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Preface

Magnetic models help us to understand magnetism and have also influenced other
branches of science, such as quantum mechanics, statistical mechanics, metallurgy,
and biology. One reason is the transparent phase space, which yields a clear relation-
ship between model assumptions and physical results. For example, the Ising model
considers two magnetization states per atom, T (spin-up) and | (spin-down). Inter-
atomic interactions as well as local and global magnetic fields yield a rich zero- and
finite-temperature physics, and extensions of the Ising model are being used in many
areas of science and society. Human brain-cell activity (firing or quiescent), nonmag-
netic alloys (site occupancy by copper or zinc in brass), and the social role of movie
stars (good or bad) can all be cast in form of an Ising model. For instance, the relatively
trivial cinematographic analog of the magnetic field is an external force, introduced
by the movie director and trying to change the nature of the characters from bad
to good. In a slightly less poetic context, magnetic models play an important role
in the improvement of magnetic systems and materials, from computer hard disks to
permanent magnets in motors.

This book is an introduction to atomic, mesoscopic, and macroscopic models of
magnetism. The style and presentation is kept as transparent as possible, with many
examples and explicit discussions of illustrative limits. This and the absence of lengthy
calculations are designed to make it accessible to graduate and advanced undergrad-
uate students, to experimentalists with little specific interest in theoretical details,
and to nonspecialists interested in the interdisciplinary aspects of magnetic modeling.
An important point is that the magnetism community consists of many subcommuni-
ties, such as soft magnetism, permanent magnetism, magnetic recording, oxides, spin
electronics, magnetic alloys, micromagnetic simulations, first-principle calculations,
and theory of phase transitions. There is considerable overlap among some of these
subfields, but there are also big gaps, and one aim of this book is to bridge these gaps.

As the title suggests, emphasis is on simple models of magnetism. Toy models are
included if they contain substantial physics, but little attention is paid to simplistic
models and to phenomenological models whose main aim is to fit experimental data.
Space limitations preclude the discussion of complicated models used in numerical and
complex analytical calculations. However, there are no sharp boundaries, and some
phenomenological and numerical models are mentioned or briefly discussed. Some
complicated models, such as the Hubbard model, are based on simple assumptions and
therefore included, but with emphasis on transparent limit and usually marked by an
asterisk. It is often intriguing to apply simple models to complicated magnetic, thereby



Xvi Preface

investigating both the model and the system. If an unreasonable model assumption
causes a simple model to fail, then it also leads to the failure of complicated models
and numerical calculations. Note that the focus of the book is on specific models, not
on the methodology of scientific models. In some cases, there are no sharp boundaries
between models and approximations. An example is the mean-field model, which is
often defined as an approximation to a microscopic Hamiltonian.

The chapters and sections have a self-explanatory building-block structure, but
cross-references are used to elucidate the hierarchy of magnetic models and to elab-
orate interdisciplinary connections. Chapter 2 deals with the quantum-mechanical
origin of magnetism and focuses on the magnetic moment, whereas Chapter 3 is con-
cerned with the zero-temperature spin structure of magnets. Chapters 4, 5, and 6
are devoted to models of anisotropy, magnetic hysteresis, and finite-temperature mag-
netism, respectively, whereas Chapter 7 deals with disordered magnetic structures.
Chapter 8 is concerned with time-dependent effects and, finally, Chapter 9 discusses
a few special topics and interdisciplinary models. All sections contain easy-to-follow
case studies and discussion of the models’ applicability. The latter is of considerable
importance, because a given set of magnetic data is often compatible with two or
more models. For example, hysteresis loops are sometimes reproduced by physically
contradictory magnetic models, and independent experiments, such as crystallography,
micrography, and magnetization dynamics, are necessary to understand the system.
To invoke Kant’s “Zur Kritik der reinen Vernunft”, Vernunft—thinking, reasoning,
modeling—is meaningful only if linked to practical experience.

This book has benefited from countless interactions with fellow scientists, rang-
ing from scientific discussions at conferences and collaborations with colleagues to
conversations about specific aspects of the book’s presentation. This includes but
is not limited to Ch. Binek, J. M. D. Coey, P. A. Dowben, S. Ducharme, A. Enders,
P. Fulde, D. Givord, G. C. Hadjipanayis, K. Hono, S. S. Jaswal, A. Kashyap,
R. D. Kirby, J. Kirschner, H. Kronmiiller, D. Leslie-Pelecky, J. P. Liu, S.-H. Liou,
M. E. McHenry, S. Michalski, H. Mireles, O. N. Mryasov, K.-H. Miiller, M. O’Shea,
R. F. Sabiryanov, D. Sander, T. Schrefl, W. Soffa, A. Solanki, K. D. Sorge, A. F.
Starace, G. M. Stocks, E. Y. Tsymbal, X.-H. Wei, J. Zhang, and J. Zhou. Support by
NSF MRSEC, the W. M. Keck foundation, DOE, INSIC, and NCESR is gratefully
acknowledged, as is the pleasant and helpful cooperation with S. Adlung of OUP.

Particular thanks are due to D. J. Sellmyer, director of NCMN, formerly CMRA,
for infrastructural support, numerous scientific remarks, and suggestions on the pre-
sentation of this work. It is fair to say that this book could not have been realized
without his support. Above all, I would like to thank my wife, Verona Skomski, for her
help with the preparation of the final manuscript, and both her and my son Daniel
for their patience during the preparation and writing of this work.

Lincoln, November 2006



1

Introduction: The simplest
models of magnetism

During the last 100 years, magnetism has made a giant step forward. By the sec-
ond half of the nineteenth century, Maxwell’s equations had established the relation
between different electromagnetic fields, and scientists and engineers were aware of the
dipolar character of magnetostatic forces and interactions. Figure 1.1 illustrates the
state of the art during that time. However, many questions remained unanswered or
were not even asked at that time. What is the atomic origin of the magnetization, and
how does it involve quantum mechanics and relativistic physics? What determines

|

\!\\

|

T/

Hi

i
\

(d e)

[s | N |
s 1T T
G s T ~0fs [ ~Pfs [ )

Fig. 1.1 Nineteenth-century magnetism: (a) field created by a horseshoe magnet, (b)
mechanical force on a ferromagnetic body, (¢) flux lines in a magnetic medium, (d) dipole
character of magnetism, corresponding to the absence of magnetic monopoles, and (e) cur-
rents as one source of magnetic fields. Note that the Earth has magnetic poles that change
sign every few 100,000 years. At present, the South Pole is near the geographical North Pole,
so that the vectors of the magnetic field H point towards the Arctic.
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the hard or soft character of a steel magnet? How to explain the Curie tempera-
ture, and why can’t we ascribe it to magnetostatic interaction between atomic dipole
moments? How can magnetic properties by tuned by systematically varying crystal
structure, chemical composition, and nanostructure? Which ways are there to exploit
magnetism in computer science and in other areas of advanced technology? Myriads
of questions like these have arisen every decade and turned magnetism into a field
of intense research. The modeling of magnetic phenomena and materials is a crucial
aspect of this research.

To provide an introduction to magnetism and to magnetic modeling, we start with
some well-known and extremely simple models. In fact, some aspects of the models
are simplistic rather than simple, and this introductory chapter may also be called,
What is wrong with the simplest models of magnetism?

However, in spite of their very limited applicability, these models are not useless.
First, they hint at typical problems encountered in magnetism and provide a basis and
motivation for the models in the main chapters of the book. Second, even the simplest
models describe a piece of reality if used in an adequate context.

1.1 Field and magnetization

Let us start with some basic concepts. Magnetized bodies are characterized by their
dipole moments m =MV, where M is the (average) magnetization and V is the volume
of the magnet. The dipole moment is probed most easily by putting the magnet into an
external magnetic field H. The interaction of the moment with the external magnetic
field H is described by the energy

E = _ﬂom'H (1'1)

where the magnetic field constant i, ensures that the energy has the correct dimension.
(In SI units, p, =47 x 1077 J/A?m.) Depending on the context, the energy (1.1) is
also known as the Zeeman energy.

Figure 1.2 shows the simplest case of a compass needle or small particle in a
homogeneous magnetic field. The magnetic energy E= — u, m H cosf, where 0 is the
angle of the compass needle relative to the magnetic field. The mechanical torque,
I'= — dE/d, is equal to —u, m H sinf, so that the lowest energy is obtained for
60=0, or m||H.

(@ (b)

Fig. 1.2 Magnetized bodies in a magnetic field: (a) compass needle and (b) homogeneously
magnetized particle. Typical field values are 0.05mT (geomagnetic field), 0.1 T (low-grade
fridge magnet), and 2T (strong electromagnet).
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Equation (1.1) describes two special cases of great practical interest: (i) small
magnets in a homogeneous or inhomogeneous magnetic field and (ii) magnets of arbi-
trary size in a homogeneous magnetic field. Large magnets in inhomogeneous fields
are described by

E= —/LO/M(I‘) -H(r)dV (1.2)
or, in terms of sums over atomic moments m; =m(r;),

E= —MOZmi-H(ri) (1.3)

Throughout the book, we will change between the notations (1.1-3), making a suitable
choice for each individual system.

A big challenge in magnetism is to find the magnetization M and the magnetic
field H. Maxwell’s equations yield H and the related flux density B = u,(H + M) from
the magnetization, but they do not explain the origin of the magnetization. A popular
and formally correct equation is M =y H, where y is the magnetic susceptibility. For
small M, the equation of state M = M (H) can be linearized and yields a classification
into paramagnets (x > 0) and diamagnets (y <0).

However, considering y as a constant is inappropriate for most materials. First,
the relationship between M and H is generally nonlinear, approaching a finite satu-
ration magnetization Mg. A more precise definition of the susceptibility is therefore
x = dM/dH, measured at H = 0. Second, M is not necessarily a unique function
of H. This phenomenon, illustrated in Fig. 1.3, is known as magnetic hysteresis. Key
parameters of the hysteresis loop are the coercivity H., at which the magnetization is
zero, and the remanent magnetization or remanence M,. Coercivity and remanence are
complemented by parameters describing the loop shape and the area under the loop.
Hysteresis is caused by magnetic anisotropy and means that the so-called micromag-
netic susceptibility 9M/OH depends on the magnetization history; Maxwell’s equations
do not explain hysteresis.

—~
o
=

(b)

/1 H, H,

Magnetization M (arb. units)
(=}

-1 0 1 -1 0 1
Field H (arb. units) Field H (arb. units)

Fig. 1.3 Typical hysteresis loops: (a) soft magnets and (b) hard or permanent magnets.
The motion on the loops is counter-clockwise.
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Atomically, the magnetism of solids nearly exclusively originates from electrons.
Nuclear moments contribute very little to the magnetization but are important, for
example, in resonance imaging. Saturation means that all available atomic moments
are aligned parallel to the magnetic field. As a rule of thumb, one electron per atom
corresponds to an atomic moment of one Bohr magneton (1up =9.274 x 10724 J/T)
and to a magnetization of 1 tesla (u,M =1T). For example, elemental iron has a
room-temperature magnetization of 2.15T, corresponding to about 2 electrons per
atom. Comparing these values with the total number 26 of electrons per iron atom,
we see that only a small fraction of the electrons contributes to the magnetization.
Most materials are actually nonmagnetic, indicating that the moment contributions
of electrons in solids tend to cancel each other. The origin, size, and orientation of the
magnetic moment is a key problem in magnetism.

1.2 The circular-current model

A very simple model ascribes the magnetic moment to a circular motion of electrons
around atomic nuclei. The mechanism is very similar to the creation of a magnetic
moment in a coil, as shown in Fig. 1.4(a). The starting point is the equation § H -
dr = NI, where I is the current and N is the number of windings (Section A.4). The
field is large inside the coil and near the poles but small elsewhere in free space.
Performing the integral on the path C in Fig. 1.3(a) yields H =1/L, where L is the
length of the coil. The moment HV of an empty coil of volume mR2L is therefore
m=mR?I. Since the moment is independent of the length L of the coil, this equation
can also be used to describe a single current loop, as in Fig. 1.4(b). Next, we make
the assumption that the current loop contains a single electron of velocity v, so that
I=ev/27R and

m=%1evR (1.4)

Here the charge of the electron e =1.602 x 109 As.

(a) (b)

Fig. 1.4 The orbital moment m of an atom (left) is created by the circular motion of
electrons, similar to the magnetic field created by a solenoidal coil (right).
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According to (1.3), an external magnetic field could lower the energy of a solid by
creating a magnetic moment m. Does this mechanism explain the moment of magnetic
solids? The answer is no. Orbital moments require a nonzero electron velocity v,
which costs kinetic energy. Adding the kinetic energy %mev2 to the magnetic energy
—pomH and using (1.4) leads to E =2mem?/e?R? — yoymH. Minimizing this energy
with respect to m yields the estimate u,He?R?/4m, for the orbital moment cre-
ated by the external magnetic field. For u,H =17 and typical atomic radii of order
1 A=10"'%m, the corresponding magnetization is about 10~° T. This is far too small
to explain ferromagnetism.

The next step is to ask whether and how electrons in solids acquire a velocity v
that would yield a magnetic moment. The answer comes from quantum mechanics
(Section A.3). Electrons can be described as waves and the corresponding boundary
conditions fix the velocity in an atom or solid. To determine the product v R in (1.4),
we recall that the quantity L =m, Rwv is the angular momentum. Quantum mechanics
shows that the angular momentum is quantized in units of = 1.054 x 10734 Js. Phys-
ically, a rotating electron of mass m, is described by an angular wave function ¥ (¢)
subject to the boundary condition (¢ + 27) =1 (¢). As a consequence, the moment
is quantized in units of the Bohr magneton

_eh
T 2m,

HB (1.5)

Its numerical value, ug = 0.927 x 10723 J/T, yields indeed the correct order of magni-
tude, indicating that the Bohr magneton is a key quantity in magnetism.

If each electron carried a moment of order up, we would observe a large saturation
magnetization in virtually every material. In reality, even in magnetic materials, only
a small fraction of the electrons contributes to the moment of magnetic solids. For
example, the atomic moment of iron, about 2.2 up, is much smaller than the number
26 of electrons per iron atom. We will see that this is due to interactions with the
atomic cores and between electrons.

A specific shortcoming of the circular-current model is that the current loops of
Fig. 1.3 may be easily destroyed by electrostatic interactions with neighboring atoms.
For example, only about 5% of the iron moment of 2.2 ug is due to circular currents.
The orbital moment is said to be quenched by the crystal field. In fact, about 95% of
the magnetization of iron originates from the spin of the electrons. Figure 1.4 illus-
trates the difference between orbital moment (a) and spin moment (b). The spin is
unrelated to the orbital motion of the electrons and fully survives in a crystal field.
It is usually denoted by 7 (spin-up) and | (spin-down), and each spin corresponds
to a moment m = pup. This explains why (1.5) predicts the correct order of magni-
tude for the magnetization, in spite of the limited applicability of the circular-current
model.

The spin is unrelated to the orbital motion of the electron (Fig. 1.5). If a classi-
cal electron really spinning about an axis, then the velocity needed to reproduce its
moment would exceed the velocity of light. In fact, the spin is of relativistic origin
and can be considered as a kind of a magnetic analog of the rest energy mec? in the
energy expression E =mec? 4+ 3mev? + O(1/c?)). As the rest energy, the spin remains
nonzero for v =0, while both the kinetic energy 1m.v? and the orbital moment (1.5)
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Fig. 1.5 Origin of the magnetic moment: (a) orbital moment and (b) spin moment. In
many ferromagnets, including Fe, the magnetization largely originates from the spin.
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Fig. 1.6 Zeeman interaction of an electron with an external magnetic field H.

vanish. The main difference is that spin interactions, like other magnetic interactions,
are very small, proportional to v*/c* in the orbital-moment analogy.

1.3 Paramagnetic spins

Solid-state magnetism reflects interactions between magnetic atoms, but it is instruc-
tive to start with noninteracting moments. The model is also known as the “param-
agnetic gas”, because it can be used describe noninteracting magnetic impurities, ions
in solutions, and transition-metal atoms in the gas phase. Let us assume that each
atom carries one spin and that the orbital moment is zero. In agreement with quantum
mechanics (Section A.3.2), the spin has the character of an operator or matrix.

For a spin ¢ and a field in the z-direction, H= H e,, the quantum-mechanical
analog to (1.5) is the Hamiltonian

H=—pu,ugHo, (1.6)

0, = (é _?) (1.7)

is known as the diagonal Pauli matriz. The matrix has the two eigenvalues 1 and
—1, corresponding to the spin directions T and |, and the energy eigenvalues FL =
+ pops H. In other words, the positive external field makes the T configuration ener-
getically more favorable. This Zeeman splitting is illustrated in Fig. 1.6.

The Zeeman energy favors spin alignment parallel to the external magnetic field.
In thermal equilibrium (Section 5.1), the respective probabilities p4 of realizing the T
and | states are exp(—F4 /kpT), that is

_ 1 ,U/OMBH
P+ = —€xp (i ’nT ) (1.8)

where
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where the partition function Z = exp(popusH/kpT) + exp(—popupH/kpT) ensures the
normalization of the probability, p4 +p~ = 1. The thermally averaged moment is equal
to (m) = (p4+ — p—)up. Using (1.8) and taking into account that (e* —e™*)/(e* +e7) =
tanh(z) we obtain

uouBH> (19)

(m) = up tanh ( T

This equation shows that an external magnetic field creates a temperature-dependent
spin polarization. At zero temperature, (m) = + up, depending on the field direction
H,= 4+ H. This corresponds to full spin polarization or magnetization. At high tem-
perature, we can exploit the tanh(z) ~ z for small arguments and obtain (m)/V =xH,
where

[olis
X = TV (1.10)
is the Curie susceptibility of the system and V' is the volume per spin. (The volume
doesn’t affect (m) but makes x dimensionless, which is convenient for many purposes.)

Equation (1.9) shows that a magnetic field creates a magnetic moment by aligning
existing spins. We also see that the moment decreases with increasing temperature, in
agreement with experiment. Can this mechanism explain ferromagnetism? The answer
requires a more detailed look at the temperature dependence of the moment. Figure 1.6
shows the average moment in a typical laboratory-scale field of 1 T. The moment is
continuous but strongly reduced above temperatures of about 1 K, as contrasted to the
Curie temperature T, of elemental iron, 1043 K. This indicates that (1.6) is unable to
predict ferromagnetism. Furthermore, the smooth temperature dependence in Fig. 1.7
is at odds with the existence of a sharp Curie temperature.

The reason for the low-temperature character of (1.9) is the above-mentioned small-
ness of the magnetic interactions. The temperature equivalent of the Bohr magneton,
up/ks =0.672k/T means that spin alignment due to external fields is very effectively
overcome by thermal excitations. The same is true for magnetostatic interaction fields

1.0 pg 7

0.5 ug B

Average moment per spin

0.0 I 1 1 1 1 1
0
Temperature (K)

Fig. 1.7 Magnetization of an S= 3 ion (or electron) in a field of 1T.
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between atomic moments, which establish the Weber-FEwing model of ferromagnetism
(Bozorth 1951). Note that two compass needles may interact on a macroscopic scale,
where m = MV is much larger than ug, but atomic-scale dipole interactions are small.

A similar result is obtained by analyzing the magnetic susceptibility. The Curie
susceptibility (1.10) is unable to explain observed room-temperature moments, as are
most other susceptibilities. For example, the argumentation below Fig. 1.4 is essentially
a susceptibility calculation, leading to x ~ 107° and susceptibilities x ~ + 10> are
frequently encountered in paramagnetic materials such as Al and Mg (x>0) and
diamagnets such as Cu and B (x <0 due to inductive currents opposing the applied
magnetic field). The widespread occurrence of such small susceptibilities reflects the
relativistic character of magnetic interactions. Kinetic and electrostatic energies of
electrons scale as %mevz, whereas magnetic interactions are proportional to mv*/c?.
In solids, v ~ a ¢, where a = 4me,e? /hic ~ 1/137 is Sommerfeld’s fine-structure constant.
Susceptibilities imply a competition between magnetic and mostly electrostatic forces,
so that y ~a? (exercise on magnetic susceptibilities)

1.4 Ising model and exchange

We have seen that magnetic fields yield some spin polarization but are unable to
explain the observed magnetic moments. In fact, even in the absence of magnetic
field, ferromagnets possess a nonzero spontaneous magnetization. It is created and
stabilized by strong interactions known as ezchange (Heisenberg 1928, Bloch 1929).
These interactions distinguish the toy magnets on our fridges from typical “nonmag-
netic” materials, such as glass, copper, and wood. The quantum-mechanical origin
of exchange will be discussed in Chapter 2, but it is instructive to outline how the
exchange yields a finite-temperature spontaneous magnetization in zero magnetic field.
The starting point is the Ising model (1925) defined by

H=— Z JiJ'SiSj — HoUB ZHiSi (1.11)

i>] i

where s; = £1 is the ¢-th spin and the J;; is the exchange interaction between the i-th
and j-th spins. Figure 1.8 illustrates that positive and negative J favor parallel and
antiparallel spin alignment, respectively.

Fig. 1.8 Ferromagnetic exchange (J >0) and antiferromagnetic exchange (J <0).
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Fig. 1.9 Ensemble of Ising spins with different average normalized moments and magneti-
zations m=(s): (a) m = +1, (b) m=0, and (¢) m =—1.

(a)

(a)?* * * ()
*;@ ; @
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Fig. 1.10 Mean-field approximation: (a) exact environment and (b) mean-field description.
The effective field Heg contains the external field and the exchange field.

H, eff

Unlike the paramagnetic spin of (1.6), Ising spins are classical entities. In (1.6), the
spin may have z and y components, even if they do not enter the Hamiltonian.
Physically, the spin may precess around the z-axis, and this precession requires a
quantum-mechanical treatment. By definition, the Ising model excludes spin configu-
rations others than s;= £ 1 or T and |. Figure 1.9 illustrates this point by showing
some spin structures with various average magnetizations.

For each spin configuration s, = (s1, s2, ...sn), the energy is given by (1.11), and
the thermal average of the magnetization of the i-th spin is obtained by summation
over all spin configurations

(s) = ;%:eXp (;BET“> (1.12)

In spite of the simple character of (1.11-12), the solution of the Ising model is a com-
plicated problem. The main reason is the large number of involved spin configurations,
pu=1, 2, 3, ...2N where N is the number of spins. In Chapter 5 we will see that this
has far-reaching consequences for finite-temperature magnetism.

Here we consider a simplified version of the Ising model, namely the mean-field
model defined by

H = —(uopn H + T (s) S si (1.13)

The interactions J;; are now incorporated into an effective or mean field, Heg = H 4 Jyp
(s)/popn, and (1.13) describes a noninteracting system, or paramagnetic gas.
Figure 1.10 illustrates the meaning of the mean-field model.
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As the physically different paramagnetic ion of (1.6), the mean-field Ising model
has two eigenstates per spin, and using the procedure leading to (1.9) we obtain the
important relation

pops H + JMF<S>> (1.14)

(s) = tanh ( o

We will rederive and discuss this equation in Chapters 2 and 5, but would like to men-
tion two striking features. First, (1.14) predicts ferromagnetism, (s) # 0, below a sharp
critical or Curie temperature T,. This must be compared to the smooth temperature
dependence of Fig. 1.7. Second, in contrast to (1.9), a nonzero moment (m)= upg(s)
may be obtained for H =0. Both features are in agreement with the observation of a
spontaneous magnetization below T¢.

Let us consider H =0 and start with the low-temperature limit, where 1/7 = oo
and the argument in the hyperbolic tangent is large. The function tanh(z) is then equal
to sgn(z)= % 1, and both (s) =1 (all spins up) and (s)= — 1 (all spins down) are
solutions of (1.14). This is known as spontaneous symmetry breaking, and (s) is, essen-
tially, the spontaneous magnetization responsible for the sticking of our toy magnets
on the fridge. High temperatures are described by small arguments x = Jyr(s)/kgT
and correspond to (s) ~0 near the Curie temperature. In this limit, tanh(z) =2 and
(s) =Jmr(s)/ksT, so that the division by the small though unknown quantity (s)
yields 1= JMF/kBT and TC = JMF/]CB.

The exchange J, as introduced in this subsection and discussed in Chapter 2, is
the key to the understanding of many magnetic phenomena, including the sponta-
neous magnetization below the Curie temperature. Unfortunately, the present mod-
els are simplistic in other regards. For example, Fig. 1.10 fixes the magnetization
in the +e, direction, so that all ferromagnets should be permanent magnets, char-
acterized by a strong anisotropy in the z-direction. In fact, most ferromagnets are
rather soft, and neither the Ising model nor its isotropic equivalent, the Heisenberg
model, are able to predict magnetic anisotropy. A more fundamental problem is that
the mean-field model predicts ferromagnetism for virtually any magnetic system with
positive (ferromagnetic) exchange J > 0. A famous counterexample is the exact solu-
tion of the one-dimensional Ising model, which predicts paramagnetism at any nonzero
temperature.

1.5 The viscoelastic model of magnetization dynamics

An important aspect of magnetism is hysteresis (Fig. 1.3). What is its physical origin?
A very simple approach is to consider magnetic bodies as linear media, in analogy to
viscoelastic models widely used in rheology, polymer physics, and metallurgy. The idea
is that an external force f or field H creates a response such as an elongation x or a
magnetization M. In the simplest mechanical case, the linear response is described by
the spring-and-dashpot model shown in Fig. 1.11. The model consists of a spring of
spring constant K and a dashpot described by the viscosity constant 7. The parallel
coupling of the elements means that the total force f is the sum of elastic and viscous
forces.
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Fig. 1.11 Spring and dashpot model of viscoelasticity. A force f creates an elongation x
that depends on K and M.

There are two contributions, an elastic contribution due to the spring and a viscous
contribution due to the dashpot. The elastic contribution f= Kz is a straight line
without hysteresis, but the total force is the sum of the elastic force Kz and the
viscous force ndz/dt

ndx
=K — 1.15
f=FKe+-o (1.15)

There are several ways of solving this equation. For example, a constant force f,,

switched on at ¢ =0, yields
o —t
z(t) = f? (1 — exp (T» (1.16)

where the relazation time 7=n/K describes the approach to the equilibrium value
x=fo/K. A straightforward but somewhat cumbersome general method of solving
(1.16) is to approximate f(t) as a sum of steps, f(t+ At)=f(¢t)+Af. The total
response is then obtained as a sum of the contributions of the type (1.16).

A more elegant approach is to consider the force f(t) as a superposition of sinoidally
oscillating functions (Fourier transform), as contrasted to a superposition of step func-
tions (Laplace transform). A force f = f, sin(wt) yields a response x = x, sin(wt — ¢, ),
where ¢, is the phase shift of the system. Due to the phase shift, the dependence of x
on f is hysteretic (Lissajous figure). Putting f(¢) and z(¢) into (1.16) leads to

To = fo COS[(((bo) (117)
and
tan g, = %‘” (1.18)

An alternative way to derive these relations is to consider the spring constant as a
complex quantity K *+ = K’ +i K", similar to the complex description of alternating-
current circuits. Putting « =z, exp(iwt) then yields K * = K +iwn.

In the magnetic analogy, f and = correspond to H and M, respectively, and the
spring constant has the character of an inverse susceptibility, K =1/x. Figure 1.12
shows two loops for ¢, = 15% (left) and ¢, =50 % (right). The phase-shift angle obeys
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Fig. 1.12 Hysteresis loops predicted from the viscoelastic model of magnetic hysteresis.
The parameters used are ¢, =15° (left) and ¢, =50° (right).

tan ¢, =nwy, and the hysteresis-loop parameters are

M, = cos ¢ Xo Ho (1.19)
M, = sin ¢, M, (1.20)
H. =sin¢, H, (1.21)

Since the angle ¢, increases with w, remanence (M,) and coercivity (H.) are largest
for fast magnetization processes. In the opposite limit of very slow magnetization
processes, ¢, ~ w and both H. and M, approach zero, as expected for equilibrium.
The energy loss per cycle (or hysteresis-loop area)

AE
- = 7 $in Po pho Mo Ho, (1.22)

Here po and the volume V' of the magnet ensure that AE has the dimension and
physical meaning of an energy.

Comparison of Figs. 1.3 and 1.12 shows that the viscoelastic model reproduces some
basic features of magnetic hysteresis, but a detailed analysis shows that the applicabil-
ity of the model is very limited. First, (1.19) predicts that the maximum magnetization
M, is a linear function of the magnetic field, in agreement with the linear character of
(1.15). However, experimental hysteresis loops are highly nonlinear. Figure 1.3 indi-
cates that the magnetization approaches a finite high-field value, namely the saturation
magnetization M,. Saturation means that all atomic moments are aligned parallel, so
that any additional external field does not translate into a magnetization change.
Second, the predicted ellipsoidal loop shape is different from experimental loops.

Third, the parameterization of the loop in terms of 77 has no sound physical basis.
This is somewhat different from the mechanical analogy, where the relaxation time
T ~ 1 tends to have a well-defined physical meaning. For example, a mechanism realized
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in steel is the Snoek damping, where the relaxation time 7 describes the intersti-
tial diffusion of carbon atoms. In most magnets, there is no such simple mechanism,
and the model description in terms of 7 or 7 is simplistic. Fourth, egs. (1.17-18)
predict an approximately linear dependence of H. and M, on the frequency w. In
fact, experiments probing the time dependence of hysteretic properties tend to yield
logarithmic laws.

Some quantitative improvement is achieved by using more complicated spring-and-
dashpot models. The parallel connection shown in Fig. 1.11 is also known as the Voigt
or Kelvin model, as compared to the Maxwell model (series connection). There are
also models involving three or more elements, but the models all suffer from the main
shortcomings of the approach, namely from the restriction to linear response and from
the phenomenological character of the involved parameters.

Exercises

1. Magnetization of solids. Typical ferromagnetic metals have 10? atoms per
m? and atomic moments of order 1 up per atom. Calculate the zero-temperature
magnetiztion and compare the result with the magnetizations of Fe, Co, and Ni.
What are the reasons for the relatively low magnetization of many oxides?

2. Magnetic moment of the FEarth. Estimate the Earth’s magnetic moment
from the from the geomagnetic field of order 0.05 mT. If the Earth’s magnetic field
were created by a homogeneously magnetized sphere of iron, with a magnetization
of 2.2 T, what would be the diameter of the iron sphere?

Answer: 8 x 10%2 Am?, corresponding to an average magnetization of 0.09 mT.

3. Direction of circulation on a hysteresis loop. Is the circulation on a typical
ferromagnetic hysteresis loop clockwise or anticlockwise?

4. Paramagnetic moment of single spin. Calculate the moment of a single
spin in a magnetic field of 0.5 T at 4.2 K and at 300 K.

5. Susceptibility of iron. The susceptibility of a soft-magnetic iron piece is equal
to x =500. Use the relation M = x H to calculate the magnetization in a field of
300mT and discuss the result.

6. Magnetostatic field components. Determine the field (Hy, Hy, H,) atr=R
created by a magnetic dipole (M, M, M,) at r=0.

7. Field in iron-cored solenoid. FEstimate the magnetic field created by a long
iron-cored solenoid of diameter 1 cm: (a) directly at the pole and (b) at a distance
of 2cm.

8. Mechanical force of a permanent magnet. Estimate the maximum force
excerted by a Sm-Co permanent magnet of cross-section area 1cm?. Can this
result also be used for soft magnets?

Answer: The force scales as f = pu,M2A/L?2, where L? is the cross-section area
of the magnet. Taking yioM = 1T we obtain f/L? =400kN/m” and f/g~4kg. In
soft magnets, domain formation strongly reduces the net magnetization.

9. Magnetization contribution due to nucleons. Compared to electrons, the
magnetization contribution due to protons and neutrons is very small. Why?

10. Viscoelastic loops. Show that the viscoelastic model of magnetization dynam-
ics yields ellipsoidal hysteresis loops.
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11.

12.

13.

14.
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Magnetic field created by a long wire. Calculate the field created by a
current [ in a long wire, determine the total magnetostatic field energy, and discuss
the result.

Answer: The field is H =1/27r (see Appendix 4), so that the energy 3, [ H*dV
diverges. This means that one must put a lot of electrical energy into the wire to
create the field. In practice, all wires are closed, and one must consider a current
loop rather than a linear wire. (Note that the direction of the field is given by
the right-hand rule: When the current is in the direction of the thumb, then the
field is in the direction of the curved fingers. For a solenoid: a current in the
direction of the right hand’s fingers creates a magnetic field in the direction of the
right thumb.)

Susceptibilities. Show that typical magnetic susceptibilities are of order a?,
where a=1/137, and discuss a few exceptions.

Hint: Analyze the ground-state energy of the hydrogen atom and take into account
that e?/4meqa, ~ meac?.

Answer: As in Section 1.2, the calculation involves the following steps: I =e/t,
v=2mR/t, A=TR? m=eRv/2, R=4mne,h?/mee?, v=e?/4dme,h. The calculation
ascribes the susceptibility to the competition between Zeeman energy and atomic
energies. It does not apply when the main competition is between Zeeman and
thermal energies, as in ferromagnets near 7T, and in paramagnetic gases.
Magnetic poles and magnetic field. Express the magnetic field in terms of
V-M.

Answer: H(r)=—(1/4r) [(r — 1)V - M(r')/|r —1/|>dV’ + H,, where H,, is the
external field.

Coercivity in the viscoelastic analogy. Consider and determine the coercivity
as a function of the maximum field H, and maximum sweep rate dH /dt¢ in the
viscoelastic model of hysteresis.

Hint: Take into that max(dH/dt) = wH,.
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Models of exchange

Ferromagnetism requires a strong force to create the atomic moments and to stabilize
the parallel orientation of neighboring moments. As mentioned in the introduction,
the applied magnetic field is unable to compete against interatomic energies, such
as the kinetic energy of the electrons, and temperatures of the order of 1 K are suffi-
cient to destroy ferromagnetic order established by magnetostatic dipole interactions
(uB/kg=0.672K/T). The strong force responsible for the moment and magnetiza-
tion is the exchange interaction. Figure 2.1 shows typical spin structures caused by
exchange interactions. Elemental Fe, Co, and Ni, as well as many alloys and some
oxides, are ferromagnetic (a), whereas antiferromagnetism (b) is observed, for example,
in Mn and NiO. This chapter deals with the interatomic exchange responsible for long-
range magnetic order, but also with the intra-atomic exchange which creates atomic
moments. Emphasis is on atomic models of exchange, continuum models will be treated
in Section 4.2.3.

The competition between interatomic exchange and thermal disorder leads to the
vanishing of the spontaneous magnetization at a well-defined sharp Curie temperature
T.. The total interatomic exchange per atom does not exceed about 0.1 eV, correspond-
ing to T, ~ 1000 K. This is much smaller than the intra-atomic exchange, which is of
the order of 1 eV, so that atomic moments at T, remain close to their zero-temperature
values and typical magnetization processes in solids are caused by magnetization
rotations.
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Fig. 2.1 Basic types of magnetic order: (a) ferromagnetism and (b) antiferromagnetism.
Each arrow represents one atomic spin.
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In the simplest case, it is sufficient to consider two electrons. The starting point
is the Pauli principle, which forbids the double occupancy of a quantum state by
fermions. By definition, fermions are particles with half-integer spin, such as electrons
and protons. Since the spin is a quantum number, double occupancy of an orbital is
possible for antiparallel spins (1]) but forbidden for parallel spins (171). This explains,
for example, the periodic table of the elements: the 1s orbital of helium is occupied by
a T] electron pair, and an additional electron is not allowed to gain energy by jumping
into the 1s shell. To realize a parallel spin orientation, as of interest in magnetism,
one electron must occupy an excited one-electron orbital. The necessary energy comes
from the Coulomb interaction

62

Ve (2.1)

 Armey|r — 1|
between the two electrons at r and r’. The Coulomb interaction is spin-independent but
larger for electrons in a common orbital (1) than for electrons in different orbitals (17).
In other words, the Coulomb interaction favors parallel spin alignment but competes
against an increase in one-electron energy. This true for all types of exchange: the
intra-atomic exchange between electrons in one atom, as in Fig. 2.2(a), the interatomic
exchange between localized spins on different atoms, as in Fig. 2.2(b), and the itinerant
exchange in metals such as iron, which combines both intra- and interatomic features.
For the moment, our focus is on the interatomic exchange; intra-atomic and itinerant
exchange interactions will be discussed in Sections 2.2 and 2.4, respectively.

From (2.1), the exchange is obtained by comparing the total energies for ferromag-
netic (FM) and antiferromagnetic (AFM) two-electron wave functions Ypp(r,r’) and
Uarm(r,r’). The original Heisenberg model, which describes the exchange between two
neighboring atoms, is closely related to the Heitler-London approximation in chem-
istry. It assumes that

Trm ~ ¢1(1)¢e(r’) — ¢e(r)di(x) (2.2)

and

Parn ~ D1(1) e (r') + br (1) i (') (2.3)

where ¢)(r) and ¢, (r) are the respective atomic wave functions of the “left” and “right”
atoms. Evaluating the energy E = [¥*(r,r')H(r,r )& (r,r")dV dV’ for (2.2-3) yields
the exchange constant J= (Eapm — Erm)/2. A positive J means parallel or ferro-
magnetic spin coupling (771), whereas an negative J means that the spins are coupled
antiparallel or antiferromagnetic (T]).

(a) ()

Fig. 2.2 Ferromagnetic exchange: (a) intra-atomic and (b) interatomic. Both types of
exchange have the same origin, but intra-atomic exchange tends to be stronger, of order
1eV or 10000 K, as compared to typical interatomic exchange of about 0.1eV or 1000 K.
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There are two arguments behind the choice of (2.2) and (2.3). First, each of the
two atoms is assumed to be occupied by one electron. This explains why the terms
in (2.2-3) contain both ¢ and ¢,. Second, the Pauli principle forbids the double
occupancy of any orbital by electrons of parallel spin. For example, the wave function
¢o(r)do(r") has two electrons in the same orbital ¢, and implies a 7] occupancy. More
generally, symmetric and antisymmetric real-space wave functions ¥(r/,r) =¥ (r,r’)
and ¥ (r',r)= — ¥(r,r’) correspond to 1| and 11 configurations, respectively. This
explains the assignment of ferromagnetism and antiferromagnetism in (2.2-3).

The original Heisenberg model yields J as a function of integrals over various energy
terms and provides a qualitative understanding of exchange. In particular, (2.1) is a
relatively strong interaction of electrostatic origin, as compared to the weak magnetic
forces considered in the introduction. On the other hand, the choice of (2.2-3) is intui-
tive, based on the idea that each atom is occupied by one electron. Experience shows
that electrons are likely to hop to neighboring atoms, but the corresponding antiferro-
magnetic configurations ¢1(r)¢i(r’) and ¢.(r)¢.(r') are ignored in (2.2-3). To make
matters worse, atomic wave functions ¢(r) and ¢,(r) between neighboring atoms
are generally nonorthogonal. The corresponding overlap integral S, = [ ¢1(r)¢,(r) dV
amounts to off-diagonal matrix elements between the atomic wave functions and yields
some hopping. This is inconsistent and means that neither one-electron properties nor
two-electron properties are described correctly. Below, we will solve this problem by
starting from exact one-electron wave functions that are orthogonal.

2.1 Atomic origin of exchange

Summary The competition between the kinetic and Coulomb energies decides
whether the spin state is ferromagnetic (1) or antiferromagnetic (1]).
The motion of the electrons is realized by interatomic hopping and
accompanied by an energy reduction due to hybridization. The Pauli
principle forbids the occupancy of low-lying or “bonding” states by elec-
trons with parallel spin, so that the corresponding ground-state spin
structure is T]. Ferromagnetism is a many-electron effect and means that
some electrons occupy excited one-electron states. The necessary energy
is supplied by the Coulomb repulsion between electrons, which punishes
1| occupancies of one-electron orbitals. The corresponding exchange con-
stant J, defined as half the energy difference between the 1] and 77
states, depends on parameters such as the interatomic distance and
the number of electrons per atom. An exactly solvable two-electron
model considers two atoms and one atomic orbital per atom. Aside from
direct exchange, which is always positive, J reflects the relative strength
of the Coulomb integral compared to the hopping integral. As a rule,
pronounced interatomic hopping destroys the parallel spin alignment.
Finally, a two-electron model is used to introduce and discuss various
models and approximations, including the Heisenberg, Hubbard, and
Kondo models, and to separate independent-electron or Hartree-Fock
contributions from correlation corrections.

To see how exchange arises from the Coulomb interaction (2.1), we must start
from a suitable set of one-electron wave functions ¥ (r). Atomic wave functions are a



18 Models of exchange

poor choice, because they are not orthogonal and do not form a set of one-electron
eigenfunctions. Physically, the overlap between atomic wave functions causes the
electrons to hop onto neighboring atoms, and the atomic energy levels are no longer
representative of the system. It is therefore convenient to use one-electron eigenfunc-
tions constructed from the atomic wave functions. For simplicity, the focus of this sec-
tion is on hydrogen-like 1s electrons, but the same principles apply to other electrons,
such as 3d electrons in iron. The only differences are the involvement of several orbitals
per atom (Section 2.2) and an angular dependence of the exchange (Section 2.3).

2.1.1 Omne-electron wave functions

Well-separated atoms are described by atomic wave functions, but in solids the wave
functions overlap and remix. The atomic wave functions are solutions of the
Schrédinger equation

h2
EV = —ﬂvﬁv + Vo (r)w (2.4)

where V,,(r) ~ Z/r is the negative (attractive) potential from the nucleus. For hydro-
gen, Z =1, but magnetic atoms have effective nuclear charges Z > 1. Ignoring atomic
excitations, (2.4) yields wave functions ¢, ~ exp(—r/R,) and some atomic energy Eat.
The range R, of the wave function depends on Z and, more generally, on whether s,
p, d, or f electrons are considered (Section 2.3). Figure 2.3 shows two s-type wave
functions centered on neighboring atoms.

In a molecule or solid, the potential V(r) =V, (r) must be replaced by a sum over
all atoms, V(r)= )", Vo(|r — Rj|), where R; is the position of the i-th atom. For two
atoms located at R; =0 and R; = R,

h2
BV = —%v2w+vo(r)w+vo<|r—R|)w (2.5)

Both the energy levels and the eigenfunctions of this equation differ from those of (2.4).
In lowest-order approximation, the perturbed wave functions are linear combinations

Left atom:

¢,(r)

Right atom:
&,(0)

Fig. 2.3 Atomic wave functions of the diatomic pair model.
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of ¢1(r) =¢o(r) and ¢,(r) =@o(Jr —R|). This leads to a 2 x 2 matrix Hamiltonian
(Section A.2.3 and Section A3.2)
(B, t
as (1) o0

Here E, = E,; + AF is the atomic energy in the molecule and t is the hopping integral

t= [ GVl = R)ou(r ~ R)av (27)

The hopping character of ¢ becomes clear by rewriting this equation as
t=— [ 60 Tou(x ~ RV (28)
where T= — h?V?/2m is the kinetic-energy operator (exercise on hopping).

