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Chapter 1

Signals and Signal Spaces

The goal of this chapter is to give a brief overview of methods for char-
acterizing signals and for describing their properties. We will start with a
discussion of signal spaces such as Hilbert spaces, normed and metric spaces.
Then, the energy density and correlation function of deterministic signals will
be discussed. The remainder of this chapter is dedicated to random signals,
which are encountered in almost all areas of signal processing. Here, basic
concepts such as stationarity, autocorrelation, and power spectral density will
be discussed.

1.1 Signal Spaces

1.1.1 Energy and Power Signals

Let us consider a deterministic continuous-time signalz(t), which may be real
or complex-valued. If the energy of the signal defined by

E, = /_oo |z (t)[? dt (1.1)

is finite, we call it an energy signal. If the energy is infinite, but the mean
power

P, = lm = /_ o |lz(t)[? dt (1.2)
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2 Chapter 1. Signals and Signal Spaces

is finite, we call z(t) a power signal. Most signals encountered in technical
applications belong to these two classes.

A second important classification of signals is their assignment to the signal
spaces Ly(a,b), where a and b are the interval limits within which the signal
is considered. By Ly(a, b) with 1 < p < co we understand that class of signals

z for which the integral
b
[ 1eop a
a

to be evaluated in the Lebesgue sense is finite. If the interval limits a and b
are expanded to infinity, we also write Ly(o0) or L,(IR). According to this
classification, energy signals defined on the real axis are elements of the space
Ly(IR).

1.1.2 Normed Spaces

When considering normed signal spaces, we understand signals as vectors that
are elements of a linear vector space X. The norm of a vector  can somehow
be understood as the length of . The notation of the norm is ||]|.

Norms must satisfy the following three axioms, where « is an arbitrary
real or complex-valued scalar, and 0 is the null vector:

@ Nzl >0, [l =0 ifand onlyif =0, (1.3)
i@ e +yll <=l +lyll,
) ozl = |of ll2] - (1.9)

Norms for Continuous-Time Signals. The most common norms for
continuous-time signals are the L, norms:

b 1/p
lllz, = l/ |z dt] , 1<p<o (1.6)

For p — 0o, the norm (1.6) becomes [|x||;_ = ess sup|z(¢)|.
a<t<b

For p = 2 we obtain the well-known Fuclidean norm:

b
lell, =y [ e dt, =€ Lo an
a
Thus, the signal energy according to (1.1) can also be expressed in the form

E, = /oo |z(t)|* dt = ||.77:||2L2 , z € Ly(R). (1.8)

—00
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Norms for Discrete-Time Signals. The spaces €,(n1,n2) are the discrete-
time equivalent to the spaces Ly(a,b). They are normed as follows:

1/p
, 1<p<oo. (1.9)

Jall,, = [Z ja(n)]?

n—=—ni

For p — o0, (1.9) becomes |||, = suppz,, |z(n)|.

For p = 2 we obtain

i |x(n)|2, NS £2(n1,n2). (]_]_O)

n=ni

lzlly, =
Thus, the energy of a discrete-time signal z(n), n € Z can be expressed as:

E,= Y [z =lzl,, € f(—oo,00). (1.11)

n—=——oo

1.1.3 Metric Spaces

A function that assigns a real number to two elements x and y of a non-empty
set X is called a metric on X if it satisfies the following axioms:

(i) d(z,y) >0, d{z,y)=0 ifandonlyif z=y, (1.12)
(i)  dlz,y) =dy ), (1.13)
(i) d@,2) < d(z,y) +d(y 2). (1.14)

The metric d(z,y) can be understood as the distance between z and y.

A normed space is also a metric space. Here, the metric induced by the
norm is the norm of the difference vector:

d(z,y) = |z -yl (1.15)

Proof (norm — metric). For d(zx,y) = ||z — y|| the validity of (1.12) imme-
diately follows from (1.3). With a = —1, (1.5) leads to ||z — y|| = |ly — z||,
and (1.13) is also satisfied. For two vectors = a — b and y = b — ¢ the
following holds according to (1.4):

la —cll = [l +yll < |lz|l + [lyll = [la - ]| + [|b -]

Thus, d(a, c) < d(a,b) + d(b, c), which means that also (1.14) is satisfied. [J
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An example is the Fuclidean metric induced by the Euclidean norm:

b 1/2
d(z,y) = l/ Iw(t)—y(t)lzdt] ; Z,Y € Ly(a,b). (1.16)

Accordingly, the following distance between discrete-time signals can be
stated:

n2

1/2
d(z,y) = l Y lz(n) —y(n)l2] , Z,Y € £a(ny, na). (1.17)

n—ni

Nevertheless, we also find metrics which are not associated with a norm.
An example is the Hamming distance

n

d(z,y) =Y _[(zx +ys) mod 2],

k=1
which states the number of positions where two binary code words =
[Z1,%Z2,...,%Zn] and y = [y1, Y2, - - -, ¥n] With z;,y; € {0, 1} differ (the space of
the code words is not a linear vector space).

Note. The normed spaces L, and ¢, are so-called Banach spaces, which
means that they are normed linear spaces which are complete with regard to
their metric d(z,y) = ||z — y||- A space is complete if any Cauchy sequence of
the elements of the space converges within the space. That is, if ||@, — || —
0 as n and m — oo, while the limit of &, for n — oo lies in the space.

1.1.4 Inner Product Spaces

The signal spaces most frequently considered are the spaces Ls(a,b) and
£2(n1,n2); for these spaces inner products can be stated. An inner product
assigns a complex number to two signals z(t) and y(t), or z{n) and y(n),
respectively. The notation is (x,y). An inner product must satisfy the
following axioms:

@  (=y) =(y=z)" (1.18)
(i) (o + Py, z) = a(z,z) + By, 2) (1.19)
(iii) (z,z) >0, (x,z)=0 if and onlyif = =0. (1.20)

Here, o and 3 are scalars with «a, 8 € €, and 0 is the null vector.

Examples of inner products are

b
@)= [ 20 v©) &, zyeLiab) (1.21)
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and
ng

(@y)= Y o) y*(n), ,y € l(n,n). (1.22)

n=ni
The inner product (1.22) may also be written as

(may) = yHmJ T,y c E2(”17n2)7 (123)

where the vectors are understood as column vectors:!

z = [z(m),z(ni +1),...,2(n2)]",
(1.24)

y = [y(m),y(ns +1),...,ym)]".

More general definitions of inner products include weighting functions or
weighting matrices. An inner product of two continuous-time signals z(¢) and
y(t) including weighting can be defined as

b
(@,y) = / ot) =(t) " (t) dt, (1.25)

where g(t) is a real weighting function with g{t) >0, a <1 <b.

The general definition of inner products of discrete-time signals is
(@y)=y" Gz, z,yeC, (1.26)

where G is a real-valued, Hermitian, positive definite weighting matrix. This
means that G¥ = GT = G, and all eigenvalues \; of G must be larger than
zero. As can easily be verified, the inner products (1.25) and (1.26) meet
conditions (1.18) — (1.20).

The mathematical rules for inner products basically correspond to those
for ordinary products of scalars. However, the order in which the vectors occur
must be observed: (1.18) shows that changing the order leads to a conjugation
of the result.

As equation (1.19) indicates, a scalar prefactor of the left argument may
directly precede the inner product: {(az,y) = a{x,y). If we want a prefactor

1The superscript T' denotes transposition. The elements of  and y may be real or
complex-valued. A superscript H, as in (1.23), means transposition and complex conjuga-
tion. A vector ¥ is also referred to as the Hermitian of @. If a vector is to be conjugated
but not to be transposed, we write * such that 2 = [2*]T.
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of the right argument to precede the inner product, it must be conjugated,
since (1.18) and (1.19) lead to

(x,0y) = {ay,z)" = [a(y,z)]" = a" (z,y). (1.27)

Due to (1.18), an inner product (z,z) is always real: (z, ) = R{(z,z)}.

By defining an inner product we obtain a norm and also a metric. The
norm induced by the inner product is

)| = (@, z)"/>. (1.28)

We will prove this in the following along with the Schwarz inequality, which
states

[z, ) | < [lzl| [lyll- (1.29)

Equality in (1.29) is given only if  and y are linearly dependent, that is, if
one vector is a multiple of the other.

Proof (inner product — norm). From (1.20) it follows immediately that
(1.3) is satisfied. For the norm of ax, we conclude from (1.18) and (1.19)

loz| = (az,az)'/? = [ |af? (z,z) |2 =|a| (z,z)"/*

= la| [l
Thus, (1.5) is also proved.

Now the expression ||z + y||*> will be considered. We have

le+yl> = (z+y,z+y)

(z,z) + (z,y) + (y, =) + (¥,9)
(z,z) + 28{(z, )} + (v, 9)
(x,x) +2|(z,y) | + (v, 4).

IN

Assuming the Schwarz inequality is correct, we conclude

2 2 2
e +ylI* < llll” +2 llzll [yl +llyll® = (]l + [lyl)?*.

This shows that also (1.4) holds. [

Proof of the Schwarz inequality. The validity of the equality sign in the
Schwarz inequality (1.29) for linearly dependent vectors can easily be proved
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by substituting & = ay or y = ax, a € C, into (1.29) and rearranging the
expression obtained, observing (1.28). For example, for £ = ay we have

2
(@, y) | = [{ay,9) | = la] (y,9) = la| [lylI” = lleyll llyll ==l lyll.

In order to prove the Schwarz inequality for linearly independent vectors,
some vector z = z + ay will be considered. On the basis of (1.18) — (1.20) we
have

0 < (z,2)
= (z+ay,z+
(@+ay,z+ay) (1.30)
= (z,z+ay) +{ay,z+ay)
= (z,z)+a" (z,y) +aly,z) +oa” (y,y).
This also holds for the special a (assumption: y # 0)
(z,y)
a=-— ,
(v, y)
and we get
0< () — (@.y)" @y) _(&yy) (&Y @y) Yy
(v, u) (v, u) (v, y) (¥, 9)
The second and the fourth term cancel,
(z,9) (y, z) | (2, ) |2
0< (z,a) — 22D T (g gy - DI 1.31
< (@) (¥, ) . 2} (v, y) (131)
and we obtain

Comparing (1.32) with (1.28) and (1.29) confirms the Schwarz inequality. [

Equation (1.28) shows that the inner products given in (1.21) and (1.22)
lead to the norms (1.7) and (1.10).

Finally, let us remark that a linear space with an inner product which is
complete with respect to the induced metric is called a Hilbert space.
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1.2 Energy Density and Correlation

1.2.1 Continuous-Time Signals

Let us reconsider (1.1):

[e9)
E, :/ |z(t)|? dt. (1.33)
—o0
According to Parseval’s theorem, we may also write
1 [ 9
E,=— X 1.34
o= 5| X@F do, (1.3

where X (w) is the Fourier transform of z(t).2 The quantity |z(t)|? in (1.33)
represents the distribution of signal energy with respect to time ¢; accordingly,
| X (w)|? in (1.34) can be viewed as the distribution of energy with respect to
frequency w. Therefore | X (w)|? is called the energy density spectrum of z(t).
We use the following notation

San(w) = X ()" (1.35)

The energy density spectrum SZ (w) can also be regarded as the Fourier
transform of the so-called autocorrelation function

rE (1) = /_oo z*(t) z(t + 1) dt = z*(—1) * z(7). (1.36)
We have ~
SE (w) = / rZ (1) eI dr. (1.37)

The correspondence is denoted as SZ,(w) +— rE, (7).

The autocorrelation function is a measure indicating the similarity between
an energy signal z(t) and its time-shifted variant z-(¢) = z(¢ + 7). This can
be seen from

d(w,a:,.)2 = |z w‘r“Z
= (z,z) — (z,2,;) — (&, z) + (T, 2,)
= 2|e|® -2 R{(2;,2)}
2
= 2|l -2 R{rS(n)}.

(1.38)

With increasing correlation the distance decreases.

2In this section, we freely use the properties of the Fourier transform. For more detail
on the Fourier transform and Parseval’s theorem, see Section 2.2.
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Similarly, the cross correlation function

rE (1) = / Tyt () dt (1.39)

—00

and the corresponding cross energy density spectrum

SZ(w) = /_mrfy(r) e YT dr, (1.40)
that is
S5 W) «— rE (1), (1.41)

are introduced, where rfy(r) may be viewed as a measure of the similarity

between the two signals z(¢) and y,(t) = y(t + 7).

1.2.2 Discrete-Time Signals

All previous considerations are applicable to discrete-time signals z(n) as well.
The signals z(n) may be real or complex-valued. As in the continuous-time
case, we start the discussion with the energy of the signal:

E,= )Y l|z(n)P. (1.42)

n=—oo

According to Parseval’s relation for the discrete-time Fourier transform, we
may alternatively compute E, from X (e/¥):3

1 ™

EEZ%

|X (e7))? dw. (1.43)

-7

The term |X(e/“)|? in (1.43) is called the energy density spectrum of the
discrete-time signal. We use the notation

SE (e3¥) = | X (e7¥) 2. (1.44)
The energy density spectrum SZ, (ej“’) is the discrete-time Fourier transform

of the autocorrelation sequence

o]

rZ (m) = Z z*(n) z{(n + m). (1.45)

n=—oo

3See Section 4.2 for more detail on the discrete-time Fourier transform.
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We have
SE@Ew) = > rE(m)eivm
' - (1.46)
1 (" o
rE(m) = o _ﬂsz(er) eI du.

Note that the energy density may also be viewed as the product X (z)X (z),
evaluated on the unit circle (2 = €/*), where X (z) is the z-transform of z(n).

The definition of the cross correlation sequence is

o

rfy(m) = Z y(n+m) z*(n). (1.47)

n—=——oo

For the corresponding cross energy density spectrum the following holds:

SE@E)= > rE(m)eIm, (1.48)
that is
E (] E
Say(€?Y) = 1y (m). (1.49)

1.3 Random Signals

Random signals are encountered in all areas of signal processing. For example,
they appear as disturbances in the transmission of signals. Even the trans-
mitted and consequently also the received signals in telecommunications are
of random nature, because only random signals carry information. In pattern
recognition, the patterns that are to be distinguished are modeled as random
processes. In speech, audio, and image coding, the signals to be compressed
are modeled as such.

First of all, one distinguishes between random wvariables and random
processes. A random variable is obtained by assigning a real or complex
number to each feature m; from a feature set M. The features (or events)
occur randomly. Note that the features themselves may also be non-numeric.

If one assigns a function ‘z(t) to each feature m;, then the totality of all
possible functions is called a stochastic process. The features occur randomly
whereas the assignment m; — *z(t) is deterministic. A function ‘z(t) is called
the realization of the stochastic process z(t). See Figure 1.1 for an illustration.
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Figure 1.1. Random variables (a) and random processes (b).

1.3.1 Properties of Random Variables

The properties of a real random variable x are thoroughly characterized by
its cumulative distribution function F,(c) and also by its probability density
function (pdf) p,(a). The distribution states the probability P with which
the value of the random variable x is smaller than or equal to a given value

. F(a) = P(z < a). (1.50)

Here, the azioms of probability hold, which state that

lim F,(a)=0, lim Fp(a)=1, Fylon)< Fyas) for oy <ag.
ax——0o0 a—00
(1.51)
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Given the distribution, we obtain the pdf by differentiation:

pe() = %Fw (). (1.52)

Since the distribution is a non-decreasing function, we have
pz(a) 2 0. (1.53)

Joint Probability Density. The joint probability density pg,,z,(&1,&2) of
two random variables z; and z» is given by

Da1,22(E1582) = Pay (€1) Pasjes (§2181), (1.54)

where p,, |, (§2]£1) is a conditional probability density (density of z» provided
z1 has taken on the value & ). If the variables z; and zo are statistically
independent of one another, (1.54) reduces to

pzl,z2(€17§2) = Pz, (é‘l) Dzs (52) (155)

The pdf of a complex random variable is defined as the joint density of its
real and imaginary part:

P2(§) = pu(&t) Poju(&2lér),  u=R{z}, v=S{z}, {=& +j&. (1.56)

Moments. The properties of a random variable are often described by its

moments
m{™ = E {|z|"}. (1.57)

Herein, E {-} denotes the ezpected value (statistical average). An expected
value E {g(x)}, where g(z) is an arbitrary function of the random variable z,
can be calculated from the density as

E{o@) = [ o(6) pal6) e (1.58)
For g(z) = z we obtain the mean value (first moment):

me=Efab= [ €p.(6) de (1.59)
For g(z) = |z|?> we obtain the average power (second moment):

sy = E{|z’} = /_ Z|€|2 pa(€) dé. (1.60)
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The variance (second central moment) is calculated with g(z) = |z — m,|? as

ot =E{o—ma} = [ 6= mal pa(6) de. (1.61)

The following holds:
02 =52 —m?2. (1.62)

Characteristic Function. The characteristic function of a random variable
z is defined as ~
B, (v) = / VT o (v) dv, (1.63)
— 00
which means that, apart from the sign of the argument, it is the Fourier
transform of the pdf. According to the moment theorem of the Fourier
transform (see Section 2.2), the moments of the random variable can also
be computed from the characteristic function as

(n) — (—;

(1.64)

1.3.2 Random Processes

The starting point for the following considerations is a stochastic process z(¢),
from which the random variables x;, , #y,, . . . , 4, With @, = z(t) are taken at
times t1 < t9 < ... < tp, n € Z. The properties of these random variables are
characterized by their joint pdf ps, ,z,,,...,2,, (a1,02,...,0a,). Then a second
set of random variables is taken from the process z(t), applying a time shift 7:
Tty trs Ltgdrs « - « s Lty 4r With z¢, - = z(t + 7). If the joint densities of both
sets are equal for all time shifts 7 and all n, that is, if we have

Pzy, @ig, @iy (o1, Q2,...,an) = Pz gri@igprses®tntr (1,02,...,an), Vn,7,

(1.65)
then we speak of a strictly stationary process, otherwise we call the process
non-stationary.

Autocorrelation and Autocovariance Functions of Non-Stationary
Processes. The autocorrelation function of a general random process is
defined as a second-order moment:

rea(ti,te) = E{z*(t2) 2(t1)}
(1.66)

/_o:o/_ifl &2 Poye (€1, &2) déy de,
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where 21 = z(t1) and z3 = z*(i2).

Basically, the autocorrelation function indicates how similar the process is
at times #; and i3, since for the expected Euclidean distance we have

E{|z1 —1172|2} = E{l(l)llz} +E{|.’E2|2} -2 %{Tmm(tl,tz)}.

The autocovariance function of a random process is defined as

Casltrte) = E{[a*(t2) —mi,] [a(t2) —m,]}
(1.67)
= ree(ti,ta) —mimy,,
where my, denotes the expected value at time ; i.e.
my, = E{z(tx)}. (1.68)

Wide-Sense Stationary Processes. There are processes whose mean value
is constant and whose autocorrelation function is a function of ¢; —¢,. Such
processes are referred to as “wide-sense stationary”, even if they are non-
stationary according to the above definition.

Cyclo-Stationary Process. If a process is non-stationary according to the
definition stated above, but if the properties repeat periodically, then we speak
of a cyclo-stationary process.

Autocorrelation and Autocovariance Functions of Wide-Sense Sta-
tionary Processes. In the following we assume wide-sense stationarity, so
that the first and second moments are independent of the respective time.
Because of the stationarity we must assume that the process realizations
are not absolutely integrable, and that their Fourier transforms do not exist.
Since in the field of telecommunications one also encounters complex-valued
processes when describing real bandpass processes in the complex baseband,
we shall continue by looking at complex-valued processes. For wide-sense
stationary processes the autocorrelation function (acf) depends only on the
time shift between the respective times; it is given by

ree(7) = E{z*(t) z(t + 7)}. (1.69)

For z; = z(t + 7) and z2 = z*(t), the expected value E {-} can be written as

e =Bmot= [ [ 6&pum@ dd 00
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The maximum of the autocorrelation function is located at 7 = 0, where its
value equals the mean square value:

re0) = o2 = E{jal?} = [ " lel2 pate) de. (L.71)

Furthermore we have 14, (—7) = %, (7).

When subtracting the mean
me = E{z(t)} (1.72)

prior computing the autocorrelation function, we get the autocovariance
function
Coa(T) = E{[z*(t) —m]] [z(t + 1) — mo]}
(1.73)

= 7u(7) — |mg|®

Power Spectral Density. The power spectral density, or power density
spectrum, describes the distribution of power with respect to frequency. It
is defined as the Fourier transform of the autocorrelation function:

Soa(w) /_ ” Tas(T) €997 dr (1.74)

Tzx (7—) = %/ Sm(w) ijT dw. (]_75)

This definition is based on the Wiener-Khintchine theorem, which states that
the physically meaningful power spectral density given by

Sea(w) = Hm_ %E{lXT(w)F} (1.76)
with ;
Xr(w) +— z(t) rect(T),
and

1, for |¢| <0.5
0, otherwise

rect(t) = {

is identical to the power spectral density given in (1.74).
Taking (1.75) for 7 = 0, we obtain

2 _ _ i/w
85 =14,(0) = o _ooSm(w) dw. (1.77)
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Cross Correlation and Cross Power Spectral Density. The cross
correlation between two wide-sense stationary random processes z(t) and y(t)
is defined as

roy(T) = E{2*(t) y(t +7)}. (1.78)

The Fourier transform of r,,(7) is the cross power spectral density, denoted
as Szy(w). Thus, we have the correspondence

Sey(w) = /_OO T2y (T) eI dr
1 3 (1.79)
rog(r) = 21—77 /_ Spy (@) do.

Discrete-Time Signals. The following definitions for discrete-time signals
basically correspond to those for continuous-time signals; the correlation and
covariance functions, however, become correlation and covariance sequences.
For the autocorrelation sequence we have

Tez(m) = E{z*(n) z(n +m)}. (1.80)

The autocovariance sequence is defined as

czz(m) = E{[z*(n) —m}] [z(n +m) —mz)}
(1.81)
= rge(m) — |mw|2a
where
my = E{z(n)}. (1.82)

The discrete-time Fourier transform of the autocorrelation sequence is the
power spectral density (Wiener—Khintchine theorem). We have

oo

Sex(€?) = Y rya(m) eI (1.83)

m=—o

1 ™
),

Tz (M) See(e7%) 1™ du. (1.84)
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The definition of the cross correlation sequence is
ray(m) = E{z"(n) y(n + m)}, (1.85)

where the Fourier transform of rgy,(m) is the cross power spectral density

Sy (e79):

ray(m) = % Smy(ej“’) Y™ gy
I (1.86)
Sey(€??) = D rgy(m) eI,

A cross covariance sequence can be defined as

czy(m) = E{[z*(n) —mi] [y(n +m) — my]} (187)
= rgy(m) —mizmy
with
me = E{a(m)}, m, = E{yn)}. (1.88)

Correlation Matrices. Auto and cross correlation matrices are frequently
required. We use the following definitions

R,; = E{zzf},
(1.89)
R,, = E{yz"},
where
z = [z(n),z(n+1),...,2(n+ N, —1)]7,
(1.90)
y = [yn),yn+1),...,y(n+N, -1,

The terms zz and yzf are dyadic products.

For the sake of completeness it shall be noted that the autocorrelation
matrix R;, of a stationary process z(n) has the following Toeplitz structure:

) ree(=1) . Tea(—Na41)
Ry, = rzz_(l) =0 : . (91)
. . . rww(_]-)
| Toa (N, —1) Tz (1) T22(0) |
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Here, the property
Tz (—1) =15, (2), (1.92)

which is concluded from (1.80) by taking stationarity into consideration, has
been used.

If two processes z(n) and y(n) are pairwise stationary, we have

Tay(—i) = 13, (0), (1.93)

and the cross correlation matrix R,y = E {y " } has the following structure:

[ 2y(0) ray(—1) ... ray(—Ng+1) ]
: h . Tay(—1)
| Tzy(Ny — 1) - Tay(1) T2y(0) i

Auto and cross-covariance matrices can be defined in an analog way by
replacing the entries r;,(m) through cgy(m).

Ergodic Processes. Usually, the autocorrelation function is calculated
according to (1.70) by taking the ensemble average. An exception to this
rule is the ergodic process, where the ensemble average can be replaced by a
temporal average. For the autocorrelation function of an ergodic continuous-
time process we have

T

1 ; )
Tea(T) = Th—I>noo T r ‘() ‘z(t+7) dt, (1.95)

where ‘z(t) is an arbitrary realization of the stochastic process. Accordingly,
we get
1 N
_ T (] i
Ty (m) = 1\}1_1}(1)0 N1 n_E_N z*(n) ‘z(n+m) (1.96)

for discrete-time signals.

Continuous-Time White Noise Process. A wide-sense stationary
continuous-time noise process z(t) is said to be white if its power spectral
density is a constant:

Sz (W) = o2 (1.97)



1.3. Random Signals 19

The autocorrelation function of the process is a Dirac impulse with weight
2
o’

rez(7) = 02 8(7). (1.98)

Since the power of such a process is infinite it is not realizable. However,
the white noise process is a convenient model process which is often used for
describing properties of real-world systems.

Continuous-Time Gaussian White Noise Process. We consider a real-
valued wide-sense stationary stochastic process z(t) and try to represent it
on the interval [—a,a] via a series expansion? with an arbitrary real-valued
orthonormal basis ¢;(t) for La(—a, a). The basis satisfies

/a ‘Pz’(t)soj(t)dt:{l for i = j,

—a 0 otherwise.

If the coefficients of the series expansion given by

o = / oi(8) () dt

—a

are Gaussian random variables with
E{ai}=0" Vi
we call z(t) a Gaussian white noise process.

Bandlimited White Noise Process. A bandlimited white noise process is
a white noise process whose power spectral density is constant within a certain
frequency band and zero outside this band. See Figure 1.2 for an illustration.

Sel@)

—Wmax Wmax w

Figure 1.2. Bandlimited white noise process.

Discrete-Time White Noise Process. A discrete-time white noise process
has the power spectral density

Sea(€7¥) = 02 (1.99)

4Series expansions are discussed in detail in Chapter 3.
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and the autocorrelation sequence

Tez(m) = 02 dmo. (1.100)

1.3.3 Transmission of Stochastic Processes through
Linear Systems

Continuous-Time Processes. We assume a linear time-invariant system
with the impulse response h(t), which is excited by a stationary process z(t).
The cross correlation function between the input process z(t) and the output
process y(t) is given by

Tay(7) E{z*(t) y(t+7)}

/oo E{z*(t) z(t+7—X)} h(A)dA (1.101)

= rpe(7) * h(7).

The cross power spectral density is obtained by taking the Fourier trans-
form of (1.101):
Sey(Ww) = Sz (w) H(w). (1.102)

Calculating the autocorrelation function of the output signal is done as
follows:

r(1) = E{y*@®) y(t+7)}

/ E{z*(t—a) z(t+7— 8)} h*(a)h(B)dads

/ / rez(T +a — B) h*(e) h(3) dadB (1.103)

/m(r -2) /h*(a)h(a + ) dadi

/rm(r =) rE.(A) dA.
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Thus, we obtain the following relationship:
Tyy(T) = 10 (7) % T4 (7). (1.104)

Taking the Fourier transform of (1.104), we obtain the power spectral
density of the output signal:

Syy(W) = Spz(w) [HW)?. (1.105)

We observe that the phase of H(w) has no influence on Sy, (w). Consequently,
only the magnitude frequency response of H(w) can be determined from

Szz(w) and Syy(w).

Discrete-Time Processes. The results for continuous-time signals and
systems can be directly applied to the discrete-time case, where a system
with impulse response h(n) is excited by a process z(n), yielding the output
process y(n). The cross correlation sequence between input and output is
Tay (M) = rz(m) * h(m). (1.106)

The cross power spectral density becomes

Spy(e7%) = Spu(e99) H(eI¥). (1.107)

For the autocorrelation sequence and the power spectral density at the output
we get

Tyy (M) = rep(m) * rf, (m) (1.108)

and

. . 2
Su(e) = Sa(e) [H()[. (1.109)
As before, the phase of H(e/*) has no influence on Sy, (e/*).

Here we cease discussion of the transmission of stochastic processes
through linear systems, but we will return to this topic in Section 5 of
Chapter 2, where we will study the representation of stationary bandpass
processes by means of their complex envelope.
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Chapter 2

Integral

Signal Representations

The integral transform is one of the most important tools in signal theory.
The best known example is the Fourier transform, but there are many
other transforms of interest. In the following, we will first discuss the basic
concepts of integral transforms. Then we will study the Fourier, Hartley, and
Hilbert transforms. Finally, we will focus on real bandpass processes and their
representation by means of their complex envelope.

2.1 Integral Transforms

The basic idea of an integral representation is to describe a signal z(t) via its
density £(s) with respect to an arbitrary kernel ¢(t, s):

dﬂ:/ﬂgwm@@,tef 2.1)
s
Analogous to the reciprocal basis in discrete signal representations (see

Section 3.3) a reciproal kernel 8(s,t) may be found such that the density
%(s) can be calculated in the form

ﬂﬁ:ﬂﬁ@ﬂ@ﬂﬁ,seS (2.2)

22
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Contrary to discrete representations, we do not demand that the kernels ¢(t, s)
and 6(s,t) be integrable with respect to .

From (2.2) and (2.1), we obtain

t—// O(s,7) dr (t,s) ds
_ /T () /S 0(s,7) olt,s) ds dr.

In order to state the condition for the validity of (2.3) in a relatively
simple form the so-called Dirac impulse §(t) is required. By this we mean
a generalized function with the property

(2.3)

/ 6(t—71) z(r)dr, xe€Li(R). (2.4)

The Dirac impulse can be viewed as the limit of a family of functions g, ()
that has the following property for all signals #(¢) continuous at the origin:

/ e@di=1,  Im [ g0 d=20. (@5
o a— oo
An example is the Gaussian function
1 2
t) = e 2, a>0. 2.6

Considering the Fourier transform of the Gaussian function, that is

Ga(w) ga(t) €779 dt

Il
—
g 8

(2.7)
= (A 2a
we find that it approximates the constant one for @ — 0, that is G,(w) ~

1, w € R. For the Dirac impulse the correspondence §(t) «— 1 is introduced
so that (2.4) can be expressed as X (w) = 1 X (w) in the frequency domain.

Equations (2.3) and (2.4) show that the kernel and the reciprocal kernel
must satisfy

/ 0(s,7) p(t,8) ds =6(t — 7). (2.8)
By substituting (2.1) into (2.2) we obtain

z(s) = // ) do f(s,t) dit

_ /S #(0) /T o(t,0) 8(s,t) dt do,
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which implies that
/ o(t,0) 8(s,t) dt = 6(s — o). (2.10)
T

Equations (2.8) and (2.10) correspond to the relationship (yp;,8;) = d;; for
the discrete case (see Chapter 3).

Self-Reciprocal Kernels. A special category is that of self-reciprocal
kernels. They correspond to orthonormal bases in the discrete case and satisfy

o(t,s) = 0*(s,1). (2.11)

Transforms that contain a self-reciprocal kernel are also called unitary,
because they yield ||Z|| = |||

The Discrete Representation as a Special Case. The discrete represen-
tation via series expansion, which is discussed in detail in the next chapter,
can be regarded as a special case of the integral representation. In order to
explain this relationship, let us consider the discrete set

wi(t) = o(t,8;), 1=1,2,3,.... (2.12)
For signals z(t) € span {¢(t,s;); i = 1,2,...} we may write
o) =D o oi(t) = D _ ai ot ). (2.13)
i i
Insertion into (2.2) yields
(s) = / z(t)0(s,t) dt
T
- [ Sl s)0lo,t) di (2.14)
= Zai/ w(t,s:)0(s,t) dt.
p T

The comparison with (2.10) shows that in the case of a discrete representation
the density £(s) concentrates on the values s;:

i(s) = Z a; 8(s — s;). (2.15)
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Parseval’s Relation. Let the signals z(t) and y(t) be square integrable,

@,y € Lo(T). For the densities let

SH
~~
Vo]
N
Il

/ () 0(s, 1) dt,
T

<>

~~
Vo]

N
Il

[ v® 66s,1) e,
T
where 6(s,t) is a self-reciprocal kernel satisfying
/0(3,1&) 0*(s,7)ds = /H(S,t) o(7,s) ds
s 5

= 6(t—1).

Now the inner products
@9) = [ a5 ds,
s

(x,y) = Amwwmw

are introduced. Substituting (2.16) into (2.18) yields

@, 9) = /S /T /T o(r) 6(s,7) y* () 0(s,2) dr dt ds.

Because of (2.17), (2.19) becomes

(@, 9) /T 2(7) /T yH() 8t — 7) dt dr

/ z(r) y*(r) dr.
T
From (2.20) and (2.18) we conclude that

(&,9) = (z,y).

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Equation (2.21) is known as Parseval’s relation. For y(t) = z(t) we obtain

(&, ) = (z,x) - 2] = [l

(2.22)



26 Chapter 2. Integral Signal Representations

2.2 The Fourier Transform

We assume a real or complex-valued, continuous-time signal z(¢) which is
absolutely integrable (& € L;(IR)). For such signals the Fourier transform

X(w) = /_ " () et dy (2.23)

exists. Here, w = 27 f, and f is the frequency in Hertz.

The Fourier transform X(w) of a signal & € L;(IR) has the following
properties:

1. X € Loo(R) with [1X ||, < [l2];-
2. X is continuous.
3. If the derivative z'(t) exists and if it is absolutely integrable, then

/00 ' (t) e 79 dt = jw X (w). (2.24)

—0o0

4. For w — o0 and w — —oo we have X (w) — 0.

If X (w) is absolutely integrable, z(t) can be reconstructed from X (w) via
the inverse Fourier transform

() = — / X(w) e dw (2.25)
27 J _ o
for all ¢ where z(t) is continuous.

The kernel used is

p(t,w) = %ejwt, T = (—00,00), (2.26)

and for the reciprocal kernel we have!
O(w,t) = e ¥ 8§ =(—00,00). (2.27)

In the following we will use the notation z(t) +— X (w) in order to indicate
a Fourier transform pair.

We will now briefly recall the most important properties of the Fourier
transform. Most proofs are easily obtained from the definition of the Fourier
transform itself. More elaborate discussions can be found in [114, 22].

1A self-reciprocal kernel is obtained either in the form ¢(t,w) = exp(jwt)/v/27 or by
integrating over frequency f, not over w = 2% f: ©(t, f) = exp(j2n ft).
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Linearity. It directly follows from (2.23) that

az(t)+By(t) «— aX(w)+ 8Y(w). (2.28)

Symmetry. Let z(t) +— X(w) be a Fourier transform pair. Then

X(t) 4 2rz(—w). (2.29)

Scaling. For any real «, we have

2(at) ¢ ﬁx (g) . (2.30)
Shifting. For any real ¢, we have
z(t — o) «— eI X (). (2.31)
Accordingly,
eIl z(1) +— X(w — wo). (2.32)
Modulation. For any real wg, we have
coswpt z(t) +— %X(w —wo) + %X(w + wo). (2.33)

Conjugation. The correspondence for conjugate functions is
z*(t) +— X*(—w). (2.34)

Thus, the Fourier transform of real signals z(t) = z*(t) is symmetric: X*(w) =
X(—w).

Derivatives. The generalization of (2.24) is

n

g7 z(t) +— (jw)" X(w). (2.35)
Accordingly, o
(=38)" 2(t) ¢— o= X(w). (2.36)

Convolution. A convolution in the time domain results in a multiplication
in the frequency domain.

z(t) * yt) +— X(w) Y{w). (2.37)
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Accordingly,
(1) y(t) < % X(w) * Y(w). (2.38)

Moments. The nth moment of z(t) given by

mn=/ ot dt, n=0,1,2... (2.39)

-0
and the nth derivative of X (w) at the origin are related as

a

— X) (2.40)

(=)™ mp =

Parseval’s Relation. According to Parseval’s relation, inner products of
two signals can be calculated in the time as well as the frequency domain. For
signals (¢) and y(¢) and their Fourier transforms X (w) and Y (w), respectively,
we have

/ T o) g () dt = % /_ O;X(w) Y* () do. (2.41)

— o0

This property is easily obtained from (2.21) by using the fact that the scaled
kernel (27)~ % e¥* is self-reciprocal.

Using the notation of inner products, Parseval’s relation may also be
written as

(@, y) = % (X,Y). (2.42)

From (2.41) with z(t) = y(t) we see that the signal energy can be
calculated in the time and frequency domains:

/ s dt

—00

E,

(2.43)
1 oo

2 ) oo

|X (W)]? dw.

This relationship is known as Parseval’s theorem. In vector notation it can be
written as

(z,x) = % (X,X). (2.44)
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2.3 The Hartley Transform

In 1942 Hartley proposed a real-valued transform closely related to the Fourier
transform [67]. It maps a real-valued signal into a real-valued frequency
function using only real arithmetic. The kernel of the Hartley transform is
the so-called cosine-and-sine (cas) function, given by

caswt = coswt + sin wt. (2.45)

This kernel can be seen as a real-valued version of e/“* = coswt + j sinwt, the
kernel of the Fourier transform. The forward and inverse Hartley transforms
are given by

X(w) = / " () caswt dt (2.46)
and 1 oo
o(t) = 5 /_ Xi(w) caswt dw, (2.47)

where both the signal z(t) and the transform X p(w) are real-valued.

In the literature, one also finds a more symmetric version based on the self-
reciprocal kernel (27r)_% caswt. However, we use the non-symmetric form in
order to simplify the relationship between the Hartley and Fourier transforms.

The Relationship between the Hartley and Fourier Transforms. Let
us consider the even and odd parts of the Hartley transform, given by

X5, (w) = 22 ) +2XH(“") = /_ o) coswt dt (2.48)
and -
X9, () = XEW) _2XH(_°") = /_ (t) sinwt dt. (2.49)

The Fourier transform may be written as

/ z(t) eIt di

—00

X(w)

/_oox(t) coswt dt —j/_oox(t) sinwt dt (2.50)

Xi(Ww) —j X5 (W)

Xagw)+Xu(-w) . Xp(w)—Xg(-w)
2 —J 2 '
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Thus,
R{X(w)}

X;I(w)a
(2.51)
AW} = —Xp)

The Hartley transform can be written in terms of the Fourier transform

as
Xp(w) = RIX (@)} - ${X (W)} (2.52)

Due to their close relationship the Hartley and Fourier transforms share
many properties. However, some properties are entirely different. In the
following we summarize the most important ones.

Linearity. It directly follows from the definition of the Hartley transform
that
az(t)+ fyt) «— aXg(w) + 8 Ya(w). (2.53)

Scaling. For any real «, we have

1 w
#(at) «— - Xn (E) . (2.54)
Proof.
* 1 [ wé 1 w
= = =— Xgl|—}).
/_oow(at) caswt dt o /_ww(f) cas (a) d¢ ol H (a)
Time Inversion. From (2.54) with a = —1 we get
z(—t) «— Xpg(—w). (2.55)
Shifting. For any real ¢y, we have
z(t — tg) ¢— coswiy Xpg(w) +sinwty Xg(—w). (2.56)

Proof. We may write

/00 z(t — o) caswi dt = /00 z(€) cas (w[€ + to]) d&.

-0 -0

Expanding the integral on the right-hand side using the property
cas(a+ B) =[cosa +sina] cosf+ [cosa —sina] sinf8

yields (2.56). L]
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Modulation. For any real wy, we have

1 1
coswyt z(t) +— 3 Xu(w—wo) + 3 Xu(w+ wo). (2.57)

Proof. Using the property
1 1
cosa casff = 5 cas (a—0) + 5 cas (a+B),

we get

[e9)
/ z(t) coswot caswt dt

— o0

= 3 /_ qu) cas ([ —wult) di + /_ Z%) cas ([w -+ wolt) dt
= %XH(w —wp) + %XH(W + wo).

([

Derivatives. For the nth derivative of a signal z(¢) the correspondence is
dar n nw nm
2t v [cos( - ) Xp(w) — sm( - ) Xpg(— )]. (2.58)

Proof. Let y(t) = 4= z(t). The Fourier transform is Y (w) = (jw)" X (w).
By writing j™ as j™ = cos(%F) + j sin(%"), we get

Y(w) = w" [cos(ZE)+jsin(2F)] X(w)

w™ [cos (%) R{X (w)} — sin (%) S{X(w)}]
+j W [eos (%) S{X (@)} +sin (%) R{X (@)}] -
For the Hartley transform, this means
Ya@W) = w* [cos (%) Xg(w) —sin (F) Xg(w)
+ cos (BF) Xg(w) +sin (%) Xg(w)]-

Rearranging this expression, based on (2.48) and (2.49), yields (2.58). [
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Convolution. We counsider a convolution in time of two signals z(¢) and
y(t). The Hartley transforms are Xg(w) and Yy (w), respectively. The corre-
spondence is

(t) * y(t) < %[XH(w)YH(w) + Xp1(—w) Vi ()
+XH(w)YH(—w) — XH(—w)YH(—w) ]

(2.59)

The expression becomes less complex for signals with certain symmetries.
For example, if () has even symmetry, then z(¢t) * y(t) +— Xp(w) Y (w).
If z(t) is odd, then z(t) * y(t) +— Xg(w)Yg(—w).

Proof.

/_O;[:I:(t) *y(t)] caswt dt = /oo [ /oo z(r)y(t —7) dq—] caswt dt

—0o0 —0o0

_ /_O;x(r) [/_O;y(t—r) caswt dt] dr

_ / " 5(r) [ coswr Yar(w) + sinwr Yar(—w) ] dr.

—00

To derive the last line, we made use of the shift theorem. Using (2.48) and
(2.49) we finally get (2.59). L]
Multiplication. The correspondence for a multiplication in time is

2(8) y(t) s ﬁ [ X5 (w) * Yir(@) + X (~w) * Yir (@)
+XH(w) * YH(—w) — XH(—w) * YH(—w) ]

(2.60)

Proof. In the Fourier domain, we have

2m x(t) y(t)

i
X(W)*Y(w) = [R{X()}*R{Y (W)} - H{X(W)}*3{Y(w)}]

+i [S{X (W)} R{Y (W)} + R{X ()} * S{Y (W)} |-
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For the Hartley transform this means

2m (1) y(t)
!

Xir(w) * Y (w) — Xp(w) * Y (w) + X (W) * Y (w) + X (w) * Y (w).

Writing this expression in terms of Xp(w) and Yy (w) yields (2.60). L]

Parseval’s Relation. For signals 2(t) and y(t) and their Hartley transforms
Xpg(w) and Yy (w), respectively, we have

/_ O;x(t) y(t) dt = % /_ O;XH(w) Vi (w) dow. (2.61)

Similarly, the signal energy can be calculated in the time and in the frequency

domains: ©
E, = / z2(t) dt

—0o0

(2.62)
= %/_mXﬁI(w) dw.

These properties are easily obtained from the results in Section 2.1 by using
the fact that the kernel (27)~ 2 caswt is self-reciprocal.

Energy Density and Phase. In practice, one of the reasons to compute the
Fourier transform of a signal z(t) is to derive the energy density SZ,(w) =
| X (w)|? and the phase /X (w). In terms of the Hartley transform the energy
density becomes

SEW) = [R{X @)} +3{X W)}
= X))+ [XgW)] (2.63)
_ XBW)+ XE(-w)
2
The phase can be written as
[XW) = tan! %
(2.64)

~1 Xu(~w) = Xg(w)

= ey )+ Xa(—w)’
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2.4 The Hilbert Transform

2.4.1 Definition

Choosing the kernel

olt - 5) = W‘—_l) (2.65)

we obtain the Hilbert transform. For the reciprocal kernel 8(s — t) we use the
notation h(s — t) throughout the following discussion. It is

s —1) = 77(31— D)

= p(t — s). (2.66)

With #(s) denoting the Hilbert transform of z(t) we obtain the following

transform pair:
1 [ -1
z(t) — / Z(s) ds

T J_o t—s
1 (2.67)
i(s) = %/_ w(t)sit dt.

Here, the integration has to be carried out according to the Cauchy principal

value: B
/ := lim (/ +/ ), g>0. (2.68)
—o0 €0 —o0 s+e

The Fourier transforms of o(¢) and A(t) are:

®w) = j sgn(w) with @(0)=0, (2.69)
Hw) = —j sgn(w) with H(0) =0. (2.70)
In the spectral domain we then have:

Xw)= ®w) Xw) =j sgnw) X(w) (2.71)
Xw)= HWw) XW) =-j sgn(w) Xw). (2.72)

We observe that the spectrum of the Hilbert transform #(s) equals the
spectrum of z(t), except for the prefactor —j sgn(w). Furthermore, we see
that, because of ®(0) = H(0) = 0, the transform pair (2.67) is valid only
for signals z(t) with zero mean value. The Hilbert transform of a signal with
non-zero mean has zero mean.



2.5. Representation of Bandpass Signals 35

2.4.2 Some Properties of the Hilbert Transform

1. Since the kernel of the Hilbert transform is self-reciprocal we have
(Z,9) = (z,y). (2.73)
2. A real-valued signal z(¢) is orthogonal to its Hilbert transform #(t):
(z,2) = 0. (2.74)
We prove this by making use of Parseval’s relation:

o (x, &) (X,X)

/_Z X(w) [X'(w)] ) dw

/_ " X(w) [ sen)]” X*(w) do (2.75)

i [T IX@P sene) do

—00

= 0.

3. From (2.67) and (2.70) we conclude that applying the Hilbert transform
twice leads to a sign change of the signal, provided that the signal has
zero mean value.

2.5 Representation of Bandpass Signals

A bandpass signal is understood as a signal whose spectrum concentrates in
a region +[wy — B,wp + B] where wg > B > 0. See Figure 2.1 for an example
of a bandpass spectrum.

| Xpp()|

- CIUO | o w

Figure 2.1. Example of a bandpass spectrum.
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2.5.1 Analytic Signal and Complex Envelope

The Hilbert transform allows us to transfer a real bandpass signal zgp(t) into
a complex lowpass signal z,p(t). For that purpose, we first form the so-called
analytic signal =3, (t), first introduced in [61]:

Tho(t) = Tap(t) + § &no(2). (2.76)

Here, Zpp(t) is the Hilbert transform of zgp ().

The Fourier transform of the analytic signal is

2 Xgp(w) for w>0,
X (W) = Xor () + j Xap(w) = Xpp(w) for w=0, (2.77)
0 for w<O.

This means that the analytic signal has spectral components for positive
frequencies only.

In a second step, the complex-valued analytic signal can be shifted into
the baseband: '
zp(t) = xt (1) e7Iwot, (2.78)

Here, the frequency wyq is assumed to be the center frequency of the bandpass
spectrum, as shown in Figure 2.1. Figure 2.2 illustrates the procedure of
obtaining the complex envelope. We observe that it is not necessary to realize
an ideal Hilbert transform with system function H(w) = —jsgn(w) in order
to carry out this transform.

The signal x5 (¢) is called the complez envelope of the bandpass signal
Zpp(t). The reason for this naming convention is outlined below.

In order to recover a real bandpass signal g5 (t) from its complex envelope
Zpp(t), we make use of the fact that

R{z* (1)}
R{zep (1) 0%} (2.79)

u(t) coswpt — v(t) sinwyt

Zpp(t)

for

u(t)

R{zwe (8)},
Sz (1)}, (2.80)
ze(t) = u(t)+jv().

e
~
o~
N’
I
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Figure 2.2. Producing the complex envelope of a real bandpass signal.

Another form of representing x5 (t) is obtained by describing the complex
envelope with polar coordinates:

Top(t) = |zee(t)] 0P (2.81)

with

|zee (B)] = V/u2(D) + v2(4), tan6(t) = % (2.82)
From (2.79) we then conclude for the bandpass signal:
Zap(t) = |z (t)| cos(wot + 4(2)). (2.83)

We see that |z.p(t)| can be interpreted as the envelope of the bandpass signal
(see Figure 2.3). Accordingly, z.p(¢) is called the complex envelope, and the



38 Chapter 2. Integral Signal Representations

Bandpass signal xgs(?) -
an i)
Y]

N /\Efwelope boce(t)| = |xge(t)
Wiy
\/\/ YV

Figure 2.3. Bandpass signal and envelope.

analytic signal is called the pre-envelope. The real part u(t) is referred to as
the in-phase component, and the imaginary part v(¢) is called the quadrature
component.

Equation (2.83) shows that bandpass signals can in general be regarded
as amplitude and phase modulated signals. For 6(¢t) = 8y we have a pure
amplitude modulation.

It should be mentioned that the spectrum of a complex envelope is always
limited to —wg at the lower bound:

Xip(w) =0 for w< —wp. (2.84)

This property immediately results from the fact that an analytic signal
contains only positive frequencies.

