harmonic distortion in such
amplifiers. The first is due to the nonlinear V-I conversion accomplished by
the input transconductance stage. The second is due to the nonlinear I-V
characteristic exhibited by the output devices.

Let us first analyse the effect on linearity of the nonlinear output
resistance. Observe that this case does not fall into the category of any of
those already studied because both pole and distortion are generated at the
same circuit node (i.e., the output) by the same nonlinear element. Hence a
specific analysis must be performed.

For easy calculation express the input signal as v;, = ¥, €“. Moreover, it
is better to characterise the nonlinear resistance in terms of (nonlinear)
conductance

, 1
iR =E(l+g2Nvout +g3Nv3ut )Vout (7'72)

where g,5 and gyy are nonlinear coefficients normalised to the linear part of
the output conductance 1/R. These cause harmonic distortion components to
appear in the output voltage, according to
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Vou =0y (j0) V&' + b, (jo) Vige™ + by (je) Vyye™ (7.73)
in which only the first three terms are taken. Then, the current through the

capacitor is

dv
i.=C a;;"' = (7.74)

=C[jwbl(ja))- “ + j2wb,(jo) Vie™™ + j3wh,(jw) V,, 13"‘]
From the KCL at the output node

G,v, =ip +ic (7.75)
using (7.74) and the current through the nonlinear resistor found by
substituting (7.73) in (7.72), and equating all the harmonic components with
the same frequency, we can derive the expression of coefficients b,(jw),
by(jw), and by(j®). Thus, considering only the dominant terms we get

G,.R

hljo)=—>—= 7.76
o) 1+ joRC (7.76)
b, (jw)=- g”(zG nR) (1.77)
(1+ joRCY (1+ j20RC)
] (G R)3 2822N
bljw)=- 9 - 7.78
) (1+ joRC) (1 + j3wRC) L J20RC (7.78)

Normalising the second and third coefficient to &,(jw), and given that
o, =1/RC , we get

byn (/a’)=b2 o == 225G R (7.79)

)
bl(jw) [1+I_Il+j2£]
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y b(je G,R) 242
w(/ )_ 3( )=_ ( ) gay — Ban

b (jo) 2 ‘ 2w
l [H—jﬂ] (I+j3—wj 1+j;)—
0 ® ¢

(5 ¢

(7.80)

Hence, the feedback circuit can then be schematised by the block diagram in
Fig. 7.14, where the blocks inside the shadowed area represent the linear and
nonlinear contributes of the RC output node, with the nonlinear coefficients
given by

by (jw)=——520 (7.81)

;o 2g
byy (/w)z‘ &N 2}2Vw (7.82)
[vaJ I+ j—
X+ X ) X
s > I G, +b'2NY +b_;.NY2) >O

Fig. 7.14. Model of a single-stage amplifier with a nonlinear output
resistance.

To evaluate the closed-loop harmonic distortion factors we can employ
the results found at the end of section 7.2.2. After applying (7.55) and (7.56)
we get the following equations in which T, = fG,R and @ggy = (1+T, o,
(expressions in terms of X, only are reported for compactness).
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HDY (@)=t Gubaw
/ 21+ T(jo)l + T(20)

(7.83)
GmR 8awn

1
— X
2(1+1,)

. 2w A
1+
Dipw

1+

Dy

l Gr?leN X2 —
. 2 . B
H+T(a) 1+ T(20)

HD3R/ (“)) =

(7.84)
2g22N
2w
1+~
X!
3w

1+
@ipw

Distortion due to the nonlinear output conductance is effective at low
frequencies. Indeed, so long as the loop gain is high, signal x, (the error
signal) is small, and distortion is mainly due to nonlinearities arising in the
output resistance R which is operated under large-signal conditions. For
increasing frequencies the compensation capacitor shunts the output
impedance to ground thereby reducing the weight of nonlinearities due to the
output resistance. Moreover, signal x; increases (due to the reduction in the
loop gain) and the nonlinear effects of the input transconductance become
more pronounced. Thus at high frequencies the amplifier is more adequately
modeled by the block diagram in Fig. 7.15, which includes normalised
nonlinear coefficients of the input transconductance a;y and aiy, and
assumes the output resistance to be linear.

2
Gm (l i dyn X, + Ay X; ) ——’-I—

]
1+ j—
@

f

Fig. 7.15. Model of a single-stage amplifier with a nonlinear input
transconductance.
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This scheme is equivalent to the one analysed in Fig. 7.8 by properly
updating the block transfer functions. Hence, utilising (7.55) and (7.56) we
get

; 1
HD{ (@)= -
L+ Tl + T(j2w)| 1+
. w,
1+ ¢
a)(.
(7.85)
2
1+ @
_ L ay @D, b%
C2(1+7, ) '
(+”) I+ 1+ 20
Di;pw D;pw
a2
a(1-2 "
: a
HDS) @)=, we X xi-
Y .
L+ 7o) [l + T(j20) 1439
. w,
1+ ¢
o,
(7.86)
3
)
5 1+
_Lagy —2ay, @, x?
4 (1+T(J)3 : 3w '
1+ 1+
@ ipw Weipw

Both the above distortion factors increase for frequencies higher than the
amplifier pole. As a consequence, their effects can be significant at high
frequencies.

To qualitatively compare the effects on output distortion due to the output
resistance and the input transconductance, let us consider the plots in Fig.
7.16. They illustrate the typical behaviour of second harmonic distortion

factors due to the nonlinear output resistance, HD2R, , and due to the input

transconductance, HD;";" . The frequency determining which contribution is
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dominant is located between @, and w;uu/2 and is close to . if
HD;] (0) aPPrOaChes HD;"/’” (0) '

Similar plots can also be deduced for the third harmonic distortion

factors.
HD,(dB) /_'
2 R Lo
A H02 " b

@e  Degw  Deaw  log g
2

Fig. 7.16. Typical plots of second harmonic distortion factors due to the

Gm

nonlinear output resistance, HDZR/ , and the input transconductance, HD,’" .

As a final analysis step, we consider the two distortion mechanisms together
in the same block scheme as depicted in Fig. 7.17

Xj R

Gm(]"'ag,\rx; +a3_,\.-.r,2) _*x__L i @ F—;—-«(]"'b‘zhl-? +b_;.’\-'?2J ’xo

X
¥k

Fig. 7.17. Model of a single-stage amplifier with both nonlinear input
transconductance and output resistance.

The exact resolution of this system is difficult, but can fortunately be
avoided by considering that the two distortion mechanisms are dominant
over different frequency ranges, as previously stated. Consequently,
expressions of complete distortion factors /Dy and HDs; which provide
asymptotic approximation can be found by combining (7.83) with (7.85) and
(7.84) with (7.86)
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1 G, R m ¢
HD, (w)==——2= X, (7.87)
2/( ) 2(1+T")2 | Hl+j 20 | :
GHW” wGBWl
2g2 a,y —2a> w ’
gy — gzg + 4w 22N 1+i-2
: 1+;22  (G.R) o,
HD -(a))=—1— (GuR) @, .
SANGVET RS oo ), e ] "
+J +J
wGBWl wonwl

(7.88)

The above relationships have simply been obtained by algebraically
adding, before taking their modules, HDZR s Wwith HDZG f'" and HD3R, with

HDJT".