Equation (2.8) means that an electron initially located at r =R is transferred by the
operator T to a new position (*) around r=0. The hopping integral (2.8) decreases
with increasing interatomic distance R.

Diagonalization of (2.6) yields a symmetric eigenfunction s(r) ~ ¢ (r) + ¢, (r) and
an antisymmetric eigenfunction ¢, (r) ~ ¢;(r) — ¢,(r). Figure 2.4 compares the super-
posed or hybridized functions vs(r) and 1, (r). In chemistry, the superposed functions
are also known as molecular orbitals (MO), and their construction from atomic orbitals
is known as the LCAO (linear combination of atomic orbitals) or LCAO-MO approach.
The energy of the symmetric or bonding state is lower than that of the antisymmet-
ric or antibonding state. Noting that ¢ is negative for s-states, we find the respective
energies F, £t for bonding and antibonding states. Since ¢ decreases with increasing
interatomic distance, the level splitting is smallest for well-separated atoms.

Antisymmetric
(antibonding):

(1)

Symmetric
(bonding):
()

Fig. 2.4 Symmetric and antisymmetric wave functions. These functions are the starting
point for the calculation of the exchange.
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Energy splittings due to interatomic hybridization are widespread and of great
importance in chemistry and solid-state science. They affect not only the magnetism,
as of interest in this book, but also the chemical bonding. For example, Fig. 2.4
provides a direct explanation of the chemical bonding in the Hj ion. The bonding char-
acter of the symmetric wave function is seen from the electron density n(r) = ¢*(r)y(r),
which is relatively large between the atoms, as compared to zero in the antibonding
state. Alternatively, rapidly changing wave functions have a higher curvature V2 (r)
and therefore a higher kinetic energy. In solids, the hybridization involves more than
two atoms, but the basic physics remains unchanged. For example, hybridization is
responsible for the formation of energy bands in metals, and the bandwidth W is
analogous to the level splitting 2|¢| (Section 2.4).

The wave functions ¢s(r) and 1, (r) provide an adequate description of the system
but are somewhat counterintuitive. It would be more convenient to have orthogonal
wave functions that are centered around a given atom, similar to the atomic wave
function in Fig. 2.3. Such wave functions are known as Wannier functions.

b=t and dn= (=) (29)
Inverting these expressions yields
1 1
Us=—=(oL+¢r) and o= —= (oL~ ¢r) (2.10)

V2 V2
As an example, Fig. 2.5 compares the Wannier functions ¢y, with the corresponding
atomic wave function ¢). Wannier functions are somewhat less localized than atomic
wave functions, which may require the inclusion of an extended neighborhood in cal-
culations. However, in this section we consider well-separated atoms, where atomic
and Wannier wave function are very similar.

Atomic wave function:

(1)

Wannier function:

(1)

Fig. 2.5 Example of a diatomic Wannier function.
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Panel 1 Normalization of atomic wave functions

Unlike Wannier functions, atomic wave functions are nonorthogonal. This complicates
the calculation of energy levels and wave functions in solids. The reason is the involve-
ment of the overlap integral S, = [ ¢;(r)¢i(r) dr. Compare, for example, the normal-
izations

1 1
w = 1 + Oy and = — 1 — @Pr
o= e B+ 6 o= s (6160
with the corresponding Wannier expression 1/ V2. Equation (2.9) yields an explicit
relation between the atomic wave functions and the Wannier functions:

1 1 1 1 1 1
¢’L:§(\/1—So+\/1+So>¢l_5<\/1—So_\/1+So>¢r

1 1 1 1 1 1
¢R_5(¢1—So+\/1+So)(75r_§<\/1—so_\/1+so)¢1

Since the original Heisenberg model is based on atomic wave functions, the exchange
depends on the overlap integral. However, this is an arbitrary choise, and for Wannier
functions, the exchange is actually independent of S,. In the next section, we will see
that exchange involves the hopping integral, which is related to the overlap integral
but has a well-defined physical meaning.

Exercises

1. Show that [ ¢g(r)¢r(r)dr =0 and [ ¢ (r)¢a(r)dr =0, in spite of a nonzero overlap
integral S, = [ ¢; (r)¢i(r)dr.
2. Determine ¢1, and ¢r from ¢ and ¢, for well-separated atoms, where S, is small.

2.1.2 Two-electron wave functions

The wave functions 1) (r) and 1, (r) provide an adequate description of the one-electron
problem but do not explain exchange. In fact, if (2.5) was the only consideration, then
two electrons would occupy the bonding orbital in Fig. 2.4 and form a 7| pair. Due to
the Pauli principle, 71 configurations mean that one electron occupies an energetically
unfavorable antisymmetric state. Parallel spin alignment is caused by the Coulomb
energy (2.1), which describes interactions between electrons. For two electrons, it is
necessary to solve the Schrodinger equation F¥ = HW or, explicitly,

BV = Hy(t)¥ + Ho ()& + Ve (r, ') (2.11)

Here Ho (1) = —h?V?/2m + V,(r) + V,(|r — R) is the one-electron Hamiltonian in (2.5)
and ¥(r, r') is the two-electron wave function.

To solve (2.11), we exploit the fact that any many-electron wave function can
be expanded into products of orthogonal one-electron states. For example, the two-
electron wave function ¢r,(r)¢r(r’) means that the first electron (r) is on the left atom,
whereas the second atom (r’) is on the right atom. This wave function can also be
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written as |LR) =|L)|R). The total two-electron wave function is ,

U (r, r') = c1¢rn(r)oL(r') + crnon(r)¢r(r') + cngr(r) oL (r’) + crvor (r)r(r) (2.12)

Alternative notations are |¥) =c¢i|LL) + cri|LR) + cii|RL) + ey |[RR) and, in vector
form, ¥ = (c1, ¢, cmn, crv). For a comparison of these notations, see Section A.2.1.

In the expansion, the use of Wannier functions |L) and |R) is convenient but
not necessary, and other orthogonal sets of one-electron wave functions can equally
well be used. For example, ¢, (r)ds(r') means that the first and second electrons are in
the antibonding and bonding states, respectively. For N electrons and N, one-electron
states, there are altogether N many-electron wave functions. The many-electron wave
functions are superpositions of the NN product wave functions, which introduces a
considerable complexity even in relatively small molecules (Fulde 1991, Senatore and
March 1994).

2.1.3 Hamiltonian and spin structure

Since we restrict ourselves to the four wave functions |LL), |LR), |RL), and |RR),
the total Hamiltonian has the form of a 4 x 4 energy matrix Ejj. An explicit exam-
ple is Eia= [ [ ¢} (r)of (r")H(r,r")¢L(r)¢r(r')dVdV’. From (2.11) we see that each
matrix element is a sum of 3+ 3 + 1 =7 terms, so that the matrix contains 16 x 7 =112
integrals. However, the left and right atoms are equivalent, and (2.11) is symmetric
with respect to r and r'. As exemplified by (LL|H|LR)=(LL|H|RL), this leads to a
considerable reduction of the number of integrals.

Compared to the one-electron case, the addition of Vi has two effects on the
remaining integrals. First, it modifies the one-electron expressions E, and ¢, which
should therefore be treated as effective parameters. Second, it yields new terms without
one-electron equivalents. Straightforward evaluation of the energy matrix elements
yields

U t t Jp
o[l 0B 21
Jp t t U
Here
U= [[Lr)er (") Ve(r, ') (r)ér(r) dVAV’ (2.14)
is the Coulomb integral and
Ip = [ [ L)k (r))Vo(r,r')¢r ()¢ (') dVAV’ (2.15)

is the direct exchange.
Using the electron density ny, =1 %1, and introducing the “mixed” density nmix =
Y{ YR we obtain

U://nL(r)Vc(r, r')ng(r') dVAV’ (2.14a)

and Jp = //nmix(r)VC(r,r’)nmix(r/) dvav’ (2.15a)
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Both integrals are positive, because they describe the self-interaction of real or ficti-
tious charge densities. The Coulomb integral describes the strong repulsion between
two electrons in an atom and is equal to energy necessary to add an electron to an
already occupied localized orbital. By comparison, the direct exchange has no classical
equivalent. Since npix is relatively small, Jp < U. Typical orders of magnitude are a
few 0.01 eV for Jp and a few eV for U.

The eigenfunctions and eigenenergies of the two-electron problem are obtained by
diagonalizing the interaction matrix (2.13). The exchange is then obtained by identi-
fying the spin structure of the eigenstates and comparing the energies of the lowest-
lying ferromagnetic and antiferromagnetic states. By direct calculation, we convince
ourselves that (0, 1, —1, 0), or |LR) —|RL), is an eigenstate of energy E, — Jp. A sec-
ond eigenstate, (1, 0, 0, —1) or |LL) — |RR), has the energy FE,+ U — Jp. The third
and fourth eigenstates are mixtures of (1, 0, 0, 1) and (0, 1, 1, 0). Explicitly, the
eigenfunctions are

1 1
1) = E\Lm - ﬁ'R” (2.16a)
1 1
2) = E\LL) - E|RR) (2.16b)
_siny cos Y
13) = 7 (|ILL)Y + |RR)) + 7 (ILR) + |RL)) (2.16¢)
4y = “BX0L0) + |RR)) — SN (1LR) 4 |RL)) (2.164)

V2 V2

where tan(2y) = —4t/U, and the corresponding energies

E]_ = 2E0 - JD (217&)

Ey=2FE,+U - Jp (2.17b)
U U2

E3 =2E, + 3 +Jp — A/ 4t2 + e (2.17¢)

U / U?
Ey=2E, + 5 +Jp + /42 + (2.17d)

The Pauli principle implies that symmetric and antisymmetric real-space wave
functions ¥ (r,r’) = +¥(r’,r) describe antiferromagnetic and ferromagnetic spin con-
figurations, respectively. In (2.16), only |1) is antisymmetric and therefore ferromag-
netic, whereas the other three eigenfunctions are symmetric (antiferromagnetic). Note
that the present model does not distinguish between antiferromagnetism and
paramagnetism.

The direct exchange Jp is much smaller than U, but ¢ and U are generally of
comparable magnitude. In magnets, ¢ depends not only on the radius of the orbital
but also on the interatomic distance, and it is convenient to consider the exchange as
a function of the hopping integral t. For small ¢, the wave functions are localized, and
the eigenfunctions are reminiscent of atomic orbitals. For large ¢, the behavior of the
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Fig. 2.6 Energy levels (2.17) and schematic two-electron wave functions (2.16) for the
diatomic pair model. The figures show the occupancy of atomic orbitals in the limit of weak
hopping (left) and that of bonding and antibonding orbitals for strong hopping (right). All
functions are symmetric with respect to interchanging left and right atoms, but for clar-
ity, only a part of the configurations is shown. Using independent-electron levels (strong
hopping) to describe strongly interacting systems (weak hopping) yields quasiparticles with
finite lifetimes (Fermi liquid).

system is determined by the one-electron level splitting 4%, and the electrons occupy
bonding or antibonding states. Figure 2.6 shows the energies (2.17) and illustrates the
wave functions (2.16). In practice, ferromagnetism is caused by transition-metal atoms
(3d, 4d, 5d, 4f, 5f), due to the near-degeneracy of the inner shells and the relatively
large correlations. However, this is a rule rather than a rigid statement, and there are
exceptions for non-transition-metal clusters with nearly degenerate states.

Since Fy > E7 and F4 > Fs3, the exchange is determined by the competition between
the lowest-lying ferromagnetic state (solid line 1 in Fig. 2.6) and the lowest-lying
antiferromagnetic state (dashed line 3). The exchange constant J = (E; — F3) is
given by

JZJD-FQ— 24 (2.18)

From this equation, we can draw two conclusions. First, the direct exchange Jp is
not the only consideration, and the occasionally encountered equating of J with the
“exchange integral” Jp is a poor approximation. Second, the trend towards ferromag-
netism decreases with increasing hopping, that is, with decreasing interatomic dis-
tance. This is indeed observed in some magnets, where mechanical pressure changes
the magnetization state from ferromagnetic to paramagnetic or antiferromagnetic.

It is instructive to compare (2.18) with the Curie temperature, which is propor-
tional to J. As a crude rule, the exchange obeys the semiphenomenological Bethe-
Slater-Néel curve, which predicts antiferromagnetism in the case of small interatomic
distances, ferromagnetism at intermediate distances, and the absence of magnetic order
in the limit of very large interatomic distances. This trend is indeed reproduced by
the present model (Panel 2).
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Panel 2 The Bethe-Slater-Néel curve

Equation (2.18) predicts the exchange J as a function of a few parameters that depend
on the interatomic distance and, therefore, on the atomic number of the element. As
recognized long ago by Sommerfeld and Bethe (1933), this leads to a characteristic
dependence of the Curie temperature 7; on the atomic number. The relation can be
expressed in various ways, for example by plotting 7. as a function of the distance
between neighboring atoms or between neighboring 3d orbitals. The figure plots Tc as
a function of the atomic number, parameterized by the number n of 3d electrons of
double-positive ions. The fit is obtained from (2.18), by assuming that both the hopping
and direct exchange integrals obey an exponential dependence on R ~ n.
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Cr
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Number of 3d electrons

The fit reproduces the experimental behavior very well. However, this does not mean
that (2.18) provides a quantitative description of J and 7. First, the parameters are
not obtained from numerical simulations or model calculations. Second, the dependence
on the number of electrons n contains only aspect of the problem, namely that the
interatomic distance varies across the 3d series. The present model contains one electron
per orbital, corresponding to half-filled shells (n=5). Half-filled shells tend to yield a
strong trend towards antiferromagnetism (Section 2.4), which is compensated in the
fit by an overestimation of Jp and U by a factor of order 2. Third, the curve ignores
the structural dependence of the Curie temperature. For example, fcc iron exhibits a
pronounced trend towards antiferromagnetism (or paramagnetism), and the somewhat
smaller interatomic distance of fcc iron, compared to bcc iron, is not sufficient to explain
the difference.

2.1.4 Heisenberg model

The basic idea behind the Heisenberg model (1928) is to ignore ionic configura-
tions |LL) and |RR), because they correspond to a strong and energetically unfavor-
able intra-atomic Coulomb repulsion. This approach is related to the Heitler-London
approximation in molecular science. In terms of (2.13), it is realized by putting U = co.
The energy levels are E, + Jp, corresponding to J = Jp, and the eigenfunctions are
proportional to |LR) £ |RL). This is different from the “naive” Heisenberg model,
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Correlated Tonic

Fig. 2.7 Formation of temporary ionic states due to interatomic hopping. The Heisenberg
model assumes correlated wave functions (left) and ionic states are, in lowest order, ignored.

where atomic wave functions |I) and |r) are used, and from the exact solution (2.16),
where |LR) — |RL) is an eigenfunction but |LR) 4 |RL) is mixed with |LL) 4+ |RR).

The Heisenberg model works best for well-separated atoms, where the number of
electrons per atom is fixed. The corresponding materials are often insulators with
well-localized wave functions. In reality, interatomic hopping leads to a temporary
formation of ionic states, as illustrated in Fig. 2.7, and these states are ignored. This
is important in metals, where the Heisenberg model cannot be used without careful
consideration of hopping. It is instructive to treat the hopping as a small perturbation
and to ideally correlated Heisenberg limit. Expanding (2.18) with respect to the small
parameter ¢/U yields

2 2
J:JD—% (2.19)

This equation and its extensions are widely used to explain the sign of the exchange.
The direct exchange is ferromagnetic, but hopping yields an antiferromagnetic
contribution.

A different approach to the Heisenberg model considers individual electrons as
spins S = % whereas parallel and antiparallel spin configurations are characterized by
the respective total spins S=0 and S =1. Since (2.11) is spin-independent, we can write
the corresponding two-electron wave functions as ¥ (r,r’)x(o, o’). The function ¥ (r,r’)
has been treated above, so that we can now focus on x(o, ¢’). For a symmetric real-
space wave function ¥(r,r’) =¥ (r’,r), the antisymmetry of the total wave function
requires the spin function to be antisymmetric, so that x(o1, 02) = —x(01, 02), and
vice versa. An example is the 1s? configuration of helium, which is symmetric in real
space, 1s(r')is(r), but antisymmetric in spin space.

However, the antiparallel spin functions | and |T cannot be used in their original
form, because they are neither symmetric nor antisymmetric. Analyzing the symmetry
of the combinations 1| £ [T we find that S=0 corresponds to a antisymmetric spin
function T| — [T, whereas S =1 yields a triplet with the antisymmetric wave functions
11(S,=1),1] + 17(5,=0), and || (S,=1). More generally, a spin S has 25+ 1
spin orientations S, = —S,....5—1,.5, and the magnitude of the spin vector is given by
S?= S(S 4+ 1). Our shorthand notation 17 for S=1 and 1| for S =0 actually implies
a small field in z-direction, which ensures that 17 is the only occupied S =1 state and
no confusion arises between S=0 and S=1.
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Let as now assume an interaction H= —2Js-s’ between two spins s and s’ and
find the eigenvalues of the system. The total spin S =s +s’ obeys §% =s2 4 2s-s' +s/2.
Since S*=5(S + 1) for any spin, both s> and s> are equal to 314+ 3) =3, and
2s-5'=58?+3/2. For S=0and S =1, this means 2s-s' = 3/2 and 2s - s’ = 7/2, respect-
ively, and the energy level splitting between the AFM and FM states is 2J, as in the
derivation of (2.18) from (2.17).

More generally, it is possible to define the Heisenberg model in terms of the

Heisenberg Hamiltonian

H= —QZJij Si * §;j —g,uOMBZHi - S (2.20)

i>] i

where the summation includes all atomic spins and Hj is the local magnetic field acting
on the i-th spin. This equation is an example of a spin Hamiltonian, where electronic
quantities, such as hopping and Coulomb interaction, are mapped onto spin variables.
Note that some authors use different normalizations for J, which yield factors such
as 2 and % This depends, for example, on whether the summation Zij is limited to
pairs of spins, Zi>j. From a quantum-mechanical point, (2.20) is an approximation,
but the model works surprisingly well for a broad range of materials and phenomena.
In practice, the Jj; are often treated as phenomenological parameters.

Throughout the following sections and chapters, we will explore and exploit the
predictions of the Heisenberg model (2.20). Typical problems are the determination of
the J;; for different classes of magnetic solids (Section 2.3) and to define the Heisenberg
model for metals such as Fe and Co (Section 2.4).We will also discuss extensions and
modifications of (2.20), such as XY and other n-vector models, including the Ising
model (Section 5.2).

2.1.5 Independent-electron approximation

The weak-correlation limit of negligibly small Coulomb interactions, U =0, yields
the eigenfunctions |LR) — |RL) (ferromagnetic) and |LL) 4+ |LR) 4+ |RL) + |RR) (anti-
ferromagnetic). Using (2.9), these functions can also be written as |sa) — |a s) and |s ),
respectively. This corresponds to the limit of metallic ferromagnetism, because |s) and
|a) are delocalized states, Fig. 2.4. Figure 2.8 shows the occupancy of the correspond-
ing one-electron levels of energy F, £¢. As expected for noninteracting electrons, the
energies are additive and equal to 2F, — 2|¢| for the antiparallel ground state and 2F,
for the excited parallel configuration.

&
0

I

[s s) |sa) —Jas)

Fig. 2.8 Energy levels of noninteracting electrons. Ignoring the Coulomb and direct-
exchange integrals, the energies are F, £ t.
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The next step is to treat U and Jp as small perturbations. In lowest order, the
energies are obtained by using the unperturbed eigenfunctions |s s) and |sa) — |a s) to
evaluate the full Hamiltonian (2.13). In other words, the wave function of the inter-
acting electrons is approximated by one-electron wave functions. To obey the Pauli
principle, the one-electron wave functions form antisymmetric combinations, that is,
the total wave function (real-space and spin) has the character of a Slater determinant.
For two electrons 1 and 2, the Slater determinant is |1)107)|¢a02) — |[th202)|1h101). This
expression is zero for |ie02) = |1)101), thereby realizing the Pauli principle.

The use of one-electron wave functions in the form of a single Slater determinant is
the essence of the independent-electron or Hartree-Fock approximation. The method is
related to the LCAO approximation in chemistry and to the Stoner model (Section 2.4)
in magnetism. Implicit examples of Slater determinants are the wave functions in
Fig. 2.8. Since our Hamiltonian is spin-independent, we can exploit |1)o) = [¢))|o) and
rewrite the determinant as |¢199)|c102) — |[tha1)1)|o201). For parallel spins, |o1) = |o3),
the real-space part of the wave function is |112) — |[tha1)1), as compared to the sym-
metric spin part |o101). For antiparallel spins, |11) =|12) yields the real-space part
|th1101) and the spin part |o102) — |o201). Slater determinants are zero when two elec-
trons are in the same state (orbital and spin), so that Hartree-Fock many-electron
states be described by occupation numbers n; =0 or 1 where 7 labels the one-electron
states. Considering the occupation numbers as eigenvalues of a fermionic occupation-
number operator makes it possible to abstract from details of the one-electron wave
functions and leads to the picture of “second quantization” (Anderson 1965). It is
convenient to write n=a%a, where a™ and a are creation and destruction operators,
respectively. Using these operators, one-electron averages can be written as aTAa,
which is very similar to the “ordinary” quantum-mechanical average [ + ApdV. For
the algebra of the operators involved and their use to describe electron-electron inter-
actions and spin waves, see Section 2.1.7 and Section 6.1.3, respectively.

The spin structures of Fig. 2.8 are obtained by specifying [¢1) =|s) and |¢2) =|a).
Applied to (2.13), the corresponding independent-electron wave functions |ss) and
|sa) — |as) yield the exchange

U
J =7+l (2.21)

Since U is much larger than Jp, this amounts to a competition between Coulomb repul-
sion and interatomic hopping. Consistent with our previous findings, interatomic hop-
ping destroys ferromagnetic spin alignment, but (2.21) overestimates the trend towards
ferromagnetism, especially for large U. Since Jp and |t| decrease with increasing inter-
atomic distance but U remains constant, (2.21) predicts ferromagnetism above some
interatomic distance. This trend is indeed observed in some materials, but a famous
counter-example is the hydrogen molecule, which is nonferromagnetic at all distances.
The reason for this failure is the assumption of one-electron wave functions |s) and
|a), which are formed from |L) and |R) by interatomic hopping. For large U, hopping
is energetically unfavorable, because the corresponding double occupancy of atomic
orbitals costs much energy.

The independent-electron approximation works best for itinerant transition-metal
elements and alloys, such as Fe and Co, and also for some oxides. These materials
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exhibit pronounced interatomic hopping and are often conductors with delocalized
wave functions. Typical methods are the LCAO approach (linear combination of
atomic orbitals) and electronic band-structure calculations. The approach is very
powerful when the one-electron potential V,(r) contains the self-consistently deter-
mined interactions with the other electrons in the solid. This self-consistent-field (SCF')
approach treats all Coulomb interactions on a mean-field level. It is the basis for the
treatment of the itinerant magnetism of iron-series metallic magnets (Section 2.4).

2.1.6 Correlations

The one-electron approximation maps electron-electron interactions onto a self-
consistent interaction field. This is an example of a quantum-mechanical mean-field
approach. The main shortcoming of mean-field models (Panel 3) is the neglect of corr-
elations. By definition, correlation effects go beyond the Hartree-Fock approximation,
or the use of a single Stater determinant. For example, in the independent-electron
approximation, the lowest-lying antiferromagnetic (AFM) state, namely |s s) ~ |LL) +
|LR) + |RL) + |RR), contains both single-occupied and double-occupied or “ionic”
atomic orbitals. The electrons do not distinguish whether a given atomic orbital is
already occupied by another electron and occupy the left and right atoms with equal
probability. In reality, ionic states cost Coulomb energy and are partially suppressed.

The opposite limit of Heisenberg interactions (Section 2.1.4) corresponds to the
overcorrelated antiferromagnetic wave function |[LR) + |RL), where hopping and ionic
states are suppressed completely. This is equally unrealistic, because interatomic hop-
ping lowers the energy and gives rise to some ionicity. In fact, the exact AFM wave
function (2.16c) is intermediate between the undercorrelated independent-electron
limit |[LL) + |LR) + |RL) + | RR) and the overcorrelated Heisenberg limit |LR) + |RL).
By contrast, the lowest-lying ferromagnetic state (2.16a), |LR) — |RL) =|sa) — |a s), is
independent of U, indicating that ferromagnetic configurations are essentially unaffected
by correlations. This is because the Pauli principle forbids ferromagnetic |LL) and
|RR) configurations for any ratio t/U. Figure 2.9 provides a pictorial and very general
interpretation of correlation effects by comparing the Hartree-Fock exchange hole (a)
with the correlation hole (b). The former is a consequence of the Pauli principle and
excludes electrons of parallel spin, whereas the latter affects electrons of antiparallel
spin, which are allowed by the Pauli principle but electrostatically unfavorable.

The Hartree-Fock or independent-electron approximation obeys the Pauli prin-
ciple and contains many-body interactions in an approximate form. The magnetic
properties of many systems are well reproduced by numerical electronic-structure cal-
culations based on the one-electron approximation. For example, density-functional
calculations (Kohn and Sham 1965), which are conceptually related to the Thomas-
Fermi approach (see below), have developed into a useful tool to calculate the magnetic
moments of itinerant magnets (Coehoorn 1989). In its most general form, density-
functional theory reproduces the correct ground-state energy, but excitations are much
less well-reproduced (Fulde 1991). Furthermore, the magnitude of correlation correc-
tions depends on the considered material. One example is the LSDA+U approximation
(local spin density plus U), where electron interactions in localized orbitals (U) are
treated on a mean-field or independent-electron level. This approach works fairly well
for many systems but fails to describe specific correlation effects.
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(a)$ $$$$$ (b)$ é$$$$

Fig. 2.9 Correlations in an electron gas: (a) exchange hole and (b) correlation hole.
A given electron (white) repels electrons in its immediate neighborhood. In the Hartree-Fock
or independent-electron picture (a), the Pauli principle excludes parallel spins but leaves elec-
trons with antiparallel spins unaffected. The real situation is similar to (b), where antipar-
allel spins are allowed by the Pauli principle but discouraged by the Coulomb repulsion.
On a mean-field level, the correlation hole (b) is accounted for by adding a Hubbard-type
repulsive U.

For strongly correlated systems, such as 4f ions, the independent-electron picture
breaks down nearly completely (Fulde 1991) and Hund’s rules are a better starting
point for the understanding of the involved physics. Correlation corrections are also
important in many 3d oxides, where band-structure calculations predict insulating
behavior only when the Fermi level lies in a band gap. This greatly overestimates the
conductivity of oxides such as CoO, where the band structure suggests metallicity but
correlations cause the electrons to localize and yield an insulating state. Pictorially,
the electrons are “owned” by individual atoms, and electron hopping onto sites that
are already occupied costs Coulomb energy. In the one-electron picture, this problem
does not arise, because the interaction is mapped onto a mean field and the electrons
lose their individuality. Third, correlations are sometimes important in itinerant 3d
magnets. For example, local spin density (LSDA) band-structure calculations can often
be used to determine the anisotropy of 3d metals but fail in the case of Ni (Trygg et
al. 1995).

For the dense homogeneous electron gas, or jellium, the correlation energy has been
calculated to some accuracy (Ashcroft and Mermin 1976). The energy per electron is
2.21/r2 —0.916/rs + 0.0622 In(r5) — 0.096, where the dimensionless interelectronic dis-
tance ry is defined by 1/n = (47/3)r3 /a2 and the energy is measured in rydberg (A.1.2).
The 1/r2 and 1/rs terms are Hartree-Fock contributions of kinetic and electrostatic
origin, respectively, whereas the logarithmic and constant terms are the lowest-order
correlation corrections. In the low-density limit (rg large), the electrons become local-
ized and probably form a lattice known as Wigner crystal (Senatore and March 1994).

An important electron-electron interaction effect is screening. A charged particle
in a metal attracts or repels conduction electrons, thereby reducing or “screening” the
particle’s electrostatic field. The Thomas-Fermi model (Fermi 1928) considers a homo-
geneous electron gas in a slowly varying potential V(r). The electron density n obeys
V2V = —en/e, (Coulomb interaction, Section A.4.1) and Ex —V = h?(372n)?/3 /2m,
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(free electron gas, Section 2.4.1) The linearization of the problem yields an exponen-
tial screening with the decay length 1/k given by k? =4kr/a,, where kr is the Fermi
wave vector (Section 2.4.1). Since kp increases with n, metallic screening is short-
range (1/k~0.55A in Cu) —in contrast to semiconductors, where n is small. Note
that the Thomas-Fermi model deals with Coulomb interactions but does not address
correlation effects. It is, in fact, an independent-electron model and closely related to
the density-functional approach (Section 2.4.2). Another shortcoming is the restric-
tion to smooth changes in V(r). For point-like potentials, the wave character of the
electrons comes into play, and one must use quantum-mechanical perturbation theory.
Depending on the context, this is known as Lindhard, Friedel, or RKKY screening
(Section 2.3.2).

Panel 3 Mean-field approaches

Mean-field models, also known as self-consistent-field or molecular-field models, are an
important tool to approximate many-body interactions. As mentioned in Section 1.4,
they replace the many-body interactions by the interaction with an effective field. The
idea is to rewrite products of operators (or classical functions) AB as

AB = A(B) + (A)B — (A)(B) + Cas
where
Cas = (A—(A)(B—(B))
Ignoring Cag, we obtain
AB = A(B) + (A)B

Note that the term (A) (B) can safely be ignored, because it amounts to a physical
unimportant shift of the zero-point energy.

Mean-field models are widely used to treat Coulomb interactions, finite-temperature
effects, and structural disorder. Examples are the Ising model introduced in Section 1.4,
and the Heisenberg interaction — Zij Jijsi - sj, where Jj; = —Jj; yields the mean-field
expression —2 ), Jijsi - (sj). In this section, we consider the product niny, where the
n, are electron densities and the mean-field solution corresponds to the independent-
electron approximation. The applicability of mean-field models depends on the relative
role of the fluctuations (correlations) Cag. In the Heisenberg analogy, the state of
neighboring spins must be close to the average spin. As will see in Chapter 5, this
condition is violated near the Curie temperature.

A striking feature of mean-field models is that they owverestimate the trend towards
magnetic order. For example, mean-field Curie temperatures are larger than the exact
predictions, and the independent-electron approximation may incorrectly predict ferro-
magnetism. This is due to the assumption of a mean field. In reality, there may be
correlated spin blocks with some kind of local order but zero net magnetization.

Exercise

Derive the mean field Hyr for the Heisenberg model with nearest-neighbor interactions
Jij = J and specify the result for simple cubic, bee, and fcc crystals. Discuss the result
in terms of the number z of nearest neighbors.
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Another consequence of correlations is deviations from Fermi-liquid behavior. In
a one-electron picture, the Pauli principle means that electrons fill the available one-
electron states as liquid is poured into a jar, with a sharp Fermi surface of energy Ep
(Section 2.4.1). In lowest order, electron-electron interactions lead to quasiparticles,
which have long lifetimes due to Fr < kg1 and behave similarly to noninteracting par-
ticles (Fulde 1991, Schofield 1999). However, the effective mass m* of a quasiparticle
differs from the bare electron mass not only by the (one-electron) lattice contribution
but also by an additional interaction correction. With increasing interaction strength,
the lifetime decreases, and the zero-temperature discontinuity at the Fermi level
Narrows.

The correlation hole leads to an intriguing question: Can we approximate corre-
lation effects by choosing one-electron wave functions that avoid the hole by being
confined to some region in space? Depending on the ratio t/U, the one-electron wave
function would resemble an atomic function, |L) or |R), or be similar to the “delo-
calized” function |L) + |R). Indeed, the ground state of the hydrogen molecule can be
written as |AB) +|BA) (Coulson and Fischer 1949, Falicov and Harris 1969). In our
notation, the lowest-lying antiferromagnetic state obeys |A)=|L)+ A|R) and |B)=
|R) + A|L), where \ is a mixing parameter varying from A=0 (Heisenberg limit) to
A=1 (independent electrons). Note that the corresponding two-electron wave
function

|#) = (1 + X?)(|LR) + |RL)) + 2X\(|LL) + |RR)) (2.22)

and the corresponding exchange are exact. This is a rather specific result, which cannot
be generalized to more complicated electron-electron interaction problems.

Approaches such as the use of Coulson-Fischer wave functions are known as
unrestricted Hartree-Fock approximations. The basic idea is to use wave functions
whose symmetry is lower than that of the Hamiltonian. For example, (2.22) assumes
that the electrons are predominantly assigned to different atoms. This reduces the
electrostatically unfavorable admixture of ionic configurations. Correlations are there-
fore partly taken into account, in spite of the one-electron character of the approach.
In general, the treatment of many-electron correlations has remained a demanding
task (Fulde 1991). It requires approaches such as the configuration interaction (CI)
method, where several Slater determinants are used to find the eigenstates and energy
levels.

2.1.7 *Hubbard model

Since U > J, it is tempting to ignore J while keeping the hopping integral. This
assumption is the basis for the Hubbard model. By putting Jp =0 in Section 2.1.3 we

obtain
U / U2
= — — 2 _—
J 1 t2 + 16 (2.23)

that is, J= — 2t2/U for large U and J=U/4 — [t| for small U. The Hubbard model
is widely used to investigate correlation effects (Jones and March 1973, Fulde 1991).
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For example, it describes the transition from the metallic conductivity to insulating
behavior when U exceeds some threshold. The corresponding localization of the elec-
tron wave functions is known as Mott localization. This Mott-Hubbard transition must
be distinguished from Anderson localization of one-electron wave functions, which is
caused by disorder (Chapter 7.1). Strong Coulomb interactions yield an energy gap
separating low-lying states with one electron per atom from states with two electrons
per atom, and this level splitting is modified by interatomic exchange.

An alternative and widely used approach to the Hubbard model is to write the
Hamiltonian as a sum of local interaction terms Un¢n|, where n, is the particle number
operator for an electron of spin o (second quantization, Section 2.1.5). In matrix form,

n, = (8 ?) (2.24)

with the eigenvalues 1 (particles present) and 0 (vacuum state). It is convenient to
introduce the creation operator
0 0
+
a = (1 0) (2.25a)

and the annihilation operator

a, = (g (1)) (2.25b)

so that ny, = aj a,. Equation (2.25) realizes the Pauli principle, because the application
of the creation operator aj” to an occupied state, (0 1), yields zero. By defining a;
and a, for different sites i and j, it is easy to include interatomic hopping, so that

H= 2y tij ai‘*}ajT + X5 b ai'z aj; +UXinjpny (2.26)

Here t;; is the hopping integral between sites ¢ and j. For example, tijai#aﬂ describes
the hopping of a | electron from the site j to the site .

The Coulomb energy Unqn; provides a simple interpretation of ferromagnetism.
Writing the magnetization as m=n; —n; and the total number of electrons as
n=n; +n; yields Unyn; =U(n* —m?)/4. Since the number n of electrons per atom
is fixed, the Coulomb interaction favors the formation of a magnetic moment. Note
that this argument applies not only to half-filled systems such as the two-electron
model discussed above (one electron per level) but also to arbitrary electron concen-
trations. However, the average hopping energy depends on the electron concentration,
too, so that U is not the only consideration.

Treating the Hubbard model in the mean-field or independent-electron approxima-
tion (Panel 3) replaces Unyny by Uny(n)+ U(n;)n;. In other words, 1 electrons inter-
act with a “sea” of | electrons (and vice versa), and the Coulomb interaction amounts
to a ferromagnetic mean-field contribution to the single-electron energy F(k). How-
ever, as in all mean-field approaches, the trend towards ferromagnetism is
overestimated. This can be seen by comparing the independent-electron result U/4 — |¢|



34 Models of exchange

with the exact two-electron exchange (2.23): the former is positive for sufficiently large
U, but the exact solution is always negative.

Panel 4 Merits and limitations of the two-electron model

The model (2.13) provides a qualitatively correct explanation of ferromagnetism. It is
exactly solvable, yields the exchange constant J as a function of interatomic hopping
t and Coulomb energy U, and properly accounts for correlation effects. It is also a
convenient tool for discussing more complex models, such as the Hubbard and Kondo
models.

However, in solids the number of electrons is infinite, and the restriction to two electrons
is a far-reaching assumption. A major difference is the formation of energy bands (Sec-
tion 2.4), as compared to the discrete level splitting in Fig. 2.8. Furthermore, the two-
electron model does not distinguish between paramagnetism and antiferromagnetism.
In a Pauli paramagnet, the atomic moments are zero, whereas antiferromagnets exhibit
nonzero atomic moments but antiparallel orientations of neighboring atomic moments.
In other words, the present model treats intra- and interatomic exchange on equal
footing, which is a rather crude approximation.

In addition, the consideration is limited to one orbital per atom. The following exam-
ples illustrate some implications. The first point is that ferromagnetic materials tend
to exhibit pronounced intra-atomic exchange between electrons in partially filled inner
transition-metal shells (Section 2.2). Second, several types of electrons may be involved
in a given atom, such as localized inner-shell electrons and conduction electrons. Third,
half-filled levels are a very special case, characterized by a pronounced trend towards
antiferromagnetism (Section 2.4). Examples are the hydrogen molecule and some met-
als, such as manganese. The filling also affects the conductivity, as rationalized by the
t-J model (Section 7.2.8).

2.1.8 *Kondo model

So far, we have assumed that our two orbitals are equivalent. Applying the model
to systems where one orbital is localized and one orbital is delocalized yields new
physics. An important example is the Kondo model. It was originally developed to
explain the striking resistance minimum due to rare-earth impurities in nonmagnetic
metals. Normally, the metallic resistivity exhibits a monotonic increase with tempera-
tures, because thermally excited lattice distortions (phonons) scatter the electrons. In
Kondo systems, there is a temperature (Kondo temperature) below which the resist-
ivity starts to rise again. This indicates a very effective scattering mechanism at low
temperatures.

In a broad sense, the Kondo effect amounts to the interaction between localized
and extended electron states. In spin-dilute magnetic transition-metal alloys (spin
glasses), such as Cuy_yFey, the effect involves delocalized 4s and localized 3d electrons
(Fischer and Hertz 1991) and a wave-vector summation with a strong long-wavelength
contribution. Heavy-fermion compounds, such as UPt3 and CeAly, can be considered
as Kondo lattices where conduction electrons interact with localized 4f or 5f electrons
(Fulde 1991). Another example is manganites, where the interaction involves two types
of Mn 3d electrons: localized to, electrons and extended e, electrons (Section 3.3.3).



Atomic origin of exchange 35

Let us assume, for simplicity, that a single conduction electron, described by a
delocalized orbital |c), interacts with a localized rare-earth 4f state |f). The small
radius of the 4f shells (Section 2.2) yields large Coulomb integrals, so we ignore the
relatively small Coulomb interaction in the delocalized orbital and the direct exchange.
However, the atomic energy of the 4f electron is lower than that of the delocalized
electron by some energy difference AE. In terms of the wave functions |ff), |fc),
lef), and |cc), this yields the Hamiltonian:

U-AE 0
t
. (2.27)

-~ O O ~+
-~ O O

t
t
0 AFE

In the absence of hybridization (¢ = 0), the ground state is degenerate, |f ¢) & |c f),
and both states have the energy E = 0. The first excited antiferromagnetic state, |dd),
has the energy E'= AFE, because one electron is moved from the |f) orbital to the |c)
orbital.

Hopping leaves the ferromagnetic state |fc)—|d f) unchanged but reduces the
energy of the antiferromagnetic state, |fc)+ |c f), by some admixture of |cc) char-
acter. The corresponding ground-state energy is —2t2/AE. At low temperatures,
T <2t?/kgAE, the delocalized electron is in the ground state and coupled to the
4f electron, thereby realizing the Kondo effect. Of course, to obtain quantitative pre-
dictions for metals, it is necessary to treat the interaction of localized electrons with
an infinite number of conduction electrons. This is done by solving more elaborate
versions of the Kondo model or by considering related models, such as the Anderson
model, which focuses on the formation of localized moments in itinerant magnets.

The many-body character of the Kondo model is realized by U = oo in (2.27). This
ensures that the low-lying levels do not interact with the |ff) state. The remain-
ing three levels have various properties that are commonly encountered in strongly
correlated systems. First, the relatively small splitting between the antiferromagnetic
singlet and ferromagnetic triplet states must be contrasted to the one-electron energy
AE. The low-lying excitation involves spin degrees of freedom (71 vs. 1|), whereas AE
refers to a charge degree of freedom, namely the hopping of an electron from the |f)
orbital to the |¢) orbital. This phenomenon is known as spin-charge separation and is
widely encountered in correlated electron systems.

Second, the interaction of the localized impurity spin yields a quasiparticle. At
low temperatures, the impurity surrounds itself with conduction electrons of oppo-
site spin. In turn, the many-electron interactions modify independent-electron prop-
erties and mean that the “bare” or “naked” independent electrons carry a “dress”
or “cloud” due to many-body interactions. A simple example of such a quasiparti-
cle is an electron surrounded by the correlation hole (Fig. 2.9.) Third, the Kondo
effect is related to the behavior of heavy-fermion systems such as CeAls (Fulde 1991)
These systems are conducting but subject to relatively strong Coulomb repulsion,
and at low temperatures they behave like metals with very small hopping integrals—
or “heavy” electrons—and with intriguing behavior of the Fermi surface (Paschen
et al. 2004).
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2.2 Magnetic lons

Summary The magnetism of solids, including transition-metal magnets, retains
many features of atomic or ionic magnetsim. Ionic magnetic moments are
created by the intra-atomic exchange between inner-shell electrons. The
electrons are described by the quantum numbers n, [, and m, as obtained
from the Schrédinger equation, and obey the corresponding angular-
momentum commutation rules. For practical reasons, magnetic ions are
divided into iron-series (3d), palladium-series (4d), platinum-series (5d),
and actinide (5f) ions, but other electrons, such as 2p electrons, may
also be involved. Atomic moments contain both spin and orbital contri-
butionsm but the survival of ionic moments in a crystalline environment
depends on the considered element. As a rule, Hund’s-rules 4f moments
are conserved, whereas 3d orbital moments are largely quenched by the
crystal field. The orbital moment contributes to magnetization and is
an important requirement for magntocrystalline anisotropy. Electrons
in molecules, clusters, and solids occupy states reminiscent of atomic
orbitals, even in metals. In most magnetic solids, the moment reflects the
partially filled inner shells of transition-metal elements, such as the iron-
series 3d shells and rare-earth 4f shells. In addition, many ions and some
molecules exhibit paramagnetism due to other electrons. For example,
each Oy molecule has a 2p moment of 2up. In the previous section, we
have seen how atomic orbitals hybridize and yield interatomic exchange.
This section focuses on the symmetry and size of the atomic orbitals and
on the corresponding atomic moments.