Application in Communications. In communications we often start with
a lowpass complex envelope z.5(t) and wish to transmit it as a real bandpass
signal zgp(t). Here, the real bandpass signal zgp(t) is produced from z;p(t)
according to (2.79). In the receiver, z.5(t) is finally reconstructed as described
above. However, one important requirement must be met, which will be
discussed below.

The real bandpass signal
Zep(t) = u(t) coswot (2.85)

is considered. Here, u(#) is a given real lowpass signal. In order to reconstruct
u(t) from zp(t), we have to add the imaginary signal ju(t)sinwgt to the
bandpass signal:

2P (t) := u(t) [coswot + j sinwot] = u(t) e/*0l, (2.86)
Through subsequent modulation we recover the original lowpass signal:

u(t) = =@ (t) e Jwot, (2.87)
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Uw)
| |
- o )
Xgp(w)
e
—w, o )
XLP (w)
I
| ]
— o )

Figure 2.4. Complex envelope for the case that condition (2.88) is violated.

The problem, however, is to generate u(t)sinwpt from w(t) coswot in the
receiver. We now assume that u(t) e/“0¢ is analytic, which means that

U(w) =0forw < —wp. (2.88)

As can easily be verified, under condition (2.88) the Hilbert transform of the
bandpass signal is given by

Z(t) = u(t) sinwyt. (2.89)

Thus, under condition (2.88) the required signal z(#)(t) equals the analytic
signal 1, (¢), and the complex envelope z.p(t) is identical to the given wu(t).
The complex envelope describes the bandpass signal unambiguously, that is,
zpp(t) can always be reconstructed from x5 (t); the reverse, however, is only
possible if condition (2.88) is met. This is illustrated in Figure 2.4.

Bandpass Filtering and Generating the Complex Envelope. In prac-
tice, generating a complex envelope usually involves the task of filtering the
real bandpass signal zgp(t) out of a more broadband signal z(¢). This means
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that zgp(t) = z(t)*g(t) has to be computed, where g(t) is the impulse response
of a real bandpass.

The analytic bandpass g7 (t) associated with g(¢) has the system function
Gt (w) = G(w) [1+ 7 HW)). (2.90)
Using the analytic bandpass, the analytic signal can be calculated as
Th(t) = z(t)xg* (1)

1 (2.91)
Xhw) = X(w) Gtw).

For the complex envelope, we have

Zio(t) = [a(t) % g7 (1)] e Iw0t
(2.92)

<>

Xir (W) X(w+ wp) G (w + wp)-

If we finally describe the analytic bandpass by means of the complex
envelope of the real bandpass

gt®) = gue(®) eJwot
$ (2.93)
Gt (CU) = GLP (w - wO)a
this leads to
Xep(w) = X(w+ wo) Grp(w). (2.94)

We find that X;»(w) is also obtained by modulating the real bandpass signal
with e~7%0% and by lowpass filtering the resulting signal. See Figure 2.5 for
an illustration.

The equivalent lowpass Gpp(w) usually has a complex impulse response.
Only if the symmetry condition Gyrp(w) = Gfp(—w) is satisfied, the result is
a real lowpass, and the realization effort is reduced. This requirement means
that |G(w)| must have even symmetry around wp and the phase response
of G(w) must be anti-symmetric. In this case we also speak of a symmetric
bandpass.

Realization of Bandpass Filters by Means of Equivalent Lowpass
Filters. We consider a signal y(t) = z(¢t) * g(¢t), where z(¢), y(¢), and g(t) are
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Bandpass
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Figure 2.5. Generating the complex envelope of a real bandpass signal.

real-valued. The signal z(t) is now described by means of its complex envelope
with respect to an arbitrary positive center frequency wp:

z(t) = R{w.p (t) 701}, (2.95)
For the spectrum we have

X(w)= lXLP(w —wp) + 1 X (—w — wp). (2.96)

2 2
Correspondingly, the system function of the filter can be written as
G(W) = 5 Gen(w —w0) + 3 G~ — o). (2.97)
For the spectrum of the output signal we have
Yw) = Xw)Gw)
= I Xee(w—wo) Gre(w —wp)
+3 Xl (—w — wo) Gip(—w — wo) (2.98)
+3 Xir(w — wo) Gip(—w — wop)
+% X (—w — wp) Gre{w — wp).

The last two terms vanish since Gyp(w) =0 for w < —wg and Xpp(w) = 0 for
w < —wp:
Y(w) = % XLP (w - wO) GLP (w - wo)

+1 Xip(-w —wo) Gip(—w — wo) (2.99)

= % Vip(w — wo) + % Y5 (—w — wg).
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Altogether this yields
1
Yip(w) = 3 Xip (w) Grp(w). (2.100)

This means that a real convolution in the bandpass domain can be replaced
by a complex convolution in the lowpass domain:

y@) =z@)xg(t) — Yue(t) = % T (t) * gue(t). (2.101)

Note that the prefactor 1/2 must be taken into account. This prefactor did not
appear in the combination of bandpass filtering and generating the complex
envelope discussed above. As before, a real filter g.-(t) is obtained if G(w) is
symmetric with respect to wy.

Inner Products. We consider the inner product of two analytic signals
gt(t)=z(t)+j2(t) and  y* (&) =y(t) +59(),
where z(t) and y(¢) are real-valued. We have
(z*,y") =(z,y) + (&%) +j(&,9) +j(z,9). (2.102)
Observing (2.73), we get for the real part
R{(z",y")} =2 (z,y). (2.103)

If we describe z(t) and y(t) by means of their complex envelope with respect
to the same center frequency, we get

(x,y) = % R{(xre, Yrr)}- (2.104)

For the implementation of correlation operations this means that correlations
of deterministic bandpass signals can be computed in the bandpass domain
as well as in the equivalent lowpass domain.

Group and Phase Delay. The group and phase delay of a system C(w)
are defined as

Te(w) = - d‘fiff) (2.105)
and

(W) = — # (2.106)
where

C(w) = |C(w)| /W), (2.107)
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In order to explain this, let us assume that C(w) is a narrowband bandpass
with B << wp. The system function of the associated analytic bandpass may
be written as

|C(w)]e?*),  |w —wo| < B/2

(2.108)
0, otherwise.

O (w) = {

Because of B << wp, Cf,(w) may be approximated as

awmw{wwmawm”w—mﬂﬁyww&|wﬂms30

0, otherwise.
(2.109)
For the complex envelope Crr(w) = Crp(w + wo) it follows that
Cir(w) m |Clwo)| e Iw0Tpwo) g—jwg(wo) < B2, (2.110)

with 7, and 7, according to (2.105) and (2.106). If we now look at the input-
output relation (2.100) we get

Yio(w) ~ %|C(w0)| e1w0mp(w0) o=jwTg(w0) X (u). (2.111)
Hence, in the time domain
1 s
yee (1) = 5| (wo)le ™00 gy (8~ 7 (wo)), (2.112)

which means that the narrowband system C(w) provides a phase shift by
Tp(wo) and a time delay by 7, (wo).

2.5.2 Stationary Bandpass Processes

In communications we must assume that noise interferes with bandpass signals
that are to be transmitted. Therefore the question arises of which statistical
properties the complex envelope of a stationary bandpass process has. We
assume a real-valued, zero mean, wide-sense stationary bandpass process z(t).
The autocorrelation function of the process is given by

T2z(T) = rge(—7) = E{z(t) z(t +7)}. (2.113)

Now we consider the transformed process #(¢). For the power spectral
density of the transformed process, Ssz(w), we conclude from (1.103):

Sas(w) = [HW)]® - Seo(w) = Sea(w), (2.114)
1 for w#0 0 for w=0
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where h(t) «— H(w). Thus, the process #(¢) has the same power spectral
density, and consequently the same autocorrelation function, as the process
z(t):

T35 (T) = T30 (7). (2.115)

For the cross power spectral densities S;;(w) and Sz, (w) we get according
to (1.102):

~

Ses(w) H(w) Sypz(w),

(2.116)
Siz(w) = I:I*(w) Sez(w).

Hence, for the cross correlation functions:

rea(r) = fas(r), (2.117)

~ ~

Teo(T) = Taa(—T) = Fou(—T) = —Foa(T).
Now we form the analytic process z*(t):
T (t) = z(t) + j £(¢). (2.118)
For the autocorrelation function we have
reto+(T) = E{[z(t) +72@)" [2(t+7)+j2(¢+7)]}
= 140(1) +J 722 () = J 722(T) +122(7) (2.119)
= 274e(7) + 2] Fau(T).

This means that the autocorrelation function of the analytic process is an
analytic signal itself. The power spectral density is

4 rr 9’
Sy (W) = { Sgz(w) forw>0

(2.120)
0 for w < 0.

Finally, we consider the complex process z,»(t) derived from the analytic
process

Tp(t) = zT(t) e Iwot
(2.121)

u(t) + 5 v(t).
For the real part u(t) we have
ut) = R{[z(t) +j2(t)] e}
= z(t) coswol + £(t) sinwpt (2.122)

= L [at(t) eIuot 4 [z (1)) edwnt],
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and for its autocorrelation function follows
E{u(tyut+7)} = % B{at(t) ot (t+7) edwo+n)
+at(t) [zt (t +7))* o7
| (2.123)
+ [zt (®)]* =t (¢ + 7) eI
+ [t @) [ (¢ + )] o@D

In (2.123) two complex exponential functions dependent on ¢ are included
whose prefactors reduce to zero:

E{fa* @) [z*(t+ )]} E{z*(t) =¥ (t+7)}

= E{(z®)+3j2@) (@@t +7)+52(+7))}

7

= Toa(T) = 758(7) + jT2s(7) + jr2s(7)

~

0 0
= 0.
(2.124)
What remains is
Tuu (T) = FE {’U/(t) U(t + ’7’)}
= i [retetr (M IO 4 g (T) e_j“’o'r] (2.125)
= 742(7) COSWoT + Fup(T) SinwpT.
In a similar way we obtain
Tyw (T) = Tuu (7—) (2.126)

for the autocorrelation function of the imaginary part of the complex envelope.
The cross correlation function between the real and the imaginary part is given
by
Tu(T) = —Toul(T)
(2.127)
= Fpu(T) COSWT — T4e(T) sinwgT.

From (2.125) — (2.127) we conclude that the autocorrelation function of
the complex envelope equals the modulated autocorrelation function of the
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analytic signal:
Teupare (T) = E{[u(t) —j v(t)] [u(t+7) +J v(t +7)]}
= 27uu(T) + 2§ 1y (7) (2.128)
= 2 [rge(T) + j Fou(1)] e7I%0T,

Correspondingly, we get for the power spectral density:

Serprre (W) = Sptg+(w+wo)
_ {4 Sze(w +wp) for w+wo >0, (2.129)
- 0 for w+ wp < 0.

We notice that the complex envelope is a wide-sense stationary process
with specific properties:

e The autocorrelation function of the real part equals that of the imagi-
nary part.

e The cross correlation function between the real and imaginary part is
antisymmetric with respect to 7. In particular, we have

Tuw (0) = 744, (0) = 0.

In the special case of a symmetric bandpass process, we have

Serpere (W) = Soppare (—w). (2.130)

Hence, we see that the autocorrelation function of z;5(t) is real-valued. It
also means that the cross correlation between the real and imaginary part

vanishes:
run(7) =0, V1. (2.131)
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Chapter 3

Discrete

Signal Representations

In this chapter we discuss the fundamental concepts of discrete signal repre-
sentations. Such representations are also known as discrete transforms, series
expansions, or block transforms. Examples of widely used discrete transforms
are given in the next chapter. Moreov er, optimal discrete representations will
be discussed in Chapter 5. The term “discrete” refers to the fact that the
signals are represented by discrete values, whereas the signals themselves
may be continuous-time. If the signals that are to be transformed consist
of a finite set of values, one also speaks of block transforms. Discrete signal
representations are of crucial importance in signal processing. They give a
certain insight into the properties of signals, and they allow easy handling of
continuous and discrete-time signals on digital signal processors.

3.1 Introduction

We consider a real or complex-valued, continuous or discrete-time signal x,
assuming that & can be represented in the form

r= Xn:ai P4 (3.1)
i=1

47
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The signal x is an element of the signal space X spanned by {¢;,...,¢,}.
The signal space itself is the set of all vectors which can be represented by

linear combination of {¢,,...,¢,}. For this, the notation
X=Spall{¢1,...,¢n} (32)
will be used henceforth. The vectors ¢,, i = 1,...,n may be linearly depen-

dent or linearly independent of each other. If they are linearly independent,
we call them a basis for X.

The coefficients a;, ¢ = 1,...,n can be arranged as a vector
T
a=a,...,q, , (3.3)

which is referred to as the representation of & with respect to the basis
{@1r--r0n}.

One often is interested in finding the best approximation of a given signal
x by a signal & which has the series expansion

&= Zﬂi @; with m<n. (3.4)
i=1

This problem will be discussed in Sections 3.2 and 3.3 in greater detail. For
the present we will confine ourselves to discussing some general concepts of
decomposing signal spaces. We start by assuming a decomposition of z into

T =x1 + T2, (35)
where
m
1 = Z Py, (3.6)
i=1
n
Ty = Z ap;. (3.7
i=m+1
Signal z; is an element of the linear subspace! X; = span {®;,...,®,,} and
x5 is an element of the linear subspace X5 = span {cpm Tl cpn}. The space

X is called the sum of the subspaces X3 and X5. If the decomposition of x € X

IDefinition of a linear subspace: let M be a non-empty set of elements of the vector
space X. Then M is a linear subspace of X, if M itself is a linear space. This means that
all linear combinations of the elements of M must be elements of M. Hence, X itself is a
linear subspace.
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into £1 € X1 and z2 € X, is unique,? we speak of a direct decomposition of
X into the subspaces X; and X5, and X is called the direct sum of X; and
Xs. The notation for the direct sum is

X=X &X,. (3.8)

A direct sum is obtained if the vectors that span X are linearly independent
of the vectors that span Xs.

If a space X is the direct sum of two subspaces X; and X5 and x; € X3
and x; € Xo are orthogonal to one another for all signals & € X, that is if
{(x1,z2) =0V € X, then X is the orthogonal sum of the subspaces X; and
Xs. For this we write

1
X=X & Xy. (3.9)

3.2 Orthogonal Series Expansions

3.2.1 Calculation of Coeflicients

We consider a signal  that can be represented in the form
n
T = Zai U, (3.10)
=1

where the vectors u; satisfy the orthonormality condition
(ui,'u,j) = (5” (3.11)
Here, §;; is the Kronecker symbol
1 for i=3j
6 = { J> 12
" 0  otherwise. (3.12)

For all signals « in (3.10) we have & € X with X = span {uy, us,...,up}.
Because of (3.11), u1, us, . . . , 4, form an orthonormal basis for X. Each vector
u;, 4 = 1,...,n spans a one-dimensional subspace, and X is the orthogonal
sum of these subspaces.

The question of how the coefficients a; can be calculated if  and the
orthonormal basis {u1,...,u,} are given is easily answered. By taking the
inner product of (3.10) with u;, j =1,...,n and using (3.11) we obtain

o; =(z,u;), j=1,...,n (3.13)

2The decomposition is unique if &; and &2 cannot be represented by means of coefficients
m n
Vi ;ﬁ Q; a8 1 = Zi:l YiP; and &2 = Ei=m+1 YiPs-
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N

Mm
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Figure 3.1. Orthogonal projection.

3.2.2 Orthogonal Projection

In (3.10) we assumed that & can be represented by means of n coefficients
Qai,qq,...,ay. Possibly, n is infinitely large, so that for practical applications
we are interested in finding the best approximation

&= fiuwi, m<n (3.14)
=1
in the sense of
d(z, &) = ||z — &|| = (& — &, — )% = min. (3.15)

The solution to this problem is® 8; = (x, u;), which means that

=

= Z (®,u;) u;. (3.16)

This result has a simple geometrical interpretation in terms of an orthogonal
projection. Each basis vector u; spans a subspace that is orthogonal to the
subspaces spanned by u;, j # ¢, which means that the signal space X is
decomposed as follows:

Lol
X=M, o M, (3.17)
with
=2+, zcX, £€M,, neML:. (3.18)
The subspace M- is orthogonal to M,,, and 7 = ¢ — & is orthogonal to &

(notation: 1.Ld&). Because of L& we call & the orthogonal projection of x
onto M. Figure 3.1 gives an illustration.

As can easily be verified, we have the following relationship between the
norms of &, & and 5

|| = |21 + Iml|*. (3.19)

3The proof is given in Section 3.3.2 for general, non-orthogonal bases.
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3.2.3 The Gram—-Schmidt Orthonormalization
Procedure

Given a basis {p,;; ¢ = 1,...,n}, we can construct an orthonormal basis
{u;; i =1,...,n} for the space span {¢p;; i =1,...,n} by using the following
scheme:

w = ¥
_ w
U1 = e
wy = ¢2—<¢2,U1>U1
_ w
U2 = [aoa]
w3z = <P3_(‘P3,'U:1>U1—(‘P3,U2>U2
_ Wy 3.20
us = Tws (3.20)
i—1
w; = ‘Pi_z<§0i;uk)uk
L= w;
Ui = T

This method is known as the Gram-Schmidt procedure. It is easily seen that
the result is not unique. A re-ordering of the vectors ¢, before the application
of the Gram—Schmidt procedure results in a different basis.

3.2.4 Parseval’s Relation

Parseval’s relation states that the inner product of two vectors equals the
inner product of their representations with respect to an orthonormal basis.
Given

n
r= Zai u; (3.21)
=1
and
y=> Biu (3.22)
i=1
we have

(z,y) = (o, B) (3.23)
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with
T
a = [ala"'aan] y

ﬂ = [/317 o 7/871]T . (324)

This is verified by substituting (3.21) into (3.23) and by making use of the
fact that the basis is orthogonal:

(z,y) = <anlaiui; f:lﬁj%)
= J=
- ¥y @ 3} (ui, uj)

i=1j5=1 (3.25)
= ) aifff
i=1
For x = y we get from (3.23)
llzll = [le]| - (3.26)

It is important to notice that the inner product of the representations is
defined as (e, B) = B, whereas the inner product of the signals may have
a different definition. The inner product of the signals may even involve a
weighting matrix or weighting function.

3.2.5 Complete Orthonormal Sets

It can be shown that the space Ls(a,b) is complete. Thus, any signal
z(t) € La(a,b) can be approximated with arbitrary accuracy by means of
an orthogonal projection

n

8= (2,0 eilt), (3.27)

=1

where n is chosen sufficiently large and the basis vectors ¢;(t) are taken from
a complete orthonormal set.

According to (3.19) and (3.23) we have for the approximation error:

2 2 2
llz — x| ll]]” = [l

(3.28)

I
llz||” - 2| (e
i=
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From (3.28) we conclude

n

Yol P <zl ¥ n. (3.29)

i=1
(3.29) is called the Bessel inequality. It ensures that the squared sum of the
coefficients (z, ;) exists.

An orthonormal set is said to be complete if no additional non-zero
orthogonal vector exists which can be added to the set.

When an orthonormal set is complete, the approximation error tends
towards zero with n — oo. The Bessel inequality (3.29) then becomes the
completeness relation

Y 1@, ) P = llel* V z € La(a,b). (3.30)
i=1

Here, Parseval’s relation states

(@) =D (2,0 W 0)" (3.31)
and for z = y:
[l]|* = Z l(z, @) . (3.32)

3.2.6 Examples of Complete Orthonormal Sets

Fourier Series. One of the best-known discrete transforms is the Fourier
series expansion. The basis functions are the complex exponentials

ejm't

pi(t) = V3

which form a complete orthonormal set. The interval considered is T'=[—1, 1].

The weighting function is g(¢t) = 1. Note that any finite interval can be mapped
onto the interval T = [-1,+1] .

i=0,+1,42,..., (3.33)

Legendre Polynomials. The Legendre polynomials P,(t), n=10,1,... are

defined as 1
Pal) = gt am

and can alternatively be computed according to the recursion formula

2 - 1)" (3.34)

L {20 — 1)t Pacs(t) - (n— 1) Pacs(®)]. (3.35)

Pu(t) = n
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The first four functions are

P(t) = 1,
Pt) = 1t
P(t) = 3*—3,
Pty = 32 -3¢

A set pn(t), n = 0,1,2,... which is orthonormal on the interval [—1,1]
with weighting function g(t)=1 is obtained by

onlt) = || L0 ) (3.36)

Chebyshev Polynomials. The Chebyshev polynomials are defined as

T.(t) =cos(n arccost ), n>0, -1<t<1, (3.37)
and can be computed according to the recursion
Tn(t) =2t Tn—l(t) - Tn—2(t)' (338)

The first four polynomials are

T(t) = 1,
Ti(t) = ¢
To(t) = 282-1,
T5(t) = 43 -3t

Using the normalization

V1/m To(t) forn=0
en(t) = (3.39)
2/n Tp(t) forn>0

we get a set which is orthonormal on the interval [—1,+1] with weighting
function g(t) = (1 —2)~1/2.

Laguerre Polynomials. The Laguerre polynomials

i
Ly(t) = eti—n(t"e_t), n=0,1,2,... (3.40)



3.2. Orthogonal Series Expansions 55

can be calculated by means of the recursion
La(t)=(2n—1—1) Ly_1(t) — (n — 1)? Ly_s(t). (3.41)
The normalization

on(t) = —La(t) n=0,1,2,... (3.42)

yields a set which is orthonormal on the interval [0, co] with weighting function
g(t) = e~t. The first four basis vectors are

QOO(t) = 1,

¥1 (t) = 1- 2

p2(t) = 1-2t+ 182,

p3(t) = 1-3t+ 342 — 45

An alternative is to generate the set

o—t/2

which is orthonormal with weight one on the interval [0, 0o]. As will be shown
below, the polynomials #,(¢), n =0,1,2,... can be generated by a network.
For this, let

Falt) = tu(20t) = 1L (20). (3.49
The Laplace transform is given by
_ _ (s=p"
Fn(s) - L{fn(t)} - (8 +p)n+1 ' (345)

Thus, a function f,(¢) is obtained from a network with the transfer
function F,(s), which is excited by an impulse. The network can be realized
as a cascade of a first-order lowpass and n first-order allpass filters.

Hermite Polynomials. The Hermite polynomials are defined as
o2 45 g
Hit)=(-1)"e prrad k=0,1,2,... (3.46)

A recursive computation is possible in the form

Hiy(t) = 2t Hy_1 (t) — 2(k — 1) Hy_o(t). (3.47)
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With the weighting function g(t) = e~ the polynomials

or(t) = (2% k! vT) 7 Hip(t), k=0,1,2,... (3.48)

form an orthonormal basis for Ls(IR). Correspondingly, the Hermite functions

on(®) = (@F Kl )~ e 2 Hyt), k=0,1,2,..., (3.49)

form an orthonormal basis with weight one. The functions g (t) are also ob-
tained by applying the Gram-Schmidt procedure to the basis {t* e -2/ 2. k=

1,...} [57].

Walsh Functions. Walsh functions take on the values 1 and —1. Orthogo-
nality is achieved by appropriate zero crossings. The first two functions are
given by

QDO(t) :{1 fOI‘OStSl,

(3.50)
_f1 for0<t<i,
1 (t) _{—1 for § <t<1.
Further functions can be computed by means of the recursion
(2k11)( £ = (k)(2t) for0<t< i
Pmet (~)F1e® (2t -1) fori<it<1
> m 172’ ?
E =1,...,2m71
(p(zk)() _ Sogrli)( 2t) for0<t<i
mtt (ke (@t —1) forl<t<l |
(3.51)

Figure 3.2 shows the first six Walsh functions; they are named according to
their number of zero crossings.

3.3 General Series Expansions

If possible, one would choose an orthonormal basis for signal represen-
tation. However, in practice, a given basis is often not orthonormal. For
example, in data transmission a transmitted signal may have the form
z(t) = 3, d(m) s(t — mT), where d(m) is the data and s(t) is an impulse
response that satisfies [ s(¢)s(t — mT)dt = dmo. If we now assume that z(t) is
transmitted through a non-ideal channel with impulse response h(t), then we
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wp() ! ¢
1+ 1
wi® ¢
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Figure 3.2. Walsh functions.

have a signal r(t) = _, d(m)g(t —mT) with g(t) = s(t) * h(t) on the receiver
side. This new basis {g(t — mT); m € Z} is no longer orthogonal, so that the
question arises of how to recover the data if r(¢) and g(t) are given.

3.3.1 Calculating the Representation

In the following, signals @ € X with X = span {¢,,...,¢,} will be consid-
ered. We assume that the n vectors {¢,..., ¥, } are linearly independent so
that all z € X can be represented uniquely as

wzzn:ai p,, =ze€X (3.52)
i=1
As will be shown, the representation
a=o,...an)" (3.53)
with respect to a given basis {¢;,...,¢,} can be computed by solving a

linear set of equations and also via the so-called reciprocal basis. The set of
equations is obtained by multiplying (inner product) both sides of (3.52) with
¢ i=1...,m

n

=1

In matrix notation this is
ba=0 (3.55)
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(41

01 P2

0, '1

Figure 3.3. Reciprocal basis (The basis is ¢,= [0,1]7, ¢,= [2,1]7; the correspond-
ing reciprocal basis is 81= [—0.5,1]", @.=[0.5,0]").

with

C{(P1,01)  (P2,01) -+ (PnP1)
(P1,P2) (P2 P2) - (P P2)

'I’ = : ’
R (7 P R (N (3.56)
-(magol)

,3 _ (ma?o2)
-(il:,QOH)

& is known as the Grammian matriz. Due to {¢;, ¥;) = (¢s, @;)" it has
the property ® = &7,

The disadvantage of the method considered above is that for calculating
the representation a of a new x we first have to calculate 3 before (3.55) can
be solved. Much more interesting is the computation of the representation
a by means of the reciprocal basis {6;; ¢ = 1,2,3...n}, which satisfies the
condition

((pi,aj) =5ij 5 i,j = 1,...,n, (357)

which is known as the biorthogonality condition; Figure 3.3 illustrates (3.57)
in the two-dimensional plane.

Multiplying both sides of (3.52) with 6;, j =1,...,n leads to

(w,Oj) =Zai (<pi,0j) = 4, ] = 1,...,n, (358)
i=1 5"'_

which means that, when using the reciprocal basis, we directly obtain the
representation by forming inner products

aj = <m70,7'): j=1...,n. (359)
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A vector & can be represented as

=3 (.00 @, (3.60)

i=1

and also as

=Y (x,0) 0 (3.61)

i=1

Parseval’s relation holds only for orthonormal bases. However, also for
general bases a relationship between the inner product of signals and their
representations can be established. For this, one of the signals is represented

by means of the basis {¢y,...,9,} and a second signal by means of the
corresponding reciprocal basis {81,...,60,}. For the inner product of two
signals
n
z= Z (x, ;) 0; (3.62)
i=1
and
n
Y= (y,08) @4 (3.63)
k=1
we get

(,y) = <§3( ;) 0; kfll(yﬁk)m)

=1

= Y3 (@00 ,00)" (65,01 (3.64)

=1 k=1

= ; (@, 0:) (0, 05)"

.,

In the last step, the property {@;, %) = d;x was used.

Calculation of the Reciprocal Basis. Since ¢, £k = 1,...,n as well as
0;, j =1,...,n are bases for X, the vectors 8;, j =1,...,n can be written
as linear combinations of ¢, k£ =1,...,n with the yet unknown coefficients
Vik:
n
0.7‘:27]"" P j=1,...,n. (365)

k=1
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Multiplying this equation with ¢,, i = 1,...,n and using (3.57) leads to

n 3\
(05,0;) = <X_:1’ij k> <P¢>

(’Yk‘p ,QD)
L ij=1,...,n.  (3.66)

n
= ki_jl Yik {Pr>Ps)

I
Mﬁlar

E

= & )
With
Y1 o-ee Tin
r=|: - (3.67)
Tl --- VYnn
and
(‘pla‘pl) v (‘Pla‘pn>
37 = : : (3.68)
(Prrp1) o (Pny )
equation (3.66) can be written as
re’ =1, (3.69)
so that .
= (@T) . (3.70)

The reciprocal basis is obtained from (3.65), (3.67) and (3.70).

3.3.2 Orthogonal Projection

We consider the approximation of & € X by & € M,,, where M,,, C X. For
the signal spaces let X = span{¢,...,9¢,} and M,, = span{@y,...,@mn}
with m < n.

As we will see, the best approximation in the sense of
lz — #|| = min (3.71)

is obtained for

&=) (x,0); (3.72)

=1
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where {0;; i =1,...,m} is the reciprocal basis to {¢;; i = 1,...,m}. Note
that the reciprocal basis satisfies

My, =span{py,...,0,,} =span{6y,...,0,}. (3.73)

Requiring only (¢;,8;) = 6;;,1,7 =0,1,...,m is not sufficient for 8; to form
the reciprocal basis.
First we consider the expression (&, 8;) with & according to (3.72). Because
of (p;,0;) = d;; we obtain
A m -
(2,0;) = <Zl(a:,01) Y, 0j> ={(z,0;), j=1,...,m. (3.74)
1=
Hence,
(x—2,0;)=0, j=1,...,m. (3.75)
Equation (3.75) shows that
n=x—% (3.76)

is orthogonal to all 8;, j = 1,...,m. From (3.73) and (3.75) we conclude that
77 is orthogonal to all vectors in M,,:

nl& forall &€ M,. (3.77)

This also means that X is decomposed into an orthogonal sum

1
X =M, & M. (3.78)
For the vectors we have
T=2a+n, €My, meEML, zcX. (3.79)

The approximation & according to (3.72) is the orthogonal projection of x € X
onto M,,.

In order to show that & according to (3.72) is the best approximation to
x, we consider the distance between x and an arbitrary vector & € M,, and
perform some algebraic manipulations:

Pz, &) = ||z - |
= (@ -&) - (@ -&)|
= (z-2)-(Z-2),@-2) - (&-2))
= (z—-2,z—-2) —(x—%,&-2) — (-2, z—2) + (&—2,2—-%).
(3.80)
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Because of (£ — &) € M, and (3.75), the second and third terms in (3.80)
are zero, such that
=2 o112 A2
lz —Z|" = |lz — 2| + ||& — 2" (3.81)

The minimum is achieved for & = &, so that (3.72) clearly yields the best
approximation.

A relationship between the norms of &, % and 77 is obtained from

[T & -+ ||
= (E&+n,z+n) (3.82)
= (&) + &0+ n2)+ (n,m).

Because of (3.79) the second and the third term in the last row are zero, and

2l = ll]* + ] (3-83)

remains.

3.3.3 Orthogonal Projection of n-Tuples

The solutions to the projection problem considered so far hold for all vectors,
including n-tuples, of course. However, for n-tuples the projection can con-
cisely be described with matrices, and we have a large number of methods at
hand for solving the problem.

In the following, we consider the projection of & = [z1,... ,wn]T eC"
onto subspaces My, = span{by,...,by,}, where m < n and b; € C". With

B = [b,...,bp] n X m matrix (3.84)

and
a=l[ay,...,am]" mx1 vector (3.85)

the approximation is given by
&= DB a. (3.86)

Furthermore, the orthogonal projection can be described by a Hermitian
matrix P as

&£=Pz. (3.87)
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Inner Product without Weighting. To compute the reciprocal basis @ =
[01,...,8,] the relationships (3.70), (3.56) and (3.65) are used, which can be
written as

" = @'
& = BB, (3.88)
® = BrT.

For the reciprocal basis we then get
© = B [BEB|™. (3.89)

Observing that the inverse of a Hermitian matrix is Hermitian itself, the
representation is calculated according to (3.59) as

a=0"z=[BYB]'BY. (3.90)
With (3.86) the orthogonal projection is
& = B[B" B|"'B. (3.91)

If B contains an orthonormal basis, we have BZ B = I, and the projection
problem is simplified.

Note that the representation according to (3.90) is the solution of the
equation
[BEB]a = Bz, (3.92)

which is known as the normal equation.

Inner Product with Weighting. For an inner product with a weighting
matrix G, equations (3.70), (3.56) and (3.65) give

FT — q,—l’
& = BHGB, (3.93)
® = Br.
Thus, we obtain
® = B[Bf@B]7}, (3.94)
a = 09Gz=[BYGB|'B¥Gz, (3.95)

B[BEIGB]'BiGz. (3.96)

8
I
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Alternatively, G can be split into a product G = H¥ H, and the problem

|Ba — ||, < min (3.97)
a=a
can be transformed via
z = Hzx
(3.98)
V = HB

into the equivalent problem

Ve - z||, < min. (3.99)
a=a

The indices of the norms in (3.97) and (3.99) stand for the weighting matrices
involved. Thus, the projection problem with weighting can be transformed
into one without weighting. Splitting G into G = H H can for instance be
achieved by applying the Cholesky decomposition G = LLY or by a singular
value decomposition. Both methods can be applied in all cases since G must
be Hermitian and positive definite in order to be a valid weighting matrix.

Note. The computation of the reciprocal basis involves the inversion of the
Grammian matrix. If the Grammian matrix is poorly conditioned, numerical
problems may occur. Robust methods of handling such cases are the QR
decomposition and the Moore—Penrose pseudoinverse, which will be discussed
in the next section.

3.4 Mathematical Tools

3.4.1 The QR Decomposition

The methods for solving the projection problem considered so far require
an inversion of the Grammian matrix. The inversion does not pose a major
problem so long as the vectors that span the subspace in question are
linearly independent. However, because of finite-precision arithmetic, a poorly
conditioned Grammian matrix may lead to considerable errors, even if the
vectors are linearly independent.

A numerically robust solution of

|Be — z| < min (3.100)
a=a
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is obtained by carrying out a QR decomposition of B:
B=QR. (3.101)

Here, Q is a unitary matrix, and R has the following form:

(3.102)

The QR decomposition can, for instance, be computed by using House-
holder reflections or Givens rotations; see Sections 3.4.4 and 3.4.5.

In the following we will show how (3.100) can be solved via QR decompo-
sition. Substituting (3.101) in (3.100) yields

IQRa — z|| | = min. (3.103)
a=a
For (3.103) we can also write
|Q¥QRa - Q7z| = | Ra — Q7| | = min, (3.104)
a=a

because a multiplication with a unitary matrix does not change the norm of
a vector. Using the abbreviation y = Q¥ x, we get

i1 ot Tim [ Y1 ]
. . aq
|Re: — yl| = Tmm SR B (3.105)
' Ym+1
(8773 .
Ly,
With
i1 - Tim n 0 -+ 07 Ym+1
X = : y = : 9 N = : : b f: :
Tmm Ym 0 --- 0l Yn
(3.106)
(3.105) becomes
X z Xa-z
me-wi=|[X] =[] -|[RaZ7]]- e




66 Chapter 3. Discrete Signal Representations

The norm reaches its minimum if @ = a is the solution of
X a==z (3.108)

Note that X is an upper triangular matrix, so that a is easily computed by
using Gaussian elimination. For the norm of the error we have:

ira gl = [ 7]

‘ " (3.100)

3.4.2 The Moore—Penrose Pseudoinverse
We consider the criterion

|Ba — x| | < min. (3.110)
(84

The solutions (3.90) and (3.91),

Bz, (3.111)

& = B[B"B]"

Big, (3.112)
can only be applied if [B¥ B] ! exists, that is, if the columns of B are linearly
independent. However, an orthogonal projection can also be carried out if
B contains linearly dependent vectors. A general solution to the projection
problem is obtained by introducing a matrix BT via the following four
equations

B*B = (BTB)Y (3.113)
BBt = (BB")# (3.114)
BB*B = B (3.115)
B*BB* = BT (3.116)

There is only one B¥ that satisfies (3.113) — (3.116). This matrix is called the
Moore—Penrose pseudoinverse [3]. The expressions BT B and BB describe
orthogonal projections, since under conditions (3.113) — (3.116) we have

[z — BB*z]” BBtz 0,

(3.117)

[a — BTBa]” B*Ba 0.
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Agsuming that B is an n x m matrix which either has rank ¥ = m or
k = n, we have

Bt =[BYB]'BY, k=m,
BT =BH[BB®]™, k=n, (3.118)
BT =B, k=n=m.
BT can for instance be computed via the singular value decomposition
B=UXVH, (3.119)
U and V are unitary. For m < n, 3 has the following form:

o1

= o | (3.120)

The non-zero values ¢; are called the singular values of B. They satisfy
o; > 0. With
1
>+ = , T = {1/‘”’ oi # 0, (3.121)

0, o; =0
Tm

the pseudoinverse BT is given by
Bt =VItUEH, (3.122)

It can easily be shown that the requirements (3.113) - (3.116) with Bt
according to (3.122) are satisfied, so that (3.111) and (3.112) can be replaced
by

a = B'zx, (3.123)

& = BBz (3.124)

Note that (3.123) is not necessarily the only solution to the problem
(3.110). We will return to this topic in the next section.
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By taking the products B¥ B and BB¥ we obtain equations for calculat-
ing the singular value decomposition. With B according to (3.119) we have

BEB = vHUHUSVE = V[EHZ] VH,
(3.125)
BBE —yUusvEVSiyHE — U[EZH] UH.

That is, the squares of the singular values of B are the eigenvalues of
BY B and at the same time of BB . Matrix V contains the orthonormal
eigenvectors of BH B. Correspondingly, U contains the eigenvectors of BB
Further methods of calculating the pseudoinverse are discussed in [3].

Note. The pseudoinverse may be written as
Bt = [B"B]" BY. (3.126)

This property can be applied to continuous functions, and with 7 = &+
instead of T'T = &~ we can compute a set of functions 8 (t), which is dual
to a given set ¢;(t); see (3.65) — (3.70).

3.4.3 The Nullspace

Let us consider the problem
Ba =2, (3.127)

where £ = B Btz is the orthogonal projection of an arbitrary = onto the
column subspace of B. It is easily observed that the solution to (3.127) also is
the solution to (3.110). Depending on B we either have a unique solution a,
or we have an infinite number of solutions. Finding all solutions is intimately
related to finding the nullspace of matrix B.

The nullspace of a matrix B consists of all vectors a such that Ba = 0.
It is denoted by N(B). In order to describe N (B), let us assume that B
is an n X m matrix that has rank r. If » = m then A (B) is only the null
vector, and @ = Bt& = BT is the unique solution to (3.127) and thus also
to (3.110). If r < m then A (B) is of dimension m — r, which means that
N(B) is spanned by m —r linearly independent vectors. These vectors can be
chosen to form an orthonormal basis for the nullspace. If we define a matrix
N of size m x (m — r) whose column subspace is the nullspace of B then

BN =0. (3.128)
The set of all solutions to (3.127) is then given by

a=a+Np, where a=B"%=B"z. (3.129)
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In (3.129) p is an arbitrary vector of length m — r. In some applications it is
useful to exploit the free design parameters in p in order to find a solution
a that optimizes an additional criterion. However, in most cases one will use
the solution & given by the pseudoinverse, because this is the solution with
minimum Euclidean norm. In order to see this, let us determine the squared
norm of a:

2
lall;, = aa

= [Btz + Np|" [BTz + Np|
= zH(BYYEIBTz +p"NEB z + 2 (BT)PNp+ p? NENp.
(3.130)

The second and third terms vanish, because BN = 0 implies that N¥ B+ =
0. Thus, we get the vector a of shortest length for p = 0, that is for a = a.

The matrix IN that contains the basis for the nullspace is easily found
from the singular value decomposition

B=UXVH, (3.131)

Let B have rank r and let the r nonzero singular values be the elements
[Zl1,15. -+ [E]r,r of matrix 3. Then an orthonormal matrix N is given by the
last m — r columns of V.

3.4.4 The Householder Transform

Householder transforms allow a simple and numerically robust way of per-
forming QR decompositions, and thus of solving normal equations. The QR
decomposition is carried out step by step by reflecting vectors at hyperplanes.

In order to explain the basic idea of the Householder transforms we
consider two vectors ¢, w € C", and we look at the projection of  onto
a one-dimensional subspace W = span {w}:

1 H
P,r=w el (3.132)

Here, C" is decomposed into the orthogonal sum
n + 1
C"=Wg W-. (3.133)
The Householder transform is given by

Hyz=z-2Pyzx. (3.134)
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-wa w wa

Figure 3.4. Householder reflection.

It is also known as Householder reflection, because it is the reflection of x at
the hyperplane W, as depicted in Figure 3.4.

With P,, according to (3.132) we get
_ 2 H
for the Householder matriz H,,.

From (3.135) the following property of Householder matrices can be
concluded:

HEH, = H,H,
= [I— 2 'wwH] [I— 2 'wwH]
e e (3.136)
= I - gy ww? + Ao wwlww?
= I
Hence H,, is unitary and Hermitian. Furthermore we have
det{H,}=—1. (3.137)

In order to make practical use of the Householder transform, we consider
a vector  and try to find that vector w for which only the ith component of
H ,x is non-zero. We use the following approach:

w=T+ae;, (3138)

where
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el =0,...,0,1,0,...,0]. (3.139)
1 4th element
For H ,,x we get

H,z = w—2$}§’i T

= -2 g4
whw (3.140)
H

= z-2202 [x+ae]
= (1—21’1‘,’51‘?7) T -2« wﬁ,‘j‘, €;

In order to achieve that only the ith component of H,x is non-zero, the
expression in parentheses in (3.140) must vanish:
wiz lz|® + oz

1-2 =1-2 =0, (3.141)
wHw lz|® + azt 4+ o*z; + |af?

where z; is the ith component of . As can easily be verified, (3.141) is satisfied
for .
a=+—" |z|. (3.142)
|
In order to avoid w = 0 in the case of x ~ Fe; for some # € R we choose the
positive sign in (3.142) and obtain
Ty

w=x+ W lz|| e;. (3.143)

By substituting this solution into (3.140) we finally get

Hoz=— 2 ||z| e (3.144)
|3

Applying the Householder transform to the QR Decomposition. We
consider the problem

|Av — b|| = min (3.145)

with
ORI
A= : : e Cmm™, n>m (3.146)

NORNN ()
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and try to tackle the problem by applying the QR decomposition. First, we
choose @; to be the first column of A

1= o, OIS (3.147)
Multiplying A with the Householder matrix
H
w1wl
H,=1-2 , 3.148
1 w {._r w, ( )
where w; is chosen as
(1)
w =& + (1)’ ||l1 ]| €1 (3.149)
yields a matrix where only 717 is non-zero in the first column:
o a§§ B
H,A=| . ,m (3.150)
0 a%) e agr)n
Then, we choose
Ty = [0, a%), ,a(2) ,
(2)
wy = X3+ (2) l|z2]| €2,
H
H, = I1-222%2
wy W
and obtain
M1 T™M2 T™M3 ... Tim
0 1‘22 P
3
HyH,A=| 0 aﬁi’ . az:i
0 o af?,) .o af’)n
After maximally m steps we get
H, - ---HH,A=R, (3.151)

where only the upper right-hand triangular matrix of R is non-zero. This
means that we have carried out the QR decomposition.

Note. If one of the values a( %) becomes zero, w; is chosen as w; = x;+||z;| e;.
¥ ||z;|| = 0, the columns must be exchanged.
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3.4.5 GGivens Rotations

Besides Householder reflections, rotations constitute a further possibility of
performing QR decompositions. We first consider the rotation of a real-valued
vector by an angle ¢ through multiplication of & with an orthonormal
rotation matrix G. For

|z | _ |7 cos(a)
= [mz] - [7‘ sin(a)] (3.152)
nd
: G [ cos(¢) sin(¢)] (3.153)
—sin(¢) cos(¢) '

we get
- = Gp=|" @9 3.154
T = w_[rsin(a—cﬁ)]' (3.154)

We observe that for ¢ = a a vector ' is obtained whose second component
is zero. This special rotation matrix is

G= [ € 3] (3.155)
-5 ¢
with
1
c = cos(a):\/ﬁ
2+
Lo (3.156)
. L2
s = sin(a) =

N
For the rotated vector we have

w':Gw:[T]:[W%”g]. (3.157)

0 0

As can easily be verified, for complex-valued vectors we can apply the
rotation matrix

G=[ ‘. s] (3.158)

—-8* ¢
with

*
c= :1;—1, S:$—2, 7'=1/|-’L'1|2+|£L'2|2 (3159)

r

in order to obtain &' = [r,0]T. Note that G' according to (3.158) is unitary,
GG =1

We now consider a vector

T
T=[T1,. L1, i, Tit1, e Bj—1, L5, Tjt1y -+ oy En) (3.160)
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and want to achieve a vector

! T
r = [2171, ey i1, L5415 -- .,xj_1,0,$j+1, . ,xn] (3161)

r= /)2l + |z]? (3.162)

by carrying out a rotation. The rotation is applied to the elements z; and z;
only. We have

with

=Gz (3.163)
with
1,
1
Cl s « 1
G= » .161 . (3.164)
"

VoY

A QR decomposition of a matrix can be carried out by repeated application
of the rotations described above.
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Chapter 4

Examples of

Discrete Transforms

In this chapter we discuss the most important fixed discrete transforms. We
start with the z-transform, which is a fundamental tool for describing the
input/output relationships in linear time-invariant (LTI) systems. Then we
discuss several variants of Fourier series expansions, namely the discrete-time
Fourier transform, the discrete Fourier transform (DFT), and the fast Fourier
transform (FFT). The remainder of this chapter is dedicated to other discrete
transforms that are of importance in digital signal processing, such as the
discrete cosine transform, the discrete sine transform, the discrete Hartley
transform, and the discrete Hadamard and Walsh—-Hadamard transform.

4.1 The z-Transform

The z-transform of a discrete-time signal z(n) is defined as

X(2) = Z z(n) 27" (4.1)

n=—oo

Note that the time index n is discrete, whereas z is a continuous parameter.
Moreover, z is complex, even if z(n) is real. Further note that for z = e/“ the
z-transform (4.1) is equal to the discrete-time Fourier transform.

75
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In general, convergence of the sum in (4.1) depends on the sequence z(n)
and the value z. For most sequences we only have convergence in a certain
region of the z-plane, called the region of convergence (ROC). The ROC can
be determined by finding the values r for which

o0

Z |z(n) r~"| < oo. (4.2)

n—=——oo

Proof. With z = r e/® we have

1X(2)| =

Z z(n)z™"

n——oo

o0

Z z(n)r " e IP"

n——oo

(4.3)

oo

Z ‘x(n) r " e_j¢n|

n——oo

IA

o

Z |m(n)r‘"| .

n=—0o0

Thus, | X ()| is finite if x(n)r~™ is absolutely summable. []

The inverse z-transform is given by

= o 7{ X (2) 2" da. (4.4)

The integration has to be carried out counter-clockwise on a closed contour
C in the complex plane, which encloses the origin and lies in the region of
convergence of X (z).

Proof of ({.4). We multiply both sides of (4.1) with z¥~! and integrate
over a closed contour in a counter-clockwise manner:

‘Y{CX(z)zk_ldz = 7{ Z )2k ndy

n=—oc

(4.5)

o]

= 3 ) 7{ Ay,

n=-—00 c
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Invoking the Cauchy integral theorem

1

- k—1—n = bnk- 4.
5 ?{Jz dz = bpp (4.6)

finally yields (4.4). [J

Reconstruction formulae simpler than (4.4) can be found for rational X (z),
that is for
_ bo + blz_l + b22_2 e
T ag+ ez Fagz? L)

X(z)

Methods based on the residue theorem, on partial fraction expansion, and on
a direct expansion of X(z) into a power series in z~! are known. For more
detail, see e.g. [80, 113].

The simplest example is the z-transform of the discrete impulse:

5(n):{1, n=0

0, otherwise.

We have
S(n) +— > dn)z " =1. (4.7)

n=—oc

For a delayed discrete impulse it follows that

d(n —ng) «— Z d(n—mng)z " =2z""0. (4.8)

n=—oo

In the following, the most important properties of the z-transform will be
briefly recalled. Proofs which follow directly from the definition equation of
the z-transform are omitted.

Linearity

v(n) = az(n) + By(n) +— V(2) = aX(2) + BY (2). (4.9)

Convolution

v(n) = z(n) xy(n) +— V(z) = X(2) Y(2). (4.10)
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Proof.
V(z) = Z Z z(k)y(n —k)z~"
n=—00 k=—0oc
= Z z(k) 27" Z y(m)z=™
k=—00 m=—0o0
= X(2) Y(2).
Shifting

z(n —ng) «— 27" X (2).

(4.11)

This result is obtained by expressing v(n) as v(n) = z(n)*§(n—mnp) and using

the convolution property above.

Scaling/Modulation. For any real or complex a # 0, we have

a” z(n) +— X (Z) .
This includes a = e/ such that

" z(n) +— X (e_jwz) .