7.4 AN ALTERNATIVE FREQUENCY ANALYSIS

In this paragraph we describe a simple analytical procedure to calculate
the closed-loop harmonic distortion factors in the frequency domain, already
found in section 7.2.2 through an euristic demonstration, and used in this
chapter. Refer again to Fig. 7.5 and express the source signal as

x, =X, e (7.89)

Due to the nonlinear block in the direct path the output signal will include
harmonic components. Assume it is given by

x, =a,(jo)X e +a,(jo)X e +a,(jw)X e (7.90)

where coefficients a]{j®), a;(j), and &;(jw) have to be determined.
The error signal, x; is the difference of the source signal and the output

signal times the value of the feedback factor evaluated at the appropriate
frequency



206 Chapter 7: Harmonic Distortion

x, =X —al(jo)X, e Fjw)-a,(jo)X e’ F(j20)-
(7.91)
~d(jo)Xx e F(j30)

Sy

then it is processed by the nonlinear block whose output is
x, = X, [t F(jol(jo)e e (jo)-
- Fj20)d; (jo)X fe™ a,(j20) - F(j3w)a; (jo)X e a, (j3w)+
+ X 1= Fljok|(jo)f e a,(jo)+

+ X 1= F{jo) (jo)] " a; (jo)
(7.92)

After substituting (7.90) in (7.92) and equating the terms with the same
frequency component in the exponential factor, we get

a\ (jo)=1-F(jo), (jo)l (jo) (7.93)

a', (jo)=-F(j20)d', Gw)a,(j20)+[1- Fljo)', o)} a,(jo)
(7.94)

'y (jo)=—F(jo)'; (jo)a,(j3w)+ [l - Fljo)', (jo)] a,(jo)
(7.95)

Solving the above system for af(jw), a;(jw), and ¢ (jw) yields the same
results as in (7.47), (7.48) and (7.49a).
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NOISE

Electronic noise is caused by small spontaneous fluctuations of currents
and voltages associated with circuit components. For this reason noise
cannot be predicted exactly, nor completely eliminated, but only can be
minimised. Under this definition we explicitly exclude all the disturbance
and interference (e.g. electrostatic and electromagnetic couplings) coming
from sources external to the system being studied, most of which are
deterministic and can be completely eliminated by adequate shielding,
filtering, or by changing the system physical location.

Noise in electronic circuits is originated by resistors (which generate
thermal, or white, noise) and by active devices. For instance, bipolar
transistors contain different sources of noise: thermal noise, 1/f noise, and
shot noise [MB8S].

In this chapter, after recalling some basic definitions, we shall
concentrate our study on the effect of noise in feedback amplifiers. We will
show that the noise properties of closed-loop amplifiers are not influenced
(in any sense) by feedback. However, an added feedback network, when
made up of resistive elements, will add noise.

8.1 BASIC CONCEPTS

We shall now recall some definitions associated with noise. For a broader
coverage of the subject of noise in electronic system design, the interested
reader is referred to [MC93], [GM93], [L94], [LS94], and [F88].
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Noise is random and its average value over a certain period of time T is
zero. Consequently, it is characterised and measured in the mean-square or
root-mean-square (rms). If we denote with x(f) a generic time-dependent
noise variable that can either be a voltage or a current, its mean-square value

is symbolised by x? and its rms value by x :,/; . The rms definition is

based on the equivalent heating effect

8.1

For electronic circuits, rms noise voltages and currents are usually expressed
in the nV g and pApmg ranges, respectively.

The frequency spectrum of noise extends from nearly zero to frequencies

up to 1014 Hz. However, it is measured by instruments with limited
bandwidth. Therefore, it is often convenient to express noise and particularly
its mean square value in a 1-Hz unit of bandwidth

X

S =
X A f

(8.2)

Since power is proportional to the square of voltage (current), Sy is called the
power spectral density (PSD) of x and measured in V*/Hz (A%Hz). Note that

the square root of Sy (symbolised by x/,/4f ) is also a quantity of interest
and its unit is V/v/Hz (A/+vHz).

Spectral density is a narrowband noise. In order to obtain the fotal
wideband noise, (8.2) can be used only if Sy is constant with frequency.

Otherwise the general relation between x? and S is

5]

x? = [s,()df (83)

0

In evaluating the output noise due to a single noise source, the usual rules
used for networks in a sinusoidal steady state apply.
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In contrast, when we have different uncorrelated' noise sources, the
output noise is calculated as the root of the sum of the mean square values of
each component. To better illustrate this concept, let us consider a generic
network containing L noise voltage sources and M noise current sources.
Here the total PSD of the output noise, S, is

Suul (Ct))’—" Z\Hll (ijzsll'/ (f) + ZIHI'I’I (ja)lelm (f) (84)
/

n

where |H; (Ja)) and |H,, (ja)] are the magnitudes of the voltage and current
transfer functions respectively from the noise voltage and current sources to
the specified output variable. Note that since these transfer functions depend
on the angular frequency, w, the total PSD of the output noise in (8.4) is also

function of w. Using (8.3) we can express the total output rms noise as

(8.5)

where division by 2n is made necessary by the change in the integration
variable from fto @.

8.2 EQUIVALENT INPUT NOISE GENERATORS

Consider the noisy two-port linear network in Fig. 8.la. In order to
compare the noise generated by the network to the incoming signal (and to
its associated noise) we define equivalent input-referred noise generators.
These generators, when applied to the same network, but considered
noiseless (i.e., without internal noise sources) will produce the same output
noise. Specifically, we need one voltage generator in series with the input, a
current generator in parallel with the input, and a correlation coefficient
which can have any value between -1 and +1. The latter takes into account
the presence of common phenomena that contributes to both the two
generators. As stated in note 1 of this chapter, this correlation can be usually

"Two noise quantities are said to be uncorrelated if they are produced independently
and there is no relationship between their instantaneous values. Under a wide variety
of actual situations (including active devices and operational amplifiers) the
correlation between the different noise sources is zero or can be neglected.
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neglected, otherwise it is simpler to return to the original network with
internal noise sources. If correlation is neglected, the noise model simplifies

to only 12 and 1_,: as illustrated in Fig. 8.1b. Note the use of generator
symbols with unspecified polarity and characterised by rms values.

i
o— —O0 S—
Noisy Noiseless
‘;H'
Network Network
O— —0 —0
a b

Fig. 8.1. Noisy two-port network a), equivalent noiseless network with
input-referred noise generators b).

Now we explain how to evaluate these two equivalent sources. To calculate
the equivalent input noise voltage, we equate the output noise of the original
network to that of the noiseless network with input-referred noise generators,
both under the condition of input shorted (thus the equivalent input noise
current is shorted to ground and can be left out). Conversely, the equivalent
input noise current can be found by equating the output noise of the two
networks with the input left open (now it is the equivalent input noise
voltage that can be left out). Note that for an N-input-port network we need,
for each port, two noise generators, and noise is adequately modeled by 2N
generators in total.

A particular example of a two-port network is an open-loop amplifier.
Figure 82 shows a voltage amplifier, with gain 4, and input impedance z,,
and its associated equivalent input noise generators. An input signal source
is connected at the input-port with a noisy series resistance Ry This

contribution is modeled with the voltage generator v, .

We are now interested in the evaluation of the PSD of the output noise
voltage, Sy, due to the combined action of the amplifier and the input
source.