2.2.1 Atomic orbitals

A simple but powerful approach to atomic orbitals is the hydrogen-like or hydrogenic
model. It is defined by the Schrédinger equation

Ze?
dmesr

2
—h—v%/) - Y = Ev (2.28)
2m

where Z is an effective nuclear charge. It is well known that the solutions of this
equation form atomic shells characterized by the principal quantum number n and
the energy

B, = —%%22 a? 2 (2.29)
The n-th level contains 2n? degenerate states described by the orbital quantum number
[ and the magnetic quantum number m =m,,.

Each shell contains n—1 subshells labeled as s(I=0), p(I=1), d(I=2), and
f(1=3), and each subshell contains 2l + 1 magnetic quantum states m=—I,...,
0,...,1. Figure 2.10 illustrates the angular dependence of the wave function. In addi-
tion, each orbital {n, [, m} can accommodate a pair of 1 and | electrons. Equa-
tion (2.29) predicts subshells with the same principal quantum number to have the
same energy. This degeneracy with respect to 1 is a consequence of the 1/r potential.
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Fig. 2.10 Orbital quantum number [ and angular dependence of the wave function . The
schematic figure is a top view on the maximally 2l lobes with positive or negative sign of
1 (dark and bright regions, respectively). Note that the spherical symmetry of s-state wave
functions excludes magnetic anisotropy.
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Fig. 2.11 3d wave functions (schematic). The bottom row shows the magnetic quantum
numbers with respect to the quantization axis (z-axis).

In reality, interactions between electrons make Z dependent on r, so that the potential
loses its simple 1/r character and the different subshells have different energies. For
example, the filling of the 4s shell starts before the 3d shell is completely filled. This
is the reason for the existence of the partly filled electron shells responsible for ferro-
magnetism.

The periodic table of the elements is obtained by successive filling of the shells and
subshells with electrons. Completely filled inner shells and subshells are magnetically
inert, aside from a small diamagnetic contribution. This is because both the orbital
moments m= —1,...,...,l and the spins (1 and |) add up to zero. Aside from excep-
tions such as Os, valence and conduction electrons also form electron pairs with zero
net moment. In most cases, the magnetic moment originates from the partially filled
inner shells of transition metals, classified as iron-series (3d), palladium-series (4d),
platinum-series (5d elements), rare-earths (4f), and actinide (5f) elements.
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The magnetism of iron-series transition-metal magnets originates from the 3d
electrons. The 3d subshell is defined by the quantum numbers n =3 and [ =2, con-
tains five orbitals m =0, £1, £2, and may be occupied by up to 10 electrons. Fig-
ure 2.11 shows one orthogonal set of 3d orbitals. The explicit equations for the shown
orbitals are

|zy) = N,Rs3q (r)sin® §sin 26 (2.30a)
|z —y) = NyRszq (r)sin’ 6 cos 20 (2.30b)
|xz) = 2N,R3q (r)sinf cos b cos ¢ (2.30¢)
%) = NoRsa(r)(3sin*0 —1) (2.30d)
lyz) = 2N,R34 (1) sin f cos  sin ¢ (2.30e)

where N, = /15/167. Aside from this real set of wave functions, there exist complex
wave functions of the type exp(Zime). The sets of wave functions are linear combina-
tions of each other, and both are solutions of the Schrodinger equation. However, they
are nonequivalent with respect to orbital moment and magnetic anisotropy. We will
return to this important point in Section 3.3. The radial part of the wave function

4z5/2 2 VA
Ra=—2" " exp (—T) (2.31)

81@%\/ 300% Qo

For both sets of wave functions. Bohr’s hydrogen radius, a, =0.529 A, is the funda-
mental length.

Palladium-series 4d and platinum-series 5d electrons, which carry a net moment
in alloys such as PdFe and PtCo, have the same angular dependence as iron-series
3d electrons and the same total number of orbitals (10). However, the radial part of
the wave function, R(r), is different for each series (Z). The 4f and 5f shells of the
lanthanides (rare earths) and actinides contain up to 14 electrons per atom. Figure 2.9
shows that the angular dependence differs from that of d electrons.

Rare-earth atoms tend to form tripositve ions, such as Sm** and Gd*", in both
metals and insulators. By contrast, iron-series elements have two or more possible
oxidation states in oxides and fractional occupancies in metals (Section 2.4). Oxides
of early 3d elements (T') frequently contain 73T or T%F ions, whereas the late 3d
elements prefer to form T2% or T%% ions. A good example is iron, where Fe** (ferrous
iron, 3d%) and Fe** (ferric iron, 3d°) coexist in many oxides. Here the notation 3d™
mean that the 3d shell contains n electrons. In a very crude approximation, one may
think of late 3d atoms in metals as 7" ions, but this is a poor representation of the
actual physical situation.

An important feature of the partially filled inner shells is their comparatively small
radius. This has far-reaching implications for moment formation, exchange, and mag-
netic anisotropy. In particular, it reduces the interaction with the atomic environment
and makes it possible to approximate atoms as magnetic ions. Figure 2.12 compares
the sizes of some atoms and shells. The inner-shell character is most pronounced for
the rare-earth 4f shells, where the respective atomic (R) and ionic (R3*) radii of about
1.8 A and 1.0 A are significantly larger than the 4f-shell radius of approximately 0.5 A.
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Fig. 2.12 Approximate sizes of some neutral atoms and ions. The dark areas in the neutral
atoms show the size of the partially filled inner shells (Fe 3d, Gd 4f, and Pt 5f). Note that
10A=1nm=10""m.

2.2.2 Angular-momentum algebra

Spins have the character of quantum-mechanical quantities or operators (Section A.3).
Single electrons, characterized by spins S = %, are described by spin operators s = %o’,

where
0 1 0 —i 1 0
o= (1 O) e, + <i O) ey + (0 _1) e, (2.32)

is the vector formed by the Pauli matrices oy, oy, and 0,. In terms of o, the Zeeman
energy (1.1) of an electron has the simple form

H=—poupo-H (2.33)

A less common dimensionless version of this equation is H= —o - H. It is often conveni-
ent to choose H= He,, so that the z axis is a quantization axis and the eigenvectors
(1, 0) and (0, 1) of o, have the character of T and | states, respectively.

The Pauli matrices oy, oy, and o, have some remarkable properties. First, each of
the matrices has the eigenvalues 1, corresponding to spin eigenvalues i% in units of
h. Second, the square of the spin, (s?) = 3/4, is larger than the square of the projection
:l:% in any given direction. This means that there is a contribution to (s?) due to spin
fluctuations related to Heisenberg’s uncertainty relation. Third, together with the unit
matrix, Pauli’s spin matrices define a four-dimensional space, indicating that the spin
is a relativistic phenomenon (Section A.3.5).

Spins are angular-momentum quantities and obey the corresponding algebra. Start-
ing from the classical angular-momentum definition L =r X p and exploiting the fact
that p=—iAV we obtain

: 0 0 . 0 0 . 0 0
L=ih <za—y — ya) ex +ih (x& — z%) ey +ih (ya — m6—y> e, (2.34)

The z-component of this expression can also be written as L, = — i4d/9¢, indicating
that angles and angular momenta are quantum-mechanically conjugate, similar to z
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and p, = — ihd/dz. The eigenvalues of L? and L, are L(L +1) and L,li=mh, where
—L <m < L is known as the magnetic quantum number. Physically, it corresponds to
the orbital-moment projection onto the z axis.

The angular-momentum components Ly, Ly, and L, exhibit a number of interest-
ing properties. First, the easy-to-verify example [Ly, L,]=LLy —L,Ly=AL, shows
that the components do not commute. A general and compact expression for the com-
mutation behavior of angular-momentum components is L x L=1iAL or, in units of A,
L x L=iL. This translates into a quantum dynamics reminiscent of classical preces-
sion (Section 5.1 and Section A.3.1). It is straightforward to show that s= %0 obeys
0 X ¢ =i0, meaning that the orbital motion of the electron and the spin obey the same
angular-momentum rules. In particular, L and S have 2L+ 1 and 25+ 1 respective
projections L,=—L,...L—1, Land S, = —S,...,5—1, S onto a given quantization
axis e,.

The squares of the angular momenta are (§?)=S(S+1) and (L?)=L(L +1), as
exemplified by (S?)=3/4 for S = % Similar expressions exist for anisotropic inter-
actions. For example, in Section 3.4 we will use the term 3(3S; — S(S + 1)) to describe
uniaxial anisotropy. When S and L are coupled, then the total angular momentum J
obeys J,=—J,...,J—1,J and (Jz) =J(J+1). Figure 2.13 illustrates the components
of S, L, and J. A physical difference between orbital and spin operators is that L acts
of the real-space wave function, whereas S acts on the spin function.

From (2.32) we see that the eigenfunctions of o, are the vector columns (1, 0)
and (0, 1), corresponding to the eigenvalues 1 (or T and |). Rotations in spin space
are described by the unitary SU(2) matrix, which is closely related to the three-
dimensional rotation matrix O(3). For a clockwise rotation by an angle o around a
unit vector n, the unitary matrix is U= exp(—ian-6/2)= cos(a/2) —in-osin(a/2).
Explicitly,

(2.35)

() (b) 9]

S

=

L

Fig. 2.13 Angular-momentum components of S (or L or J) parallel and perpendicular to
the quantization axis e,: (a) Zeeman energy levels in a magnetic field H = He,, (b) circles
indicating the = and y components, and (c) meaning of (S?) =S(S+1). The Zeeman-energy
levels are proportional to S, and correspond to (a), whereas the classical limit of a continuous
vector is reproduced by assuming a zero level spacing in (c).
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Applying this transformation to | 1) = (1,0)T, where T indicates that the spin function
is a vector column, yields the striking spin function (cos(6/2)exp(—i¢/2), sin(6/2)
exp(+i¢/2))T. The reason is the transformation behaviour of the Pauli spin matrices:
spin-space rotations by an angle 7, that is between parallel and antiparallel spins,
correspond to real-space rotations by an angle 7/2.

2.2.3 Vector model and Hund’s rules

The magnetism of most atoms involves two or more d or f electrons, and each electron
possesses a spin and, generally, an orbital momentum or moment. The addition of
these contributions is the scope of the vector model of atomic magnetism. In the L-S
or Russell-Saunders coupling scheme, the total orbital momentum L =3;L; and the
total spin momentum S = 3;S; combine to yield the total momentum J=L+S. The
moments obey the matrix-operator rules outlined above, such as and S*=$ (S+1),
L?=L(L+1), and J* = J(J + 1). Russell-Saunders levels characterized by the quan-
tum numbers L and S form a term denoted by 251 L. For example, the term symbol 2F
means L=3 and S= % Spin-orbit coupling causes ionic terms to split into multiplets
denoted by 25t1LJ, where |L — S| < J <|L+ S|. For instance, the 2P term splits into
a QP% doublet and a 2Py /2 quartet. Note that the L-S coupling considered here dif-
fers from the j-j coupling in very heavy elements (Z > 75), where the strong spin-orbit
interaction dismantles the total ionic spin and orbital momenta and J? = J;(J; 4+ 1)
for each electron.

The ground state of rare-earth ions obeys Hund’s rules (1925). The rules are
emiprical but have a sound physical basis. First, subject to the Pauli principle, the
total spin S is maximized. Second, subject to the Pauli principle and to Hund’s first
rule, the orbital moment L is maximized. Third, L and S couple parallel, J=|L + S|,
in more-than-half filled 4f shells and antiparallel, J=|L — S|, in less-than-half filled
4f shells. The last rule reflects spin-orbit coupling. Hund’s rules are well satisfied for
most rare-earths, because the 4f-shell radii of about 0.5A are much smaller than
the atomic radii of about 1.8 A. This enhances the spin-orbit-coupling, reduces the
crystal-field interaction, and leaves the orbitals nearly unquenched. According to
Hund’s third rule, the ground-state multiplets of rare-earth ions obey J=|L £ S]|.
Excited multiplets have relatively high energies, with the notable exceptions
of Eu*"T and Sm®", where the splitting between the lowest-lying multiplets is about
0.1eV (Taylor and Darby 1972). The remaining (2.J + 1)-fold intramultiplet degener-
acy is removed by interactions such as Zeeman coupling and interatomic exchange.
This is of importance for the temperature dependence of the magnetic anisotropy

(Chapter 5.5).

2.2.4 Spin and orbital moment

According to the vector model, the addition of spin and orbital angular momenta gives
rise to the total angular momentum J = L 4 S. However, this is only one aspect of the
addition of L and S. In a magnetic field, the moment belonging to a spin is 2ugS
rather than upS, corresponding to a Landé or g-factor 2 and reproducing the Zeeman
energy (2.33). Rigid coupling between L and S yields 2.J + 1 Zeeman levels, consistent
with m=gug J and H= — gu,upJ - H. For pure orbital and spin-only moments g =1
and g =2, respectively.
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Fig. 2.14 Total angular momentum J=L + S and the term L+ 2S entering the Zeeman
energy.

For arbitrary L and S, the interaction with an external field involves L + 2S rather
than J=L+S. It is therefore necessary to project L +2S onto J, so that (L +2S) -
J =¢J?. Figure 2.14 illustrates the meaning of this projection. Since

JJ+1)=LL+1)+2L-S+ S(S+1) (2.36)
the g-factor
3 15(54—1) —L(L+1)

“37%3 J(J+1)

(2.37)

The first and second halves of the lanthanide series exhibit g=1—5S/(J+1) and
g=1+5/J, respectively.

Exchange between magnetic ions is a spin-only interaction, so that the projec-
tion S-J=(g—1)J* must be used. This ensures zero exchange for ¢ = 1 (orbital
magnetism). The corresponding de Gennes factor G = (g —1)2J(J +1) is important
for the finite-temperature behavior of rare-earth magnets, affecting, for example, the
Curie temperature.

Table 2.1 lists some ground-state properties of tripositive rare-earth ions. Spec-
troscopic and magnetic measurements indicate that Hund’s rules are well satisfied by
rare-earth ions. Table 2.2 shows the Hund’s-rule ground states of free 3d ions. Com-
pared to rare-earth 4f electrons, Hund’s rules—notably the second and third rules—are
poorly obeyed by 3d shells. For example, g~ 2 for iron-series atoms in both metallic
and nonmetallic crystalline environments. This is due to the quenching of the orbital
moment of 3d electrons in (Section 3.3.4). In 3d magnets, only the first rule applies.
In metals, it is known as the “Stoner” rule, but orbital-polarization or second-rule
and spin-orbit or third-rule corrections can be incorporated into numerical electronic-
structure calculations (Eriksson et al. 1990, Eschrig et al. 2005).

Aside from contributing to the total magnetization, the orbital moment is closely
linked to the magnetocrystalline anisotropy. In fact, g =2 rather than g~ 2 means
spin-only magnetism and zero magnetic anisotropy (Section 3.2-3). This a concern for
3d ions, whereas 4f ions have stable orbital moments. By comparison, 4d, 5d, and 5f
ions are intermediate between 3d and 4f ions, with often substantial orbital moments.

As we have seen in Section 2.1, the trend towards ferromagnetism reflects the com-
petition between one-electron energies and Coulomb interactions (exchange). Hund’s
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Table 2.1 Hund’s-rules ground states of 4f ions. The numbers in the header row are orbital
quantum numbers. Note that the “nonmagnetic” rare earth Y, La, and Lu have S=L=J=0

L: +3 +2 +1 0 -1 -2 -3 S L J g gJ
4ft cedt i3 5/2 6/T 15/7
42 Pr3t 1 7 1 5 4 4/5  16/5
43 Na*+ 1 1 7 3/2 6 9/2 8/11 36/11
44 Pmt 1T 1 11 2 6 4 3/5 12/5
45 Sm**t 1t 1 1 11 5/2 5 5/2 2/T 5/7
A Bt 1 1 1 1 1 1 3 3 0 - 0
7 Gd* 1t 1 1 1 1t 1 1 T2 0 7/2 2 7
A8 TH* 10 1 1t 1t T 1 1 3 3 6 3/2 9
a9 Dy** 1L 1Lt 1T 1T 1 1 5/2 5 15/2 4/3 10
4 Ho** 1L 1L 1L o1 1T 112 6 8 5/4 10
aft' BT 7L 1L 11 1T T 3/2 6 15/2 6/5 9
e T N A N N A R ! 5 6 76 7
e S N T T T /0 Vi

Table 2.2 Hund’s-rules ground states of 3d ions. In reality, L~ 0, J~ S and g~ 2 (quench-
ing). The numbers in the header row are orbital quantum numbers.

L: +2 +1 0 -1 -2 8 L J g gJ
3dt T, vt T z 2 3/2 4/5 6/5
3d?2 Vi, Ortt ) i 1 3 2 2/3  4/3
3d®  Cr¥t, Mottt 7 7 ) 3/2 3 3/2 2/5 3/5
3d* O3t Mn?t 1 7 T 2 2 0 — 0
3d®  Mn?t, Fe*t 1 i T T 5/2 0 5/2 2 5
3d°  Fe*t, Co*t 1L 1 T 1 T 2 2 4 3/2 6
3d7  Co*t, Nt 1] 1L 1T 1 T 3/2 3 9/2 4/3 6
3d®  Ni?*, Cot (O N A N 7 1 3 4 5/4 5
3d?  Cu?*, Nit £ N A o A WA i 2 5/2 6/5 3

rules assume that the exchange is sufficiently strong to ensure maximum spin paral-
lelity. This is indeed the case for most bulk 3d oxides, where the crystal-field interaction
(Section 3.3.3) is weaker than the intra-atomic exchange. However, strongly anisotropic
crystalline environments may mean that some of the 3d T electrons acquire very high
one-electron energies and reverse their spin to jump into low-lying | orbitals. This is
known as a high-spin low-spin transition. For example, in Co?* (Table 2.2) the spin
changes from 3/2 to 1/2 if the 7 electron with the highest energy jumps into the low-
est unoccupied | orbitals. We will return to this effect in Section 3.3.3, in the context
of the ey —toy crystal-field splitting. In fact, the high-spin low-low spin transition is
an ionic equivalent to the collapse of the itinerant magnetization as described by the
Stoner criterion (Section 2.1.5 and Section 2.4.3), except that the collapse reflects the
crystal field rather than the bandwidth. Note that the presence of 3d, 4d, 5d, 4f or
5f atoms is a practical rather than fundamental condition for ferromagnetism. If s
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and p orbitals form degenerate or nearly degenerate states, then the electrons’ rela-
tively weak intra-atomic exchange may be sufficient to create atomic moments with
ferromagnetic coupling.

2.3 Exchange between local moments

Summary Interatomic exchange between magnetic moments localized on individual
atoms is well described by Heisenberg interactions .Jj; between atomic
spins of constant magnitude. Depending on the respective positive or
negative sign of the Jjj, the exchange favors parallel or antiparallel align-
ment of neighboring spins, which often translates into ferromagnetic
(FM), ferrimagnetic (FI), or antiferromagnetic (AFM) order. Ferri- and
antiferromagnetic spin structures involve the formation of magnetic sub-
lattices, which may be spontaneous (AFM) or indicative of nonequiva-
lent crystallographic sites (FI). In addition, there exist noncollinear or
incommensurate spin structures due to competing exchange interactions,
for example in many rare-earth elements. Noncollinear spin configura-
tions may also be caused by external magnetic fields, as exemplified by
the spin-flop tranistion in antiferromagnets. Oxides are often ferri- or
antiferromagnetic, and typical exchange mechanism are superexchange
and double exchange. Interactions between local moments in metals are
fairly well approximated by the RKKY model, which yields an oscilla-
tory exchange mediated by conduction electrons. This section deals with
exchange interactions between local magnetic moments in metals and
nonmetals. Emphasis is on the sign of the exchange and the resulting
zero-temperature spin structure. Finite-temperature effects will be con-
sidered in Section 5.2—4, whereas changes in the spin structure due to
magnetic fields are discussed in Chapter 4, especially in Section 4.1.3.

2.3.1 Exchange in oxides

The magnetic moment of iron-series transition-metal or 3d oxides, such as Fe3O4 and
CrOs is given by the spin, so that the moment, measured in pp, is equal to the number
of unpaired spins. This includes both the atomic moments (intra-atomic exchange) and
the net moment (interatomic exchange). As in other 3d-based magnets, such as Fe and
Co, the orbital moment is often quenched by the crystal field, so that g ~2 and L ~0.
Since the quenching affects not only the moment but also the magnetic anisotropy, it
will be discussed in Section 3.34. In good approximation, the atomic spins then follow
from Hund’s first two rules, Table 2.2. For example, ferric iron (Fe?*) has a half-filled
shell (3d%), and the five T electrons yield m =5up. Ferrous iron (Fe?") has six 3d
electrons per ion, five T and one |, so that m =4ug.

Depending on the sign of the interatomic exchange constant .J;;, neighboring atomic
spins tend to align antiferromagnetic (AFM) or ferromagnetic (FM). In transition-
metal oxides, the exchange is often but not always antiferromagnetic. Many oxides,
such as NiO and CoO, are therefore antiferromagnets with zero net moment. However,
the numbers of T and | spins are not necessarily equal, because the moments are
associated with specific crystallographic sites. This incomplete spin compensation is
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known as ferrimagnetism. For example, each formula unit of magnetite Fe3Oy, or
FeO - Fe; O3, contains two Fe?* ions with antiparallel moments and one Fe?* ion. This
yields 4 up per formula unit, close to the experimental value of 4.1 ug. The idea that
of atoms on different sites may carry different magnetic moments is the basis of the
sublattice model of magnetism. For example, magnetite has two antiparallel sublattices
A and B. One Fe3* ion per formula unit belongs to the sublattice A, while the second
Fe?* ion and the Fe?t ion form the sublattice B.

Sublattice formation is one reason for the structural and magnetic diversity of mag-
netic oxides. An example of a permanent magnet oxide is barium ferrite, BaFe12019
or BaO- (Fey03)6, where four 1 and two |FeaO3 units yield a moment of 20 up per for-
mula unit, as compared the experimental value of 19.6 up. Garnets, such as YsFe;012
or %(YgOg)g(F@Q O3)s, are of interest as soft magnets for microwave applications. The
three T and two |FesOgs units correspond to a moment of 5 ug per formula unit, very
close to the experimental value. Aside from determining the net moment, the sub-
lattice structure has a far-reaching effect on magnetic properties at both zero and at
finite temperatures (Section 2.3.3 and Section 5.3.6).

In some oxides, the exchange is ferromagnetic. An example is CrOy where the
Cr** ion yields a moment of 2 up per formula unit. What determines the sign of the
exchange in oxides? There are various and generally competing exchange mechanisms
in oxides. An important indirect-exchange mechanism is the superexzchange mediated
by the 2p electrons of the O?~ anions separating the iron cations (White 1970).
It describes, for example, the Mn?>* — Mn?" exchange in MnO. To discuss the sign of
the exchange, we take into account that interatomic hopping favors antiferromagnetic
exchange (2.18). However, hopping requires a nonzero overlap between the involved
atomic orbitals. For p and d orbitals, the hopping depends on the bond angles. This is
epitomized by the Goodenough-Kanamori rules (Goodenough 1963, Anderson 1963),
which states the exchange is usually antiferromagnetic, but ferromagnetic due to direct
exchange if the overlap is zero by symmetry. Figure 2.15 illustrates the correspond-
ing angles. In magnetite, the A-O-B superexchange is realized by a 125° bond and is
antiferromagnetic. Note that the superexchange mechanism is not restricted to oxides
but also applies to halides, such as MnF5. An important mechanism in oxides with
mixed valence is double exchange. An example is Fe3Oy, where the interacting Fe?™t

2p 3d

Fig. 2.15 Overlap and exchange: (a) nonzero overlap (180°) and zero overlap (90°). In (a),
the hopping integral is nonzero, corresponding to antiferromagnetic indirect exchange, but
in (b) the hopping integral is zero by symmetry.
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and Fe?*t ions can be considered as a pair of Fe?t ions plus an extra electron. The
extra electrons hop onto neighboring Fe?>* ions, where they are subject to ferromag-
netic Hund’s-rules exchange. This mechanism is called hopping with spin memory and
leads to metallic conductivity. It is similar to the model of Section 2.1, especially to
the Kondo exchange between localized and delocalized moments (Section 2.1.8). In a
slightly different context, it is also known as the Zener model (1951).

Double exchange is exploited in magnetoresistive perovskites (CMR manganites).
The parent compound, LaMnOgs or %La203 -MnyO3 contains Mn37 ions only and is
an antiferromagnetic insulator. Doping with strontium amounts to replacing the tri-
positive lanthanum ions by Sr?*, which is compensated by the formation of Mn**
ions. The resulting mixed valence, Mn3T and Mn**, leads to ferromagnetic double
exchange and to metallic conductivity. In both the tri- and quadipositive ions, the
low-lying to, triplets are occupied by three well-localized 3d electrons, but in Mn3t,
there is an additional e, electron. The Hund’s-rule interaction yields a ferromagnetic
alignment between the e; and to, electrons, and due to hybridization with the oxy-
gen 2p electrons, the e, electron experiences a pronounced interatomic hopping. The
corresponding spin transfer yields both ferromagnetism and conductivity, and the
manganites are magnetoresistive (Section 7.2.7). In the double-exchange model, the
effective hopping integral ¢t =t, cos(6/2), that is maximum hopping for ferromagnetic
spin alignment (# =0) and zero hopping for antiferromagnetic spin alignment (6 = ).
For an approximate independent-electron interpretation of this effect, see Section 2.4.4.
In the Kondo picture (Section 2.1.8), where correlations are taken into account, the
tog and ey levels correspond to the localized and extended orbitals although the e,
and tog orbitals in one Mn atom are orthogonal to each other, whereas the model of
Section 2.1.8 focuses on interatomic hopping.

2.3.2 Ruderman-Kittel exchange

Local moments in metals are coupled by an indirect exchange involving conduction
electrons. Examples are magnetic 3d impurities in nonmagnetic metallic hosts and 4f
ions in rare-earth elements and alloys. The role of the conduction electrons is similar
to that of oxygen 2p electrons in oxides, but the details of the interaction are different.
The basic idea is to embed two local moments in a gas of conduction electrons and
to calculate the energy of the perturbed electron gas for parallel and antiparallel spin
configurations. In the simplest case, one considers the conduction electrons as a free-
electron gas (Section 2.4.1) and treats the magnetic perturbation by second-order
perturbation theory (Section A3.3). This mechanism is known as Ruderman-Kittel-
Kasuya-Yoshida or RKKY interaction.

The free-electron RKKY interaction is obtained by considering magnetic perturb-
ations of the type +V,d(r), where the sign denotes the spin direction of the local
moment relative to the considered conduction electron and V, describes the strength
of the corresponding interaction. The local magnetic moment creates a wave-like local
perturbation, similar to a stone thrown into water, Fig. 2.16(a), and yields an oscillat-
ing interaction. As we will analyze in Section 2.4.1, the electrons have a maximum wave
vector kp, so that distances smaller than about 27 /kp cannot be resolved. The net
interaction J;; = J(|R; — R;]) is obtained by summation over all conduction electrons.
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Fig. 2.16 RKKY interactions: (a) mechanical analogy and (b) distance dependence. In
nonmagnetic metals, the oscillations are known as Fridel oscillations.
Figure 2.16(b) shows the result,

. 2kpRcos(2kpR) — sin(2kr R)
T(R) = Jo (ke R)?

(2.38)

In metals, kp is large (Section 2.4.1) and the oscillation period does not exceed
a few A.

Equation (2.38) works fairly well for rare-earth elements, where localized 4f
moments are embedded in a sea of 5d and 6s conduction electrons. It also works
for localized 3d moments in hosts such as Cu and 4f moments in rare-earth transition-
metal alloys, where the RKKY interaction is mediated by 4s electrons. The magnetism
of transition-metal-rich rare-earth intermetallics, such as NdsFe4B, is largely deter-
mined by the transition-metal sublattice. The interaction between the rare-earth atoms
is practically negligible, but the interaction between the rare-earth and transition-
metal sublattices is larger and contributes to magnetization, Curie temperature and,
especially, anisotropy. In the 3d ferromagnets Fe, Co, and Ni, and in exchange-enhanced
Pauli-paramagnets such as Pd and Pt, there are asymptotic oscillations reminiscent
of (2.38), although the moments in these systems are itinerant rather than localized
(Section 2.4.3 and Section 5.2.5).

Aside from atomic-scale RKKY interactions in alloys, spin glasses, and other mag-
netic materials, one encounters nanoscale RKKY interactions between thin-film layers
and embedded particles (Section 7.4.2). These interactions are obtained from (2.38)
by summation over pairs of atoms. Note that RKKY oscillations require a sharp Fermi
surface (Fig. 2.23). At finite temperatures, the thermal smearing of the Fermi surface
yields an exponential decay of the oscillations, with a decay length of hkr/27mckpT.

Equation (2.38) describes exchange interactions mediated by free electrons, but
the underlying perturbation theory can also be used to treat arbitrary electron sys-
tems, such as tight-binding electrons in metals (Mattis 1965) and electron clusters
in dilute magnetic semiconductors (Skomski et al. 2006b). Figure 2.17 illustrates
the exchange between localized magnetic moments in a dilute magnetic semicon-
ductor (DMS) with shallow nonmagnetic donors (or acceptors). In this case, J(R;;)
changes sign on a length scale comparable to the average distance between the donors.
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Fig. 2.17 Indirect exchange in dilute magnetic semiconductors with shallow donors or
acceptors: (a) FM and (b) AFM coupling.

An alternative, though somewhat less accurate, explanation is that kg decreases with
the electron density (Yu and Cardona 1999), so that the low carrier densities in semi-
conductors translate into RKKY oscillations that are long-range by atomic standards,
larger than 10 A =1nm. A related effect is quantum confinement in semiconductor
nanodots, where the role of the localized spins is played by the boundaries of the dots.
We will return to these phenomena in Section 2.4.1 and Section 7.2.8.

2.3.3 Zero-temperature spin structure

Interatomic exchange leads to several types of magnetic order, such as ferromagnetism,
ferrimagnetism, antiferromagnetism, and noncollinear spin structures. Figure 2.18
shows some examples. In a broader context, spin structures have several aspects. First,
this subsection focuses on zero-temperature magnetic order in perfect crystals. Here we
focus on magnetic order of atomic origin, which not be confused with micromagnetic
features such as domains, which are realized on larger length scales and obeys different
laws (Chapter 4). For the moment, we also ignore finite-temperature magnetic order,
as epitomized by the Curie transition (Chapter 5), and noncollinearities associated
with spin dynamics, such as spin waves (Chapter 6). Finally, there are various types
of order in imperfect crystals, such as random-anisotropy magnets and spin glasses
(Chapter 7).

The spin structures shown in Fig. 2.18 all derive from exchange interactions
Ji; = J(R; — R;) between atoms located at R; and R;. A simple but powerful model
approach is to describe spin structures in terms of atomic spin variables s; = M(r;) /M,
where M;=|M(r)|. In simple ferromagnets, all atoms are equivalent, so that Ny=1
and s; =s. In general, it is possible to divide the crystal into sublattices s;(i=1...Ng),
where 1< Ng < oo is the number of sublattices. We have already encountered this
approach in the discussion of the magnetic moment of oxides (Section 2.3.1).

Sublattice formation may be spontaneous, as in typical antiferromagnets or linked
to the atomic composition, as in ferrimagnets. Figures 2.18(b—e) contain two sublat-
tices each. In some sense, sublattice models go beyond classical physics, because the
local magnetization directions can be considered as quantum-mechanical averages of
the type (¥|S|¢). However, they parameterize rather than predict the exchange and are
unable to explain quantum phenomena that explicitly involve the wave functions |1).

In ferromagnets, such as Fe, Co, and NdsFe 4B, the exchange is positive, the
spins are all parallel, and the atomic moments add. Ferrimagnets, such as DyCos,
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Fig. 2.18 Zero-temperature magnetic order: (a) one-sublattice ferromagnet, (b) two-
sublattice ferromagnet, (c) ferrimagnet, (d—e) antiferromagnet, and (f) noncollinear magnet.

Fe30,4 and BaFe;2,0' and antiferromagnets, such as CoO and MnFs, involve negative
exchange and exhibit two or more sublattices with opposite moments. This amounts
to a ferrimagnetic reduction or antiferromagnetic absence of a net moment. Typical
antiferromagnets have crystallographically equivalent but magnetically nonequivalent
sites, and there are often two or more competing configurations, such as (d) and (e).
A striking feature is that periodic exchange constants Ji; may give rise to aperiodic or
incommensurate spin structures, as in Fig. 2.18(f). Examples are the helimagnetism
of many rare-earth elements below room temperature (Moorjani and Coey 1984) and
the spin-density-wave antiferromagnetism in Cr.

In fair approximation, the spin structures of Fig. 2.18 are described by a Heisenberg-
type model Hamiltonian derived from (2.20)

H==> JunSuSm— Y hum s (2.39)

m<n m

Here s,,, is the magnetization of the m-th sublattice, J,,, is the exchange between the
m-~th and n-th sublattices, and hy, =2u,ugH,, describes the local field. The Jy,, are
exchange energies per atom. They may be taken from experiment, by measuring the
temperature dependence of the magnetic properties, or as a sum over atomic exchange
interactions, Jmn = > e, J (Ri — Ru).

The determination of the spin structure from (2.39) involves two steps. First, the
number and geometry of the sublattices must be known. This is quite demanding for
antiferromagnets and for more complicated structures. Second, the energy must be
minimized, by comparing different configurations and by varying s,.
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Fig. 2.19 Spin structure of isotropic ferromagnets and antiferromagnets: (a) ferromagnet,
(b) AFM in zero magnetic field and (c) AFM in nonzero magnetic field.

A simple example is a two-sublattice magnet in a homogeneous magnetic field,

E = J*Sl + 89 — h- (Sl + SQ) (240)
where J* = — Jy5. Figure 2.19 shows some cases. In terms of the angle ¢, the energy
E = J" cos(20) — 2h - sin(0) (2.41)

Figure 2.19(a) shows the ferromagnetic (FM) case, where J* < 0. Antiferromagnetism
is realized for J* > 0, and minimizing (2.41) with respect to 6 yields the magnetization
component sin § = h/2J* parallel to the applied field. Figure 2.19(b) and (c) show the
respective spin states for zero and nonzero fields. The spin state (c) is also known as
the spin-flop state (Section 4.1.4).

The angle ¢ in (c) increases with the magnetic field, which corresponds to a nonzero
susceptibility ds,/Oh=1/J*. The ferromagnetic susceptibility is zero, because the
present model considers magnetization rotations only and the spins in Fig. 2.19(a)
are already parallel to the field. In reality, the magnitude of the magnetization is
weakly field-dependent, which is observed as a small high-field susceptibility. Typical
orders of magnitude are x ~10~* for paramagnetic (or diamagnetic) high-field sus-
ceptibilities and about xy ~ 1072 for processes such as that shown in Fig. 2.19(c). This
classification excludes susceptibility singularities near phase transitions, such as the
divergence of the ferromagnetic susceptibility at the Curie point and the sharp but
finite susceptibility maximum of antiferromagnets at the Néel temperature Tn. The
large slope x ~ 1 encountered in hysteresis loops is no true atomic susceptibility but
reflects micromagnetic magnetization processes.

The model of (2.40) is limited to nearest-neighbor interactions and parameterized
by a single exchange constant J*. However, the oscillatory character of the RKKY
interactions (2.38) indicates that more distant neighbors may be important. The com-
petition between nearest-neighbor and next-nearest-neighbor interactions is the origin
of noncollinear spin structures, such as that in Fig. 2.18(f). The rare-earth elements,
especially the heavy rare earths, tend to form noncollinear spin structures of vari-
ous types. The wave vectors of the spin states are generally unrelated to the lattice
spacing, or incommensurate.
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Fig. 2.20 Helical spin state, as realized for negative nearest-neighbor exchange between
atomic layers. The geometrical meaning of k is illustrated in Fig. 2.18(f).

In Fig. 2.18(f), the sublattices have the character of layers s,,, and the number Nj
of relevant layers is generally infinite. Denoting the magnetization angle of the n-th
layer by 6,, we obtain the total energy

E=—JY cos(fup1—0n) =Y cos(fniz — 0n) (2.42)

Here J and J' are exchange constants between nearest and next-nearest layers. The
ansatz 0y41 =0, + 9 yields the energy per atom

E/N = J*cos(d) — J' cos(25) (2.43)

and ¢ is obtained by energy minimization, OE/05 = 0. The corresponding equation of
state

(J* +4J cosd)sind =0 (2.44)

has ferromagnetic (6 =0), antiferromagnetic (§ = 7), and noncollinear (0 < § < 7) solu-
tions. For J' > 0, there is a trivial FM-AFM transition at J =0, but for J’ <0, the FM
and AFM configurations are separated by a noncollinear or helimagnetic phase. The
noncollinear state is characterized by the angle 6 = arccos(—.J/4J’) and the modulation
wave vector k=04 /a, where a is the layer spacing. Figure 2.20 shows the dependence of
k on J for negative values of .J'. Helimagnetic order of this type is encountered in Tb,
Dy, and Ho, in a temperature window between between ground-state ordering (very
low temperatures) and paramagnetism. For example, Dy is ferromagnetic below 85 K
and helimagnetic between 85 and 178 K.

2.4 Itinerant magnetism

Summary The magnetism of Fe, Co, and Ni, as well as that of typical transition-
metal alloys, is delocalized or itinerant. In a simple one-electron picture,
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the electrons fill the available delocalized states until the Fermi level is
reached. This explains the widespread occurrence of noninteger magnetic
moments in metallic ferromagnets. Nonmagnetic metals have two equally
populated T and | subbands; and an applied magnetic field transfers a
few electrons from the | band to the T band. This is known as Pauli para-
magnetism, but the corresponding spin polarization is small, typically
less than 0.1%. In itinerant ferromagnets, the atomic orbitals hybridize
and form bands. The corresponding one-electron energies, as epitomized
by the bandwidth, compete against Hund’s-rules intra-atomic exchange,
and ferromagnetism is realized in narrow bands. The simplest model
of itinerant ferromagnetism is the Bloch model, where the intra-atomic
exchange is evaluated for free electrons. A more sophisticated model is
the Stoner model, which relates the onset of ferromagnetism to the den-
sity of states (DOS) at the Fermi level. The density of states exhibits a
strong dependence on the crystal structure, which makes it difficult to
predict the ferromagnetic moment from the atomic composition. Itiner-
ant magnets with approximately half-filled bands exhibit a strong trend
towards antiferromagnetism, because the hybridization energy of half-
filled T and | bands is lower than that of completely-filled T bands.

The magnetism of the iron-series transition-metal elements is caused by extended,
delocalized, or itinerant electrons. The itinerant character is epitomized by the non-
integer spin moments per atom, such as the 2.2 ug for Fe, 1.7 ug for Co, and 0.6 ug
for Ni. Since each spin carries a moment of 1 up, these noninteger values cannot be
of ionic origin but reflect the interatomic hopping of the moment-carrying electrons.
Each delocalized electron is owned by all atoms, so that the moment per atom is not
necessarily integer.

Itinerant magnetism is not restricted to Fe, Co, and Ni but also occurs in many
alloys, such as Fe;_«Niy, PtCo, and the low-T, intermetallic ZrZn,. Notable excep-
tions include metallic rare-earth magnetism, where the rare-earth 4f electrons remain
localized, and heavy-fermion compounds such as CeAls, where the electrons are barely
delocalized. Rare-earth transition-metal intermetallics such as SmCos and NdyFe4B
exhibit both itinerant (3d) and localized (4f) features. The magnetic properties of itin-
erant alloys may change drastically on chemical substitution. For example, the cubic
Laves-phase compound YFe, is ferromagnetic, whereas YNi, is a Pauli paramagnet.
On the other hand, ZrZn,, MnBi, CrBrg are made from nonferromagnetic elements
but are ferromagnetic. In fact, the record room-temperature polarization 2.43 T is
found in Feg;Coss, significantly higher than the magnetizations of Fe and Co. Pre-
dicting a magnet’s behavior from the atomic composition and structure is therefore a
demanding task.

In iron-series transition metals, there are two types of delocalized electrons: 4s
electrons and 3d electrons. Both 4s and 3d electrons contribute to transport proper-
ties, such as electrical and thermal conductivities, but the magnetic moment largely
originates from the 3d electrons. However, 4s help to realize an RKKY-type exchange
between the atomic moments. This is different from the rare-earth elements, where
the metallic conductivity is due to delocalized 5d and 6s electrons but the magnetic
moment originates from localized 4f electrons. As in other transition-metal magnets,
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the orbital moment of the itinerant 3d electrons is largely quenched. Typical orbital
moments of itinerant 3d electrons are of order 0.1 ug, so that the Landé g-factor is
close to 2 and the moment is equal to the number of unpaired spins.

Panel 5 Exchange in metals and alloys

There is a rich variety of itinerant magnets, including systems that involve both local-
ized and delocalized features.

Iron-series transition metals and their alloys. Fe, Co, and Ni are typical itinerant
ferromagnets. Mn and Cr have complicated nonferromagnetic ground states, whereas
the early transition-metal elements are Pauli paramagnets. Since alloying has a strong
effect on the density of states, there is no simple general rule predicting the magnetic
structure. FegsCoss is a ferromagnet with a record magnetization of 2.43 T, but the
presence or absence of ferromagnetic elements is no reliable criterion. MnBi and ZrZns
are ferromagnets with Curie temperatures of 633 and 17K, respectively, but YNis is
paramagnetic at all temperatures.

Rare-earth magnets. Simplifying somewhat, the magnetism of the rare-earth elements,
such as Sm, Gd, and Dy, reflects RKKY-type interactions between the rare-earths’
localized 4f shells. Various types of order are encountered, such as ferromagnetism, anti-
ferromagnetism, ferrimagnetism, and noncollinear order. In rare-earth transition-metal
intermetallics, such as TbFez, NdaFe14B, and SmCos, the rare-earth 4f shells remain
well localized but couple to the itinerant 3d electrons of the transition-metal sublat-
tice. Intermetallics containing light and heavy rare earths are usually ferromagnetic
and ferrimagnetic, respectively. As a rule, the anisotropy of rare-earth transition-metal
intermetallics originates from the rare-earth sublattice, whereas the magnetization is
largely provided by the transition-metal sublattice.

Alloys containing heavy transition metals. The 4d (palladium series), 5d (platinum
series), and the early 5f (actinide) elements are Pauli paramagnets at room temperature,
but exhibit various types of itinerant magnetism at low temperature and in compounds.
Examples are L1p magnets, such as CoPt, and US (uranium sulfide, 7. =177 K). The
strong spin-orbit coupling of 4d, 5d, and 5f elements amounts to significant orbital-
moment contributions and to high magnetic anisotropies. For example, the US zero-
temperature moment of 1.55 up involves moments of about +3.5 ug (spin) and —2 up
(orbital). By comparison, 3d orbital moments are of the order of +0.1 ug.