Time Inversion

z(—n) «— X (%)
Derivatives
nz(n) +— —z dX(2)
dz
Proof.
dX(2) d .
—z — m n;oow(n) z
o0
= Z nz(n)z™"

(4.12)

(4.13)

(4.14)

(4.15)
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Conjugation. Given the correspondence z(n) +— X (z), we have
z*(n) +— X*(2%). (4.16)

Proof.

X*(z7) = (Z w(ﬂ)[Z"‘]'")

Il
N
|
[~]s

=N

S

B

3

=
N—
*

n=—oo

Paraconjugation. Given the correspondence z(n) «— X(z), we have
z*(—n) «— X(2), where X(z)=[X(2)]* l2]=1- (4.17)

That is, X (z) is derived from X (z) by complex conjugation on the unit circle.

Proof.

X(z) = [Zw(k)z_k] [121=1

k

Z z*(k)z*
k

(4.18)
= Zw*(—n)z‘"
n
!
z*(—n).
For real signals 2(n), it follows that
z(—n) +— X(2) = X(z7Y). (4.19)
Multiplication with coswn and sinwn. If z(n) +— X(z), then

1 . .

coswn z(n) +— 3 [X(e7¥2) + X (e7¥2)] (4.20)

and .
sinwn z(n) «— % [X(e“2) — X (e™7*2)] . (4.21)
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This follows directly from (4.13) by expressing coswn and sinwn via Euler’s
formulae cosa = $[e?® + e79*] and sina = L[ef* — e772].

Multiplication in the Time Domain. Let z(n) and y(n) be real-valued
sequences. Then

v(n) = 2(n) y(n) > V() = — 750 X(y)y(i) v~ dy, (4.22)

~ 2rj v
where C is a closed contour that lies within the region of convergence of both
X(z) and Y (1).
Proof. We insert (4.4) into

Viz)= Z z(n)y(n)z™"™. (4.23)

This yields

V(2) i []% 750 X) y”_ldv] y(n) 2"

1 Nt AN . .
= 2m CX(V)[Z y(n) (;) ]V Ldv (4.24)

Using the same arguments, we may write for complex-valued sequences

v(n) = 2(n) y*(n) +— V(z) = % ?{C X(V)Y*(j—:) v ldv.  (4.25)

4.2 The Discrete-Time Fourier Transform

The discrete-time Fourier transform of a sequence z(n) is defined as

X(e¥) = Z z(n) e~ Ivm, (4.26)

n=—oc

Due‘to the 27r-p§eriodicity of the complex exponential, X (ej“’) is periodic:
X(e¥) = X(e/@+2mM) If z(n) is obtained by regular sampling of a
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continuous-time signal z.:(¢) such that z(n) = z(nT), where T is the
sampling period, w can be understood as the normalized frequency w = 27 fT'.

The properties of the discrete-time Fourier transform are easily derived
from those of the z-transform by choosing z = eI%.

Shifting

z(n —ng) — e~ IUM0 X (eI¥), (4.27)

Convolution

z(n) * y(n) +— X (/) Y(eI¥). (4.28)

Multiplication in the Time Domain

z(n)y(n) +— % X(¥) Y () = % i X =) Y (e/¥)dv. (4.29)

—T

Reconstruction. If the sequence z(n) is absolutely summable (xz €
£1(—00,00)), it can be reconstructed from X (%) via

z(n) = % X (%) e ds, (4.30)

-
The expression (4.30) is nothing but the inverse z-transform, evaluated on the
unit circle.

Parseval’s Theorem. As in the case of continuous-time signals, the signal
energy can be calculated in the time and frequency domains. If a signal z(n)
is absolutely and square summable (z € ¢1(—o00, 00) N f2(—00,00)), then

Bo= Y el = o [ IX() do. (4.31)

n=-—o00 -

Note that the expression (4.26) may be understood as a series expansion
of the 27-periodic spectrum X (%), where the values z(n) are the coefficients
of the series expansion.
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4.3 The Discrete Fourier Transform (DFT)

The transform pair of the discrete Fourier transform (DFT) is defined as

N-1

X(k) = ) asm)Wrt

n=0

o (4.32)

N—

o) = O XBWR™,
k=0

[u

where _
Wy = e 927/N, (4.33)

Due to the periodicity of the basis functions, the DFT can be seen as the
discrete-time Fourier transform of a periodic signal with period N.

With

z(0) X(0)
z(1 X1
x= ( ) , X = ( ) (4.34)
z(N-1) X(N-1)
and
1 1 ... 1
1 Wa ... Wy
w=[wkl=1|. v (4.35)
1 WII;,V_l ... W}\,N‘i)(N‘l)
the above relationships can also be expressed as
X =Wz « = %WHX. (4.36)

We see that W is orthogonal, but not orthonormal.

The DFT can be normalized as follows:

a=®"¢ «— z = &a, (4.37)

where 1
d=—_WHEH, 4.38
VN (438)

The columns of ®,
1 _ - —(v-1)&] T
B S ot R
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then form an orthonormal basis as usual.

We now briefly recall the most important properties of the DFT. For an
elaborate discussion of applications of the DFT in digital signal processing
the reader is referred to [113].

Shifting. A circular time shift by p yields

z,(n) = z((n+p)modN)
I
N-1
X,(m) = z((n + p) mod N)Wg™
n=0 (439)
N-1 _
= Y z@wim
i=0
= Wy*"X(m).
Accordingly,
N-1
WErz(n) «— Z x(n)Wﬁ(m-"k) = X((m + k) mod N). (4.40)
n=0

Multiplication and Circular Convolution. For the inverse discrete
Fourier transform (IDFT) of

Y(m) = X1(m) X5(m)

we have
y(n) = N

= z1(p) wag) Y Wy PO (4.41)

That is, a multiplication in the frequency domain means a circular convolution
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in the time domain. Accordingly,

N-—-1
z1(n) 22(n) «— D Xi(n) Xa((m — n)mod N). (4.42)

n=0

Complex Conjugation. Conjugation in the time or frequency domains
yields

z*(n) «— X*(N —n) (4.43)
and

z*(N —n) +— X*(n). (4.44)

Relationship between the DFT and the KLT. The DFT is related to
the KLT due to the fact that it diagonalizes any circulant matrix

ho  hnoi ... b
b ho ... h

H=| N N (4.45)
hn_1 hn—z ... ho

In order to show the diagonalization effect of the DFT, we consider a linear
time-invariant system (FIR filter) with impulse response h{n),0 <n < N -1
which is excited by the periodic signal W *™/+/N. The output signal y(n) is
given by

N-1
1 1
y(n) = —= | D hm)Wgk| W™ = ——=H(k)Wx™*. (4.46)
A ] VN
H(k)
Using the property Wit™ = W2, we get
y(0) 1
y(1) _ HE) | Wn
: VN E
N-1 WFN-D
y( ) N (4.47)
hg hy-1 ... M
1 hl ho e h2 Wﬁk
T VN : : :
hn—1 hn-2 ... ho W&k(N_l)
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Comparing (4.47) with (4.45) and (4.37) yields the relationship

H(k)p, = Hp,, k=0,1,...,N—1. (4.48)

Thus, the eigenvalues Ay = H(k) of H are derived from the DFT of the first
column of H. The vectors ¢, £k=0,1,...,N—1 are the eigenvectors of H.
We have

®TH® = diag {H(0), H(1),..., H(N — 1)}. (4.49)

4.4 The Fast Fourier Transform

For a complex-valued input signal z(n) of length N the implementation of
the DFT matrix W requires N2 complex multiplications. The idea behind
the fast Fourier transform (FFT) is to factorize W into a product of sparse
matrices that altogether require a lower implementation cost than the direct
DFT. Thus, the FFT is a fast implementation of the DFT rather than a
different transform with different properties.

Several concepts for the factorization of W have been proposed in the
literature. We will mainly focus on the case where the DFT length is a power
of two. In particular, we will discuss the radix-2 FFTs, the radix-4 FFT, and
the split-radix FFT. Section 4.4.5 gives a brief overview of FFT algorithms
for cases where N is not a power of two.

We will only discuss the forward DFT. For the inverse DFT a similar
algorithm can be found.

4.4.1 Radix-2 Decimation-in-Time FFT

Let us consider an N-point DFT where N is a power of two, i.e. N = 2% for
some K € IN. The first step towards a fast implementation is to decompose
the time signal z(n) into its even and odd numbered components

u(n) = z(2n) N
son 1) n=01,...,5-L (4.50)

<
—~

3
o

Il
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The DFT can be written as

2
L

X (k) z(n) Wk

Il
i

»|2

N
-1 X

u@WE* + 3 oW I

n=0

I
i~

= ()WN/2 + WNZ N/Q’ k=0,1,...,N —1.

(4. 51)
In the last step the properties W2t = W[\LW and W(2"+1)k = Wk wrk o
were used. The next step is to write (4.51) for k =0,1,..., % 1 as

»2

3
Il
=

X(k)=Uk)+WEV(k), k:o,1,...,%

-1 (4.52)

with

Uk) = ) un)Wxh, k=0,1,...,=——1
(4.53)

V(k)

I
<
~~
2
5
S
b
|
L
=
|
I
-

Due to the periodicity of the DFT the values X (k) for k = %, ...,N—1are
given by
N N N
X(k):U(k—5)+W,’3,V(k—E), k=2, N-1 (4.54)
Thus, we have decomposed an N-point DFT into two %—point DFTs and
some extra operations for combining the two DFT outputs.

Figure 4.1 illustrates the implementation of an N-point DFT via two %—
point DFTs. It is easily verified that the decomposition of the DFT results in
a reduction of the number of multiplications: the two DFTs require 2(NN/2)?
multiplications, and the prefactors W require another N multiplications.
Thus, the overall complexity is NTZ + N, instead of N? for the direct DFT.
The prefactors W}, which are used for the combination of the two DFTs, are
called twiddle factors.

Since N is considered to be a power of two, the same decomposition
principle can be used for the smaller DFTs and the complexity can be further



4.4. The Fast Fourier Transform 7

+(0) 4O U(0)

\ //V'V
x(2) —40) » D) o o . X(1)
x(4) —42 ?3\. T
2

x(6) O
x(1y —O
x3) —_ e X(5)

4x4 ~ ‘Ws

x(5) —2@)_| DFT | ¥) / \,fﬁ X(6)
W,

RO 73) / \i X7)

Figure 4.1. Realization of an 8-point DFT via two 4-point DF Ts.

reduced. To be explicit, we decompose the sequences u(n) and v(n) into their
even and odd numbered parts:

aln) = u(2n) = z(4n)

b(n) = u@n+1) = z(4n+2) (4.53)
en) = v(2n) = z(dn+1)

dn) = v(@2n+1) = z(4n+3).

A(k) + W3 B(k), k=QL“q%—1
Uk) = N N (4.56)
A@—%+W%Bw—%,k=2w,3—l
and
2k N
C(k) + W2F D(k), k=01,..., 7 —1
V(k) = (4.57)
Ny owape-Ny g N N _
Clk— ) +W¥DE~-—), k=7, 5 -1

The decomposition procedure can be continued until two-point DFTs are
reached.

It turns out that all stages of the FF'T are composed of so-called butterfly
graphs as shown in Figure 4.2. The two structures in Figure 4.2 are equivalent,
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u(k) X(k) u(k) X(k)
Wi
i
v(k) X(k+N/2) v(k) X(k+N72)
W ]\}C+N/2 -1
(@ ()

Figure 4.2. Equivalent butterfly graphs.

but the one in Figure 4.2(b) saves us one complex multiplication. The complete
flow graph for an 8-point FFT based on the butterfly in Figure 4.2(b) is
depicted in Figure 4.3. As we see, the output values appear in their natural
order, but the input values appear in permuted order. This is the case for
all N. The order of the input values is known as the bit reversed order. This
order can be derived from the natural one as follows. First, one represents the
numbers 0,1,..., N — 1 in binary form. Then the order of bits is reversed and
the decimal equivalent is taken. For example, n = 3 is represented by [011]
when an 8-point FFT is considered. This yields [110] in reversed order, and
the decimal equivalent is 6. Thus, x(6) has to be connected to input node 3.

Since the butterfly operations within each stage of the FFT are indepen-
dent of one another, the computation of the FFT can be carried out in place.
This means that the pair of output values of a butterfly is written over the
input. After this has been done for all butterflies of a given processing stage,
one can proceed to the next stage. Thus, only a memory of size N + 1 is
required for computing an N-point FFT.

The computational complexity of the FFT is as follows. Each stage
of the FFT requires N/2 complex multiplications and N additions. The
number of stages is log, N. This yields a total number of %N logs N complex
multiplications and N log, N additions. However, since the 2-point DFTs do
not require multiplications, and since the 4-point DFT's involve multiplications
with 1, -1, 7, and —j only, the actual number of full complex multiplications
is even lower than 1Nlog, N.

4.4.2 Radix-2 Decimation-in-Frequency FFT

A second variant of the radix-2 FFT is the decimation-in-frequency algorithm.
In order to derive this algorithm, we split the input sequence into the first
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x(0) X(0)
x(4) X
x(2) X2)
x(6) X(3)
x(1) X(4)
x(5) X(5)
x(3) X(6)
x(7) X(7)
Figure 4.3. Flow graph for an 8-point decimation-in-time FFT.
and second halves and write the DFT as
N-1
X(k) = Z z(n) Wik
n=0
N/2-1
= Y umWRF + oWtk (4.58)
n=0
N/2-1
= > [um)+ (-Dro()] WF,
n=0
where
u(n) = z(n N
() ) , n=01...,——-1 (4.59)
v(in) = z(n+ N/2) 2
In (4.58) we have used the fact that WIJ\\,I/ > = —1. For the even and odd
numbered DFT points we get
N-1
X(2k) = Z [u(n) + v(n)] W2nk (4.60)
n=0
and
N-1
X(2k+1) =Y [u(n) — v(n)] Wi WR"E. (4.61)
n=0

Because of W3r* = W]\‘,’/“2, the even numbered DFT points X (2k) turn out
to be the DFT of the half-length sequence u(n) + v(n). The odd numbered
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x(0)
x(1)
x(2)
x(3)
x(4)
x(5)
x(6)

x(7)

Figure 4.4. Flow graph for an 8-point decimation-in-frequency FFT.

DFT points X(2k + 1) are the DFT of [u(n) — v(n)] W%. Thus, as with the
decimation-in-time algorithm, the N-point DFT is decomposed into two N/2-
point DFTs. Using the principle repeatedly results in an FFT algorithm where
the input values appear in their natural order, but where the output values
appear in bit reversed order. The complexity is the same as for the decimation-
in-time FFT. Figure 4.4 shows the complete flow graph of the decimation-in-
frequency FFT for the case N = 8. The comparison of Figures 4.3 and 4.4
shows that the two graphs can be viewed as transposed versions of one another.

4.4.3 Radix-4 FFT

The radix-4 decimation-in-frequency FFT is derived by writing the DFT as

N-1
X(k) = > as(mWgk
n=0
N/4-1 3 N
- ¥ [Zz(n+lZ)W}VN/4)M] Wik (4.62)
n=0 =

3 atn+ ) (—j)““] Wik,
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Splitting X (k) into four subsequences X (4k + m) yields

N/4—1 3
X@k+m)= > | Y (=)= (n+e YW WrE,. (4.63)
n=0 £=0

Thus, we have replaced the computation of an N-point DFT by four N/4-
point DFTs. One of these four DFTs requires no multiplication at all, and the
others require one complex multiplication per point. Compared to the radix-
2 FFT this means 3 x (N/4) instead of N/2 multiplications for the twiddle
factors. However, the radix-4 algorithm requires only N/4-point DFTs, and
it requires only half as many stages as a radix-2 one. Therefore, the overall
number of multiplications is lower for the radix-4 case.

4.4.4 Split-Radix FFT

The split-radix FFT [46], which is a mixture of the radix-2 and radix-4
algorithm, requires the lowest number of operations of all currently known
FFT algorithms. It is also easily programmed on a computer. The radix-2
approach is used to compute the even numbered frequencies, and the radix-
4 approach is used to compute two length-(N/4) subsequences of the odd
numbered frequencies. For this, X (k) is split into the following three subsets:

N/2—1
X(2k) = Z [x(n) + z(n+ = )]W o (4.64)
N/4—1
X@k+1) = 3 [[w(n)—m(n-ﬁ-%)]
n=0
~lan+ ) = 2ln+ S| WEWRE, (469)
N/4—1
X@k+3) = 3 [[x(n)—x(n+%)]
+j[x(n+%)—x(n+3%)]]W PR, (4.66)

The terms [z(n) — z(n+ )] and [z(n + &) — z(n + )] in (4.65) and (4.66)
are the natural pairs to the terms in (4.64). Thus, a split-radix butterfly
can be drawn as shown in Figure 4.5. As with the previous approaches, the
decomposition principle can be used repeatedly. It turns out that the split-
radix approach requires less multiplications than a pure radix-2 or radix-
4 FFT, because fewer full complex multiplications occur. The split-radix
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x(k) o> e usefor X(2k)

x(k+N/4) use for X(2k)

Wy

x(k+N/2) use for X(4k+1)

x(k+3N/4) use for X(4k+3)

-1 +

Figure 4.5. Butterfly for a split-radix FFT.

concept can be generalized to other radices [152], and special forms are
available for real and real-symmetric data [45, 138].

4.4.5 Further FFT Algorithms

There are a number of algorithms available for the case where the DFT length
is not necessarily a power of two. The best known one is the Cooley-Tukey FFT
[31], which requires that the DFT-length is a composite number N = PQ,
where P and @) are integers. The DFT can then be written as

X(kP+m) = 2(iQ + j) WGt (kPm)

!
=
O
i)

o
1l
=}

.
Il
o

(4.67)

|
-

P—
ka z(iQ+ )W,
=0

I
o,
Il
=}
L

fork=0,1,...,P—1and m=0,1,...,Q — 1. The inner sum in the second
line of (4.67) turns out to be a P-point DFT, and the outer sum is a Q-point
DFT. Thus, the N-point DFT is decomposed into P Q-point and ¢ P-point
DFTs, plus the twiddle factors in the middle of the second line in (4.67). As
can easily be verified, the complexity is lower than for the direct N-point
DFT. If P and/or @ are composite themselves, the approach can be iterated,
and the complexity can be further reduced. Note that the radix-2 approach
occurs as a special case where P =2 and Q = N/2.

If the DFT-length can be factored into N = P(Q where P and @ are
relatively prime (have no common divisor other than 1) a powerful algorithm
known as the Good-Thomas FFT can be used. The basic idea dates back
to papers by Good [64] and Thomas [143]. The algorithm has been further
developed in [88, 164, 20, 142]. The efliciency of the Good—Thomas FFT
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results from the fact that for relatively prime P and @ the twiddle factors
(they are always present in the Cooley—Tukey FFT) can be avoided. The input
data can be arranged in a two-dimensional array, and the transform can be
implemented as a true two-dimensional transform. The mapping is based on
the Chinese remainder theorem [9].

FFTs where N is a prime number can be realized via circular convolution
[120, 10]. In order to give an idea of how this is done, we follow the approach
in [10] and write the DFT as

N-—-1 N-1
2 2 _ —n2
X(k) = am)WE = Wiy S e(m) Wiy Wont ™™ (4.68)
n=0 n=0

The sum on the right side can be identified as a circular convolution of the
2
sequences z(n)Wyy and Wy, that is

X(n) = Why [a(n) Wik * Wi ]. (4.69)

Efficiency is achieved by implementing the circular convolution via fast
convolution based on the FFT, see e.g. [117].

Powerful FFT algorithms are most often associated with signal lengths
that are powers of two. However, prime factor algorithms such as the Wino-
grad FFT [164] are often competitive, if not superior, to the power-of-two
approaches. Thus, when designing an algorithm where the DFT is involved,
one should not be bound to certain block lengths, because for almost any
length an appropriate FFT algorithm can be found.

4.5 Discrete Cosine Transforms

We distinguish the following four types of discrete cosine transforms (DCTs)
[122]:

DCT-I:

/2 k
ck(n) = N TkYn cos (%) , kn=0,1,...,N. (4.70)

k 1
cil(n)zﬂ%'yk COS(W), k,n=0,1,...,N -1 (4.71)
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DCT-III:
ct(n) = \/% Ypn COS (%) , k,n=0,1,...,N—-1. (4.72)

DCT-IV:
ctV(n) = % cos <(k+ %)Z(\;l—i_ %)W) , kn=0,1,...,N—-1. (4.73)

The constants +y; in (4.70) — (4.72) are given by

1 ; .
) for j=0o0rj =N,

i = (4.74)

1 otherwise.
The coefficients cx(n) are the elements of the orthonormal basis vectors
T
cr(n) = [ex(0), er (1), .. ]

In order to point out clearly how (4.70) — (4.73) are to be understood, let us
consider the forward and inverse DCT-II:

N-1
XHE = D am)g'(n)
n=0 . (4.75)
= E _1CL' n) COoS k(n + %)ﬂ-
Vi N nX:;) ( ) ( ):
and
N-1
zn) = Y XH (k) c'(n)
k=0 (4.76)

= \/% IZX;:XéI(k) Yk cos (W)

Especially the DCT-II is of major importance in signal coding because it
is close to the KLT for first-order autoregressive processes with a correlation
coefficient that is close to one.! To illustrate this, we consider the inverse of
the correlation matrix of an AR(1) process, which is given by

1See Section 5.3 for the definition of an AR process.
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(1-pB8) -8B
14 -8 1 -p
-1 _ . .
-8 (1-pB)

with 8 = p/(1 + p?). The basis vectors of the DCT-II are the eigenvectors of
tridiagonal symmetric matrices of the form

(1-a) —a
—a 1 -«
Q= —a . : (4.78)
1 —a
—a (1-a)

We see that @ approaches R} for p — 1. Since the eigenvectors of R,
are equal to those of Ry} the DCT-II approaches the KLT for p — 1. This
means that the DCT-II has good decorrelation properties when the process
which is to be transformed has high correlation (p — 1). This is the case for
most images, which explains why most image coding standards (e.g. JPEG,
MPEG [79, 157, 108, 56]) are based on the DCT-II. Compared to the KLT,
the DCT-II has the advantage that fast implementations based on the FFT
algorithm exist [122].

Application in Image Coding. In most standards for transform coding of
images, the two-dimensional cosine transform is used [79, 157, 108, 56]. Figure
4.6 gives an example. First, the two-dimensional signal is decomposed into
non-overlapping blocks. Each of these blocks is then transformed separately.
This operation can be written as Yyxn = UT X nyxn U, where X yxn is
such a signal block and U is the DCT-II transform matrix whose columns
contain the basis vectors of the DCT-II. Instead of the original X, the
representation Y is quantized and coded. From the quantized representation
Y’ = Q(Y) an approximation of the original is finally reconstructed. In
Figure 4.6 we see that most of the energy of the transformed signal is
concentrated in the top left sub-image. Such a concentration of signal energy
in a few coeflicients is the key to efficient compression. If we were to simply
transmit the top left sub-image and neglect the others, we already could
achieve drastic compression, while the reconstructed signal would still be
relatively close to the original.
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TEUINSS

ININNNTS

AN
@

Figure 4.6. Transform coding of images; (a) original, divided into N x N blocks;
(b) transformed image after rearranging the pixels.

4.6 Discrete Sine Transforms

The discrete sine transforms (DSTs) are classified as follows [122]:

DST-I:
sg(n)=,/% sin(k”T”), kn=12..,N-1 (4.79)
DST-IL:

E+1 1
si(n) = ,/% Vg1 Sin (W) , kn=01,...,N—1. (4.80)

DST-III:

[2 k+1 1
st (n) = N Tt sin (W) , kn=0,1,...,N-1.
(4.81)

DST-IV:
E+1 1
stV (n) = ,/% sin ((—W) , kn=0,1,...,N—-1. (4.82)

The constants v; in (4.79) — (4.81) are

.

forj=0o0rj =N,
(4.83)

»
S
(3]

otherwise.
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To be explicit, the forward and the inverse DST-II are given by

N-1

XEk) = Y an)si'(n)
=0 . 1 (4.84)
= Ye+1 % r;)x(n) sin((k—‘_l)z(\?—i_ﬁ)ﬁ),
and
N-1
z(n) = Y XE &) st'(n)
(4.85)

k=0
RS _((k+1)(n+YHr
= \/; kZ:OXéI(k) Yg+1 sin (T)

The DST-II is related to the KLT by the fact that the KLT for an AR(1)
process with correlation coefficient v — —1 approaches the DST-II. Thus, the
DST-II has good compaction properties for processes with negative correlation
of adjacent samples.

4.7 The Discrete Hartley Transform

The Hartley transform as discussed in Section 2.3 received little attention until
its discrete version, the discrete Hartley transform (DHT), was introduced in
the early 1980s by Wang [158, 159, 160] and Bracewell [13, 14, 15]. Like
other discrete transforms such as the DFT or the DCT, the DHT can be
implemented efficiently through a factorization of the transform matrix. This
results in fast algorithms that are closely related to the FFT, and in fact, the
fast Hartley transform (FHT) can be computed via the FFT, and vice versa,
the FFT can be implemented via the FHT [161, 14, 139]. For example, in
[139] a split-radix approach for the FHT has been proposed.

The forward and inverse discrete Hartley transform pair is given by

N-1

Xu(k) = 3 a(n) cas 20
b (4.86)
1= omnk
z(n) = N Xp(k) ca T
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where cas ¢ = cos ¢ + sin ¢. The signal z(t) is considered to be real-valued, so
that also the transform is real-valued. As with the DFT, the sequence Xy (k)
is periodic with period N.

Note that apart from the prefactor 1/N the DHT is self-inverse, which
means that the same computer program or hardware can be used for the
forward and inverse transform. This is not the case for the DFT, where a
real-valued signal is transformed into a complex spectrum.

We may interpret the basis sequences cas (2zrnk/N) as sample values of the
basis functions caswyt with wg = 2wk/N. The basis function with the highest
frequency then occurs for k£ = N/2. The kth and the (N — k)th frequency are
the same.

The relationships between the DHT and the DFT are easily derived. Using
the fact that

: 143 1-3
et = % cas¢ + 5 J cas (—9) (4.87)
and the periodicity in N, we get
Xnu(k) + Xu(N — k)

R{X(K)} = 5 ;
Xu(k) — Xu(N — k) (4.88)
XM} = - :

where X (k) denotes the DFT. The DHT can be expressed in terms of the
DFT as
Xu(k) = R{X (k)} - S{X(K)}. (4.89)

The properties of the DHT can easily be derived from the definition
(4.86). Like in the continuous-time case, most of them are very similar to the
properties of the Fourier transform. We will briefly discuss the most important
ones. The proofs are essentially the same as for the continuous-time case and
are omitted here.

Time Inversion. From (4.86) we see that

(N —n) «— Xg(N —n). (4.90)

Shifting. A circular time shift by p yields

z((n + p) mod N)
I (4.91)
08 (27ruk> X (k) +sin (M) Xu(N —k).

N N
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Circular Convolution. The correspondence for a circular convolution of
two time sequences z(n) and y(n) is

N-1
z(p) y((n — p) mod N)
p=0
1 (4.92)
% [ Xu (k) Y (k) — Xu(N — k) Y (N — k)

+ Xu(R)Yu(N — k) + Xu(N — k) Yu (k)]

Multiplication. The correspondence for products z(n)y(n) is

z(n)y(n) +— %[XH(k) * Yy (k) + Xg(—k) *Yu(k)
+ XH(k) k YH(—k,‘) — XH(—k) % YH(—k)],

(4.93)

where the convolutions have to be carried out in a circular manner. For
example an expression Zg(k) = Xg(k) * Yu(—k) means

N-1
Zy(k) =), Xu(p)Ye((k—p)modN). (4.94)

p=0

Remarks. The question of whether the DFT or the DHT should be used
in an application very much depends on the application itself. As mentioned
earlier, fast algorithms exist for both transforms, and one fast transform can
be used in order to implement the other transform in an efficient way. For
both the FFT and the FHT the complexity is Nlog, N. An advantage of
the DHT is the fact that the DHT is self-inverse, so that only one software
routine or hardware device is needed for the forward and inverse FHT. For
the forward and inverse FFT of a real signal, two different routines or devices
are required. The DHT is somehow conceptually simpler than the DFT if the
input signal is real, but all operations can be carried out with the FFT and
the FHT with the same complexity.
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4.8 The Hadamard and Walsh—Hadamard

Transforms

The basis vectors of the discrete Hadamard and the discrete Walsh—Hadamard
transforms consist of the values +a; just like the Walsh functions discussed
in Section 3.2.6. Both transforms are unitary. Basically they differ only in the
order of the basis vectors.

We have

= H =z,
v (4.95)
r = Huy,

where & denotes the signal, y the representation, and H the transform matrix
of the Hadamard transform. H is symmetric and self-inverse:

HT=H=H (4.96)
The transform matrix of the 2x2-Hadamard transform is given by

H® = % [} _11] . (4.97)

From this, all transform matrices H(™ of size? n = 2%, k € N can be calcu-
lated recursively [133]:

m  E®
: [H H ] . (4.98)

2 —
H! ")—ﬁ oM  _Hg®

The Walsh—Hadamard transform is obtained by taking the Hadamard
transform and rearranging the basis vectors according to the number of zero

crossings [66]. Somehow, this yields an order of the basis vectors with respect
to their spectral properties.

2There exist Hadamard matrices whose dimension is not a power of two.
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Chapter 5

Transforms and Filters

for Stochastic Processes

In this chapter, we consider the optimal processing of random signals. We
start with transforms that have optimal approximation properties, in the
least-squares sense, for continuous and discrete-time signals, respectively.
Then we discuss the relationships between discrete transforms, optimal linear
estimators, and optimal linear filters.

5.1 The Continuous-Time Karhunen—-Lo'eve
Transform

Among all linear transforms, the Karhunen—Lo éve transform (KLT) is the
one which best approximates a stochastic process in the least squares sense.
Furthermore, the KLT is a signal expansion with uncorrelated coefficients.
These properties make it interesting for many signal processing applications
such as coding and pattern recognition. The transform can be formulated for
continuous-time and discrete-time processes. In this section, we sketch the
continuous-time case [81], [149 ]. The discrete-time case will be discussed in
the next section in greater detail.

Consider a real-valued continuous-time random process z(t), a < ¢ < b.

101
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We may not assume that every sample function of the random process lies in
Lo(a,b) and can be represented exactly via a series expansion. Therefore, a
weaker condition is formulated, which states that we are looking for a series
expansion that represents the stochastic process in the mean:!

N
z(t) = Al]l_:n Zﬂﬁz @i(t) (5.1)

The “unknown” orthonormal basis {¢;(t); ¢ = 1,2,...} has to be derived
from the properties of the stochastic process. For this, we require that the

coefficients b

5= (@0 = [ alt) ¢ilt) di (5.2)

of the series expansion are uncorrelated. This can be expressed as

E{ziz;} = E{(z,¢){z,¢;)}

b b
- E{( JECrC dt) : ( [ o) ostw) du)}

- E { / ' oil®) / " 2(t) 2(w) 03(u) du dt} (5.3)

b b
= [ w0 ( [ Batt) s} piw du> dt

= N 8.

The kernel of the integral representation in (5.3) is the autocorrelation
function

r2z(t,u) = E{z(t) z(u)}. (5.4)
We see that (5.3) is satisfied if

b b
Ajéij = / (pi(t) (/ rm(t,u) goj(u) du) dt. (55)

Comparing (5.5) with the orthonormality relation &;; = [ : ©i(t) @;(t) dt, we
realize that

b
/ roa(t 1) 03 (w) du = X; ;5(t) (5.6)

11i.m=limit in the mean|38].
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must hold in order to satisfy (5.5). Thus, the solutions ¢;(t), 7 = 1,2,...
of the integral equation (5.6) form the desired orthonormal basis. These
functions are also called eigenfunctions of the integral operator in (5.6). The
values Aj, j = 1,2,... are the eigenvalues. If the kernel r;,(¢,u) is positive
definite, that is, if [ [ 74, w)z(t)z(u) dt du > 0 for all z(¢) € La(a,b), then
the eigenfunctions form a complete orthonormal basis for Ls(a,b). Further
properties and particular solutions of the integral equation are for instance
discussed in [149].

Signals can be approximated by carrying out the summation in (5.1) only
for i = 1,2,..., M with finite M. The mean approximation error produced
thereby is the sum of those eigenvalues A\; whose corresponding eigenfunctions
are not used for the representation. Thus, we obtain an approximation with
minimal mean square error if those eigenfunctions are used which correspond
to the largest eigenvalues.

In practice, solving an integral equation represents a major problem.
Therefore the continuous-time KLT is of minor interest with regard to prac-
tical applications. However, theoretically, that is, without solving the integral
equation, this transform is an enormous help. We can describe stochastic
processes by means of uncorrelated coeflicients, solve estimation or recognition
problems for vectors with uncorrelated components and then interpret the
results for the continuous-time case.

5.2 The Discrete Karhunen—Loéve Transform

We consider a real-valued zero-mean random process

Z1
z=|:], zeR" (5.7
Tn

The restriction to zero-mean processes means no loss of generality, since any
process z with mean m, can be translated into a zero-mean process & by

x=z-m,. (56.8)
With an orthonormal basis U = {uy,...,u,}, the process can be written

as
z=U q, (5.9)

where the representation
a=a,..., o057 (5.10)
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is given by
a=U"T z. (5.11)

As for the continuous-time case, we derive the KLT by demanding uncorre-
lated coefficients:

E{aiaj}:)\j 5Z~j, i,j = 1,...,n. (5.12)

The scalars Aj, 7 = 1,...,n are unknown real numbers with A; > 0. From
(5.9) and (5.12) we obtain

E{’U,ZT:B wTuj} :)\j 5ij7 i,j = 1,...,n. (5.13)
With
R, = E {zz"} (5.14)
this can be written as
ul Ryp uj=X 6y, i,5=1,...,n. (5.15)
We observe that because of ulu; = §;;, equation (5.15) is satisfied if the
vectors u;, j = 1,...,n are solutions to the eigenvalue problem
R, Uj =/\juj, ] = 1,...,n. (516)

Since R,, is a covariance matrix, the eigenvalue problem has the following
properties:

1. Only real eigenvalues A; exist.

2. A covariance matrix is positive definite or positive semidefinite, that is,
for all eigenvalues we have A; > 0.

3. Eigenvectors that belong to different eigenvalues are orthogonal to one
another.

4. If multiple eigenvalues occur, their eigenvectors are linearly independent
and can be chosen to be orthogonal to one another.

Thus, we see that n orthogonal eigenvectors always exist. By normalizing
the eigenvectors, we obtain the orthonormal basis of the Karhunen-Logéve
transform.

Complex-Valued Processes. For complex-valued processes x € C7,
condition (5.12) becomes

E{aia;f} =)\j 51’]‘; i,j = 1,...,n.
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This yields the eigenvalue problem
Ry, u; = XNju;, j=1,...,n
with the covariance matrix
R.,,=E {mmH .

Again, the eigenvalues are real and non-negative. The eigenvectors are orthog-
onal to one another such that U = [u.,...,u,] is unitary.

From the uncorrelatedness of the complex coeflicients we cannot con-
clude that their real and imaginary parts are also uncorrelated; that is,
E{R{a;} ${a;}} =0, i, =1,...,n is not implied.

Best Approximation Property of the KLT. We henceforth assume that
the eigenvalues are sorted such that A; > ... > A,. From (5.12) we get for
the variances of the coeflicients:

E{le;’} =N, i=1,...,n (5.17)

For the mean-square error of an approximation

m
T = Zai u;, m<n, (518)
i=1
we obtain
n 2
o112
E{lle -2’} = E{ > }
i=m-+1
n
= Y E{lef?} (5.19)
i=m~+1
n
= o
i=m+1
It becomes obvious that an approximation with those eigenvectors uq, ..., Uy,

which belong to the largest eigenvectors leads to a minimal error.

In order to show that the KLT indeed yields the smallest possible error
among all orthonormal linear transforms, we look at the maximization of
Y1 E {Jas|} under the condition |ju,)| = 1. With a; = uffz this means

m m
ZE {uf{meuz} —yiufu; = ZulHRmu, — viufu; = max, (5.20)
i=1

=1



106 Chapter 5. Transforms and Filters for Stochastic Processes
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Z

Figure 5.1. Contour lines of the pdf of a process z = [z1, z2]".

where ; are Lagrange multipliers. Setting the gradient to zero yields

which is nothing but the eigenvalue problem (5.16) with v; = A;.

Figure 5.1 gives a geometric interpretation of the properties of the KLT.
We see that u; points towards the largest deviation from the center of gravity
m.

Minimal Geometric Mean Property of the KLT. For any positive
definite matrix X = X;;, 4,j = 1,...,n the following inequality holds [7]:

det {X} < ﬁ Xk, (5.22)
k=1

Equality is given if X is diagonal. Since the KLT leads to a diagonal
covariance matrix of the representation, this means that the KLT leads to
random variables with a minimal geometric mean of the variances. From this,
again, optimal properties in signal coding can be concluded [76].

The KLT of White Noise Processes. For the special case that R, is
the covariance matrix of a white noise process with

Ry, =01

we have

)\1=/\2=...=)\n=0'2.

Thus, the KLT is not unique in this case. Equation (5.19) shows that a white
noise process can be optimally approximated with any orthonormal basis.
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Relationships between Covariance Matrices. In the following we will
briefly list some relationships between covariance matrices. With

A1 0
A=E{aa”} = , (5.23)
0 An
we can write (5.15) as
A=UER,,U. (5.24)
Observing U = U1, we obtain
R,,=UAU". (5.25)

Assuming that all eigenvalues are larger than zero, A™' is given by

+ 0
A1
A= =UYRIU. (5.26)
0 A
Finally, for R} we obtain
R =UA'UE. (5.27)

Application Example. In pattern recognition it is important to classify
signals by means of a few concise features. The signals considered in this
example are taken from inductive loops embedded in the pavement of a
highway in order to measure the change of inductivity while vehicles pass over
them. The goal is to discriminate different types of vehicle (car, truck, bus,
etc.). In the following, we will consider the two groups car and truck. After
appropriate pre-processing (normalization of speed, length, and amplitude) we
obtain the measured signals shown in Figure 5.2, which are typical examples
of the two classes. The stochastic processes considered are z; (car) and 2
(truck). The realizations are denoted as ‘z;, ‘zo, i=1...N.

In a first step, zero-mean processes are generated:

Ty = 21 —Mmy, (5.28)
Lo = Z9— M.

The mean values can be estimated by

N
1 .
my =E{z}~ N E ‘71 (5.29)
i=1
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Figure 5.2. Examples of sample functions; (a) typical signal contours; (b) two
sample functions and their approximations.

and
1 &,
my=E{z}~ ; izy. (5.30)
Observing the a priori probabilities of the two classes, p; and ps, a process
T =p121 + P2o (531)

can be defined. The covariance matrix R,, can be estimated as

N N
D1 i i T D2 i i T
R,, = E{zz"} ~ "% 'x7 + "%y 'x 5.32
e = B {2z} N+1; 1 N+1; 2%, (5:32)
where ‘x; and X, are realizations of the zero-mean processes ®; and s,
respectively.
The first ten eigenvalues computed from a training set are:

A1 A2 A3 Aq As s A7 As Ao Ao
212923 | 55460 | 20559 | 15790 | 10230 | 5262 | 5036 | 3139 | 2551 | 968

We see that by using only a few eigenvectors a good approximation can
be expected. To give an example, Figure 5.2 shows two signals and their
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approximations

1p  — T(1
z1 = UU ( z1—m1) + my, (5‘33)
122 = UUT( 1Z2—m2) + meo

with the basis {u1,us, usz, uq}.

In general, the optimality and usefulness of extracted features for discrim-
ination is highly dependent on the algorithm that is used to carry out the
discrimination. Thus, the feature extraction method described in this example
is not meant to be optimal for all applications. However, it shows how a high
proportion of information about a process can be stored within a few features.
For more details on classification algorithms and further transforms for feature
extraction, see [59, 44, 167, 58].

5.3 The KLT of Real-Valued AR(1) Processes

An autoregressive process of order p (AR(p) process) is generated by exciting
a recursive filter of order p with a zero-mean, stationary white noise process.
The filter has the system function

1

H(z) = —
1- glp(z) z~t

; p(p) # 0. (5.34)

Thus, an AR(p) process z(n) is described by the difference equation
z(n) = w(n) + Zp(z) z(n —1), (5.35)

where w(n) is white noise. The AR(1) process with difference equation
z(n) =wn) +pz(n—1) (5.36)

is often used as a simple model. It is also known as a first-order Markov
process. From (5.36) we obtain by recursion:

z(n) = Zpi w(n —1). (5.37)

For determining the variance of the process z(n), we use the properties

my =E{wn)} =0 - my,=E{z(n)}=0 (5.38)
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and
Fww(m) = E{wn)w(n +m)} = 0%6mo, (5.39)

where d,,9 is the Kronecker delta. Supposing |p| < 1, we get

op = E{lz(n)’}

= Y36 B —iun - i)}
== (5.40)

oo
— 0_2 § :p2z
i=0

0.2

1—p2

For the autocorrelation sequence we obtain

ree(m) = E{z(n)z(n+m)}

i=0 j=0 (5.41)

We see that the autocorrelation sequence is infinitely long. However,
henceforth only the values rq5(—N +1),...,7r55(N — 1) shall be considered.
Because of the stationarity of the input process, the covariance matrix of the
AR(1) process is a Toeplitz matrix. It is given by

2 N—1

1 p P P
) p 1 p :
. p
p 1
The eigenvectors of R, form the basis of the KLT. For real signals and
even N, the eigenvalues Ax, £ = 0,...,N — 1 and the eigenvectors were
analytically derived by Ray and Driver [123]. The eigenvalues are

1
T 1-2p cos(ay) + p?’

Ak k=0,...,N—1, (5.43)
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where a, k=0,...,N — 1 denotes the real positive roots of
1 - p?)si
tan(Nag) = — (1= p7) sin(ax) . (5.44)
cos(ag) —2p+ p cos(a)
The components of the eigenvectors ug, k =0,...,N — 1 are given by
2 N-1 T
_ ; - 1_), k=0,...,N—1.
ug(n) N sm(ak(n 5 )+(k+ )2 n, k=0
(5.45)

5.4 Whitening Transforms

In this section we are concerned with the problem of transforming a colored
noise process into a white noise process. That is, the coeflicients of the
representation should not only be uncorrelated (as for the KLT), they should
also have the same variance. Such transforms, known as whitening transforms,
are mainly applied in signal detection and pattern recognition, because they
lead to a convenient process representation with additive white noise.

Let n be a process with covariance matrix
R,,=E{nn"} # oI (5.46)
We wish to find a linear transform T which yields an equivalent process
f=Tn (5.47)

with
E{#n"} = E{Tnn"TH} =TR,,T? = 1. (5.48)
We already see that the transform cannot be unique since by multiplying an

already computed matrix T with an arbitrary unitary matrix, property (5.48)
is preserved.

The covariance matrix can be decomposed as follows (KLT):
R, =UAUY =UZZ"UE. (5.49)

For A and ¥ we have
AL VAL
A_ = '.' s 2 = '.'
AN VAN
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Possible transforms are
T=x"1U"

or
T=UX'UEH.

This can easily be verified by substituting (5.50) into (5.48):

E{anf} =TR,,T? = 'Ufuss"yfus" = I.
I I

Alternatively, we can apply the Cholesky decomposition
R,,=LL"¥,
where L is a lower triangular matrix. The whitening transform is
T=L"
For the covariance matrix we again have

E{aaf} =TR,,T¥ = L'LL¥L¥ ' = I.

In signal analysis, one often encounters signals of the form

r=s+n,

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

where s is a known signal and n is an additive colored noise processes. The

whitening transforms transfer (5.56) into an equivalent model

r=38+mn
with
F = Tr,
8§ = Ts,
n = Tn,

where 7 is a white noise process of variance o2 = 1.

(5.57)

(5.58)
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5.5 Linear Estimation

In estimation the goal is to determine a set of parameters as precisely
as possible from noisy observations. We will focus on the case where the
estimators are linear, that is, the estimates for the parameters are computed
as linear combinations of the observations. This problem is closely related to
the problem of computing the coefficients of a series expansion of a signal, as
described in Chapter 3.

Linear methods do not require precise knowledge of the noise statistics;
only moments up to the second order are taken into account. Therefore they
are optimal only under the linearity constraint, and, in general, non-linear
estimators with better properties may be found. However, linear estimators
constitute the globally optimal solution as far as Gaussian processes are
concerned [149].

5.5.1 Least-Squares Estimation

We consider the model

r=Sa+n, (5.59)

where 7 is our observation, a@ is the parameter vector in question, and n is a
noise process. Matrix S can be understood as a basis matrix that relates the
parameters to the clean observation Sa.

The requirement to have an unbiased estimate can be written as
E{a(r)|a} = a, (5.60)

where a is understood as an arbitrary non-random parameter vector. Because
of the additive noise, the estimates @(r)|a again form a random process.

The linear estimation approach is given by
a(ry=Ar. (5.61)
If we assume zero-mean noise n, matrix A must satisfy

AS=1I (5.62)
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in order to ensure unbiased estimates. This is seen from

E{a(r)la} = E{Arla}

A E{r|a}

A E{Sa+n} (5.63)
ASa

a.

The generalized least-squares estimator is derived from the criterion

It — Se| < min, (5.64)
«a = a(r)

where an arbitrary weighting matrix G may be involved in the definition of
the inner product that induces the norm in (5.64). Here the observation r is
considered as a single realization of the stochastic process r. Making use of
the fact that orthogonal projections yield a minimal approximation error, we
get
a(r) = [SEGS|"'sHGr (5.65)
according to (3.95). Assuming that [S¥GS]™! exists, the requirement (5.65)
to have an unbiased estimator is satisfied for arbitrary weighting matrices, as
can easily be verified.
If we choose G = I, we speak of a least-squares estimator. For weighting

matrices G # I, we speak of a generalized least-squares estimator. However,
the approach leaves open the question of how a suitable G is found.

5.5.2 The Best Linear Unbiased Estimator (BLUE)
As will be shown below, choosing G' = R}, where
R, = E {nn} (5.66)

is the correlation matrix of the noise, yields an unbiased estimator with
minimal variance. The estimator, which is known as the best linear unbiased
estimator (BLUE), then is

A=[SPR;'s|"'s”R,]. (5.67)
The estimate is given by

a(r)=[SER;IS|"'SHR} r. (5.68)
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The variances of the individual estimates can be found on the main diagonal

of the covariance matrix of the error e = a(r) — a, given by

R.. =[SYR; 'S .

(5.69)

Proof of (5.69) and the optimality of (5.67). First, observe that with

AS = I we have

a(ry—ala = ASa+An-—a
= An.
Thus,
R.. = AFE {nnH} Af
= AR, AY
= [STR;1S|"SH R, R R 1SIST R;LS]
= [S"R;;S]

(5.70)

(5.71)

In order to see whether A according to (5.67) is optimal, an estimation

alry=Ar

with
A=A+D

will be considered. The unbiasedness constraint requires that
AS=1
Because of A § = I this means
DS=0 (null matrix).
For the covariance matrix of the error é(r) = é@(r) — a we obtain
AR,,A"
[A + D|R,,[A + D)¥

Rz

AR,,AH + AR,.D¥ + DR,,A¥ + DR,,,,D~.

(5.72)

(5.73)

(5.74)

(5.75)

(5.76)
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With
(AR, D¥)! = DR,,A®Y = DR,,R,}'S[SER;'S]™!
— Hp-1¢1-1
0
=0
(5.76) reduces to
R:;; = AR, A" + DR, D". (5.78)

We see that Rg; is the sum of two non-negative definite expressions so that
minimal main diagonal elements of R3; are yielded for D = 0 and thus for A
according to (5.67). [

In the case of a white noise process n, (5.68) reduces to
a(r) = [SHS)18Hr. (5.79)

Otherwise the weighting with G = R,;! can be interpreted as an implicit
whitening of the noise. This can be seen by using the Cholesky decomposition
R,,, = LLY and and by rewriting the model as

7#=8a+7, (5.80)

where _
F=L ', S=L7'8, 2 =L"1n. (5.81)

The transformed process 7 is a white noise process. The equivalent estimator
then is

a@F) =87 515" 7. (5.82)

5.5.3 Minimum Mean Square Error Estimation

The advantage of the linear estimators considered in the previous section
is their unbiasedness. If we dispense with this property, estimates with
smaller mean square error may be found. We will start the discussion on
the assumptions

E{r}=0, E{a}=0. (5.83)

Again, the linear estimator is described by a matrix A:

a(r)y=Ar. (5.84)
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Here, r is somehow dependent on a, but the inner relationship between r
and a need not be known however. The matrix A which yields minimal main
diagonal elements of the correlation matrix of the estimation error e = a — a
is called the minimum mean square error (MMSE) estimator.