By defining the system gain as the gain from the input signal source to
the output (different from the open-loop gain A4,)

2 Noise models ofcircuit components are briefly described in paragraph 8.3.
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Yo __Em g (8.6)
Yy R.\' +z,

&

after simple calculations we get

2
iAvr (SVR.\' + SV )+ (Zm“Rx )2

Zm

SV()ul = l—

2
S 8.7
R.v + Zin / ( )

4,

where Sy, Sy, and Sgs are the PSD of v, , i, and vp, , respectively.

The above equation shows that both input referred generators are required
to model the noise of the amplifier for any value of Rs. In fact, if we used

only \Tn ( z; ) no output noise due to the amplifier would be generated so

long as Ry is zero (infinite). Therefore, the value of Ry determines which of
the two noise generators is dominant.

RS Rs Y !
N e % - o
Rt g Vout, Vnout
\ Vin A WwWin
Vg Ly [] Zin (‘t .
i — O —0

Fig. 8.2. Voltage amplifier with input-referred noise generators.

The PSD of the output noise divided by the square of the magnitude of
the system gain gives the expression of the equivalent input noise voltage
PSD? Sl’m

Sy =S, +8, + RS, (8.8)

VR«

Thus, if the value of the source resistance is specified, the three noise
sources may be modeled by only one noise generator of PSD .S, as shown
in Fig. 8.3
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H
vom. 1:?.0;{1‘

Fig. 8.3. Voltage amplifier with only one equivalent input noise voltage
generator.

8.3 NOISE MODELS OF CIRCUIT COMPONENTS

In the previous paragraph we modeled the noise of an input signal source
as a noise voltage associated to its series resistance. Actually, for noise
calculations it is advantageous to have noise models for each active and
passive circuit component. These models are derived in detail in standard
textbooks like [GM93], here we summarise some results useful for our
ensuing discussion.

Resistor
A resistance R generates thermal noise voltage whose PSD is given by

S, = 4kTR (8.9a)

in which k is the Boltzmann's constant and T is the absolute temperature (k7
= 41.410% V¥QHz). In Fig. 84a this noise is modeled by a voltage
generator in series with the resistor. In some circuit configurations it is more
convenient to represent this noise by a parallel current generator (see Fig.
8.4b) whose PSD is

4kT
S = R (8.9b)
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Fig. 8.4. Resistor noise models: voltage generator a), current generator b).

Transistor

Transistors contain several independent sources of noise. These sources
can be referred to the input port (terminals Y-X of the generalised transistor)
in order to be modeled by two noise generators according to the procedures
described in the previous paragraph. Thus, the generalised transistor model
introduced in Chapter 2 is now modified to include the equivalent input

noise generators, ;; and 1: , as depicted in Fig. 8.5

o Z

o X

Fig. 8.5. Generic transistor with input-referred noise voltage and current
generators.

It can be shown that noise magnitude depends on the transistor operating
point, and that both the noise sources are important for BJTs, while the
voltage source is dominant in FETs at low frequencies. However, the FET
noise voltage is higher than that of the BJTs.

Operational Amplifier

Operational amplifiers can be arranged in inverting, noninverting, and
differential closed-loop configurations. Thus all of these configurations must
be adequately represented by an opamp noise model. Opamps exhibit two
input ports and consequently they must be modeled by four noise generators,

Vi s Vpa s Iy s Iyy » asillustrated in Fig. 8.6. Since virtually any opamp input
stage is implemented by a differential amplifier which is characterised by a
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highly symmetrical topology, the rms values of the voltage (current)
generators are equal.

If operated under negative feedback, the well-known virtual short circuit
exists between the two input terminals. It allows the two noise voltage
sources to be summed, indeed, they appear as connected in series. Therefore,
the ultimate opamp noise model is that depicted in Fig. 8.6b in which the
PSD is given by the sum of each component, S, =.5,, +S5,,.

Finally, observe that in all those configurations in which the noninverting
input terminal is grounded (e.g., the inverting opamp configuration), the

noise current 7., has no effects and can be left out of the circuit.

More details on operational amplifiers noise can be found in [TO89],
[XDAOO], [L95], and [A95].

—_— }?f —
nl n
+
vﬂ2 ——
Y,

Fig. 8.6. Operational amplifier noise model: a) with two noise voltages, b)
with one equivalent noise voltage.

8.4 EFFECT OF FEEDBACK

To see how noise is affected by feedback, consider the block diagram
shown in Fig. 8.7, representing a two-stage amplifier. Gains H1 and H2 are
the gain of the amplifier stages and f is the feedback factor. The input signal
is v, and the v—mare noise voltages injected at various critical nodes, with
PSD Sy..



Feedback Amplifiers 215

vn‘)l{f. vn, Qur

Fig. 8.7. Two-stage amplifier with noise voltage sources.

Let us first evaluate the total output noise of the amplifier without feedback
(i.e., with f = 0). This is

2

S =Sy + Sy, + S, Hi+(Sy, +S,, )H H: (8.10)

Vout |y

Then evaluate the total output noise in closed-loop conditions. We get

LS" Hi
S'/ " :AS‘, +——’4-‘+S —2~+
Vout |y I’5 (]+fH[H2)2 13(]+leH2)2
8.11)
HIH;
+ (SVI + Syz)—(rflm
1442

The output PSD noise voltage is lower in the latter case. Indeed, every
component (except S;s) is divided by the square of the loop gain. This is not
a surprising result since the closed-loop gain is smaller than the open-loop
gain by just the same quantity. Since the two systems have different gains,
the output noise cannot be used for meaningful comparison. Instead, we can
use the equivalent input noise for this purpose. It is found for the open- and
closed-loop configuration by dividing the output PSD noise by the square of
the system gain. We get the following results for the two cases

. S, +S,
_ Dy pa t9ys
Sle‘,, =S+ S b+

(8.12a)
Hy le H;
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Sy S, S,
B L e e e o
HY H'H! HH

Sy (\+ 1 H,) (8.12b)

¢

[N

Observe that each noise source, when referred to the input, is reduced by the
(squared) gain between the input and the point where noise has been
injected. This means that the principal noise contribution in cascaded
amplifiers is due to the first stage, provided that the gain of this stage is
sufficiently large. This fact also justifies the use of low-noise preamplifiers
to improve the performance of noisy amplifiers (for example, in power audio
amplifiers affected by power-supply hum). In addition, comparison of
(8.12a) and (8.12b) allows important considerations to be made. First, if
noise is added to the amplifier’s input or within the direct amplifier path,
feedback does not have any effect on the equivalent input noise. Second,
noise injected before or after the feedback summing node has the same
effect. In contrast, the effect of noise injected at the output (for instance due
to the noise of an additional load element) depends on whether or not
feedback is applied. Finally, it should be pointed out that if the feedback
block is implemented with noisy components, the additional source of noise,
which is absent in the original open-loop amplifier, contributes to increasing
the equivalent input noise. This aspect is better explained by considering the
effect of feedback in an amplifier model with real feedback networks, as
discussed below.

Consider the circuit in Fig. 8.8. It shows a voltage amplifier
(characterised by input impedance z,, and by a large open-loop gain A4,) with
parallel-mixing feedback at the input. Amplifier noise is modeled via

generators v, and /, , and /., . accounts for the resistor noise.