Metallic oxides and related materials. Oxides are often insulating or semiconducting,
but some are metallic or half-metallic. In half-metallics, such as CrO2 and NiMnSb,
there are two different spin channels, a conducting channel and a (nearly) insulating
channel (Section 7.2.8). Magnetic perovskites (manganites) such as Laj_,SrxMnOs
exhibit FM-AFM transitions that are accompanied by significant conductivity changes.
Gases in Metals. Interstitial gas atoms especially H and N, drastically alter exchange-
related and other magnetic properties of some elements and alloys (Section 7.2.6).
The changes reflect both the increase in interatomic distances (lattice expansion) and
modifications of the electronic structure. Examples are PtHy, NiHy, and SmaFe;7Ns.

In Section 2.1 we have seen that ferromagnetism reflects the competition between
one-electron energy-level splittings and Coulomb interactions. Let us first focus on the
energy levels. Each atomic orbital contributes one level, and in metallic solids, the
energy levels broaden into bands described by the density of states D(FE). Figure 2.21
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Fig. 2.21 Energy levels and density of states (DOS): (a) diatomic model, (b) small cluster
and (c) transition to solid. The DOS maxima correspond to regions where the energy levels
are particularly dense.

illustrates this how the levels develop on going from a diatomic pair to a solid.
A measure of level splitting is the bandwidth W. Since the total number of states
[ D(E)dE ~ D(Er)W is fixed by the number of atoms, W ~ 1/D(FE). As in the diatomic
model, the level splitting is proportional to the hopping integral, so that W ~|¢|. In
practice, large interatomic distances mean small hopping and narrow bands.

The delocalized character of the 3d electrons makes it possible to approximate them
as independent electrons. Equation (2.21) then predicts ferromagnetism for sufficiently
weak hopping, that is, for narrow bands. A simple model is the Bloch model, which is
based on free electrons (Section 2.4.1). The applicability of the model is limited, but it
provides a qualitatively correct explanation of itinerant ferromagnetism and a criterion
for the transition from paramagnetism to ferromagnetism. Section Section 2.4.2 deals
with the electronic structure of metals, whereas Section 2.4.3 is devoted to the Stoner
model of itinerant ferromagnetism. Finally, in Section 2.4.4 we discuss the origin of
antiferromagnetism in itinerant magnets.

2.4.1 Free electrons, Pauli susceptibility, and the Bloch model

The simplest approach is to ignore the crystal potential V(r) and to treat the solid
as a “jellium”. This is known as the free-electron model or, in the context of itiner-
ant exchange, as the Bloch model. Consider free electrons in a volume L x L x L, for
which the one-electron Schrédinger equation yields the well-known particle-in-a-box
states

W(x,y, 2) = 1P, sin (WEI) sin (m;yy) sin (mzzz) (2.45a)

and the energy levels

w2 h?

2me L2

E(ng,ny,ng) = (n2 +n? +nJ) (2.45D)
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Fig. 2.22 Pictorial real-space interpretation of a free-electron Fermi liquid.

For finite sizes L, the energy levels are discrete. Such levels are encountered in semi-
conductor quantum dots and in metallic magnetic molecules. In the latter case, the
uneven level spacing leads to magic numbers of structural stability. One example is
Cr encapsulated in Si (Khanna, Rao and Jena 2002). Cubic particles, as assumed in
(2.45), are characterized by the lowest magic numbers are 2 (all n;=1) and 8 (one
n;=2). This is in close analogy to the filling of electron shells in atoms, although
higher-order magic numbers generally differ from the atomic predictions. However,
itinerant ferromagnetism is a macroscopic phenomenon, and for L = oo, the numbers
Ny, Ny, and n, form a continuum and £ = hk‘2/2mc.

Since the electrons are noninteracting, they fill the available lowest lying orbitals
with T and | electrons like water is poured into a jar. This “Fermi-liquid” behavior
is illustrated in Fig. 2.22. The energy of the highest occupied levels is known as the
Fermi energy Ew =h?k2/2me, where kg is the corresponding Fermi wave vector. In
this section, we ignore correlation effects, so that the Fermi-liquid picture carries over
to arbitrary wave functions. Correlations, as included in the weak-hopping limit of
Fig. (2.5), render the concept of individually occupied one-electron levels inadequate
and mean that some electrons have wave vectors larger than kp.

It is convenient to look at free electrons in wave-vector space. Each set of quantum
numbers ny, ny, and n, corresponds to a wave vector k =k, e, +kye, + k,e, whose
components k; may be positive or negative and are multiple integers of the cell size
Ak =27/L. In the limit of infinite solids, L = oo yields Ak =0, and the k-space is filled
continuously until kr is reached. Figure 2.23(a) illustrates that this filling mechanism
results in a Fermi surface of radius kr and energy Er. The Fermi energy Ey increases
with the electron density n= N/V, where V = L?. Taking into account that each
k-space cell is occupied by a pair of T electrons, we obtain N =24n(kp/Ak)3/3,
kp = (372n)'/3 and

h2
Ep = %(3#71)2/3 (2.46)
For simple metals, which are reasonably well described by the free-electron theory, Eg
is of the order of a few eV. The same result is obtained by integrating the density of
states D(E) over all energies E < Ep. Figure 2.23(b) shows D(E)~dn/dE, which is
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Fig. 2.23 Free electrons in k-space: (a) Fermi sphere, centered around kx = ky =0, and (b)
density of states. The density of k points, 1/Ak®, increases with the size of the metallic body,
but the Fermi level depends on the electron density only.

obtained by inverting the function (2.46) and yields n(E)~ E%/? and D(E)~ E'/2.
Explicit expressions for the density of states of free electrons are D(E)=3N(E)/2Ep
and D(E) =3nEY/2/2EY?.

Figure 2.23(b) explains why simple metals are nonferromagnetic (paramagnetic):
the available low-lying orbitals are occupied by 7| electron pairs. However, what hap-
pens if we apply an external magnetic field? Are magnetic fields of about 1T sufficient
to create ferromagnetism by transferring electrons from occupied | to unoccupied T
states? Let us consider the case of full spin polarization, where all | electrons move
into 1 orbitals. The transfer corresponds to a replacement of n in (2.46) by 2n and
changes the average energy (E) from 3Er/5 to 0.952 Ex. Comparing this energy dif-
ference of about 1eV with typical Zeeman energies of the order of 0.1 meV confirms
our previous finding that magnetostatic fields are unable to create atomic-scale ferro-
magnetic order. In fact, itinerant ferromagnetism reflects exchange fields rather than
magnetostatic fields.

In the Bloch model, the itinerant exchange is obtained by evaluating the
Coulomb interaction e?/4me,|r —r'| for a Slater determinant constructed from free-
electron states exp(ik-r). The calculation involves the Fourier transformation |r — r’| —
1/k* (Ashcroft and Mermin 1976), but here we will restrict ourselves to an approxi-
mate solution. Free electrons are described by the electron density n=6/md? =3,
and the effective interelectronic distance d,=2rg is the only length involved. The
kinetic energy (2.46) scales as 1/d?, as compared to the Coulomb energy propor-
tional to 1/|r —r'| ~1/d.. In dense systems, d, is small and the kinetic energy domi-
nates. With increasing d,, the Coulomb term becomes more important, and at some
interelectronic distance d, the paramagnetic state becomes unstable with respect to
ferromagnetism. The Bloch model yields the correct trend, although the actual value
do=5.8 A has little to do with the situation in transition metals. In fact, itinerant
magnetism is caused by 3d electrons, as contrasted to the quasi-free 4s conduction
electrons, and interelectronic distances of 5.8 A go far beyond the scope of free-electron
theory.

As described in the last part of Section 2.1.7, the independent-electron approxi-
mation corresponds to the introduction of an exchange field H = Hj. In lowest order,
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Fig. 2.24 Pauli susceptibility: (a) electron transfer from the (|) to the (1) band and (b)
adjustment of Fermi level.

the corresponding magnetization M = pug(ny —n;) obeys M = x, H, where x;, is the
Pauli susceptibility. This linear relation corresponds to the quadratic energy density

\% 2Xp

E 2
= BB (1 —n )? — popun(n T —n \)H (2.472)

and is reproduced by 0E/0(ny —n|)=0. The first term in (2.47a) is the increase in
kinetic energy due to the transfer of | electrons into T states. In terms of the densities
of states (DOS) per spin, Dy + D) =D,

E El E|
5= / ED1(E)dE+ [ ED | (E)dE — popus(n T —n |)H (2.47b)

—0Q0

Figure 2.24(a) shows the meaning of this energy. In the linear regime, ny —n, is small
and the D; | (E)=Ds(E) can be replaced by Ds(Er). Writing Ey | =Ep £0F and
exploiting that ny —n| =2Ds(Er)0E we evaluate the two integrals and obtain, by
comparison with (2.47a),

Xp = 2ftopp Ds(Er) (2.48)

The larger the density of states, the higher the susceptibility and the magnetization
created by a given field. Since this equation derives from (2.47a), it applies not only
to free electrons but also to metals with arbitrary densities of states Dg(E).

At this point, it is in order to compare the Pauli susceptibility, which describes
the transfer of electrons from | to | states, with other susceptibilities. By definition,
the magnetic susceptibility x =dM/dH describes the magnetization change due to an
applied or external magnetic field. Typically, one restricts the consideration to mag-
netization changes of atomic origin, thereby excluding micromagnetic susceptibilities
associated with domains and hysteresis (Chapter 4). There are several types of para-
magnetic (x >0) and diamagnetic (x < 0) susceptibilities. The strongly temperature-
dependent Curie-Langevin paramagnetism of paramagnetic gases, x ~ 1/T, reflects the
competition between the Zeeman and thermal energies. In ferromagnets, this expres-
sion must be replaced by x ~1/|T —T¢| (Fig. 5.6).
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Diamagnetism is a consequence of Lenz’s law (A.4.2). The magnetic field causes
the electrons to move and the induced magnetic field opposes the flux change by shield-
ing the applied field. The diamagnetic susceptibility due to localized electrons
X = —ne?uq(r?)/6m., where n is the electron density, i, = 1/e,¢?, and (r?) is the elec-
trons’ mean square distance from the nucleus. For free electrons, the diamagnetic and
Pauli-paramagnetic contributions are —np,ud/2Er and +3nu,u3 /2Er, respectively,
where ug =eh/2m,.

It is instructive to rewrite the susceptibilities in terms of dimensionless units. The
basic atomic length is Bohr’s hydrogen radius a, =4me,h?/mee?, or a,=0.529 A,
whereas the strength of electrostatic interactions is described by the dimensionless elec-
tromagnetic coupling constant o =e?/4re, he=1/1/37 (Sommerfeld’s fine-structure
constant). Typical velocities and energies of electrons in solids are v=ac and
E= % ma?c? (13.6eV), and the magnitude of diamagnetic and Pauli-paramagnetic
susceptibilities is of order a2. This indicates that magnetism is a relativistic effect,
scaling as a power of v/c. An elementary derivation of this relationship is actually
provided by the circular-current model of Section 1.2, where the relativistic charac-
ter of the interaction is hidden in the Zeeman term (Section 3.3.1). Aside from the
divergence of x at T'=0 (paramagnetic gases) and T'=T, (ferromagnets), a similar
hierarchy is encountered for Curie-Langevin paramagnets.

2.4.2 Band structure

Itinerant magnetism reflects the competition between kinetic energy and Coulomb
repulsion. The kinetic energy is epitomized by the Pauli susceptibility, which contains
the kinetic energy in form of the density of states. The larger Ds(E) and x,, the easier
it is for the Coulomb interaction spin-polarize the electrons. To quantify this effect, we
must determine Dg(E) for realistic one-electron wave functions. The major problem is
the involvement of the periodic crystal potential V'(r). The lattice periodicity makes
it possible to simplify the problem by Fourier transformation, so that the states and
energies have the character of Bloch states and can be labeled by a wave vector k.
In a sense, the symmetric and antisymmetric diatomic wave functions of Fig. 2.3
can be considered as rudimentary Bloch wave functions having k=0 and k=7/a,
respectively.

In solids, there are two limits, namely quasi-free electrons in weak crystal poten-
tials and tight-binding electrons in strong potentials. For nearly free electrons, the
dispersion relation F is similar to the free-electron expression hk?/2m,, but different
bands are separated by gaps. In simple hypercubic lattices (chain, square lattice, sim-
ple cubic), the first gap occurs at k =7 /a, where a is the lattice parameter. Figure 2.25
explains the origin of the gap for a one-dimensional model potential. At the gap, the
two wave functions ¥ _ (x) and 4 (x) have the same wave vector but different energies,
because the maxima of the electron densities n(x) =% (z)4 () are located differ-
ently with respect to the lattice charges. In Fig. 2.25, the function 1(_y has the lower
energy, because the maxima of n(z) are closer to the positive atomic cores. The gap
increases with the strength of the potential.

The free-electron approach works surprisingly well for many metals if the jellium
includes not only the nuclei but also the core electrons. For example, Na has the
electron configuration [Ne|3s, where [Ne| or 1522s?2p® is a completely filled shell.
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Fig. 2.25 Origin of the band gap for a chain of positive nuclei (+). The top and bottom
parts of the figure shows electron wave functions that oscillate between the solid and dashed
lines. Both wave functions have the same wave vector k= /a but are shifted by a/2, corre-
sponding to sin(kxz + 7/2) = cos(kz). Since the electron charge (—) is concentrated near the
maxima of the wave functions, the attractive interaction with the nuclei and therefore the
energy levels depend on the shift. In this figure, the state ¢)_ has the lower energy.

This leaves us with Na™ ions embedded in a gas of 3s electrons. The attractive core
potential isn’t necessarily small, and on approaching the ions, the 3s electrons gain
kinetic energy. However, this enhanced kinetic energy, which amounts to rapid local
oscillations of the wave function, is canceled by the reduced potential energy near the
core. Projecting the rapid atomic oscillations onto core states |¢) yields a pseudopo-
tential which is often much weaker than the true potential (Sutton 1993) and explains
why the free-electron approach works reasonably well.

The inner-shell 3d electrons of iron-series transition metals experience strong
potentials and cannot be described as nearly free electrons. A better starting point is
the tight-binding approximation, whose idea is outlined in Panel 6. To describe the
3d electrons, one considers atomic orbitals ¢, (r — R;), where R; is the position of the
i-th atom and the band index p labels the involved atomic orbitals, especially the five
3d orbitals. In this tight-binding model, the wave functions are superpositions of the
atomic orbitals,

Yreu(r) = Z exp(ik - Ri) ¢, (r — Ry) (2.49)

Figure 2.26 compares the band structures for nearly free electrons and the tight-
binding model, which is also known as the LCAO approximation (linear combination
of atomic orbitals).

Inserted into the Schrodinger equation, wave functions of different p are mixed
by the crystal potential. The corresponding hopping integrals, which depend on the
coordination angles of the atomic neighbors, have been analyzed by Slater and Koster
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Fig. 2.26 Simple band-structure approximations: (a) nearly free electrons with broad bands
and small gaps, and (b) tightly bound electrons with narrow bands and broad gaps (see
Fig. 2.25 for the origin of the band gap at k =7/a). The schematic inset illustrates how free
and tightly bound electrons hybridize. This hybridization contributes to the rather compli-
cated densities of states of transition metals, Fig. 2.32.

(1954). Ignoring s and p electrons, there are three fundamental hopping integrals,
Vados Vaar, and Vags, where o, m, and d refer to the respective continuous, twofold,
and fourfold symmetries of the bond. As a consequence, the solution of the Schrédinger
equation amounts to the diagonalization of an interaction matrix V), for each k-point.

The size of the matrix V),,» depends on the total number of nonequivalent atomic
orbitals. In other words, the wave vector k takes care of the infinite size of the solid,
but the local environment must be treated separately. This is of importance in mag-
netic alloys, especially in permanent magnets (Skomski and Coey 1999). For example,
YoFe14B contains 68 atoms per unit cells and altogether 280 3d orbitals. The quantum-
mechanical treatment of these orbitals amounts to diagonalizing a 280 x 280 matrix
for each k-point.

We see that band-structure calculations are quite involved, even if we restrict our-
selves to tight-binding wave functions (2.49). However, for some purposes it is sufficient
to replace the correct densities of states (DOS) by model functions. Well-known exam-
ples are Gaussian, rectangular (Friedel), and semicircular (Hubbard) DOS. Hybridiza-
tion does not affect the band’s center of gravity, so that the essential parameter of these
functions is the bandwidth. Let us consider the n-th moments of the DOS, defined as

The zeroth moment, [ D(E)dE, is equal to the total number of states and therefore
fixed. The first moment is equal to the average energy, [ E D(E)dE = (E). Without
loss of generality we can adjust the energy zero so that (E) =0. The second moment,
w2y =/ E?D(E)dE, determines the bandwidth W. For example, rectangular bands
are characterized by W? = 12/,). Figure 2.27(a) shows some model DOS.
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Panel 6 Tight-binding and LCAO models

The tight-binding model assumes that the one-electron states are superpositions of
atomic wave functions. In chemistry, the approach is commonly known as linear com-
bination of atomic orbitals (LCAQO). The wave functions are constructed directly from
atomic orbitals (extreme tight binding) or from better adapted functions, such as Wan-
nier functions. The model reproduces essential features of the electronic structures of
molecules, clusters, surfaces, nanostructures, and solids, but fails to provide reliable
results when the overlap between the atomic orbitals is large.

Solids
t
AR =a g)oiz
Molecules, clusters
and nanostructrures Surfaces

An example is the single-band tight-binding model, where the wave functions are super-
positions of atomic wave functions ¢|(r — R;)| =|¢). The model is usually associated
with s electrons, but it can also be used for p and d electrons in cases where subband
hybridization is negligible. Written as a matrix, the model Hamiltonian (i|H|j) =t;;,
where t;; is the hopping integral between orbitals centered at Ri and R;. The time-
independent Schrodinger equation assumes the form

Eli) = Z%‘U)

The energies E, and eigenfunctions |u) = >, ci(1)[¢) are obtained by diagonalizing the
matrix t;;. For periodic structures, the solution simplifies to |k) = >, exp(ik - R;)|). An
example is the infinite atomic chain, where E(k) = 2t cos(ka).

In general, structures with N, nonequivalent sites require the diagonalization of an
N, x N, matrix. For example, at a surface, one must distinguish between surface
atoms, subsurface atoms, and different sites deeper in the bulk. A similar involve-
ment of nonequivalent sites occurs in other problems involving matrix diagonalization,
such as the determination of the mean-field Curie temperature (Section 5.3) and the
spin-wave-spectrum (Section 6.1) from the exchange matrix Jj;.

To determine the second moment, we consider two types of wave functions: the
unknown eigenfunctions |g) = |k, ) and the known local orbitals |p) = |7, ). Each state |p)
contributes a delta-peak or “needle” to the DOS, as indicated in Fig. 2.21, so that
D(E)= 32, 0(E—Eq) and pw)= 3, Ey. Using H|g) = Eq4|g) we convince ourselves
that H"|q) = E¢|q) and obtain iy = >_,(q|H"|q). Inserting > [p) (p|=1and >_, [p")

(p'| =1, makes it possible to perform the summation over ¢ and yields pim)=>_,
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(p[H"|p). Alternatively, >-_ (q|H"|¢) has the character of a trace and does not change
on using a different orthogonal set of wave functions. Next, we write the second moment
as > (p[H|p") (P'|H|p) =tpptpp, Where the ¢,y = (z,u|H|j,u) are the hopping inte-
grals. The summation » ., = > ., includes interatomic hopping (i#j) between
any orbitals (u=yp" and p# ). In fair approximation, we can restrict ourselves to
nearest-neighbor hopping between the i-th atom and its z neighbors at R;, and the
summation over p and p' reduces to a trace over the square of the matrix (i, j)uu

The procedure yields, for rectangular bands, the exact tight-binding result
H2) = Z(Vdea + VdQsa + 2‘/d2d7r + 2Vc12d6) (251)

Relative values of the fundamental hopping integrals are Vags:Vaar:Vaas = —6: +4:—1,
so that there is only one independent d-band parameter. The parameter Vg, describes
the s-d hybridization in the tight-binding approximation. Figure 2.27(b) illustrates
that this hybridization leads to a broadening of the 3d band by about 10%. Note
that (2.51) is a realization of the moments theorem (Cyrot-Lackmann 1968, Heine
1980), which relates the p ) to real-space features such as the number z of nearest
neighbors.

The bandwidths of the late iron-series transition metals are about 5eV. Natu-
rally, both the exact bandwidth and the DOS depend on details of the band struc-
ture, in spite of the exact result (2.51). A particularly simple model is the Friedel
model, where the DOS is approximated by a rectangle of width W. In this case,
the density of states per spin and atom Ds=5/W, corresponding to five 3d orbitals
per atom.

From a practical point of view, there is no point in refining the tight-binding
approach for transition metals, because advanced first-principle calculations (density-
functional calculations) are now able to overcome the inherent simplifications of the
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Fig. 2.27 Second-moment description of 3d bands: (a) densities of states and (d) effect of
s-d hybridization. The DOS in (a) are all characterized by the same moments p(1), f(2), and
#(3)- The DOS of bee iron is bimodal, similar to the dashed line in (a).
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Fig. 2.28 Pseudopotentials: (a) original wave functions and (b) effect of pseudopotential
for a one-dimensional model atom of size L. In (a), the delocalized wave function ¢ covers
both in the interstitial area (or “free space”) and the space where the atom is located. This
is unphysical, because the delocalized wave function must be orthogonal to the atomic wave
functions. This leads to an orthogonality hole 1", as shown in (b).

model. This includes not only the use of improved one-electron wave functions but also
the above introduced pseudopotential (Fig. 2.28) and the self-consistent calculation of
the one-electron potential. However, tight-binding calculations have remained useful
for very large numbers of nonequivalent crystallographic sites (Section 7.1).

2.4.3 Stoner model and beyond

The knowledge of the density of states, Ds(E) =3 D(E), enables us to predict the onset
of ferromagnetism. The starting point is the analysis leading to the Pauli susceptibility.
In the one-electron approximation, the Coulomb energy translates into an effective
exchange field (Section 2.1.7) and the corresponding energy U(n; — n))?/4 must be
added to (2.47a):

E _ popd

\%4 2Xp

(nT—nl)Q—%(nT—nl)Q—,uo,uB(nT—nl)H (2.52)

No fancy quantum mechanics is necessary at this stage, because mean-field products
such as ny(n)) yield trivial averages (ny)(n;) =nqn,. Using (2.48), we obtain

E  popd
Vo M2§B (n1 =nl)* = popp(nl —n|)H (2.53)

where

Xp
= 2P 2.54
X 1= UD.(Er) (254)

is the exchange-enhanced Pauli susceptibility.
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Equation (2.54) is of key importance for the understanding of itinerant ferro-
magnetism. With increasing Ds(Er), the susceptibility increases, eventually diverges,
and for

UDy(Ep) > 1 (2.55)

the paramagnetic state is unstable. This is the famous Stoner criterion for itinerant
ferromagnetism (Stoner 1938). The intra-atomic Coulomb parameter U is often treated
as a phenomenological constant, known as the Stoner parameter, and then frequently
denoted by I. This is meaningful, because the conduction electrons screen the 1/|r —r’|
interaction and reduce the effective Coulomb interaction to I ~1eV.

Figure 2.29 compares the Stoner criterion with the two-electron model of Sec-
tion 2.1. In both cases, the hopping energy (AE ~ |t| ~W ~1/Ds) competes against
U and (2.21) predicts ferromagnetism for U/4+ Jp > |t|, in close analogy to the
Stoner criterion. For iron-series transition-metals, where W a~5eV, the rectangular-
band model predicts Ds=5/W and UDy(Er)~1. This indicates that iron-series
transition-metal elements may or may not satisfy the Stoner criterion. The late iron-
series transition-metal elements Fe, Co, and Ni, are ferromagnetic, because their rela-
tively large effective nuclear charges Z.g reduce the interatomic hopping. Aside from
the three iron-series elements, itinerant ferromagnetism is observed in many alloys.
Examples are YCos, MnBi FeCo, and LasFe 4B. Very weak itinerant ferromagnets,
such as ZrZny and Scgln, barely satisfy the Stoner criterion and are ferromagnetic at
low temperatures.

Some elements, such as Sc, Y, Pd, and Pt, do not satisfy the Stoner criterion but
are close to ferromagnetism. According to (2.54), they are exchange-enhanced Pauli
paramagnets, and the relatively large susceptibility means that they are easily spin
polarized by neighboring magnetic atoms. This leads to “giant magnetic moments”
per polarizing atom, for example in the Pd;_Fe, system (Fischer and Hertz 1991). A
related phenomenon is giant magnetic anisotropy (Section 3.4.4), which has its origin
in the anisotropy contribution of the spin-polarized atoms. In some materials, the trend

(a)
ID(Ep) < 1

IIZIeV AE>1¢eV

(b)

Ilzlev—Q—AEdev

Fig. 2.29 Stoner criterion: (a) paramagnetism and (b) ferromagnetism. Ferromagnetism
occurs if the Coulomb interaction, as parameterized by I (or U), is larger than the one-
electron level splitting AE ~1/D. In the Stoner model, this means D(Er) >1/I. The dotted
line describes the onset of ferromagnetism, D(E)=1/1.

— ID(Ep) > 1
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Fig. 2.30 Density of states in (a) less dense packed and (b) dense packed structures. The two
curves are s-band tight-binding predictions, but a similar skewing occurs in more complicated
systems. In fcc and hcp structures, the main antibonding peak is close to the upper end of
the d band, whereas the bcc peak is more central.

ferromagnetism is strengthened or created by band narrowing due to mechanical strain
or substitutional nonmagnetic atoms.

In general, the bandwidth is not the only consideration. The Stoner criterion
involves the density of states at the Fermi level rather than the average DOS, and
it is advantageous to have the Fermi level close to a peak. The position of the peaks
depends on the crystal structure. Figure 2.30 compares the density of states in square
and triangular model lattices. For the triangular lattice, the DOS is skewed towards
the upper band edge, and a similar effect is encountered in three-dimensional mag-
nets. The reason is the presence of hopping loops having the form of equilateral tri-
angles, which can be shown to skew the densities of states by yielding a nonzero third
moment 4 (3). Triangular hopping loops are characteristic of dense-packed systems,
such as face-centered cubic (fcc) and hexagonal metals, and also of many rare-earth
transition-metal intermetallics (see Appendix A.5). Since the band filling increases
from Fe to Co and Ni, dense-packed iron magnets suffer most from this shift. Exam-
ples are metastable fcc Fe, which is nonferromagnetic unless mechanically strained,
and the otherwise excellent permanent-magnet alloy NdoFei4B, which has a Curie
temperature of only 312° C.

When the Stoner criterion is satisfied, the paramagnetic state becomes unstable,
and the system jumps into a ferromagnetic state with nonzero moment. The magnitude
of the moment depends on the details of the DOS. A simple model is the rigid band
model. Strong ferromagnets, such as Co and Ni, are close to complete band filling,
and since all T levels are occupied the moment to equal the number of holes in the 3d
band. Figure 2.31 illustrates the meaning of this prediction. In practice, the d-band
filling is tuned by alloying or by adding interstitial hydrogen, which is protonic in most
metals (HT) and adds about one electron per hydrogen atom to the 3d band. In weak
ferromagnets, such as iron, the situation is more complicated, because some of the T
orbitals remain unoccupied.

Figure 2.32 shows the density of states for bcc iron. In the paramagnetic state
(a), the Fermi level is close to the main peak of the DOS, and the Stoner criterion
is satisfied. The character of the ferromagnetic moment is illustrated by the “spin-
transfer” picture (b), which is similar to Fig. 2.24(a). It is customary to include the
exchange field in the Hamiltonian, rather than treating it as an external field, so that T
and | have a common Fermi level. In the rigid-band model, the Fermi level adjustment
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Fig. 2.31 Itinerant moment: (a) nearly filled 3d band and (b) Slater-Pauling curve. The
solid line corresponds to strong ferromagnetism.
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Fig. 2.32 Density of states in bec iron: (a) paramagnetic density of states, (b) spin transfer,
and (c) adjustment of Fermi level.

is realized by a relative shift of the T and | DOS, as in Fig. 2.24(b). The corresponding
moment m is closely related to the exchange splitting of band: Fr(1) — Er(])=m . In
reality, the T and | bands undergo some distortion (c), and the shift of the 4s band is
smaller than that of the 3d band. It also is necessary to keep track of the 4s electrons

that go into the 3d band. Table 2.3 summarizes the electronic structure of Fe, Ni,
and Co.

2.4.4 *Itinerant antiferromagnets

Some itinerant magnets are antiferromagnetic, especially in the case of nearly half-
filled 3d bands. Examples are Mn and Cr below 95 and 312 K, respectively. Itinerant
antiferromagnetism is easily explained by writing the Stoner exchange in form of a
spin-dependent exchange —V (r) for T and V(r) for | electrons. This term corres-
ponds to Uny(n;) +U(ny)n; in Section 2.1.7 and means that intra-atomic exchange
favors the formation of a magnetic moment. In ferromagnets, V =1V, is positive, but
in antiferromagnets V = £ V,,, depending on the sublattice. Figure 2.33 compares the
potentials V for ferromagnets and antiferromagnets. In antiferromagnets, each second
spin has the “wrong” sign, which affects the energy gain on interatomic hopping. To
determine whether ferromagnetic or antiferromagnetic order is more favorable, one
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Table 2.3 Some intrinsic properties of elemental 3d ferromagnets (bcc Fe, fcc Ni, and
hep Co).

Unit Fe Co Ni
m B 2.217 1.753 0.616
M (RT) T 2.16 1.76 0.61
Te K 1044 1360 627
Dy(Ey) 1/eV 1.54 1.72 2.02
I eV 0.93 0.99 1.01
n3q + N4s — 8 9 10
nzq(7) - 4.8 5.0 5.0
nsq(l) - 2.6 3.3 4.4
n4s(T) - 0.3 0.35 0.3
n4s(]) - 0.3 0.35 0.3
3dT holes - 0.2 0.0 0.0
3d| holes - 2.4 1.7 0.6

«—
«—
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Spin-dependent potential (arb. units)

I I I I I I I I I I I I I I
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Atomic position x/a Atomic position x/a

Fig. 2.33 Spin-dependent potentials. The Coulomb interactions favor parallel intra-atomic
spin alignment, so the hopping onto a site of opposite spin costs energy.

puts the electrons in the spin-dependent potential and calculates the total energy for
both cases.

Let us assume that U is sufficiently strong to ensure a magnetic moment m,
so that we can ignore Pauli paramagnetism and focus on whether the interatomic
coupling is ferro- or antiferromagnetic. For well-separated atoms, where |t| =0, the
FM and AFM configurations have the same energy, —Um,, corresponding to zero
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interatomic exchange. However, for finite |t|, the energy difference depends on the
band filling. In ferromagnets, the hopping contribution is large, and adding electrons
to an empty band, yields a large energy gain. With increasing T band filling, the total
energy reaches a minimum and then reaches its original value. This is because the
center of gravity of a band does not change on hybridization. For example, in the two-
level system in Fig. 2.29(b), one electron occupies a low-lying state, but the addition
of a second electron, corresponding to a half-filled band (or filled T band) reduces the
energy gain to zero. As a consequence, nearly empty bands exhibit a strong trend
towards ferromagnetism, and the same is true for nearly filled bands. This explains
the frequent occurrence of ferromagnetism in the late transitions metals Fe, Co, and
Ni (exercise on ferromagnetism across the 3d series).

Both ferro- and antiferromagnets gain energy on hybridization, but the AFM
gain is small, because it involves the energetically unfavorable hopping onto sub-
lattices with the “wrong” sign of the potential £V, (right-hand side of Fig. 2.33).
This is often accompanied by a small conductivity in the AFM state, as exemplified
by CMR manganites (Section 7.2.7). The large level splitting £V}, in antiferromag-
nets is therefore only weakly affected by interatomic hopping (Section A2.3). This
mechanism favors ferromagnetism, except for half-filled bands, which exhibit a trend
toward antiferromagnetism. Half-filled FM bands do not benefit from hybridization,
because the T band is complete filled and its energy is equal to the center-of-gravity
energy, as in Fig. 2.29(b), whereas the AFM energy gain remains nonzero. Figure 2.34
shows a phase diagram for bands with rectangular DOS, Note that the actual cal-
culation of the moment m involves the self-consistent determination of the potential
Vo~ Im.

From Fig. 2.34 we see that antiferromagnetism (AFM) competes not only against
ferromagnetism (FM) but also against paramagnetism (PM). Transitions of the type
PM-AFM-FM, as well as more complicated itinerant spin structures, such as non-
collinear configurations and incommensurate spin-density waves, are indeed observed

i Ferromagnet 7
8 2D(Ep) - 1
Q
=)
<
3 - Anti- E
a
5 ferro-
§ D(Ep) | magnet
17
L Paramagnet E
5 6 7 8 9 10

Number n of 3d electrons

Fig. 2.34 Itinerant antiferromagnetism in an independent-electron approximation. Corre-
lations distort the phase diagram and make ferromagnetism less favorable.
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in many of materials. Figure 2.34 is easily generalized to arbitrary spin structures,
but the calculation is numerically demanding (Liechtenstein et al. 1987, Gubanov,
Liechtenstein, and Postnikov 1992) and yields a complicated physical picture, espe-
cially in alloys (McHenry et al. 2001, Kashyap et al. 2004). In addition, correlation
effects (Section 2.1.6) mean that the calculations outlined above overestimate the trend
towards ferromagnetism.

Exercises

1.

10.

11.

Symmetry of heteronuclear wave functions. Are heteronuclear real-space
wave functions symmetric or antisymmetric?

Angular momentum operators. Use p, and x to show that L, =—i"9/0¢.
Exchange and kinetic energy. Refute or confirm the argument that magnetic
modeling in terms of interatomic exchange constants J is approximate, because J
refers to fixed lattice sites and ignores the motion of the electrons.

Energy levels for three simple atoms. Calculate the one-electron energy
levels for three hydrogen atoms forming a triangle with equal sides (Hg"’) Compare
the result with the diatomic model.

Moments of oxrides. Estimate the magnetic moment per transition-metal atom
for F6203, COO, NiO, F6304, CI‘OQ, and Y3F€5012.

Hint: The 3d orbital moment is quenched, and the Y3+ ion nonmagnetic. In many
Fe oxides, there exist both 2+ and 3+ sites with different moments.

High-spin low-spin transitions. In contrast to Fe?t and Co?*, there is no
high-spin low-spin transition for Ni?* ions in an octahedral crystal field. Why?
Answer: All tog levels are occupied.

Angular momentum and Pauli matrices. Angular momentum operators J
(both orbital momentum L and spin momentum S) obey the commutation rules
Idy =y =i"dy, Iy ), — 1oy =iy, and J,J — JiJ, =i"Jy. Show that the Pauli
matrices o correspond to S =fo /2.

Hint: By symmetry, it is sufficient to consider the z and y components of S. Note
that 7 is often omitted in practice, which amounts to measuring angular momenta
in dimensionless units and magnetic moments in units of ug. In some notations,
there is an additional factor —1 relating moment and momentum, due to the choice
+e for the negative electron charge.

Ferma level for noncubic macroscopic shapes. To derive krp and Ey, we
have assumed that the solid has the form of a cube of volume L3. What would be
different for a solid of spherical shape?

Bandwidth for semicircular DOS. A band is characterized by the second
moment z|t| and approximated by a semicircular or “Hubbard” density of states.
Calculate the bandwidth.

Ferromagnetism of yttrium intermetallics. YFes is ferromagnetic, but the
equistructural alloy YNiy is paramagnetic. Why?

Ferromagnetism across the 3d series. Band-filling arguments predict anti-
ferromagnetism for elements in the middle of the 3d series (Mn, Cr) but ferro-
magnetism for nearly empty and nearly full 3d bands. However, ferromagnetism
is encountered in Fe, Co, and Ni but not in the early transition-metal elements,
such as V and Ti. Why?
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Models of exchange

Real-space wave functions vs. spin functions. In the introductory part of
this chapter, we have derived the exchange between spins in terms of real-space
wave functions, as compared to spin functions. Why is this justified?

The zoo of holes around electrons in solids. Explain the differences between
orthogonality, exchange, and correlation holes.

*Exchange hole. Consider a 77 pair of free electrons and calculate the prob-
ability of finding them at r and r’.

Hint: Free electrons are described by wave functions exp(ik - r). Assume that
the two electrons have wave vectors k and k', construct an antisymmetric two-
electron state from these two states, and evaluate the pair distribution function
glr—r¢') ~T*(r, r")¥(r, r').

Answer: The pair distribution function g(r —r’) ~ 1 — cos[(r —r’)- (k — k)] is zero
for r=r’, as expected from the Pauli principle, but nonzero elsewhere. Integra-
tion over all k-states and taking into account that T] pairs do not experience an
exchange hole yields a function g~0 for small kp|r —r'| and g~ 1/2 for large
kp|r —1'|.

Distance dependence of hopping integrals. Show that hopping integrals
exhibit an approximately exponential decay with increasing interatomic distance.
What is the consequence for ferromagnetism?

Unitary transformations. Finding the energy levels of a Hamiltonian cor-
responds to a diagonalizing unitary transformation (rotation in Hilbert space).
The columns of the corresponding unitary matrix U are the normalized eigenfunc-
tions of the matrix. Sometimes, the eigenfunctions are only approximately known,
and UTHU doesn’t yield a complete diagonalization. Use the following sets of
eigenfunctions to rotate the 4 x 4 matrix (2.13) and discuss the corresponding
simplifications of the matrix: |s), [sa)+ |as), [sa) —|as), |aa) and |LL)+|RR),
|LL) — |RR), |LR)+ |LR), |LR) — |RL).

Pseudopotential. Calculate the wave function and electron density for a long-
wavelength electron coupled to an s-type core state.

Hint: Write |¢)=|k) —|¢)(¢p|k), where |¢)) is the true wave function, |k)~
exp(ik -r) ~1, and |¢) is the core wave function.

Answer: In fair approximation, exp(ik-r)=1, so that ¢ (r) ~1— ¢(r) [ &(r')dr’.
Since 1 (r) has a zero, the average electron density is reduced near the core. This
“orthogonality hole” is a manifestation of the pseudopotential.

Hubbard exchange. Use the large-U limit of Jog =J +U/4— (U?/16 +T?)'/?
to discuss the exchange between two atoms. Compare the approximate solution
with exact result for J=0.1eV, U=10eV, and T =1¢V.

Hint: Exploit the fact that (1 + z)'/2 ~ 1+ /2.

Eigenfunctions of spin. Determine the eigenfunctions of o, oy, 0,, and e - o,
where e = sin 0l cos ¢ e, + sinfsin p ey + cosle,.

Hint: Start from | ) =(1, 0) and use the wave functions | |)=(0, 1), U(¢,8)
(1, 0)T and U(g,0) (0, 1)T.

*Magic numbers. Free electrons confined to nanoscale features such as clusters
and nanodots form energy levels similar to particle-in-a-box states, and the filling
of these levels leads to “magic-number” stability when the HOMO-LUMO splitting
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Exercises 11

between highest occupied and lowest unoccupied orbitals is large. Determine and
discuss the four lowest-lying energy levels for particles of cubic shape.

Hint: The behavior of simple metals is well described by the free-electron or jellium
model.

*RKKY interaction. Derive the oscillatory distance dependence of the RKKY
interaction by using second-order perturbation theory. What happens if one
restricts the consideration to first-order perturbation theory?

Hint: Use the free-electron dispersion relation E = h?k?/2m,, where k < kg, and
consult Section A2.5.
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3
Models of magnetic anisotropy

The energy of a magnet depends on the direction of the magnetization with respect
to the crystal axes. This important property, known as the magnetic anisotropy, is
the origin of hysteresis and coercivity. Anisotropy-energy densities vary from less than
0.005 MJ/m? in very soft magnets to more than 10 MJ/m? in some rare-earth perman-
ent magnets. Figure 3.1(a) shows a cylindrical magnet with the magnetization along
a preferential or easy axis (top) and a magnetization direction with high anisotropy
energy (bottom). Anisotropy modeling tackles a number of questions, such as the exist-
ence and orientation of easy axes, the symmetry and strength of the anisotropy, and
their dependence on chemical composition and crystal structure. Magnetic anisotropy
is intimately related to phenomena such as orbital-moment formation, magnetoelas-
ticity, and magnetoresistance. The models considered in this chapter fall into three
categories: phenomenological models, pair-interaction models, and anisotropy models
involving spin-orbit coupling.

In most magnetic materials, the main source of anisotropy is magnetocrystalline
anisotropy, which involves electrostatic crystal-field interaction and relativistic spin-
orbit coupling (Bloch and Gentile 1931). This applies to both bulk and surface
anisotropies, and the same mechanism explains the orbital moment and magnetoelas-
ticity of most magnets, and the anisotropic magnetoresistance of metallic ferromagnets.

(a) (b) (© (d

O)
o

4o

0

Fig. 3.1 Phenomenology of magnetic anisotropy and popular explanations: (a) magnetiza-
tion directions with generally different energies, (b) and (c¢) anisotropy due to broken exchange
bonds (a rather simplistic explanation) and (d) compass-needle analogy of shape anisotropy.
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Typical anisotropy-energy densities (anisotropy constants) of iron-series transition-
metal magnets are 0.05 MJ/m? (0.5 x 106 ergs/cc) for bee Fe and 0.5MJ/m? for hep
Co. Much higher room-temperature anisotropies, of order 10 MJ/m3, are obtained in
rare-earth magnets. This reflects the large spin-orbit coupling of the rare-earth 4f
electrons.

A popular but incorrect explanation of anisotropy is that removing atomic neigh-
bors, or reducing the symmetry by lattice strain, weakens exchange bonds and leads
to magnetic anisotropy. The argumentation is often furnished by referring to Néel’s
famous paper on surface anisotropy (1954). For example, it is argued that surfaces
exhibit planar or perpendicular anisotropy because the exchange energy depends on
whether the magnetization is in-plane or perpendicular, as illustrated in Figs 3.1(b)
and (c). However, the Heisenberg Hamiltonian Jj;j s; - s; is isotropic, even if the exchange
bonds Ji; = J(r; — r;j) are anisotropic. Only relative angles between neighboring spins
matter, and Heisenberg exchange does not care in which direction the net magnetiza-
tion points.

Magnetostatic interactions may yield some anisotropy, but only in a few systems
are they the leading contribution. First, as emphasized long ago (Bloch and Gentile
1931), the dipolar anisotropy of cubic magnets is zero, in contrast to the experimen-
tally observed finite anisotropy of cubic materials such as Fe and Ni. Second, from the
compass-needle analogy shown in Fig. 3.1(d) it is straightforward to estimate that the
corresponding shape-anisotropy energy densities are of the order of a few 0.1 MJ/m?.
This is one to two orders of magnitude smaller than the anisotropy of rare-earth per-
manent magnets. Third, macroscopic magnetization states are generally nonuniform,
and anisotropies obtained by comparing nonuniform magnetizations tend to be poor
estimates. For example, in Fig. 3.1(c) the shape-anisotropy easy axis is horizontal,
because the magnetostatic energy of the configuration in the middle is lower than
that of the top configuration. However, physically realized configurations tend to be
multidomain (bottom), and there is no longer a well-defined shape anisotropy.