In order to find the optimal A, observe that

R.. = Eila—a a—al?
{le-alla-a)"} (5.85)
= E{aa"}-FE{aa"} —E{adH} +E{ddH}.
Substituting (5.84) into (5.85) yields
R..=R,, — AR,, — R.,A” + AR A" (5.86)
with
R,, = E{aa"},
R,, = RE =E{raf}, (5.87)
R,, = E{rrf}.

Assuming the existence of R}, (5.86) can be extended by
RraR;rl Rar - RraR;rl Rar
and be re-written as

R..=[A-R..R;}|R,. [A" - R,'R.;] — R/oR,Rs + Ra,. (5.88)

Clearly, Re. has positive diagonal elements. Since only the first term on the
right-hand side of (5.88) is dependent on A, we have a minimum of the
diagonal elements of R, for

A=R,.R.} (5.89)

The correlation matrix of the estimation error is then given by
R..=R,, — R,,R.'R,,. (5.90)
Orthogonality Principle. In Chapter 3 we saw that approximations & of
signals & are obtained with minimal error if the error & — @ is orthogonal to

&. A similar relationship holds between parameter vectors @ and their MMSE
estimates. With A according to (5.89) we have

R..=AR,.,, ie E {a'r'H} =AEFE {r'r'H} . (5.91)
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This means that the following orthogonality relations hold:
E{[d—a] &H} = Raa— Rae
= [AR,, — R, ] A" (5.92)
= 0.

With Ar = a the right part of (5.91) can also be written as
E{ar"}=E{ar"}, (5.93)

which yields
E{la—a]r?} =0. (5.94)

The relationship expressed in (5.94) is referred to as the orthogonality
principle. The orthogonality principle states that we get an MMSE estimate
if the error @(r) — a is uncorrelated to all components of the input vector r
used for computing & (r).

Singular Correlation Matrix. There are cases where the correlation
matrix R,, becomes singular and the linear estimator cannot be written as

A=R,, R} (5.95)

A more general solution, which involves the replacement of the inverse by the
pseudoinverse, is
A=R,, R}. (5.96)

In order to show the optimality of (5.96), the estimator
A=A+D (5.97)
with A according to (5.96) and an arbitrary matrix D is considered. Using
the properties of the pseudoinverse, we derive from (5.97) and (5.86):
Ree =Ro— AR, —R,A" + AR, A"

(5.98)
=R,, - R,,R}.R,, + DR} D".

Since R}, is at least positive semidefinite, we get a minimum of the diagonal
elements of R.. for D = 0, and (5.96) constitutes one of the optimal solutions.

Additive Uncorrelated Noise. So far, nothing has been said about possible
dependencies between a and the noise contained in r. Assuming that

r=Sa+n, (5.99)



5.5. Linear Estimation 119

where n is an additive, uncorrelated noise process, we have

R, = Rg- =Ry, SH;
(5.100)
R, = SR, SH + Rnn;
and A according to (5.89) becomes
A=R,,S" [SR,,S" + R,,] . (5.101)
Alternatively, A can be written as
A=[R;}+SHYR;!S] " S"R;.. (5.102)

This is verified by equating (5.101) and (5.102), and by multiplying the
obtained expression with [R;} +S* R;;! §] from the left and with [SR,,SY +
R,,,;] from the right, respectively:

R, +SYR,'S] R,,S" = S¥R,}[SR,.S" + R,.,,).

The equality of both sides is easily seen. The matrices to be inverted in (5.102),
except Ry, typically have a much smaller dimension than those in (5.101). If
the noise is white, R,,! can be immediately stated, and (5.102) is advantageous

in terms of computational cost.
For R.. we get from (5.89), (5.90), (5.100) and (5.102):

R.. = R, — AR,
(5.103)
= R., - [R;}+SHR;!S] ' S"R,;!SR,,.
Multiplying (5.103) with [R,} + SH R;1S] from the left yields
[Rei +STR.2S] Ree = [Ryg +S¥R;S] Rao — S¥ R, SR
= 1,
(5.104)
so that the following expression is finally obtained:
R.. = [R;'+SHR;1S] . (5.105)

Equivalent Estimation Problems. We partition A and a into

a= [al], A= [i;] (5.106)
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such that

[Z;g:;] B [2] T (5.107)

If we assume that the processes a;, a2 and n are independent of one another,

the covariance matrix R,, and its inverse R} have the form

-1
R,, = I:RO(/)lal R:)a ] , R;al = [R,,blm RE)I ] , (5.108)

asao

and A according to (5.102) can be written as

-1

Ao A | SHR,.S1+R;., SER-1S, sip-1
Ay 83 Ry 81 S{'R,.S: + R, S Ron
(5.100)
where S = [S1,S2]. Applying the matrix equation
[8 7—'] - [5—1 +E1FDIgE! _g—ly:p—l]
= “1ge-1 1
g A ~bes D (5.110)
D =H-GE'F
yields
A, = [SFR;, S:+R; |7'STR,},, (5.111)
A, = [S¥R;. S>+R; |7'S¥R,}. (5.112)
with
Rn1n1 = Ry + S2Ra2azsglg (5.113)
annz = Ry, + SlRalals{I- (5.114)
The inverses R}, and R}, can be written as
- - — - - -1 -
R, = [Rmi - R8> (SRS, + R} S Rn;] ,(5.115)
_ _ _ _ _ -1 _
R, = [Rmi - RS, (STR,2S:1+ R, ) ST Rn;] .(5.116)

Equations (5.111) and (5.112) describe estimations of a; and a2 in the
models
r=51a; +nq, (5117)
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r=Ssas +ns9 (5118)
with
ny = Ssas+mn,
! 2 (5.119)
ny = Sia;+n.

Thus, each parameter to be estimated can be understood as noise in the
estimation of the remaining parameters. An exception is given if ST R1 S, =
0, which means that S; and S are orthogonal to each other with respect to
the weighting matrix R,,}. Then we get

A1 =[STR,;81 + R, ]S R,
and
R€1€1 = [S{{RT_LT]I:SI + R;11a1]_15
and we observe that the second signal component Ssas has no influence on
the estimate.

Nonzero-Mean Processes. One could imagine that the precision of linear
estimations with respect to nonzero-mean processes r and a can be increased
compared to the solutions above if an additional term taking care of the mean
values of the processes is considered. In order to describe this more general
case, let us denote the mean of the parameters as

a=FE{a}. (5.120)
The estimate is now written as
a=Ar+a+ec, (5.121)

where ¢ is yet unknown. Using the shorthand

b = a-—a,
b = a-a,
122
M = [¢A] (5.122)
-]
r = ,
T

(5.121) can be rewritten as:
b= Mz. (5.123)
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The relationship between b and z is linear as usual, so that the optimal M
can be given according to (5.89):

M = R,R;]. (5.124)

Now let us express R, and R} through correlation matrices of the processes
a and r. From (5.122) and E {b} = 0 we derive

Ry, = [0, Ryp) (5.125)
with
R, = E{[la—a]r¥
’ {la—al 7} (5.126)
= E{la—a]lr -7},
where
F=E{r}. (5.127)
R, writes
1 7
R, = [f RM] (5.128)
Using (5.110) we obtain
1+ 7% [R,, — 77H]'F —FH [R,, — FFH] "
R, = [ ]_1 [ ]_1 (5.129)
- [R. —FFH] T F [R,, — F7H]
From (5.122) — (5.129) and
[Ryr — F7PH] = E{[r — 7] [r — 77} (5.130)

we finally conclude
a=E{la—alfr—7%} E{r—F[r-77)} ' r-7l+a (5131

Equation (5.131) can be interpreted as follows: the nonzero-mean processes
a and r are first modified so as to become zero-mean processes ¢ — @ and
r — . For the zero-mean processes the estimation problem can be solved as
usual. Subsequently the mean value @ is added in order to obtain the final
estimate a.

Unbiasedness for Random Parameter Vectors. So far the parameter
vector to be estimated was assumed to be non-random. If we consider a to
be a random process, various other weaker definitions of unbiasedness are
possible.
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The straightforward requirement
E{a(r)} = A E{r} = E{a} (5.132)

is meaningless, because it is satisfied for any A as far as r and a are zero-mean.

A useful definition of unbiasedness in the case of random parameters is to
consider one of the parameters contained in a (e.g. ax) as non-random and to
regard all other parameters ay,...,a5_1,0,+1 etc. as random variables:

E{ ax(r) | ag } = a. (5.133)

In order to obtain an estimator which is unbiased in the sense of (5.133), the
equivalences discussed above may be applied. Starting with the model

r = Sa+n
(5.134)

= Spap +n,

in which 7”2 contains the additive noise nn and the signal component produced
by all random parameters a;, j # k, we can write the unbiased estimate as

ar = hi'r (5.135)
with
hif = [sf Rztsx] " s RG}. (5.136)
Then,
A= lhi,hy,. )7 (5.137)

is an estimator which is unbiased in the sense of (5.133).

The Relationship between MMSE Estimation and the BLUE. If
R,. = E{aa®} is unknown, R;} = 0 is substituted into (5.102), and we
obtain the BLUE (cf. (5.67)):

A=[S"R;!S]” SR} (5.138)

In the previous discussion it became obvious that it is possible to obtain
unbiased estimates of some of the parameters and to estimate the others
with minimum mean square error. This result is of special interest if no
unbiased estimator can be stated for all parameters because of a singular
matrix SER,1S.
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5.6 Linear Optimal Filters

5.6.1 Wiener Filters

We consider the problem depicted in Figure 5.3. By linear filtering of the noisy
signal r(n) = z(n) + w(n) we wish to make y(n) = r(n) * h(n) as similar as
possible to a desired signal d{n). The quality criterion used for designing the
optimal causal linear filter h(n) is

E{le(m)?} = E{|d(n) — y(n)]>} = min. (5.139)

The solution to this optimization problem can easily be stated by applying
the orthogonality principle. Assuming a causal FIR filter h(n) of length p, we
have

y(n) =Y h(i)r(n —i). (5.140)

Thus, according to (5.94), the following orthogonality condition must be
satisfied by the optimal filter:

E{[d(n)—ih(z) r(n—i)] r*(n—j)} =0, j=0,1,...,p—1.
=0

(5.141)
For stationary processes r(n) and d(n) this yields the discrete form of the
so-called Wiener-Hopf equation:

p—1
K@) 10 (G — 1) = 1pa(j),  §=0,1,...,p—1, (5.142)
=0
with

rrr(m) = E {'f'* ('I’L) ,,-(n + m)} ’
(5.143)

Tra(m) E{r*(n) d(n+m)}.

The optimal filter is found by solving (5.142).

An application example is the estimation of data d(n) from a noisy
observation r(n) = >, c(f) d(n — £) + w(n), where c¢(n) is a channel and
w(n) is noise. By using the optimal filter h(n) designed according to (5.142)
the data is recovered with minimal mean square error.
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Signal _ () optil;rigfafrilter w(n)
x(n) h(n)

w(n) _

Noise d(n) —+>@—> e(n)

Figure 5.3. Designing linear optimal filters.

Variance. For the variance of the error we have

ot = E{lenP’)
= 05— > h) rig()) = Y B (0) rra(i) (5.144)
=0 =0
+ 30 SThG) B G) reli— )
i=0 j=0

with 03 = E {|d(n|?}. Substituting the optimal solution (5.142) into (5.144)
yields

o2 =03 — Z h(3) 7*,4(3). (5.145)

Matrix Notation. In matrix notation (5.142) is

R, h=7.4 (5.146)
with
hT = [n(0),h(1),...,R(p—1)], (5.147)
rry = [rra(0),7ra(1), ..., mra(p — 1)] (5.148)
and
it A U R
R, =| . : : : (5.149)

re@=1) rre@=1) . re(0)
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From (5.146) and (5.145) we obtain the following alternative expressions
for the minimal variance:

2 — g2_pH
o = o;—1T,h

o (5.150)

— g2 _pH p-1
= o;-r4 B reg

Special Cases. The following three cases, where the desired signal is a
delayed version of the clean input signal z(n), are of special interest:

(i) Filtering: d(n) = z(n).

(ii) Interpolation: d(n) = z(n + D),D < 0.

(iii) Prediction: d(n) = z(n+ D), D > 0. Here the goal is to predict a future
value.
For the three cases mentioned above the Wiener—Hopf equation is

p—1
> h(i) ror(j — i) = 1 (j + D), i=0,1,...,p—1. (5.151)

=0

Uncorrelated Noise. If the noise w(n) is uncorrelated to z(n), we have
"'Tr(m) = Tzz (m) + Tww (m) (5.152)

and
rra(m) = rge(m + D), (5.153)

and from (5.151) we derive
p—1
> h(i) [ree( =) +Tww(i—)] = ree(+D),  j=0,1,...,p—1. (5.154)
i=0
In matrix notation we get
[Rzz + Ruyw) b = 144(D) (5.155)
with
rT = [h(0),RQ1),...,h(p - 1)], (5.156)

rT(D) = [res(D),rea(D+1),...,700(D+p—1)]  (5.157)
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and
24 (0) Tze(—1) cer Tee(—p+1)
T2z (1) T2¢(0) cer Tex(—D+2)
Rmm = . . . . (5158)
rea(P—1) rae(p—1) . T2 (0)

For the correlation matrix R, the corresponding definition holds.

The minimal variance is

ol = o2—-rE(D)h

(5.159)
= z2i_7' =(D) [Rw:c+wa] Toa(D).

5.6.2 One-Step Linear Prediction

One-step linear predictors are used in many applications such as speech
and image coding (DPCM, ADPCM, LPC,...), in spectral estimation, and
in feature extraction for speech recognition. Basically, they may be regarded
as a special case of Wiener-Hopf filtering.

: 1 Li -~
: z incar £(n
x(n) - predictor @ —(]
: +

—a(n)

e(n)

g

S Prediction error filter -
Figure 5.4. One-step linear prediction.

We consider the system in Figure 5.4. A comparison with Figure 5.3 shows
that the optimal predictor can be obtained from the Wiener—Hopf equations
for the special case D = 1 with d(n) = z(n + 1), while no additive noise is
assumed, w(n) = 0. Note that the filter a(n) is related to the Wiener-Hopf
filter h(n) as a(n) = —h(n — 1). With

Zp:a z(n —1i) (5.160)

e(n) = z(n)—&(n)
b _ (5.161)
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Minimizing the error with respect to the filter coefficients yields the equations
P

— " a(i) res(§ — i) = ras (), i=1,2,...,p, (5.162)
i=1

which are known as the normal equations of linear prediction. In matrix
notation they are

T4 (0) Tgz(—1) coe Taa(—p+1) a(l) roa(1)
Tez(1) T4 (0) coe Taa(-p+2) a(2) _ T22(2)
roa@—1) Toa(®—2) ...  72a(0) a(p) ros (D)
(5.163)
that is
R0 =—-71,.(1) (5.164)
with
a’ =[a(1),...,a(p)]. (5.165)

According to (5.159) we get for the minimal variance:

Ugmin = E{|e(n)|2} = rzz(o) - "'51:,;(1) R;;:l ’I"zz(l)

(5.166)
= 714:(0) +rE (1) a.

Autoregressive Processes and the Yule—Walker Equations. We con-
sider an autoregressive process of order p (AR(p) process). As outlined in
Section 5.3, such a process is generated by exciting a stable recursive filter with
a stationary white noise process w(n). The system function of the recursive
system is supposed to be?

1

U(z)=——
1+ l§1 a(i) z—¢

. a(p) £0. (5.167)

The input-output relation of the recursive system may be expressed via the
difference equation

z(n) = w(n) — Z a(i) z(n —1). (5.168)

i=1

2In order to keep in line with the notation used in the literature, the coefficients p(i), i =
1,...,p introduced in (5.34) are replaced by the coefficients —a(%), i =1,...,p.



5.6. Linear Optimal Filters 129

For the autocorrelation sequence of the process z(n) we thus derive

rea(m) = E{z"(n)z(n+m)}
) (5.169)
= rew(m)— ;a(i) Tye(m — ).
The cross correlation sequence g, (m) is

raw(m) = E{z*(njw(n +m)}

= § w* (1) rww(i+m) (5.170)
i=1 —
a2 8(i+m)

= U%u U’*(_m)a

where u(n) is the impulse response of the recursive filter. Since u(n) is causal
(u(n) =0 for n < 0), we derive

rew(m) = {23; wem), m > (5.171)
By combining (5.169) and (5.171) we finally get
- fla(i) rea(m —14), m >0,
i=
Tga(m) = ot — z”: a(i) rag(m —i), m=0, (5.172)
T;z(—z;bl)a m < 0.

The equations (5.172) are known as the Yule-Walker equations. In matrix
form they are

Tez(0) Tez(—1)  T2z(—2) vor Tuz(—D) 1 o2

Tze(l) 7T22(0) Tz (—1) vor Tex(l—p) a(l) _ 0

ree®) Tea®@—1) Tasp=1) .. Tea(0) a(p) 0
(5.173)

As can be inferred from (5.173), we obtain the coefficients a(i), i = 1,...,p
by solving (5.163). By observing the power of the prediction error we can also
determine the power of the input process. From (5.166) and (5.172) we have

— 2

2
a-'w a-emin

(5.174)
= 714:(0) +rE (1) a.
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Thus, all parameters of an autoregressive process can be exactly determined
from the parameters of a one-step linear predictor.

Prediction Error Filter. The output signal of the so-called prediction error
filter is the signal e(n) in Figure 5.4 with the coeflicients a(n) according to
(5.163). Introducing the coefficient a(0) = 1, e(n) is given by
P
e(n) =Y a(i) z(n—1i), a(0)=1 (5.175)
i=0
The system function of the prediction error filter is

p

A(z) =1+ Za(i)z_i = Za(i)z_i, a(0) = 1. (5.176)

=0

In the special case that z(n) is an autoregressive process, the prediction
error filter A(z) is the inverse system to the recursive filter U(z) +— u(n).
This also means that the output signal of the prediction error filter is a
white noise process. Hence, the prediction error filter performs a whitening
transform and thus constitutes an alternative to the methods considered in
Section 5.4. If z(n) is not truly autoregressive, the whitening transform is
carried out at least approximately.

Minimum Phase Property of the Prediction Error Filter. Our
investigation of autoregressive processes showed that the prediction error
filter A(2) is inverse to the recursive filter U(2). Since a stable filter does not
have poles outside the unit circle of the z-plane, the corresponding prediction
error filter cannot have zeros outside the unit circle. Even if z(n) is not an
autoregressive process, we obtain a minimum phase prediction error filter,
because the calculation of A(z) only takes into account the second-order
statistics, which do not contain any phase information, cf. (1.105).

5.6.3 Filter Design on the Basis of Finite Data
Ensembles

In the previous sections we assumed stationary processes and considered the
correlation sequences to be known. In practice, however, linear predictors must
be designed on the basis of a finite number of observations.

In order to determine the predictor filter a(n) from measured data
z(1),2(2),...,z(N), we now describe the prediction error
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via the following matrix equation:
e=Xa+z, (5.177)

where a contains the predictor coeflicients, and X and x contain the input
data. The term X a describes the convolution of the data with the impulse
response a(n).

The criterion

llell = 1X @+ || = min (5.178)
leads to the following normal equation:
XX a=-X"g. (5.179)

Here, the properties of the predictor are dependent on the definition of X
and z. In the following, two relevant methods will be discussed.

Autocorrelation Method. The autocorrelation method is based on the
following estimation of the autocorrelation sequence:

N—|m|
f;‘;‘c)(m):% S 27 (n) o(n+m). (5.180)

As can be seen, fg(;;lc) (m) is a biased estimate of the true autocorrelation

sequence 7g.(m), which means that E{fg({;o)(m)} # Tz(m). Thus, the
autocorrelation method yields a biased estimate of the parameters of an
autoregressive process. However, the correlation matrix RS:C) built from
40 (m) has a Toeplitz structure, which enables us to efficiently solve the
equation
BUD & = _pa0) () (5.181)
by means of the Levinson—Durbin recursion [89, 47| or the Schur algorithm
[130]. Textbooks that cover this topic are, for instance, [84, 99, 117].

The autocorrelation method can also be viewed as the solution to the
problem (5.178) with

i 0 ] i z(N) ]
0 z(N) x(N—.p+ 1)
oo x(N) , X — x(N:— 1) ... x(N:—p) (5.182)
2(p+1) 2(p) 2(1)
| w@ | L () -
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and
a = [a(1),a(2),...,a(p)]%. (5.183)
We have
BRU) _ xnx (5.184)
and
PAO (1) = X Hy, (5.185)

Covariance Method. The covariance method takes into account the pre-
diction errors in steady state only and yields an unbiased estimate of the
autocorrelation matrix. In this case X and x are defined as

z(N-1) ... z(N-p)
X = 3 5 (5.186)
zp+1) ... z(2)
and
z(N)
z= : (5.187)
z(p+2)
z(p+1)
The equation to be solved is
RV a= -+, (5.188)
where
. (C
BV —xHx, (5.189)
V(1) = X He. (5.190)

. (C
Note that R;mv) is not a Toeplitz matrix, so that solving (5.188) is much more

complex than solving (5.181) via the Levinson-Durbin recursion. However, the
covariance method has the advantage of being unbiased; we have

E {Rf,jv)} = Ra.. (5.191)
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5.7 Estimation of Autocorrelation Sequences
and Power Spectral Densities

5.7.1 Estimation of Autocorrelation Sequences

In the following, we will discuss methods for estimating the autocorrelation
sequence of random processes from given sample values z(n),n =0,...,N—1.
We start the discussion with the estimate

1 N—|m|-1
P _(m) = ¥ > z*(n) z(n +m), (5.192)
n=0

which is the same as the estimate f;’;‘c) (m), used in the autocorrelation

method explained in the last section. As can easily be verified, the estimate
ab

72, (m) is biased with mean
N —
However, since

N—o00

the estimate is asymptotically unbiased. The triangular window N_Tlml that
occurs in (5.193) is known as the Bartleit window.

The variance of the estimate can be approximated as [77]

var[fy, (m)] ~ % 3 reo(®@)? + 1hp(n—m)roa(n+m).  (5.195)

n=—oc

Thus, as N — oo, the variance tends to zero:

: b
1\}51100 var[fa,(m)] — 0. (5.196)
Such an estimate is said to be consistent. However, although consistency is
given, we cannot expect good estimates for large m as long as N is finite,
because the bias increases as |m| — N.

Unbiased Estimate. An unbiased estimate of the autocorrelation sequence

is given by
N—|m|-1

Z z*(n) z(n + m). (5.197)

n=0

1
- N—|m|

We have
E{fys(m)} =rze(m), |m|<N-1. (5.198)
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The variance of the estimate can be approximated as [77]

N o0
var[f, (m)] & ———— Tee(M)|> + 75, (n —m) rep(n+m). (5.199)
feelm] ~ e 2 Iree(®)
As N — o0, this gives
lim var[fy,(m)] — 0, (5.200)
N—oo

which means that #%,(m) is a consistent estimate. However, problems arise
for large m as long as N is finite, because the variance increases for |m| — N.

5.7.2 Non-Parametric Estimation of Power Spectral
Densities

In many real-world problems one is interested in knowledge about the power
spectral density of the data to be processed. Typically, only a finite set of
observations z(n) withn = 0,1, ..., N—1is available. Since the power spectral
density is the Fourier transform of the autocorrelation sequence, and since
we have methods for the estimation of the autocorrelation sequence, it is a
logical consequence to look at the Fourier transforms of these estimates. We
start with 72 (m). The Fourier transform of #2_(m) will be denoted as

N-1
Po(ef) = 3 i (m) e Iom, (5.201)
m=—(N-1)

We know that 72, (m) is a biased estimate of the true autocorrelation sequence
T+e(m), so that we can conclude that the spectrum P,.(e/*) is a biased
estimate of the true power spectral density Sa;a:(ejw). In order to be explicit,
let us recall that

with wp(m) being the Bartlett window; i.e.

N —|m|

= (5.203)

wp(m) =
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In the spectral domain, we have

N-1
E{Py()} = ) E{fl(m)} e
m=—(N-1)
N-1
- Z wg (M) Te(m) e—Jwm (5.204)
m=—(N-1)
_ 1 " Soe(e?) Wi (e/@ —2)) dy
27_[_ o rr b

where Wg(el) is the Fourier transform of wg(m) given by

. 2
W (/@) :% (%) . (5.205)

Thus, E {Pm(ej“’)} is a smoothed version of the true power spectral density
Szz(e7¥), where smoothing is carried out with the Fourier transform of the
Bartlett window.

A second way of computing Pw.w(ej“’) is to compute the Fourier transform
of z(n) first and to derive Py,(e’¥) from X (e’¥). By inserting (5.192) into
(5.201) and rearranging the expression obtained, we get

Peale) = 5 X(&)P. (5.206)

In the form (5.206) P, (e?*) is known as the periodogram.

Another way of deriving an estimate of the power spectral density is to
consider the Fourier transform of the estimate #%,(m). We use the notation
Q2 (e7¥) for this type of estimate:

N-1

Qua(ef) = > ¥ (m) e Im, (5.207)

m=—(N-1)
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The expected value is

S E{(m)} eIem

m=—(N-—1)

E{Qqs(e™)}

N-1 .
= Z Tz (m) e I
m=—(N—1) (5.208)

oo

= Z wr(M) reg(m) e 3™

1 [ . .
- — v j(w—v)
o /_7T Sez(e?”) Wr(e ) dv,
where wg(m) is the rectangular window

_J1, forlm|<N-1
wr(m) = {O, otherwise, (5.209)

and Wg(e?®) is its Fourier transform:

_ sin(w[2N —1]/2)
B sin(w/2) '
This means that although #%,(m) is an unbiased estimate of r,,(m), the
quantity Q..(e’?) is a biased estimate of S, (es*). The reason for this is the
fact that only a finite number of taps of the autocorrelation sequence is used in
the computation of Q45 (e’*). The mean E {Q..(e’¥)} is a smoothed version
of S (e?¥), where smoothing is carried out with the Fourier transform of the
rectangular window.

W (el )

(5.210)

As N — oo both estimates #2_(m) and #%,(m) become unbiased. The
same holds for P,,(e/%) and Q5(e?*), so that both estimates of the power
spectral density are asymptotically unbiased. The behavior of the variance of
the estimates is different. While the estimates of the autocorrelation sequences
are consistent, those of the power spectral density are not. For example, for
a Gaussian process z(n) with power spectral density S;.(e/¥), the variance
of the periodogram becomes

var [ Ppo(e/¥)] = N sinw

1+ (M)2] 52 (&), (5.211)

which yields . .
]\}im var [ Pyo (€7%)] = S2,(e7%). (5.212)
—00

Thus, the periodogram does not give a consistent estimate of Sg; (/). The
proof of (5.211) is straightforward and is omitted here.
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Use of the DFT or FFT for Computing the Periodogram. Since
the periodogram is computed from the Fourier transform of the finite data
sequence, it can be efficiently evaluated at a discrete set of frequencies by
using the FFT. Given a length-N sequence z(n), we may consider a length-N
DFT, resulting in

2

N-1
. 1 )
Pyo(€/%) = = > a(n) e I2mE/N (5.213)
n=0

with w = 27k/N. In many applications, the obtained number of samples
of P,.(e’*) may be insufficient in order to draw a clear picture of the peri-
odogram. Moreover, the DFT length may be inconvenient for computation,
because no powerful FFT algorithm is at hand for the given length. These
problems can be solved by extending the sequence z(n) with zeros to an
arbitrary length N’ > N. This procedure is known as zero padding. We obtain

2

N-1
; 1 ; ’
P (e?9F) = N E z(n) e ~I2k/N (5.214)
n=0

with wg = 27k/N'. The evaluation of (5.214) is typically carried out via the
FFT.

Bartlett Method. Various methods have been proposed for achieving con-
sistent estimates of the power spectral density. The Bartlett method does this
by decomposing the sequence z(n) into disjoint segments of smaller length
and taking the ensemble average of the spectrum estimates derived from the
smaller segments. With

D (n) =z(n+iM), i=0,1,....,K—1, n=0,1,...,M—1, (5.215)

we get the K periodograms

z) —jwn

P(’) er =

The Bartlett estimate then is
PE (e9¥) = Z P (ed9), (5.217)

The expected value becomes

B{PE)} = B{PQE)} = o [ $0a(e) Way (90~ i,
(5.218)



138 Chapter 5. Transforms and Filters for Stochastic Processes

with W, (/%) being the Fourier transform of the length-M Bartlett window.
Assuming a Gaussian process z(n), the variance becomes

var [PB (e%)] = L var[ Poo(67)] = — [1+ (Mﬂ 2. (e7%)
= K o K M sinw e '
(5.219)
Thus, as N,M,K — oo, the variance tends to zero and the estimate is
consistent. For finite N, the decomposition of z(n) into K sets results in
a reduced variance, but the bias increases accordingly and the spectrum

resolution decreases.

Blackman-Tukey Method. Blackman and Tukey proposed windowing the
estimated autocorrelation sequence prior the Fourier transform [8]. The ar-
gument is that windowing allows us to reduce the influence of the unreliable
estimates of the autocorrelation sequence for large m. Denoting the window
and its Fourier transform as w(m) and W (eJ¥), respectively, the estimate can
be written as

N-1
PET() = 3 w(m),(m) e Iom, (5.220)
m=—(N-1)

In the frequency domain, this means that
PBT (gjw) = zi / Poa(e) W (7@ =) du. (5.221)
Q -

The window w(n) should be chosen such that
W) > 0 Yw (5.222)
in order to ensure that PBT (/%) is positive for all frequencies.

The expected value of PET (e¥) is most easily expressed in the form

N-1
E{PET()} = Y wm)wp(m)ra(m)e ™.  (5.223)
m=—(N-1)

Provided that w(m) is wide with respect to r;;(m) and narrow with respect
to wp(m), the expected value can be approximated as

E {PﬁT(eJW)} = w(0) Seo(ef). (5.224)

Thus, in order to achieve an asymptotically unbiased estimate, the window
should satisfy
w(0) = 1. (5.225)
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For a symmetric window w(m) = w(—m) the variance can be estimated as [8]

N-1
var[PﬁT(ej“)]z% D win)| SZ(eM). (5.226)
m=—(N-1)

This approximation is based on the assumption that W(e¥) is wide with
respect to W (e?¥) and narrow with respect to the variations of S, (e?%).

Welch Method. In the Welch method [162] the data is divided into overlap-
ping blocks

t@D(n) =z(n+iD), i=0,1,....,K—-1, n=0,1,...,M -1 (5.227)
with D < M. For D = M we approach the decomposition in the Bartlett
method. For D < M we have more segments than in the Bartlett method.

Each block is windowed prior to computation of the periodogram, resulting
in K spectral estimates

2

M-1
Vi (ev) = ﬁ > aDm)wm)e ™|, i=0,1,...,K—1. (5.228)
n=0

The factor « is chosen as

= _Jll/:f Z w?(m) = 21r/ SE (1Y) dw, (5.229)
m=0

which means that the analysis is carried out with a window of normalized
energy. Taking the average yields the final estimate

. 1 = L
PP (e¥) = % > VD). (5.230)

The expected value becomes

E{ W (o) } - E{Vw(;?(ejw)} (5.231)
with
‘ | M-1M- _
E{ngé)(ew)} =i Z z_: w(n) w(m) rzs(n —m)e 79 —™_ (5232)

In the spectral domain, this can be rewritten as

Elv®(giwyl = vy B ¢ jw—v)
{ T (e )} = aM on /_ﬂ See(e )Sww(e ) dv, (5.233)
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where )
SE_(e79) = ‘W e]“’| . (5.234)

With increasing N and M, SZ,_(e/(“’ ) becomes narrow with respect to
Szz(€7) and the expected value tends to

E{Vm(:?(ejw)} = —— Suul(e SE (&7 dw = Sz (e?*).  (5.235)
a -7
This shows that the Welch method is asymptotically unbiased.

For a Gaussian process, the variance of the estimate is

K-1K-1

L 2
var [ PY (el%)] = K2 > Y E{viE) V() - [E{v(e)}]
=0 j=0
(5.236)
If no overlap is considered (D = M), the expression reduces to
var [P (89)] = %var (V) (e79)] % S2_(e79), (5.237)

For k — oo the variance approaches zero, which shows that the Welch method
is consistent.

Various windows with different properties are known for the purpose of
spectral estimation. In the following, a brief overview is given.

Hanning Window.

0.5-05cos (#%), n=01,...,N—1

w(n) = (5.238)
0, otherwise.
Hamming Window.
0.54 — 046cos(N—), n=0,1,...,N—1
w(n) = (5.239)

0, otherwise.

Blackman Window.

w(n) = 0.42 — 05cos( )+00800s(ﬁ—), n=0,1,...,N—1

0, otherwise.
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Figure 5.5. Window functions.

Figure 5.5 shows the windows, and Figure 5.6 shows their magnitude
frequency responses. The spectrum of the Bartlett window is positive for all
frequencies, which also means that the bias due to the Bartlett window is
strictly positive. The spectra of the Hanning and Hamming window have
relatively large negative side lobes, so that the estimated power spectral
density may have a negative bias in the vicinity of large peaks in Szz(ej“’).
The Blackman window is a compromise between the Bartlett and the Han-
ning/Hamming approaches.

5.7.3 Parametric Methods in Spectral Estimation

Parametric methods in spectral estimation have been the subject of intensive
research, and many different methods have been proposed. We will consider
the simplest case only, which is related to the Yule-Walker equations. A
comprehensive treatment of this subject would go far beyond the scope of
this section.

Recall that in Section 5.6.2 we showed that the coeflicients of a linear one-
step predictor are identical to the parameters describing an autoregressive
process. Hence the power spectral density may be estimated as

A

N . 0'2
Spe(€??) = w 5. (5.241)

P
1+ Z d(n)e 7v"
n=1

The coefficients &(n) in (5.241) are the predictor coefficients determined from
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Figure 5.6. Magnitude frequency responses of common window functions.

the observed data, and 62, is the power of the white input process estimated
according to (5.174):
62 = 7,5(0) + 72 (1) a. (5.242)

If we apply the autocorrelation method to the estimation of the predictor
coefficients d(n), the estimated autocorrelation matrix has a Toeplitz struc-
ture, and the prediction filter is always minimum phase, just as when using
the true correlation matrix R,,. For the covariance method this is not the
case.

Finally, it shall be remarked that besides a forward prediction a backward
prediction may also be carried out. By combining both predictors one can
obtain an improved estimation of the power spectral density compared to
(5.241). An example is the Burg method [19].
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Chapter 6

Filter Banks

Filter banks are arrangements of low pass, bandpass, and highpass filters used
for the spectral decomposition and composition of signals. They play an im-
portant role in many modern signal processing applications such as audio and
image coding. The reason for their popularity is the fact that they easily allow
the extraction of spectral components of a signal while providing very efficient
implementations. Since most filter banks involve various sampling rates, they
are also referred to as multirate systems. To give an example, Figure 6.1
shows an M-channel filter bank. The input signal is decomposed into M so-
called subb and signalsby applying M analysis filters with different passbands.
Thus, each of the subband signals carries information on the input signal in
a particular frequency band. The blocks with arrows pointing downwards in
Figure 6.1 indicate downsampling (subsampling) by factor N, and the blocks
with arrows pointing upwards indicate upsampling by N. Subsampling by N
means that only every Nth sample is taken. This operation serves to reduce
or eliminate redundancies in the M subband signals. Upsampling by N means
the insertion of N — 1 consecutive zeros between the samples. This allows us
to recover the original sampling rate. The upsamplers are followed by filters
which replace the inserted zeros with meaningful values. In the case M = N
we speak of critical subsampling because this is the maximum downsampling
factor for which perfect reconstruction can be achieved. Perfect reconstruction
means that the output signal is a copy of the input signal with no further
distortion than a time shift and amplitude scaling.

143
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Analysis filter bank . Synthesis filter bank
Subband signals

—  Ho@@) yo(m) Gol2)
x(n) Hi(2) 1(m) G@) |—® X(n)

= Hm(2) yae1(m) Gr1(2)

Figure 6.1. M-channel filter bank.

From the mathematical point of view, a filter bank carries out a series
expansion, where the subband signals are the coefficients, and the time-shifted
variants g (n—iN), © € Z, of the synthesis filter impulse responses gx(n) form
the basis. The main difference to the block transforms is that the lengths of the
filter impulse responses are usually larger than N so that the basis sequences
overlap.

6.1 Basic Multirate Operations

6.1.1 Decimation and Interpolation

In this section, we derive spectral interpretations for the decimation and
interpolation operations that occur in every multirate system. For this, we
consider the configuration in Figure 6.2. The sequence v(n) results from
ingerting zeros into y(m). Because of the different sampling rates we obtain
the following relationship between Y (z) and V(2):

Y(eN) = V(2). (6.1)

After downsampling and upsampling by N the values v(nN) and u(nN)
are still equal, while all other samples of v(n) are zero. Using the correspon-
dence

N-1
1 j2mi 1 forn/N eZ
— J2min/N _ ,
N ; © { 0 otherwise, (6.2)

the relationship between v(n) and u(n) can be written as

1 N-1 ]
o(m) = u(w) 5 Y W™, (6.3)
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<) Ho) |-“O 2 ) v
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Figure 6.2. Typical components of a filter bank.

where

The z-transform is given by
(o0}
V(iz) = Z v(n)z™"

= %Z _Z u(n) [Wiz] ™" (6.5)
1
N

Y(z) = Z UWiz¥). (6.6)

With (6.6) and U(z) = H(2)X(z) we have the following relationship
between Y (2) and X (2):

Z H(W}2¥) X(Wiz¥). (6.7)

From (6.1) and (6.7) we finally conclude

X(z) = G YY)

1 N-1 ' (6.8)
= GR)H(Wi2)X(Wiz).
=0
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Figure 6.3. Signal spectra for decimation and interpolation according to the
structure in Figure 6.2 (non-aliased case).
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Figure 6.4. Signal spectra in the aliased case.

The spectra of the signals occurring in Figure 6.2 are illustrated in Figure 6.3
for the case of a narrowband lowpass input signal z(n), which does not lead
to aliasing effects. This means that the products G(z)(H (W4 2)X (Wi z)) in
(6.8) are zero for ¢ # 0. The general case with aliasing occurs when the
spectra, become overlapping. This is shown in Figure 6.4, where the shaded
areas indicate the aliasing components that occur due to subsampling. It is
clear that z(n) can only be recovered from y(m) if no aliasing occurs. However,
the aliased case is the normal operation mode in multirate filter banks. The
reason why such filter banks allow perfect reconstruction lies in the fact that
they can be designed in such a way that the aliasing components from all
parallel branches compensate at the output.
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Figure 6.5. Type-1 polyphase decomposition for M = 3.

6.1.2 Polyphase Decomposition

Consider the decomposition of a sequence z(n) into sub-sequences z;(m), as
shown in Figure 6.5. Interleaving all z;(m) again yields the original z(n).
This decomposition is called a polyphase decomposition, and the z;(m) are
the polyphase components of z(n). Several types of polyphase decompositions
are known, which are briefly discussed below.

Type-1. A type-1 polyphase decomposition of a sequence z(n) into M
components is given by

M-1
27% X(2M), (6.9)
£=0
where
Xy(z) «— z4(n) = z(nM + 1£). (6.10)

Figure 6.5 shows an example of a type-1 decomposition.

Type-2. The decomposition into type-2 polyphase components is given by

M-1
=Y M0 x5 (:M), (6.11)

where
Xy(2) +— zp(n) =z(nM + M —1-14). (6.12)
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Thus, the only difference between a type-1 and a type-2 decomposition lies in
the indexing;:
Xe(2) = Xy o(2). (6.13)

Type-3. A type-3 decomposition reads

M-1
X(z) = Z 25 Xy(2M), (6.14)
£=0
where
Xi(2) «— Zy(n) = z(nM — £). (6.15)

The relation to the type-1 polyphase components is

Xo(2) = Xo(2),

_ (6.16)
Xo(z) = 271 Xpm_4(2), £=1,...,M—1.

Polyphase decompositions are frequently used for both signals and filters.
In the latter case we use the notation H;(z) for the kth type-1 polyphase
component of filter H;(z). The definitions for type-2 and type-3 components
are analogous.

6.2 Two-Channel Filter Banks
6.2.1 PR Condition

Let us consider the two-channel filter bank in Figure 6.6. The signals are
related as
Yo(2?) =3 [Ho(2) X (2) + Ho(~2) X (=2)],

V(=) =1 [Hi(x) X(2) + Hu(=2) X (~2)], (6.17)
R() = [Y(z) Gol2) + Ya(z2) Gu ()]
Combining these equations yields the input-output relation
X(z) =
+

[Ho(z) Go(2) + Hi(2) G1(2)] X(2)

(6.18)
[Ho(~2) Go(2) + Hi(—2) G1(2)] X(~2).

Nl= M=

The first term describes the transmission of the signal X (z) through the
system, while the second term describes the aliasing component at the output
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Figure 6.6. Two-channel filter bank.

of the filter bank. Perfect reconstruction is given if the output signal is nothing
but a delayed version of the input signal. That is, the transfer function for
the signal component, denoted as S(z), must satisfy

S(z) = Ho(2) Go(z) + H1(2) G1(2) =2 279, (6.19)
and the transfer function F(z) for the aliasing component must be zero:
F(z) = Ho(—2) Go(2) + H1(—2) G1(2) = 0. (6.20)

If (6.20) is satisfied, the output signal contains no aliasing, but amplitude dis-
tortions may be present. If both (6.19) and (6.20) are satisfied, the amplitude
distortions also vanish. Critically subsampled filter banks that allow perfect
reconstruction are also known as biorthogonal filter banks. Several methods
for satisfying these conditions either exactly or approximately can be found
in the literature. The following sections give a brief overview.

6.2.2 Quadrature Mirror Filters

Quadrature mirror filter banks (QMF banks) provide complete aliasing can-
cellation at the output, but condition (6.19) is only approximately satisfied.
The principle was introduced by Esteban and Galand in [52]. In QMF banks,
Hy(z) is chosen as a linear phase lowpass filter, and the remaining filters are
constructed as

Go(z) = Ho(z)
Hi(z) = Hp(-2) (6.21)
Gi(z) = —Hi(2).
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Hyy(2) 2 D Yo(m) —s D Hy @)
Hy (2 ~D—=y1(m) =D Hy@) O—

Figure 6.7. QMF bank in polyphase structure.

As can easily be verified, independent of the filter Hy(z), the condition F'(z) =
0 is structurally satisfied, so that one only has to ensure that S(z) = HZ(z) +
HZ2(—2) = 2277. The name QMTF is due to the mirror image property

|Hy (72 =) = |Ho(e?2 T¥)]

with symmetry around m/2.
QMF bank prototypes with good coding properties have for instance been
designed by Johnston [78].

One important property of the QMF banks is their efficient implementa-
tion due to the modulated structure, where the highpass and lowpass filters are
related as Hy(z) = Hy(—z). For the polyphase components this means that
Hig(2) = Hgo(z) and Hi1(2) = —Hp1(z). The resulting efficient polyphase
realization is depicted in Figure 6.7.

6.2.3 General Perfect Reconstruction Two-Channel
Filter Banks

A method for the construction of PR filter banks is to choose

2) = z7¢ Hi(~=
Go(2) Hy(-2) (6.22)
Gi(2) = —27% Hp(—2).

Is is easily verified that (6.20) is satisfied. Inserting the above relationships
into (6.19) yields

Ho(2)Go(2) + (=1)4+! Ho(—2)Go(—2) = 2279 (6.23)

Using the abbreviation
T(z) = Go(2) Ho(z), (6.24)
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Figure 6.8. Examples of Nyquist filters T'(z); (a) linear-phase; (b) short overall
delay.

this becomes
2279 = T(z) + (1) T(-=2). (6.25)

Note that £[T(z) + T(—z)] is the z-transform of a sequence that only has

non-zero even taps, while [T'(z) — T(—z)] is the z-transform of a sequence
that only has non-zero odd taps. Altogether we can say that in order to satisfy

(6.25), the system T'(z) has to satisfy

1 n—gq
ttn)=¢ 0 n=q+2¢ £#0 Lel (6.26)
arbitrary n=¢+ 2+ 1.

In communications, condition (6.26) is known as the first Nyquist condition.
Examples of impulse responses t(n) satisfying the first Nyquist condition are
depicted in Figure 6.8. The arbitrary taps are the free design parameters,
which may be chosen in order to achieve good filter properties. Thus, filters
can easily be designed by choosing a filter T'(z) and factoring it into Hy(2) and
Go(z). This can be done by computing the roots of T'(2) and dividing them
into two groups, which form the zeros of Hp(z) and Go(2). The remaining
filters are then chosen according to (6.24) in order to yield a PR filter bank.
This design method is known as spectral factorization.

6.2.4 Matrix Representations

Matrix representations are a convenient and compact way of describing and
characterizing filter banks. In the following we will give a brief overview of
the most important matrices and their relation to the analysis and synthesis
filters.
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Modulation Matrix. The input-output relations of the two-channel filter
bank may also be written in matrix form. For this, we introduce the vectors

T (2) = [ )?;(_zz),)] : (6.27)
Yp(2) = [28} (6.28)

and the so-called modulation matriz or alias component (AC) matriz

wo= [0, B0 e

which contains the filters Hp(z) and H;(z) and their modulated versions
Hy(~2z) and H;(—z). We get

yo(z?) % HY (2) 2m(2), (6.30)

X(z) = [Go(2), G1(2)] yp(2?)

3 [Go(2), Gr()] HE() om(2) (6.31)

Polyphase Representation of the Analysis Filter Bank. Let us
consider the analysis filter bank in Figure 6.9(a). The signals yo(m) and y; (m)
may be written as

yo(m) = Zho z(2m —n)

Zho(2k)$(2m 2k)+2h0(2k+1)x(2m 2k — 1)

Zhoo CL‘O m — k +Zh01 wl(m—k)

(6.32)
and

yi(m) = Y hi(n) z(2m —n)

6.33
= Zhlo(k}) fo(m—k)'i‘Zhll(k) .’Zl(m—k), ( )
k k
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Figure 6.9. Analysis filter bank. (a) direct implementation; (b) polyphase realiza-
tion.

{id

where we used the following polyphase components:

hoo(k) = ho(2k),
hoi(k) = ho(2k+1),
hio(k) = h1(2k),
hii(k) = hi(2k+1),
To(k) = =z(2k),
Zi(k) = z(2k-1)

The last rows of (6.32), and (6.33) respectively, show that the complete
analysis filter bank can be realized by operating solely with the polyphase
components, as depicted in Figure 6.9(b). The advantage of the polyphase
realization compared to the direct implementation in Figure 6.9(a) is that
only the required output values are computed. When looking at the first
rows of (6.32) and (6.33) this sounds trivial, because these equations are
easily implemented and do not produce unneeded values. Thus, unlike in
the QMF bank case, the polyphase realization does not necessarily lead to
computational savings compared to a proper direct implementation of the
analysis equations. However, it allows simple filter design, gives more insight
into the properties of a filter bank, and leads to efficient implementations
based on lattice structures; see Sections 6.2.6 and 6.2.7.

It is convenient to describe (6.32) and (6.33) in the z-domain using matrix
notation:

Yp(2) = E(2) Zp(2), (6.34)
where
2) = Hoo(z) H01(z)
Bz = [Hm(z) Hll(z):|’ (6.35)

&,(z) = [;:(ngg . (6.36)
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Matrix E(z) is called the polyphase matriz of the analysis filter bank. As can
easily be seen by inspection, it is related to the modulation matrix as follows:

H,(z) = WY D(2) E"(z%),
(6.37)
E(z*) = § HJ(2) W D(z™),
with
W= [i _11] (6.38)
and
D(z) = [1 z_l] (6.39)

Here, W is understood as the 2x2-DFT matrix. In view of the general M-
channel case, we use the notation W1 = %WH for the inverse.