Rp
AAA
Yy
0.

Vv i

n nRp
in o O o out
S Vin |4 vVin
In in

Fig. 8.8. Parallel-mixing noisy amplifier.
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The equivalent noise representation of the closed-loop amplifier using the

input-referred noise generators, v, ,, and i, ,, , isillustrated in Fig. 8.9.

RF

AAA
LAAJ

in o O o out

Vin A,',V!-n
O () ®

.||_

Fig. 8.9. Parallel-mixing amplifier with equivalent input noise generators.

To find the expressions of v, , and - (with PSD values §),, and S,,,

respectively) we can follow the procedure described in Paragraph 8.2.

Specifically, to calculate v we equate the output noise of the two circuits

nin >
with their inputs shorted to ground. Under this condition, the amplifier input
), and
is independent of the output voltage (this means that feedback is made

ineffective by grounding the input). Consequently, the PSD of the output
noise voltage for the two circuits is respectively

voltage of the circuit in Fig. 8.8 (8.9) is solely determined by Z (v

nun

SV(}NI = Sl" A\"2 (8 13&)

SV(mt = SVm A3 (8 1 3b)
and by equating (8.13a) and (8.13b) we obtain

SVm = S!«’ (814)

We repeat the computation to evaluate i/ but now with the inputs left

nin ?
open. In this case feedback is effective, as the amplifier input voltage also
depends on v,,. To simplify gain expressions, we evaluate their asymptotic
values (i.e., assuming 4, to be infinitely large). In particular, the input-output
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transresistance closed-loop gain is R.. The PSD of the output noise voltage
for the two circuits is respectively

SVmu = SIR12 +S//(’I,- R[2 +SV (8158)
SVmu = Slm R12 (8 ! Sb)
Thus we get

S
S =81 + Sy, +*V2 (8.16)
R

Equations (8.14) and (8.16) although derived for a particular circuit, are
general in their essence. They show that the equivalent input noise voltage of
an amplifier is unmodified by the application of parallel-mixing feedback,
whilst the noise current of the feedback network is added directly to the
closed-loop input-referred noise current. Moreover, when the amplifier noise
voltage contributes to the equivalent closed-loop input noise current, this
contribution is usually negligible. Otherwise, correlation between v, , and

i, 18 introduced.

Consider now the circuit in Fig. 8.10 which shows a voltage amplifier
with series-mixing feedback at the input. Resistors noise is modeled via the

two voltage generators v, and Viry -

Vv,
R2 nR
'I‘IA'I O
Ry VaRy| Vn
ol N
SRR v R e
- _ Vin Avvin
n O |
In o

Fig. 8.10. Series-mixing noisy amplifier.
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The equivalent noise representation of the closed-loop amplifier using the

and i, ,isillustrated in Fig. 8.11.

n,in nn

input-referred noise generators, v

Ry
"‘¢V‘
Ry
_|_—vM.r‘ o out
o Vin |4 Win
i, in z, 1_)
7N
in © AN, L
vn,.fn

Fig. 8.11. Series-mixing amplifier with equivalent input noise generators.

Again, to calculate v, ,, we equate the output noise of the two circuits with

the input shorted to ground. Assuming the amplifier open-loop gain to be
infinitely large, the input-output closed-loop gain will be (R,+R,)/R;, and the
PSD of the output noise voltage for the two circuits will be respectively

2 2
R +R R
S our :S,,[ ' 2] + Sim, (—2j + i,y +8,R? (8.17a)
Rl Rl
R+R Y
SV()ul :SVIII( l 2] (817b)
Ry

from which we get

2 2 2
R R
SVln :SV +SVR _L +SVR __R_]_ +SI 2
R+ & 2| R+ R, R +R,

=Sy + S +5) R,z,
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where in the last expression we defined R, = R||R, and used equations
(8.9a)-( 8.9b).
To evaluate 7, , we now leave the input open. Under this condition, the

amplifier input voltage for the circuit in Fig. 8.10 (8.11) is solely determined
by Z(in‘m ), and is independent of the output voltage. Hence, the PSD of the

output noise voltage for the two circuits is respectively

SV()u/ = S/ szzn|2 (8]9&)

SV(mt :Slm szm i (Slgb)
and by equating the two above equations we get

Shn :SI (820)

Equations (8.18) and (8.20) show that the equivalent input noise current of
an amplifier is unmodified by the application of series-mixing feedback,
while the noise voltage of the feedback network adds directly to the closed-
loop input-referred noise voltage.



Chapter 9

EXAMPLES OF FEEDBACK IN INTEGRATED
CIRCUITS

In this chapter we will describe some selected examples in which the
concepts developed previously are applied. These examples are select in the
sense that they are related to special aspects of feedback circuits which are
only marginally or never treated in standard textbooks. The aim is hence not
to repeat analyses that can be found elsewhere, but to stimulate the reader
with a number of case studies covering not only traditional IC analog circuits
(such as the differential amplifier and current mirrors) but also analog state-
of-the-art topologies (such as the current-feedback operational amplifier).

9.1 THE OUTPUT RESISTANCE OF A DIFFERENTIAL
AMPLIFIER WITH CURRENT-MIRROR LOAD

The differential amplifier is a fundamental building block in analog
integrated circuits. It is used in the implementation of the input stage of
operational amplifiers and its features are assumed here to be well known to
the reader. In the discussion to follow, we will consider a differential
amplifier with a current-mirror active load and, specifically, we evaluate its
output resistance.

The schematic diagram of the differential amplifier with current mirror
active load implemented with generic transistors is illustrated in Fig. 9.1. It
is made up of transistor couples T1-T2 and T3-T4, which compose the
differential pair and the active load, respectively, and the constant current
generator [z. Observe that the bulk terminal has been omitted to preserve
simplicity.
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O Vour
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o—C( Tl T2 Do

Fig 9.1. Schematic diagram of a differential amplifier with current mirror
load.

The circuit exhibits a local feedback (through the current mirror T3-T4)
which must be taken into account to accurately evaluate its output resistance
r,. To this end, we present the simplified AC diagram in Fig. 9.2, where the
current mirror is modelled with a unitary controlled current source, i and its
associated output resistance, »,4, equal to the output resistance of transistor
T4 (the mirror input resistance, approximately equal to 1/g,;s, has been
neglected as it is connected in series to the high-impedance Z terminal of
transistor T1). Finally, resistor #, models the output resistance of the current
source Ip.

The output resistance is due to the parallel combination of the up and
down contributions,

routzru”rd:(m“rd (91)

where r, is exactly the same as the output resistance seen at terminal Z of
transistor T4, #,4.
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Fig 9.2. AC schematic diagram of a differential amplifier.