3.1 Phenomenological models

Summary The dependence of the magnetic energy on the magnetization angle
is usually parameterized in terms of anisotropy constants. The sim-
plest phenomenological anisotropy model is lowest-order or second-order
uniaxial anisotropy, E,/V = Kjsin?#, where K, is the first uniaxial
anisotropy constant. Most magnetic materials exhibit additional higher-
order and, depending on their crystal symmetry, nonuniaxial contribu-
tions. These are often, but not always, small corrections to K;. An
important exception is cubic anisotropy, where the second-order terms
are zero by symmetry and the leading term is fourth-order. Other param-
eterization tools are anisotropy coefficients, such as ko, and anisotropy
fields, such as 2K /o Ms.

Since the spontaneous magnetization My = |M| is essentially fixed by intra- and
interatomic exchange, we can express the anisotropy energy in terms of the magnetiza-
tion angles ¢ and 6. Let us choose a coordinate frame by writing the magnetization as

M = M,(sinf cos pex +sinfsin g e, + cosbe,) (3.1)
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where the unit vectors ey, ey, and e, may or may not correspond to the crystallographic
a, b, and c axes. The simplest anisotropy-energy expression for a magnet of volume V is

E,=K,Vsin®0 (3.2)

Here V is the volume of the magnet and K is the first- or second-order uniaxial
anisotropy constant.

Equation (3.2) provides a simple but powerful parameterization of the magnetic
anisotropy. This applies not only to typical hard magnets, where lowest-order uniaxial
anisotropy is the leading anisotropy contribution, but also to magnets where the use
of uniaxial anisotropy requires special care. Naturally, one limitation of (3.2) is the
exclusion of higher-order terms, such as sin* §. This means that K; =0 for cubic mag-
nets, and the use of uniaxial expressions for cubic materials needs further justification.
Another challenge is the generally unknown symmetry axis. In magnets with uniax-
ial crystal structure, the symmetry axis (6 = 0) corresponds to the crystallographic
c-axis, whereas § = 7/2 denotes the basal or a-b plane. An example is Nd-Fe-B per-
manent magnets, which tend to have shapes similar to Fig. 3.1(a). In small particles
with cubic crystal structure but elongated shape, the symmetry axis is parallel to the
long or “shape” axis of the particle. Polycrystalline magnets have a spatially varying
symmetry axis n(r), and it is convenient to replace K sin? @ by —K;(n-M)?/M2.

The physical interpretation of (1) depends on whether K is positive or negative.
For K7 > 0, the energy has minima at 8 = 0 and # = 7, so that the easy axis is parallel
to the symmetry axis. This is known as easy-azis anisotropy. When K is negative,
the energy minimum is at = /2. In this regime, the magnetization is free to rotate
in the basal plane, which is known as easy-plane anisotropy.

3.1.1 Uniaxial anisotropy

One way of generalizing (3.2) is to include higher-order powers of sinf. The corres-
ponding anisotropy-energy density is

E. . . )
v = K;sin?0 + Kysin® 0 4+ K3sin® 6 (3.3)

where K3 and K3 are the second and third uniaxial anisotropy constants, respectively.
By definition, odd-order terms, such as sin 6 and sin® @, are not included in this expan-
sion. Figure 3.2 shows some energy landscapes created by (3.2). The top row compares
isotropic, easy-axis, and easy-plane magnets, whereas the bottom row illustrates the
influence of fourth- and sixth-order terms.

Equation (3.3) gives rise to two questions: How many terms are necessary to
describe magnetic anisotropy, and what determines the relative magnitudes of the
anisotropy constants? Experiment suggests that the magnitude of the individual terms
strongly decreases with increasing order, but there are exceptions. A more specific
question is whether there is a small parameter that makes higher-order terms neg-
ligible. In rare-earth intermetallics (Section 3.4.1), the small parameter is the ratio
Ry /a, where Rys =~ 0.5 A is the rare-earth 4f-shell radius and a ~ 3 A is the interatomic
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(a)

(d)

Fig. 3.2 Uniaxial anisotropy-energy landscapes: (a) isotropic, (b) easy axis, (c) easy plane,
(d) easy cone, and (e—f) sixth-order landscapes.

distance. Significant higher-order contributions, as implied in the bottom row of
Fig. 3.2, indicate the absence of a small expansion parameter is some systems or
reflect competing lowest-order anisotropy contributions. For example, different sub-
lattices may yield anisotropy contributions of opposite sign, and K; may change sign
as a function of temperature (Section 5.5).

The inclusion of higher-order terms explains various experimental findings. Restor-
ing the consideration to the Kj-term (lowest-order uniaxial anisotropy) yields two
possible equilibrium states, namely easy-axis, as in Fig. 3.3(b), and easy-plane, as
in Fig. 3.3(c). Higher-order uniaxial anisotropies give rise to spin structures with
angles 0 < § < w/2. A well-known example is easy-cone magnetism, which occurs for
K; < 0and Ky > —K; /2. Figure 3.3(d) illustrates this regime, where the equilibrium
magnetization forms an angle 6. = arcsin(|K;|/2K3) with the c-axis. Fourth-order
anisotropies tend to be smaller than second-order anisotropies by one or two orders
of magnitude, so that easy-cone magnetism is limited to specific temperatures and
composition windows.

3.1.2 Second-order anisotropy of general symmetry

Up until now, we have restricted ourselves to uniaxial anisotropy. In many cases, this
is a good approximation, but there are exceptions. First, the crystal symmetry may be
nonuniaxial, that is, cubic, orthorhombic, monoclinic, or triclinic. Second, there may
be competing uniaxial anisotropies of different orientations. For example, the axis of
revolution of an ellipsoidal particle may be unrelated to the crystalline easy axis, and
the sum of magnetocrystalline and shape anisotropy can no longer be written in form
of egs. (3.2) or (3.3).
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Fig. 3.3 Energy surfaces for higher-order anisotropies: (a—c) cubic magnets and (d-f) mag-
nets with low symmetry.

Let us for the moment ignore fourth- and higher-order terms. The most general

second-order anisotropy energy density can be written as

Ba _ g, sin20 + K/ sin? § cos(2¢) (3.4)
v 1 1 .
This equation describes solids with low crystal symmetry, such as orthorhombic, mono-
clinic, and triclinic crystals. It must also be used for ellipsoids with three unequal prin-
cipal axes, randomly shaped magnets, and for many surfaces, such as bee (011). The
first anisotropy constants K; and K7 are generally of comparable magnitude, so that
the fitting of experimental data to uniaxial anisotropies may give errors comparable
to the magnitude of K;.

It may be convenient to rotate the coordinate frame so that K7 > K{ > 0. Then the
z-axis is then the global easy axis and K describes the secondary in-plane anisotropy,
the y-axis being the in-plane easy axis. The in-plane part of the anisotropy can be
observed, for example, by using a magnetic field to confine the magnetization in the
a—b plane. When K; < 0 for any choice of axes, the magnetization lies in the basal
plane, as in Fig. 3.2(c), and the K]-term selects a favorable in-plane direction.

A general expression is obtained by writing the magnetization as M = M;s, so
that |s| = 1 and sy, sy, and s, can be considered as direction cosines

M = M(sxex + sy ey + s, €,)

The second-order anisotropy energy density is then

E
Va = —Kxxsi - Kyysf, — Kzzsf — 2Ky xSy — 2Ky, 8¢S, — 2K,,,5y8, (3.5)
This equation contains six anisotropy constants, but three of them are necessary to

fix the coordinate frame. A fourth constant determines the isotropic energy zero, but
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does not affect the anisotropy. The latter is seen by putting s2 = 1 —s2 — si into (3.5)
and redefining Ky, and Ky,. Extracting the anisotropy constants and identifying
the angles 6 and ¢ requires principal-axis transformation. In matrix form, E,/V =
s-K-s, and diagonalization of K yields three eigenvalues K; > Ky > Kiyip and
Kl = 7(K1 + %KH + %KIII) and K{ = %KIII — %KH.

3.1.3 Higher-order anisotropies of nonuniaxial symmetry

The anisotropy contributions of (3.4) are higher-order but uniaxial. Figure 3.3 illus-
trates how the energy landscapes change on adding nonuniaxial fourth- and sixth-order
terms. Examples (e) and (f) describe rather exotic magnets with very low symmetry,
but energy landscapes of the types (a—d) are frequently encountered in practice.
Anisotropies of eighth or higher order are also possible, but they are typically very
small (Section 3.3).

Here we restrict ourselves to some common types of fourth- and sixth-order
anisotropy. The fourth-order expression

% = K sin? 0 + Ky sin® 6 4+ K} sin® 6 cos 4¢ (3.6)

provides a convenient description of magnets with tetragonal crystal structure, but
it can also be used to describe hexagonal, rhombohedral, and cubic crystals. How-
ever, hexagonal and rhombohedral crystals are characterized by K} = 0, so that (3.6)
degenerates into a sum the second- and fourth-order uniaxial anisotropies. In tetrag-
onal magnets, both K5 and K} are fourth-order and generally nonzero, though often
smaller than K. In cubic crystals, K1, Ks, and K} are all fourth-order, and only two of
the three constants are independent. The smallness of the anisotropy of cubic magnets
is the main reason for preferring hexagonal, tetragonal, or rhombohedral structures as
permanent magnets and recording materials.

With increasing order, the anisotropy-energy densities become quite complicated,
even for high symmetries. For example, generalizing (3.6) to sixth order yields two
different expressions. For tetragonal symmetry

E, . . . . .
i K, sin? 0 + Kysin® 0 + K} sin 0 cos4¢ + K3sin® 0 + K4 sin® 0 cos4¢  (3.7a)
whereas hexagonal and rhombohedral magnets are described by
E, . . . .
7 K sin? 0 + Kysin® 0 + K3 sin® 0 + K4’ sin® 0 cos 6¢ (3.7b)

Equation 3.7(a) can also be used to describe cubic magnets, but this approach is
cumbersome and rarely used. Even more complicated expression are obtained for more
complicated symmetries, such as monoclinic.

3.1.4 Cubic anisotropy

For cubic crystals, the leading terms of the expansion of the anisotropy-energy
density are

2 =K (s2 sf, + 33, s2 4+ 525%) + Kéc)si sf, 52 (3.8)
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Typical energy surfaces for cubic magnets are shown in Fig. 3.3(a—c). K; > 0 yields
an easy magnetization directions along the (001)-type cube edges. This regime, shown
in Fig. 3.3(a), is called iron-type anisotropy. For K7 < 0 the preferential magnetiza-
tion directions are parallel to the (111)-type cube diagonals. The energy landscape
is illustrated in Fig. 3.3(b) and known as nickel-type anisotropy. KQ(C) > 0 favors easy
axes along the cube diagonals, too, but Fig. 3.3(c) shows that the symmetry of this
contribution is different from Ni-type anisotropy.

Comparing egs. (3.8) and (3.7b) we convince ourselves that the cubic and tetrag-
onal anisotropy constants K; have the same value. However, this is accidental, and
the conversion of the other cubic and tetragonal anisotropy constants is nontrivial.
Explicitly,

Ky = —%Kl + éKéO (3.9a)
Kl = —éKl - éKéc) (3.9b)
Ky = _é KO (3.9¢)
Ky = K (3.94)

There is, usually, no need to use these conversions, but they are useful when consid-
ering cubic magnets that are strained parallel to the cube axes. The corresponding
magnetoelastic anisotropy (Section 3.5.1) may be much higher than the original cubic
anisotropy. For example, the magnetic hardness of steel magnets is due to interstitial
carbon atoms, which yield a tetragonal lattice distortion in form of a martensitic phase
transition. Similar sets of conversion rules exist for other pairs of symmetries, such as
cubic and orthorhombic.

3.1.5 Anisotropy coefficients

Equation (3.9) indicates that the conversion rules between anisotropy constants are
rather complicated. This reflects a far-reaching inadequacy of anisotropy constants,
namely the nonorthogonality of the underlying functions E,(6,¢). In particular,
anisotropy constants mix anisotropy contributions of different order, which complicates
the mathematical handling and physical interpretation of the anisotropy constants.
A good example is cubic anisotropy, where K7 looks like a second-order anisotropy
constant but is, in fact, fourth-order.

A better description is provided by orthogonal functions. A natural choice is spher-
ical harmonics, which are both complete and orthonormal. The corresponding con-
stants are known as anisotropy coefficients and denoted by their order. For uniaxial
anisotropy, (3.3),

FE,
74 = %(30082 0—1)+ %(350054 6 — 30cos? 6 + 3)

+ %(231cos6 6 — 315cos* @ — 105c0s% 0 — 5) (3.10)
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The relation between the uniaxial anisotropy constants and the uniaxial anisotropy
coefficients is K1 = —3k2/2 — by — 21k¢/2, Ko =35k4/8 + 189k¢/8, and K5 =—231kg/
16. Nonuniaxial anisotropy coefficients carry two indices. For example, k2o describes
K contributions. Equation (3.10) may look slightly more complicated than (3.3),
but it has a number of advantages. Anisotropy coeflicients are easier to access by
experiment, easier to calculate, and correspond to a given order of magnetocrystalline
anisotropy. For example, an accurate determination of K7 requires the knowledge of
higher-order terms such as x4 and kg, which can be quite a challenge. By contrast,
the k., are independent of x,,, where m’ > m.

The preferential use of anisotropy constants has practical reasons. For second-
order uniaxial anisotropy, ko differs from K7 by a factor of —3/2, which complicates
the notation without yielding any specific benefit. Another point is that that meas-
urements and theoretical calculations of anisotropy-energy densities are sometimes
restricted to directions parallel and perpendicular to the c-axis, and the difference is
then equated to K.

3.1.6 Anisotropy fields

Dimensional analysis shows that Kj/u,Ms has the dimension of a magnetic field.
This is very convenient, because it makes it possible to compare the effect of the
anisotropies with fields such as the applied field and the coercivity H.. It is customary
to define the corresponding anisotropy field of uniaxial magnets with second-order
anisotropy as

2K,

H, = 3.11
YA (3.11)

As we will see in Section 4.1, the factor 2 allows a direct comparison of H, with
H.. The inclusion of higher-order anisotropies gives rise to different non-equivalent
definitions of the anisotropy field. For example, using (3.3) and comparing the energies
for 6 = 0 and 6 = 90° leads to H, = 2(K; + Ks + K3)/uoMs. The initial slope of
the perpendicular magnetization curves yields H, = 2(K; + K3 + K3)/ 1o Ms, whereas
the ideal coercivity of uniaxial magnets is not affected by Ky and K3, so that (3.11)
remains valid.

In cubic magnets, the anisotropy field for iron-type anisotropy (K3 > 0) is described
by (3.11), whereas nickel-type anisotropy (K; < 0) leads to H, = —4K /3110 Ms. The
different expression for Ni-type anisotropy means that the energy landscape in the
vicinity of the (111) direction in Fig. 3.3(b) is quantitatively different from that in the
(001) direction in Fig. 3.3(a).

3.2 Models of pair anisotropy

Summary Magnetostatic dipole interactions are one source of magnetic anisotropy,
although typical magnetostatic anisotropies are much smaller than the
leading magnetocrystalline anisotropy contribution of electronic origin.
Aside from a lattice contribution to the magnetocrystalline anisotropy,
magnetostatic anisotropy manifests itself as macroscopic shape aniso-
tropy. Due to magnetization inhomogeneities, shape anisotropy is limited
to very small length scales. An atomic pair-anisotropy model is the Néel
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model, where the anisotropy is parameterized in terms of bond directions.
The Néel model yields the correct symmetry but fails to reproduce the
single-ion origin of the anisotropy of most bulk materials and surfaces.

Figure 3.1(d) illustrates that magnetostatic dipole interactions may produce mag-
netic anisotropy, even if the mechanism shown in the figure is not very realistic. There
are two types of magnetostatic anisotropy contributions. First, pairs of magnetic atoms
in noncubic structures yield a magnetostatic contribution to the crystalline anisotropy.
Second, the long-range character of magnetostatic interactions means that the mag-
netic energy depends on macroscopic orientation of the magnetization. The second
contribution is known as shape anisotropy.

3.2.1 Dipolar interactions and shape anisotropy

Dipolar and shape anisotropies are based on the magnetostatic interaction energy of
a pair of magnetic dipoles m;/; located at r;;:

1 3mi-Rijmj~Rij—mi-ij12j
Ay R}

Ems(i,j) = (3.12)

where Rjj; = r; — r;. In principle, this equation can be used to calculate the mag-
netostatic contribution to the anisotropy energy of any system, but the summation
YisjEms(i,j) over pairs of atomic dipoles is very cumbersome. It is convenient to
replace the summations by integrals, ¥;...m; = [...M(r)dV, and to rewrite the
total magnetostatic energy as s = %,uo [ M(r)-Hp(r)dV, where Hp is the demagne-
tizing or self-interaction field. Some aspects of the involved mathematics are discussed
in the Appendix.

There is no simple general expression for Es, but for homogeneously magnetized
ellipsoids, the calculation is relatively straightforward and yields

Bis = % M2 (Dys2+ Dy 52 + D, s2)V (3.13)

Here z, y, and z refer to the principal axes of the ellipsoid, and the demagnetizing
factors Dy, Dy and D, describe the demagnetizing field in the respective principal
directions. For example, Hp x = —DyxMy. This equation is a special case of eq. (3.5)
and yields, in general, two anisotropy constants K; and K7, as in (3.4).

Let us now restrict ourselves to the uniaxial case of ellipsoids of revolution, where
Dy = Dy. Furthermore, Dy + Dy + D, =1, so that D = D, = 1 — 2Dy, and s2 + 83, +
52 =1. Putting these expressions into (3.11) and extracting the anisotropy yields

Ko = %(1 — 3D)M? (3.14)

where K, is the shape anisotropy contribution to K;. Figure 3.4 summarizes the
physics behind the calculation of D. In a real magnet, Fig. 3.4(a), the atomic dipoles
yield both microscopic and macroscopic contributions. Modeling the magnet as a
homogeneously magnetized ellipsoid of revolution, Fig. 3.4(b), ensures that the demag-
netizing field is homogeneous, so that Hp = —DM and (M -HpdV =M - HpV.
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Fig. 3.4 Magnetostatic contributions to the anisotropy: (a) atomic picture, (b) macroscopic
picture, and (c) considerations determining the demagnetizing field.

3.2.2 Demagnetizing factors

For ellipsoids of revolution, it is sufficient to consider the demagnetizing factor D = D,
parallel to the axis of revolution. The demagnetizing factor in the basal plane then
follows from Dy 4+ Dy + D, = 1 and is equal to %(1 — D). For spheres, D=1/3 by
symmetry, and both Ky, and the corresponding anisotropy field are zero. This must
be compared to the negative demagnetizing field, Hp = —M/3. In two other limits,
shown in Fig. 3.4(c), the demagnetizing factors are obtained by analyzing Maxwell’s
equations. First, in the absence of macroscopic currents, V x H = 0 and the field
component H parallel to any surface is continuous. For strongly elongated or needle-
shaped ellipsoids (top of figure), this means that Hp is equal to the field outside the
magnet. However, this field is zero, because any finite field would yield an unphysical
divergence of the total magnetostatic energy s, [ H? dV/2. This yields Hp = 0 and
D = 0 for needle-shaped magnets. Second, V - B = 0 means that the normal flux
component B, is continuous at any surface. For strongly oblate or plate-like mag-
nets, bottom of Fig. 3.4(c), this means that B, = uo(M + Hp) inside the magnet is
equal to B, = u,H outside the magnet. To ensure a proper convergence of the total
magnetostatic energy, we must put H =0, so that Hp =—M and D=1.
Demagnetizing factors for general ellipsoids were discussed by Osborn (1945). For
prolate and oblate ellipsoids of revolution with intermediate aspect ratios k, = R,/Rx

1 o
D=— ( n arcosh ko, — 1) (3.15a)
ke —1 K2 —1

and

1
D=—[1- "> arccos Ko (3.15Db)
1— k2

T 1 _ 2
1—r2

respectively. As discussed above, spherical particles exhibit kK, = 1 and D = 1/3. In
the limits of needle-shaped (k, > 1) and plate-like (k, < 1) magnets, the respective
expressions reduce to

1
D= (s —0307) and D=1- 3o (3.16)

Of course, these equations reproduce D = 0 for long cylinders and D = 1 for plates
or thin films. Two intermediate demagnetizing factors are 0.527 and 0.174 for aspect
ratios of 0.5 and 2.0, respectively.
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The shape anisotropy associated with the demagnetizing factor must not be
confused with the demagnetizing-field corrections to the hysteresis loop (Fig. 4.2).
The latter is a macroscopic effect unrelated to magnetic anisotropy. For example,
(3.13-14) are based on the assumption of a parallel spin orientation throughout the
magnet (coherent rotation). In Section 4.3 we will see that this requirement is not real-
ized in macroscopic magnets, and the corresponding field corrections have a magnitude
comparable to DM.

3.2.3 Applicability of the shape-anisotropy model

Shape anisotropy originates from macroscopic charges at the magnet’s surface. Atomic
aspects of magnetostatic dipole interactions, as illustrated in Fig. 3.4(a), are ignored
but can be incorporated very easily into the magnetocrystalline anisotropy. For exa-
mple, some magnets have a layered atomic structure, and having the magnetization in
the layer plane may be magnetostatically favorable. In most cases, this magnetostatic
contribution is a small correction to the leading electronic contributions.

A popular but unphysical interpretation is to identify the shape-anisotropy field
2K/ pio My with the demagnetizing field Hp caused by the poles on the magnet’s sur-
face. In fact, the demagnetizing field is always negative, Hp = —DM, where D > 0 is
the shape-dependent demagnetizing factor. Arbitrarily “correcting” this result by sub-
tracting demagnetizing fields for different directions doesn’t provide a solution, because
the obtained anisotropy energies are incorrect, except for spheres and thin films.

A severe condition is the requirement of a uniform magnetization state. Magne-
tostatic surface charges cost dipolar energy, and there is a general trend towards the
formation of inhomogeneous magnetization states, as illustrated in the bottom part
of Fig. 3.1(d). These inhomogeneous magnetization states may have the character of
equilibrium domains, or they may appear as inhomogeneous modes during magnet-
ization reversal. Since the derivation of (3.12) relies on a homogeneous magnetization,
there is no well-defined shape anisotropy in magnets with inhomogeneous magneti-
zation. The magnetic energy of a magnet with arbitrary spin structure is likely to
reflect phenomena such as domain wall motion and local magnetization rotations. By
definition, this has nothing to do with magnetic anisotropy, but is a micromagnetic
phenomenon.

The trend towards domain formation competes with the interatomic exchange,
which favors parallel spin orientation. Since interatomic exchange is a short-range
phenomenon, the shape-anisotropy model works best for small magnetic particles.
Examples are powders of elongated nanoparticles, such as Fe, and alnico-type perman-
ent magnets, where long needles of FegsCoss are embedded in a nonmagnetic Al-Ni
matrix. To realize a useful degree of shape anisotropy, the Fe-Co needles must be very
thin, less than 100nm in diameter. Magnetostatic interactions are also important in
magnetic nanostructures, such as nanowires (Sellmyer, Zheng, and Skomski 2001). We
will discuss the involved length scales in Chapter 4.

3.2.4 The Néel model

A famous pair-interaction model was developed by Néel (1954). Aside from an isotropic
zero-point energy, the anisotropy energy per pair of magnetic atoms is

E(i,j) = L(r) <cos2 iy — :1))> + (h.o.) (3.17)
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Fig. 3.5 Models of magnetic anisotropy: (a) Néel model and (b) single-ion model. Both
models reproduce the correct symmetry, but (b) is physically more adequate for most systems.

where 15 is the angle between the bond axis and the magnetization, costy; =
M - Rij/MsR. This expression includes but is not restricted to magnetostatic dipole
interactions. A specific advantage is the use of orthogonal functions (Legendre poly-
nomials), very similar to the parameterization in terms of anisotropy coefficients
(Section 3.1.5).

The Néel model provides an adequate description of the symmetry of the magnetic
anisotropy, including surface effects such as that indicated in Fig. 3.1(c), and has been
used to describe thin films and surfaces (Chuang, Ballantine, and O’Handley 1994,
Millev, Skomski, and Kirschner 1998). However, this does not mean that Néel’s pair
approach provides a physical understanding of anisotropy. Néel himself was well aware
of the phenomenological nature of his expansion, even if he was partly motivated by
magnetostatic dipole terms. There are also electronic terms of pair character, but the
main contribution to the magnetocrystalline anisotropy of most bulk magnets and
surfaces is single-ion anisotropy.

The difference is seen by considering the effect of nonmagnetic atomic neighbors.
Figure 3.5(a) illustrates that the Néel model requires pairs of interacting magnetic
atoms. By contrast, single-ion anisotropy is caused by an environment that is not
necessarily magnetic. The principal failure of the Néel model is seen by comparing rare-
earth transition-metal intermetallics SmoFe;7 and SmoFe;7N3. The interstitial nitro-
gen is nonmagnetic but acts as an electronegative crystal-field charge, changing the
room-temperature anisotropy from relatively soft, K1 = —0.8 MJ/ ms, to very hard,
K; = 8.6MJ/m® (Skomski and Coey 1999). Since both the single-ion and Néel models
reproduce the correct symmetry, there is no true advantage in using the Néel model
unless imposed by the underlying physics.

3.3 Spin-orbit coupling and crystal-field interaction

Summary Spin-orbit coupling and crystal-field interaction are key requirements for
magnetocrystalline anisotropy. Spin-orbit coupling is a higher-order term
in the relativistic Pauli expansion in terms of the small parameter v/c,
where v is the velocity of the electrons. Magnetic interactions, such as
spin-orbit coupling, tend to be much smaller than the leading electro-
static and exchange interactions, but the high effective nuclear charge
of inner electrons in rare-earth atoms enhances the spin-orbit coupling.
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In solids, the spin-orbit coupling competes against the crystal-field split-
ting, which favors the suppression (quenching) of the orbital moment.
Quenched orbitals have a standing-wave character and adapt more eas-
ily to the crystal field than unquenched or running-wave orbitals. The
outcome of the competition between spin-orbit coupling and crystal-field
interaction determines the degree of quenching and the magnitude of the
magnetic anisotropy. 3d electrons tend to undergo strong quenching. For
example, iron has a magnetization of about 2.2 ug, but only about 5% of
this moment are of orbital origin. The opposite is true for the 4f electrons
in rare-earth ions, which are close to the nucleus and therefore combine
a weak crystal-field interaction with a strong spin-orbit coupling.

The leading electronic contribution to the magnetic anisotropy involves two mechan-
isms, spin-orbit coupling and crystal-field interaction. This section starts with a brief
discussion of the relativistic origin of magnetism. Magnetic energies, including spin-
orbit coupling, are obtained as small corrections to the leading electrostatic energies.
We then analyze the electrostatic energy contributions, by modeling the atomic wave
functions as hydrogen-like orbitals embedded in a crystal field, and investigate how
spin-orbit coupling modifies the orbitals.

3.3.1 Relativistic origin of magnetism

The relativistic nature of matter means that all basic equations can be written in a
space-time symmetric form. An example is the propagation of light, 22 + 3% + 2% —
c?t? =0, where r and t can be considered as a four-dimensional vector. Electromag-
netism is described by a four-vector containing the vector potential A and the scalar
potential ¢. The source of the potential is a four-vector containing the current den-
sity j and the charge p, and the four Maxwell equations can be combined into a set of
two four-dimensional differential equations.

Nonrelativistic equations can be used if the velocity v of the electron is much
smaller than the speed of light. For example, expanding the relativistic energy

E:mc%/Hf (3.18a)
e C2 N

into powers of the small parameter v/c yields

E =m.c?® + %mer — %melfl (3.19)
The first term on the right-hand side is the rest energy of the electron, mec® =
0.511MeV, the second term is the nonrelativistic kinetic energy, and the third term is
the lowest-order relativistic correction to the kinetic energy. The second term is also
a good estimate for the electrostatic energy of electrons in atoms, where kinetic and
potential energies are of comparable magnitude.
The relativistic character of (3.18) becomes explicit on substituting v = p/me, so
that

mct = (B% — p?) (3.18b)
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In this equation, p and E form the energy-momentum four-vector. To account for
the quantum-mechanical nature of atomic matter, we must convert (3.18b) to a linear
wave equation known as the Dirac equation. This is possible, because p and E have a
four-vector analog in the respective operators —ihV = —ihd/0r and hid/dt. To derive
the wave equation, it is convenient to write (3.18b) as ¢?p? = (E + mec?)(E — mec?).
Let us, for the moment, ignore the vector character of p, so that the above equation
has two roots ¢p = E + mec?. The roots correspond to electrons (E ~ mec?) and
positrons (E ~ —mec?).

Unfortunately, the three-dimensional equivalent of cp = E 4 mec? doesn’t make
sense, because cp = F 4 me.c? equates a vector with a scalar. To solve the problem,
we exploit an important property of the Pauli matrices, namely that (o - a)? = a®
for any vector a. This yields co - p = E +mec?. Since the Pauli matrices are 2 x 2
matrices, the resulting wave function has two components. As we can guess from the
involvement of the Pauli matrices, the two components denote the spin of the electron.
This shows that the spin is a natural consequence of the four-dimensional character
of relativistic space. There is neither need nor justification to assume a rotation of the
electron about its own axis!

Magnetic interactions are obtained by incorporating the vector potential, as one
adds the electric potential ¢ to the energy E. The solution of the Dirac equation,
outlined in the Appendix, exhibits two features. First, there is generally some admix-
ture of antimatter or positronic features to the electron wave function. This requires a
careful book-keeping of terms for each power of v/c, and the resulting wave equation
has the character of a perturbation series. Second, p = —iAV gives rise to derivatives
of the vector potential, which have the character of magnetic fields. This means that
Zeeman interactions are automatically included in the expansion. Restricting ourselves
to the most important terms, we obtain the Pauli expansion

2
EY = mec®y —

2m6V2w+V(r)¢+uBH- (L +2S)y + AL -S¢ (3.20)
where L and S are one-electron orbital-moment and spin operators, respectively, and
A is the spin-orbit coupling constant. Note that this familiar L-S form of the spin-orbit
coupling is limited to spherical potentials V.

It is illustrative to compare this expression with (3.17). For hydrogen-like atoms,
the velocity of the electrons v =~ Zac, where Z is the effective nuclear charge and
a = e%/4mwe hc &~ 1/137 is Sommerfeld’s fine-structure constant. This yields

1 1
E =m.? + §meZ2a2c2 - gmeZ404402 (3.21)

Analyzing the order of magnitudes of the terms in (3.20), we obtain one term of order
a®(mec?), two terms of order o? (the kinetic and potential energies), and two terms of
order a* (the magnetostatic interaction and the spin-orbit coupling). This indicates
that magnetic interactions are much smaller than electrostatic interactions. For Z = 1,
the electrostatic and magnetostatic (or Zeeman) energies scale as a?mec?/2 = 13.6 eV
and atm.c?/8 = 0.18 meV, respectively. One example is the Pauli paramagnetism of
simple metals, where the field H competes against the kinetic energy. The correspond-
ing susceptibility is of the order of a?, and very high fields are necessary to produce



Spin-orbit coupling and crystal-field interaction 87

a substantial spin polarization. Another example is the Zeeman interaction of a spin
moment with an external magnetic field, which is epitomized by the Bohr magneton,
up = 0.672K per tesla. By contrast, exchange corresponds to temperatures (Curie
temperatures) of the order of 1000 K. Spin-orbit coupling suffers from the same fun-
damental limitation, but by cleverly exploiting the large Z of inner-shell electrons, it
is possible to obtain high anisotropies in rare-earth intermetallics and other materials.

3.3.2 Hydrogen-like atomic wave functions

Since magnetostatic and spin-orbit interactions are small corrections to the leading
electrostatic terms, we start with a discussion of the electrostatic potential V' (r). This
part of the argumentation is closely related to the treatment of interatomic hopping
and exchange (Chapter 2). It is convenient to separate the spherical atomic potential
Vo(r) and to write

V(r) = Vo(r) + Vor(r) (3.22)

where Vor(r) is the crystal-field potential. The same division has been used to derive
hopping integrals, and it can be shown that hopping and direct crystal-field inter-
actions have a very similar effect on the magnetic anisotropy. To model the crystal-
field interaction, we take hydrogen-like atomic wave functions and put these orbitals
into the crystal field.

3.3.3 Crystal-field interaction

The minima and maxima of the 3d wave functions translate into an aspherical charge
distribution, as shown in Fig. 3.6(c). Putting these charge clouds into the crystal
field Vop(r) means that different orbitals may have different electrostatic energies.
The crystal-field splitting of the energy levels is outlined in Fig. 3.7, and Fig. 3.8
shows the physical origin of the splitting. In free space, the |zy) and |22 — y?) orbitals
have the same energy, but putting the electrons in a crystalline environment yields
energy changes. The reason for the higher energy of the |xzy) orbital is the repulsive
electrostatic interaction between the negative charges (dark regions). The |22 — y?)
orbital has the lower energy, because the negative crystal-field charges are in directions
where the electron density is zero.

(a) (b) (©)

e
.
»

X

Fig. 3.6 Some hydrogen-like wave functions: (a) |1s), (b) |2p(z)) and (c) |3d(z?)). The top
and bottom rows show the signs of the wave functions and the charge densities, respectively.
The |3d(z*)) orbital (c) has the quantum numbers n = 3, [ = 2, and m = 0.
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Fig. 3.7 Crystal-field splitting: (a) eg — t2g splitting in an octahedral environment (center)
and splitting in a tetragonal field (right) and (b) high-spin low-spin transition for Mn?*t in
an octahedral field.

Crystal-field interactions are often visualized by energy-level diagrams, such as
that shown in Fig. 3.7. In many cubic compounds, the crystal field is octahedral. For
example, in rock salt oxides such as NiO and CoOQ, the six nearest neighbors are on the
x, y, and z axes. With the partial exception of hydrogen, neighboring atoms acts as
negative crystal-field charges, so that the lobes of the 3d orbitals don’t want to point
towards neighboring atoms. By inspection of Fig. 2.17, we see that the |zy), |xz), and
lyz) orbitals are between the z, y, and z axes. This lowers their energy compared to
the |z% — y?) and |2?) orbitals and gives rise to the famous e, — to, splitting into
an e; dublet and a to, triplet, Fig. 3.7(a). Replacing the octrahedral environment
by a tetrahedral or cubal environment reverses the sign of the splitting. The four or
eight crystal-field charges are now on cube diagonals, that is, between the z, y, and
z axes, and the energy of the triplet is higher than that of the dublet. The e, — tog
splitting governs the electron occupancy in cubic oxides, although hybridization effects
(broadening of levels into bands) are often important.

In noncubic materials, the situation is more complicated. Figure 3.7(a) illustrates
this point by showing the tetragonal splitting of e, — tos levels. Frequent reasons
for tetragonal crystal fields are the creation of a surface (figure), chemical substitu-
tions leading to layered compounds, and mechanical strain. One consequence of large
crystal-field splitting is high-spin low-spin transitions, as introduced in Section 2.2.4
and illustrated in Fig. 3.7(b). Note that the specific high-spin low-spin transition shown
in the figure is linked to the rather weak e; — ¢, splitting in cubic crystals. Second-
order crystal-field splittings, such as the tetragonal splitting shown in Fig. 3.8, are
larger than typical fourth-order or cubic splittings by a factor of order R%;/D? ~ 5
(Section 3.4.2), where R3? is the 3d shell radius and D is the interatomic distance
(Bethe 1929). This enhances the trend towards high-spin low-spin transitions so long
as unoccupied | orbital are available.

In practice, there is some interatomic hopping, and the energy levels broaden into
bands (Section 2.4). In some oxides, the bandwidth is smaller than the crystal-field
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Fig. 3.8 Crystal-field interaction: (a) quenched 3d wave functions, (b) charge density, and
(c) embedding in a crystal represented by four negatively charged atoms (black dots).

splitting, so that electronic structure is essentially given by the crystal-field splitting.
However, many oxides are intermediate cases (Mattheis 1972), and in metals, the
crystal field yields relatively small corrections to the band splitting.

3.3.4 Quenching

Let us now consider a far-reaching question. Spin-orbit coupling requires an orbital
moment, but experiment shows that the magnetic moment of Fe, Co, and Ni originates
nearly exclusively from the spin of the 3d electrons. This is striking, because the
magnetic quantum number m, is supposed to describe the orbital moment. To check
this point from a basic quantum-mechanical point of view, let us calculate the orbital
moment (L,) ~ —ih [¢*0¢/9¢ d¢ for the wave functions of (2.30). The integral is
zero for all orbitals, in agreement with experiment but at unease with the orbital-
moment interpretation of the magnetic quantum number. How can we explain this
disagreement?

The answer lies in the orthogonality of the set of 3d wave functions (2.30). Any
orthogonalized combination of these functions provides an equally valid mathematical
description but may contain different physics. For example, combining a wave function
of orbital moment +m, with a wave function of orbital moment —m, may yield two
wave function with zero orbital moment. Let us consider the functions |zy) and |22 —
y?). Exploiting the relation exp(+ir) = cos(z) % isin(z), we construct

[1 :
|£2) = 32% Rsq4(r) sin? § ¢ (3.23)

where (L,) = £2. More generally, we have two sets of wave functions, namely real
wave functions |zy), |yz), |22), |22 — 9?) and |2?), and complex wave functions |0),
|£1), |£2). The sets of wave functions are linear combinations of each other, as in the
above example, where | £ 2) ~ |22 —y?) & |zy). A similar distinction is known from
other quantum-mechanical problems. For example, the wave function ¢ ~ exp(ikz)
describes a moving particle of momentum p = kik, whereas ¢ ~ cos(kx) is a standing
wave. This analogy is the key to the understanding of the orbital moment. The |zy)
state shown in Fig. 3.8(c) is the ground state, because the electrons oscillate in the
energy valleys between the hills (black dots). Moving the electrons uphill, by occupying
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Fig. 3.9 Quenching and electron density: (a) quenched, (b) partially quenched, and
(c) unquenched. Pictorially, (a—b) mean that the 3d electrons oscillate in the valleys of the
crystal-field potential.

the |22 — y?) state, costs crystal-field energy. The same is true for an orbital motion,
where the path is that of a wanderer and the average energy is intermediate between
valleys and hills.

Figure 3.9 shows the electron densities for quenched, partially quenched, and
unquenched |+2) orbitals. So, what determines the degree of quenching? Crystal-
field interaction favors quenched orbitals but competes against spin-orbit coupling.
According to (3.18), the presence of a spin moment makes it favorable to develop an
orbital moment of appropriate sign. The stronger the spin-orbit coupling, the more
pronounced the circular-current or “running-wave” character of the orbital and the
higher the orbital moment.

3.3.5 Spin-orbit coupling

Spin-orbit coupling is an important term in the relativistic Pauli expansion, (3.18). Its
strength is parameterized by the one-electron spin-orbit coupling A. In a simple but
essentially valid classical picture, spin-orbit coupling is the dipole interaction between
the spin of an electron and the magnetic field created by the electron’s own orbital
motion. In (3.18), this aspect of spin-orbit coupling is contained in the rather specific
L - S form of the coupling. Basically, the L refers to the orbital moment associated
with the spherical atomic potential V. However, as emphasized by Jones and March
(1973), the sphericity of the potential isn’t a necessary condition, and any potential
gradient VV gives rise to a spin-orbit coupling o - (VV x p). Examples are the Rashba
splitting in two-dimensional electron gases (Bychkov and Rashba 1984) and a small
interstitial anisotropy contribution in layered magnets (Skomski 1996a).

For spherical potentials, spin-orbit coupling constant is equal to the quantum-
mechanical average A\ = Ze*(1/r3)/8me,m2c®. The 1/r® dependence indicates that
spin-orbit coupling is large for inner electrons but small for conduction electrons and
macroscopic currents, similar to Section 1.2. For hydrogen-like orbitals, the evaluation
of (1/r3) yields

Me 4 4 2 1
A=—27Z7 S — 3.24
2 7 T D+ (3:24)

This equation reveals the strong influence of the effective charge. The heavier the
element and the closer the electrons to the nucleus, the higher Z and A. Furthermore,
being close to the nucleus helps to reduce the crystal field interaction, which competes
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against the spin-orbit coupling. Iron-series 3d electron and rare-earth 4f electrons have
respective spin-orbit couplings of about 0.05eV and 0.2¢eV.

3.4 The single-ion model of magnetic anisotropy

Summary Single-ion anisotropy is usually much stronger than pair anisotropy and
combines electrostatic crystal-field and relativistic spin-orbit interac-
tions. The spin-orbit coupling creates current loops that interact with
the anisotropic crystal field. Rare-earth anisotropy involves unquenched
wave functions, and the magnetic anisotropy energy is approximately
equal to the electrostatic energy of rigid 4f ions in the crystal field. This
is exploited in models such as the point-charge model and the superpo-
sition model. In 3d magnets, the orbital moments are largely quenched,
and spin-orbit coupling is a small perturbation to the leading crystal-
field and hopping terms. Heavy transition-metal atoms combine strong
crystal-field interaction with strong spin-orbit coupling and are interme-
diate between 3d and 4f atoms.

Single-ion anisotropy is the leading anisotropy mechanism in most magnetic mater-
ials. In a nutshell, it means that the rotation of atomic moments (spins) modifies
the charge cloud of the electrons and thereby changes the electrostatic energy of the
electron. The interaction between the spin and the charge cloud is mediated by spin-
orbit coupling, whereas the electrostatic energy is that of the atomic orbitals in the
crystal field. This important connection was first pointed out by Bloch and Gentile
(1931). Alternatively, spin-orbit coupling creates orbital currents, which interact with
the anisotropic crystalline environment. The details of the mechanism depend on the
degree of quenching.

The main distinction is between rare-earth 4f and iron series 3d magnets. Rare-
earth moments are largely unquenched, and the spin-orbit coupling ensures that the
4f charge cloud is rigidly coupled to the spin. By contrast, 3d moments are often
largely quenched, and the shape and orientation of the 3d charge clouds is determined
by the crystal field. Spin-orbit coupling is a small correction, and both the orbital
moment and the anisotropy are obtained by perturbation theory. These two limits can
be quantified in terms of typical interaction energies. Iron-series 3d electrons, which
are relatively extended, have crystal field-energies of the order of 1eV, as compared
to spin-orbit couplings of about 0.05eV. By contrast, rare-earth 4f electrons are close
to the nucleus, largely screened from the crystal field, and characterized by spin-orbit
couplings of about 0.2eV and crystal-field interactions of the order of 0.01eV. The
magnetism caused by 4d, 5d, and 5f electrons is intermediate, characterized by spin-
orbit and crystal-field interactions that are both very strong.