Polyphase Representation of the Synthesis Filter Bank. We consider
the synthesis filter bank in Figure 6.10(a). The filters Go(z) and G1(z) can
be written in terms of their type-2 polyphase components as

Go(2) = 271Gl (2%) + Gy (27) (6.40)

and
G1(2) = 271G (%) + G, (22). (6.41)

This gives rise to the following z-domain matrix representation:

fo-0 [0 &0 8G] e
R‘(rz)

The corresponding polyphase realization is depicted in Figure 6.10. Perfect
reconstruction up to an overall delay of ¢ = 2mg + 1 samples is achieved if

R(z)E(z) =2"™1. (6.43)

The PR condition for an even overall delay of ¢ = 2my samples is

R(2)E(z) = 2™ [z91 é] (6.44)



6.2. Two-Channel Filter Banks 155

yo(m) . ~ Go2) o) T ¥ @
X(n)
yi(m) [
61 y1(m) G ® '@ O—
@) (b)

Figure 6.10. Synthesis filter bank. (a) direct implementation; (b) polyphase
realization.
6.2.5 Paraunitary Two-Channel Filter Banks

The inverse of a unitary matrix is given by the Hermitian transpose. A similar
property can be stated for polyphase matrices as follows:

E~'(2) = E(z), (6.45)
where
E(z) = (E@)", |2=1, (6.46)
such that
E(z) E(z) = E(2) E(2) = L. (6.47)

Analogous to ordinary matrices, (E(z)) stands for transposing the matrix
and simultaneously conjugating the elements:

Hoo(z) Hoi(z = Hoo(2) Hio(z
E(Z)Z Hlogzg Hllgzg] = E(Z)Z [I:Imgz; ﬁllgzg ’

In the case of real-valued filter coefficients we have Hi(2) = Hip(271), such
that E(z) = ET(27!) and

EQ)ETz"Y)=ET:Y) E() =1 (6.48)

Since F(z) is dependent on z, and since the operation (6.46) has to be carried
out on the unit circle, and not at some arbitrary point in the z plane, a matrix
E(z) satisfying (6.47) is said to be paraunitary.

Modulation Matrices. As can be seen from (6.37) and (6.47), we have
H, (2)Hp(2) = Hyp(2)Hp(2) =2 1 (6.49)
for the modulation matrices of paraunitary two-channel filter banks.

Matched Filter Condition. From (6.49) we may conclude that the analysis
and synthesis filters in a paraunitary two-channel filter bank are related as

Gr(2) = Hi(z) «+— gi(n) = hi(-n), k=01 (6.50)
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This means that an analysis filter and its corresponding synthesis filter
together yield a Nyquist filter (cf. (6.24)) whose impulse response is equivalent
to the autocorrelation sequence of the filters in question:

te(n) = rfkhk (n) = rigk (n) = h(n) x hy(—n). (6.51)

Here we find parallels to data transmission, where the receiver input filter is
matched to the output filter of the transmitter such that the overall result
is the autocorrelation sequence of the filter. This is known as the matched-
filter condition. The reason for choosing this special input filter is that it
yields a maximum signal-to-noise ratio if additive white noise interferes on
the transmission channel.

Power-Complementary Filters. From (6.49) we conclude
2 = Hy(z)Ho(z) + Ho(—z)Ho(—2), (6.52)

which for z = /% implies the requirement
_ 'PNE Jlw—+ )y
2=|Ho(e)|" + |Hole )| (6.53)
We observe that the filters Ho(e/) and Ho(e(“ 7)) must be power-
complementary to one another. For constructing paraunitary filter banks we

therefore have to find a Nyquist filter T'(z) which can be factored into
T(z) = Ho(2) Ho(2). (6.54)

Note that a factorization is possible only if T'(e/*) is real and positive. A
filter that satisfies this condition is said to be valid. Since T'(e/“) has symmetry
around w = 7/2 such a filter is also called a valid halfband filter. This approach
was introduced by Smith and Barnwell in [135].

Given Prototype. Given an FIR prototype H(z) that satisfies condition
(6.53), the required analysis and synthesis filters can be derived as

Ho(z) = H(z)

Hi(z) =z"CVH(-z) (6.55)
Go(z) =2~V Hy(z)

Gi(z) =2z"E-VH ().

Here, L is the number of coefficients of the prototype.
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Number of Coefficients. Prototypes for paraunitary two-channel filter
banks have even length. This is seen by formulating (6.52) in the time domain
and assuming an FIR filter with coefficients hg(0), ..., ho(2k):

b0 = Z ho(n)hi(n — 20). (6.56)

For £ =k, n =2k, k # 0, this yields the requirement 0 = ho(2k)hg(0), which
for ho(0) # 0 can only be satisfied by hg(2k) = 0. This means that the filter
has to have even length.

Filter Energies. It is easily verified that all filters in a paraunitary filter
bank have energy one:

IRollz, = lBallz, = ligollz, = llgally, = 1. (6.57)

Non-Linear Phase Property. We will show that paraunitary two-channel
filter banks are non-linear phase with one exception. The following proof is
based on Vaidyanathan [145]. We assume that two filters H(z) and G(z) are
power-complementary and linear-phase:

¢ =H)HE) +G()EG(R)

H(z) =e® 2L H(z), a€eR (6.58)
. ) (linear-phase property).
G(z) =€l L Q(z), BeR

We conclude
(H(2)ed/? + jG(2)e7P/2) (H(2)e?®? — jG(2)eiP/?) = z~L.  (6.59)
Both factors on the left are FIR filters, so that

H(2)el%/? + jG(2)eiB/2 = pz~1n

. . Li+Ly=L, pg=c® (6.60)
H(2)ed%/2 — jG(2)eiB/2 = gz~L2

Adding and subtracting both equations shows that H(z) and G(z) must have
the form

H(z) = az i1 +bz712
(6.61)
G(z) = ~laz™™ —bz72), |y]=1

in order to be both power-complementary and linear-phase. In other words,
power-complementary linear-phase filters cannot have more than two coeffi-
cients.
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6.2.6 Paraunitary Filter Banks in Lattice Structure

Paraunitary filter banks can be efficiently implemented in a lattice structure
[53], [147]. For this, we decompose the polyphase matrix E(z) as follows:

E(2)=Bn_1D(2)Bn_2 --- D(z)By. (6.62)
Here, the matrices Bg, k=0,...,N — 1 are rotation matrices:
| cosBr sing _ _
Bk_[—sinﬁk cosﬂk]’ k=0,...,N -1, (6.63)

and D(z) is the delay matrix

D= [é 291] . (6.64)

It can be shown that such a decomposition is always possible [146].
Provided cos B #0, k=0,1,...,N — 1, we can also write

E(z)=c An_1D(2)An_2 --- D(2)Ap (6.65)
with
1 g _
Ak_[_ak 1], c= H m (6.66)

This basically allows us to reduce the total number of multiplications. The
realization of the filter bank by means of the decomposed polyphase matrix
is pictured in Figure 6.11(a). Given ag, £k =0,..., N — 1, we obtain filters of
length L = 2N.

Since this lattice structure leads to a paraunitary filter bank for arbitrary
ay,, we can thus achieve perfect reconstruction even if the coefficients must be
quantized due to finite precision. In addition, this structure may be used for
optimizing the filters. For this, we excite the filter bank with Zeyen(n) = dng
and z,44(n) = 6,1 and observe the polyphase components of Hy(z) and Hy(z)
at the output.

The polyphase matrix of the synthesis filter bank has the following
factorization:
R(z) = BID'(2)BT ... D'(z)B%_, (6.67)

with D'(z) = JD(z)J, such that D'(2)D(z) = z~'I. This means that all
rotations are inverted and additional delay is introduced. The implementation
is shown in Figure 6.11(b).
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y1(m)

Figure 6.11. Paraunitary filter bank in lattice structure; (a) analysis; (b) synthesis.

6.2.7 Linear-Phase Filter Banks in Lattice Structure

Linear-phase PR two-channel filter banks can be designed and implemented
in various ways. Since the filters do not have to be power-complementary, we
have much more design freedom than in the paraunitary case. For example,
any factorization of a Nyquist filter into two linear-phase filters is possible. A
Nyquist filter with P = 6 zeros can for instance be factored into two linear-
phase filters each of which has three zeros, or into one filter with four and
one filter with two zeros. However, realizing the filters in lattice structure, as
will be discussed in the following, involves the restriction that the number of
coefficients must be even and equal for all filters.

The following factorization of E(z) is used [146]:
E(z) =Ly_1D(2)Ln_2 --- D(2)Lg (6.68)

with

_ 1 (277 _ 1 1 _ 1 0 B B
n=[l %] mea=[t 4] o=} &] km0.v

It results in a linear-phase PR filter bank. The realization of the filter bank
with the decomposed polyphase matrix is depicted in Figure 6.12. As in
the case of paraunitary filter banks in Section 6.2.6, we can achieve PR if
the coefficients must be quantized because of finite-precision arithmetic. In
addition, the structure is suitable for optimizing filter banks with respect to
given criteria while conditions such as linear-phase and PR are structurally
guaranteed. The number of filter coeflicients is L = 2(N + 1) and thus even
in any case.
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x(n)

Y1

yo(m)

Figure 6.12. Linear-phase filter bank in lattice structure; (a) analysis; (b) synthesis.

6.2.8 Lifting Structures

Lifting structures have been suggested in [71, 141] for the design of biorthog-
onal wavelets. In order to explain the discrete-time filter bank concept behind
lifting, we consider the two-channel filter bank in Figure 6.13(a). The structure
obviously yields perfect reconstruction with a delay of one sample. Now we
incorporate a system A(z) and a delay z7%, a > 0 in the polyphase domain
as shown in Figure 6.13(b). Clearly, the overall structure still gives PR, while
the new subband signal yo(m) is different from the one in Figure 6.13(a). In
fact, the new yo(m) results from filtering z(n) with the filter

Ho(z) = 2720 4+ 271 A(2?)

and subsampling. The overall delay has increased by 2a. In the next step in
Figure 6.13(c), we use a dual lifting step that allows us to construct a new
(longer) filter Hy (%) as

Hi(z) = 27271 4 2729B(2?) + 271 A(2?) B(2?).

Now the overall delay is 2a + 2b 4+ 1 with a,b > 0. Note that, although we
may already have relatively long filters Ho(2) and H;(z), the delay may be
unchanged if we have chosen ¢ = b = 0. This technique allows us to design
PR filter banks with high stopband attenuation and low overall delay. Such
filters are for example very attractive for real-time communications systems,
where the overall delay has to be kept below a given threshold.
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Figure 6.13. Two-channel filter banks in lifting structure.
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Figure 6.14. Lifting implementation of the 9-7 filters from [5] according to [37].
The parameters are oo = —1.586134342, 8 = —0.05298011854, ~ = 0.8829110762,
& = 0.4435068522, £ = 1.149604398.

In general, the filters constructed via lifting are non-linear phase. However,
the lifting steps can easily be chosen to yield linear-phase filters.

Both lattice and lifting structures are very attractive for the implementa-
tion of filter banks on digital signal processors, because coefficient quantization
does not affect the PR property. Moreover, due to the joint realization of
Hy(z) and Hy(z), the total number of operations is lower than for the direct
polyphase implementation of the same filters. To give an example, Figure 6.14
shows the lifting implementation of the 9-7 filters from [5], which are very
popular in image compression.
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An important result is that any two-channel filter bank can be factored
into a finite number of lifting steps [37]. The proof is based on the Euclidean
algorithm [9]. The decomposition of a given filter bank into lifting steps is not
unique, so that many implementations for the same filter bank can be found.
Unfortunately, one cannot say a priori which implementation will perform
best if the coefficients have to be quantized to a given number of bits.

6.3 Tree-Structured Filter Banks

In most applications one needs a signal decomposition into more than two,
say M, frequency bands. A simple way of designing the required filters is to
build cascades of two-channel filter banks. Figure 6.15 shows two examples,
(a) a regular tree structure and (b) an octave-band tree structure. Further
structures are easily found, and also signal-adaptive concepts have been
developed, where the tree is chosen such that it is best matched to the problem.
In all cases, PR is easily obtained if the two-channel filter banks, which are
used as the basic building blocks, provide PR.

In order to describe the system functions of cascaded filters with sampling
rate changes, we consider the two systems in Figure 6.16. It is easily seen that
both systems are equivalent. Their system function is

3 Hi() [Ho(2) + Ho(—2)].

For the system By(22) we have
Bz(zz) = Ho(Z)Hl(Z2)

With this result, the system functions of arbitrary cascades of two-channel
filter banks are easily obtained.

An example of the frequency responses of non-ideal octave-band filter
banks in tree structure is shown in Figure 6.17. An effect, which results from
the overlap of the lowpass and highpass frequency responses, is the occurrence
of relatively large side lobes.
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Figure 6.15. Tree-structured filter banks; (a) regular tree structure; (b) octave-
band tree structure.
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Figure 6.16. Equivalent systems.
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Figure 6.17. Frequency responses in tree-structured filter banks; (a) two-channel
filter bank; (b) octave-band filter bank.

6.4 Uniform M-Channel Filter Banks

This section addresses uniform M-channel filter banks for which the sampling
rate is reduced by N in all subbands. Figure 6.1 shows such a filter bank, and
Figure 6.18 shows some frequency responses. In order to obtain general results
for uniform M-channel filter banks, we start by assuming N < M, where M
is the number of subbands.

6.4.1 Input-Output Relations

We consider the multirate filter bank depicted in Figure 6.1. From equations
(6.7) and (6.8) we obtain
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Figure 6.18. Frequency responses of the analysis filters in a uniform M-channel
filter bank; (a) cosine-modulated filter bank; (b) DFT filter bank.

N—

,..

1 .
Hy(Wiz¥) X(Wiz¥), k=0,...,M—1, (6.69)

i=0

and

||t1E

1N-
Z 2)Hy(Wi2) X (Wi z). (6.70)

In order to achieve perfect reconstruction, suitable filters Hy(z) and
Gr(2), k =0,...,M — 1, and parameters N and M must be chosen. We

obtain the PR requirement by first changing the order of the summation in
(6.70):

. 1 N-1 ' M-1 ]
X(2) =5 > X(Wk2) > Gr(2)He(Wi2). (6.71)
i=0 k=0

Equation (6.71) shows that X (2) = 27 X(2) holds if the filters satisfy

R
L

Gr(2)Hy(Wk2) =N 2798, 0<i<N-1. (6.72)

>
1l
=}
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Using the notation

HO(Z) Hl (Z) HM_l(Z)
Hy(zW. H,(zW Hyr_1(2W,
Ho(z) = of ' N) 1( ' N) M 1.( N) 673)
Ho(zWy ™) Hi(zW{ ™) Hy(zWy )
and
g(Z) = [Go(z)aGl(z)a"'7GM—1(Z)]T5 (674)
Zm(2) = [X(2), X(2WN), ..., X WAL, (6.75)
the input-output relations may also be written as
X(2) = % 97 (2) HT.(2) @m(2). (6.76)
Thus, PR requires that
% g’ (z) HL (2) =277 [1,0,...,0]. (6.77)

6.4.2 The Polyphase Representation

In Section 6.2 we explained the polyphase representation of two-channel filter
banks. The generalization to M channels with subsampling by N is outlined
below. The implementation of such a filter bank is depicted in Figure 6.19.

Analysis. The analysis filter bank is described by

Yp(2) = E(2) zp(2), (6.78)
where
z,(2) = [Xo(2),X1(2),..., Xn1(2)]” (6.79)
Yp(2) = [Yo(2),Yi(2),...,Yu1(2)]" (6.80)
Hoo(2) Hy (2) Ho,n-1(2)
Bo-| ToF O ) (6:8)

Huy—1,0(2) Hum—1,1(2)

Hy—1,n-1(2)
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Figure 6.19. Filter bank in polyphase structure.

2l

Synthesis. Synthesis may be described in a similar way:

Zp(2) = R(2) yp(2) (6.82)
with
Goo(2) 10(2) e 9\/[—1,0(2)
R(z) = G61(Z) 11(2) 9\/1—1,1(2') (6.83)
6,N—1(Z) I1,N—1(z) T GI]\l—l,N—l(z)

Perfect Reconstruction. From (6.78) and (6.82) we conclude the PR
requirement
R(z) E(z) =271, (6.84)

which results in an overall delay of Mgy + M — 1 samples. The generalization
to any arbitrary delay of Mqo + r + M — 1 samples is

R(z) E(z) = 7 [z_?IT I’V{)—T], (6.85)

where 0 <r < M —1 [146)].
FIR Filter Banks. Let us write (6.84) as

—g Ad{E(2)}

R(z)=2"PEY2) ==z BT

(6.86)
and let us assume that all elements of E(z) are FIR. We see that the elements
of R(z) are also FIR if det{ E(2)} is a monomial in z. The same arguments hold
for the more general PR condition (6.85). Thus, FIR solutions for both the
analysis and synthesis filters of a PR filter bank require that the determinants
of the polyphase matrices are just delays.
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6.4.3 Paraunitary Filter Banks

The paraunitary case is characterized by the fact that the sum of the energies
of all subband signals is equal to the energy of the input signal. This may be
expressed as ||yp|| = ||zl V &p with ||zp|| < 0o, where &, () is the polyphase
vector of a finite-energy input signal and y,(2) = E(2) ,(2) is the vector of
subband signals. It can easily be verified that filter banks (oversampled and
critically sampled) are paraunitary if the following condition holds:

E(z) E(z) = I (6.87)

This also implies that

he(n) = gi(—n) «— Hp(z) =Gg(z), k=0,...,.M—1. (6.88)

Especially in the critically subsampled case where N = M, the impulse
responses hy(n—mM) and gx,(n—mM), k=0,...,M—1, m € Z, respectively,
form orthonormal bases:

Zh;(mM +n) he(n) = 6mo djk, (6.89)
> g5 (mM +n) g(n) = mo Sk (6.90)

6.4.4 Design of Critically Subsampled M-Channel FIR
Filter Banks

Analogous to the lattice structures introduced in Sections 6.2.6 and 6.2.7, we
consider the following factorization of E(z):

E(2) = Ak D(2)Ag_1D(z)--- D(2) Ay, (6.91)

where
D(z) = [I”(f)—l z‘_’l] . (6.92)
The matrices Ag, k = 0,1,..., K are arbitrary non-singular matrices. The

elements of these matrices are the free design parameters, which can be chosen
in order to obtain some desired filter properties. To achieve this, a useful
objective function has to be defined and the free parameters have to be found
via non-linear optimization. Typically, one tries to minimize the stopband
energy of the filters.
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The corresponding synthesis polyphase matrix can be designed as

R(z) = Aj'T(2)A['T(2)-- - T(2) AR, (6.93)
where .
() = [z T ‘1’] . (6.94)

Clearly, both E(z) and R(z) contain FIR filters. The overall transfer matrix
is

R(2)E(z) = 27X (6.95)
Figure 6.20 illustrates the implementation of the filter bank according to the
above factorizations. A simple parameterization for the matrices A that
guarantees the existence of A,;l is to use triangular matrices with ones
on the main diagonal. The inverses then are also triangular, so that the
implementation cost is somehow reduced. Examples are given in [146].

Paraunitary FIR Filter Banks based on Rotations. Paraunitary filter
banks are easily derived from the above scheme by restricting the matrices Ay
to be unitary. Interestingly, not all matrices have to be fully parameterized
rotation matrices in order to cover all possible unitary filter banks [41]. The
matrices Ao, ..., Ax—_1 only have to belong to the subset of all possible M x M
unitary matrices which can be written as a sequence of M —1 Givens rotations
performed successively on the elements k,k+ 1 for k=0,1,...,M — 2.

cos ) sin g{¥) 1
—sin ¢(()k) cos ¢(()k) -
A= 1 . 1
: cos ¢(k) sin ¢(k)
1 —gin ¢§§)_1 cos ¢(k)

(6.96)
The last matrix Ax has to be a general rotation matrix. Filter design can
be carried out by defining an objective function and optimizing the rotation
angles.

Paraunitary FIR Filter Banks based on Reflections. A second way
of parameterizing paraunitary filter banks was proposed in [148]. Here, the
polyphase matrix is written as follows:

E(2) = Vk(2)Vk-1(2)-- Vi(2)U. (6.97)
The matrices Vi (z) are reflection-like matrices of the type

Vi=1I- 'uk'u{ + z_l'uk'ukT, (6.98)
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Figure 6.20. M-channel filter bank with FIR filters; (a) analysis; (b) synthesis.

where v, is an M x 1 vector with ||vg]| = vTv = 1. It is easily proven

that V1(271)Vi(z) = I, so that the matrices can indeed be used for
parameterization. The matrix U has to be a general unitary matrix. The
parameterization (6.97) directly leads to an efficient implementation, which
is similar to the one discussed in Section 3.4.4 for the implementation of
Householder reflections: instead of multiplying an input vector &(z) with an
entire matrix V(z), one computes z(z) — vx[l — 27! [vEz(z)] in order to
obtain Vi (z)z(z).

In addition to the above parameterizations, which generally yield non-
linear phase filters, methods for designing linear-phase paraunitary filter banks
have also been developed. For this special class the reader is referred to [137].

6.5 DFT Filter Banks

DFT filter banks belong to the class of modulated filter banks, where all
filters are derived from prototypes via modulation. Modulated filter banks
have the great advantage that only suitable prototypes must be found, not
the complete set of analysis and synthesis filters. One prototype is required
for the analysis and one for the synthesis side, and in most cases the same
prototypes can be used for both sides. Due to the modulated structure very
efficient implementations are possible.

In DFT banks, the analysis and synthesis filters, Hy(z) and Gi(z), are
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related to the analysis and synthesis prototypes, P(z) and Q(z), as

Hy(z) = P(Wkz) <«  hg(n) =p(n) W;*"
(6.99)
Gr(2) =Q(Wk2) +—  gr(n) = q(n) Wy*".

In order to explain the efficient implementation of DFT banks, let us
consider the critically subsampled case. The analysis equation is

yr(m) = th z(mM — n)
(6.100)
= ZP z(mM —n).
We now substitute n = iM + j, L = M L, and rewrite (6.100) as
M-1Lp-1 M
ye(m) = ¥ 5 piM+5) Wi M g(mM — i — j)
j=0 =0
M= ki
= E 7 E p(iM +5) a(mM —iM — j) (6.101)

j=
_]_ 3 1,—

= X Wi 2 pili) 2;(m—1).
= =

Thus, the subband signals can be computed by filtering the polyphase com-
ponents of the input signal with the polyphase components of the prototype,
followed by an IDFT (without pre-factor 1/M). On the synthesis side, the
same principle can be used. The complete analysis/synthesis system, which
requires extremely low computation effort, is depicted in Figure 6.21.

For critical subsampling, as shown in Figure 6.21, the PR condition is
easily found to be

—qo

Pr(2) Qu-1-k(2) = 7

This means that the polyphase components of PR FIR prototypes are

restricted to length one, and the filtering degenerates to pointwise scalar

multiplication. Thus, critically subsampled DFT filter banks with PR mainly

reduce to the DFT.

If oversampling by a factor y = % € Z is considered, the PR condition
becomes [33, 86]

(6.102)

—dqo

z_: Pryon(2) Qu-1-k—en(2) = ZM : (6.103)
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Figure 6.21. DFT polyphase filter bank with critical subsampling.

Clearly, if a filter bank provides PR in the critically subsampled case, it also
provides PR in the oversampled case, provided the output signal is downscaled
by the oversampling factor. Thus, (6.102) is included in (6.103). This is most
easily seen from (6.103) for p = 2:

ram

i

fk(z) QM—l—k(Zl‘i‘ZDk-i-N(z) QM—1—k—N(2’Z =2

~

z— 90 290

In general, (6.103) means an increased design freedom compared to (6.102).
This freedom can be exploited in order to design FIR prototypes P(z) and
Q(z) with good filter properties.

The prototypes are typically designed to be lowpass filters. A common
design criterion is to minimize the stopband energy and the passband ripple:

/ a(|P(ej“’)|—1)2dw+/s B |P(e")?dw = min.  (6.104)

assband topband

At this point it should be mentioned that all PR prototypes for M-channel
cosine-modulated filter banks, which will be discussed in the next section, also
serve as PR prototypes for oversampled 2M-channel DFT filter banks. On the
other hand, satisfying only (6.103) is not sufficient in the cosine-modulated
case. Thus, oversampled DFT filter banks offer more design freedom than
cosine-modulated ones.

MDFT Filter Bank. Figure 6.22 shows the MDFT filter bank introduced by
Fliege. Compared to the simple DFT filter banks described above, this filter
bank is modified in such a way that PR is achieved with FIR filters [55], [82].
The key to PR is subsampling the filter output signals by M /2, extracting the
real and imaginary parts, and using them to compose the complex subband
signals yr(m), k= 0,..., M —1. As can be seen in Figure 6.22, the extraction
of the real and imaginary parts takes place in adjoining channels in reverse
order.
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Figure 6.22. Modified complex modulated filter bank with critical subsampling.

DFT Polyphase Filter Bank with ITR Filters and Perfect Recon-
struction. We consider the DFT filter bank in Figure 6.21. Husgy and
Ramstad proposed to construct the polyphase components of the prototype
as first-order IIR allpass filters [74]:

1 a;+2z71 .
Pz) = ——= ———, =0,....,.M-1. 1
(2) T T+ aet i=0 (6.105)
Using the synthesis filters
1 1 i -1
Quori(2) = Pi(z)) = —— T %2 i_0,...,M—1, (6.106)

VM ai+2z71’

then ensures perfect reconstruction. Unfortunately, this leads to a problem
concerning stability: if the analysis filters are stable, the synthesis filters
determined according to (6.106) are not. This problem can be avoided by
filtering the subband signals “backwards” using the stable analysis filters.
Then, the desired output signal is formed by another temporal reversal. This
is not a feasible strategy if we work with one-dimensional signals, but in image
processing we a priori have finite-length signals so that this method can be
applied nevertheless.

The quality of a filter bank is not only dependent on whether it recon-
structs perfectly or not. The actual purpose of the filter bank is to separate
different frequency bands, for example in order to provide a maximal coding
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gain. The stopband attenuation of the prototype P(z) composed of IIR
allpasses is determined by the parameters a;, ¢ =0,..., M — 1, so that these
are the design parameters. Husgy and Ramstad state a stopband attenuation
of 36.4 dB for the prototype P(z) of an eight-channel filter bank [74]. In view
of the extremely low computational cost this is an astonishing value.

6.6 Cosine-Modulated Filter Banks

Cosine-modulated filter banks are very popular due to their real-valued
nature and their efficient implementation via polyphase structure and fast
DCT [116, 127, 94, 121, 87, 100, 110, 129, 68]. Cosine-modulated filter
banks can be designed as pseudo QMF banks [127], paraunitary filter banks
[94, 121, 87, 100, 103], and also as biorthogonal filter banks allowing low
reconstruction delay [110, 129, 68, 83, 86]. Perfect reconstruction is easily
achieved by choosing an appropriate prototype. For example, the MPEG audio
standard [17] is based on cosine-modulated filter banks.

In the following, we will consider biorthogonal cosine-modulated filter
banks where the analysis filters hx(n), & = 0,...,M — 1, are derived from
an FIR prototype p(n) and the synthesis filters gx(n), s =0,..., M — 1, from
an FIR prototype ¢(n) according to

hp(n) = 2p(n)cos[%(k+%) (n—%)—i—qﬁk], n=0,...,Lp—1

T

gr(n) = 2q(n)cos[ﬁ(k+%) (n—E)—qsk], n=0,...,L,—1.

The length of the analysis prototype is Ly, and the length of the synthesis
prototype is L,. The variable D denotes the overall delay of the analysis-
synthesis system. A suitable choice for ¢y is given by ¢y, = (—1)*7/4 [87, 95].

For the sake of brevity, we confine ourselves to even M, analysis and
synthesis prototypes with lengths L, = 2mM and L, = 2m'M, m,m’' € N,
and an overall delay of D = 2sM + 2M — 1 samples. Note that the delay
can be chosen independently of the filter length, so that the design of low-
delay banks is included here. The most common case within this framework
is the one where the same prototype is used for analysis and synthesis.
However, in order to demonstrate some of the design freedom, we start with
a more general approach where different prototypes are used for analysis and
synthesis. Generalizations to all filter lengths and delays are given in [68].
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In order to derive the conditions that must be met by the prototypes P(z)
and @Q(z) to yield perfect reconstruction, we first decompose them into 2M
polyphase components. Note that in the case of DFT filter banks, only M
polyphase components were used to describe an M-channel filter bank. We
use the type-1 decomposition given by

;..x

m—
p(2(M +j) =z j=0,...,2M - L (6.107)
=0

6.6.1 Critically Subsampled Case

In the critically subsampled case the analysis polyphase matrix can be written
as [112, 68]

E(z) =T, ! Po(=%) } , (6.108)
271P(2?)
where
[Tl]k:J = 2cos [% (k + %) (] - %) + d)k:l ’ (6109)
k=0,....M—1, j=0,...2M —1,
and
Po(2?) = diag[Po(—2%),Pi(=2%),..., Pu-1(—2%)],
(6.110)
P1 (2’2) = diag [PM(—zz), PM+1 (—z2), vy P2M_1 (—z2)] .

Note that the matrices Po(2?) and P;(22) contain upsampled and modulated
versions of the polyphase filters.

For the synthesis polyphase matrix we get

R(2) = [27'Qu1(2%), Qu(2?)] T3, (6.111)
where
[Tale; = 2cos[fz(k+3) (M —1-j—2) -], 6112)
k=0,....M—-1, j=0,...,2M —1,
and

Qo(z?) = diag [Qum-1(—22),...,Q1(—2%),Q0(—2%)],
(6.113)

Qi(2?) = diag[Qanr—1(—22),...,Qm11(—2%),Qu(-2%)].
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The perfect reconstruction conditions are obtained by setting

R(2)E(z) = 279 Iy. (6.114)
Using the property [87]
T I 0
TIT, = (=1)° 2M Ip +2M , (6.115)
0 —-Ju
this yields the conditions
ro27¢
Pi(2) Qamr—1-k(2) + Pusn(2) Quori(z) = sp  (6116)
Pi(2) Qusr(2) — Pusr(2) Qu(z) = 0, (6.117)
which have to be met for £ =0,..., % — 1. The relationship between ¢y and
sis
g =25+ 1. (6.118)

The condition (6.117) is satisfied for Qx(2) = az™P Pi(z) and Qp4x(2) =
az™P Pyryx(z) with arbitrary o, 3, which suggests the use of the same proto-
type for both analysis and synthesis. Thus, with @(z) = P(z), the remaining
condition is

—8
Por—1-#(2) Pe(2) + Prrsn(2) Paroa_i(2) = ;M’ %
The M /2 equations in (6.119) may be understood as PR conditions on M /2
non-subsampled two-channel filter banks. The prototype can for instance be
designed by using the quadratic-constrained least-squares (QCLS) approach,
which was proposed by Nguyen [111]. Here, we write all constraints given
by (6.119) in quadratic form and optimize the prototype using constrained
numerical optimization. The approach does not inherently guarantee PR, but
the PR constraints can be satisfied with arbitrary accuracy.

Another approach, which guarantees PR and also leads to a very efficient
implementation of the filter bank, is to design the filters via lifting [129, 83].
For this, we write the PR conditions as

2~ 1 (_ 2_2 ) E}

V(2)U(z) = o I, (6.120)
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where

g
—
N
~
I

[ Py(—27) (—1)8PM—1—k(—22)]
(1) 12 Poym(—22) 27 Payr1-k(—2%)
Viz) = [ 27 Qan—1-k(—2%) (_1)8_1Q2M—1—k—M(’_22)] _
(-1)° 27" QM (~27) Qr(=2%)

(6.121)
It is easily verified that (6.120) includes (6.117) and (6.116), but (6.120) can
also be derived straightforwardly from (6.114) by using the properties of the
cosine functions [83]. The filter design is as follows. We start with

Uo(z) = [_pz(;—l p;;l—l]
. . 1 (6.122)
P32z —D1
Volz) = — — ,
o(2) 2M pops — p1po [—pzZ‘l Do ]

where the subscript 0 indicates that this is the 0th iteration. We have

21

Vo(2)Us(2) = 237

I (6.123)
Longer filters with the same delay are constructed by introducing matrices of
the type
A7N(z) Ag(z) =1 (6.124)
with .
az 1 _ 0 1
Aiz) = [ I 0}, AN (2) = [1 _1} (6.125)

—Q;2

in between the product V;(2)U;(z):

Uini(z) = Ai(2)Ui(2),
(6.126)
Vin(2) = Vi2)A7'(2).

Note that U1 (2) and V ;11 (z) retain the structure given in (6.121). From the
new matrices the polyphase components of the prototype are easily extracted.
The operation (6.126) can be repeated until the filters contained in U;(z) and
V ;(2) have the desired length. Since the overall delay remains constant, this
operation is called zero-delay lifting.

A second possibility is to introduce matrices

0 -zt

], Cilz) = [ G zal] (6.127)
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and to construct the new filters as

Uii(z) = Ci(x)Ui(2),
(6.128)
Vir(z) = Vi(2)Bi(2).

This type of lifting is known as maximum-delay lifting. Again, U;11(z) and
Vi+1(2) have the structure given in (6.121), and since (6.120) is satisfied,
PR is structurally guaranteed. Thus, filter optimization can be carried out by
optimizing the lifting coefficients in an unrestricted way.

Also other lifting schemes can easily be found. The advantage of the above
approach is that only one lifting step with one lifting coefficient a; or ¢; is
needed in order to increase the length of two polyphase components of each
prototype.

Implementation Issues. The straightforward polyphase implementation of
(6.108) is depicted in Figure 6.23. On the analysis side, we see that always
those two systems are fed with the same input signal which are connected
in (6.116). In the synthesis bank, the output signals of the corresponding
synthesis polyphase filters are added. This already suggests the joint imple-
mentation of pairs of two filters. However, a more efficient structure can be
obtained by exploiting the periodicies in the rectangular matrices Ty and
T, and by replacing them with M x M cosine modulation matrices T'; and

Ty =T] =T, [83]:

2cos [E (k+3) (M+i-2)+a], i=%,... ., M-1
(6.129)
for K =0,..., M — 1. This structure is depicted in Figure 6.24. Note that the
following signals are needed as input signals for the cosine transform:

P P o e | P B
(6.130)

Thus, all polyphase filtering operations can be carried out via the lifting
scheme described above where four filters are realized jointly.
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Figure 6.23. Cosine-modulated filter bank with critical subsampling. (a) analysis;

(b) synthesis.

6.6.2 Paraunitary Case

In the paraunitary case with critical subsampling we have

E(z) E(z) = I,

(6.131)

which leads to the following constraints on the prototype:

1. The prototype has to be linear-phase, that is, p(L — 1 — n) = p(n).
2. The same prototype is required for both analysis and synthesis.

3. The prototype has to satisfy

1

Pk(z)Pk (Z) + 13M+k(z)PM+k (z) = —. (6.132)

2M
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Figure 6.24. Cosine-modulated filter bank with critical subsampling and efficient
implementation structure. (a) analysis; (b) synthesis.

The filter design may for instance be carried out by parameterizing the
polyphase components using the lattice structure shown in Figure 6.25 and
choosing the rotation angles so as to minimize an arbitrary objective function.
For this method a good starting point is required, because we have to optimize
angles in a cascade of lattices and the relationships between the angles and
the impulse response are highly nonlinear. Alternatively, the QCLS approach
[111] can be used, which typically is less sensitive to the starting point.

As in the biorthogonal case, the polyphase filters can be realized jointly.
One can use the structure in Figure 6.23 and implement two filters at a
time via the lattice in Figure 6.25. However, the more efficient structure in
Figure 6.24 can also be used, where four filters are realized via a common
lattice. This was shown in [95] for special filter lengths. A generalization is
given in [62].
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Figure 6.25. Lattice structure for the design and implementation of cosine-
modulated filters.

In [103] a method has been proposed that allows the design of discrete-
coeflicient linear-phase prototypes for the paraunitary case. The design pro-
cedure is based on a subspace approach that allows us to perform linear
combinations of PR prototype filters in such a way that the resulting filter is
also a linear-phase PR prototype. The filter design is carried out iteratively,
while the PR property is guaranteed throughout the design process. In order
to give some design examples, Table 6.1 shows impulse responses of 8-band
prototypes with integer coefficients and filter length L = 32. Because of
symmetry, only the first 16 coeflicients are listed. The frequency responses
of the filters #3 and #6 are depicted in Figure 6.26.

Closed Form Solutions. For filter length L = 2M and L = 4M closed form
solutions for PR prototypes are known. The special case L = 2M is known
as the modulated lapped transform (MLT), which was introduced by Princen
and Bradley [116]. In this case the PR condition (6.132) reduces to

1
2 2 _ &
pr(0)" +pa+#(0)° = 5or,
which means 1
2 2 _ 1
p°(n) +p°(M +n) = 53 (6.133)
An example of an impulse response that satisfies (6.133) is
1 . 1. =
p(n) = Wi sin [(n + §)W] . (6.134)

The case L = 4M is known as the extended lapped transform (ELT). The
ELT was introduced by Malvar, who suggested the following prototype [95]:

1 1 1. =
p(n) = —W + 2\/WCOS [(n + 5)W:| . (6.135)
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Figure 6.26. Frequency responses of 8-channel prototypes from Table 3.1. (a) filter
#3; (b) filter #6. For comparison the frequency response of the ELT prototype is

depicted with dotted lines.

Table 6.1.
Perfect reconstruction prototypes for 8-band filter banks with integer
coefficients (p(L — 1 — n) = p(n)).

p(n)
n| #1 | 22 | #3 | #4 | #5 #6
0 a | 6| 72| -2100
1 A -al -e7 | -1901
2 0 0| -41 | -1681
3 0| 6| -48 | -426
1 0 7 56 497
5 0 0 62 | 2542
6 2 8 | 194 | 3802
7 2| 17| 204 | 6206
8 1 4| 24| 390 | o878
9 1 14| 33| 324 | 13197
10 1 6 | 41 | 656 | 16359
11 1 6 | 48 | 774 | 19398
12 1 2 7| 56 | 903 | 22631
13 1 2 7| 62| 992 | 24738
14 1 2 8 | 66 | 1048 | 26394
15 1 2 8 | 68 | 1105 | 27421
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6.6.3 Oversampled Cosine-Modulated Filter Banks

In the oversampled case with oversampling by u = % € Z, the polyphase

matrices may be written as

Po(22)
B0 (z) = # T Z_1P1(22:L) (6.136)
~Cum Py (o)
and
RUI(z) = \/iﬁ [+ C* Dot (%), .27 Qu(=), Qo(2)] T (6137)
with

P[(ZZ”) = diag {P[N(—ZQ”),P[N+1(—22”), .. .,P[N_,_(N_l)(—zzﬂ)} , (6138)

Qu(z**) = diag { Qv+ (v—1) (—2*), ..., Qun41(—2"*), Qen (—2**) } .

(6.139)
The superscript () indicates the oversampling factor. Requiring
RW () EW () = ,~%" (6.140)
for perfect reconstruction yields [86]
2nl y 278
> Prpen(2) Qamo1-k—en(2) = i (6.141)
£=0
and '
Pryon(2) Qmikren(2) — Pryiren(2) Qrien(z) =0 (6.142)

fork=0,...,N—-1; £=0,...,u— 1. The delay q(()”) is related to s as

o =2us+2u—1, (6.143)
and the overall delay amounts to

g=N-1+¢{N. (6.144)

As we see, these conditions offer increased design freedom for an increasing
oversampling rate. This is further discussed in [86], where solutions based on
a nullspace approach are presented.
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If we restrict an oversampled cosine-modulated filter bank to be parauni-

tary, that is, o (z) E®(2) = In, we get the following constraints on the
prototype P(z) [85, 86]:

2p—1

~ 1 N
Z P]H_[N(z) P]H_[N(Z) ; W for k= 0, feey "?-‘ - 1. (6.145)
£=0

Interestingly, for ¢ > 1, we still may choose different prototypes P(z) and
Q(z) such that

RM(z) = 2~ @m2=1 g1 oy | N ()

with

N®WR)EW(z) = 0.

Example. We consider a 16-band filter bank with linear-phase prototype and
an overall delay of 255 samples. Figure 6.27 shows a comparison of frequency
responses for the critically sampled and the oversampled case. It turns out
that the PR prototype for the oversampled filter bank has a much higher
stopband attenuation. This demonstrates the increased design freedom in the
oversampled case.

6.6.4 Pseudo-QMF Banks

In pseudo-QMF banks, one no longer seeks perfect reconstruction, but nearly
perfect reconstruction. Designing a pseudo-QMF bank is done as follows [127].
One ensures that the aliasing components of adjacent channels compensate
exactly. This requires power complementarity of frequency shifted versions of
the prototype, as illustrated in Figure 6.28. Furthermore, one tries to suppress
the remaining aliasing components by using filters with very high stopband
attenuation. Through filter optimization the linear distortions are kept as
small as possible. An efficient design method was proposed in [166]. Since
the constraints on the prototype are less restrictive than in the PR case, the
prototypes typically have a higher stopband attenuation than the PR ones.
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Figure 6.27. Frequency responses of 16-channel prototypes. (a) critical subsam-

pling; (b) oversampling by p = 2.
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Figure 6.28. Design of pseudo-QMF banks.
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6.7 Lapped Orthogonal Transforms

Lapped orthogonal transforms (LOTs) were introduced in [21] and have been
further studied in [93, 97, 2]. Unlike block transforms, they have overlapping
basis functions, which better allow us to smooth out blocking artifacts in
coding applications. LOTs may also be seen as a special kind of critically
subsampled paraunitary filter banks. Typically, an overlap of one block is
considered, which means that the basis functions are of length L = 2M when
the number of channels is M. Longer transforms have been designed in [118]
and are called generalized lapped orthogonal transforms (GenLOTs). More
recently, biorthogonal lapped transforms have also been proposed [96, 144].

[Po] Py
PP,

Py Py
By Py
JAIA

Figure 6.29. Transform matrix of a lapped orthogonal transform.

Figure 6.29 illustrates the structure of the transform matrix of a lapped
orthogonal transform. Like in an M-channel filter bank with length-2M filters,
2M input samples are combined in order to form M transform coefficients.
We will first consider the constraints on the M x M submatrices Py and P;.
From the condition of orthogonality,

TTT=TTT =1 (6.146)
it follows that
PP+ PT P, =P, PY + P, PT = It (6.147)
and
PI P, = Py PT = 0p1x. (6.148)

Now let B = Py + P;. Note that B is orthogonal if Py and P, satisfy
the above conditions. Moreover, Py P} and P; PT are orthogonal projections
onto two subspaces that are orthogonal to one another. Define A = Py P7
and verify that P; PT = I — A. Thus,

Po=AB, P, =[I-A]B. (6.149)



6.7. Lapped Orthogonal Transforms 187

The most general way of constructing LOTs is to start with two matrices
A and B, where A is a projection and B is orthogonal. The desired
matrices Py and P; are then found from (6.149). This method, however,
does not automatically yield linear-phase filters, which are desired in many
applications.

In [98], a fast linear-phase LOT based on the DCT was presented, which
will be briefly explained in the following. For this, let D, and D, be matrices
that contain the rows of the transposed DCT-II matrix with even and odd
symmetry, respectively. Then,

© _ [p® p@] _1|{De—D, (D.—D,)J
Q=[P P =3 [De—Do —(D. - D,)J (6.150)

is a LOT matrix that already satisfies the above conditions. J is the counter
identity matrix with entries J;p = d;n—i—1, ¢ = 0,1,...,N — 1. In an
expression of the form X J, it flips the columns of X from left to right.
Due to the application of J in (6.150), the first M/2 rows of Q(®) have even
and the last M/2 rows have odd symmetry. A transform matrix with better
properties (e.g. for coding) can be obtained by rotating the columns of Q(®)
such that

Q=27 QO, (6.151)

where Z is unitary. For the fast LOT, Z is chosen to contain only three plane
rotations, which help to improve the performance, but do not significantly
increase the complexity. The matrix Q(® already has a fast implementation
based on the fast DCT. See Figure 6.30 for an illustration of the fast LOT.
The angles proposed by Malvar are §; = 0.137, 82 = 0.167, and 63 = 0.13x.

— 0 0 Yo
— 2 Z [ »2
2 NN
— =3 6 Y6
— -4 1 \ z-1 \ ; »
—{s 3 LNzt LN O "

18 IIANTE AN e :
— 7 7 R__ z-1 X__ 03>< 7

Figure 6.30. The fast lapped orthogonal transform for M = 8 based on the DCT
and three plane rotations.
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6.8 Subband Coding of Images

Two-dimensional filter banks for the decomposition of images can be realized
as separable and non-separable filter banks. For the sake of simplicity, we will
restrict ourselves to the separable case. Information on non-separable filter
banks and the corresponding filter design methods is given in [1, 154].

In separable filter banks, the rows and columns of the input signal (image)
are filtered successively. The procedure is illustrated in Figure 6.31 for an
octave-band decomposition based on cascades of one-dimensional two-channel
filter banks. In Figure 6.32 an example of such an octave-band decompo-
sition is given. Note that this decomposition scheme is also known as the
discrete wavelet transform; see Chapter 8. In Figure 6.32(b) we observe that
most information is contained in the lower subbands. Moreover, local high-
frequency information is kept locally within the subbands. These properties
make such filter banks very attractive for image coding applications. In order
to achieve high compression ratios, one quantizes the decomposed image,
either by scalar quantization, or using a technique known as embedded zerotree
coding [131, 128]; see also Section 8.9. The codewords describing the quantized
values are usually further compressed in a lossless way by arithmetic or
Huffman coding [76, 63]. To demonstrate the characteristics of subband coding
with octave-band filter banks, Figures 6.32(c) and (d) show coding results at
different bit rates.

LL | HL HL HL
Image = L H | » - -
LH | HH LH | HH LH | HH

vertical

vertical

horizontal

Figure 6.31. Separable two-dimensional octave-band filter bank.
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Figure 6.32. Examples of subband coding; (a) original image of size 512 x 512; (b)
ten-band octave decomposition; (c) coding at 0.2 bits per pixel; (d) coding at 0.1
bits per pixel.

6.9 Processing of Finite-Length Signals

The term “critical sampling”, used in the previous sections, was used under
the assumption of infinitely long signals. This assumption is justified with
sufficient accuracy for audio and speech coding. However, if we want to
decompose an image by means of a critically subsampled filter bank, we see
that the number of subband samples is larger than the number of input values.
Figure 6.33 gives an example. If we simply truncate the number of subband
samples to the number of input values — which would be desirable for coding
— then PR is not possible any longer. Solutions to this problem that yield PR
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Figure 6.33. Two-channel decomposition of a finite-length signal.

with a minimum number of subband samples are discussed in the following.

Circular Convolution. Assuming that the length of the signal to be
processed is a multiple of the number of channels, the problem mentioned
above can be solved by circular convolution. In this method, the input signal
is extended periodically prior to decomposition [165], which yields periodic
subband signals of which only one period has to be stored or transmitted.
Figures 6.34(a) and 6.34(c) give an illustration. Synthesis is performed by
extending the subband signals according to their symmetry, filtering the
extended signals, and extracting the required part of the output signal. A
drawback of circular convolution is the occurrence of discontinuities at the
signal boundaries, which may lead to annoying artifacts after reconstruction
from quantized subband signals.

Symmetric Reflection. In this method, the input signal is extended peri-
odically by reflection at the boundaries as indicated in Figures 6.34(b) and
6.34(d), [136, 16, 23, 6]. Again, we get periodic subband signals, but the period
is twice as long as with circular convolution. However, only half a period of
the subband signals is required if linear-phase filters are used, because they
lead to symmetry in the subbands. By comparing Figures 6.34(a) and (b) (or
6.34(c) and (d)) we see that symmetric reflection leads to smoother transitions
at the boundaries than circular convolution does. Thus, when quantizing the
subband signals, this has the effect of less severe boundary distortions.

The exact procedure depends on the filter bank in use and on the signal
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x(f) x(®)

@

Figure 6.34. Periodic extension of the input signal; (a) one-dimensional circular
convolution; (b) one-dimensional symmetric reflection; (c) two-dimensional circular
convolution; (d) two-dimensional symmetric reflection.

length. Figure 6.35(a) shows a scheme suitable for the two-band decomposition
of an even-length signal with linear-phase odd-length biorthogonal filters. The
input signal is denoted as zg,z1,...,27, and the filter impulse responses
are {A,B,C,B, A} for the lowpass and {—a,b,—a} for the highpass. The
upper row shows the extended input signal, where the given input samples
are shown in solid boxes. The lowpass and highpass subband samples, ¢,
and d,, respectively, are computed by taking the inner products of the
impulse responses in the displayed positions with the corresponding part of the
extended input signal. We see that only four different lowpass and highpass
coefficients occur and have to be transmitted. A second scheme for the same
filters which also allows the decomposition of even-length signals into lowpass
and highpass components of half the length is depicted in Figure 6.35(b). In
order to distinguish between both methods we say that the starting position
in Figure 6.35(a) is even and the one in Figure 6.35(b) is odd, as indicated
by the indices of the samples. Combinations of both schemes can be used to
decompose odd-length signals. Moreover, these schemes can be used for the
decomposition of 2-D objects with arbitrary shape. We will return to this
topic at the end of this section.