In contrast to what a superficial analysis could show, the down resistance
is not simply equal to the resistance seen by looking into terminal Z of
transistor T2. The down resistance is affected by the feedback provided by
the current mirror which injects almost the same current flowing through
resistance #.; into the output node Hence, a unitary loop gain (T = 1) is
experienced by the down resistance which is reduced by a factor of two
compared to its open-loop value. We can calculate this open-loop value by
setting the controlled current generator to zero, and recognising that
transistor T2 is in common Y configuration with an equivalent degenerative
resistance Ry,, givenby

rl’l“rix oI 9.2)

Ry, = 0 .
+gmlrpl +gmlrpl

which is much smaller than 7.
Thus, the open-loop resistance is

rzZ = ro2 + (1 + gm2rn2 )rpZ ]]R,\’2 (93)

Substituting (9.2) into (9.3) we obtain
r:Z = zrul (94)

and the close-loop value is
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rzl

= ==l (9.5)
1 +7

r,
2 ol

rd

Finally, we find the well-known result for the output resistance of a
differential stage [GM93], [LS94], [IM97]

; (9.6)

out r 04

r

ol

9.2 THE WILSON CURRENT MIRROR

Among the several current mirror topologies, the Wilson current mirror is
a high-performance solution which is heavily based on a negative-feedback
configuration, [W90], [W901]. The AC schematic diagram of the Wilson
current mirror is depicted in Fig. 9.3 (again, bulk connections are omitted for
simplicity). Note that although the circuit is described using the generic
transistor, in common practice it is more frequently encountered in its
bipolar implementation. In fact, as transistors Tl and T2 work with
substantially different Z-to-X voltages, this can cause offset and gain error
especially with MOS processes in which the channel length modulation is
more significant than the corresponding Early effect of bipolar transistors.

The feedback mechanism can simply be explained as follows: the output
current, I, is collected into the input of current mirror T2-T1, and is then
fed back to the mirror input so it can be subtracted from the input signal, i,
(negative shunt-series feedback)

Fig 9.3. AC schematic diagram of the Wilson current mirror.

To simplify the analysis, consider the mixed model of the circuit under
consideration shown in Fig. 9.4, where small-signal models of transistors T1
and T2 are drawn. Note also that the diode-connected transistor T2 is
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equivalent to the parallel of resistance 1/g,, and rp,. Since resistance 1/g,; is
always much lower than both resistances r,; and #,,, the mixed model can be
further simplified as shown in Fig. 9.5.

—

T3 out

AAA
YyYy

: Empl
ls o = R |, r “pl
ol< N pl
© 172 5

Fig 9.4. Mixed model of the Wilson current mirror.
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Fig 9.5. Simplified mixed model of the Wilson current mirror.

Now we use the Rosenstark/Blackman equations to find the asymptotic
gain and the input and output resistances, assuming that the controlled
generator characterised by transconductance g, is the critical parameter. Of
course, setting this parameter to zero means switching off transistor TI
allowing the direct transmission term to be evaluated from Fig. 9.6. The
output current can be simply calculated by considering the equivalent
transconductance, g.,; of transistor T3 in a common X configuration with a
degenerative resistance equal to 1/g,, Assuming all the transistors with
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equal small-signal parameters, this equivalent transconductance is about
equal to g,/2 (see (2.15b)), and G, is

4

al i()ll! glll
G, = , = g/}lc(/3rr)l ”ry3 & 2 v Hzrp (97)

I,
S 1 gm =0

which is greater than unity.

1"3 iOMf

Fig 9.6. Model to evaluate the direct transmission term of the Wilson current
mirror,

To evaluate the return ratio we set i, to zero and replace the original
controlled current generator, g, v, with an independent current source, i, as
shown in Fig 9.7. Aside from the opposite flow direction of the independent
current generators, Fig. 9.5 and 9.6 are identical. Therefore, the return ratio
exactly equals the direct transmission term (i.e., 7= ().

T3 -~
1/g
- m2 < v
ro!é i @) = i
1

Fig 9.7. Model to evaluate the return ratio of the Wilson current mirror.
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Now we set parameter g,; infinitely large to calculate the closed-loop
asymptotic gain. Returning to Fig. 9.5, this means that voltage v, must be
zero, as this condition holds only if the output current is zero. Thus G.,=0
and, as expected in a current mirror, the closed loop transfer function
(current gain) is very close to one

G, =l o Fo 9.8)

The driving point input and output resistances, ry, ., and Fu, ., are
calculated using the results in Chapter 2. They are given by

rln,ul = r{)”2rp (99)
r{)u/,ul :(] +ﬂb )r() +r/1 =T, (9]0)

Finally we evaluate 7(0, R;), (0, R )), T(Ry, 0) and T{(Ry, o) to find the
input and output resistances

7(0,R,)=0 (9.11a)
T(w,R, )=T (9.11b)
T(R,0)=T 9.11¢)
T(Ry,0)=1 9.11d)

with the input and output resistances equal to

_r|2r 2

R e T (9.12)
" 1+T gh‘)

1+T
rm/t = rr) _-;_“ ~ gL{" (rﬂ 2r/7 }0 (913)

In conclusion, for a bipolar Wilson current mirror we get
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.= oul — 914
TG 1+ O19)
R 2 (9.15)
gl”
and
Four & g"o (9.16)

9.3 THE CASCODE CURRENT MIRROR

The cascode current mirror avoids the drawbacks of the Wilson mirror by
realising a symmetrical topology which sets the Z-to-X voltages of
transistors T1 and T2 almost equal, thereby minimising errors due to the
finite transistor output resistance [AH87], [GT86]. The AC schematic of the
cascode current mirror is shown in Fig. 9.8. Note that in this case, the circuit
behaviour is not based on feedback. Rather, its improved performance is
achieved thanks to the current-buffering action of the cascode transistor T4.
In this manner, the accuracy of the current gain and the output resistance are
increased. In the following we will not analyse these characteristics, as they
seem self-evident. Instead, we will concentrate our attention on a special
effect due to a local feedback that arises only in a bipolar implementation.
As we will see, this effect slightly reduces the achievable output resistance.

T3 ;C)— T4 iout

I CD Tl;(D——(XTz

Fig 9.8. AC schematic diagram of the cascode current mirror.
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From the AC schematic diagram we derive the small-signal circuit of the
cascode current mirror shown in Fig. 9.9.

;‘ - ¥ v
= 1/8,, 2 P i C\Dg v Tot DM our
m4 pé
ng'vP2
= v b
‘ngl f’p2 < p2 <02
1

Fig 9.9. Small-signal circuit of the cascode current mirror.

The output resistance of the cascode current mirror is that of the common
Y transistor T4, which is almost equal to

r()u/ = r:4 = ru4 + (l + gm4rn4 )Rt\’4 (917)

By superficial analysis of the circuit in Fig. 9.9 we could erroneously
assume Ry to be about equal to the parallel between #,; and 7,4 (where the
series contribution to r,, given by 1/g, + 1/g,, has been neglected).
However, if resistance r,4 is finite, there is a feedback loop that reduces this
value. Indeed, by choosing transconductance g,; as a critical parameter, we
find that term 7(Rs, 0) is much lower than one and can be neglected.
Otherwise, T(Rs, ) is almost equal to one. Hence, resistance Ry, is equal to
its value assuming transconductance g, to be equal to zero divided by two

r{)ZUrp4 rp4
~ ~ Pt 9.18
1+ T(Rg,0) 2 O18)

9.4 THE CURRENT FEEDBACK OPERATIONAL AMPLIFIER
AND ITS HIGH-LEVEL CHARACTERISTICS

Recently, we have witnessed the affirmation of a novel op-amp
architecture now available from several of the specialist analogue
semiconductor manufacturers. These op-amps are generally referred to as
Current-Feedback Operational Amplifiers (CFOAs) [S911], [TLH90],
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[G93], [B93], [SKWY4], and represent an evolution in the architecture of the
voltage-mode op-amps (VOAs), which have otherwise remained much the
same over the years. Implementations of high-performance CFOAs have
become possible thanks to the availability of high quality complementary
bipolar transistors provided by advanced BJT processes. However, the low
transconductance of MOS transistors, does not make this component suitable
for implementing CFOAs. The internal architecture of a CFOA is
exemplified in Fig. 9.10. It is made up of a CCll-based input stage —that
performs a voltage following action between terminal Y to X and a current
following action between X and Z- and an output stage with a voltage
buffering function which properly drives the load and isolates it from the
internal high-resistance, R,, at node Z. The amplifier is hence characterised

by an inverting low-impedance terminal and by a transresistance gain v,,,,/i”
equal to Ry (this is the reason for the name “transimpedance amplifier”also

used when referring to this opamp).

vt o —1¥
i CCll+ 7
¥ g B
I
Jfirst stage ' oulput stage

Fig 9.10. Typical CFOA architecture.