3.4.1 Rare-earth anisotropy

The room-temperature anisotropy of some rare-earth transition-metal intermetallics
is significantly higher than that of any other magnetic materials. Examples of K; are
17.0MJ/m?® in SmCos, 4.9MJ/m? in NdyFe 4B, and 8.6 MJ/m? in SmyFe;7N3. By
comparison, bcc iron has K7 = 0.05 MJ /m3. In the rare-earth intermetallics, most
of the anisotropy comes from the rare-earth, in spite of small numbers of rare-earth
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Fig. 3.10 Single-ion anisotropy of a Nd** ion in an axial crystal field: (a) magnetization
along the easy direction and (b) magnetization along a hard direction. The Nd moment
(arrow) is rigidly coupled to the oblate 4f charge cloud, and the easy axis is determined by
the electrostatic interaction of the charge cloud with the negative crystal-field charges.

J P2

Fig. 3.11 Electrostatic multipole moments: (a) electric charge or monopole, (b) electro-
static dipole moment, and (c¢—d) typical quadrupole moments. Rare-earth 4f shells are of the
type (d). For the derivation of multipole moments, see Section A.4.2.

(a)

atoms per formula unit. Figure 3.10 illustrates the physics of the rare-earth anisotropy.
The dominance of the rare-earth spin-orbit coupling ensures an unquenched orbital
moment, and the rotational symmetry of the Nd3t charge clouds is an equivalent of
the unquenched character of the 3d wave function shown in Fig. 3.9(c). Furthermore,
the crystal field acting on the 4f electrons is largely screened by rare-earth 5d and 6s
electrons (not shown in Fig. 3.10). On changing the spin direction, the orbital moment
and the charge cloud follow the spin, because the crystal field is too weak to break
the spin-orbit coupling. However, changing the spin direction modifies the crystal-field
energy. In Fig. 3.10, the energy of configuration (a) is lower than that of (b), because
the negative 4f charges and the negative crystal-field charges repel each other. This
repulsion is the source of the magnetocrystalline anisotropy of rare-earth magnets.
Quantifying the rare-earth anisotropy involves two tasks: (i) the determination of
the shape of the rare-earth ions and (ii) the analysis of the crystal-field interaction.
This will be done in the framework of the point-charge model of crystal-field inter-
action, which is a special case of the superposition model. For simplicity, we focus
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Fig. 3.12 Charge distribution of the 4f electron clouds of tripositive rare-earth ions. There
are three types: oblate or pancake-like, prolate or cigar-like, and spherical.

on the lowest-order uniaxial anisotropy constant K. Higher-order contributions have
been discussed, for example, by Herbst (1991) and Skomski and Coey (1999).

The prolate (cigar-like) or oblate (pancake-like) shape of the rare-earth 4f shells is
described by the quadrupole moment of the 4f charge cloud. The idea is to represent
the electron distribution ng¢(r) as a multipole expansion. Figure 3.11 illustrates the
physical meaning of some low-order multipole moments. The zeroth moment, Q¢ =
[ na(r)dV, is equal to the total number of 4f electrons, or to the (negative) total
charge of the 4f shell. However, this contribution is isotropic and does not influence the
magnetic anisotropy. The electrostatic dipole moment Q1 = [ n4¢(r) cos @'r dV is zero
by the symmetry, in analogy to Fig. 3.6(c). Here we have used 6’ to denote the angle
between the 4f symmetry axis and the 4f charge element, so that nae(r) = nge(r,0").
The lowest nonvanishing anisotropic moment, the quadrupole moment,

Q2 = [ n4s(r)(3cos?0’ — 1) r2dV (3.25)

is responsible for the crystal-field interactions shown in Fig. 3.10. The sign of Q2
decides whether the 4f electron cloud is prolate (Q2 > 0) or oblate (Q2 < 0). In turn,
projected onto the quadrupole moment, the 4f charge density is

5Q2

= m(?}COSQG/ —1)f(r) (3.26)

N4f(1")
In the equation, f(r) = R4s(r) is the radial part of the 4f wave function.

The quadrupole moments are specific properties of the Hund’s-rules rare-earth
ions. Explicitly,

Q2 = ay(r’)s (2J° = J) (3.27)

where (r?)4 is the squared 4f-shell radius and oy = 65 is the second-order Stevens
coefficient (Hutchings 1964). Figure 3.12 illustrates the distinction between negative,
positive, and zero quadrupole moments, whereas Table 3.1 specifies the quadrupole
moment and some other Hund’s-rules properties across the 4f series (Freeman and
Watson 1962). Note that the shapes of Fig. 3.12 correpond to second-order anisotropies
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Table 3.1 Ground states of rare-earth 4f ions (R*"). The arrows indicate the Hund’s-rules
f-shell filling from m, = 3 (left) to m, = —3 (right). For the g-factors, see Table 2.1.

Ion R 3 2 1 0 -1 -2 -3 S L J Q Qa?
At Cedt 1 - - - - - - 1/2 3 5/2 = —0686
A2 P+ 1 1 - - - - - 1 5 4 <= -0639
a3 Na&¥* 1T 1 1T - - - - 3/2 6 9/2 o= —0232
A Pm3*+ T 1 1 1t - - - 2 6 4 § 0.202
A Sm3* 1 1 1 1 1 - - 5/2 5 5/2 0 0.364
4 B** 7 1 1 1 1 1 - 3 3 0 6 -
A7 G 1 T 1 1 1T 1 1 7/2 0 7/2 © 0.000
a8 TH** 1L 1 1T 1 1T T 1T 3 3 6 < —0505
A Dy3* 1L 1L T 1T 1 T T 5/2 5 15/2 = —0.484
49 Ho* 1L 1L L T T T T 2 6 8 < —0.185
A0 BT 1L 1L 1L 1L T 1 T 3/2 6 15/2 6 0.178
A2 Tm® 1 1L Tl L 1L T T 1 5 6 O 0.427
af® Y1 L 1 1L 1 1 1T 12 3 72 0 0409
e U 1 A A A A R 0 S 0.000

and do not yield fourth-order anisotropy (cubic anisotropy). To describe higher-order
anisotropies, one must consider hexadecapole deviations from the quadrupole shapes,
described by the Stephens coefficients 55 = 0, (electrostatic hexadecapole) and v; = 6
(hexacontatetrapole or 64-pole moments)

The prolate or oblate shape of the 4f charge clouds is a consequence of Hund’s
second rule. In each half-series, the filling of the level starts with states having a large
m,. Figure 3.7 shows that the orbital with the largest m, are oblate rather than prolate
and lie in the z — y basal plane. Physically, this amounts to a pronounced in-plane
orbital or “circular-current” motion of the electrons. When the oblate orbitals with
positive m, are used up, the filling continues with the prolate orbitals, making the
total shape prolate at some point. The orbitals added last are oblate, with m, < 0,
and ensure that each half shell is spherical. As a consequence, tripositive ions of the
first three lanthanides of each half-shell, Ce, Pr, Nd and Tb, Dy, Ho, exhibit oblate
4f charge distributions, whereas the 4f orbitals of Pm, Sm, Eu and Er, Tm, Yb are
prolate. Spherical shells (La®* and Gd3T) do not contribute to the anisotropy. La3* is
actually nonmagnetic, whereas Gd®>* combines zero magnetocrystalline anisotropy of
spin-orbit origin with a large spin-only moment. This means that Gd3* doesn’t exhibit
magnetocrystalline anisotropy of relativistic origin, but there may be magnetostatic
dipole anisotropy. (In a strict sense, crystal-field interactions, including hybridization,
yield some admixture of excited multiplets and a small residual 4f anisotropy.)

The anisotropy energy is equal to the electrostatic energy of the 4f charge distri-
bution ng(r) in the crystal field

Ea(97 ¢) =

e / ny(r, ¢, 0) p(R) \ 1n (3.28a)

~ Ameg IR — r|
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where p(R) is the charge density of the crystal-field charges. This equation can also
be written as

BL(0,6) = [ naa(r,0'3,6) Ver(r) av (3.28)

where dV =dR.. A straightforward way to determine the magnetocrystalline anisotropy
is to numerically evaluate this integral for different magnetization directions 6 and ¢.
However, this is a rather cumbersome, and the question arises how to parameterize
the crystal field. In the point- charge model, the crystal field is approximated by elec-
trostatic charges p(r) = Qid(r — R;). In the model, introduced by Bethe (1929) to
explain atomic energy levels in solids, @; and R; are the charge and the position of
the crystal-field creating atom, respectively. Figure 3.13 illustrates the idea for cubic
and tetragonal symmetries.

In a given crystal-field environment, the sign of the rare-earth anisotropy depends
on whether the ion is prolate or oblate. Replacing the prolate ion in Fig. 3.13 by an
oblate ion reverses the sign of the anisotropy, making (c) the easy-axis configuration
and changing the anisotropy of (b) to easy-plane, because an oblate charge cloud
would be repelled by the essentially planar distribution of the negative crystal-field
charges. This effect has been used to create and optimize permanent magnets. For
example, in the RyFe; 4B series, the crystal field is of the type of Fig. 3.13(c). Sm**
ions are prolate and, consequently, SmyFe 4B exhibits easy-plane anisotropy and is
magnetically rather soft. The opposite is true for Nd®>+, and NdyFe 4B is the most
powerful permanent magnet developed so far (Herbst 1991, Coey 1996). Note that
the crystal-field creating charges are not necessarily magnetic. A good example is
interstitial nitrogen in SmyFe;7, which changes the anisotropy from easy-plane to easy-
axis. In the corresponding interstitial compound SmsFe 7N3, the negatively charged
nitrogen atoms surround the Sm®* ions in the a—b plane (Skomski and Coey 1999).

3.4.2 Point-charge model

To derive explicit expressions for the anisotropy constants, it is necessary to quantify
the crystal-field interaction. In the point-charge model, the crystal field is a sum of
atomic contributions Q;(r;). This model was introduced by Bethe (1929) to explain
optical spectra of solids. It is convenient to expand the crystal-field potential

= 2
Ver(r 47r50 ; |R; — r\ (3:29)

into powers of r. The expansion is physically meaningful, because the radius of the 4f
charge clouds, about 0.5 A, is smaller than R; > 3 A. Creating a cubic crystal field by
putting six charges @ on the axes (x = +a, y = +a, z = *a) yields

35Qe

8me,ad

Ver(r) = (x2y2 + 222 + 22:52) (3.30)

A tetragonal distortion of this environment, so that a = b # ¢, yields in lowest order

Vor) = 1o (= 5 ) 62 =) (331)

dmey, \ a3 3
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Fig. 3.13 Point-charge model, as applied to the crystal-field interaction of a prolate ion,
such as Sm®*": (a) cubic crystal field and (b—c) tetragonal crystal fields of opposite crystal-
field parameter AS. For the shown prolate ion, (b) and (c) are easy-axis and easy-plane,
respectively. For instance, in (c), the negative 4f charges at the ends of the ion are repelled
by the negative crystal-field charges, which would force the magnetization (arrow) from the
c-axis direction into the a—b plane.

Figure 3.13 illustrates the tetragonal distortion of the cubic crystal field for a cubal
environment (8 nearest neighbors).

The z, y, and z dependent functions in (3.30-31) are, essentially, spherical har-
monics, in close analogy to Section 3.1. The terms that depend on the crystal-field
creating charges only are conveniently collected in the form of crystal-field parameters.
For example,

Vor(r) = AY(322 — r?) (3.32)

where A9 = Q.(1/a —1/c?)/4re, is the second-order uniaxial crystal-field parameter
for the considered environment. For a given series of isostructural compounds, the
crystal-field parameters A9 are therefore largely independent of the rare-earth. Exam-
ples are 300 K /a2 for RoFej4B, 34 K /a2 for RyoFey7, and —358 K /a2 for RoFe17N3. Since
the crystal-field expansion amounts to a decomposition of the crystal-field potential
into orthogonal contributions, similar relations are obtained for higher-order and non-
uniaxial crystal fields. It can be shown that n-th order point-charge crystal fields scale
as (a,/R)™"1. This is one reason for the relative smallness of higher-order rare-earth
anisotropy contributions.

Putting egs. (3.32) and (3.26) into (3.28b) and evaluating the energy as a function
of the magnetization angle 6 yields

1
E, = §Q2Ag(3cos29 -1) (3.33)
and the lowest-order uniaxial anisotropy constant
3
Ky = ———Q.A) 3.34
1 oV Q24 (3.34)

Here Vg is the crystal volume per rare-earth atom. Equation (3.34) solves the anisotropy
problem by expressing K; in terms of the shape of the 4f shell, described by @,



The single-ion model of magnetic anisotropy 97

and the crystal environment, described by AY. The easy-axis anisotropy is achieved
by using oblate ions, such as Nd®*, on sites where the crystal-field parameter A9
is positive, and prolate ions, such as Sm®**, in crystalline environments where A9 is
negative.

3.4.3 The superposition model

A specific and somewhat complicated feature of the derivation of (3.33) is the integra-
tion over the angle #’ denoting the position of the crystal-field charges relative to the
magnetization direction. Direct integration of (3.28b) is an option, but an easier way
is to use the superposition modelof crystal-field interaction (Newman and Ng 1989).
The model is based on two basic assumptions. First, the total crystal field is a sum
of atomic crystal-field contributions. Second, the charge density of each crystal-field
creating atom or “ligand” is axially symmetric about the line from the rare earth to
the ligand. The point charge model satisfies these two criteria, and we can write the
total crystal field as a sum of intrinsic crystal-field contributions. For example,

(3cos?0; — 1) (3.35)

N —

A9 = Z Ay(Ry)

where the summation includes all neighbors and R; is the distance between the rare-
earth atom and the i-th ligand. The angle ©; is the coordination angle of the i-th
ligand. For example, in the respective Figs 3.10(a) and (b), © = 0 and © = 90°.

The intrinsic crystal-field parameter A} is obtained most conveniently by putting
© = 0, that is, by considering atoms in axial coordination, as in Fig. 3.10(a). Starting
from egs. (3.29) and (3.31), we exploit that z = r = R and obtain

e@ 1
) =~ =57 (3.36)

Typical experimental crystal-field charges @ are megative, which means that the lig-
ands’ electron shells are more important than their nuclei. An exception is hydrogen,
which may give rise to zero or positive (protonic) crystal-field charges.

The point-charge model was originally designed to describe insulators, where the
assumption of electrostatic point charges is, to some extent, meaningful. Crystal-field
charges in metals are strongly screened by conduction electrons. Describing the con-
duction electrons as a free-electron gas yields (Skomski 1994)

eQ eIl 1
Al(r) = —4:50 VB (1 +qR + 3q2R2) (3.37)
where ¢ ~ 2.3/]—\ is an inverse Thomas-Fermi screening length. This reduces the
crystal-field charges to a reasonable order of magnitude. More generally, the super-
position model is relatively insensitive to the physical origin of the crystal field.
For example, the electrostatic interaction of (3.29) may be replaced by hybridization
contributions (Ballhausen 1962).
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3.4.4 Transition-metal anisotropy

The calculation of the rare-earth anisotropy was simplified by the dominance of
the spin-orbit coupling. The rare-earth wave functions are unquenched, similar to
Fig. 3.9(c), so that electrostatic energy of the 4f charge clouds is equal to the anisotropy
energy. By contrast, in iron-series 3d metals and nonmetals, the spin-orbit coupling is
a small correction to the crystal-field. If the spin-orbit coupling were zero, the orbits
would be fully quenched, corresponding to zero anisotropy. In reality, the quenching
is incomplete, establishing a picture somewhere between Fig. 3.9(a) and 3.9(b). The
residual orbital moment leads to some anisotropy in iron-series magnets. Typically,
this 3d anisotropy is much smaller than rare-earth anisotropies, but some noncu-
bic or strained cubic 3d magnets exhibit room-temperature anisotropies higher than
1MJ/m3. A well-known example is YCos (5MJ/m?) which historically anticipates
rare-earth permanent magnets, especially the isostructural SmCos (14 MJ/m?). The
origin of palladium-series (4d), platinum-series (5d), and actinide (5f) anisotropies is
similar to that of iron-series (3d) magnets but characterized by stronger spin-orbit
coupling. High anisotropies are common in these series, especially in actinides. These
anisotropies have been exploited for many decades in L1y magnets such as PtCo
(A.5.1). Another example is the “giant anisotropy” in thin-film structures such as
Pt-Co (Gambardella et al. 2003), where Co atoms create polarization clouds in the
Pt environment. This leads to some anisotropy per Pt atom and therefore to a large
anisotropy per 3d atom, similar to the creation of giant moments in dilute alloys,
Section 2.4.3.

In terms of the d-electron wave functions |¥;) = |zy) and |Ws) = |22 — y?), the

Hamiltonian is
A 0 0 i
Ey = (0 A) + 2Xcosd (i 0) (3.38)

where 2A is the crystal-field splitting, A is the spin-orbit coupling constant, and 6
is the angle between spin direction and z-axis. In the Hamiltonian, the spin-orbit
interactions is a perturbation that couples the two crystal-field levels. The energy
levels (eigenvalues) the Hamiltonian are

+v A% + 4X2 cos? 0 (3.39a)
Ey=—vA%2+4)\2cos?0 (3.39Db)

Next we assume that the lower-lying level Ej is occupied by one electron and the other
level is empty, so that the energy of the system is equal to Ey(f). The corresponding
anisotropy constant is estimated by comparing the energies for 8 = 0 and 6 = 90°

K = Vi (\/AQ T2 A) (3.40)

T

B,

where Vr is the crystal volume per 3d atom. Expanding K7 for small spin-orbit coup-
ling yields K7 = 2A\?/AVz. This result is specific to the present model, but the A\?/A



The single-ion model of magnetic anisotropy 99

dependence is quite general and describes second-order 3d anisotropies obtained by
perturbation theory. When A ~ O in (3.30-40), as it happens in some special crystal-
field environments, then K; may approach or exceed |M)/m? for 3d magnets.

In 3d oxides, the level splitting 2A is provided by the electrostatic crystal field
(Bloch and Gentile 1931), but in 3d, 4d, and 5d metals it reflects interatomic hopping.
For some k-vectors, the splitting may be very low, amounting to a disproportion-
ately strong anisotropy contribution. However, a condition is that the Fermi level lies
between Ey and FEp. If both levels are occupied, the total energy Ey + E; does not
depend on 6, and the corresponding K contribution is zero. The lowest-order expres-
sion for cubic anisotropy scales as A\*/A3. This explains the low cubic anisotropy of
bee iron (0.05 MJ/m?) and Ni (—0.005MJ/m?3), as compared to that of hexagonal
Co (0.5MJ/m?). To obtain quantitative itinerant anisotropy constant, it is necessary
to perform numerical calculations (Brooks 1940, Daalderop, Kelly, and Schuurmans
1990, Trygg et al. 1995, and Johnson et al. 1996).

When the magnetization is parallel to the z-axis (§ = 0), the wave function belong-
ing to Ey is

[y = cos% |z% — y?) + isin §|xy> (3.41)

where x = arccot(A/2)). The admixture of |zy) character gives rise to the orbital
moment

4\
——————= B
VAZ +4)\2 s
The equation describes the degree of quenching. In the absence of spin-orbit coupling,
my, = 0, A > A yields mp, =~ 2.

An approach to the treatment of arbitrary crystals is perturbation theory. In
second-order, the anisotropy energy is obtained from

<lI/0|L i S‘\I/m><\ljm‘L i S|lI/0>

a — Eo - >\22m
Em - Eo

(3.43)

where |¥,) and |¥,,) are unperturbed (many-electron) wave functions. Summation
over all orbital degrees of freedom yields the spin Hamiltonian

H=-XS-A-S (3.44)

(o| LW ) (U1 | L| W)
En — E,

where A = X, (3.45)

The matrix is, essentially, equivalent to (3.5). In the uniaxial limit, Ayx = Ayy, and
Ki = (A, — Ay).

Numerical calculations of the anisotropy start from (3.44) or from more gen-
eral energy expressions. Perturbative electronic-structure calculations imply the small
parameter \/W, where W is the bandwidth (Brooks 1940, Daalderop, Kelly, and
Schuurmans 1990). However, as mentioned above, certain k-points tend to give dis-
proportionately strong anisotropy contributions and negatively affect the accuracy.
This is of particular importance in low-dimensional systems, such as thin films and

Yy»
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wires. Furthermore, the net anisotropy is a sum of relatively large positive (easy-axis)
and negative (easy-plane) contributions. Minor errors may drastically change the K3
prediction or even change the sign of K;. In addition, there are physically significant
K oscillations as a function of the d-band filling. These oscillations are akin to the sign
changes of the rare-earth quadrupole moments, Table 3.1. An approximate equation
is K1 ~ (5 —n)(10 — n)(15 — 2n), where n is the number of d electrons, but individ-
ual levels have a strong impact and yield less smooth and strongly crystal-structure
dependent functions K (n).

The situation is particularly complex for heavy transition-metal atoms. This refers
to 4d or palladium-series, 5d or platinum series, and 5f or actinide series. The band-
widths in alloys containing heavy transition metals are roughly comparable to those
of 3d elements and alloys, but the spin-orbit couplings in 4d, 5d, and 5f elements
are of the order 0.5 to 1eV, as compared to A = 0.05¢eV for 3d metals. This leads
to much higher orbital moments, and perturbation theory is no longer meaningful.
A further complication is that the ferromagnetism of many heavy transition-metal
atoms relies on the vicinity of 3d atoms. The 3d atoms spin-polarize the local density
of states of the heavy atoms, and the anisotropy is a secondary consequence of this
spin polarization.

3.5 Other anisotropies

Summary Magnetoelastic anisotropy is caused by mechanical strain and tends to
yield substantial anisotropy contributions in soft magnets. Physically, it
is equivalent to magnetocrystalline anisotropy, because a strained cubic
lattice can be considered as an unstrained lattice with reduced symmetry.
Surface and interface anisotropies are of magnetocrystalline origin, too.
A key feature is that their strengths and symmetries depend on the
indexing of the surfaces. Other anisotropies involving spin-orbit coup-
ling are the Dzyaloshinski-Moriya interaction in magnets with very low
symmetry and the anisotropic exchange, which must not be confused
with anisotropic exchange bonds. The so-called unidirectional anisotropy
in exchange-coupled magnets is a biasing effect that does not involve
spin-orbit coupling.

3.5.1 Magnetoelasticity

Subjecting cubic magnets to uniaxial mechanical strain yields a uniaxial anisotropy
contribution. This magnetoelastic anisotropy has long been exploited in iron-based
magnets, such as carbon steels and related alloys (Fe-Cr, Fe-Co). It is also important
in soft magnets, for example in permalloy-type magnets (Feqgo—xNiy), where the cubic
anisotropy is small and the magnetoelastic contribution easily dominates the total
anisotropy. Magnetoelasticity is closely related to magnetostriction, where a rotation
of the magnetization direction creates a mechanical strain.

The main source of magnetoelasticity is magnetocrystalline single-ion anisotropy.
For example, the crystalline configurations shown in Fig. 3.13(b) and (c) may be
considered as strained cubic environments. Uniaxial magnetoelasticity is described by

Eve  AsE

E
v = ?(300526 —De+ 552 —¢eo (3.46)




Other anisotropies 101

where o is the uniaxial stress, e = A1/l denotes the elongation along the stress axis, F
is Young’s modulus, and @ is the angle between the magnetization and strain axes. The
strength of the magnetoelastic coupling is described by the saturation magnetostriction
As. Typical values for Ag, averaged over all cubic crystal directions and measured in
parts per million, are —7 for Fe, 40 for Fe3O,4, and 1800 for TbhFe,.

Putting 0 = 0 and 6 = 0 and minimizing the magnetoelastic energy with respect to
¢ yields the elongation € = Ag. This means that ) is the spontaneous magnetostriction
in the magnetization direction. A magnet that has a spherical shape in the param-
agnetic state becomes a prolate ferromagnet when Ay > 0 but an oblate ferromagnet
when s < 0. A simple explanation is provided by Fig. 3.13. If the crystal-field charges
in (a) were free, then the electrostatic quadrupole repulsion between the 4f charge
cloud and cubic lattice would yield a distortion as in (b). Since A4 is very small in
most compounds, moderate stress 0 = Fe outweighs the spontaneous magnetostric-
tion. This yields the magnetoelastic anisotropy energy density

As
il R 770(360329 —1) (3.47)

and the magnetoelastic K; contribution 3A\s0/2. Magnetoelastic anisotropy can be
quite large, but the practical challenge is to create a big strain.

A crystal-field phenomenon occurring in highly symmetric crystals and requiring
a degenerate ground state is the Jahn-Teller effect. Jahn-Teller ions can lower their
energy by spontaneously distorting the surrounding lattice. This energy gain is small
but proportional to e, as compared to the elastic energy, which is proportional to
£2. Minimizing the total energy results in a finite lattice distortion (see e.g. Blundell
2001). However, aside from the crystal-field analogy, the Jahn-Teller effect is unrelated
to magnetocrystalline anisotropy.

3.5.2 Anisotropic exchange

Heisenberg exchange JS - 8’ is isotropic, because it depends on the relative orientations
of S and S’ but is independent of the angle between magnetization and crystal axes.
The isotropy is a consequence of the electrostatic origin of the exchange. Anisotropic
exchange means that the energy depends not only on the relative orientation of
the interacting spin but also on the crystalline orientation of the spins. An extreme
example is the Ising exchange, J S, S., where only the z-component of the spin con-
tributes. As we will discuss in Chapter 5, the main purpose and advantage of the Ising
model is the description of finite-temperature magnetization effects. Applied to real
magnets, it amounts to the unreasonable assumption of infinite ratio of anisotropy to
exchange. There are a few systems with artificially suppressed interatomic exchange
(de Jongh and Miedema 1975, Sellmyer and Nafis 1986), but for most materials, the
Ising model is a completely inadequate starting point.

Writing the exchange as JyyxSxS. + JnyyS;, + J,25,S.,, we find that typical
exchange anisotropies are |Jux — Juz|/Jp and |Jyy — Jpu|/J,, are very small. The
same is true for intra-atomic exchange. The effect is due to spin-orbit coupling and
observed, for example, as a small dependence of the spontaneous magnetization My on
the magnetization direction. In hexagonal Co, My decreases by about 0.5% on turning
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the magnetization from the easy magnetization direction (c-axis) into the a—b basal
plane (Wijn 1991). In rare-earth magnets, the effect is not much bigger, because K7 Vg
tends to be much smaller than J ~ kgT¢.

The small relativistic anisotropy of the Heisenberg exchange must not be confused
with the generally much stronger bond anisotropy. For example, many intermetallic
compounds and artificial structures have a layered structure, with strong intralayer
exchange but much weaker interlayer exchange. This leads to a real-space anisotropy
of the exchange stiffness but does not mean that turning the spin system from in-plane
to perpendicular changes the energy of the magnet.

By definition, the anisotropy energy remains unchanged on reversing the magne-
tization direction, E,(M) = E,(—M). In a strict sense, this means that there are no
odd-order anisotropy contributions. However, some systems exhibit odd-order energy
contributions that are traditionally classified as anisotropies. Exchange bias due to the
coupling to an antiferromagnetic phase yields a unidirectional anisotropy observed as
a shift of the hysteresis loop. This effect was discovered by Meiklejohn and Bean
(1956), who investigated Co nanoparticles surrounded by cobaltous oxide (CoQO). The
sign of the shift is determined by the antiferromagnetic sublattice that interacts more
strongly ith the ferromagnetic Co phase.

An unconventional anisotropy contribution of relativistic exchange interactions is
the Dzyaloshinski-Moriya or DM interaction Hpy = f%ZijDij -S; x Sj, where the vec-
tor Dj; = —Dj; reflects the local environment of the magnetic atoms. Net DM interac-
tions require local environments with sufficiently low symmetry (absence of inversion
symmetry). Physically, the orbit of an electron and therefore its crystal-field interac-
tion depend on the spin direction, and electrons on sites without inversion symmetry
can minimize the crystal-field energy by forming a slightly noncollinear spin structure.
Phenomenologically, the interaction favors noncollinear spin states, because parallel
spins S; and S; mean that Hpy = 0.

DM interactions occur in some crystalline materials, such as a-Fe;O3 (hematite),
in amorphous magnets (Moorjani and Coey 1984), spin glasses (Fischer and Hertz
1991), and in magnetic nanostructures (Sandratskii 1998, Skomski 2003). The resulting
canting is small, because it competes against the leading Heisenberg exchange, but
it is relatively easily observed in “weakly ferromagnetic” antiferromagnets such as
hematite (a-FeaO3), where there is no ferromagnetic background. These noncollinear
states must not be confused with micromagnetic spin structures, such as domains and
domain walls (Section 4.2), although both phenomena involve spin-orbit coupling.
They are also different from noncollinear structures caused by competing interatomic
exchange (Section 2.3.3).

3.5.3 Models of surface anisotropy

An anisotropy contribution of particular importance in magnetic thin films and nanos-
tructures is surface and interface anisotropy. A necessary condition is a reduced
symmetry at the surface or interface. However, this condition is not sufficient, and
contradictory to widespread belief there is no such thing as a normal anisotropy that
automatically appears at a surface. As any other anisotropy, surface anisotropy obeys
the laws of crystal-field theory, and the strength and symmetry of the anisotropy is
determined by the interplay between crystal-field interaction and spin-orbit coupling.
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Fig. 3.14 Surface anisotropy and symmetry: (a) some bcce surfaces, (b) a nanowire with a
pronounced easy axis along the nanowires, and (c) surface anisotropy of an irregular nanopar-
ticle. Small white circles denote subsurface atoms.

Broken exchange bonds may indicate or represent crystal-field changes, but they do not
contribute to the magnetic anisotropy. The Néel model (Section 3.2) does not provide
an explanation, because it parameterizes the anisotropy in terms of relatively weak
pair interactions of magnetostatic origin, rather than considering single-ion crystal-
field interactions.

Figure 3.14 illustrates the atomic origin of surface anisotropy. Both the direction
and the strength of the anisotropy depend on the indexing of the surface. For example,
in Fig. 3.14(a), only the bce (011) surface supports a strong second-order in-plane
anisotropy (Sander et al. 1996). The corresponding in-plane anisotropies of the (001)
and (111) surfaces are fourth- and sixth-order, respectively. In appropriately struc-
tured nanoparticles, the second-order contributions yields a preferred magnetization
direction, as in Fig. 3.14(b). The easy axis follows from the (slightly) oblate character
of the Fe 3d clouds and the negative crystal-field charge of the Fe atoms. In many struc-
tures, the prolaticity changes sign between Fe and Co, so that these findings cannot be
generalized to other elements. For example, a prolate 3d cloud would yield an easy-axis
contribution normal to the film plane, with corresponding changes in Fig. 3.14(Db).

Starting with Gay and Richter (1986), first-principle surface and interface calcula-
tions have been performed for a variety of systems. such as multilayers (Johnson et al.
1996), and the same applies to magnetic clusters (Wang, Wu, and Fieeman 1993),
interfaces (Victora and McLaren 1993), and nanowires (Komelj et al. 2002, Eisen-
bach et al. 2002). These calculations confirm and specify the findings summarized
in Figs 3.14(a-b). Depending on the indexing or the surface and on the considered
element, the preferential magnetization axis is in-plane or normal, and K] is generally
nonzero.

An important point is that surface anisotropies easily dominate the bulk anisotropy
of cubic materials. Fourth-order bulk anisotropies are about two orders of magnitude
smaller than second-order anisotropies. Due to the comparatively large number Ny of
surface atoms of small particles or clusters, the surface contribution dominates the
bulk anisotropy in particles smaller than about 3nm, even if one takes into account
that the net surface anisotropy is not necessarily linear in Ny but tends to scale as
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Nsl/ % due to random-anisotropy effects. The point is that typical nanoparticles contain
surface patches with many different indexings, and the corresponding anisotropy con-
tributions are likely to compensate each other. The resulting net anisotropy is generally
biaxial, involving both K; and K7, and there is generally no physical justification for
considering nanoparticles as uniaxial magnets.

The competition of a variety of bulk and surfaces anisotropies of different orders
and symmetries may give rise to spin-reorientation transitions as a function of film
thickness or temperature. Typical surface-anisotropy contributions are limited to sur-
face and subsurface atoms, with very small contributions from atoms deeper in the
bulk. Applied to thin films, this has given rise to the phenomenological anisotropy
expression

K,
K=" +K, (3.48)

where ¢ is the film thickness, K is the surface anisotropy, and K, includes the bulk
magnetocrystalline anisotropy K (bulk) and the shape anisotropy —DMs. For 3d mag-
nets, a typical order of magnitude is Ky = 0.5mJ/ m?. When K, and K favor in-plane
and perpendicular anisotropy, respectively, then there is a spin-reorientation transition
at the thickness Kq/|K,|.

Exercises

1. $=0 and S =1/2 anisotropy. Show that quenched ions with S = 0 and
S = 1/2 have zero anisotropy.

2. Energy of s electrons. Compare the kinetic and potential energies of hydrogen
1s electrons.

3. Quenching and symmetry. Confirm or refute the argument that the reduced
symmetry at the surface enhances the orbital moment (and the anisotropy), as
contrasted to the quenching of the orbital moment by the cubic bulk crystal field.

4. Lowest-order uniazial anisotropy. Show that —Kj(n-M)?/M2 is essentially
equivalent to K1V sin? . What is the advantage of the first expression?

5. Spin and orbital motion. Show that the spin is unrelated to the real-space

motion of the electron.
Answer: Let us take into account that up = eRv/2 and assume a “classical” electron
radius R obtained from the electrostatic field energy mec? = 1, [,og E*dV, where
E = e*/4me,r?. The calculation yields the physically unreasonable result v > c.
Incidentally, electrons are point-like, which makes things even worse.

6. Iron-series transition-metal anisotropy. Equation (3.38) contains 2\ rather
than A. Why?

Answer: The involved wave functions have L, = 2.

7. Cubic and tetragonal anisotropy constants. Show that the tetragonal K is
equal to the cubic K but Ky # Kéc).

8. Quenched and unquenched. Expand the unquenched wave function |+ 2) into
2% — y?) and |zy).

9. Spin-orbit coupling of core electrons. The spin-orbit coupling of 1s, 2s, and
2p electrons in very heavy elements is much stronger than that of rare-earth 4f
electrons. Why is the anisotropy contribution of these electrons negligible?
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Anisotropy and symmetry. Convince yourself that the top and bottom atoms
in Fig. 3.10 yield the same anisotropy contribution, in spite of being located at
different ends of the magnetic dipole.

Cubal crystal field. Use the point-charge model to calculate the crystal-field
potential for an atom in a cubal environment with eight nearest neighbors, as
in Fig. 3.13(a). How could the crystal field be used to determine the magnetic
anisotropy?

Hint: Expand Ver = —%i(eQ/4mes|r — Ry|), into powers of z, y, and z.
Answer: Vep = 35eQ/18me,(z* + y* + 2*). To calculate the anisotropy energy,
one must evaluate the crystal-field energy [¢*(r)(r) V(r)dr as a function of
the spin direction. For 3d atoms, this requires an explicit calculation of the
wave function (Section 3.3.3), whereas 4f ions have rigid charge distributions
p(r) = —e [¥*(r) ¢(r) dr and are therefore easier to handle. Howver, the interac-
tion is of the hexadecapole type and deviates from simple oblate or prolate charge
distributions considered in this chapter.

Crystal-field expressions. Some authors use the cubic crystal-field expression
22y? + 2222 + 222 rather than x* + y* + 2. Is just justified?

Pseudocubic anisotropy. So-called pseudocubic intermetallics, such as slightly
strained PtCo, have a = b = ¢ but exhibit a pronounced tetragonal anisotropy.
How is this possible?

Strength of dipolar anisotropy. Estimate the order of magnitude of typ-
ical dipolar anisotropies by considering two atomic point dipoles. Is this result
representative of macroscopic magnets?

Limitations of uniazial anisotropy. Consider the two uniaxial anisotropy
constants K7 and K. In hexagonal and rhombohedral crystals, these constants
provide an adequate description of second- and fourth-order anisotropies, but this
is not the case for tetragonal magnets. Why?

Anisotropy of isostructural rare-earth intermetallics. A Nd-containing
intemetallic has an anisotropy K; = 5MJ /m3. Estimate the anisotropy of the
isostructural Sm compound.

Dirac equation and Pauli matrices. One way of deriving the Dirac equation
exploits that (a-o)(a- o) = a?, where a is any three-dimensional vector and
o = (0x, 0y, 0,) is the vector of the Pauli matrices. Prove this relation for arbitrary
vectors a.

*FEasy-cone phase diagrams. Draw the easy-cone phase diagram for Ky =0
and K3 > 0. Compare the phase diagram with the more frequently considered
case Ko > 0 and K3 = 0, where the phases are marked in the K; — K plane.
Hint: Draw the anisotropy energy as a function of # and then identify the minima
of the energy.

*Mized lowest-order anisotropy. Calculate K7 and K| for a “cigar-shaped”
(prolate) magnetic particle with magnetocrystalline anisotropy. The strengths of
the shape and magnetocrystalline anisotropies are 0.5 and 1.0 MJ/m3, respectively,
and the angle between the particle’s axis of revolution and the crystallographic
c-axis is 60°.

Hint: The solution of this problem amounts to an eigenvalue analysis. The first
step is to write down and appropriately simplify the total anisotropy energy.



This page intentionally left blank



4
Micromagnetic models

Hysteresis is a key feature of magnetic materials, and its prediction from atomic or
intrinsic parameters such as My and K7 is a major challenge in magnetism. Figure 4.1
compares two types of permanent magnets, a cumbersome nineteenth-century horse-
shoe magnet and a compact permanent magnet, as introduced in recent decades. In
addition to the convenient shape, permanent magnets have become much smaller—10
grams of Nd-Fe-B now to replace 1kg of carbon steell This progress has two legs:
improved intrinsic properties and their realization in the hysteresis loop.

The determination of hysteresis loops from local quantities such as K;(r) and
M;(r) is the subject of a branch of magnetism known as micromagnetics. Its scope
also includes phenomena such as magnetic domains and domain walls. Hysteresis has
been known for a long time, but modern micromagnetism starts with the paper by
Landau and Lifshitz (1935), who put Bloch’s earlier ideas (1932) onto a sound physical
basis. The prefix “micro” refers to small continuum entities having sizes of at least a
few interatomic distances (Brown 1963a). The term is somewhat unfortunate, because
most micromagnetic features are nanoscale, realized on length scales between 1nm
and 1 pm (see e.g. Skomski 2003).

As a complex nonlinear, nonequilibrium, and nonlocal phenomenon, hysteresis is
caused by energy barriers associated with the magnetic anisotropy, Figs 3.2-3. The
magnetization state is captured in a local energy minimum, and an additional mag-
netic field is necessary to cause the magnetization to jump into another local minimum.
However, in most cases, there is no simple relation between hysteretic properties and
the anisotropy constants. The reason is the extrinsic dependence of the hysteresis on

(a) (b)

)

Fig. 4.1 Shape of permanent magnets: (a) horseshoe magnet and (b) compact rare-earth
magnet. In addition to the improved shape, rare-earth magnets are much smaller than steel
magnets.
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Fig. 4.2 Hysteresis loops: M —H loops without and with demagnetizing-field correction
(solid lines) and B—H loop (dotted line). The energy product (gray area) describes a magnet’s
ability to store magnetostatic energy in free space.

real-structure features such as metallurgical and chemical inhomogeneities, as con-
trasted to the atomic character of intrinsic properties. A well-known example is the
low coercivity of as-cast permanent-magnet alloys. To enhance the coercivity, it is
necessary to subject the alloy to microstructural improvements such as sintering. This
treatment has very little effect on the average values of the intrinsic parameters but
yields major coercivity changes, typically by an order of magnitude.

Let us start with an introduction to the phenomenology of hysteresis. Important
hysteretic or extrinsic properties are the coercivity H., the remanent magnetization
or remanence M,, and the energy product (BH )max. In addition, there are param-
eters describing the loop shape, such as the slope or “micromagnetic susceptibility”
dM/dH, which is often measured at H.. There are, in fact, many types of hysteresis
loops. Figure 4.2 shows three examples, all referring to a single magnetic sample. The
classification of hysteresis loops reflects the plotted field and magnetization variables,
the field range, and the directions of field and magnetization. Furthermore, it is neces-
sary to consider shape differences, such as that between Fig. 4.1(a) and (b). Figure 4.2
shows various types of major hysteresis loops, where the field varies between —oo
and +oco0.

Most frequently considered are ordinary M —H loops, where the magnetization
M is plotted as a function of the external field H. These loops are also known as
extrinsic loops. By contrast, intrinsic loops display M as a function of the internal field
H — DM, where the demagnetizing factor D (Section 3.2.2) describes the shape of the
magnet. The name “intrinsic” is somewhat misleading, because intrinsic hysteresis is
an extrinsic or real-structure phenomenon, except that the macroscopic sample shape
is taken into account.

A second type of loop is the B—H loop, where the magnetic flux density B =
to(M + H) is plotted as a function of the magnetic field. In practice, the B—H loop
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Fig. 4.3 Magnetic toroid. The gap width L, determines the demagnetizing field. The flux
and field lines in the toroid are circular, and the bold arrows show the direction of the
magnetization.

serves to determine the energy product energy product (BH )max, which is twice the
maximum magnetostatic energy stored in free space by a permanent magnet of unit
volume (gray area in Fig. 4.2). The energy product depends on the field in the magnet
and, therefore, on the magnet’s demagnetizing field. This is rationalized most easily
by considering the magnetic toroid of Fig. 4.3. The basic assumption of the model is
to confine the magnetic field H in free space to the gap (see exercise on flux leakage).

To calculate the fields and magnetic energies, we exploit Vx H=0and V-B =0, as
in Section 3.2. The first equation amounts to § H-dL =0 and yields Hp Ly, + HL, =0,
where Ly, + Ly = L is equal to the contour length 27 R of the toroid. The second equa-
tion means that B=M + H does not change at the interface, so that H =M — Hp.
From these two equations we obtain D=L,/L and H = (1 — D)M. For narrow gaps,
D=0and H~ M. This field is quite large, up to 2.15 T for Fe and 2.43 T for Feg;Cogss,
but the requirement of a narrow gap means that huge quantities of magnetic materials
must be used. This is the idea behind Fig. 4.1. To specify this finding, we calculate
the magnetostatic energy F in the gap,

%/HQ av = %(1 — D> M2V, (4.1)
g

where V; is the gap volume, and convince ourselves that I is equal to the integral
3 m |BH|dV over the magnetic material, where |BH| = 110D(1 — D)M?. Minimizing
this expression with respect to D yields D = 1/2, corresponding to an ellipsoid of
revolution with a slightly oblate shape (R,/Rx = 0.55). The corresponding energy
product (BH)max = HoM?/4 is the maximum energy product one can get from a
magnet of magnetization M. In steel magnets, this high energy product cannot be
realized, because the magnetization collapses when DM reaches H.. In other words,
the coercivity limits the area of the (BH )pax rectangle in Fig. 4.2, and magnets with
small H. require small D, corresponding to bulky shapes.