Schemes for the decomposition of even-length signals with even-length
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Figure 6.85. Symmetric reflection for even-length signals. (a) odd-length filters,
segment starting at an even position; (b) odd-length filters, segment starting at
an odd position; (c) even-length filters, segment starting at an even position; (d)
even-length filters, segment starting at an odd position.

linear-phase filters are depicted in Figures 6.35(c) and (d). The filter impulse
responses are {A, B, B, A} for the lowpass and {—a, —b, b, a} for the highpass.
Note that a different type of reflection is used and that we have other
symmetries in the subbands. While the scheme in Figure 6.35(c) results in
the same number of lowpass and highpass samples, the one in Figure 6.35(d)
yields an extra lowpass value, while the corresponding highpass value is zero.
However, the additional lowpass samples can be turned into highpass values by
subtracting them from the following lowpass value and storing the differences
in the highpass band.

In object based image coding, for instance MPEG-4 [109], it is required to
carry out subband decompositions of arbitrarily shaped objects. Figure 6.36
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Figure 6.36. Shape adaptive image decomposition using symmetric reflection for
odd-length two-channel filter banks; (a) arbitrarily shaped object and horizontal
extension with pixel values as indicated; (b) lowpass filter; (c) highpass filter; (d)
and (e) lowpass and highpass subbands after horizontal filtering; (f) and (g) lowpass
and highpass decompositions of the signal in (d); (h) and (i) lowpass and highpass
decompositions of the signal in (e).

shows a scheme which is suitable for this task using odd-length filters.
The arbitrarily shaped input signal is shown in the marked region, and
the extension for the first horizontal decomposition is found outside this
region. Figures 6.36(d) and (e) show the shape of the lowpass and highpass
band, respectively. Figures 6.36(f)—(i) finally show the object shapes after the
vertical decomposition of the signals in Figures 6.36(d) and (e) based on the
same reflection scheme. Such schemes are often called shape adaptive wavelet
transforms. Note that the overall number of subband samples is equal to the
number of input pixels. Moreover, the scheme yields a decomposition where
the interior region of an object is processed as if the object was of infinite size.
Thus, the actual object shape only influences the subband samples close to
the boundaries. The 2-D decomposition is carried out in such a way that the
horizontal decomposition introduces minimal distortion for the next vertical
one and vice versa.
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Figure 6.37. Shape adaptive image decomposition using symmetric reflection for
even-length two-channel filter banks; see the comments to Figure 6.36 for further
explanation.

A scheme for the decomposition of arbitrarily shaped 2-D objects with
even-length filters is depicted in Figure 6.37. Note that in this case, the
lowpass band grows faster than the highpass band. The shaded regions in
Figures 6.37(d) and (e) show the shape of the lowpass and highpass band after
horizontal filtering. The brighter regions within the object in Figure 6.37(d)
indicate the extra lowpass samples. The zero-marked fields in Figure 6.37(e)
are positions where the highpass samples are exactly zero.

If the faster growing of the lowpass band is unwanted the manipulation
indicated in Figure 6.35(d) can be applied. Then the subbands obtained with
even-length filters will have the same shape as the ones in Figure 6.36.

In addition to the direct use of symmetric reflection, one can optimize the
boundary processing schemes in order to achieve better coding properties.
Methods for this task have been proposed in [70, 69, 101, 27, 102, 39, 40].
These include the two-band, the more general M-band, and the paraunitary
case with non-linear phase filters.
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6.10 Transmultiplexers

Transmultiplexers are systems that convert time-division multiplexed (TDM)
signals into frequency-division multiplexed (FDM) signals and vice versa [151].
Essentially, these systems are filter banks as shown in Figure 6.38. Contrary
to the subband coding filter banks considered so far, the synthesis filter bank
is applied first and the analysis filter bank is then used to recover the subband
samples yi(m), which may be understood as components of a TDM signal.
At the output of the synthesis filter bank we have an FDM signal where each
data stream yi(m) covers a different frequency band.
The transmission from input ¢ to output %k is described by the impulse
responses
tik (m) = qi,k(mM), (6.152)

where

gik(n) = gi(n) * hg(n). (6.153)
In the noise-free case, perfect reconstruction of the input data with a delay of
mg samples can be obtained when the following condition holds:

ti k(M) = 6ik Smmo, 1 k=0,1,..., M —1. (6.154)

Using the notation of modulation matrices these PR conditions may be written
as
TEM)=HT (2) Gn(2) = M 27™M T, (6.155)

where the overall transfer matrix depends on z™. This essentially means that
any PR subband coding filter bank yields a PR transmultiplexer if the overall
delay is a multiple of M.

Practical problems with transmultiplexers mainly occur due to non-ideal
transmission channels. This means that intersymbol interference, crosstalk
between different channels, and additive noise need to be considered in the
transmultiplexer design. An elaborate discussion of this topic is beyond the
scope of this section.

»o(m) Gol@) T Ho(2) Jo(m)
o~ Ge - H@ |}~ 51
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Figure 6.38. Transmultiplexer filter bank.
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Chapter 7

Short-Time

Fourier Analysis

A fundamental problem in signal analysis is to find the spectral components
contained in a measured signal z(¢) and/or to provide information about
the time intervals when certain frequencies occur. An example of what we
are looking for is a sheet of music, which clearly assigns time to frequency,
see Figure 7.1. The classical Fourier analysis only partly solves the problem,
because it does not allow an assignment of spectral components to time.
Therefore one seeks other transforms which give insight into signal properties
in a different way. The short-time Fourier transform is such a transform. It
involves both time and frequency and allows a time-frequency analysis, or in
other words, a signal representation in the time-frequency plane.

7.1 Continuous-Time Signals

7.1.1 Definition
The short-time Fourier transform (STFT) is the classical method of time-
frequency analysis. The concept is very simple. We multiply #(¢), which is to

be analyzed, with an analysis window ~v*(¢t — 7) and then compute the Fourier

196
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Figure 7.1. Time-frequency representation.
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Figure 7.2. Short-time Fourier transform.

transform of the windowed signal:

o]

Fl(rw) = / z(t) vt — 1) eIt dt. (7.1)

-0

The analysis window *(¢ — 7) suppresses z(t) outside a certain region,
and the Fourier transform yields a local spectrum. Figure 7.2 illustrates the
application of the window. Typically, one will choose a real-valued window,
which may be regarded as the impulse response of a lowpass. Nevertheless,
the following derivations will be given for the general complex-valued case.

If we choose the Gaussian function to be the window, we speak of the
Gabor transform, because Gabor introduced the short-time Fourier transform
with this particular window [61].

Shift Properties. As we see from the analysis equation (7.1), a time shift
z(t) = z(t — to) leads to a shift of the short-time Fourier transform by #.
Moreover, a modulation z(t) — z(t) e/“0t leads to a shift of the short-time
Fourier transform by wg. As we will see later, other transforms, such as the
discrete wavelet transform, do not necessarily have this property.
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7.1.2 Time-Frequency Resolution

Applying the shift and modulation principle of the Fourier transform we find
the correspondence

Yrwll) = y(t—T) &t

t

o . ) (7.2)
Fr;w(V) = / ¥t —71) e_J(V —wit dt=T(v—w) e_J(V —w)T
From Parseval’s relation in the form
(@770) = [ 2l ) eI
= % (X ) rr;w) (73)
= %/ X(v) T*(v —w) e/=9)7dy
we conclude
. 1 [ )
Fl(r,w) =e 797 %/ X)) T" (v —w) &Y dv. (7.4)

That is, windowing in the time domain with v*(¢ — 7) simultaneously leads
to windowing in the spectral domain with the window I'™* (v — w).

Let us assume that v*(t — 7) and I'*(v — w) are concentrated in the time
and frequency intervals

[T+to— Ay, T+ to+ A4 (7.5)

and
wHwo—A,, wtwo+ Ay, (7.6)

respectively. Then F (7, w) gives information on a signal z(t) and its spectrum
X (w) in the time-frequency window

[T+t0—At,T+to+At] X [w+w0—Aw,w+wo+Aw]. (77)

The position of the time-frequency window is determined by the parameters 7
and w. The form of the time-frequency window is independent of 7 and w, so
that we obtain a uniform resolution in the time-frequency plane, as indicated
in Figure 7.3.
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Figure 7.3. Time-frequency window of the short-time Fourier transform.

Let us now have a closer look at the size and position of the time-frequency
window. Basic requirements for v*(¢) to be called a time window are v*(¢) €
Ls(R) and ¢t y*(t) € La(IR). Correspondingly, we demand that I'*(w) € Lo(RR)
and wI™*(w) € Ly(R) for I™*(w) being a frequency window. The center ¢, and
the radius A; of the time window 4*(¢) are defined analogous to the mean
value and the standard deviation of a random variable:

[e’s} 2
to = / t- W(t)'z dt, (7.8)
- |17l

e hor )
m_<1Jtm)|MPﬁ>. (7.9)

Accordingly, the center wy and the radius A, of the frequency window
I™(w) are defined as

[P MR
%_[m de, (7.10)
w0 , t@e )}
A, = w— wp)” - 5~ dw | . 7.11
</—oo( " ) (11

The radius A, may be viewed as half of the bandwidth of the filter v*(—t).

In time-frequency analysis one intends to achieve both high time and
frequency resolution if possible. In other words, one aims at a time-frequency
window that is as small as possible. However, the uncertainty principle applies,
giving a lower bound for the area of the window. Choosing a short time window
leads to good time resolution and, inevitably, to poor frequency resolution.
On the other hand, a long time window yields poor time resolution, but good
frequency resolution.
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7.1.3 The Uncertainty Principle

Let us consider the term (A;A,)?, which is the square of the area in the
time-frequency plane being covered by the window. Without loss of generality
we may assume [t |[y(t)]? dt = 0 and [w |T(w)|?> dw = 0, because these
properties are easily achieved for any arbitrary window by applying a time
shift and a modulation. With (7.9) and (7.11) we have

(/ 2 |y(®)|? dt) (/ w? |T(w)? dw)
(AA,)? = == — . (7.12)
[l 11T
For the left term in the numerator of (7.12), we may write
| nop = er (7.13)

with £(t) = ¢+(t). Using the differentiation principle of the Fourier transform,
the right term in the numerator of (7.12) may be written as

/_o;w W) dw = /_O;|F{7’(t)}|2 dw 10

= 2r ||

where 7/(t) = Z~(t). With (7.13), (7.14) and |[T||* = 27 ||7]]® we get for

(7.12)
1

=12
171l
Applying the Schwarz inequality yields

(ArAL)? EN® IIv'12 (7.15)

(BA)? 2 T [{67) P

v

A IR{EY P (7.16)

T ‘%{/_oot (t) 7 (t) dt}

o]

2

By making use of the relationship

R {07 (0} = 5 ¢ 2 hOF, (7.17)

which can easily be verified, we may write the integral in (7.16) as

§R{ /_ Zt V(&) v () dt} = % /_ Zt % Y] dt. (7.18)
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Partial integration yields

1 [ d 2 1 2 ‘oo 1/00 2
- = == - . Nl
5/ tghor a=geper|” -3[ per e @
The property
lim ¢ |y(¢)]* =0, (7.20)
|t]—o00

which immediately follows from ¢ v(¢t) € Lo, implies that

éR{/_Zt 7(8) ¥ (t) dt} = —% 7112, (7.21)
so that we may conclude that
(&A“2Zi’ (7.22)
that is 1
Ao 2 5. (7.23)

The relation (7.23) is known as the uncertainty principle. It shows that the
size of a time-frequency windows cannot be made arbitrarily small and that
a perfect time-frequency resolution cannot be achieved.

In (7.16) we see that equality in (7.23) is only given if t¢+(¢) is a multiple
of 7/(t). In other words, (t) must satisfy the differential equation

ty(t) =c'(t), (7.24)

whose general solution is given by

2

yt)=ae 267, (7.25)

Hence, equality in (7.23) is achieved only if +(¢) is the Gaussian function.
If we relax the conditions on the center of the time-frequency window of
~(t), the general solution with a time-frequency window of minimum size is a
modulated and time-shifted Gaussian.

7.1.4 The Spectrogram

Since the short-time Fourier transform is complex-valued in general, we often
use the so-called spectrogram for display purposes or for further processing
stages. This is the squared magnitude of the short-time Fourier transform:

2
Se(ryw) =| F(r,w) ‘/ Y E—T1) e It gt | . (7.26)
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Figure 7.4. Example of a short-time Fourier analysis; (a) test signal; (b) ideal
time-frequency representation; (c) spectrogram.

Figure 7.4 gives an example of a spectrogram; the values S, (7,w) are repre-
sented by different shades of gray. The uncertainty of the STFT in both time
and frequency can be seen by comparing the result in Figure 7.4(c) with the
ideal time-frequency representation in Figure 7.4(b).

A second example that shows the application in speech analysis is pictured
in Figure 7.5. The regular vertical striations of varying density are due to the
pitch in speech production. Each striation corresponds to a single pitch period.
A high pitch is indicated by narrow spacing of the striations. Resonances in
the vocal tract in voiced speech show up as darker regions in the striations.
The resonance frequencies are known as the formant frequencies. We see three
of them in the voiced section in Figure 7.5. Fricative or unvoiced sounds are
shown as broadband noise.

7.1.5 Reconstruction

A reconstruction of z(t) from F.)(r,w) is possible in the form
1 [ [ .
z(t) = —/ / F(r,w) gt — 1) ¥ dr dw. (7.27)
27r —Oo0Y —00
Here, the synthesis window g(t) must satisfy the condition

/ T o) dt = 1. (7.98)

—0o0
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Figure 7.5. Spectrogram of a speech signal; (a) signal; (b) spectrogram.

t —»

We can verify this by substituting (7.1) into (7.27) and by rewriting the
expression obtained:

(1)

%///w(t') Y - 1) e~dvt gy g(t —7) & dr dw
/w(t’)/v*(t’ - 1) g(t—7) %/e”“‘t') dw dr dt' (7.29)

= /w(t’)/'y*(t’ —7) gt —1) 8(t —t') dr dt'.

For (7.29) to be satisfied,

5(t—t) = / Tt — 1) glt— 1) 6(t —t) dr (7.30)

—0o0
must hold, which is true if (7.28) is satisfied.
The restriction (7.28) is not very tight, so that an infinite number of
windows g¢(t) can be found which satisfy (7.28). The disadvantage of (7.27) is

of course that the complete short-time spectrum must be known and must be
involved in the reconstruction.
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7.1.6 Reconstruction via Series Expansion

Since the transform (7.1) represents a one-dimensional signal in the two-
dimensional plane, the signal representation is redundant. For reconstruction
purposes this redundancy can be exploited by using only certain regions or
points of the time-frequency plane. Reconstruction from discrete samples in
the time-frequency plane is of special practical interest. For this we usually
choose a grid consisting of equidistant samples as shown in Figure 7.6.

I,IZIIIZIIIIIIIIIIZIIIII:I«OA

T t—

Figure 7.6. Sampling the short-time Fourier transform.

Reconstruction is given by

oo oo

z(t) = Z Z FY(mT, kwa) g(t —mT) e?Fwat, (7.31)

m=—00 k=—0o0

The sample values FJ(mT,kwa), m,k € Z of the short-time Fourier
transform are nothing but the coefficients of a series expansion of z(t). In
(7.31) we observe that the set of functions used for signal reconstruction is
built from time-shifted and modulated versions of the same prototype g(t).
Thus, each of the synthesis functions covers a distinct area of the time-
frequency plane of fixed size and shape. This type of series expansion was
introduced by Gabor [61] and is also called a Gabor ezpansion.

Perfect reconstruction according to (7.31) is possible if the condition

S gt —mT) 4%t —mT - ej—”) o Vi (7.32)
A

m=—00

2
WA
is satisfied [72], where d4 is the Kronecker delta. For a given window ~(¢),
(7.32) represents a linear set of equations for determining g(t). However,

here, as with Shannon’s sampling theorem, a minimal sampling rate must
be guaranteed, since (7.32) can be satisfied only for [35, 72]

T wa < 2r. (7.33)
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Unfortunately, for critical sampling, that is for T'wa = 27, and equal analysis
and synthesis windows, it is impossible to have both a good time and a
good frequency resolution. If v(¢) = g(¢) is a window that allows perfect
reconstruction with critical sampling, then either A; or A, is infinite. This
relationship is known as the Balian—Low theorem [36]. It shows that it is
impossible to construct an orthonormal short-time Fourier basis where the
window is differentiable and has compact support.

7.2 Discrete-Time Signals

The short-time Fourier transform of a discrete-time signal z(n) is obtained
by replacing the integration in (7.1) by a summation. It is then given by
[4, 119, 32]
FJ(m,el?) = Zw(n) v*(n — mN) e 9@, (7.34)
n
Here we assume that the sampling rate of the signal is higher (by the factor
N € N) than the rate used for calculating the spectrum. The analysis and
synthesis windows are denoted as v* and g, as in Section 7.1; in the following
they are meant to be discrete-time. Frequency w is normalized to the sampling
frequency.
In (7.34) we must observe that the short-time spectrum is a function of the
discrete parameter m and the continuous parameter w. However, in practice
one would consider only the discrete frequencies

wi = 2rk/M, k=0,...,M—1. (7.35)

Then the discrete values of the short-time spectrum can be given by

X(m, k)= Z z(n) v*(n —mN) Wkp, (7.36)
where .
X(m,k) = F](m,elr) (7.37)
and '
Wi = e 327/M, (7.38)

Synthesis. As in (7.31), signal reconstruction from discrete values of the
spectrum can be carried out in the form

o M-1

gn)= Y > X(m,k)gln—mN) Wy (7.39)

m=—o00 k=0
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The reconstruction is especially easy for the case N = 1 (no subsampling),
because then all PR conditions are satisfied for g(n) = 80 +— G(e/¥) = 1
and any arbitrary length-M analysis window y(n) with y(0) = 1/M [4, 119].
The analysis and synthesis equations (7.36) and (7.39) then become

X(m,k) = Zz(n) vY*(n —m) Wkn (7.40)
and
M-1
&(n) =Y X(n,k) Wi (7.41)
k=0

This reconstruction method is known as spectral summation. The validity of
Z(n) = z(n) provided y(0) = 1/M can easily be verified by combining these
expressions.

Regarding the design of windows allowing perfect reconstruction in the

subsampled case, the reader is referred to Chapter 6. As we will see below,
the STFT may be understood as a DFT filter bank.

Realizations using Filter Banks. The short-time Fourier transform, which
has been defined as the Fourier transform of a windowed signal, can be realized
with filter banks as well. The analysis equation (7.36) can be interpreted as
filtering the modulated signals z(n)W}P with a filter

h(n) = v*(—n). (7.42)

The synthesis equation (7.39) can be seen as filtering the short-time spectrum
with subsequent modulation. Figure 7.7 shows the realization of the short-
time Fourier transform by means of a filter bank. The windows g(n) and v(n)
typically have a lowpass characteristic.

Alternatively, signal analysis and synthesis can be carried out by means
of equivalent bandpass filters. By rewriting (7.36) as

X(m, k) = WEN 3" 2(n) " (n — mN) wy* ™) (7.43)
n

we see that the analysis can also be realized by filtering the sequence z(n)
with the bandpass filters

hi(n) = v*(—n) W™, k=0,...,M—1 (7.44)

and by subsequent modulation.
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Figure 7.7. Lowpass realization of the short-time Fourier transform.

Rewriting (7.39) as

o] M-1
dm)= Y 3 X(m,k) Wi g(n—mN) WY (7.45)

m=—o00 k=0

shows that synthesis can be achieved with modulated filters as well. To
accomplish this, first the short-time spectrum is modulated, then filtering
with the bandpass filters

gr(n) = g(n) W;,"", k=0,...,M—1, (7.46)

takes place; see Figure 7.8.

We realize that the short-time Fourier transform belongs to the class
of modulated filter banks. On the other hand, it has been introduced as a
transform, which illustrates the close relationship between filter banks and
short-time transforms.

The most efficient realization of the STFT is achieved when implementing
it as a DFT polyphase filter bank as outlined in Chapter 6.

7.3 Spectral Subtraction based on the STFT

In many real-word situations one encounters signals distorted by additive
noise. Several methods are available for reducing the effect of noise in a more or
less optimal way. For example, in Chapter 5.5 optimal linear filters that yield
a maximum signal-to-noise ratio were presented. However, linear methods are
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Figure 7.8. Bandpass realization of the short-time Fourier transform.

not necessarily the optimal ones, especially if a subjective signal quality with
respect to human perception is of importance. Spectral subtraction is a non-
linear method for noise reduction, which is very well suited for the restoration
of speech signals.

We start with the model
y(t) = z(t) + n(t), (7.47)

where we assume that the additive noise process n(t) is statistically indepen-
dent of the signal z(t). Assuming that the Fourier transform of y(¢) exists, we
have

Y(w)=X(w)+ Nw) (7.48)

in the frequency domain. Due to statistical independence between signal and
noise, the energy density may be written as

Y (@) = X (W) + INW)[*. (7.49)

If we now assume that E {|N(w)|?} is known, the least squares estimate for
| X (w)|? can be obtained as

(X@)° =Y @) - E{INW)I*}. (7.50)

In spectral subtraction, one only tries to restore the magnitude of the
spectrum, while the phase is not attached. Thus, the denoised signal is given
in the frequency domain as

X(w) = |XW)| LY (w). (7.51)
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Keeping the noisy phase is motivated by the fact that the phase is of minor
importance for speech quality.

So far, the time dependence of the statistical properties of the signal
and the noise process has not been considered. Speech signals are highly
nonstationary, but within intervals of about 20 msec, the signal properties
do not change significantly, and the assumption of stationarity is valid on a
short-time basis. Therefore, one replaces the above spectra by the short-time
spectra computed by the STFT. Assuming a discrete implementation, this
yields

Y(m,k) = X(m,k)+ N(m,k), (7.52)

where m is the time and k is the frequency index. Y (m, k) is the STFT of
y(m).

Instead of subtracting an average noise spectrum F {|N(w)|?}, one tries
to keep track of the actual (time-varying) noise process. This can for instance
be done by estimating the noise spectrum in the pauses of a speech signal.
Equations (7.50) and (7.51) are then replaced by

| X (m, k)2 = Y (m, k)2 — |N(m, k)2 (7.53)
and
X(m, k) =|X(m, k)| LY (m, k), (7.54)

where |N (;”L,\k)|2 is the estimated noise spectrum.

Since it cannot be assured that the short-time spectra satisfy |Y (m, k)|2 —
|N (Ek)P > 0, Vm, k, one has to introduce further modifications such as
clipping. Several methods for solving this problem and for keeping track of
the time-varying noise have been proposed. For more detail, the reader is
referred to [12, 50, 51, 60, 49]. Finally, note that a closely related technique,

known as wavelet-based denoising, will be studied in Section 8.10.
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Chapter 8

Wavelet Transform

The wavelet transform was introduced at the beginning of the 1980s by
Morlet et al., who used it to evaluate seismic data [105 ],[106]. Since then,
various types of wavelet transforms have been developed, and many other
applications ha vebeen found. The continuous-time wavelet transform, also
called the integral wavelet transform (IWT), finds most of its applications in
data analysis, where it yields an affine invariant time-frequency representation.
The most famous version, however, is the discrete wavelet transform(DWT).
This transform has excellent signal compaction properties for many classes
of real-world signals while being computationally very efficient. Therefore, it
has been applied to almost all technical fields including image compression,
denoising, numerical integration, and pattern recognition.

8.1 The Continuous-Time Wavelt Transform

The wavelet transform W, (b, a) of a continuous-time signal z(t) is defined as

o]

t—b

W, (b,a) = |a|~} / o(t) ¥ (T) dt. (8.1)

—o0

Thus, the wavelet transform is computed as the inner product of z(t) and
translated and scaled versions of a single function (), the so-called wavelet.

If we consider ¢(t) to be a bandpass impulse response, then the wavelet
analysis can be understood as a bandpass analysis. By varying the scaling

210
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parameter a the center frequency and the bandwidth of the bandpass are
influenced. The variation of b simply means a translation in time, so that for
a fixed a the transform (8.1) can be seen as a convolution of z(t) with the
time-reversed and scaled wavelet:

Walt,a) = lal"32() * $a(t), alt) = " (i) _

The prefactor |a|~!/2 is introduced in order to ensure that all scaled functions
la|='/24*(t/a) with a € IR have the same energy.

Since the analysis function 1 (¢) is scaled and not modulated like the kernel
of the STFT, a wavelet analysis is often called a time-scale analysis rather than
a time-frequency analysis. However, both are naturally related to each other
by the bandpass interpretation. Figure 8.1 shows examples of the kernels of
the STFT and the wavelet transform. As we can see, a variation of the time
delay b and/or of the scaling parameter ¢ has no effect on the form of the
transform kernel of the wavelet transform. However, the time and frequency
resolution of the wavelet transform depends on a. For high analysis frequencies
(small a) we have good time localization but poor frequency resolution. On
the other hand, for low analysis frequencies, we have good frequency but poor
time resolution. While the STFT is a constant bandwidth analysis, the wavelet
analysis can be understood as a constant-@) or octave analysis.

When using a transform in order to get better insight into the properties
of a signal, it should be ensured that the signal can be perfectly reconstructed
from its representation. Otherwise the representation may be completely or
partly meaningless. For the wavelet transform the condition that must be met
in order to ensure perfect reconstruction is

%=/wmwfm)<@ (8.2)

—_—

where ¥(w) denotes the Fourier transform of the wavelet. This condition is
known as the admissibility condition for the wavelet 1(t). The proof of (8.2)
will be given in Section 8.3.

Obviously, in order to satisfy (8.2) the wavelet must satisfy

mm:[&mnw:o (8.3)

Moreover, |¥(w)| must decrease rapidly for |w| — 0 and for |w| = oco. That is,
1(t) must be a bandpass impulse response. Since a bandpass impulse response
looks like a small wave, the transform is named wavelet transform.
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Figure 8.1. Comparison of the analysis kernels of the short-time Fourier transform
(top, the real part is shown) and the wavelet transform (bottom, real wavelet) for
high and low analysis frequencies.

Calculation of the Wavelet Transform from the Spectrum X (w).
Using the abbreviation

Gralt) = la|F0 (t - ”) (8.4

a

the integral wavelet transform introduced by equation (8.1) can also be written
as

Wa (b, a) = (@, %s,0) - (8.5)

With the correspondences X (w) +— z(t) and ¥(w) +— ¢(¢t), and the time
and frequency shift properties of the Fourier transform, we obtain

Upo(w) = |a? e 99 ¥(aw)

tralt) = lal7 9 (532).
By making use of Parseval’s relation we finally get

1
Wm (b, a) = % (.X y ‘I’b,a)

1 [ .
|a| —/ X (w) U*(aw) €79t duw.
21 J_
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Equation (8.7) states that the wavelet transform can also be calculated
by means of an inverse Fourier transform from the windowed spectrum
X(w) ¥*(aw).

Time-Frequency Resolution. In order to describe the time-frequency
resolution of the wavelet transform we consider the time-frequency window
associated with the wavelet. The center (o,wp) and the radii A; and A, of
the window are calculated according to (7.8) and (7.11). This gives

to = /_ Zt. |ﬁ’1(;|)||2 dt, (8.8)
woz/_ww-%dw (8.9)
and s
Ay = (/_oo (t — t0)? - |;/|)$|)||22 dt) : (8.10)
A, = (/_OO (W= wo)? - |l|I|I\(1:)||)2|2 dw ) . (8.11)

For the center and the radii of the scaled function () +— |a|¥(aw) we
have {a-to, Lwo} and {a-A¢, 1A, }, respectively. This means that the wavelet
transform W, (b,a) provides information on a signal z(¢) and its spectrum
X(w) in the time-frequency window

[b+a-t0—a-At,b+a-to+a-At] X [ﬂ—ﬁ,ﬂﬁ‘ﬁ] (812)

a a a a

The area 4A;A,, is independent of the parameters a and b; it is determined
only by the used wavelet 1¥(t). The time window narrows when a becomes
small, and it widens when a becomes large. On the other hand, the frequency
window becomes wide when a becomes small, and it becomes narrow when a
becomes large. As mentioned earlier, a short analysis window leads to good
time resolution on the one hand, but on the other to poor frequency resolution.
Accordingly, a long analysis window yields good frequency resolution but poor
time resolution. Figure 8.2 illustrates the different resolutions of the short-time
Fourier transform and the wavelet transform.

Affine Invariance. Equation (8.1) shows that if the signal is scaled (z(t) —
z(t/c)), the wavelet representation W, (b, a) is scaled as well; except this,
W, (b, a) undergoes no other modification. For this reason we also speak of an
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Figure 8.2. Resolution of the short-time Fourier transform (left) and the wavelet
transform (right).

affine invariant transform. Furthermore, the wavelet transform is translation
invariant, i.e. a shift of the signal (z(t) — =z(t — to)) leads to a shift of
the wavelet representation W, (b,a) by to, but W, (b, a) undergoes no other
modification.

8.2 Wavelets for Time-Scale Analysis

In time-scale signal analysis one aims at inferring certain signal properties
from the wavelet transform in a convenient way. Analytic wavelets are es-
pecially suitable for this purpose. Like an analytic signal, they contain only
positive frequencies. In other words, for the Fourier transform of an analytic
wavelet 1 o (t) the following holds:

Ty o(w)=0 for w < 0. (8.13)

Analytic wavelets have a certain property, which will be discussed briefly
below. For this consider the real signal z(¢) = cos(wpt). The spectrum is

X(w) =7[0(w—wo) + 8w+ wy)] +— z(t) = cos(wot). (8.14)

Substituting X (w) according to (8.14) into (8.7) yields
o0 .
Wi(ba) = 1la|? / (6(w — wo) + 6(w + wo)) T*(aw) e7? duw
- (8.15)
= %|a|% [\If*(awo) elwob L *(—qwyp) e‘jwob] .
Hence, for an analytic wavelet:

Wa(b,a) = % la]} U™ (awp) €400, (8.16)
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Since only the argument of the complex exponential in (8.16) depends on b,
the frequency of z(¢) can be inferred from the phase of W, (b, a). For this, any
horizontal line in the time-frequency plane can be considered. The magnitude
of W, (b,a) is independent of b, so that the amplitude of z(¢) can be seen
independent of time. This means that the magnitude of W, (b,a) directly
shows the time-frequency distribution of signal energy.

The Scalogram. A scalogram is the squared magnitude of the wavelet

transform:
|a|—%/ (t) ¥* (t;b) dt

Scalograms, like spectrograms, can be represented as images in which intensity
is expressed by different shades of gray. Figure 8.3 depicts scalograms for
z(t) = 6(¢). We see that here analytic wavelets should be chosen in order to
visualize the distribution of the signal energy in relation to time and frequency
(and scaling, respectively).

2
[Wa(b,a)|* =

(8.17)

The Morlet Wavelet. The complex wavelet most frequently used in signal
analysis is the Morlet wavelet, a modulated Gaussian function:

Y(t) = efwot ¢=F/2, (8.18)

Note that the Morlet wavelet satisfies the admissibility condition (8.2) only
approximately. However, by choosing proper parameters wp and 8 in (8.18)
one can make the wavelet at least “practically” admissible. In order to show
this, let us consider the Fourier transform of the wavelet, which, for w = 0,
does not vanish exactly:

Y(Ww) = = e W—w)*/@F*) 50 vy, (8.19)

| =

By choosing
we > 2w (8.20)

we get U(w) < 2.7 x 107 for w < 0, which is sufficient for most applications
[132]. Often wy > 50 is taken to be sufficient [65], which leads to ¥(w) <
1075, w < 0.

Example. The example considered below is supposed to give a visual
impression of a wavelet analysis and illustrates the difference from a short-time
Fourier analysis. The chosen test signal is a discrete-time signal; it contains
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Figure 8.3. Scalogram of a delta impulse (Ws(b,a) = |(b/a)|*); (a) real wavelet;
(b) analytic wavelet.

two periodic parts and two impulses.! An almost analytic, sampled Morlet
wavelet is used. The signal is depicted in Figure 8.4(a). Figures 8.4(b) and
8.4(c) show two corresponding spectrograms (short-time Fourier transforms)
with Gaussian analysis windows. We see that for a very short analysis window
the discrimination of the two periodic components is impossible whereas the
impulses are quite visible. A long window facilitates good discrimination of
the periodic component, but the localization of the impulses is poor. This is
not the case in the wavelet analysis represented in Figure 8.4(d). Both the
periodic components and the impulses are clearly visible. Another property
of the wavelet analysis, which is well illustrated in Figure 8.4(d), is that it
clearly indicates non-stationarities of the signal.

IIn Section 8.8 the question of how the wavelet transform of a discrete-time signal can
be calculated will be examined in more detail.
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Figure 8.4. Examples of short-time Fourier and wavelet analyses; (a) test signal;
(b) spectrogram (short window); (c) spectrogram (long window); (d) scalogram.

8.3 Integral and Semi-Discrete Reconstruction

In this section, two variants of continuous wavelet transforms will be consid-
ered; they only differ in the way reconstruction is handled. Specifically, we
will look at integral reconstruction from the entire time-frequency plane and
at a semi-discrete reconstruction.

8.3.1 Integral Reconstruction

As will be shown, the inner product of two signals z(t) and y(t) is related to
the inner product of their wavelet transforms as

1 [o [® . da db
=g [ weawes L2 (821)
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with Cy as in (8.2).

Given the inner product (8.21), we obtain a synthesis equation by choosing
y(t') = 0(t' - 1), (8.22)
because then the following relationship holds:
@) = [ 1) 8¢ - ) at = a0 (8.23)
Substituting (8.22) into (8.21) gives

(z,y1) = / / We(b,a) |a|” 2/ 6(t’—t)¢(t;b) & dzzdb-

From this we obtain the reconstruction formula

1 oo poo . [t—b\ dadb
_C_¢/_m/_www(b,a) lal ¢( a) D e

Proof of (8.2) and (8.21). With
P(w) = X(w) ¥*(wa) (8.25)
equation (8.7) can be written as
1 [

Ws(b,a) = |a|? 5| P eI, (8.26)

Using the correspondence P,(w) +— p,(b) we obtain
We(b,a) = |al* pa(b)- (8.27)
Similarly, for the wavelet transform of y(t) we get
Qa(w) =Y (w) ¥*(wa) «— qa(b), (8.28)

which means that
Wy(b,a) = |al? ga(b). (8.29)
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Substituting (8.27) and (8.28) into the right term of (8.21) and rewriting the
obtained expression by applying Parseval’s relation yields

o0 poo \ dadb [® 1 [ .
[ [ weawea “E= [ [ p® a0 @ da
> 1

—oolal

= TT \Par4qa da
/_m|a|< )

* 11
=/ mg(Pa,Qa) da

o) 0 2
%/_ X(v) Y*(v) /_ 7|\II(|I;T)| da dv.
= > (8.30)

By substituting w = va we can show that the inner integral in the last line of
(8.30) is a constant, which only depends on %(t):

* |T(va)|* * |0 (w)|*
C :/ |—da:/ dw. 8.31
i B 1 (83D
Hence (8.30) is
00 oo . dadb 1 .
/_w/_sz(b,a) wiba) L = o ﬂ/_mX(y) V() dv

= Cy /00 z(r) y*(r) dr.

- (8.32)
This completes the proof of (8.2) and (8.21). [J

8.3.2 Semi-Discrete Dyadic Wavelets

We speak of semi-discrete dyadic wavelets if every signal z(t) € La(IR) can
be reconstructed from semi-discrete values W, (b, ar,), where a,,, m € Z are
dyadically arranged:

am =2™. (8.33)
That is, the wavelet transform is calculated solely along the lines W, (b, 2™):
[e ]

W, (b,2™) = 2~% / o(t) 6+ (2-™(t — b)) d. (8.34)

—oC
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The center frequencies of the scaled wavelets are

wm =2 —9 My, mel, (8.35)

Am
with wy according to (8.9). The radii of the frequency windows are

A,
Zw 9 mA,, mecl. (8.36)

am

In order to ensure that neighboring frequency windows

b
Am am

[wo ~ A, wo +Aw]

and

[wo ~ A, wo +Aw]

?
Am+1 Gm+1
do adjoin, we assume

wo =3 A, (8.37)

This condition can easily be satisfied, because by modulating a given wavelet
1), (t) the center frequency can be varied freely. From (8.33), (8.35) and (8.37)
we get for the center frequencies of the scaled wavelets:

wm=3-2""A,, mel (8.38)

Synthesis. Consider the signal analysis and synthesis shown in Figure 8.5.
Mathematically, we have the following synthesis approach using a dual (also
dyadic) wavelet 9(t):

z(t) = i 2-3m /_ ” Wa (b, 2™) %(27™(t — b)) db. (8.39)

m=—o0

In order to express the required dual wavelet ¢(t) by (t), (8.39) is rearranged
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as

(o)

5 ain [ " Wb, 2B ¢~ 5)) db

m=—00

I

z(t)

> 2 I (w2 gt )

m=—00

- mimz—%m% (F{wa (- 2m) 7 (e )}
= mim 2‘%’”% _O; [X(w) 2% 0" (27w))] [2m\i1(2mw)ejwt] dw

—0o0

:% OoX(w) [i lIl*(2mw)lil(2mw)j| eI du.

- (8.40)
For the sum in the last row of (8.40)
> wr(emw) ¥2mw) =1 (8.41)

m=—00

must hold in order to allow reconstruction. Hence, ¥(¢) can be computed from

P(t) as
U (w)

> e

m=—0Q

¥(w) =

(8.42)

If two positive constants A and B with 0 < A < B < oo exist such that
A< D |[wE@™w)*<B (8.43)
m=—00
we achieve stability. Therefore, (8.43) is referred to as a stability condition.
A wavelet 9(t) which satisfies (8.43) is called a dyadic wavelet. Note that
because of (8.42), for the dual dyadic wavelet, we have:

1 — |z 2 1

— < m < —. .

=< Y \\11(2 w)\ <3 (8.44)
m=—0oQ

Thus, for ¥(w) according to (8.42) we have stability, provided that (8.43) is

satisfied. Note that the dual wavelet is not necessarily unique [25]. One may

find other duals that also satisfy the stability condition.
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) | YD Wie1) 70 200

m=0

27 2y*(-112) Wb fp-sn P@/2)

m=1

_m Wx(tazm) 3m
27 29p%(-t/2m) 272 (e/2m) 4@%

Figure 8.5. Octave-band analysis and synthesis filter bank.

Finally it will be shown that if condition (8.43) holds the admissibility
condition (8.2) is also satisfied. Dividing (8.43) by w and integrating the
obtained expression over the interval (1,2) yields:

2 o0 2 2 2
dw [T (2™w)| dw
Al ¥ < P9l aw < B 2. 4
/1 L < m}}:w /1 “as < B[ (8.45)
With
2 g (2my)[? T TN
/ PRI, — / 2@, (8.46)
1 w om v

we obtain the following result for the center term in (8.45):

[l RO, e

w
m=—o

Thus

0 2
Aln2< / @d{u <B In2. (8.48)
0

Dividing (8.43) by —w and integrating over (—1, —2) gives

o) _ 2
An2< / wdw < B In2. (8.49)
0

Thus the admissibility condition (8.2) is satisfied in any case, and reconstruc-
tion according to (8.24) is also possible.
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8.4 Wavelet Series

8.4.1 Dyadic Sampling

In this section, we consider the reconstruction from discrete values of the
wavelet transform. The following dyadically arranged sampling points are
used:

am =2, bn = @m n T = 2™nT, (8.50)

This yields the values W, (bpn, 6m) = Wy (2™nT, 2™). Figure 8.6 shows the
sampling grid.

Using the abbreviation

V() = |am|—%-¢(t_b’”")

am (8.51)
= 27% .¢(27™t — nT),
we may write the wavelet analysis as
We (bmn, am) = Wy (2™nT,2™) = (, ¢mn> . (8.52)

The values {W, (2™nT,2™), m,n € Z} form the representation of z(t) with
respect to the wavelet ¢(t) and the chosen grid.

Of course, we cannot assume that any set ¥mn(t), m,n € Z allows
reconstruction of all signals #(t) € Ly(IR). For this a dual set ¢y, (t), m,n € Z
must exist, and both sets must span Lo (IR). The dual set need not necessarily
be built from wavelets. However, we are only interested in the case where
Umn(t) is derived as

Umn(t) =2"% (2™t —nT), m,nel (8.53)
from a dual wavelet 1(t). If both sets 1y () and Ppn (t) with m,n € Z span
the space Lo(IR), any z(t) € L2(IR) may be written as

o0 oo

2)= Y D (@ Pmn) mnlt). (8.54)

m=—00 Nn=—00

Alternatively, we may write z(¢) as

o0 oo

O D <m,¢mn>¢mn(t). (8.55)

m=—00 Nn=—00
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Figure 8.6. Dyadic sampling of the wavelet transform.

For a given wavelet 9(t), the possibility of perfect reconstruction is depen-
dent on the sampling interval T. If T is chosen very small (oversampling), the
values W, (2™nT,2™), m,n € Z are highly redundant, and reconstruction is
very easy. Then the functions %,,,(t), m,n € Z are linearly dependent, and
an infinite number of dual sets z[?mn(t) exists. The question of whether a dual
set hymn(t) exists at all can be answered by checking two frame bounds? A
and B. It can be shown that the existence of a dual set and the completeness
are guaranteed if the stability condition

Allz|l* < Z Z (@, % ma)|” < Bl (8.56)

m=—00 N=—00

with the frame bounds 0 < A < B < oo is satisfied [35]. In the case of a
tight frame, A = B, perfect reconstruction with ¥y () = ¥mn(t) is possible.
This is also true if the samples W, (2™nT, 2™) contain redundancy, that is, if
the functions ¥, (t), m,n € Z are linearly dependent. The tighter the frame
bounds are, the smaller is the reconstruction error if the reconstruction is
carried out according to

HO= s Y D (@) Ymal) (8:57)

m=—00 n=—0C

If T is chosen just large enough that the samples W, (2™nT,2™), m,n € Z
contain no redundancy at all (critical sampling), the functions ¥, (t), m,n €
Z are linearly independent. If (8.56) is also satisfied with 0 < A < B < o0,
the functions ¥, (t), m,n € Z form a basis for Ly(IR). Then the following
relation, which is known as the biorthogonality condition, holds:

<¢mn7 Iﬁlk> = 0mi 6nk:a m;n,l,k € 7. (858)

Wavelets that satisfy (8.58) are called biorthogonal wavelets. As a special
case, we have the orthonormal wavelets. They are self-reciprocal and satisfy

2The problem of calculating the frame bounds will be discussed at the end of this section
in detail.
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the orthonormality condition

(d’mn"l/)lk) = 6ml 5nk’ m’nala kel. (859)

Thus, in the orthonormal case, the functions ¥,,,(t), m,n € Z can be used
for both analysis and synthesis. Orthonormal bases always have the same
frame bounds (tight frame), because, in that case, (8.56) is a special form of
Parseval’s relation.

8.4.2 Better Frequency Resolution — Decomposition of
Octaves

An octave-band analysis is often insufficient. Rather, we would prefer to
decompose every octave into M subbands in order to improve the frequency
resolution by the factor M.

We here consider the case where the same sampling rate is used for all M
subbands of an octave. This corresponds to a nesting of M dyadic wavelet
analyses with the scaled wavelets

YR (t) = 220 p(2%t), k=0,1,...,M —1. (8.60)
Figure 8.7 shows the sampling grid of an analysis with three voices per octave.
Sampling the wavelet transform can be further generalized by choosing the
sampling grid
am = ag’, bun = am n T, m,n €% (8.61)
with an arbitrary ag > 1. This corresponds to M nested wavelet analyses with
the wavelets
& s
P B (1) = a2 P(a}t), k=0,1,...,M—1. (8.62)

For this general case we will list the formulae for the frame bounds A and B
in (8.56) as derived by Daubechies [35]. The conditions for the validity of the
formulae are:®

inf ¥(arw)|* > 0, 8.63
o inf :Z_:ool (af'w)| (8.63)
[ee)
ess sup Z |T(@fw)® < oo, (8.64)
|w|€[1,a0] m=—00
and
sup [(1+s2)<1+€>/2 5(3)] —C.<o00 (forane>0) (8.65)

sE]R

3By “ess inf” and “ess sup” we mean the essential infimum and supremum.



226 Chapter 8. Wavelet Transform

I

Figure 8.7. Sampling of the wavelet transform with three voices per octave.

with
o0

B(s) = sup Y 1¥(agw)| [T(agw + )]

\“"\E[]"ao] m=—=—o0

(8.66)

If (8.63) — (8.65) are satisfied for all wavelets defined in (8.62), the frame

bounds A and B can be estimated on the bagis of the quantities

M-1 oo 2
¢ = essinf ’\I'(k) amw/ ,
|w|€[1’a0] Z Z ( 0 )

k=0 m=—c0

M-1 o] 2
C = esssup Z Z !\Il(k)(a{)"ww,

lwl€ll,a0] 120 m=——oo

BE (s) = sup i ,\Il(’“) (a{,”w)) ,\Il(’“) (a{,"w—i—s)).

|w|€[1,a0]

Provided the sampling interval T is chosen such that

EEb () () <

we finally have the following estimates for A and B:

axZ (c—2Mfi Lﬂ(k) (é 2%) oY (_l 2?77>)

B<—(C+2k 0;1 ﬂ(’“)( )ﬂ<k>( T))

(8.67)

(8.68)

(8.69)

(8.70)

(8.71)

(8.72)
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8.5 The Discrete Wavelet Transform (DWT)

In this section the idea of multiresolution analysis and the efficient realization
of the discrete wavelet transform based on multirate filter banks will be
addressed. This framework has mainly been developed by Meyer, Mallat and
Daubechies for the orthonormal case [104, 91, 90, 34]. Since biorthogonal
wavelets formally fit into the same framework [153, 36], the derivations will
be given for the more general biorthogonal case.

8.5.1 Multiresolution Analysis

In the following we assume that the sets
Yma(t) = 27% (27™t —n),
m,n €Z (8.73)
Yma(t) = 27% (27t —n),
are bases for Lo(IR) satisfying the biorthogonality condition (8.58). Note that

T = 1 is chosen in order to simplify notation. We will mainly consider the
representation (8.55) and write it as

Z Z din (1) Yy (B) (8.74)

m=—00 n=—00
with 3 5
dm(n) = W¥(2™n,2™) = <:1:, 'z,bmn>, m,n € Z. (8.75)

Since a basis consists of linearly independent functions, Ls(IR) may be
understood as the direct sum of subspaces

Lz(R)=...€BW_1@Wo€BW1@... (8.76)
with
Wm =span{y(2~™t —n), n€ 2}, melL. (8.77)

Each subspace W, covers a certain frequency band. For the subband signals
we obtain from (8.74):

Z dm(n) Ymn(t);  Ym(t) € Wi (8.78)

n=—oo

Every signal z(t) € Lo(R) can be represented as

o]

x(t) = Z ym(t)a ym(t) € Wh. (8-79)

m=—0oC
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Now we define the subspaces V,,, m € Z as the direct sum of V,,,,; and
Wm+12
Vm = Vm+1 @ Wm+1. (880)

Here we may assume that the subspaces V,,, contain lowpass signals and that
the bandwidth of the signals contained in V,,, reduces with increasing m.

From (8.77), (8.76), and (8.80) we derive the following properties:

(i) We have a nested sequence of subspaces

i CVp1 CV,, C Vi C . (8.81)

(ii) Scaling of z(t) by the factor two (x(t) — x(2¢)) makes the scaled signal
z(2t) an element of the next larger subspace and vice versa:

zt) €V &  z(2t) € Vi1, (8.82)

(iii) If we form a sequence of functions z.,(t) by projection of z(t) € La2(IR)
onto the subspaces V;,, this sequence converges towards z(t):

EIE Tm(t) =z(t), z(t) € La(R), zm(t) € V. (8.83)
Thus, any signal may be approximated with arbitrary precision.

Because of the scaling property (8.82) we may assume that the subspaces
Vim are spanned by scaled and time-shifted versions of a single function ¢(¢):

Vm =span{¢(2~™t —n), n € Z}. (8.84)

Thus, the subband signals z,,,(t) € V;,, are expressed as

Tm(t) = Z em(n) dmn(t) (8.85)
with
Pmn(t) =27 $(27™t — n). (8.86)

The function ¢(t) is called a scaling function.

Orthonormal Wavelets. If the functions ¥, (t) = 2~ 2 ¢(2"™t—n), m,n €
Z form an orthonormal basis for Ls(IR), then Ly(IR) is decomposed into an
orthogonal sum of subspaces:

L L L L
LQ(IR,)=...€BW_1€BW0@W1@... (8.87)
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In this case (8.80) becomes an orthogonal decomposition:

Vi = Vins1 & Wims1. (8.88)
If we assume ||¢|| = 1, then the functions
Smn(t) =222 ™t —n), m,n€L, (8.89)
form orthonormal bases for the spaces V,,,, m € Z.