The CFOA circuit symbol is not different from that of a conventional
single-ended VOA, as can be deduced from Fig. 9.11. The same figure also
explicitly shows in a dotted line, the input voltage follower and the output
current-controlled voltage source. Observe that the voltage follower will
operate outside the feedback loop (which involves the output and the
inverting input terminal, but not the noninverting input). This fact can result
in a source of harmonic distortion especially in noninverting configurations
in which the CFOA is operated under large common mode signal swings.
Nevertheless, it must be observed that although the internal structure of the
CFOA differs greatly from that of a traditional VOA, the external feedback
circuitry and its applications are similar to those of a VOA [S96], [S911]
[SKW94], [TL94], Hence, a variety of configurations with their respective
performance parameters have been directly derived from traditional ones,
withoutrequiring any further study.
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Fig 9.11. CFOA circuit symbol with an input voltage follower and an output
current controlled voltage source.

CFOAs have become popular because of their inherent advantages:
excellent small-signal and large signal performance and, under proper
operating conditions, a closed-loop bandwidth independent of gain. In fact,
thanks to the low-impedance input terminal, the typical closed-loop
bandwidth is in the range of 50 to 100 MHz and a very high slew rate
capability in the range of 500- to 5000-V/us [B90], [S911], [SS92], [G93],
[B93], [SKW94], [B97] has been reported. The high slew rate performance
derives from the use of a class AB topology for both the input and output
stages. Although the differential stages with class AB capability, reported in
the literature [SW87], [BW83], [C93], [CMPP93], could be used in
conventional opamps to provide a high slew-rate, this option is rather
unusual and expensive.

The closed-loop constant-bandwidth property offered by a CFOA can be
easily explained by considering the closed-loop configuration shown in Fig.
9.12.

Fig.9.12. CFOA in non-inverting feedback configuration.

The asymptotic gain and the loop gain of the circuit can be found using
the Rosentark method, choosing the dependent output voltage generator as
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critical source. Since R, is made infinitely large, current i tends to zero.
Thus the same current flows into R, and R, and since voltage v, appears at
the inverting terminal (thanks to the input voltage follower) a virtual short-
circuit appears between the inverting and the non inverting terminals. The
asymptotic closed loop gain is hence

G -1+ % 9.19)

which is the same result we would have obtained using a VOA in place of
the CFOA.
In addition, the loop gain is

T="" (9.20)

showing that the loop gain depends on the transresistance gain, R,, and on
only one of the two external resistances, R,. Since the closed-loop bandwidth
is proportional to the loop gain, and the closed-loop gain can be set by
changing only R, a closed-loop constant bandwidth behavior is achieved.

9.5 TRANSISTOR-LEVEL ARCHITECTURE, SMALL-SIGNAL
MODEL, AND FREQUENCY COMPENSATION OF CFOAs

According to the architecture in Fig. 9.9, a CFOA is made up of three
main blocks: two voltage buffers and one current buffer. More specifically,

the first voltage buffer is located at the input and its output current ([7) is
replicated by the current buffer into a high-impedance internal node. The
other voltage buffer is at the output with the purpose of properly driving the
output load.

The simplified circuit schematic of a typical CFOA is represented in Fig.
9.13, where bipolar transistors are used [HR80], [TLH90]. The Load and
compensation capacitors, C; and C,, and the feedback network made up of
resistors R, and R,, are also included. The input voltage buffer is
implemented with transistors T1-T4 and associated bias current generators
[gi. Two current mirrors T5-T6 and T7-T8 implement the current buffer,
while transistors T9-T11 and generators Ig; form the output voltage buffer.
Capacitor C, provides dominant-pole compensation. Nearly all monolithic
complementary bipolar high-speed CFOAs are a variation of this
architecture [B97].
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Fig. 9.13. CFOA schematic diagram with feedback resistors and capacitive
load.

It is worth noting that the input voltage buffer is outside the feedback
loop and hence does not affect the frequency response and stability of the
amplifier. The feedback loop of the amplifier includes the output voltage
buffer (T9-T12), resistances R, and R,, transistors T3 and T4, which work as
simple common-base amplifiers, and the two current mirrors T5-T6 and T7-
T8.

A simple small-signal model of the CFOA is shown in Fig. 9.14 where R,
is the equivalent resistance at gain node Z. The output resistance of the input
voltage buffer, //g,,, is the input resistance at inverting node, and the input
resistance of the input buffer, #4, is the input resistance of the noninverting
node. The output resistance of the output voltage buffer, //g,,, is the output
resistance. Controlled generators oy, 02, and i model the transfer functions
of the input and output voltage buffer, and the complementary current
mirror, respectively, and are usually almost unitary in module.

By inspection of Fig. 9.13, we get

Fegli=5Fas “9.21)

L S (9.22)
Emi g3 + gm4
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L r (9.23)

Emo gmll +gm|2

e..
A
wW
=
Al
1
oy
<
R
L)
=

Fig. 9.14. CFOA small signal model.

Stability and related frequency compensation issues of CFOAs have been
treated in [MT96], but the approach adopted is not simple from a design
point of view and leads to unnecessary conditions being placed on the
feedback network. Moreover, this analysis neglects a fundamental
contribution that arises when the CFOA load is capacitive, which is an usual
circumstance.

In order to apply the compensation procedures described in Chapters 4
and 5, we need to evaluate the return ratio. After substituting the CFOA
small signal model in the circuit in Fig. 9.13 we choose the voltage gain of
buffer ¢, as the critical parameter. Setting the input source to zero and
representing the critical controlled voltage source with v’ we get the
equivalent circuit in Fig. 9.15.

=5

| —W l WY po L h(q) . J— O
| = : @ P : -|- ¥ jvz

=

Fig. 9.15. Small-signal circuit of CFOA with feedback resistances to
evaluate the return ratio.
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The DC open loop gain results as

R R
A== R -
v + R, + R, + R |
glnl gl}){) gl”l
(9.24a)
RI
= gml RI 1
(gnuRI +1(R2 + ]+Rl
g"l(}
and if resistance R is much greater than 1/g,,, it simplifies to
R
A4,(00)= Tl—l_ (9.24b)
+ R, +
gl”(} gl)”

This shows that unlike for voltage-mode operational amplifiers, resistance
Ry, if properly dimensioned, must not be considered as a component of the
feedback network.