The energy product of carbon steel is of the order of 1kJ/m?® but has increased
by two orders of magnitude since the late nineteenth-century (Section A.5). This
development is based on the exploitation of the magnetocrystalline anisotropy of mag-
netic materials with noncubic crystal structure. It started with hexagonal ferrites in
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the 1950s and has continued with the exploitation of the large spin-orbit coupling
of rare-earth permanent magnets since the 1970s and 1980s. At present, NdoFe 4B
magnets with energy products exceeding 440 kJ/m® have been produced in industrial
laboratories in Europe and Japan.

Minor loops are obtained for finite maximum fields and lie inside the major loop
(see below, Fig. 4.14). Recoil loops are minor loops where the field varies between —H
and 0. They are an example of loops without inversion symmetry, as are loops shifted
by a bias field. After thermal demagnetization, or heating beyond T, the application
of a magnetic field yields the initial or virgin curve, which is used in the investigation
of magnetization processes and coercivity mechanisms.

Most hysteresis loops refer to magnetizations and fields parallel to the symmetry or
c-axis of the magnet. Sometimes, field and magnetization form a nonzero angle with the
symmetry axis, giving rise to an angular dependence of the hysteresis. For example, the
analysis of thin-film hysteresis often involves the comparison of perpendicular loops,
where the field is normal to the film plane, with one or more in-plane loops. Hysteresis
loops measured in different directions are useful to determine anisotropy constants and
to gauge polycrystallinity. Less common measurements probe the magnetization in a
direction different from the field direction, and there are phenomena such as rotational
hysteresis, where the direction of the field is changed, rather than its magnitude.

4.1 Stoner-Wohlfarth model

Summary A simple but powerful micromagnetic model is the Stoner-Wohlfarth or
coherent rotation model. It assumes a rigid exchange coupling between
the atomic spins in a ferromagnetic body and reproduces the exact micro-
magnetic behavior in the limit of very small particles. This includes
structurally inhomogeneous particles and features such as a grain bound-
aries, but the length-scale requirements are quite stringent. The model
is a useful starting point for the discussion of the angular dependence
of magnetization curves and predicts spin-reorientation transitions, for
example from easy-axis to easy-cone magnetism. A key prediction of the
Stoner-Wohlfarth model is that the coercivity is equal to the anisotropy
field. This is rarely observed, due to the size of particles encountered in
practice. In large particles, magnetostatic interactions lead to incoherent
magnetic reversal, even in the absence of morphological inhomogeneities
and in single-domain particles.

A very popular and highly instructive—though sometimes overstretched—model of
hysteresis is the Stoner- Wohlfarth model (1948). The basic assumption of the original
model is a constant magnetization throughout the magnet. As a consequence, the
exchange energy remains unchanged during magnetization reversal, and the energy
of the particle is essentially equal to the anisotropy energy. The Stoner-Wohlfarth
model, also known as the uniform-rotation or coherent-rotation model, provides an
adequate description of non- and weakly interacting small particles, where the inter-
atomic exchange is sufficiently strong to ensure parallel spin alignment on a local
scale.



Stoner-Wohlfarth model 111

The model is not limited to ferromagnets but is easily generalized to ferrimagnets
and other spin structures. This includes noncollinear spin structures caused by com-
peting exchange. In fact, the main criterion is the smallness of the particles. In very
small particles, the exchange wins, the magnetization projections M(R;) - M(R;) are
fixed, and anisotropic and magnetostatic effects can be treated by zeroth-order pertur-
bation theory, that is, by rotating the spin system as a whole. However, the smallness
criterion is nontrivial, as epitomized by the distinction between coherent rotation and
single-domain magnetism (Section 4.2).

4.1.1 Aligned Stoner-Wohlfarth particles

Let us start with the simple but instructive case of aligned uniaxial ellipsoids of revo-
lution, where the c-axis is parallel to the external field H = He,. The total energy
density is

% = K;sin?0 + (1 — 3D)M?2sin® @ — oM, H cos 0 (4.2)
where 6 is the angle between M and e,. Figure 4.4 shows this energy landscape for
several field values. In small reverse fields (top), there are two minima, at 6 = 0
and § = =£m. Depending on the sample past, the magnetization remains in the
state (0 = 0) or in the | state (0 = =£m). This is the origin of hysteresis. With
increasing field magnitude, one of the minima becomes shallow and finally vanishes at
the coercivity. Mathematically, the micromagnetic instability has the character of a

catastrophe, meaning that a small change in a control parameter leads to macroscopic
changes (Pinto 1987).

Energy (arb. units)

- 0 T

Magnetization angle 6

Fig. 4.4 Energy landscape and coercivity for the aligned Stoner-Wohlfarth model (4.2).
The curves show minima at § = 0 () and 8 = 7 (|) of equal energy at H = 0 (top),
approach to coercivity (middle), and absence of the T minimum in reverse field larger than
the coercivity (bottom). At the coercivity, H = —Ha,, the | state becomes unstable and the
systems switches into the | state.
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To determine the coercivity, we start from the T state at § = 0 and analyze the
stability of (4.2) for small magnetization angles . Taking into account that sin(z) =~
and cos(z) ~ 1 — 22/2, we obtain

E_ (K1 o —3pymz 4 Ho, H) 62 (4.3)
v 4 2

When the parenthesized term is positive, § = 0 corresponds to an energy minimum.
At coercivity, the term becomes zero, indicating a transition from a stable energy
minimum to an unstable maximum (center and bottom graphs in Fig. 4.4). The
corresponding coercivity is

2K, 1
H. = + -(1-3D)M; 4.4

This important expression is also known as the Stoner-Wohlfarth nucleation field Hy,
because it is obtained by the stability analysis of the fully magnetized state. However,
H, = Hy is limited to nucleation models, because domain-wall pinning (Section 4.3.2)
may lead to H. > Hy.

From (4.4) we see that the Stoner-Wohlfarth coercivity is equal to the anisotropy
field 2K /puoMs plus the shape-anisotropy field (1 — 3D)Ms. The latter is different
from the demagnetizing field —D My, indicating that the demagnetizing field is more
than just an additional external-field contribution. For example, the demagnetizing
field in a sphere (D = 1/3) is —M;/3, as contrasted to the absence of shape anisotropy
in spheres. We will return to this problem in Section 4.3.1.

4.1.2 Angular dependence

Very often, the magnetic field forms an angle 6, with the symmetry axis of the magnet.
For example, the magnetization of a magnetic thin film may be measured in the film
plane and perpendicular to the plane. Another example is ensembles of randomly
oriented nanoparticles (Section 7.4.3). Incorporating the shape anisotropy of (4.2)
into an effective anisotropy, we obtain

E
V= K sin? 0 — po M H cos(f — ©) (4.5)

where K = K; + puoM2(1 — 3D)/4. From this equation, the loops are obtained by
stability analysis, 0E/00 = 0 and 9?E/96? > 0. Figure 4.5 shows the magnetization
in field direction for various angles ©.

As a function of ©, the nucleation field Hy decreases, reaches a minimum at 45°,
and then increases again. The nucleation field Hy(©) is symmetric about © = 45°, as
illustrated by the dashed lines connecting the 30° and 60° curves in Fig. 4.5. However,
for angles © > 45°, the coercivity is smaller than the nucleation field. For example,
the 60° curve in Fig. 4.5 crosses the M = 0 line before the nucleation event. In a less
common definition (Givord and Rossignol 1996), coercivity is actually given by the
maximum of dM/dH. In this definition, H. = Hy for both aligned and misaligned
Stoner-Wohlfarth particles, but not necessarily for other magnets.
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Fig. 4.5 Angular dependence of the Stoner-Wohlfarth model.

Two interesting limits are © = 0 (parallel loop) and © = 90° (perpendicular
loop). For ® = 0, the model predicts a square loop whose coercivity is equal to the
anisotropy field 2K/u,Ms. For © = 90°, the loop degenerates into a straight line
of zero energy product and slope dM/dH = 2K/u,M2. This slope is fairly easy
to measure and frequently used to estimate the anisotropy constants of magnetic
materials. More generally, adding the fourth-order uniaxial anisotropy term Ko sin* @
to (4.2), exploiting that cos(@ — 90°) = sinf, and putting OF /96 = 0 we obtain the
equation of state

2K sin @ + 4K, sin® 0 — juo M H = 0 (4.6)

Introducing the magnetization component My = Mgsin€ and plotting H/M, as a
function of M2 yields a straight line whose slope and intercept correspond to K and
K5, respectively. This procedure is known as the Sucksmith-Thompson method.

4.1.3 Spin reorientations and other first-order transitions

Uniaxial magnets with positive anisotropy constant K; and zero higher-order
anisotropy constants are known as easy-azis magnets, because the preferential zero-
field magnetization direction is parallel to the magnets’ symmetry axis, as in Fig. 3.2(b).
Changing the sign of K to negative yields easy-plane magnetism, Fig. 3.2(c). In ideal
easy-plane magnets, the magnetization is free to rotate in the basal plane. However,
real magnets tend to exhibit some basal-plane anisotropy. Examples of easy-axis and
easy-plane magnets are hexagonal Co and SmoFe4B, respectively (Section A.5). In
cubic magnets, a negative K1 means easy-axis magnetism along the cube diagonals,
Fig. 3.3(b), rather than easy-plane magnetism.

Adding fourth-order uniaxial anisotropy, the Ko term in (3.6), gives rise to a variety
of zero-field spin configurations When both K; and K, are positive, one encounters
easy-axis anisotropy (6 = 0), whereas K7 < 0 and K> < 0 yield easy-plane anisotropy
(easy-plane anisotropy, & = 7/2). Easy-cone magnetism, Fig. 3.2(d), occurs if the
Ky <0and Ky > —%K 1 are satisfied simultaneously. Furthermore, there are regions
where easy-axis and easy-plane magnetism coexist. The phase diagram Fig. 4.6 shows
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Fig. 4.6 Easy-cone magnetism in the K1—K> plane.

the spin structure in the K7 — K> plane. The tilt angle between the z-axis and the easy
magnetization direction is given by

| Ky |

6. = arcsin y | -4
arcsin 2K2

(4.7)

Since the temperature dependences of K; and K5 are generally different—Kj is often
negligible at high temperatures (Section 5.5)—the preferential magnetization direc-
tion may change upon heating. This is an example of a spin-reorientation transition
(SRT). A similar effect occurs in some magnetic thin films with competing bulk and
surface anisotropies (Section 3.5.3), where the SRT can be triggered by changing the
temperature or varying the film thickness, for example across a wedge-shaped film.

Spin-reorientation transitions and their field-dependent analog, first-order magnet-
ization processes (FOMPs), must not be confused with metamagnetic phase transi-
tions, such as high-spin low-spin transitions. Both involve first-order magnetization
changes as a function of parameters such as magnetic field and temperature, but
SRTs reflect competing anisotropies, whereas metamagnetic phase transitions are due
to exchange. SRTs and FOMPs occur in many rare-earth intermetallics (Coey 1996).

A phenomenon involving both exchange and anisotropy is the spin-flop transition
in antiferromagnets. Putting an isotropic antiferromagnet (AFM) into a magnetic field
yields a canted spin-structure, as in Fig. 2.19(c). A characteristic feature of this spin
configuration is that the sublattice magnetizations are nearly, though not completely,
perpendicular to the field. When an AFM with uniaxial anisotropy is subjected to
a magnetic field parallel to easy axis, then the configuration of Fig. 2.19(c) costs
a substantial amount of anisotropy energy. For this reason, the magnet remains in
its easy-axis state with zero net magnetization until the field is sufficiently strong
to compensate the anisotropy effect. The sublattice magnetization angles and the
net magnetization then jump to finite values. Figure 4.7 illustrates thin spin-flop
transition.

The spin-flop field H* at which the transition occurs is obtained by adding a
second-order uniaxial anisotropy to (2.40). In the parallel case, nothing happens until
the external field switches the sublattice magnetizations in directions approximately
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Fig. 4.7 Spin-flop transition in antiferromagnets with uniaxial anisotropy: (a) M —H curve
and (b) phase diagram. The symbols || and L in (a) refer to angle between field and easy
axis, and dashed line is the isotropic limit of Section 2.40.

perpendicular to the easy axis. The corresponding spin-flop field is, in appropriately
chosen units,

H*=2/K(J* — K) (4.8)

and can be used to determine the magnetic anisotropy of antiferromagnets, because
J* is essentially given by the ordering temperature (Néel temperature).

A spin-flop transition where the net magnetization jumps directly from zero to sat-
uration is known as a spin-flip transition. In the M —H diagram, a spin-flip transition
is characterized by the absence of the finite-slope part of the || curve in Fig. 4.7(a).
Examples of AFMs with spin-flop and spin-flip transitions are MnF5 and FeCl,, respec-
tively. A related transition is the Morin transition in hematite (a-Fe2Os3). The transi-
tion occurs at about 260 K and is accompanied by a change of the easy-axis direction
by about 90°. The difference is the additional involvement of the anisotropic DM
exchange (Section 3.5.2).

4.1.4 Limitations of the Stoner-Wohlfarth model

The Stoner-Wohlfarth model is a very simple approach but a useful starting point
for the description of weakly interacting ensembles of small particles. The key assump-
tion of the original Stoner-Wohlfarth model is a uniform or coherent magnetization
throughout the magnet. The exchange punishes magnetization inhomogeneities VM
(Section A.2.4) but competes against magnetostatic flux closure and structural imper-
fections, which both favor VM # 0. In macroscopic magnets, the last two contributions
often dominate, and the Stoner-Wohlfarth predictions are poor. Figure 4.8 compares
Stoner-Wohlfarth loops with typical experimental findings. We see that the Stoner-
Wohlfarth model overestimates both the coercivity and the loop squareness. Even in
perfected permanent magnets, the coercivities are only 10% to 40% of the Stoner-
Wohlfarth prediction. In a slightly different context (Section 4.3.1), this disagreement
is known as Brown’s coercivity paradox.

As mentioned above, one may define the Stoner-Wohlfarth model by rigid angles
between the moments m; and m; of atoms located at R; and Rj;. Physically, the
interatomic exchange ensures that the direction cosines m; - m; ~ M(R;) - M(R;)
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Fig. 4.8 Hysteresis loops: (a) Stoner-Wohlfarth predictions and (b) typical loops encoun-
tered in practice. Both the coercivity and the loop shape are poorly reproduced by the
Stoner-Wohlfarth model.

remain unchanged during magnetization reversal and that the magnetic particle acts as
a giant though not necessarily ferromagnetic “macrospin”. In this regime, the external
field and the anisotropy are small corrections to the leading interatomic exchange, and
the only magnetization parameters are the magnetization angles ¢ and 0. The regime
is realized for small particles and can be used to describe, for example, hysteresis loops
and spin-orientation transitions. It does not include spin-flop and other metamagnetic
transitions, which involve not only 6 and ¢ but also additional degrees of freedom,
such as the net magnetization.

The uncritical use of the Stoner-Wohlfarth model is an example of poor phe-
nomenological modeling. Since the coercivity is equal to the anisotropy field 2K/ po Ms,
it yields unphysically low anisotropies for most materials. The rationale behind the
approach is to interpret the obtained anisotropy as some volume-averaged value (K),
but experimental coercivities reflect local minima of K(r) rather than (K). In prac-
tice, coherent rotation is realized in noninteracting or weakly interacting particles
having radii smaller than about 10nm. On this length scale, the model is actually
quite robust against imperfections, such as grain boundaries. It can also be used as
a starting point for the description of needle-shaped nanoscale particles, such Fe-Co
precipitates in alnico-type magnets, so long as the needles are sufficiently thin. In
contrast to widespread belief, the single-domain character of magnetic particles is not
sufficient to ensure coherent rotation. As we will analyze below, the term “elongated
single-domain” or ESD particles confuses coherent rotation with the absence of mag-
netic domains (Section 4.2.5).

4.2 Hysteresis

Summary The local magnetization M(r) is determined by the competition between
interatomic exchange, anisotropy, Zeeman energy, and magnetostatic
self-interaction. The energy contributions establish a complicated nonlin-
ear and nonlocal problem, involving metastable magnetic energy minima
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and leading to a history dependence known as hysteresis. In some cases,
it is possible to linearize the micromagnetic equations. In the Stoner-
Wohlfarth model, the hysteresis is independent of the exchange, which
is assumed to be sufficiently strong to ensure a rigid coupling between
the spins. In reality, this is rarely the case, although exchange favors
relatively smooth magnetization variations. Magnetostatic contributions
dominate in macroscopic magnets, where they lead to the formation of
magnetic domains, separated by domain walls. The wall width dg =
7(A/K1)Y/? reflects competition between exchange and anisotropy, but
there are no comparable simple relations for the domain size.

Hysteresis is caused by local rotations of the magnetization vector M(r), traced
as a function of the applied field H. A simple example is the Stoner-Wohlfarth model
(4.2), where one considers a single magnetization angle §. Compared to magnetization
rotations, field-dependent changes of the spontaneous magnetization M(r) = |[M(r)]
are negligible. This is because typical micromagnetic energies of order 0.0001 eV per
atom cannot compete against electronic energies of order 1eV per atom. We also
disregard the anisotropy of Mg, which arises from spin-orbit coupling and is about
0.5% for hecp Co. More generally, on a length scale of a few interatomic distances,
the spin structure is of intrinsic origin (Section 2.3.3 and Section 2.4.3) and unrelated
to hysteresis. Thermal equilibrium is established rapidly in this intrinsic regime, and
quantities such as Mg and K; are determined by the local crystalline environment
and used as micromagnetic parameters. However, ferromagnetic exchange is unable to
ensure parallel spin alignment on length scales larger than a few nanometers. This is
the micromagnetic domain considered in this chapter.

It is important to note that Maxwell’s equations are constraints rather than solu-
tions to micromagnetic problems. For example, Maxwell’s equations predict the mag-
netic fields H and B from the magnetization M but do not explain the origin of the
magnetization. In this section, we consider fundamental features of micromagnetism.
The findings of this section are the basis for numerical simulations (Schrefl, Fidler,and
Kronmiiller 1994) and for the specific models considered in Section 4.3-4.

4.2.1 Micromagnetic free energy

The magnetization M(r) is obtained from the micromagnetic (free) energy E or F.
The free character of the energy means that the involved materials parameters are
temperature-dependent. For example, the room-temperature magnetization of most
materials is lower than the zero-temperature magnetization, Mg(RT) < M(0), because
thermal excitations yield a temporary reduction of the local moment. Since these
processes are very fast, we can use thermal equilibrium averages determined from
atomic partition functions (Section 5.1-3). However, this equilibrium character does
not carry over to micromagnetic phenomena, and the dynamics of micromagnetic
magnetization rotations (Section 6.4) is very different from the temperature-dependent
change of the spontaneous magnetization.

Micromagnetic processes are generally multidimensional, and one-dimensional
energy landscapes, such as that of Fig. 4.4, are rarely encountered in practice. Treat-
ing the magnetization as a classical vector, as is usually done in micromagnetism,
yields 2N degrees of freedom ¢; and 6;(i = 1...N). In reality, the strong interatomic



118 Micromagnetic models

exchange fixes the relative spin directions of neighboring atoms, and the number of
relevant degrees of freedom is much smaller than 2N. This is the basis for treat-
ing micromagnetism on a continuum level. For example, ferromagnetic exchange .J;;
between neighboring atoms is replaced by the exchange stiffness A ~ J/a, where a is
the interatomic distance.

The formulation of micromagnetism as a continuum theory has a long history
(Bloch 1932, Becker and Doring 1939, Brown 1963a). Here we focus on uniaxial mag-
nets, where

E:/{A {v (Al\z)r—[(l(n]'\;;y—qu~H—u2°M-Hd(M)} v (4.9)

The terms in the integrand are the interatomic exchange (A), the second-order uniaxial
anisotropy (K1), the Zeeman interaction (H), and the magnetostatic self-interaction
(Hg). The anisotropy term, where n is the unit vector of the easy-axis direction, is eas-
ily generalized to cubic and other symmetries (Section 3.1). The exchange term, where
the V punishes deviations from ferromagnetic spin alignment, and the self-interaction
term will be discussed in some more detail below. All parameters entering (4.9) are
local and temperature-dependent, determined by real-structure features such as local
chemistry, crystal structure, and crystallite orientation. Of particular practical impor-
tance is the strong dependence of K (r) on chemical composition and temperature.

4.2.2 *Magnetostatic self-interaction

The long-range character of the magnetostatic self-interaction adds considerable
complexity to micromagnetics. There are two equivalent ways of looking at the mag-
netostatic self-interaction energy FEps = —po [ M - Hy dV. In the first approach, we
divide our magnet into small dipoles, evaluate the magnetic field H; created at r; by
the j-th dipole, and evaluate the total energy % >_ij Hom; - Hi(rj), where the factor 1
accounts for the double-counting of dipolar interaction bonds #j and ji. In the second
approach, we obtain the self-interaction field by solve Maxwell’s equations for a given
magnetization M(r). Both methods are equivalent, because the dipole fields used in
the first approach are solutions of Maxwell’s equations. The self-interaction field Hq is

Ha(r) 1 / 3(r—r)(r—1) M) — |r —r'|> M(r)) qv (4.10)

T ir |r — /|5

In ellipsoids of revolution homogeneously magnetized along the axis of symmetry, the
self-interaction field is equal to the demagnetizing field, Hy = —DM (Section 3.2.2).
The self-interaction energy Fn,s = —%uofM -Hp dV is then equal to ,uODM2/2.

One way to deal with complicated magnets is to exploit the fact that (3rr —
r?)/r® = =V (r/r®) and V- (ab) = aV - b + Va - b. This makes it possible to write
(4.10) in terms of the magnetic charge density pp = —V - M (Section A.4.2). In close
analogy to electrostatics, the self-interaction energy then assumes the form

to [ pu(r) pu(r)

E =
ms A7 |I' _ r/‘

dv’ (4.11)
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Homogeneously magnetized bodies of arbitrary shape have their magnetic charges
at the surface. This leads to a relatively high magnetostatic energy. This energy is
reduced by flux closure and domain formation but paid by an increase in exchange
and anisotropy energies (Section 4.2.4). In addition, most magnets are structurally
inhomogeneous, so that V - M # 0 inside the magnet. Fourier transformation of
V-(IM+H) =0and H = —V¢n (Section A4.2) yields the demagnetizing-field
components H, = —k k - My /k%. For many calculations, this transformation is of
little use, because few magnetic systems are periodic, but the wave-vector dependence
of the magnetic properties can be investigated by neutron scattering (Weismiiller et al.
2001).

It is important to note that self-interaction fields (demagnetizing fields) cannot be
regarded as a local correction to the external field. This is seen, for example, from the
factor 1/2 in (4.9). In isolated Stoner-Wohlfarth particles, Fy,s assumes the form of an
anisotropy term (shape anisotropy), rather than adding to the external field, but in
general neither the shape anisotropy picture nor the external-field picture is correct.
An exception is weakly interacting ensembles of nonequivalent small particles, where
the interparticle interactions can be described by an interaction field (Section 7.4.4).

4.2.3 *Exchange stiffness

In (4.9), the exchange appears in form of the exchange stiffness A. This quantity is
also important in other areas of magnetism, such as spin waves (Section 6.1.3). On a
continuum level, the exchange energy Fox = —% Zij Jij si - sy assumes the form

Ee = /A(Vs)QdV (4.12)

where s = M /M. This expression (Kittel 1949, Brown 1963a) ensures the ferromag-
netic character of the exchange by punishing magnetization inhomogeneities Vs.

To derive A from the interatomic exchange constants Jjj, we consider an arbitrary
but smooth magnetization inhomogeneity, calculate the exchange energy, and compare
the result with (4.12). A convenient choice is s(R;) = cos(6;) e, + sin(6;) ey, where
0; = 0(x;). In other words, we confine the magnetization vector to the y—z plane and
assume that the magnetization angle 6 depends on = only. The exchange energy can
be written as

1 1 1
D) Z Jij cos(6h — 0;) ~ D) Z Jij (1 - 5(9i - 9j)2) (4.13)
1) ij

where we have taken into account that the angle 6; — 6; between neighboring spins is
small. Using the expansion 6; = 6; + V0 - (x; — x;), we obtain

1
Foy = Z Z Jij ($j - ﬂfi)Q (vxe)Q (4'14)
ij

where we have ignored the physically uninteresting zero-point energy —% Zij Jij. Next,
we replace the double summation by an integral. The sum over the first variable
(i or j) is essentially a volume integral, whereas the second sum is limited to nearest
neighbors.
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Let us consider z nearest neighbors, described by J;; = J and r; —rj = D,. Unless
the distribution of nearest neighbors is anisotropic, we can replace the term (zj — 7;)?
in (4.14) by D?/3. The energy now becomes Eo, ~ [ J D2 (V0)? dV/6V,, where V, is
the crystal volume per magnetic atom. For the assumed magnetization inhomogeneity,
(4.12) yields Ee, = [ A(V40)2dV, so that

zJ D?
12V,

A= (4.15)

Of course, (4.15) is linked to the definition of J in terms of the pair energy —Jj;s; - sj,
where |s;| = 1. Different definitions yield different expressions for A as a function of J.

For simple-cubic lattices (lattice parameter a and z = 6), we find D, = a, V, = a?,
and A = J/2a. Typical experimental exchange stiffnesses of the order of 10pJ/m are
consistent with the microscopic parameters J ~ 1072°J and a ~ 2.5 A. Note that the
main structural quantity in (4.15) is the interatomic distance D,. Expressions such as
A = J/2a are somewhat unfortunate, because they associate the exchange stiffness A
with the lattice constant a. Complicated intermetallic alloys tend have lattice constants
much larger than 2.5 A, but this is not accompanied but a proportionate decrease in A.

Due to its continuum character, the concept of exchange stiffness becomes ques-
tionable for large wave vectors k ~ V, but even on an atomic scale, the relative
errors may be smaller than 20%. Another limitation is the assumed isotropy of the
exchange, which leads to the replacement of (z; — z;)® by D?/3. This procedure is
exact for cubic magnets, where the x, y, and z components yield equal contributions
to (r; —rj)2. It is also a reasonable approximation for dense-packed noncubic magnets,
such as hcp Co. However, the method cannot be used for strong bond anisotropy, as
encountered for example in layered compounds. In this case, A must be replaced by
the 3 x 3 exchange-stiffness tensor A,,,, corresponding to different exchange stiffnesses
in different directions.

The derivation of (4.15) is based on (4.14) and therefore limited to short-range
interactions. Long-range interactions, such as RKKY interactions, cause the nearest-
neighbor sum in (4.14) to diverge. This is of some practical interest, because exchange
interactions in metals have oscillating tails (Section 5.3.5). The origin of the divergence
is the approximation (4.13), and performing the summation directly over the cosine
function removes the divergence (Skomski et al. 2005).

4.2.4 Linearized micromagnetic equations

The local magnetization M(r) is obtained by analyzing the local minima of the free-
energy functional (4.9), similar to the Stoner-Wohlfarth example of Fig. 4.4. However,
the analysis of nonlinear energy landscapes has remained a demanding challenge,
especially in multidimensional phase spaces. In some cases, it is useful or sufficient
to consider harmonic energies, which correspond to linear equations of state. In the
Stoner-Wohlfarth analogy, this approximation corresponds to the transition from (4.2)
to the quadratic equation (4.3). Figure 4.9 shows that the harmonic approximation
can be used to determine the stability of a spin configuration but is unable to predict
alternative energy minima.
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Fig. 4.10 Magnetization direction: (a) in terms of ¢ and 6 and (b) in terms of m.

To realize the harmonic approximation in (4.9), consider small perpendicular devia-
tions m and a from the complete saturation and perfect crystalline alignment, respect-

ively. The meaning of these two quantities is illustrated in Fig. 4.10. In terms of m
and n, we can write

M(r) = M; ( 1—m2(r)e, + m(r)) (4.16a)
and

n(r) =+/1—a?(r)e, +a(r) (4.16b)
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Ignoring cubic and higher-order terms, the magnetization becomes
2
M(r) = M (1 - m?) e, + My m(r) (4.17a)

and the easy-axis vector

a(r)?

n(r) = <1 - 2) e, +a(r) (4.17b)

Note that magnets with partial crystalline misalignment, |a] > 0, are also known as
teztured magnets (Miiller et al. 1994). They are intermediate between aligned magnets
(n = e,) and isotropic magnets, where n is random with (n) = 0. Texture is usually
treated on a Stoner-Wohlfarth level, although the corresponding small-grain criterion
is often stringent, especially in the limit of well-aligned magnets (small texture).

Aside from a physically unimportant zero-point energy, series expansion of (4.9)
yields, for H = He,,

E= / [A(Vm)2 + Kegr(m — a)? + % (tto My Hog m?) | dV (4.18)

Here we have incorporated the magnetostatic self-interaction into Keg = K1 + Ky,
and Heg = H + H)oc- This is exact for a variety of problems, such as nucleation modes
in perfect ellipsoids of revolution, but a rather crude approximation from a general
point of view.

The energy E = [ndV is minimized by putting § F/dm(r) = 0, where §E/ém(r) =
—V(9n/0Vm(r))+0n/0m(r) is the functional derivative (Section A.2.4). The result is

~V(AVm) + (Keﬁ + %M Heff) m = K a(r) (4.19)

As in the original equations, A, Mg, K.g, and Heg are local parameters, for example
Keq(r). However, since A ~ 10 pJ/m for a wide range of materials, A is nearly constant
in many cases, and V(AVm) ~ A V2m. One exception is grain boundaries, which may
exhibit a significantly reduced local exchange (Section 4.4).

Equation (4.19) means that the easy-axis disorder a(r) acts as an inhomogeneity.
However, the magnetic stability is determined by the left-hand side of (4.19). The
nucleation field Hy and the nucleation mode m(r) are obtained by eigenmode analysis
of the operator acting on m. In Section 4.3, we will consider a number of examples.

4.2.5 Micromagnetic scaling

Dimensional analysis of the free energy (4.9) yields a variety of micromagnetic length
scales. There are three basic quantities, namely the exchange stiffness A, measured
in J/m, the anisotropy K;, measured in J/m?3 and the magnetostatic self-energy
po M2, also measured in J/m3. External fields are often comparable to Mg, so that the
self-energy is also a crude estimate of the Zeeman energy.
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There are two fundamental lengths. The wall-width parameter

A

0o = e (4.20)
determines the thickness of the domain wall separating magnetic domains of different
magnetization directions and the spatial response of the magnetization to local per-
turbations. It varies from about one nanometer in extremely hard materials to several
hundred nanometers in very soft materials. The parameter ¢, is sometimes regarded
as an exchange length, determining the effective range of exchange interactions. If this
were a valid consideration, then ideally soft materials, characterized by K; = 0 and
do = 00, would realize exchange coupling on a macroscopic scale. However, this is not
observed and at odds with a refined micromagnetic analysis.

The second length is the (proper) exchange length

| A
lo - m (421)

It describes the competition between interatomic exchange and magnetostatic self-
interaction and determines, for example, the transition from coherent rotation to curl-
ing (Section 4.3.1) and the grain size below which mixtures of two magnetic phases
with different anisotropies yields single-phase hysteresis loops (Fig. 4.14). Since typ-
ical ferromagnets have magnetizations of the order of 1 T and exchange stiffnesses of
the order of 10pJ/m, I, is between 1 and 2nm for a broad range of materials. In
practice, most lengths derived from I, carry a factor of the 5 (Section 4.3), so that
experimental exchange-length scales are close to 10 nm. From an atomic point of view,
the order of magnitude of [, is a,/a = 7.52nm, where a, is the Bohr length and
a & 1/137 is Sommerfeld’s fine-structure constant (Skomski, Oepen, and Kirschner
1998). Physically, the involvement of the fine-structure constant reflects the higher-
order relativistic character of the anisotropy. Combinations of I, and J, yield other
lengths, such as the critical single-domain radius (4.27).

4.2.6 Domains and domain walls

The magnetostatic self-interaction (4.11) favors magnetic domains with partial or
complete flux closure. Figure 4.11 shows various domain configurations. Historically,
the concept of domains was introduced to explain why two pieces of soft iron do not
attract each other. In 1907, Weiss postulated that ferromagnetism on a local scale,
created by mean-field interactions, is accompanied by a loss of net magnetization due
to domain formation. Bloch (1932) introduced the concept of domain walls, and the
first quantitative calculations by Landau and Lifshitz (1935) are now regarded as the
starting point of modern domain theory. More theoretical developments in the mid
twentieth century are the analysis of pinning mechanisms (Becker and Déring 1939,
Kersten 1943) and nucleation modes (Brown 1963a).

The first experimental verification of domains was due to Barkhausen (1919), who
measured magnetizations jumps associated with domain-wall motion. The first direct
domain observations were made by Hamos and Thiessen in 1931 and, later the same
year, Bitter. Since then, many papers, books, and reviews have been published on
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Fig. 4.11 Micromagnetic spin configurations: (a) single-domain state, as observed in very
small particles, (b) two-domain configuration, as encountered in fairly small particles with
uniaxial anisotropy, (c¢) flux-closure in cubic magnets, (d) complicated domain structure in a
polycrystalline magnet, (e) Bloch wall in a thin film with perpendicular anisotropy, (f) Néel
wall in a thin film with in-plane anisotropy, (h) single-domain particle and (j) two-domain
particle.

experimental and general aspects of magnetic domains. Examples are Kittel (1949),
Bozorth (1951), Kooy and Enz (1960), Craik and Tebble (1961), Chikazumi (1964),
Oepen and Kirschner (1989), and Hubert and Schéfer (1998). Recent theoretical devel-
opments will be discussed below, in connection with specific models and phenomena.

Magnetic domains are separated by comparatively thin, though not atomically
sharp, domain walls (Bloch 1932). Incidentally, Bloch’s original estimate of the domain-
wall width was based on the incorrect assumption that Mg = 0 inside the wall. In 1932,
the role of magnetization rotations was not yet established, and the modern theory of
Bloch walls starts with Landau and Lifshitz (1935). The idea is to start from (4.9), to
put H = 0, and to assume that Hq = 0. It can be shown that a magnetic field yields
domain-wall motion rather than domain-wall widening or narrowing, and that domain
walls in bulk magnets are free of magnetic poles (Hgq = 0). The only remaining energy
contributions are then the exchange energy (A) and the anisotropy energy (K;). The
only length that can be formed from these two parameters is the wall-width parameter
do = \/A/K1, and a refined calculation yield the Bloch-wall width

[ A

We see that the anisotropy (K7) favors narrow domain walls. Inside the domains, the
magnetization lies in a favorable direction, but in the wall, the magnetization is no
longer parallel to an easy axis. This costs anisotropy energy and causes the wall to
narrow. On the other hand, narrow walls correspond to large magnetization gradients
and are unfavorable from the point of view of exchange (A4).

To derive (4.22), we start from (4.9) and rewrite M in term of the magnetization
angles ¢ and ¢. For a Bloch wall in the y—z plane, M = M cosfe, + Mssinfey,
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and (4.9) yields the energy per wall area L:

2
% — (A (gi) +EK(9)> dz (4.23)

where Ex(0) is the anisotropy-energy density. Minimizing this energy with respect
to () (Section A.2.4) yields the Euler equation —24 §%6/0x2 + 0Fk (0)/00 = 0. We
now multiply the Euler equation by 90/dx, exploit 9(96/0x)?/0x = 2 06/0x 820 /022,
and integrate over x. The integration is trivial, of the type [9f/0x dx = f, and yields

de Ex(0)

=4

dz A
The solution of (4.24) is x = =+ [(A/Ex(0))'/2df. In the simplest case, Ex(f) =
K sin? 6. Using M,, = M, cos 0, we obtain dM, /(M2 — M2) = +(K,/A) dz and

M,(z) = —M;tanh (mﬁ) (4.25)

Figure 4.12 shows M, as a function of /(K1 A)"/? = 2/8,. Defining the domain-wall
width dy, in terms of dM,/dx at M, = 0 (dashed line) yields dy, = 2d,. However, it
is common to define the wall width by considering 6(z) rather than M,(x), and from
df/dx at = 7/2 one obtains the “conventional” Bloch-wall width dg = 7d,, that is,
equation (4.22). The energy of a 180° Bloch wall is obtained by putting (4.25) into
(4.23). The result is

(4.24)

v =4VAK; (4.26)
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Fig. 4.12 Fine structure of a 180° Bloch wall in the bulk. The wall is located in the y—z
plane, and in the center of the wall (z = 0) the magnetization vector is parallel to the y axis
(perpendicular to the paper plane).
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Typical domain-wall widths are 5 nm and 100 nm for hard and soft magnetic materials,
respectively. Domain-wall energies range from about 0.1 mJ/m? for soft materials to
about 50mJ/m? in very hard materials.

Figure 4.11 indicates that there are several types of domain walls, such as 180°
Bloch walls (b and f), 90° walls (c), and Néel walls (g). Equation (4.22) refers to 180°
Bloch walls in uniaxial bulk magnets. As mentioned, Bloch walls do not have any
magnetostatic energy, except at the surface of the magnet. This is because V-M = 0
for M = M cosfe, + Mgsinfe,. However, other walls may have considerable mag-
netostatic self-energies. An example is the Néel wall between 180° domains in the
plane of very thin films, Fig. 4.11(g). This spin configuration occurs very frequently
in soft-magnetic thin films, where the demagnetizing field confines the magnetization
to the film plane. The magnetization of a Néel wall remains in the film plane, which
gives rise to magnetic charges in the film, at the right and left ends of the wall shown
in (g). The transition to a Bloch wall, realized by switching the magnetization to a
perpendicular direction, would cost even more magnetostatic energy, because it cre-
ates surface charges all across the wall area. For soft-magnetic thin films with in-plane
magnetization, such as Fig. 4.11(g), the transition from Bloch walls in thick films to
Néel walls in thin films occurs at a thickness that is some multiple of the exchange
length [,.

Domain formation is magnetostatically favorable but costs domain-wall energy.
A simple criterion for the existence of equilibrium domains is obtained by comparing
the energies of the two configurations Fig. 4.11(h—j). The wall energy in (j) is y7 R2,
whereas the gain in magnetostatic energy is roughly half the single-domain energy,
that is, 1o M2V /12. Domain formation in spheres is therefore favorable for particles
whose radius exceeds a critical single-domain radius

Ry~ 36/ AK, (4.27)
fho M2

This value varies between a few nm in soft magnets and about 1 pm in very hard

magnets.

Since the derivation of (4.27) involves the comparison of competing ground-state
energies rather the analysis of hills and valleys in the energy landscape, single-domain
behavior is unrelated to hysteresis. Experimentally, the single-domain character of a
particle is accessible after thermal demagnetization, that is, by heating above the Curie
temperature and subsequent cooling. In micromagnetism, this is known as the initial
or virgin state. The application of an external field, as required for hysteresis, may
create nonuniform magnetization states in single-domain particles (Section 4.3.1) or
remove domain walls in multidomain particles. A good example is submicron single-
domain particles of permanent-magnet materials such as BaFe;5019 and SmCos,
whose magnetization reversal is almost inevitably nonuniform (Skomski and Coey
1999). The equating of single-domain magnetism and uniform rotation, as epitomized
by the unfortunate term “elongated single-domain particle” (ESD), has its origin in
the focus on soft and semi-hard magnets in the first half of the twentieth century,
where the difference between uniform rotation and single-domain behavior is less
striking.
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Domain sizes are generally more difficult to predict than domain-wall width. One
aspect of the problem is the large number of competing domain structures, Fig. 4.11
(b—e) and (f), and Fig. 4.13. A second aspect is the difficult-to-treat long-range char-
acter of the magnetostatic interactions. For example, the size of domains such as
Fig. 4.11(e) exhibits a square-root dependence on the film thickness b. This is because
both the top and the bottom of the film contain magnetic charges which, according
to (4.11), interact over long distances.

A crude estimate of the domain size is obtained by assuming stripe domains of
length L and width w in a relatively thick film of area L2?. The domain size is then
obtained by comparing the self-interaction energy of order p,M2L?b(w/b) with the
wall energy vbL(L/w). Here the factor w/b is a crude estimate for the demagnetizing
factor of the domain, corresponding to an ellipsoid of axes Ry = w, R, = oo, and
R, = b. We see that narrow domain walls are magnetostatically favorable but cost
wall energy. Comparison of the two energies yields

vb
po M2

w ~ (4.28)

This simple calculation indicates that domain sizes (and critical single-domain sizes)
strongly depend on anisotropy and sample geometry. In thin films, this dependence is
sometimes exponential (Mdalek and Kambersky 1958, Skomski, Oepen, and Kirschner
1998), and features such as stray fields created by domain walls play an important role
(Hubert and Schéfer 1998, Kuch et al. 2003) As in other areas of magnetism, numerical
micromagnetic methods have become a valuable tool in the investigation of domain
structures and magnetization processes (Schrefl, Fidler, and Kronmiiller 1994).

5 pm 5 pm

Fig. 4.13 Spike domains in Nd2Fe14B magnet, as probed by magnetic force microscopy
(MFM). The top view (left) and the side view (right) corresponds to the schematic domain
structure of Fig. 4.11(e). Courtesy S.-H. Liou.
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When the radius of soft-magnetic nanoparticles is smaller than d,, then the “wall”
covers the whole particle and VM ~ M;/R. The magnetostatic and exchange ener-
gies scale as ,uODMf,R?’ and AR, respectively, and a strongly nonuniform ground state
is realized when R is much larger than (A/u,DM?)'/2. In other words, the critical
radius Rp for the onset of a flux-closure or “vortex” state scales as [,/ DY2 In plate-
like soft-magnetic thin-film dots with in-plane magnetization, the demagnetizing factor
D ~ b/R, so that Rp ~ b~'/2 (Skomski et al. 2004b). On somewhat larger submicron
length scales, for example in lithographically patterned thin films, flux-closure con-
figurations are common, too, but the domain walls keep their individuality (Hirohata
et al. 2000).

4.3 Coercivity

Summary As other extrinsic or hysteretic properties, coercivity is strongly real-
structure dependent. Aside from coherent rotation, important coercivity
mechanisms are curling, localized nucleation, and domain-wall pinning.
Nucleation refers to the onset of magnetization reversal and determines
the coercivity in nearly defect-free magnets. With increasing size, the
nucleation mechanism in perfect ellipsoids of revolution changes from
coherent rotation to curling. The curling mode costs some exchange
energy but is magnetostatically favorable due to vortex-like flux clo-
sure. However, both coherent rotation and curling greatly overestimate
the coercivity of most magnetic materials. This disagreement, known
as Brown’s paradox, is solved by considering localized nucleation due
to imperfections. Micromagnetic localization costs exchange energy, too,
but is favorable from the point of view of anisotropy, because it exploits
local anisotropy minima. The transition from coherent rotation to curl-
ing or localized nucleation is unrelated to the single-domain character
of the magnet, and magnetization reversal in single-domain particles
is not necessarily coherent. Pinning means that the motion of domain
wall is impeded by imperfections. It determines the coercivity in strongly
inhomogeneous magnets. Some pinning mechanisms are Kersten pinning,
Gaunt-Friedel pinning and weak pinning. The above considered micro-
magnetic models must be distinguished from phenomenological models
and methods, such as Preisach models and remanence plots.