Signal Decomposition. From (8.80) we derive

Tm(t) = Tm1(t) + Ym+1(D)- (8.90)

If we assume that one of the signals x,,(t), for example z((¢), is known, this
signal can be successively decomposed according to (8.90):

y1(t) ya(t) y3(t) ya(t)
/ / / /‘

zo(t) = () — z2(t) — z3@t) — x(t) —.

The signals y; (£), y2(¢),... contain the high-frequency components of zq(t),
z1(t), etc., so that the decomposition is a successive lowpass filtering accom-
panied by separating bandpass signals. Since the successive lowpass filtering
results in an increasing loss of detail information, and since these details are
contained in y1 (t), y2(t), . . . we also speak of a multiresolution analysis (MRA).

Assuming a known sequence {cg(n)}, the sequences {¢,(n)} and {d,(n)}
for m > 0 may also be derived directly according to the scheme

{d(0)} {d2(m)} {ds(k)} {ds(5)}
7 7 7 7
fo@} = {a@} = {em)} - {ak)} — {au@} —.

In the next section we will discuss this very efficient method in greater detail.

Example: Haar Wavelets. The Haar function is the simplest example
of an orthonormal wavelet:

1 for0<t<0.5
YE)=< -1 for0.5<t<1

0 otherwise.
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v (-1 Y(2) y(2-1)
—U L L I S
o (-1 P(t2) ¢ (H2-1)

! | t 1 | t

Figure 8.8. Haar wavelet and scaling function.

The corresponding scaling function is

Cf1, foro<t<1
#(t) = {0, otherwise.

The functions ¥(t — n), n € Z span the subspace Wy, and the functions
1/1(%15 —mn), n € Z span W;. Furthermore, the functions ¢(t — n), n € Z span
Vo and the functions ¢(3t —n), n € Z span V1. The orthogonality among the
basis functions ¥(2-™t — n), m,n € Z and the orthogonality of the functions
¥(27™t —n), m,n € Z and ¢(277t — n), j > m is obvious, see Figure 8.8.

Example: Shannon Wavelets. The Shannon wavelets are impulse re-
sponses of ideal bandpass filters:

Y(t) = SH:F cos 3—7rt. (8.91)
z 2
In the frequency domain this is
1 form<|w| <27
¥(w) = = =< 8.92
@) { 0 otherwise. ( )

The scaling function that belongs to the Shannon wavelet is the impulse
response of the ideal lowpass:

sin 7t
o) = — (8.93)
0 (8.94)
_ J1 for0< jw| <,
o) = { 0 otherwise. (8.95)
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Figure 8.9. Subspaces of Shannon wavelets.

The coefficients ¢, (n), m,n € Z in (8.85) can be understood as the sample
values of the ideally lowpass-filtered signal. Figure 8.9 illustrates the decom-
position of the signal space.

The Shannon wavelets form an orthonormal basis for L2(IR). The ortho-
gonality between different scales is easily seen, because the spectra do not
overlap. For the inner product of translated versions of ¢(t) at the same scale,
we get

/ Bt-mstt—n) = o [ @)@t @) Im=mea
= 1 [T im—nywg, (8.96)
2r J_ .
= 6mn

by using Parseval’s relation. The orthogonality of translated wavelets at the
same scale is shown using a similar derivation.

A drawback of the Shannon wavelets is their infinite support and the
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poor time resolution due to the slow decay. On the other hand, the frequency
resolution is perfect. For the Haar wavelets, we observed the opposite behavior.
They had perfect time, but unsatisfactory frequency resolution.

8.5.2 Wavelet Analysis by Multirate Filtering

Because of Vy = V; @ W, the functions ¢o,(t) = ¢(t —n) € Vo, n € Z can
be written as linear combinations of the basis functions for the spaces V; and
W;1. With the coefficients ho(2¢ — n) and hq(2¢ — n), £,n € Z the approach is

Pon(t) =D ho(20 —n) 1(t) + b1 (2 — n) Pre(t). (8.97)
4

Equation (8.97) is known as the decomposition relation, for which the following
notation is used as well:

V2 ¢2t —n) = ho(2l—n) ¢t —£) + (26 —n) p(t—£).  (8.98)
£

We now consider a known sequence {co(n)}, and we substitute (8.97) into
(8.85) for m = 0. We get

zo(t) = %:Co(n) don(t)
= > co(n) ; ho(2€ —n) ¢1e(t) + ha(2€ — n) P1e(t)
= Ee: Yoco(n) ho(2¢ —n) ¢1e(t) + Xl: Soco(n) h1(28 —n) 1e(t)

v v
v v

c1{f) di(2)
= z1(8) + 41(2),

(8.99)
where xo € Vg, 1 € V41, and y; € W;. This method allows us to compute
{em+1(£)} and {dp1+1(£)} from {cm(n), m,n € Z}:

cmt1(l) = cm(n) ho(2£—n)
" . 4LeL. (8.100)
dm+1(f) = %: em(n) hi(2€ —n)

We see that the sequences {cm+1(£)} and {dm+1(€)} occur with half the
sampling rate of {¢;»(n)}. Altogether, the decomposition (8.100) is equivalent
to a two-channel filter bank analysis with the analysis filters ho(n) and hi(n).
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H() di(m)
r H(2) d2(h)

co(n)

o) @ c1(m)

L Hy (Z) CZ(I)

Figure 8.10. Analysis filter bank for computing the DWT.

If we assume that zo(t) is a sufficiently good approximation of z(t), and
if we know the coeflicients co(n), we are able to compute the coefficients
cm+1(n), dmt1(n), m > 0, and thus the values of the wavelet transform
using the discrete-time filter bank depicted in Figure 8.10. This is the most
efficient way of computing the DWT of a signal.

8.5.3 Wavelet Synthesis by Multirate Filtering

Let us consider two sequences go(n) and g;(n), which allow us to express the
functions ¢10(t) = 2712¢(t/2) € Vi and 910(t) = 271/24(t/2) € W, as
linear combinations of ¢o,(t) = ¢(t —n) € Vo, n € Z in the form

#10(t) = > go(n) don(t),
" (8.101)
Po(t) = %:91 (n) don(t),
or equivalently as
¢(1) = go(n) V2 $(2t —n),
n (8.102)

P(t) = En:gl(n) V2 ¢(2t - n).

Equations (8.101) and (8.102), respectively, are referred to as the two-scale
relation. For time-shifted functions the two-scale relation is

¢1l(t) = %: 90 (n - 26) ¢0n(t):
Yre(t) = Enj 91(n — 2£) don(t).

(8.103)
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di(m) G1()
d(l) Gi1(@) co(n)
_/L a1l Go @
? e2()) B 6@ j

Figure 8.11. Synthesis filter bank.

From (8.103), (8.78), (8.85) and (8.90) we derive

zo(t) =z1(8) + 31 (%)
= lec 1(£) d1e(t) + Z di(£) ¥re(t)
= Zz: 1(€) Ego(n = 20) don(t) + ZZ:dl(f) 2 g1(n —20) ¢on(t)
=2 (S m—20+ 46 60 -20) don(0)
= ; co(n) don(t).
(8.104)
The generalization of (8.104) yields
em(n) = Z em+1(£) go(n — 28) + dpt1(£) g1(n — 24). (8.105)

The sequences go(n) and g;(n) may be understood as the impulse responses
of discrete-time filters, and (8.105) describes a discrete-time two-channel
synthesis filter bank. The filter bank is shown in Figure 8.11.

8.5.4 The Relationship between Filters and Wavelets

Let us consider the decomposition relation (8.97), that is

Pon(t) =D ho(2 — n) p1e(t) + h1 (2L — n) re(t). (8.106)
£
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Taking the inner product of (8.106) with ¢14(t) and 91,(¢) yields
<¢0m J’u) = %: ho(2m — n) <¢1m7 §£1£> + h1(2m —n) <’¢’1ma QT’u)a

<¢0m ’J’u) = gn: ho(2m —n) <¢1m7 'l/;u> + h1(2m —n) <’l/’1m= "[’11>-

(8.107)
Observing that

<¢1ma (i§u> = 5lm;
<’1/J1ma 1[’11) = dom,
(rms¥1e) = 0,
<¢1ma (i§u> = 0,

(8.108)

we obtain -
ho(20 —mn) = <¢0m ¢1£>’
h@2E—n) = (Pon Brs)-

Similarly, the two-scale relation (8.101) yields

(8.109)

gO(n) :<¢10aq§0n>a
g1(n) =<’¢1o:050n>-

Substituting (8.101) into (8.108) yields

(8.110)

00 = E!Jo n
n

(n) {Pon; P1),
e =;g1(n

(

(

) {

) {Bon, P1e),
(8.111)

0 = ;go n) (

) (%o

0 :Egln
n

Bons P14)s
P1e);

and by comparing (8.111) with (8.109) we obtain

)
)
) (8.112)
)
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The conditions (8.112) are nothing but the PR conditions for critically
subsampled two-channel filter banks, formulated in the time domain, cf.
Section 6.2. By z-transform of (8.112) we obtain

2 = Go(z) Ho(2) + Go(—2) Ho(—2)
2 = Gi(2) Hi(2) + G1(—2) Hi(-2)
0 = Golz) Hi(z) + Go(—2) Hi(—2),
0 = Gi(z) Ho(z) + Gi(—2) Ho(—2)

(8.113)

Orthonormal Wavelets. If the sets ¢, (t) and ¢, (t), m,n € Z according
to (8.51) and (8.89) are orthonormal bases for V;,, and W,,,, m € Z, (8.109)
becomes

h0(2£—n) = <¢0n’¢ll>’

(8.114)
hi(2e—=n) = (on V1)
Substituting the two-scale relation (8.103) into (8.114) yields
h0(2£ - n) = 293 (k - 2€) <¢0n7 ¢0k>a
F (8.115)
hy (2£ - n) = ;gi‘ (k - 26) <¢0n7 ¢0k>'
Observing {(¢g,,, Por) = Onk, we derive
ho(n) = g5(-n) <= Ho(2) = C:v’o(Z), (8.116)
hi(n) = gi(-n) <= Hi(z) =Gi(2).
Thus equations (8.112) and (8.113) become
b0 =2 90(n) g5(n — 20),
b0 =X g1(n) gi(n —20),
n (8.117)
0 =S giln—20),
0 =>g1(n) g5(n —20)
and
2 = Go(2) Go(2) + Go(—2) Go(—2),
2 = Gi(2) C:h(z) +Gi(-2) (:}’1(—2), (8.118)
0 = Go(2) Gi(2) + Go(—2) G1(—2),
0 = Gi(2) éo(z) + Gi(—2) @0(—z).
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These are nothing but the requirements for paraunitary two-channel filter
banks, as derived in Chapter 6.

8.6 Wavelets from Filter Banks

8.6.1 General Procedure

In the previous sections we agssumed that the wavelets and scaling functions
are given. Due to the properties of the wavelet transform we were able to show
the existence of sequences hg(n), hi(n),go(n), and g1(n), which allow us to
realize the transform via a multirate filter bank. When constructing wavelets
and scaling functions one often adopts the reverse strategy. One chooses the
coefficients of a PR two-channel filter bank in such a way that the wavelets
and scaling functions associated with these filters have the desired properties.

Scaling Function. The starting point for constructing scaling functions is
the first part of the two-scale relation (8.102):

Zgo ) V2 p(2t —n). (8.119)
In the following the Fourier transform of equation (8.119) is required, which,
using
1w, _jun
is 1 )
w _iwn
P =&(=) — . 121
@=2) 75 Soolm) e’ (8121)
With ‘ on
Go(e?%) = go(n) €5 (8.122)
n
equation (8.121) is
1 ;W w
d(w) = —= Go(e?2) ®(=). 8.123
(w) 7 o(e’2) (3) (8.123)

Since the scaling function ¢(t) is supposed to be a lowpass impulse response,
we may introduce the normalization

- / Tomdt = 1. (8.124)

If we now apply (8.119) and (8.123) K times, we obtain

(H 7 eaw/2k)> @(2%). (8.125)
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Now we let K — oo. If the product in (8.125) converges for K — oo to a
continuous function, it converges to

&) = [J == Go(¢/?"), (8.126)

because we have specified ®(0) = 1. Thus (8.119) allows us to determine the
scaling function recursively. When starting with

zo(t) = {1 for0<t<1, (8.127)

0 otherwise,

we obtain the piecewise constant functions z;(¢) by means of the recursion

Tiy1(t \/_Zgo z;(2t — n), (8.128)

which approaches the scaling function for i — oo.

Figure 8.12 illustrates the recursive calculation of the scaling function ¢(t).
However, the convergence of the product does not guarantee that the obtained
scaling function is smooth. Figures 8.13 and 8.14 show examples leading to
smooth and fractal scaling functions, respectively.

Wavelet. If the scaling function ¢(¢) is known, ¥ (t) can be calculated by
using the second part of the two-scale relation (8.102):

Zgl ) V2 ¢(2t — n). (8.129)

It is obvious that a smooth ¢(t) results in a smooth (¢), regardless of the
coefficients g1 (n), so that all concerns regarding smoothness are related to the
lowpass go(n).

Summary of Construction Formulae. According to (8.126), the synthesis
scaling function is related to the synthesis lowpass as

B(w) = ﬁ % Go(edw/?). (8.130)

k=1

For the synthesis wavelet we get from (8.129) and (8.130)

=
Gy (e7/?) — er/Z ) (8.131)
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Figure 8.12. Recursive calculation of the scaling function ¢(¢); the first two steps
of the recursion are shown (coefficients: {go(n)} = 4{%, Li}.

l 1

=2
i

The analysis scaling function ¢(¢) and the wavelet ¢(t) are related to the
time-reversed and complex conjugated analysis filters h§(—n) and h}(—n) in
the same way as ¢(¢) and (t) are related to go(n) and g; (n). Thus, they may
be given in the frequency domain as

o 1 . 1ok
=T = Ho(e /") (8.132)
and -
F(w) = \/ii %) I] 12 (e=9w/2hy. (8.133)

k:=2
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Figure 8.13. Recursive calculation of the scaling function ¢(t) (coefficients
{oo(m)} = E{1331}).
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Figure 8.14. Recursive calculation of the scaling function ¢(¢) (coefficients
{oo(m)} = £{-133 —1}).

Non-Linear Phase Property of Orthonormal Wavelets. In Chapter 6
we have shown that paraunitary two-channel filter banks have non-linear
phase filters in general. This property is transferred directly to the scaling
functions and wavelets constructed with these filters. Thus, orthonormal
wavelets have non-linear phase in general. Exceptions are the Haar and
Shannon wavelets.
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8.6.2 Requirements to be Met by the Coeflicients

We have already shown that to construct biorthogonal and orthonormal
scaling functions and wavelets the coefficients of PR two-channel filter banks
are required. But, in order to satisfy (8.124), the coefficients must be scaled
appropriately. The correct scaling for the lowpass can be found by integrating
(8.119):

/_Z(ﬁ(t) dt = % ;go(n)/_0;¢(2t —n) d(2t). (8.134)

This yields
> go(n) = V2. (8.135)

By integrating equation (8.129) we obtain
o0 1 o0
[ st a= =S am [ sei-mae, @10

and with (8.124) and [ ¢(t) dt = 0 we conclude

> qi(n) =0. (8.137)

This means that the highpass filters in the two-channel filter bank must have
zero mean in order to allow the construction of wavelets.

8.6.3 Partition of Unity

In order to enforce a lowpass characteristic of Go(2), it is useful to require

Go(-1) =0 «— > (-1)"go(n) = 0. (8.138)

As will be shown in the following, (8.135), (8.135), and (8.138) result in

®(2rk) = { é 2 ; 8 (8.139)

In the time domain, this property of the scaling function, which is known as
the partition of unity, is written

i é(t —n) = 1. (8.140)

n=—oo
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Proof of (8.139). We consider (8.123) for w = 27k, observing (8.135) and
(8.138):

®(2rk) = J5Go(e™)d(nk)

= Z5Go((~1)k)@(nk) (8.141)

{ ®(rk) k even,
0 k odd.
For £ =0,1,2,3,4,... we obtain

kE=0: @0) =&(0) =1,

k=1: ®(2x) =0-®(x) =0,

k=2: ®4r) =1-8@21) =0, 6.142)
k=3: ®6r) =0-3x) =0,

k=4: &(8n)

=1-®4r) =0,

We may proceed in a similar way for the negative indices, and it turns out
that (8.139) holds. [

8.6.4 The Norm of Constructed Scaling Functions and
Wavelets

When the coefficients go(n) belong to a paraunitary filter bank, (8.124)
directly leads to
loll = 1. (8.143)

We realize this by forming the inner product of (8.140) with ¢go(t) and by
making use of orthogonality:

\(¢0m Z:o=_°°¢0n>‘ = (o, 1) . (8.144)
(Do Bc) *0)=1

Forming the inner product (%o, %) by using (8.101) yields

(Yoo, Po0) = Or91(k) b1r» Do, 91(n) P1,,)
=Y. X, g1(k) gi(n) (Dup, 1) = llgal> =1, (8.145)
SN———

Onk
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which shows that
Il =1 (8.146)

for the norm of the wavelet 1(t). Assuming ®(0) = « leads to ||@|| = ||¢|| = a.

In the biorthogonal case the relationship between the norm of the coeffi-
cients and the norm of the scaling function is much more complicated.

8.6.5 Moments

Multiresolution signal decompositions are often carried out in order to com-
press signals, so that the compaction properties of such decompositions are
of crucial importance. Most signals to be compressed are of a lowpass nature
and can be well approximated locally by low-order polynomials. Therefore, it
is useful to seek wavelets with good approximation properties for low-order
polynomials. As we shall see, the approximation properties of a multiresolution
decomposition are intimately related to the number of vanishing wavelet
moments.

The kth moment of a wavelet () is given by
o0
my = / k(1) dt. (8.147)
—o0

Using the property (2.40) of the Fourier transform, the moments can also be
expressed as
g AF (W
my = (=§) 7" 4 2w)

o (8.148)

|w=0

Thus, if ¥(w) has Ny zeros at w = 0, the wavelet has N, vanishing moments,
that is

/ tf () dt =0 for k=0,1,...,Ny— 1. (8.149)

Clearly, the inner product of an analysis wavelet 9(¢) having N ; vanishing
moments with a signal
Nz-1

z(t) = Z ay, t*
k=0

is zero, and, consequently, all wavelet coefficients are zero. Thus, polynomial
signals of order N; — 1 are solely represented by the lowpass component, that
is, by the coeflicients of the scaling function.
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The number of vanishing moments is easily controlled when constructing
wavelets from filter banks. In order to see this, let us recall equation (8.133):

(W) = \%Hl( eI/ ﬁ Ho(e3w/2). (8.150)

N is given by the number of zeros of Hy(e?¥) at w = 0, or, equivalently,
by the number of zeros of Hi(z) at z = 1. Note that according to (6.22),
H;(z) is a modulated version of the synthesis lowpass Go(z), so that we may
alternatively say that Ny is given by the number of zeros of Go (z) at z = —1.
Similarly, the number of vanishing moments of the synthesis wavelet is equal
to the number of zeros of the analysis lowpass at z = —1.

The discrete-time filters also have vanishing moments and corresponding
approximation properties for discrete-time polynomial signals. For the kth
derivative of

() = Zhl e~Jwn (8.151)

we get

LI - 3 ) e (8.152)

n

From this expression we see that if Hy(z) has N zeros at z = 1, then hy(n)
has Ny vanishing moments in the discrete-time sense:

> nkhi(n)=0 for k=0,1,...,Ny—1. (8.153)

This means that sampled polynomial signals of order N«Z — 1 are solely
represented by the lowpass component.

8.6.6 Regularity

In Figures 8.13 and 8.14 we saw that different filters may have completely
different convergence properties. Typically, one prefers smooth functions ¢(t),
which should possibly have several continuous derivatives. Daubechies derived
a test that can check the regularity and thus the convergence of the product
in (8.125) [34]. Assuming that Go(z) has N zeros at z = —1, Go(2) can be
written as

_INN
Go(2) = V2 (H; ) S(z). (8.154)

Note that N > 1 because of (8.137). Further note that S(1) = 1 because
of (8.135). Pointwise convergence of the functions z;(¢) defined in (8.128)
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towards a continuous function z (t) = ¢(¢t) is guaranteed if

sup |S(e/¥)| < 2NVL, (8.155)
0<w<L2n
Clearly, if Go(z) has no zero at z = —1, then (8.155) cannot be satisfied
because S(1) = 1.

If N is larger than the minimum number that is required to satisfy (8.155),
then the function ¢(¢) will also have continuous derivatives. Precisely, ¢(t) is
m-~times continuously differentiable if

sup |S(e?¥)| < 2N—mL, (8.156)
0<w<L27

Regularity is only associated with the lowpass filters go(n) and hg(n),
respectively. Given a continuous function ¢(t), the function (t) according to
(8.129) will be continuous for any sequence gy (n).

Holder Regularity. Rioul introduced the concept of Hélder regularity,
which can be expressed as follows: if a scaling function is m-times continuously
differentiable and its mth derivative ¥(™ (¢) is Holder continuous of order a,
then its regularity is r = m+ « [125]. The Holder exponent « is the maximum
a for which

() — ™Mt + 1) < Clrl* Vi,7 (8.157)

8.6.7 Wavelets with Finite Support

If go(n) and g1(n) are FIR filters, then the resulting scaling functions and
wavelets have finite support [34]. The proof is straightforward. One merely
has to consider the iteration (8.128) with the L coefficients go(0), ..., go(L—1)
while assuming that z;(¢t) is restricted to the interval [0, L — 1]:

Tip1(t) = V2 Zgo zi(2t — n). (8.158)

Then, all recursively constructed functions are restricted to 0 < 2¢t—n < L—1.
Since the convergence is unique, Too(t) = ¢(t) is restricted to [0, L — 1] for
any arbitrary zo(t).

The fact that the support is known can be exploited to calculate the values
of ¢(t) at the times #,,,, = n2™. This, again, is based on the two-scale relation

(8.119):
=V2 Zgo $(2t — 0). (8.159)
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Let us assume that the initial values ¢(n) are known. By writing (8.159) as
¢(5) =v2 szyo(f) ok — 1),
o(%) =v2 szyo(f) o(% - 0), (8.160)

we realize that we obtain the intermediate values at each iteration step.
However, so far we only know the values ¢(0) = 0 and ¢(L) = 0. The initial
values required can be determined by exploiting the fact that the initial values
remain unchanged during the iteration (8.160). With

m=[p(1),...,¢(L - 1)]" (8.161)
we get
m=M-m (8.162)
according to (8.160), where the L — 1 x L — 1 matrix M is given by
[Mi; := V2 go(2i — j). (8.163)

Recalling (8.140) it becomes obvious that we obtain the initial values by
determining the right eigenvector m of M which belongs to the eigenvalue 1.

Note. We conclude from (8.135) and (8.138) that the sum of the even
coefficients equals the sum of the odd coefficients:

Zgo(Zn) = Zgo(2n +1)= g (8.164)

Since the columns of M contain either all even coefficients go(2n) or all
odd coefficients go(2n + 1), the sum of all elements of the columns of M
is one. Thus, conditions (8.135) and (8.138) guarantee the existence of a left
eigenvector [1,1,...,1] with eigenvalue one.

Example. Let go(n) consist of five coefficients go(0),...,g0(4), and let
Go(2) satisfy Go(—1) = 0. Matrix M is given by

[!Jo(l) 90(0) ]
M=v2|g(3) 9(2) 9Q)]. (8.165)
go(4) go(3)
Because of (8.164) we have
9o(1) g0(0)

V2[1,1,1] [90(3) 90(2) 90(1)] =1-[1,1,1], (8.166)
go(4) go(3)
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and we see that the eigenvalue 1 exists. The eigenvalue problem we have to
solve is given by

90(1)  0(0) ¢(1) ¢(1)
V21 9(3) 9(2) go(1)|-|e@) | =162 |- (8.167)
g0(4)  90(3) $(3) $(3)

8.7 Wavelet Families

Various wavelet families are defined in the literature. We will only consider
a few of those constructed from filter banks. For further design methods the
reader is referred to [36, 154].

8.7.1 Design of Biorthogonal Linear-Phase Wavelets

In this section, we consider the design of linear-phase biorthogonal wavelets
according to Cohen, Daubechies and Feauveau [28]. We start the discussion
with the first equation in (8.113), which is the PR condition for two-channel
filter banks without delay. We consider an overall delay of 7, that is

Hy(2) Go(2) + Ho(—2) Go(—2) =2 27". (8.168)
On the unit circle, this means
Ho(e9*) Go(e9) + Ho(e¥ @ T ™) Gy (el @ T ™)) = 2 g, (8.169)

In order to yield linear-phase wavelets, both filter Hg(z) and Gy(2) have to be
linear-phase. Furthermore, the filters need to satisfy the regularity condition
as outlined in Section 8.6.6 in order to allow the construction of continuous
scaling functions and wavelets.

When expressing the linear-phase property, two types of symmetry have
to be considered, depending on whether the filter length is even or odd. We
will outline these properties for the filter Ho(z) and start with odd-length
filters. The second filter Go(z), which completes a perfect reconstruction pair,
has the same type of symmetry.

Odd-Length Filters. Odd-length linear-phase filters satisfy
Ho(e?) = e™9™n H} (cosw), (8.170)

where the delay 7, is an integer. Assuming that Hj(cosw) has £ zeros at
w = 7, we may write

H!(e?) = v/2 (cos %)% P(cosw). (8.171)
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It is easily shown that Go(e/“) has the same type of factorization, so that
Go(e?*) = €399 \/2 (cos %)22 Q(cosw), (8.172)
where 7 = 1 + 74.

Even-Length Filters. Symmetric even-length filters can be expressed as
. . 1
Ho(el¥) = e799(m + 3) cos% Hl(cosw), (8.173)
and according to the above considerations, we may write

Ho(ed¥) = /2 ¢~ 9(mn + 3) (cos ;)2”1 P(cosw), (8.174)

where it is again assumed that Ho(e/“) has £ zeros at w = 7. Go(e/¥) then
has a factorization of the form

Go(e??) = V2 e 79(Ts + ) (cos %)ﬂﬂ Q(cosw). (8.175)

Filter Construction. Substituting the factorizations for Ho(e?*) and
Go(e?¥) into (8.169) yields

(cos %)% M (cosw) + (sin ;)2’“ M(-cosw) =1 (8.176)
with
M (cosw) = P(cosw) Q(cosw) (8.177)

and k = £ + 7 if the filter length is odd and k = £+ £ + 1 if it is even. This
expression will now be reformulated by rewriting M (cosw) as a polynomial
in (1 — cosw)/2 = sin®w/2, so that M (cosw) := F(sin’w/2). We get

w

(cos 5)2’“ F(sin® w/2) + (sin ;)2’“ F(cos?w/2) =1, (8.178)

or equivalently,
1-z)fFl@)+zFFl-2)=1 (8.179)

with 2 = sin®w/2. Hence,
Fz)=(1-2)%-2*(1-2)"*F(1 -2). (8.180)

Using Bezout’s theorem, one can show that this condition is satisfied by a
unique polynomial F(z) with a degree of at most k£ — 1 [28]. Based on this
property, the polynomial F(z) of maximum degree ¥ — 1 can be found by
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expanding the right-hand side of (8.180) into a Taylor series where only the
first k£ terms are needed. This gives

F(z) =k§ (’””_1) ", (8.181)

n
n=0

The general solution of higher degree can be written as

k—1
Fz)=Y (’”Z_l) 2" + z* R(1 — 22), (8.182)

where R(z) is an odd polynomial. Based on this expression, filters can be
found by factorizing a given F(sin’w/2) into P(cosw) and Q(cosw). Given
P(cosw) and Q(cosw) one easily finds Hy(el?) and Go(e?¥) from (8.170) —
(8.175).

Spline Wavelets. Spline wavelets based on odd-length filters are constructed
by choosing R(z) =0 and

, . 2f
Go(e?¥) = V2 e 79T (cos ;) . (8.183)

The corresponding analysis filter is

£+i-1 ~ "
Ho(ejw) =2 e IWTh (cos g)zz Z (l tétn- 1) (sin2 %) .

n=0 n
(8.184)
Even-length filters are given by
. , 27+1
Go(e??) = v/2 e99(Ts + 3) (cos %) (8.185)

and

£+ 5
J9y = /5 o3+ B (eos L) Etltn) (o aw\"
Ho(e?“)=v2e 2 (cosz) 2 n (sm 2) .

(8.186)
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The scaling function ¢(t) constructed from Gg(z) according to (8.183) is a
B-spline centered around 7,, and the one constructed from Gy(z) according
to (8.185) is a B-spline centered around 7, + 1.
Filters with Almost Equal Length. In the spline case, the length of Hy(z)
is typically much higher than the length of Go(z). In order to design filters
with almost equal length, one groups the zeros of F(z) into real zeros and
pairs of conjugate complex zeros and rewrites F'(x) as

I J

F(z) = A]J( - z:) [[ = - 2R{z} = + |2)).

=1 j=1

(8.187)

Any regrouping into two polynomials yields a PR filter pair. This allows us to
choose filters with equal or almost equal length. For example, the 9-7 filters
have been found this way [28]; they are known for their excellent coding
performance in wavelet-based image compression [155, 134].

Examples. Table 8.1 shows some examples of odd-length filters. While the
coefficients of the spline filters (5-3 and 9-3) are dyadic fractions, those of
the 9-7 filters constructed from (8.187) are not even rational. This means
an implementation advantage for the spline filters in real-time applications.
However, the 9-7 filters have superior coding performance. For illustration,
Figures 8.15 and 8.16 show the analysis and synthesis scaling functions and
wavelets generated from the 9-3 and 9-7 filters in Table 8.1.

Table 8.1.
Linear-phase odd-length biorthogonal wavelet filters.
5-3 9-3 9-7
n|4-g0o | 4-ho | 16-g0 | 16 ho go ho
0 1 -1 1 3 | -0.06453888265083 0.03782845543778
1 2 2 2 -6 | -0.04068941758680 | -0.02384946495431
2 1 6 1 -16 0.41809227351029 | -0.11062440401143
3 2 38 0.78848561689252 0.37740285554759
4 -1 90 0.41809227351029 0.85269867833384
5 38 | -0.04068941758680 0.37740285554759
6 -16 | -0.06453888265083 | -0.11062440401143
7 -6 -0.02384946495431
8 3 0.03782845543778
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Figure 8.15. Scaling functions and wavelets constructed from the 9-3 filters.
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Figure 8.16. Scaling functions and wavelets constructed from the 9-7 filters.
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8.7.2 The Orthonormal Daubechies Wavelets

Daubechies designed a family of orthonormal wavelets with a maximal number
of vanishing moments for a given support [34]. In order to control the
regularity, the following factorization of Hy(e?) is considered:

o k
Hy(el) =2 (%) P(e/). (8.188)

Because of orthonormality, the PR condition to be met by the prototype filter
is

‘Jaro(eﬂ'“’)|2 + ‘Ho(ej(“’"‘“))‘z =2. (8.189)

Since ho(n) is considered to be real, the term |Hy(e/“)|?> may be written as
2 k
|H0(ej“’)| =2 (cos2 g) M(cosw) (8.190)
with '
M (cosw) = |P(e?)]?. (8.191)

Inserting (8.190) into (8.189) yields
(cos® %)k M (cosw) + (sin? ;)k M(—cosw) = 1. (8.192)

Using the same arguments as in the last section, (8.192) can also be written
as
(cos? %)k F(sin® w/2) + (sin” %)k F(cos®>w/2) =1, (8.193)

or equivalently as
1-2)fF@)+2*Fl-2)=1 (8.194)

with z = sin® w/2. This is essentially the same condition that occurred in the
biorthogonal case, but we now have to satisfy F(sin’ w/2) > 0 V w, because
F(sin? w/2) = |P(eJ¥)|.

Daubechies proposed to choose

S k+n-1
F(z)=>Y ( ) z" + z* R(1 — 2z), (8.195)
n
n=0
where R(z) is an odd polynomial such that F(z) > 0 for z € [0,1]. The
family of Daubechies wavelets is derived for R(z) 510 by spectral factorization
of F(z) into F(z) = P(x)P(z~'). For this, the zeros of F(z) have to be
computed and grouped into zeros inside and outside the unit circle. P(z) then
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contains all zeros inside the unit circle. This factorization results in minimum
phase scaling functions. For filters Hp(z) with at least eight coefficients,
more symmetric factorizations are also possible. The magnitude frequency
responses, however, are the same as for the minimum phase case.

Figure 8.17 shows some Daubechies wavelets, the corresponding scaling
functions and the frequency responses of the filters. We observe that the
scaling functions and wavelets become smoother with increasing filter length.
For comparison, some Daubechies wavelets with maximal symmetry, known as
symmlets, and the corresponding scaling functions are depicted in Figure 8.18.
The frequency responses are the same as in Figure 8.17. Recall that with a
few exceptions (Haar and Shannon wavelets), perfect symmetry is impossible.

8.7.3 Coiflets

The orthonormal Daubechies wavelets have a maximum number of vanishing
wavelet moments for a given support. Vanishing moments of the scaling
function have not been considered. The idea behind the Coiflet wavelets is
to trade off some of the vanishing wavelet moments to the scaling function.
This can be expressed as

® & _J1, fork=0
/_oot é(t) dt_{o, fork=1,2,...,0—1 (8.196)
and
/ tFp(t)ydt=0 for k=0,1,...,6—1. (8.197)

Note that the 0th moments of a scaling function is still fixed to one. Further
note that the same parameter £, called the order of the coiflet, is used for the
wavelet and the scaling function.

The frequency domain formulations of (8.196) and (8.197) are

dFw ®(w) 1, fork=0
dw—k|w=0 _{0, fork=1,2,...,6—1 (8.198)
and
k
d*w T (w) =0 for k=0,1,...,0—1. (8.199)
duwk |w:0

Condition (8.198) means for the filter Hy(e/¥) that

Ho(e?) =1+ (1 — e %) U(el¥) (8.200)
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Figure 8.17. Frequency responses of the minimum-phase Daubechies filters and
the corresponding scaling functions and wavelets (the indices indicate filter length).
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for some U(e/%). From (8.199) it follows that Hy(e/*) can also be written in
the form (8.188)

N
Hy(e9%) =2 (%) P(e¥). (8.201)

For even £, solutions to this problem can be formulated as [36]

£/2—1

Py = 3 (5/2 +n" - 1) (sin2 %)" n (sin2 %)% F(e/%),  (8.202)
n=0

where f(e/*) has to be found such that (8.189) is satisfied. This results in £/2
quadratic equations for £/2 unknowns [36].

8.8 The Wavelet Transform of Discrete-Time
Signals

In the previous sections we assumed continuous-time signals and wavelets
throughout. It could be shown that sample values of the wavelet transform
can be computed by means of a PR filter bank, provided the coefficients co (1)

for representing an approximation zo(t) = 3, co(n)¢(t — n) are known. For
the sequences d,(n), m > 0, successively computed from cy(n), we had

dpm (n)

(8.203)

o0
-3 / (t) ¥ (2™ — n) db,
— 00

that is, the values d,,(n) were sample values of the wavelet transform of
a continuous-time signal. A considerable problem is the generation of the
discrete-time signal cg(n) because in digital signal processing the signals to
be processed are usually obtained by filtering continuous-time signals with a
standard anti-aliasing filter and sampling. Only if the impulse response h(t) of
the prefilter is chosen such that z(t) = z(t)*h(t) € Vb, we obtain a “genuine”
wavelet analysis.

If we wish to apply the theory outlined above to “ordinary” discrete-time
signals z(n), it is helpful to discretize the integral in (8.203):

we(2™n,2™) =27% ) z(k) $* 27"k —n). (8.204)
k
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Here, the values ¥(2=™k —n), m > 0, k,n € Z are to be regarded as samples
of a given wavelet 1(t) where the sampling interval is T' = 1.

Translation Invariance. We are mainly interested in dyadically arranged
values according to (8.204). In this form the wavelet analysis is not translation
invariant because a delayed input signal z(n — £) leads to

wy(2™(n—2"™¢),2™) = 27%F Y, x(k—£) Y*(27™k —n)

~F (i) (2™ — [n - 27™)).

(8.205)
Only if £ is a multiple of 2™, we obtain shifted versions of the same wavelet
coefficients. However, for many applications such as pattern recognition or
motion estimation in the wavelet domain it is desirable to achieve translation
invariance. This problem can be solved by computing all values

we(n,2™) =277 Y a(k) ¥ (27 (k — n)). (8.206)
k
In general, this is computationally very expensive, but when using the & trous
algorithm outlined in the next section, the computation is as efficient as with
the DWT.

8.8.1 The A Trous Algorithm

A direct evaluation of (8.204) and (8.206) is very costly if the values of the
wavelet transform must be determined for several octaves because the number
of filter coefficients roughly doubles from octave to octave. Here, the so-called
d trous algorithm allows efficient evaluation with respect to computing effort.
This algorithm has been proposed by Holschneider et al. [73] and Dutilleux
[48]. The relationship between the & trous and the Mallat algorithm was
derived by Shensa [132].

We start with dyadic sampling according to (8.204). The impulse response
of the filter Hy(z) is chosen to be

hi(n) =273 *(—n/2). (8.207)

With this filter the output values of the first stage of the filter bank in
Figure 8.19 are equal to those according to (8.204), we have

wg(2n,2) = W;(2n,2).

The basic idea of the & trous algorithm is to evaluate equation (8.204)
not exactly, but approximately. For this, we use an interpolation filter as
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Hi(@) W(2n,2)

x(n) Hi(?) _. W (4n,4)
Hy(2)

Hy(2)

Figure 8.19. Analysis filter bank.

—{ Ho(2) Hi@) — <= — H@) — Hi(z?)

-~
By(2)

Figure 8.20. Equivalent arrangements.

the analysis lowpass Hy(z).* This may for instance be a Lagrange halfband
filter, but in principle any interpolation filter will do. In order to explain this
approach in more detail let us take a look at the flow graphs shown in Fig-
ure 8.20, which both have the transfer function 3 Hy(2?) [Ho(z) + Ho(—2)].
The transfer function By(z) is

By(2) = Ho(z) Hy(2%). (8.208)

If Hy(z) is an interpolation filter, (8.208) can be interpreted as follows: first
we insert zeros into the impulse response h; (n). By convolving the upsampled
impulse response hy(2n) = hi(n), hi(2n + 1) = 0 with the interpolation
filter the values hj(2n) remain unchanged, while the values hj(2n + 1)
are interpolated. Thus, the even numbered values of the impulse response
b2(n) +— Ba(z) are equal to the even numbered samples of 27 1¢*(—n/4).
The interpolated intermediate values are approximately the sample values of
2719*(—n/4) at the odd positions. Thus, we have

ba(n) = 271 *(—n/4). (8.209)
Tteration of this approach yields

Hi(2), for m=1,
m—1\ 52 j
H; (z2 ) E)Ho (z2 ) , for m>1.

4The term “& trous” means “with gaps”, which refers to the fact that an interpolation
lowpass filter is used.

Bn(z) = (8.210)
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Figure 8.21. Filter bank for computing wavelet coefficients.

Hy(z%)

For the impulse responses b, (n) +— B,,(z) we get
bn(n) ®27% ¢*(—27™n), m>1. (8.211)

The values W, (2™n,2™) computed with the filter bank in Figure 8.19 are
given by
@y (2™, 2™ & Wy (21, 2™). (8.212)

Thus, the scheme in Figure 8.19 yields an approximate wavelet analysis.

Oversampled Wavelet Series. Although the coefficients of critically sam-
pled representations contain all information on the analyzed signal, they suffer
from the drawback that the analysis is not translation invariant. The aim is
now to compute an approximation of

we(n,2™) =2"% Zx(k) P (27" (k — n)) (8.213)
k

by means of the filters b, (n) +— Bn(z) according to (8.210):

e (n,2™) =27% Y a(k) bm(n — k) (8.214)
k

While the direct evaluation of these formulae means high computational cost,
the values @,(n,2™) may be efficiently computed by use of the filter bank
in Figure 8.21. The filters Ho(2%") and H1(2%"), m > 1, can be realized in
polyphase structure. The number of operations that have to be carried out
is very small so that such an evaluation is suitable for real-time applications
also.

In many cases the frequency resolution of a pure octave-band analysis is
not sufficient. An improved resolution can be obtained by implementing M
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octave filter banks in parallel where each bank covers only an Mth part of the
octaves. This concept has been discussed in Section 8.4.2 for the continuous-
time case. The application to a discrete-time analysis based on the & trous
algorithm is straightforward.

8.8.2 The Relationship between the Mallat and A Trous
Algorithms

The discussion above has shown that the only formal difference between the
filters used in the Mallat and & trous algorithms lies in the fact that in
the Mallat algorithm the impulse response of the filter H;(2z) does not, in
general, consist of sample values of the continuous-time wavelet. However,
both concepts can easily be reconciled. For this, let us consider a PR two-
channel filter bank, where Hy(z) is an interpolation filter and where H;(z)
satisfies Hy (1) = 0. Based on the filter bank we can construct the associated
continuous-time scaling functions and wavelets. Since Hy(z) is supposed to
be an interpolation filter, we have the following correspondence between the
impulse response of the highpass filter, hi(n), and the sample values of the
wavelet 10(t), which is iteratively determined from hg(n) and hi(n):

hi(n) =273 ¢*(—n/2). (8.215)
For the filters By, (z) defined in (8.210) we have
b(n) =27% ¢*(—27"n), (8.216)

and we derive
We (20, 2™) = w,(2™n, 2™). (8.217)

This means that the & trous algorithm computes the wavelet transform exactly
if Ho(z) and H;(z) belong to a PR two-channel filter bank while Hy(2) is an
interpolation filter. Then, all computed wavelet coefficients w, (2™n, 2™), m >
0, can be interpreted as sample values of a continuous wavelet transform pro-
vided the demand for regularity is met: w, (2™n,2™) = W, (2™n,2™), m > 0.

In order to determine filters that yield perfect wavelet analyses of discrete-
time signals with @,(2™k, 2™) = w,(2™n,2™) we may proceed as follows: we
take an interpolation filter Hy(2) and compute a filter Go(2) such that

> go(n)ho (2L — n) = beo. (8.218)
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Note that (8.218) is just an underdetermined linear set of equations. From
Hy(z) and Go(z) we can then calculate the filters H; (2) and G4 (z) according
to equation (6.22) and can construct the wavelet via iteration. The solution to
(8.218) is not unique, so that one can choose a wavelet which has the desired
properties.

Example. For the analysis lowpass we use a binary filter with 31
coefficients as given in (8.181). The length of the analysis highpass is restricted
to 63 coefficients. The overall delay of the analysis-synthesis system is chosen
such that a linear-phase highpass is yielded. Figures 8.22(a) and 8.22(b)
show the respective scaling function, the wavelet, and the sample values
¢(—n/2) = ho(n) and ¥(—n/2) = hi(n). The frequency responses of Hyp(z)
and H;(z) are pictured in Figure 8.22(c).

8.8.3 The Discrete-Time Morlet Wavelet

The Morlet wavelet was introduced in Section 8.2. In order to realize a wavelet
analysis of discrete-time signals, the wavelet is sampled in such a way that

hi(n) = by (n) = eI¥0" 6_52"2/2, (8.219)

where bi(n) is defined as in (8.210). In order to obtain a “practically”
admissible and analytic wavelet we choose

218 < wp < /2. (8.220)

In the discrete-time case a further problem arises due to the periodicity of
the spectra. In order to ensure that we achieve an analytic wavelet we have
to demand that

U(¥)=0 for 7m<w<2m

In order to guarantee this, at least approximately, the parameters wy and 3
are chosen such that

wo<m—V24 (8.221)

is also satisfied [132].
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Figure 8.22. Example; (a) scaling function ¢(¢) and the sample values ¢(—nT/2) =
ho(n); (b) wavelet 1(¢) and the sample values ¢¥/(—nT/2) = hi(n); (c) frequency
responses of the analysis filters.

8.9 DWT-Based Image Compression

Image compression based on the DWT is essentially equivalent to compression
based on octave-band filter banks as outlined in Section 6.8. The strategy is
as follows: the image is first decomposed into a set of subband signals by using
a separable® 2-D filter bank. Then, the subband samples are quantized and
further compressed. The filters, however, satisfy certain conditions such as
regularity and vanishing moments.

To give an example of the discrete wavelet transform of a 2-D signal,

5Non-separable 2-D wavelets and filter banks are not considered throughout this book.
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®
Figure 8.23. Separable 2-D discrete wavelet transform; (a) original; (b) DWT.

Figure 8.23(a) shows an original image and Figure 8.23(b) shows its 2-D
wavelet transform. The squares in Figure 8.23(b) indicate spatial regions that
belong to the same region in Figure 8.23(a). The arrows indicate parent-child
relationships. An important observation can be made from Figure 8.23(b),
which is true for most natural images: if there is little low-frequency informa-
tion in a spatial region, then it is likely that there is also little high-frequency
information in that region. Thus, if a parent pixel is small, then it is likely that
the belonging children are also small. This relationship can be exploited in
order to encode the subband pixels in an efficient way. The coding technique
is known as embedded zerotree wavelet coding [131, 128].

We will not study the embedded zerotree coding here in great detail, but
we will give a rough idea of how such a coder works. Most importantly, the
quantization of the wavelet coefficients is carried out successively, using a
bitplane technique. One starts with a coarse quantization and refines it in
every subsequent step. Whenever a tree of zeros (pixels quantized to zero
with respect to a given threshold) is identified, it will be coded as a so-called
zerotree by using a single codeword. Starting with coarse quantization ensures
that a high number of zerotrees can be identified at the beginning of the encod-
ing process. During the refinement process, when the quantization step size is
successively reduced, the number of zerotrees successively decreases. Overall
one gets an embedded bitstream where the most important information (in
terms of signal energy) is coded first. The refinement process can be continued
until one reaches a desired precision. One of the most interesting features of
this coding technique is that the bitstream can be truncated at any position,
resulting in an almost optimal rate-distortion behavior for any bit rate.
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8.10 Wavelet-Based Denoising

The aim of denoising is to remove the noise w(n) from a signal
y(n) = z(n) + w(n). (8.222)

For example, w(n) may be a Gaussian white noise process, which is statisti-
cally independent of z(n). One tries to remove the noise by applying a non-
linear operation to the wavelet representation of y(n). The same problem has
been addressed in Chapter 7.3 in the context of the STFT, where it was solved
via spectral subtraction. In fact, wavelet-based denoising is closely related to
spectral subtraction. The main difference between both approaches lies in the
fact that the wavelets used for denoising are real-valued while the STFT is
complex.

(@ (b
Figure 8.24. Thresholding techniques; (a) hard; (b) soft thresholding.

The denoising procedure is as follows. First, the signal y(n) is decomposed
using an octave-band filter bank, thus performing a discrete wavelet transform.
Then, the wavelet coefficients are manipulated in order to remove the noise
component. Two approaches known as hard and soft thresholding have been
proposed for this purpose [43, 42]. They use the following non-linearities:

y(n), yn)>e
g(n) =9 yn), yh) < -—¢ (hard) (8.223)
0, ly(n)| <e

g(n) =< yn)+e, yn) < -—¢ (soft) (8.224)
0, ly(n)| <e

Figure 8.24 illustrates both techniques.
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Basically, the idea of thresholding is that z(n) can be represented via a few
wavelet coefficients, while the noise has wideband characteristics and spreads
out on all coefficients. For example, this holds true if £(n) is a lowpass signal,
while w(n) is white noise. The thresholding procedure then sets the small
wavelet coefficients representing w(n) to zero, while the large coefficients due
to z(n) are only slightly affected. Thus, provided the threshold ¢ is chosen
appropriately, the signal §(n) reconstructed from the manipulated wavelet
coefficients will contain much less noise than y(n) does. In practice, the
problem is to choose &, because the amount of noise is usually not known
a priori. If € is too small, the noise will not be efficiently removed. If it is too
large, the signal will be distorted.
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Chapter 9

Non-Linear Time-

Frequency Distributions

In Chapters 7 and 8 two time-frequency distributions were discussed: the
spectrogram and the scalogram. Both distributions are the result of linear
filtering and subsequent forming of the squared magnitude. In this chapter
time-frequency distributions derived in a different manner will be considered.
Contrary to spectrograms and scalograms, their resolution is not restricted
by the uncertainty principle. Although these methods do not yield positive
distributions in all cases, they allow extremely good insight into signal
properties within certain applications.