The dominant pole is created at the high resistance node, Z. It is simply
expressed by

1
C

P= (9.25)

[

and the gain-bandwidth product is

1

Wi = - _l ———l (9.26)
(R2 + + JC,

g”h‘} gl”l

Equation (9.26) shows the well-known property of CFOAs: the closed-
loop bandwidth is independent of the closed-loop gain provided that
resistance R, is maintained constant. It is apparent that we have the highest
gain-bandwidth product when R, = 0, which means the CFOA is in unity-
gain configuration. Thus, in order to guarantee stability with safe margins,
we have to compensate the CFOA in the unity-gain configuration as for the
traditional voltage operational amplifier. Moreover, compensation can be
achieved by adopting the dominant pole approach, which requires a suitable
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increase in capacitance C, at the high-resistance node, Z. In order to provide
a given phase margin, ¢, therelationship

Ogpw = P,/ tan(g) (9.27)

holds, where p; is the equivalent second pole generally due to load
capacitance C; [P99]

1

Py = :
[Rz + “Rl)
glnl

Even if there is no load capacitor outside the chip, there is a contribution
internal to the IC caused by the bounding pad and pin capacitances.

Other frequency limitations are due to the transfer functions ax(s) and
h(s) characterised by high-frequency poles given that they arise at low
resistance nodes. They can therefore be neglected in a first-order analysis.
Observe, however, that those poles associated with the output voltage buffer
transfer function are much higher than those of the current mirrors.

In conclusion, using (9.26), with R, set to zero, in relationship (9.27) we
get

(9.28)

',

gl)l(l

C, = tan(gs)ﬁ’7 9.29)

9.6 INTEGRATORS AND DIFFERENTIATORS WITH CFOAs

As a useful application we shall now consider the implementation of a
simple integrator and differentiator using the CFOA. These circuits are
shown in Figs. 9.16 and 9.17, respectively.

Cr

‘.?:'.P? _o vom

Fig. 9.16. Integrator with CFOA.
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Vino— |—_o '

Fig. 9.17. Differentiator with CFOA.
The loop-gain transfer function of the integrator in Fig. 9.16, Tjyr, can be
obtained from that of a CFOA with a resistive feedback as calculated in the

previous section, byreplacing R, with 1/sCy..

RC,s

Tiyr ()= 1 1
1+[ +- jCFs[HSJ(H SJ
gmo grm pl p2

At frequencies higher than the two dominant poles, remembering the
expression of py, the transfer function (9.30a) can be simplified into

(9.302)

1 )

Tinr(s) = | |
[+ ]C,(1+S]s
gmu gml p2

Assuming a safely compensated CFOA with pole p, higher than the
transition frequency, we get the same gain-bandwidth product given by
(9.26) setting R,=0. As a consequence, the compensation procedure is equal
to the one already studied for a purely resistive feedback. This is simple to
understand: for high frequencies such as those in the vicinity of the transition
frequency we can assume the feedback capacitance, Cy, to be short-circuited,
and the CFOA in unity gain configuration.

(9.30b)

To evaluate the loop-gain transfer function of the differentiator in Fig.
9.17, we have to substitute resistor R, with capacitor C; in the CFOA with
resistive feedback. In an ideal CFOA, whose resistance at the inverting input
is also nominally equal to zero, capacitance C; would be outside the loop
gain, and would not play any part. However, real CFOAs have a finite buffer
output resistance. Moreover, capacitance C; determines another high-
frequency pole in the loop-gain transfer function. It can be shown that the
loop-gain transfer function becomes



238 Chapter 9: Examples of Feedback in Integrated Circuits

R 1
TDER(S)=R—’ . : ‘ (9.31)
2[H ’sJ(HAIH SJ
Em b P2
and the gain-bandwidth product is
o _ 1 (9.32)
GBW ,DER RC, ‘
Hence the compensation task requires that
C C t C
¢, ~ 20 (*’ ot ] _ Lotd) (C, + *"j (9.33)
R2 o & mo + & glmRZ 2

It is worth noting that we can compensate the CFOA with a capacitance
much lower than C;. This is a very different condition from that required in a
traditional opamp, where a high capacitance value, often impractical with IC
technologies, is needed to compensate the differentiator configuration
[WHK92], [A88], [P99].

9.7 CFOA VERSUS VOA

In this Section we make a brief comparison between the bipolar CFOA
and VOA in regard to static and frequency response performance [PPO1].
The comparison assumes that actual CFOA behavior is characterized by a
dominant pole and a second equivalent pole, limiting the amplifier gain-
bandwidth product. The comparison is with a VOA of comparable topology,
thus providing similar features. The same power consumption is assumed for
both amplifiers.

The VOA topology chosen is the folded cascode one shown in Fig. 9.18.

The main characteristic of this topology is, like the CFOA in Fig. 9.13,
having only one high-gain stage, since it achieves the high voltage gain
thanks to the high equivalent resistance at node A. Moreover, the full
transconductance of the input differential stage is gained by using the Wilson
current mirror T4-T6, that performs a differential-to-single conversion.
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Fig. 9.18. Schematic diagram of the folded-cascode VOA.

The equivalent small-signal model of the VOA considered is shown in
Fig. 9.19, where R’ and (' are the equivalent resistance and the
compensation capacitance at the gain node, respectively, and 2r, is the
equivalent resistance at the input of the differential stage T1-T2. The
transconductance gain, g,,, is equal to that of the input transistors T1-T2,
with the other parameters being previously defined.

1

g

mo
Vout

V+ + -y .

o—— &,,(v-v) |

2 ER=C |V 83

. BT @® r Ry ¢ ¢ () *
v

o-..._._,.

i

Fig. 9.19. Small signal model of the VOA.

Applying a resistive feedback as shown in Fig. 9.12, the DC loop gain
becomes

2F IR ‘
T(O) =2 lrf’ “ : ngRl ~ 2_g:'_'l (934)
R+ © +2r|R G
g”l()
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where G, is defined in (9.19).

The dominant pole of the open-loop amplifier is again given by (9.25)
after substituting R and C', for R, and C,. Thus, the gain-bandwidth product
results

gml
R {9.35)
G, C

o0

Dpw
{

For VOA, too, the second pole of the loop-gain can be assumed at the
output and is given by

1 mo
p, = ~E (9.36)
I ¢
(R + R,

-G

mo

Hence, to achieve phase margin ¢ under the worst condition of unity-gain
loop, the compensation capacitance

Cl=1g(g) B c, (9.37)

no

is needed.

Since a trade-off exists between frequency performance and power
dissipation (and sometimes between gain and power dissipation), we assume,
without loss of generality, the same power consumption for both the CFOA
and VOA by setting /p;45. (of VOA in Fig. 9.18) equal to 2/ (of CFOA in
Fig. 913). Consequently, the transconductance of the VOA input stage
results equal to the input resistance at the inverting terminal of the CFOA

gml = gm/ = gm() =8m (938)

Moreover, the VOA resistance R, is in the range R, <R’ <2R, (itisequal
to 2R, if a cascode current mirror is used in the VOA instead of a Wilson
current mirror).

Comparing the open-loop gain ofthe CFOA with that of the VOA, we get

A(.' (0) - & Goo (9 39)
AV (0) Rl’ 2ng2 + 2(1 + Gw) .
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which is always much lower than 1. It is reduced by decreasing the closed-
loop gain and tends to R/4R'; when the amplifiers are used in unity-gain

configuration. This means that for the same amount of power consumption,
the accuracy of a bipolar CFOA is worse than that achieved with a VOA.
However, if we compare the resulting bandwidth of the CFOA and VOA we
get

Dy - R'1 C't — 8R_'1

(9.40)
de Rz Ct R

t

which shows that the CFOA is superior to the VOA for the same power
consumption by about one order of magnitude. This advantage in terms of
speed is achieved in an open-loop configuration. But to really evaluate the
speed benefit we have to compare the frequency response in a closed-loop
configuration. Since the closed-loop bandwidth is equal to the gain-
bandwidth product of the open-loop gain, we can simply compare the gain-
bandwidth product ofthe two amplifiers

w(;BW,(' ~4 Gco (944)

Dpw y gnly +1+ G,

The above equation reveals that when the amplifiers are used in unity-
gain configuration (with R, equal to zero), the CFOA gain-bandwidth
product is only twice as great as that of the VOA considered. Moreover, the
bandwidth improvement is not so marked for closed-loop gains greater than
1, since term g,R, must be greater than 1 (the CFOA gain-bandwidth is

greater than the VOA’s only if condition g, R, <3G, —1 ismet).
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Appendix

FREQUENCY ANALYSIS OF RC NETWORKS

In this book we have studied numerous configurations whose small-signal
equivalent circuits are made up of only three components, namely resistors,
capacitors, and controlled sources. The evaluation of fundamental circuit
parameters such as voltage and current gain transfer functions, but also input
and output impedances, is then placed in the context of the study of
generalised RC networks.

A.1 TRANSFER FUNCTION OF A GENERIC RC NETWORK

Consider the RC network in Fig. A.l, which includes n independent
capacitors. The transfer function between two generic network ports, as a
function of the complex frequency s, can be expressed in the general form

1 +bs+bys* +...+b,s"

G(s)=G, (A.1)

1+as+a,s’ +.+a,s"

where m < n. Transfer function G(s) can be determined by applying
Kirchhoff’ s laws to the network. But when the order, n, is high, or in other
words, when there is a large number of reactive components, we have to
solve a system with a great number of equations. Because of this, it would be
more practical to have a systematic method by which coefficients a; and b;
could be directly determined. This approach would also have the advantage
of allowing an approximate transfer function of reduced order, defined by
the user, to be derived.
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C»

3

Cn
Fig. A.1. Generic RC network.

Coefficients a; can be evaluated by using the time constant method
demonstrated in [CG73]

n

a = Zail (A.2a)
=
n-1 n

=Y >a, (A.2b)
i =liy=ip+1
n-2 n-1

= Z Zall’zls (A.2c)

a, = > da (A.2d)
=1 ip=ij+1 iy =iy +1
where
a, =R, C, (A.3a)
a, =R R!C C, (A.3b)
1 2 1 2
A, = "R"'ZC GG (A.3¢)

iyiaig 11 12 i3
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_ 4 lig i
(94 = Ril Riz ...Rir " Cil C,‘z “'C’r

g .y

(A.3d)

Inrelationships (A.3), R; is the equivalent resistance seen from capacitor
C; whilst the other capacitors are assumed to be open (i.e., with a zero

value). The equivalent resistance R}2*" is the one seen from capacitor C;

when capacitors Cj;... Cj, are short circuited (i.e., with an infinite value) and

the others are assumed to be open.

Coefficients b; are evaluated by using the methods in [DM80] which give

ZH’Ia’I

=l
b, =
0
n-1 n
> 2H.,a,
b _n=lip=g+l
y =
G,
n-2 n-l n
Z Z ZH‘Hz'za'l'z's
b, = n=lig=n+lig=iy +1
=
G(]
n-r+l n-r+2 n
Z z """ ZH'I’2~~’ra‘l‘2~~’r
b = =1 1y=1n+! tp=t,  +]

G

0

where coefficients « are those in (A.3) and parameters H iy

N

(A.4a)

(A.4b)

(A .4c)

(A .4d)

_are the DC

transfer functions between the input and the output when capacitors Cj;... Ci,

are short circuited.

In order to exemplify the procedure, consider the RC network in Fig. A.2
which includes three capacitors. The goal is to find its transfer function in

the same form as expressed in (A.1)
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R
——W—
C3
Vin O_"!W‘_"_H O Vour
R
::C] T RZ ="~C2

Fig. A.2. RC network used in the example.

The DC gain is found by opening all the capacitors. It is equal to

_ R
° R +R,+R (A-5)
Coefficients a; and b; are found using (A.2)-(A.4)
a = R|(R, + R,)C, + R,|(R + R )C, + Ry||(R, + R, )Cs (A.62)
a, = [R1H(R2 +R, )](RzHRa )Clcz + [R]H(RZ + R3)KR2HR3 )C1C3 +
(A.6b)

+ [R2”(Rl + R, )](RlnRz )C2C3

a, =0 (A.6¢)
R
R +2R R3H(R1 + R, )C3
b =- 2 =R, (A.6d)
G()

b,=0 (A.6e)

The order of the transfer function is 2 because only two of the capacitors
in Fig. A.2 are independent (indeed, C,, C; and C; form a loop of capacitors).
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A.2 APPROXIMATED POLES

In many practical circumstances it is useful to approximate the complete
transfer function with a second-order one

G(s)=G,

1+bs : (A.6)

1+as+a,s

and when the two poles are real, which holds for a, < al /4, we can rewrite
relationship (A.6) as shown below

1+S

z
[1+i](l+i]
b Py

where z = /b, and the poles are related to coefficients «, through [MG87]
[GT86],

G(s) =G, (A7)

a=1+ L (A .82)

n P

]
PP

(A.8b)

a, =

By adding the condition of dominant-pole behaviour, which means
P1<<p,, relationships (A.8) lead to a simple and useful relation between
poles and coefficients a,.

p=— (A.9a)
a
a

Py~ (A.9b)
a,

The approach can be extended to higher-order functions with real and
well spaced poles [MG87].
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Recently, an interesting approximation of the roots of a second-order
equation, that can be profitably used to find poles and zeros of transfer
functions, has been proposed [R02].

The approximations of equation 1+a,s+arzs2 are derived in ranges of
parameter x defined as

4
x =2 (A.10)
4

and hence are different for different values of x. The roots summarised in
Table A.1, show an error always lower than 10%.

Table A. 1
4 roots
1
s —O.S%im for a,< 0
*052—:—_#—\/% fora;>0
[15< x <-4 0.35:—;*0.32;% and F1.4§;~+0.3ail

a 1 a 1
0.028—L -0.64— d —-09521+0.76—
-4< x <-0.3 a a Al a, a

—-i and )

-0.3<x<0.3 a a,

Bl 00as G andl =T 152409k

% % a, a
i e OO LI QO o R
0.9<x <1 a, % 2 .
AG L 8]
~(05+2)%+2
isx <1l ( ;)a2 5
L1cx<a | -(05+0.085/) 2 +1.04L

a, a,
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AG J
4<x <15 -(0.5+ 0»6.;)a—; +0.34 .
a 1
-051tF — fora; <0
x<I5 4 \/aj
—(}.5-‘?liL fora,>0
(.!'2 az
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