9.1 The Ambiguity Function

The goal of the following considerations is to describe the relationship between
signals and their time as well as frequency-shifted versions. We start by looking
at time and frequency shifts separately.

Time-Shifted Signals. The distance d(z, ) between an energy signal z(t)
and its time-shifted version z,(t) = z(t 4 7) is related to the autocorrelation
function rZ, (7). Here the following holds (cf. (1.38)):

d(z.,z)* = 2|l — 2 R{r; (")}, (9.1)

265
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where
(o]

rE (1) = (20, 2) = / o (t) T(t + 7)dt. 9.2)
—0o0
As explained in Section 1.2, rZ (1) can also be understood as the inverse
Fourier transform of the energy density spectrum SE (w) = | X (w)|?:

1 [ .
rE(r) = — / SE (w) 1T dw
27 J_o
. (9.3)
— _ * jWT
27r/_°°X(w) X(w) e?¥T dw.

In applications in which the signal z(t) is transmitted and the time shift 7
is to be estimated from the received signal z(t + 7), it is important that z(t)
and z(t + 7) are as dissimilar as possible for 7 # 0. That is, the transmitted
signal z(t) should have an autocorrelation function that is as Dirac-shaped as
possible. In the frequency domain this means that the energy density spectrum
should be as constant as possible.

Frequency-Shifted Signals. Frequency-shifted versions of a signal z(t)
are often produced due to the Doppler effect. If one wants to estimate such
frequency shifts in order to determine the velocity of a moving object, the dis-
tance between a signal z(t) and its frequency-shifted version z, (t) = z(t)e/**
is of crucial importance. The distance is given by

d(z,z,) = 2|lz|* - 2 R{{z,, z)}. (9-4)

For the inner product {z,,z) in (9.4) we will henceforth use the abbreviation
pE (v). We have

p(v) = (zv,z)

/_(XJ z*(t) z(t) eIVtdt (9.5)

<

[ sm@era wim L@ =ls0P,

oo

where s (t) can be viewed as the temporal energy density.! Comparing (9.5)
with (9.3) shows a certain resemblance of the formulae for rZ (7) and pZ, (v),

'In (9.5) we have an inverse Fourier transform in which the usual prefactor 1/2m does
not occur because we integrate over £, not over w. This peculiarity could be avoided if v
was replaced by —v and (9.5) was interpreted as a forward Fourier transform. However, this
would lead to other inconveniences in the remainder of this chapter.
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however, with the time frequency domains being exchanged. This becomes
even more obvious if pZ (v) is stated in the frequency domain:

oE. (v) = % /_ " X (W) X*w+v) do. (9.6)

We see that pZ, (v) can be seen as the autocorrelation function of X (w).

Time and Frequency-Shifted Signals. Let us consider the signals

T _.
zgg) = a(t—)e 2,

(9.7)

Ty jvt/2
Tz z(t + §)CJV/ ,

r
12

which are time and frequency shifted versions of one another, centered around
z(t). With the abbreviation

A:,;:,; (I/, T) (.’E% %, %,,%> (98)

for the so-called time-frequency autocorrelation function or ambiguily func-
tion? we get

z55) = 2lal’ -2 R{(zss, = 5 5))
(9.9)
2|je|” — 2 R{Asa(v, )}

Thus, the real part of A, (v, 7) is related to the distance between both signals.

In non-abbreviated form (9.8) is

Ape(v,7) = / Y et — %) z(t+ %) vt dt. (9.10)

—0Q

Via Parseval’s relation we obtain an expression for computing A, (v, 7) in the
frequency domain

Aga / X(w X*(w + 2) T duw. (9.11)

2We find different definitions of this term in the literature. Some authors also use it for
the term |Agg (v, 7)|2 [150].
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Example. We consider the Gaussian signal
a % 1 .42
x(t) = (—) e 2%, (9.12)

which satisfies ||| = 1. Using the correspondence

e sy e_ﬁ’wz, (9.13)
we obtain \ L s
Apgz(v,7) =€ 27T e 2V, (9.14)

Thus, the ambiguity function is a two-dimensional Gaussian function whose
center is located at the origin of the 7-v plane.

Properties of the Ambiguity Function.

1. A time shift of the input signal leads to a modulation of the ambiguity
function with respect to the frequency shift v:

EW)=ax(t—t)) = Az,1) =€V Ay (v, 7). (9.15)

This relation can easily be derived from (9.11) by exploiting the fact
that X (w) = e~ %0 X (w).

2. A modulation of the input signal leads to a modulation of the ambiguity
function with respect to 7:

B(t) = I0lz(t) = Azz(v,T) = 1907 Ay (v, 7). (9.16)
This is directly derived from (9.10).
3. The ambiguity function has its maximum at the origin,
max{Aqgz (v, 7)} = Az2(0,0) = Ex, (9-17)

where FE, is the signal energy. A modulation and/or time shift of the
signal z(t) leads to a modulation of the ambiguity function, but the
principal position in the 7-v plane is not affected.

Radar Uncertainty Principle. The classical problem in radar is to find
signals z(t) that allow estimation of time and frequency shifts with high
precision. Therefore, when designing an appropriate signal z(¢) the expression

|Aze (v, T)|2
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is considered, which contains information on the possible resolution of a given
z(t) in the 7-v plane. The ideal of having an impulse located at the origin of
the 7-» plane cannot be realized since we have [150]

%/ / |Age (v, 7)? dr dv = |A22(0,0)* = E2. (9.18)

That is, if we achieve that |Az. (v, 7)|? takes on the form of an impulse at the
origin, it necessarily has to grow in other regions of the 7-v plane because of
the limited maximal value |4;;(0,0)|> = E2. For this reason, (9.18) is also
referred to as the radar uncertainty principle.

Cross Ambiguity Function. Finally we want to remark that, analogous
to the cross correlation, so-called cross ambiguity functions are defined:

o}
Ay (v, 1) = / z(t+3) y (t—3) eVt dt
o (9.19)
= o X(w—%) Y*(w+%) e dw.

9.2 The Wigner Distribution

9.2.1 Definition and Properties

The Wigner distribution is a tool for time-frequency analysis, which has gained
more and more importance owing to many extraordinary characteristics. In
order to highlight the motivation for the definition of the Wigner distribution,
we first look at the ambiguity function. From A, (v, 7) we obtain for » = 0
the temporal autocorrelation function

’rzEz (1) = Az2(0,7), (9.20)

from which we derive the energy density spectrum by means of the Fourier
transform:

Sza(w)

oo .
/ rfm (r) e 7“7 dr
—0o0

(9.21)

/ Az (0,7) €797 dr.



270 Chapter 9. Non-Linear Time-Frequency Distributions

On the other hand, we get the autocorrelation function pZ, (v) of the spectrum
X (w) from Az, (v,7) for T =0:

pE (v) = Azz(v,0). (9.22)
The temporal energy density sZ,(¢) is the Fourier transform of pZ, (v):

1 o

B0 = 5| Ew et
—00

{9.23)
1 [ .
_ —jvi
= _27r/_ Azz(v,0) € dv.

These relationships suggest defining a two-dimensional time-frequency distri-
bution Wy (t,w) as the two-dimensional Fourier transform of Az, (v, 7):

Wz (t,w) = %/ / Age (v, 7)e VeI dy dr, (9.24)

The time-frequency distribution Wy, (t,w) is known as the Wigner distribu-
tion.3

The two-dimensional Fourier transform in (9.24) can also be viewed as
performing two subsequent one-dimensional Fourier transforms with respect
to 7 and v. The transform with respect to v yields the temporal autocorrelation
function®

bze(t,T) = %/ZAM(V, ) e IVt dy
(9.25)
= z*(t—-3) z(t+ %)
The Fourier transform of Az (v, 7) with respect to 7 yields
o .
&, (v,w) = / Age(v, 1) YT dr
- (9.26)

= Xw-%) X*(w+3).

3Wigner used Wy (t,w) for describing phenomena of quantum mechanics [163], Ville
introduced it for signal analysis later [156], so that one also speaks of the Wigner—Ville
distribution.

41f z(t) was assumed to be a random process, E {¢zz(t, 7)} would be the autocorrelation
function of the process.
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Wigner distribution
Wt
% ) TR
Temporal autocorrelation Temporal autocorrelation
function of the signal x(¢) function of X(w)
Pre(tT) Dp(v,0)
x Ambiguity function /
A7)

Figure 9.1. Relationship between ambiguity function and Wigner distribution.

The function ®,,(v,w) is so to say the temporal autocorrelation function of
X (w). Altogether we obtain

Wee(t,w) = / ez (t,T) eIt dr

(9.27)
-1 b, (v,w) e 7% dy
27 J_ o

with ¢, (t,7) according to (9.25) and ®,,(v,w) according to (9.26), in full:

Wez(t,w) = / z*(t— L) z(t+ 1) e W dr

(9.28)

1 [ .
—/ Xw-—%) X*(w+%) e dv.
27 J_

Figure 9.1 pictures the relationships mentioned above.

We speak of Wy, (t,w) as a distribution because it is supposed to reflect
the distribution of the signal energy in the time-frequency plane. However,
the Wigner distribution cannot be interpreted pointwise as a distribution of
energy because it can also take on negative values. Apart from this restriction
it has all the properties one would wish of a time-frequency distribution. The
most important of these properties will be briefly listed. Since the proofs can
be directly inferred from equation (9.28) by exploiting the characteristics of
the Fourier transform, they are omitted.



272 Chapter 9. Non-Linear Time-Frequency Distributions

Some Properties of the Wigner Distribution:

1. The Wigner distribution of an arbitrary signal z(t) is always real,
Weo(t,w) = W, (t,w) = R{Wp(t,w)}. (9.29)

If 2(t) is real itself, we conclude from (9.28), by observing the properties
of the Fourier transform, that W, (,w) is an even function of w, that
is Waa(t,w) = Wea(t, —w).

2. By integrating over w we obtain the temporal energy density

1 o0
sza(t) = 5 / Waz(t,w) dw = |(t)|?. (9-30)
™ —00
3. By integrating over ¢t we obtain the energy density spectrum
oo
SE (w) = / Woa(t,w) dt = | X )] (9.31)
—00
4. Integrating over time and frequency yields the signal energy:

1 [o o] [o o] [o o]
= / / Wa(t,w) dw dt = / C@)? dt = By, (9.32)
27 J _0d -0 -0

5. If a signal z(t) is non-zero in only a certain time interval, then the
Wigner distribution is also restricted to this time interval:

0 for t<t; and/or t> i,
[} (9.33)
Wea (t,w) = 0 for t<ty a.nd/or t>is.

z(t)

This property immediately follows from (9.28).

6. If X (w) is non-zero only in a certain frequency region, then the Wigner
distribution is also restricted to this frequency region:

Xw) = 0 for w<w andfor w>ws
4 (9.34)

Wee(t,w) = 0 for w<w; andfor w>ws.
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7. A time shift of the signal leads to a time shift of the Wigner distribution
(cf. (9.25) and (9.27)):

Et)=z(t—ty) = Wzs(t,w)=Wg(t—1to,w). (9.35)
8. A modulation of the signal leads to a frequency shift of the Wigner
distribution (cf. (9.26) and (9.27)):
E(t) = z(t)ed0t = Wiz(t,w) = Wi (t,w — wo). (9.36)
9. A simultaneous time shift and modulation lead to a time and frequency
shift of the Wigner distribution:

B(t) = z(t — to)e?0t = Wis(t,w) = Wee(t — to,w — wp). (9.37)

10. Time scaling leads to

1) —z(at) = Wealt,w) = ﬁ Wia(at, 2). 9.38)

Signal Reconstruction. By an inverse Fourier transform of W (¢, w) with
respect to w we obtain the function

bea(t,T) = 2™ (t— 3) 2t + ), (9.39)
cf. (9.27). Along the line t = 7/2 we get
#(r) = $2a(5,7) = 2*(0) (). (9.40)

This means that any z(t) can be perfectly reconstructed from its Wigner
distribution except for the prefactor z*(0).

Similarly, we obtain for the spectrum

X'w) = @,z(g, v) = X(0) X*(v). (9.41)

Moyal’s Formula for Auto-Wigner Distributions. The squared magni-
tude of the inner product of two signals z(t) and y(t) is given by the inner
product of their Wigner distributions [107], [18]:

‘ /_ Za:(t) y*(t) dt ‘L % // Waa(t,w) Wyy(t,w) dt dw. (9.42)
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9.2.2 Examples

Signals with Linear Time-Frequency Dependency. The prime example
for demonstrating the excellent properties of the Wigner distribution in time-
frequency analysis is the so-called chirp signal, a frequency modulated (FM)
signal whose instantaneous frequency linearly changes with time:

zt)=A eI 30t giwot, (9.43)

We obtain
Wae(t,w) = 27 |A]2 8(w — wo — Bt). (9.44)

This means that the Wigner distribution of a linearly modulated FM signal
shows the exact instantaneous frequency.

Gaussian Signal. We consider the signal
E(t) = eI90t z(t — ty) (9.45)
with 2(t) = (a)% o sat? (9.46)
T
The Wigner distribution Wy, (t,w) is

2

Waa(t,w) = 2 e e=a &° (9.47)
and for Wiz (t,w) we get
Waz(t,w) =2 e o~ to)? g=g [w—wol” (9.48)

Hence the Wigner distribution of a modulated Gaussian signal is a two-
dimensional Gaussian whose center is located at [to, wo] whereas the ambiguity
function is a modulated two-dimensional Gaussian signal whose center is
located at the origin of the 7-v plane (cf. (9.14), (9.15) and (9.16)).

Signals with Positive Wigner Distribution. Only signals of the form

l - -
2(t) = (3) ¢ 30 3P giwot (9.49)

s

have a positive Wigner distribution [30]. The Gaussian signal and the chirp
are to be regarded as special cases.

For the Wigner distribution of z(¢) according to (9.49) we get
Wo(t,w) = 2 e e~a [w—wo— B4 (9.50)

with W, (t,w) >0V t,w.
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Figure 9.2. Time-limited exponential; (a) time signal; (b) Wigner distribution; (c)

spectrogram.

Time-Limited Exponential. We consider an exponential limited to the
interval [-T,T7:

z(t) = {ENUE for [t| < T, (9.51)
0 otherwise.
The Wigner distribution is
W (tw) = { T2 sin(2(w — wo)(T — |t)) for |t| < T, (0.52)
R 0 otherwise.

Figure 9.2 shows an example of such an z(t) and two gray-seale images
picturing the Wigner distribution and the spectrogram. We observe that the
spectrogram is not limited to [-T, T]. Furthermore, we notice clear differences
in the interference geometries of the Wigner distribution and the spectrogram.

9.2.3 Cross-Terms and Cross Wigner Distributions
The cross Wigner distribution is defined as
oo 2
Wye(t,w) = / yr(t—3) x(t+ 3) eV dr

— 00

(9.53)

1 [ |
zﬁf—x Xw=-5) Y'(w+3) e dv.
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It can be regarded as a two-dimensional Fourier transform of the cross
ambiguity function Ay (v, 7). As can easily be verified, for arbitrary signals
z(t) and y(t) we have

Wy (t,w) = W, (t,w). (9.54)

We now consider a signal
z(t) = z(t) + y(t) (9.55)

and the corresponding Wigner distribution

W (t,w) = /_‘x’ [2*(t - 3) +y*(t — D)] [=(t + 5) + y(t + I)] e—IWT g

[o.0]

= Wee(t,w)+2 R{W,(t,w)} + Wy, (t,w).
(9.56)
We see that the Wigner distribution of the sum of two signals does not
equal the sum of their respective Wigner distributions. The occurrence of
cross-terms Wy, (t,w) complicates the interpretation of the Wigner distri-
bution of real-world signals. Size and location of the interference terms are
discussed in the following examples.

Moyal’s Formula for Cross Wigner Distributions. For the inner
product of two cross Wigner distributions we have [18]

1
op [ Wen®0) Wern(t,0) dt do = (@1,9) @ape)  957)

with (z,y) = [z(t) y*(¢) dt.
Example. We consider the sum of two complex exponentials

z(t) = Ay elwit | Az elwt, (9.58)

V2 V2r
For W, (t,w) we get
W..(t,w) = A% §(w—wi)+ A3 §(w —we)

(9.59)
+2A;As cos((we — w1)t) 6(w — %(w1 + wa))

Figure 9.3 shows W,,(t,w) and illustrates the influence of the cross-term
24145 cos((we — w1)t) 6(w — 3 (w1 + w2)).
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1 W (1,0)

w

Figure 9.3. Wigner distribution of the sum of two sine waves.

Example. In this example the sum of two modulated Gaussian signals is
considered:

2(t) = z(t) + y(t) (9.60)
with

o(t) = efwrlt— 1) ggolt—i)” (9.61)
and

y(t) = edwelt—t2) g—jalt —t2), (9.62)

Figures 9.4 and 9.5 show examples of the Wigner distribution. We see that the
interference term lies between the two signal terms, and the modulation of the
interference term takes place orthogonal to the line connecting the two signal
terms. This is different for the ambiguity function, also shown in Figure 9.5.
The center of the signal term is located at the origin, which results from the
fact that the ambiguity function is a time-frequency autocorrelation function.
The interference terms concentrate around

nn o= t1— (t1+1t2)/2,
n = wy— (w1 +w2)/2,
T = ta—(h+12)/2,
vs = w — (w1 +we)/2.
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t t
@ ®)
Figure 9.4. Wigner distribution of the sum of two modulated and time-shifted
Gaussians; (a) t1 = t2, w1 # wa; (b) t1 # t2, w1 = wa.
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9.2.4 Linear Operations
Multiplication in the Time Domain. We consider the signal
%(t) = z(t) h(t). (9.63)

For the Wigner distribution we get

Was(t,w) = /_m g (t—3) a(t+3) B*(t—F) h(t+3) €97 dr

oo

/_00 boz(t, T) Prn(t,T) €997 dr.

oo

(9.64)
The multiplication of ¢z (¢, 7) and ¢px (¢, 7) with respect to 7 can be replaced
by a convolution in the frequency domain:
1 w
Wiz (t,w) = o Wae(t,w) * Wpi(t,w)
(9.65)

1
= — [ We(t,w') Whp(t,w — ') dw'.

27 W'

That is, a multiplication in the time domain is equivalent to a convolution of
the Wigner distributions W, (t,w) and Wy (t,w) with respect to w.

Convolution in the Time Domain. Convolving z(t) and h(t), or equiv-
alently, multiplying X(w) and H(w), leads to a convolution of the Wigner
distributions W, (¢,w) and W (¢, w) with respect to ¢. For

&(t) = o(t) * h(t) (9.66)

we have
Wiz (t, w) = Wie (t,w) i Whh(t,w)
(9.67)

/ Wae(t',w) Whn(t —t',w) dt'.
tl

Pseudo-Wigner Distribution. A practical problem one encounters when
calculating the Wigner distribution of an arbitrary signal z(t) is that (9.28)
can only be evaluated for a time-limited z(t). Therefore, the concept of
windowing is introduced. For this, one usually does not apply a single window
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h(t) to z(t), as in (9.65), but one centers h(f) around the respective time of
analysis:

o0

WEW (¢, w) = / o (t - g) ot + g) h(r) 7397 dr. (9.68)

Of course, the time-frequency distribution according to (9.68) corresponds
only approximately to the Wigner distribution of the original signal. Therefore
one speaks of a pseudo- Wigner distribution [26].

Using the notation

WED (0) = [ A0 bualtr) €97 dr (9.69)

—o0

it is obvious that the pseudo-Wigner distribution can be calculated from
Wes(t,w) as

EW) ) = %Wm(t,w)*H(w)

(9.70)
_ i oo 1 o ’
= 27r/_oon(t,w)H(w w') dw

with H(w) +— h(t). This means that the pseudo-Wigner distribution is a
smoothed version of the Wigner distribution.

9.3 General Time-Frequency Distributions

The previous section showed that the Wigner distribution is a perfect time-
frequency analysis instrument as long as there is a linear relationship between
instantaneous frequency and time. For general signals, the Wigner distribution
takes on negative values as well and cannot be interpreted as a “true” density
function. A remedy is the introduction of additional two-dimensional smooth-
ing kernels, which guarantee for instance that the time-frequency distribution
is positive for all signals. Unfortunately, depending on the smoothing kernel,
other desired properties may get lost. To illustrate this, we will consider several
shift-invariant and affine-invariant time-frequency distributions.
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9.3.1 Shift-Invariant Time-Frequency Distributions

Cohen introduced a general class of time-frequency distributions of the form
[29]

1 : ,
Tez(t,w) = o /// eI =1) gy, 1) 2*(u — %) z(u + %) e 1 dv du dr.
(9.71)
This class of distributions is also known as Cohen’s class. Since the kernel
g{v,7) in (9.71) is independent of ¢ and w, all time-frequency distributions of
Cohen’s class are shift-invariant. That is,

.’E(t) = z(t — t()) = Tjj(t, w) = Tzz(t — 1o, w),
(9.72)
B(t) = z()eft = Tpz(t,w) = Tao(t,w — wp).
By choosing g(v, 7) all possible shift-invariant time-frequency distributions

can be generated. Depending on the application, one can choose a kernel that
yields the required properties.

If we carry out the integration over u in (9.71), we get

1 : .
Tez(t,w) = o //g(l/, 7) Age(v,7) € IV e YT du dr. (9.73)

This means that the time-frequency distributions of Cohen’s class are com-
puted as two-dimensional Fourier transforms of two-dimensionally windowed
ambiguity functions. From (9.73) we derive the Wigner distribution for
g(v,7) = 1. For g(v,7) = h(r) we obtain the pseudo-Wigner distribution.
The product

M, 1) =g(v,7) Aza(¥,7) (9.74)

is known as the generalized ambiguity function.
Multiplying Az, (v,7) with g(v,7) in (9.73) can also be expressed as the
convolution of W4 (t,w) with the Fourier transform of the kernel:
Tpo(tw) = % Wea(t,w) % G(t,w)
(9.75)
= % //Wm(t',w’) Gt —t',w—w')dt d'

with 1
G(t,w) = o //g(u, ) eIVt e7IWT dy dr. (9.76)
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That is, all time-frequency distributions of Cohen’s class can be computed
by means of a convolution of the Wigner distribution with a two-dimensional
impulse response G(t,w).

In general the purpose of the kernel g(v, ) is to suppress the interference
terms of the ambiguity function which are located far from the origin of the
7-v plane (see Figure 9.5); this again leads to reduced interference terms
in the time-frequency distribution T, (t,w). Equation (9.75) shows that the
reduction of the interference terms involves “smoothing” and thus results in
a reduction of time-frequency resolution.

Depending on the type of kernel, some of the desired properties of the
time-frequency distribution are preserved while others get lost. For example,
if one wants to preserve the characteristic

L g tw) do = Ja(0)?, (0.77)

21/ o
the kernel must satisfy the condition
g(v,0)=1. (9.78)

We realize this by substituting (9.73) into (9.77) and integrating over dw, dr,
dv. Correspondingly, the kernel must satisfy the condition

g(0,7)=1 (9.79)
in order to preserve the property
/ " Loltw) dt = X (W) (9.80)
A real distribution, that is
Toa(t,w) = T (6,0), (9.81)
is obtained if the kernel satisfies the condition

9(v,7) = g"(—v, —7). (9-82)

Finally it shall be noted that although (9.73) gives a straightforward inter-
pretation of Cohen’s class, the implementation of (9.71) is more advantageous.
For this, we first integrate over v in (9.71). With

1 [ :
r(u,7) = %/ gy, 7) ¥ dv (9.83)
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Figure 9.6. Generation of a general time-frequency distribution of Cohen’s class.

we obtain
Tez(t,w) = // r(u—t,7) z*(u — %) z(u + %) e T du dr. (9.84)

Figure 9.6 shows the corresponding implementation.

9.3.2 Examples of Shift-Invariant Time-Frequency
Distributions

Spectrogram. The best known example of a shift-invariant time-frequency
distribution is the spectrogram, described in detail in Chapter 7. An interest-
ing relationship between the spectrogram and the Wigner distribution can be
established [26]. In order to explain this, the short-time Fourier transform is
expressed in the form

Folt,w) = / o(t') Wt — 1) e~ gy, (9.85)
Then the spectrogram is
o) . 2
So(t,w) = | Falty )2 = / o) B —t) e g . (9.86)
— 00
Alternatively, with the abbreviation
z(t') = z(t') B*(t - 1), (9.87)
(9.85) can be written as
Sz, (@) = |Xe ()] (9.88)

Furthermore, the energy density |X; (w)|2 can be computed from the Wigner
distribution W, , (#',w) according to (9.31):

| X (w)]* = / Wa,z, (', w) dt’ (9.89)
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Observing (9.35) and (9.65), we finally obtain from (9.89):

1
Se(tw) = 5 // Waa(t',w') Wn(t —t',w — ') dt' di’

1
o
Thus the spectrogram results from the convolution of Wy, (t,w) with the
Wigner distribution of the impulse response h(t). Therefore, the spectrogram
belongs to Cohen’s class. The kernel g(v, 7) in (9.73) is the ambiguity function
of the impulse response h(t) (cf. (9.75)):

(9.90)

Wez(t,w) *x Wiy (t,w).

9, 7) = Awn(v,7) = / ” h*(t — %) h(t + %) eVt di. (9.91)

Although the spectrogram has the properties (9.81) and (9.72), the resolution
in the time-frequency plane is restricted in such a way (uncertainty principle)
that (9.77) and (9.80) cannot be satisfied. This becomes immediately obvious
when we think of the spectrogram of a time-limited signal (see also Figure
9.2).

Separable Smoothing Kernels. Using separable smoothing kernels
9(v,7) = G1(v) ga2(7), (9.92)
means that smoothing along the time and frequency axis is carried out
separately. This becomes obvious in (9.75), which becomes
Tee(t,w) = % Gt,w) **x Wee(t,w)
(9.93)
= o 01(0) * [Go) * Waa(t,0)]
where
G(t,w) =g1(t) G2(w), 91(t) +— Gi(w), Ga(w) <— g2(t).  (9.94)

From (9.83) and (9.84) we derive the following formula for the time-frequency
distribution, which can be implemented efficiently:

Tm(t,w):/[/ 2 (u— ) alut 3) gi(u—1) du| go(r) eI dr.

2
(9.95)
Time-frequency distributions which are generated by means of a convolution
of a Wigner distribution with separable impulse responses can also be un-
derstood as temporally smoothed pseudo-Wigner distributions. The window
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g2(7) in (9.95) plays the role of A(7) in (9.68). Temporal smoothing is achieved
by filtering with g, ().

An often used smoothing kernel (especially in speech analysis) is the
Gaussian

9w, 7) = % O BT L BER o 60, (9.96)
Thus we derive the distribution

é;}uuas) (t, w) —

1 —(u—t)z/az—ﬁ'rz—jun’ w7 T
2a\/7_r//e 1 z*(u 2) w(u+2)dud7'.

(9.97)
For the two-dimensional impulse response G(t,w) we have

G(t,w) = g1(t) G2(w) (9.98)

with 1
qt) =~ e 0/ (9.99)

(64

and 1
Gaw) = 5 e w8, (9.100)

It can be shown that for arbitrary signals a positive distribution is obtained
if [75]
af > 1. (9.101)

For a8 = 1, Téﬁ““ss) (t,w) is equivalent to a spectrogram with Gaussian
window. For a8 > 1, TiGme) (t,w) is even more smoothed than a spectrogram.

Since TS (t,w) for aB > 1 can be computed much more easily and more
efficiently via a spectrogram, computing with the smoothed pseudo-Wigner
distribution is interesting only for the case

af < 1. (9.102)

The choice of a and § is dependent on the signal in question. In order to
give a hint, consider a signal z(t) consisting of the sum of two modulated
time-shifted Gaussians. It is obvious that smoothing should be carried out
towards the direction of the modulation of the cross term (compare Figures 9.4
and 9.5). Although the modulation may occur in any direction, we look at
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Figure 9.7. Time-frequency analysis of the word “taxi”. The signal and the time-
frequency distribution are shown up to the beginning of the “x”; (a) time signal; (b)
smoothed pseudo-Wigner distribution.

time and frequency separately. For a signal z(t) = xo(t)e’“1t + xo(t)eiw2t
with wy > w1, the cross-term is modulated along the time axis with frequency
w2 — wy (compare Figure 9.4(a)). Therefore one should choose a > 27/(w2 —
w;) in order to achieve efficient smoothing. The superposition of two signal
components which are identical except for a time shift z(t) = zo(t — t1) +
zo(t — t2)), leads to a cross-term that is modulated along the frequency axis
(compare Figure 9.4(b)). Here, 8 must be chosen just large enough to achieve
efficient smoothing of the oscillations along the frequency axis.

Figure 9.7 shows the smoothed pseudo-Wigner distribution of a speech
signal, and Figure 9.8 shows two. corresponding spectrograms. The time
resolution in Figure 9.7 is the same as in Figure 9.8(a), while the frequency
resolution in Figure 9.7 is the same as in Figure 9.8(b).
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Figure 9.8. Spectrogram of the signal shown in Figure 9.7; (a) good time resolution;
(b) good frequency resolution. -
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Examples of Time-Frequency Distributions of Cohen’s Class. In
the literature we find many proposals of shift-invariant time-frequency dis-
tributions. A survey is presented in [72] for instance. In the following, three
examples will briefly be mentioned.

Rihaczek distribution. The Rihaczek distribution is defined as [124]

TiD (¢, w)

/:t;*(t) z(t+71) eI dr
(9.103)
= z*(t) X(w) el¥t.

This type of distribution is of enticing simplicity, but it is not real-valued in
general.

Choi—Williams Distribution. For the Choi-Williams distribution the fol-
lowing product kernel is used [24]:

glv,7) = e’ /Un%) 55, (9.104)

We see that g(v,0) = 1 and g(0,7) = 1 are satisfied so that the Choi-Williams
distribution has the properties (9.77) and (9.80).

The quantity o in (9.104) may be understood as a free parameter. If
a small o is chosen, the kernel concentrates around the origin of the 7-v
plane, except for the 7 and the v axis. Thus we get a generalized ambiguity
function M (v, 1) = g(v, T) Azz (v, T) with reduced interference terms, and the
corresponding time-frequency distribution has reduced interference terms as
well. From (9.71), (9.83), and (9.84) we get

1= [ [ 1 e 0 Ty st Ty e dudr.
e (9.105)

Zhao—Atlas—Marks Distribution. Zhao, Atlas and Marks [168] suggested

the kernel
2sin(v|7|/a)

v

g(v,7) = g1 (1) (9.106)
This yields the distribution

%0 et/
TZAM (t,w) = / g1(7) e_JwT/ " (u— %) z(u+ %) du dr. (9.107)
~oo t—Irl/a
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9.3.3 Affine-Invariant Time-Frequency Distributions

Affine smoothing is an alternative to regular smoothing of the Wigner dis-
tribution (Cohen’s class). A time-frequency distribution that belongs to the
affine class is invariant with respect to time shift and scaling:

E(t) = ]al e(at —to)) =  Tiz(t,w) = Tuu(alt — to),w/a). (9.108)

Any time-frequency distribution that satisfies (9.108) can be computed from
the Wigner distribution by means of an affine transform [54], [126]:

Tyt w) = % / KWt —1),0' Jw) Wea (') dt’ do'.  (9.109)

This can be understood as correlating the Wigner distribution with kernel K
along the time axis. By varying w the kernel is scaled.

Since (9.108) and (9.72) do not exclude each other, there exist other time-
frequency distributions besides the Wigner distribution which belong to the
shift-invariant Cohen class as well as to the affine class. These are, for instance,
all time-frequency distributions that originate from a product kernel, such as
the Choi—Williams distribution.

Scalogram. An example of the affine class is the scalogram, that is, the
squared magnitude of the wavelet transform of a signal:

oo 2
WP = | [ o) via0 @ (9.110)
with
_1 t—b
Vo,a(t) =la]"2 ¥ ( - ) . (9.111)
Moyal’s formula (9.42) yields the relationship
1
Welbra)]? = 5 / W oo (80" Wa(t o) dt! duf,  (9.112)
where
r t'—b !
Wlﬁb,a,l/’b,a (t , W ) = Wiﬁﬂﬁ a QW | . (9-113)

Thus, from (9.112) we derive

, —_—
Wa(b,a)|? = // » (t b,aw) Wao(t',o') df' du'.  (9.114)
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The substitutions b =t and a = wp/w finally yield

Tyo(t,w) [Wa (¢, wo /w)|?

(9.115)

i W wo ! ' 1 !
2ﬂ//w¢,¢ (wo(t t), ww) Woo(t',w') dt' du'.

The resolution of the scalogram is, just like that of the spectrogram, limited
by the uncertainty principle.

9.3.4 Discrete-Time Calculation of Time-Frequency
Distributions

If we wish to calculate the Wigner distribution or some other time-frequency
distribution on a computer we are forced to sample our signal and the trans-
form kernel and to replace all integrals by sums. If the signal and the kernel are
bandlimited and if the sampling rate is far above the Nyquist rate for both
signal and kernel, we do not face a substantial problem. However, in some
cases, such as the Choi-Williams distribution, sampling the kernel already
poses a problem. On the other hand, the test signal may be discrete-time
right away, so that discrete-time definitions of time-frequency distributions
are required in any case.

Discrete-Time Wigner Distribution [26]. The discrete-time Wigner
distribution is defined as

Wee(n, e?®) = 2 Z z*(n — m) z(n + m) e 2™, (9.116)

m

Here, equation (9.116) is the discrete version of equation (9.28), which, using
the substitution " = 7/2, can be written as

Waa(t,w) = 2 / ot — 1) ot + 1) e 127 gyt (9.117)

— o0

As we know, discrete-time signals have a periodic spectrum, so that one
could expect the Wigner distribution of a discrete-time signal to have a
periodic spectrum also. We have the following property: while the signal z(n)
has a spectrum X (e/¥) «— z(n) with period 27, the period of the discrete-
time Wigner distribution is only 7. Thus,

Weo(n, e/%) = Wog(n, e 757, ke 7. (9.118)
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The reason for this is subsampling by the factor two with respect to 7. In
order to avoid aliasing effects in the Wigner distribution, one has to take care
that the bandlimited signal z(t) is sampled with the rate

fo 24 fmaa (9.119)
and not with f, > 2 f0z, where

Xw)=0 for |w|>27 fmas (9.120)

Because of the different periodicity of X (e/*) and W, (n,e/¥) it is not
possible to transfer all properties of the continuous-time Wigner distribution
to the discrete-time Wigner distribution. A detailed discussion of the topic
can be found in [26], Part IIL

General Discrete-Time Time-Frequency Distributions. Analogous
to (9.84) and (9.116), a general discrete-time time-frequency distribution of
Cohen’s class is defined as

M N
Tzz(”h k) =2 Z Z p(l, m) z*(( 4+n— m) z_(e +n4 m) e—j47rkm/L_
m=—M {——N
(9.121)

Here we have already taken into account that in practical applications one
would only consider discrete frequencies 2rk/L, where L is the DFT length.

Basically we could imagine the term p(£,m) in (9.121) to be a 2M + 1 x
2N + 1 matrix which contains sample values of the function r(u,7) in (9.84).
However, for kernels that are not bandlimited, sampling causes a problem.
For example, for the discrete-time Choi—Williams distribution we therefore
use the matrix

2 /4?2
1 g—on?/4m , m#0,

|m| om

pCY) (n,m) = (9.122)
(S(TL), m= 07
with
N 1 2 2
Q= Z W e—0k*/4m , m=-N,...,N, m=-M,...,M. (9.123)
k=—N

The normalization ), p(n,m) =1 in (9.122) is necessary in order to preserve
the properties [11]

D TEM k) = | X (k) = |X (%) (9-124)
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and
3 T (n, k) = [z(n)]?. (9.125)
k

9.4 The Wigner—Ville Spectrum

So far the signals analyzed have been regarded as deterministic. Contrary to
the previous considerations, z(t) is henceforth defined as a stochastic process.
We may view the deterministic analyses considered so far as referring to single
sample functions of a stochastic process. In order to gain information on
the stochastic process we define the so-called Wigner—Ville spectrum as the
expected value of the Wigner distribution:

w .
Weo (t,w) = E {Waa(t,w)} = / reat+ 2,6 = ) €T dr (2.126)
— 00

with

T T * T T
raslt+ 5, = 2) = E{¢u(t, )} = E{a"(t - D) ot + 2)}.  (0.127)
This means that the temporal correlation function ¢, (¢, 7) is replaced by its
expected value, which is the autocorrelation function rg4(t 4+ Z,¢t — ) of the
process z(t).

The properties of the Wigner—Ville spectrum are basically the same as
those of the Wigner distribution. But by forming the expected value it
generally contains fewer negative values than the Wigner distribution of a
single sample function.

The Wigner—Ville spectrum is of special interest when analyzing non-
stationary or cyclo-stationary processes because here the usual terms, such
as power spectral density, do not give any information on the temporal
distribution of power or energy. In order to illustrate this, the Wigner—
Ville spectrum will be discussed for various processes in connection with the
standard characterizations.

Stationary Processes. For stationary processes the autocorrelation func-
tion only depends on 7, and the Wigner—Ville spectrum becomes the power
spectral density:

oo

W (tw) = Saa(w) = / rea(r) € 997 dr (9.128)

—0o0

if z(t) is stationary.
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Processes with Finite Energy. If we assume that the process z(t) has
finite energy, an average energy density spectrum can be derived from the
Wigner—Ville spectrum as

5a(t) = E{|a;(t)|2}=% /_°° Wee (b w) doo, (9.129)

Seaz(w)

E{XW)?} = / Woa(t,w) dt. (9.130)
For the mean energy we then have

E,=E {/_: |z (8)[? dt} = % /: Was(t,w) dw di. (9.131)

Non-Stationary Processes with Infinite Energy. For non-stationary
processes with infinite energy the power spectral density is not defined.
However, a mean power density is given by

Sez(w) = lim — Wz (t,w) dt. (9.132)
Tooo T —T/2

Cyclo-Stationary Processes. For cyclo-stationary processes it is sufficient
to integrate over one period T in order to derive the mean power density:

_ 1 T2 _
Ser() = - o W (t,w) dt. (9.133)

Example. As a simple example of a cyclo-stationary process, we consider
the signal

z(t) = _Z d(i) g(t —iT). (9.134)

Here, g(t) is the impulse response of a filter that is excited with statistically
independent data d(), i € Z. The process d(i) is assumed to be zero-mean
and stationary. The signal z(¢) can be viewed as the complex envelope of a
real bandpass signal.

Now we consider the autocorrelation function of the process z(t). We
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obtain

ree(t+1,t) = E{z*@)z{t+ 1)}

. Y E{d*()d()} ¢*(t —iT) g(t — jT + )

i=—o00 j=—00

o0
o2 Z g*(t —iT) g(t —iT + 7).

i=—00

(9.135)
As (9.135) shows, the autocorrelation function depends on ¢ and 7, and in
general the process z(%) is not stationary. Nevertheless, it is cyclo-stationary,
because the statistical properties repeat periodically:

Toe(t+T,t) = rga(t + 7+ €T,6+4T), £L€L. (9.136)

Typically, one chooses the filter g(t) such that its autocorrelation function
rg (7) satisfies the first Nyquist condition:

E (T — 1 form=0, 1
Tag (mT) {0 otherwise. (9.137)

Commonly used filters are the so-called raised cosine filters, which are
designed as follows. For the energy density S (w) +— 72, (t) we take

1 for |WT'|/r<1-—r,
5P (w) = sl +cos[E(WT/mr—(1—1))]] forl—r<|wT|/m<1+r,
0 for |wT'|/m > 1+T.

(9.138)
Here, r is known as the roll-off factor, which can be chosen in the region
0 < r < 1. For r = 0 we get the ideal lowpass. For r > 0 the energy density
decreases in cosine form.

From (9.138) we derive

1 sinwt/T  cosrat/T
E@) == . 1
o) =T T 1= @rt/Ty (9-139)

As we see, for r > 0, rfg (t) is a windowed version of the impulse response of
the ideal lowpass. Because of the equidistant zeros of the si-function, condition
(9.137) is satisfied for arbitrary roll-off factors.
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With

G(w) = 4/SE (w), (9.140)

the required impulse response g(t) can be derived from (9.138) by means of
an inverse Fourier transform:
(4rt/T) cos(wt(l+ r)/T) + sin(wt(l — r)/T)
(t) = — 3
wt [1 — (4rt/T)?]

(9.141)

where

90 = 7 (147G -1),

T r[2 m(1+7) w(l—r)
+—) = ——= |- —_ ] - —— .
97 T [wms( ir ) °°s( ir
Figure 9.9 shows three examples of autocorrelation functions with period
T and the corresponding Wigner—Ville spectra. We observe that for large
roll-off factors there are considerable fluctuations in power in the course of a

period. When stating the mean power density in the classical way according
to (9.133) these effects are not visible (cf. Figure 9.10).

As can be seen in Figure 9.9, the fluctuations of power decrease with
vanishing roll-off factor. In the limit, the ideal lowpass is approached (r = 0),
and the process z(t) becomes wide-sense stationary. In order to show this, the
autocorrelation function 7., ({47, t) is written as the inverse Fourier transform
of a convolution of G*(—w) and G(w):

oo 1 oo oo
Ta;a;(t+71t) = 0'3 Z m/ / G*(_w’) G(w—wl)
k=—o0 —00J—00
ej(u) — ') — jwkT dw' e9“tdw.
(9.143)

Here the summation is to be performed over the complex exponentials only.
Thus, by using

(9.142)

oo

> e kT < 2% > bw- kz%), (9.144)

k=—o00 k=—00

we achieve
2 oo co .
rez(t +7,t) = 2% / / G (') Glw —w') e 9T
eI eIt Z O(w — k%r) dw duw'.

k=—00

(9.145)
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r=0.1

Figure 9.9. Periodic autocorrelation functions and Wigner—Ville spectra (raised

cosine filter design with various roll-off factors r).

Integrating over w yields

£)

t+r

Tzx

Tt .
(9.146)

elk

—jw'T GJETET

w'e

27
T

Y G (-w') Gk

2 oo oo
s
TP k=—00
If G(w) is bandlimited to 7/T, only the term for ¥ = 0 remains, and the

2aT
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Txx (‘l') g“ (a))

I\

VTV F T

Figure 9.10. Mean autocorrelation functions 7.(7) = + fOT Togr (t + 7, t)dt and
mean power spectral density (r = 0.5).

autocorrelation function depends on 7 only:

Tzz(t + 7, t) o3 o T/ G*(—w') G(~w') e 9T du'

o3 o T/ 52 (W) T du! (9.147)

o} 7 Th (7).

This shows that choosing g(f) to be the ideal lowpass with bandwidth «/T
yields a Nyquist system in which z(t) is a wide-sense stationary process.
However, if we consider realizable systems we must assume a cyclo-stationary
process.

Stationarity within a realizable framework can be obtained by introducing
a delay of half a sampling period for the imaginary part of the signal. An
example of such a modulation scheme is the well-known offset phase shift
keying. The modified signal reads

z'(t) = E R{d(@)} gt —iT) + jS{d@)} g(t —iT —T/2).  (9.148)

i=—00

Assuming that

E {®{d()}R{d(5)}} 3 03 0ij

E{3{d®)}3{d()}} 3 03 0ij (9.149)

E {®{d(1)}3{d(5)}} 0, i,j €L,
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we have
1 oo
rep(l+71,1) = 503 Z g @t —iT) gt —iT + 1)
i=—o0
1, &< I , T
+ 2504 Z g*(t—zT—E) g(t—'LT+'r—E)
=—00
1y =~ ., .T .T
= 294 i:z_:oog (t—zg) 9(t+7’—7'§)

(9.150)
for the autocorrelation function. According to (9.146) this can be written as

Tgrg (t+ T,t) =

27rT/ Z G*(—w') G(k— —w')e v 7 Ik F T I T b g

oo k=
(9.151)
We see that only the term for & = 0 remains if G(w) is bandlimited to 27/T,

which is the case for the raised cosine filters. The autocorrelation function
then is

Toa(t+7T,1) = 0 = T re (7). (9.152)

Hence the autocorrelation function rz5 (t+7,t) and the mean autocorrelation
function are identical. Correspondingly, the Wigner—Ville spectrum equals the
mean power spectral density.

If we regard z'(t) as the complex envelope of a real bandpass process
zpp(t), then we cannot conclude from the wide-sense stationarity of z'(t)
the stationarity of zpp(t): for this to be true, the autocorrelation functions
Tzpar(t + Tht) and rg, 4, (t + 7,t) would have to be identical and would have
to be dependent only on 7 (cf. Section 2.5).
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Preface

A central goal in signal analysis is to extract information from signals that are
related to real-world phenomena. Examples are the analysis of speech, images,
and signals in medical or geophysical applications. One reason for analyzing
such signals is to achieve better understanding of the underlying physical
phenomena. Another is to find compact representations of signals which
allow compact storage or efficient transmission of signals through real-world
environments. The methods of analyzing signals are wide spread and range
from classical Fourier analysis to various types of linear time-frequency trans-
forms and model-based and non-linear approaches. This book concentrates on
transforms, but also gives a brief introduction to linear estimation theory and
related signal analysis methods. The text is self-contained for readers with
some background in system theory and digital signal processing, as typically
gained in undergraduate courses in electrical and computer engineering.

The first five chapters of this book cover the classical concepts of signal
representation, including integral and discrete transforms. Chapter 1 contains
an introduction to signals and signal spaces. It explains the basic tools
for classifying signals and describing their properties. Chapter 2 gives an
introduction to integral signal representation. Examples are the Fourier,
Hartley and Hilbert transforms. Chapter 3 discusses the concepts and tools
for discrete signal representation. Examples of discrete transforms are given
in Chapter 4. Some of the latter are studied comprehensively, while others are
only briefly introduced, to a level required in the later chapters. Chapter 5 is
dedicated to the processing of stochastic processes using discrete transforms
and model-based approaches. It explains the Karhunen—Loéve transform and
the whitening transform, gives an introduction to linear estimation theory
and optimal filtering, and discusses methods of estimating autocorrelation
sequences and power spectra.

The final four chapters of this book are dedicated to transforms that
provide time-frequency signal representations. In Chapter 6, multirate filter
banks are considered. They form the discrete-time variant of time-frequency
transforms. The chapter gives an introduction to the field and provides an
overview of filter design methods. The classical method of time-frequency
analysis is the short-time Fourier transform, which is discussed in Chapter 7.
This transform was introduced by Gabor in 1946 and is used in many appli-
cations, especially in the form of spectrograms. The most prominent example
of linear transforms with time-frequency localization is the wavelet transform.
This transform attracts researchers from almost any field of science, because

xi
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it has many useful features: a time-frequency resolution that is matched to
many real-world phenomena, a multiscale representation, and a very efficient
implementation based on multirate filter banks. Chapter 8 discusses the
continuous wavelet transform, the discrete wavelet transform, and the wavelet
transform of discrete-time signals. Finally, Chapter 9 is dedicated to quadratic
time-frequency analysis tools like the Wigner distribution, the distributions
of Cohen’s class, and the Wigner—Ville spectrum.

The history of this book is relatively long. It started in 1992 when
I produced the first lecture notes for courses on signal theory and linear
time-frequency analysis at the Hamburg University of Technology, Germany.
Parts of the material were included in a thesis (“Habilitationsschrift”) that I
submitted in 1994. In 1996, the text was published as a textbook on Signal
Theory in German. This book appeared in a series on Information Technology,
edited by Prof. Norbert J. Fliege and published by B.G. Teubner, Stuttgart,
Germany. It was Professor Fliege who encouraged me to write the book, and I
would like to thank him for that and for his support throughout many years.
The present book is mainly a translation of the original German. However, I
have rearranged some parts, expanded some of the chapters, and shortened
others in order to obtain a more homogeneous and self-contained text. During
the various stages, from the first lecture notes, over the German manuscript to
the present book, many people helped me by proofreading and commenting on
the text. Marcus Benthin, Georg Dickmann, Frank Filbir, Sabine Hohmann,
Martin Schonle, Frank Seide, Ursula Seifert, and Jens Wohlers read portions
of the German manuscript. Their feedback significantly enhanced the quality
of the manuscript. My sister, Inge Mertins—Obbelode, translated the text
from German into English and also proofread the new material that was not
included in the German book. Tanja Karp and J6rg Kliewer went through the
chapters on filter banks and wavelets, respectively, in the English manuscript
and made many helpful suggestions. Ian Burnett went through a complete
draft of the present text and made many suggestions that helped to improve
the presentation. I would like to thank them all. Without their effort and
enthusiasm this project would not have been realizable.

Alfred Mertins
Wollongong, December 1998
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