The most intriguing aspect of hysteresis is the coercive force or coercivity. It
describes the stability of the remanent state and gives rise to the classification of mag-
nets into hard magnetic materials (permanent magnets), semihard materials (storage
media), and soft-magnetic materials. Coercivity goes back to the first half of the twen-
tieth century, to the publications by Kondorski (1937), Becker and Déring (1939), and
Stoner and Wohlfarth (1948). The physical origin of the so-called “static” coercivity,
as treated in this chapter, is metastable energy minima that vanish on applying a
reverse magnetic field, very similar to Fig. 4.4. In addition to the static coercivity,
there are small time-dependent corrections to the hysteresis. For convenience, they
will be discussed in the context of dynamic magnetization effects (Section 6.4).
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Fig. 4.14 Typical hysteresis loops: (a) hard, semihard, and soft magnets, (b) inflected loop
(85% hard and 15% soft phases), and (c) wasp-shaped loop (15% hard and 85% soft phases).
In (b) and (c), dark and bright regions correspond to hard and soft regions, respectively. Also
shown in (a) are a virgin curve (dotted line) and a minor loop.

Figure 4.14 shows some types of hysteresis loops encountered in practice. The main
difference between permanent or hard magnets and soft magnets is the magnitude of
the coercivity, ranging from less than 10 4T (soft) to more than 1T (hard). The
two-phase loops shown in Fig. 4.2(b—c) are superpositions of single-phase hysteresis
loops and correspond to macroscopic phase mixtures. In nanocomposites, exchange
interactions between the phases tend to smooth the loops, and the magnetic phase
analysis of Fig. 4.2 must be replaced by micromagnetic calculations.

Here we are concerned with the coercivity of macroscopically homogeneous mag-
nets, ignoring the technologically important but scientifically rather boring super-
position effects shown in Fig. 4.14(b—c). A major challenge in the understanding of
coercivity is that experimental coercivities are much smaller than predicted from the
Stoner-Wohlfarth theory. For example, NdyFe;4B has an anisotropy field of about 8 T,
but as-cast NdoFe4B magnets are quite soft, and sophisticated processing techniques
are necessary to achieve coercivities of order 2.5T. This finding is known as Brown’s
paradox and is solved by taking into account the real structure of the magnet, such
as defects, crystalline texture, and grain boundaries.

There are two basic coercivity mechanisms, namely nucleation and pinning. Nucle-
ation refers to the stability of the fully magnetized state in a reverse field. A trivial
example of a nucleation model is the Stoner-Wohlfarth model, as epitomized by
Fig. 4.4. Pinning means that the coercivity is due to the interaction of domain wall
with real-structure features such as defects. An example is iron, where reverse domains
nucleate very easily but defects may create coercivity by impeding the motion of the
domain walls. For example, the coercivity of technical iron doubles by adding 0.01 wt.%
nitrogen (Kersten 1943). Figure 4.15 shows a typical reversal process in a magnetic
particle.

The key challenge in coercivity modeling is to determine H. from the magnet’s real
structure. This aim is complicated by the fact that one set of magnetic data may be
reproduced by different micromagnetic theories. For example, there is no simple way
to tell whether a given major loop is nucleation- or pinning-controlled. Some guidance
is provided by the virgin curve after thermal demagnetization, that is, by the dotted
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Fig. 4.15 Origin of hysteresis. The schematic figure shows one typical coercivity mechanism
in ferromagnetic particles. In this example, the fully magnetized magnetization state (top
right) is rather unstable, so that the coercivity is due to domain-wall pinning. Since the
particle is free of bulk defects, the pinning of the wall occurs at surface irregularities.

line in Fig. 4.14(a). In particles having radii larger than Rgp, the thermally demag-
netized equilibrium state contains magnetic domains. Pinning-controlled magnets,
characterized by difficult-to-move domain walls, exhibit a small initial susceptibility
x = dM/dH, whereas the absence of pinning centers in nucleation-controlled magnets
gives rise to mobile domain walls and a large initial susceptibilities.

4.3.1 Nucleation

Nucleation means that a magnetization state becomes unstable at the nucleation field
H, = —Hy. A simple example is coherent rotation in spherical particles, where
Hy = H, (Section 4.1.1). In contrast to localized nucleation processes in phase-
transition kinetics, such as the formation of liquid droplets from the gas phase, micro-
magnetic nucleation may or may not be localized. Delocalized nucleation means that
the nucleation mode extends over the whole magnetic body. For example, coherent
rotation is delocalized, because M(r) = M(6, ¢) throughout the magnet.

In nearly perfect magnets, Hy is a good estimate for the coercivity, H. ~ HNy.
In other words, it is sufficient to consider the onset of magnetization reversal, as
contrasted to phenomena such as domain-wall motion. The nucleation mode depends
on the real structure of the magnet. Nucleation in very small particles is delocalized
but not necessarily coherent. Localized nucleation is always incoherent (nonuniform)
and frequently encountered in practice.

To determine the nucleation field, we perform a stability analysis similar to that
in Figs 4.4 and 4.9, except that our phase space is multidimensional (continuous).
Nucleation occurs when the curvature of the dashed line in Fig. 4.9 reaches zero. Let
us start from (3.19) and make the model assumption that VA = 0 (homogeneous
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exchange) and a = 0 (perfect crystalline alignment). The equation of state is then
~AV?m + (K(r) + 2, H)m =0 (4.29)

The nucleation instability is obtained by eigenmode analysis, as outlined in
Section A.2.2. Each eigenmode corresponds to a curvature of type shown in Fig. 4.9,
and the stability is determined by the lowest curvature or eigenvalue. The eigenfunc-
tion m(r) that corresponds to the nucleation field is known as the nucleation mode.

Assuming that K(r) = const. and putting the coherent mode m(r) = m, into
(4.29) yields K + poHM;/2 = 0, or Hxy = 2K /11, Ms. This is, of course, the familiar
Stoner-Wohlfarth expression for coherent rotation. Inhomogeneities, such as anisotropy
inhomogeneities K (r), mean that m(r) = m, is no longer an eigenmode of (4.29)
but acquires the character of a trial function, similar to the variational approach in
quantum mechanics (Section A.3). This effective-anisotropy approximation, based on
Ko = (K(r)), is a micromagnetic analog to the virtual-crystal approximation in band-
structure calculations (Section 7.1.1). The corresponding nucleation field 2(K)/uoM;
overestimates the coercivity, because regions with small K (r) contribute dispropor-
tionately strongly to the nucleation field. For example, in a composite containing hard
and soft regions, the nucleation starts in a soft region, irrespective of the average
anisotropy.

Equation (4.29) considers magnetostatic self-interactions by incorporation into K
and H. This procedure is exact for coherent rotation but not necessarily for other rever-
sal modes. For example, flux closure is magnetostatically favorable and may therefore
facilitate magnetization reversal. This has indeed be shown for the curling mode

m(¢p, z, 1) = me(2,7) (cos pey, —sin P ey) (4.30)

This mode is nonuniform (Vm # 0) and costs exchange energy, but the flux closure
implied by (4.30) lowers the magnetostatic energy. Figure 4.16 shows curling modes
for several geometries. The determination of the magnetic energy is moderately com-
plicated, but the essence of the calculation is seen by comparing the coherent-rotation
and curling modes in spheres, Fig. 4.16(d—e). Coherent rotation (d) leaves the mag-
netostatic self-energy unchanged, because the reduced magnetization component in
z direction is compensated by a magnetization component in the z—y plane. In (4.4),
this corresponds to D = 1/3 and (1 —3D) = 0. Curling (e) implies a reduction of the
z component, very similar to coherent rotation, but this reduction is not accompanied
by the creation of a net magnetization in the x—y plane. In fact, the in-plane mag-
netization component (4.30) has no poles (magnetic charges) and does not contribute
to the magnetostatic energy. The corresponding change in magnetostatic energy is
proportional to —D, as compared to %(1 — 3D) for coherent rotation.

The calculation of the exchange energy requires the knowledge of the function
mo(z,7), such as Bessel functions for cylinders and tubes. An order-of-magnitude
estimate is obtained by taking into account that AV? ~ A/R?, where R is the radius
of the ellipsoid of revolution. An explicit calculation for the ellipsoid of revolution
yields the curling nucleation field

2 AD)A (4.31)
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Fig. 4.16 Delocalized nucleation modes: (a) quasicoherent rotation or bulging, (b) clamped
curling, (c) curling in a cylinder, (d) coherent rotation in a sphere, (e) curling in a sphere,
and (f) curling in a nanotube. The modes (a) and (b) are shown as top views on m in the
equator plane and describe soft inclusions in a very hard matrix.

where the values of ¢ are 8.666 for spheres (D = 1/3) and 6.678 for needles (D = 0).
For details about the modes in Fig. 4.16, see Brown 1963a and Aharoni 1996 (c—e)
and Skomski, Liu, and Sellmyer 1999a (a—b), and Sui et al. 2004 (f).

Figure 4.17 compares the curling nucleation field (4.31) with the Stoner-Wohlfarth
prediction (4.4). For large particles, the gain in magnetostatic energy overcompensates
the increase in exchange energy, and curling is more favorable than coherent rotation.
In spheres, the corresponding transition or coherence radius Reon = 5.099[,, whereas
in wires Reon = 3.6551,. Since R reflects the competition between magnetostatic
and exchange energies, it is independent of the anisotropy constant K. Any change
in the uniaxial anisotropy shifts both the coherent-rotation line (left) and the curling
line (right) by the same amount and leaves R, unaffected. Typical coherence radii
are of the order of 10nm for a broad range of ferromagnetic materials. Experimental
coercivities are often much smaller than the predictions of (4.4) and (4.31). This is
Brown’s paradox. Very small particles have a low coercivity due to superparamagnetic
excitations (Section 6.4.6), but otherwise Brown’s paradox is explained by localized
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Fig. 4.17 Delocalized nucleation in a sphere (solid line) and a cylinder (dotted line). The
dashed line separating coherent rotation and curling is a guide for the eye.

nucleation. Statistically, big particles are more likely to contain imperfections harmful
to coercivity, so that the coercivity tends to decrease with increasing particle radii
R > lox.

The coherent-rotation and curling modes in homogeneous ellipsoids of revolution
are exact solutions of the nucleation problem. This must be contrasted to the critical
single-domain radius, which depends on the choice of the domain-wall geometry and
also on the only approximately known magnetostatic energy. It is also important to
keep in mind that both (4.4) and (4.31) differ from the naive demagnetizing-field
correction, which yields Hy = 2K /puoMs — DMs.

Real magnets tend to contain chemical or microstructural imperfections, and their
shapes often deviate from the required ellipsoidal geometry. The coherent and curling
modes are then no longer eigenfunctions of (4.29), and the nucleation field decreases.
In fact, a single submicron imperfection may control the magnetization reversal of a
macroscopic volume, which is known as the Barkhausen effect (1919). In permanent
magnets, inhomogeneities larger than a few nm are very harmful to coercivity. Indus-
trial nucleation-type magnets (NdgFe;4B, BaFe;2019, SmCos) require sophisticated
annealing or liquid-phase sintering to reduce the number of morphological inhomo-
geneities.

In terms of (4.29), imperfections lead to a local reduction of the anisotropy K (r).
If K(r) were the only consideration, then Hy would be given by the global minimum
of K(r). However, the corresponding magnetization inhomogeneity is punished by
an increase in exchange energy. To describe the nucleation of reverse domains near
imperfections, we exploit that linearized micromagnetic equation (4.29) is reminiscent
of the Schrédinger equation

—%v% + (V) - EW=0 (4.32)
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Fig. 4.18 Soft-magnetic inclusions (K = 0) in a hard matrix (K = 00).

for an electron in a potential V(r). In this analogy, the nucleation mode and the
nucleation field are analogous to the ground-state energy and wave function, respec-
tively. This makes it possible to use ideas known from quantum mechanics to solve
micromagnetic nucleation problems.

A simple example is a soft-magnetic inclusion (K = 0) embedded in a very hard
matrix (K = o0). Figure 4.18 shows two geometries. Let us consider a soft inclusion
of cubic shape (b) and of volume L3. The corresponding eigenfunctions are particle-
in-a-box states, and the ground state is

U(z,y,z) = Nsin (%) sin (%) sin (%) (4.33)

Here N is the normalization factor. The ground-state energy 3w2h? /2m,L? corresponds
to the nucleation field

6m2A

Hy = —
N oM L2

(4.34a)
where Mj is the spontaneous magnetization of the soft phase. This result can also be
written as

362 M,

Hy=H,2h"h
N L2 M,

(4.34b)
where the index h and H, = 2K}, /.M, refer to the hard phase, respectively. Typ-
ically, magnetizations M), and My of comparable magnitude, so that (4.34) predicts
a nucleation-field reduction of the order of 62/L%. Taking 6, = 5nm and L = 25nm,
and My, = M; yields Hy = 0.12 H,, in agreement with typical experimental values.
In a nutshell, equation (4.34) solves Brown’s paradox by considering local inhomo-
geneities. Of course, the cubic shape, as well as the approximate incorporation of the
magnetostatic interaction into K (r) limit the applicability of (4.34), but the model
provides a physically reasonable semiquantitative description of nucleation processes
in real materials. Refined models have been used to calculate nucleation fields for a var-
iety of geometries, including planar defects and multilayers (Kronmiiller 1987, Nieber
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and Kronmiiller 1989), spherical inhomogeneities (Skomski and Coey 1993), core-shell
nanoparticles (Skomski et al. 1999a), and nanowires (Skomski et al. 2000). We will
return to these calculations in Section 7.4. In addition, it is now possible to reproduce
nucleation fields and complete hysteresis loops by micromagnetic simulations (Schrefl,
Fidler, and Kroumiiller 1994).

A striking feature of (4.34) is the prediction of a diverging coercivity for very small
inclusion sizes L. This is unphysical, because the coercivity of a hard-soft composite
cannot be higher than that of the hard phase. In reality, the anisotropy field H, of
the hard phase provides a cut-off to the coercivity. Putting Hxy = H, in (4.34) we
see that this is the case for L ~ /3y, that is, for box dimensions comparable to the
Bloch-wall width 6}, of the hard phase. In the quantum-mechanical analogy, the energy
of an electron confined to a box of volume L? increases with decreasing L, and when
the energy of the electron is larger than the potential energy of the box, the electron
becomes delocalized. The same delocalization is encountered in micromagnetics as
illustrated in Fig. 4.19 for the physically reasonable case of finite anisotropy Kj,. For
large inclusions, Fig. 4.19(a), the nucleation mode is localized and well approximated
by (4.34). Small inclusions, Fig. 4.19(b), cause the tails of m(r) to extend far into the
hard phase. The mode becomes delocalized, and the reversal eventually degenerates
into coherent rotation or curling, with Hy & 2K}, / 1o My,.

4.3.2 Pinning

If localized nucleation leads to complete magnetization reversal, then the coercivity
H_ is equal to the nucleation field Hy. However, this process requires the growth of
the reverse domain, and the corresponding domain-wall motion may be impeded by
real-structure imperfections (Becker and Doring 1939, Kersten 1943) This mechanism
is known as domain-wall pinning. It is the main source of hysteresis and coercivity in

(b)

—~
o
=

T T T T T T T T T T T T T T
x (arb. units)

Anisotropy K, magnetization m
Anisotropy K, magnetization m

1 1 1 1
-2 -1 0 1 2 -2 -1 0 1 2
x (arb. units) x (arb. units)

Fig. 4.19 Nucleation modes in inhomogeneous magnets: (a) well-localized and (b) largely
delocalized.
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Fig. 4.20 Pinning in a submillimeter piece of iron containing a small inhomogeneity. The
external magnetic field points in the T direction and increases from left to right.

strongly imhomogeneous magnets and yields coercivities H. > Hy. Since the domain-
wall energy is proportional to the square root of K7, domain-wall pinning often occurs
in regions where K3 is small due to chemical disorder. Simply speaking, the domain
wall is trapped in a region with low domain-wall energy, and the coercivity is given by
the pinning or “depinning” field H}, necessary to push the wall over the pinning-energy
barrier. Figure 4.20 shows the example of a small piece of soft-magnetic material.

The are several pinning mechanisms, including strong pinning (Kersten and Gaunt-
Friedel pinning) and weak pinning. Here we focus on strong domain-wall pinning,
where the domain wall is pinned by individual imperfections (pinning centers), as in
Fig. 4.20. Weak pinning is caused by a large number of very small pinning centers,
such as atomic defects, and involves structural averages over a distance of order Jg.
In Section 7.4.3, we will discuss an explicit example, namely the coercivity of random-
anisotropy magnets.

A very simple pinning model considers the energy v(z) of a planar domain wall
as a function of the wall position x. In practice, v = 4(AK;)'/? is often determined
by the local chemistry, which determines K;(z). Figure 4.21 shows an example where
the wall energy of the defect is higher than that of the main phase. This regime is
known as repulsive pinning and means the penetration of the wall into the defect costs
energy. By contrast, attractive pinning amounts to the capturing of a wall in a region
of low wall energy. In both regimes, the coercivity is given by analyzing the magnetic
energy E(x) as a function of the wall position z. For a wall of area L2, the total wall
energy

E(x) = y(2)L* - 2uo M Hx L? (4.35)

where y(x) depends, via Kj, on the microchemistry. The right-hand term in this
equation is the Zeeman energy, and the factor 2 means that the magnetization changes
from —Mj to +Mj.

For any given field, the wall position z is obtained by putting dE/dz = 0, that
is, H = (dvy/dx)/2p,Ms. The derivative dy/dz is a function of x but reaches some
maximum in the vicinity of the defect, where the slope is largest (dashed line in
Fig. 4.21). Any further increment in H pushes the wall over the pinning defect, so
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Fig. 4.21 Kersten pinning of a planar domain wall. The dashed line show the wall position
where dvy/dz and the pinning strength are largest.

that

1 dy
H, = YA max (a) (4.36)

In general, the wall energy v depends on the ratio of defect size to domain-wall width. A
frequently considered anisotropy profile is rectangular, K (z) = K, outside the defect
and K (z) = Ko+ AK inside a defect of thickness b. For small AK and b, lowest-order
perturbation theory yields the pinning coercivity (Becker and Doring 1939)

b |AK]|

H, =H, — 4.37
P 3\/353 Ko ( )
For small inhomogeneities of arbitrary profile (Skomski et al. 2004a):
E(x) = /K1 (x) (1 — tanh? <51(€ - :c))) d¢ — 2uo M HxL? (4.38)
B

This equation shows that the wall energy is, in fact, a convolution of the wall profile,
as epitomized by dp, and the anisotropy profile K;(z). Pinning is most effective when
the size b of the pinning centers is comparable to the domain-wall width d5. Very small
effects lack pinning strength, as described by (4.37), whereas extended defects yield
no additional pinning strength but tend to reduce the gradient dy/dz. Refined calcu-
lations include features such as the spatial variation of the exchange stiffness (Givord
and Rossignol 1996) and pinning at surface defects (Hubert und Schéfer 1998).
Equations (4.36-38) describe the pinning of a domain wall by a planar defect of
thickness b. The planar character of the defect is epitomized by the pinning force
p = L?dy(x)/dx, which has the dimension of a force (1N = 105dyn). In terms of
the pinning force, H, = p/2p10MsL?. The planar model is a reasonable approximation
for features such as extended grain boundaries, but most strong pinning centers have
compact shapes, characterized by diameters b. For example, pinning centers in bulk
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materials can often be described as spherical inclusions (Kersten 1943). The finite
pinning area of the inclusions leads to a factor °/L? in the pinning force, which is
now proportional to b?dvy/dx. Between the pinning centers, the wall is curved, and
the curvature radius depends on H = H.. In good approximation, one can treat the
wall pieces as spherical caps, and the curvature radius is obtained by minimizing the
energy

4
E(R) = 47yR? — 2uo M H (%) R® (4.39)

This expression is reminiscent of droplet nucleation from vapor, where the surface
energy is analogous to the domain-wall energy. However, (4.39) describes the propa-
gation of a domain wall in a homogeneous magnet after nucleation, as contrasted to
the physically very different nucleation (Section 4.3.1) in an inhomogeneous magnet.
Minimization of (4.39) yields the curvature radius R = ~/uoMsH.

It is straightforward to show that (4.36) is essentially independent of the wall
curvature, so that that Hy, = p/2u,ML? remains valid. This is because the wall posi-
tion x and the curvature radius R are, in lowest order, decoupled (see exercise on
domain-wall curvature). This mechanism, illustrated in Fig. 4.22(a) is known as Ker-
sten pinning (1943). However, the curvature is not the only consideration. As shown
in Fig. 4.22(b—c), the distance & between centers actually involved in the pinning may
be larger than the average distance L between defects. This saves domain-wall energy,
especially in the limit of high domain-wall energies. The calculation of the corre-
sponding Gaunt-Friedel pinning field H}, requires the self-consistent determination of
the correlation length ¢ from H,, (Gaunt 1986).

First, we take into account the fact that the Barkhausen volume covered by each
domain-wall jump is about L3, so that the enhanced ¢ must be compensated by a
reduced jumping distance Ax, L3 ~ ¢2Az. The pinning field is now equal p/2, ME2,
whereas the curvature radius R = v/uo,MsH remains unchanged. Together with the
height Az ~ £2/R of the spherical cap, we must solve four equations for four unknowns,
namely A¢, z, Hy, and R. The calculation is trivial and yields H, ~ p?/yM;L3. In

(b) (©)

v

Fig. 4.22 Strong domain-wall curvature: (a) Kersten pinning and (b—c) Gaunt-Friedel
pinning.
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other words, the pinning coercivity is quadratic in the pinning force. In magnetic thin
films, an analogous calculation yields Hy ~ p3/2.

The range of pinning mechanisms is mirrored by the materials that exhibit pinning-
controlled coercivity. The coercivity of iron and steel magnets reflects pinning at
magnetoelastic inhomogeneities and martensitic lattice distortions due to interstitial
carbon. In soft magnets, the reduction of domain-wall pinning is a challenge met by
using materials with low intrinsic anisotropy, few defects, and low magnetostriction.
Alternatively, one can use random-anisotropy magnets (Section 7.4.3). Pinning coer-
civity in industrial Sm-Co permanent magnets involves SmyCoq7 crystallites having a
size of about 100 nm are surrounded by a thin SmCoy grain-boundary phase. Additives
such as Cu and Zr help to establish the microstructure and to tune the properties of
the phases (Kumar 1988). Other pinning mechanisms exist in “superferro-magnets”,
where nanoscale grains are exchange-coupled by a matrix. (Zhou et al. 2005a), and in
thin films with constant surface anisotropy but varying thickness (Sander et al. 1996).

The pinning energy is, in fair approximation, proportional to the anisotropy dif-
ference, and by changing the chemical composition or the temperature it is possible
to adjust the anisotropy and to tune the pinning behavior. One example is Sm-Co-
Cu-Ti permanent-magnet alloys for high-temperature applications, with coercivities
more than 1.27T at 500°C (Zhou et al. 2000). In Chapter 6 we will see that the
temperature dependence of the coercivity is dominated by the intrinsic temperature
dependence of the anisotropy. Thermally activated jumps over energy barriers yield
only small sweep-rate corrections to the coercivity.

4.3.3 Phenomenological coercivity modeling

Aside from microscopic coercivity models, such as those discussed in the previous
two subsections, there exist various phenomenological models. The scientific scope of
most phenomenological models is limited, but they are useful in engineering, where
the physics behind the coercivity is of secondary importance. Some techniques are
Preisach modeling, first-order reversal curve analysis (FORC), Barkhausen analysis,
and micromagnetic mean-field modeling (Bertotti 1998, Della Torre 1999).

A simple phenomenological model is the superposition model, which exists in many
variants. Any hysteresis-loop branch can be represented by a normalized switching-
field distribution Psp(H)

M(H) = —M, + 2M, / Psp(h) dh (4.40)

— 00

The distribution Ps is closely related to the micromagnetic susceptibility, x = dM/dH,
or x = 2M Psp(H). To exclude reversible magnetization processes, it is customary to
restrict the consideration to the irreversible part yi, of the susceptibility, which is
obtained by a minor-loop analysis. Agreement with experimental loops may also be
achieved by considering superpositions of hyperbolic tangents tanh((H — H.)/AH).
Two or three functions of this type are often sufficient to reproduce a hysteresis loop
nicely. For example, Fig. 4.14(b-c) uses two hyperbolic functions. The physical disad-
vantage of this magnetic phase analysis is the neglect of magnetic interactions, which
are swept under the rug by assuming a superposition of individual loops. In a broader
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sense, this approach includes techniques that average over ensembles of small magnetic
particles or crystallites. One example is the single-point detection or SPD method by
Asti and Rinaldi (1974), whose aim is to determine anisotropy constants rather than
explaining micromagnetics.

Various phenomenological models take into account magnetic interactions in an
approximate way, often considering or exploiting minor hysteresis loops. Examples are
the Jiles-Atherton model (1986), the Preisach model (1935), FORC analysis (Davies
et al. 2005), models focusing on texture (Jahn, Schumann, and Christoph 1985), and
approaches based on Wohlfarth’s remanence relation (Wohlfarth 1958). The last cat-
egory includes Henkel, delta-M, and delta-H plots, where recoil loops are analyzed. The
Jiles-Atherton model assumes domain-wall pinning on a phenomenological basis and
yields hysteresis loops as a function of the anhysteretic (single-valued) magnetization
curve My, (H). The total magnetization is the sum of irreversible and reversible mag-
netization contributions, M = M., + Myev, where My, = Moy, — Ma, Moy =cMa, and

dMa Ma

— Yan(H 4.41
A TEoann Xl (4.41)

The parameters in these equations describe domain-wall pinning (k), magnetostatic
interactions (a), and reversible domain-wall motion (¢). The nonlinear differential
equation (4.41) yields Ma (and M) from the phenomenological source term ya, =
dM,,/dH.

The Preisach model (1935) is based on the assumption of hysteresis quanta or hys-
terons with rectangular but not necessarily symmetric hysteresis loops. The hysterons,
also referred to as “hysteresis particles”, are mathematical constructions and generally
unrelated to structural and magnetic features such as grains and nucleation modes.
Due to its input-output character, the Preisach model is essentially a mathematical
model, closer to nonlinear system theory than to magnetism. FORCs are obtained by
applying a large positive field to saturate the magnet, reducing H to the recoil field
H,, and finally increasing the field to H,, where M, = M, The distribution of first-
order reversal curves (FORC) is then obtained by sampling all points in the H,—H,
plane or, equivalently, by considering 9*M, /OH,OH,.

The inner-loop methods discussed in this paragraph can be used to discuss weak
interactions between small particles qualitatively, as in magnetic rocks. The idea is that
different parts of the systems create positive (exchange) or negative (dipolar) interac-
tion fields, which affect the inner hysteresis loops. However, interaction-field models
are of the mean-field type and suffer from a number of shortcomings. In (4.41), the
mean-field character is manifest from the term containing k& and a, which is similar to
the susceptibility of the Stoner model. In the Preisach model, a hysteron switches if
the total field (external field plus interaction field) exceeds the switching field of the
particle. It has been known for a long time that mean-field models poorly describe
and often overestimate the coercivity of strongly interacting grains or particles (Callen,
Liu, and Cullen 1977). A good example is the curling mode (Fig. 4.16), which can-
not be mapped onto an interaction field. As we will discuss in Section 7.4.4, strongly
interacting particles behave cooperatively, reminiscent of macrospins with strong inter-
atomic exchange, and there is no point in adding the huge internal interaction field to
the coercivity.
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A phenomenological expression with a sound micromagnetic basis is the so-called
Kronmiiller equation (1987)

2K,

oM

H.=ak — Deogg M (4.42)
where ak is a complex parameter and D.g a magnetostatic interaction parameter.
The parameter g may be derived for many nucleation and pinning models and varies
between about 1% in as-cast alloys and more that 40% in magnets whose production
involves highly sophisticated processing techniques.

4.4 Grain-boundary models

Summary The spin structure of magnets is modified by imperfections such as
grain boundaries and nanojunctions. On a continuum level, grain bound-
aries are modeled by taking into account the appropriate boundary
conditions. Even for well-localized and weak imperfections, the mag-
netization perturbation extends several nanometers into the adjacent
ferromagnetic regions. Micromagnetic problems with atomic resolution
can, in principle, be calculated from first principles, but the large num-
ber of affected atoms and the involved small energies make these calcu-
lations very difficult. In fact, models with atomic resolution tend to yield
rather small corrections to the continuum results. At granular interfaces,
both the reduced grain-boundary exchange and grain misalignment con-
tribute to the perturbation of the spin structure. Changes in the inter-
atomic exchange yield large magnetization gradients, whereas anisotropy
changes at grain boundaries of hard-magnetic materials are much less
effective in perturbing the spin structure.

The spin structure at grain boundaries and geometrical constraints is important in
various areas of magnetism, because it affects hysteresis and magnetoresistance. This
includes permanent magnetism, magnetic recording, soft magnetism, and spin elec-
tronics. Micromagnetic problems are usually solved on a continuum level. For example,
the magnetization M considered in micromagnetism is generally averaged over a few
interatomic distances and can be regarded as a temperature-dependent materials con-
stant (micromagnetic parameter). Narrow-wall phenomena, which have been studied
for example in rare-earth cobalt permanent magnets (Hilzinger und Kronmiiller 1975)
and at grain boundaries (Skomski 2001, 2003), involve individual atoms and atomic
planes and lead to comparatively small corrections to the extrinsic behavior. In cases
where atomic-scale effects are important, such as L1y magnets, multiscale modeling is
a valuable option (Garcia-Sanchez et al. 2005). However, here we focus on analytical
models of grain-boundary exchange.

4.4.1 Boundary conditions

As outlined in Section 4.2.3, the local magnetization M(r) is obtained by finding the
local minima of the micromagnetic free energy. In the linear approximation, we can
use the equation of state (4.19), which considers a small perpendicular magnetization
component m(r). This introduces quantitative errors, such as the factor 7/2 mapping
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m =1 onto 6 = 7/2, but leaves the physical picture largely unaffected. Our strategy
is to solve the linearized micromagnetic equations at features such as grain boundaries
and to determine the spin structure, m(r). This yields magnetic properties such as
the magnetization M(r, H) and the effective intergranular exchange.

The term V(AVm) in (4.19) is important when A changes across the material
(Skomski and Coey 1993). A relatively simple limit is sharp grain boundaries between
adjacent homogeneous phases I and II. Inside each phase V(AVm) = AV?m, but at
the interface, the V(AVm) term yields the Erdmann-Weierstrass boundary conditions

my = my and
(A(@%T)I = (A(m)%r;l)u (4.43)

Here we have assumed that the grain boundary is in the y—z plane. Figure 4.23
illustrates the physical meaning of the boundary condition. For A; = Ay, (4.43)
reduces to (Om/0x); = (Om/dz)11, that is, the slope of the magnetization is continuous
at the interface. Since many ferromagnetic materials have an exchange stiffness of
about 10 pJ/m, as compared to anisotropy constants varying over several orders of
magnitudes, A; = Ay is often a good approximation. Figure 4.23(a) shows the example
of an interface between hard and soft phases. It is interesting to note that the slope
is continuous at the interface but the curvature change sign. If a soft phase is in
contact with a hard phase of infinite anisotropy, the magnetization is clamped, that
is, m(r) = 0 at the interface.

Figure 4.23(b) shows that a jump in A(x) changes the slope of the perpendicular
magnetization component m(x) but leaves the magnetization continuous. However,
reduced exchange in a thin grain-boundary region yields a quasi-discontinuity of the
magnetization, as shown in Fig. 4.23(c). This discontinuity is unrelated to the hard
or soft character of the involved phases and therefore qualitatively different from
Fig. 4.23(a).

(a) (b) ©
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Fig. 4.23 Spin structure in the vicinity of grain boundaries: (a) hard-soft interface with
common exchange stiffness A, (b) two ferromagnetic phases with different A, and (c) quasi-
discontinuity of the magnetization due to strongly reduced grain-boundary exchange. The
dashed line shows the grain-boundary plane.
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4.4.2 Spin structure at grain boundaries

Let us start with the determination of the relative strength of the discontinuity in
Fig. 4.23(c) for two weakly misaligned semi-infinite grains (index I/II) in the absence
of a magnetic field. In each phase, and in the grain-boundary region, (4.19) reduces to

—AV’m + Kym = K a (4.44)

where a = aj/q1 describes the misalignment of the easy axis. We choose our coordinate
frame so that the grain boundary is in the y—z plane and m = m(x) ey. For simplicity,
we assume that the grain boundary is soft, K7 = 0, so that there is no need to fix a for
the grain-boundary region. However, it is straightforward to show that finite anisotropy
changes in the grain-boundary regions have very little effect on the magnetization (see
exercise on grain-boundary anisotropy).

For the considered one-dimensional geometry, the magnetization at * = +oo is
parallel to the local easy axis, my 1 = ay/r1- Elsewhere in the two grains, the solution
of (4.44) is exponential, my/11(x) — ar/ir = c+ exp(£x/d,). The two constants ci are
determined by the boundary conditions at « = =4t/2, where ¢ is the thickness of
the grain-boundary region. Figure 4.24 shows the magnetization component m across
the grain boundary. The magnetization exhibits a quasi-discontinuity A = |m(t/2) —
m(—t/2)|/|ar — ar| of relative magnitude

1
A == T’éo (445)
1+

At

where A’ < A is the exchange stiffness in the grain boundary (Skomski 2001 and 2003).
When A and A’ are comparable, the denominator is determined by the relative large
ratio d,/t and the quasi-discontinuity A is very small. In the limit of strongly reduced
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Fig. 4.24 Spin structure at a grain boundary with reduced exchange. The exponentially
decaying tails are analogous to the “tunneling” of micromagnetic modes in Fig. 4.19.
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grain-boundary exchange, A" < A, the quasi-discontinuity A = 1. However, this limit
is difficult to achieve in practice, because there is always some residual exchange due
to RKKY-type interactions and interatomic hopping (tunneling).

A general effect of grain boundaries and other defects is a magnetic perturbation
of range 0., typically a few nanometers. Figure 4.24 shows that this perturbation has
the character of an exponentially decaying tail. Aside from magnetostatic corrections,
the decay length is independent of the strength of the perturbation—only the magni-
tude of the magnetization perturbation depends on the strength of the inhomogeneity.
In addition, the details of the magnetization tail depend on the geometry and dimen-
sionality of the problem. In one-dimensional systems, including planar grain bound-
aries, the decay is exponential, whereas three-dimensional perturbations are described
by Ki/2(r/do), where K /5(§) ~ exp(—£)/¢ is a spherical Bessel function. This situ-
ation is reminiscent of small spherical soft inclusions in a matrix of large but finite
anisotropy, where the nucleation mode is centered around the inclusion but exhibits a
tail extending into the hard matrix phase.

The magnetization distribution m(r) costs exchange and anisotropy energy. Due to
the magnetization tails, the energy is not confined to the grain boundary but partially
stored in the grains. The energy scales as Jog(ar — amr)?, where Jog is the effective
intergranular exchange. Integration of (4.18) over z yields

1
Jeg = L*\/AK, —i (4.46)
U+ oas,

where L? is the interface area (Skomski 2003). This exchange is much smaller than the
“naive” grain boundary exchange, which is equal to the interatomic exchange J times
the number of surface atoms per unit area. It is also smaller than the 1/¢ exchange
obtained by confining the magnetization inhomogeneity to the grain boundary. This
is because the system lowers its energy by developing magnetization tails.

As mentioned, atomic-scale exchange inhomogeneities have a particularly strong
effect on the spin configuration. For example, a fictitious grain-boundary layer with
zero exchange would completely decouple the adjacent grains. By comparison,
anisotropy changes average over a length scale of a few nanometers, and a single
atomic layer with zero anisotropy has a relatively small effect on the micromagnetic
behavior.

4.4.3 Models with atomic resolution

The continuum approximation breaks down when the thickness ¢ of the boundary
region becomes comparable to the interatomic distances. In a layer-resolved analysis,
(4.9) must be replaced by the discrete expression

too 2 2
(MI1 — Mn+1) (nrl . Mn)
E=12 E (Jn7n+1]\4,2 — Kit, . oMy, - Hit, (4.47)

where L? is the interface area, J, nt1 &~ A(r)t, is the interlayer exchange coupling
between the n-th and (n 4 1)-th layer, and each layer has a thickness ¢,. For H = 0,
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(4.18-19) become

—+oo
E=L" " (Jans1(mn —mug1)? = Ky to(mn — an)?) (4.48)
and
Jont1(mn —mpi1) + Ky tomy = K toan (4.49)

In the simplest case, the grain boundary is described by an interface exchange Jo; = J'
smaller than the bulk exchange J, n11 = J.

As in the continuum case, the solution of the equation of state (4.49) is exponential,
my(n) — ayn ~ exp(£x/A), but the decay length A = 1/arcosh(1 + Kit,/2J) is
slightly different from J,. In addition, intrinsic parameters, such as the magnetization
and anisotropy, may be different in layers close to the interface, so that the use of
bulk parameters is a relatively crude approximation. However, for most micromagnetic
problems, the continuum approximation works very well, and corrections do not exceed
a few percent. This is because the wall-width parameter tends to be much larger than
the interatomic distance. One exception is the case of extremely hard materials, such
as SmCos, where the domain walls are very narrow, d, =~ 1.5nm, and the corrections
are of the order of 10% (Hilzinger and Kronmdiiller 1975). In numerical magnetism, the
use of site-resolved parameters from first-principle calculations is known as multiscale
modeling. An example is the case of small grains of L1y materials such as FePt, where
missing or changed atomic neighbors at the surface have a disproportionately strong
effect on the magnetic anisotropy (Belashchenko and Antropov 2002, Garcia-Sanchez
et al. 2005).

4.4.4 Nanojunctions

The spin structure in grain boundaries and nanojunctions is important in spin elec-
tronics, because it affects the magnetoresistance (Section 7.2.7). On a one-electron
level, the scattering reflects the spin dependence of the exchange potential V,(r;),
so that the resistance is a functional of the local magnetization M(r). In particular,
large magnetization gradients VM(r) are expected to yield strong scattering contribu-
tions. Typical domain walls are smooth and extend over many interatomic distances,
but grain-boundaries and nanojunctions may have regions with very large gradients.
A crude measure to gauge the spin-dependent scattering ability of an interface is the
integral [(VM)?dz ~ M2 [(Vm)?dz.

Let us start by considering planar grain boundaries with strongly reduced grain-
boundary exchange, A’ < Ad,/t. Using (4.45) we obtain A ~ 1 and [(VM)?dx ~
M2 /t. This is a considerable enhancement compared to Bloch-wall scattering, where
[(Vm)2dz ~ 1/d,, but this regime is difficult to realize in practice, because J, is
usually much larger than ¢. In fact, for fixed A’, the scattering is maximized by choosing
an interface thickness of order §,A4’/A (Skomski 2001, 2003). Compared to Bloch
walls, the corresponding scattering is enhanced by a factor A/A’. For example, taking
do = 10nm and A’ = 0.1 A yields a maximum scattering for boundaries having a
thickness of 1nm. Note that A’ is difficult to reduce to very low values, because
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Fig. 4.25 Schematic spin structure in the vicinity of a nanojunction. The radius of the
dashed hemispheres is about 8, = (AK:1)Y/2.

a complete exchange decoupling would suppress the current. In practice, there is also
a substantial contribution due to anisotropic magneto-resistance.

In nanojunctions, such as that shown in Fig. 4.25, the magnetization gradient
is maximized for junction diameters smaller than §,. In this regime, [(Vm)?dz ~
1/L, where L is the length of the junction. It is therefore possible to enhance the
scattering, reducing the length of the junction. However, a general feature of the mag-
netic response to the imperfections is the magnetization tail of length 6, = /K3 /A,
as discussed in the previous subsection. The dashed line in Fig. 4.25 shows the exten-
sion of this tail in a nanojunction. Most of the scattering is usually realized in the
junction, but with decreasing length L, the contribution of the tails increases. This
reduces the electron scattering by the magnetic inhomogeneity and puts an upper limit
to the reduction of L as a method to enhance the scattering (exercise on magnetization
inhomogeneities at nanojunctions). Note that 1/, increases with anisotropy, so that
the spin-dependent electron scattering is largest for hard-magnetic materials. How-
ever, hard magnets require high switching fields and are therefore difficult to handle
in applications.

Exercises

1. Shape of permanent magnets. Show that the shape of a magnet with D = 1/2
is flat (oblate) rather than elongated (prolate).
Answer: Spheres have D = 1/3, whereas magnets with D < 1/3 and D > 1/3 are
prolate and oblate respectively. Note that D = 1/2 corresponds to the maximum
energy product of hard magnets with ideal rectangular hysteresis loops.

2. Energy product of iron. Estimate the energy product of soft-magnetic iron.

3. Micromagnetic mean-field approaches. Mean-field models are of limited
applicability in micromagnetism. Why?

4. Fluz leakage from toroids. How can a magnetic toroid (Fig. 4.3) be redesigned
to avoid to avoid flux leakage for large gap widths L4?



10.

11.

12.

13.

14.

15.

Exercises 147

Fourier transform of exchange. Consider a micromagnetic model where the
exchange stiffness AV? is replaced by the more general expression J(r —r’) and
find the Fourier transform equivalent to —Ak2.

Grain-boundary anisotropy and micromagnetic spin structure. Show
that a moderate enhanced or reduced anisotropy in a grain boundary has virtually
no effect on the spin structure M(r).

Hint: Use a quantitative analysis based on the slope and curvature of m(z).
Hysteresis of Ising and Heisenberg models. Consider isolated spins with
S = 1 and calculate the low-temperature coercivity for two cases: (a) Heisenberg
spins and (b) Ising spins.

Dysprosium-containing permanent magnets. Many transition-metal-rich
rare-earth intermetallics containing heavy rare earths, such as Dy, exhibit high
Curie temperatures, anisotropies, and coercivities. Why are they not used as per-
manent magnets?

Coherence radii in ferrimagnets. Show that ferrimagnetic materials have
relatively large coherence radii. Can the accompanying coercivity improvement be
exploited in permanent magnets and recording media?

Nucleation field and K2. Show that the nucleation field of a c-axis aligned
uniaxial magnet is independent of Ks.

Answer: In the vicinity of the nucleation field, where 6 is small, the term K
sin f ~ K,0* can be ignored compared to K; sin? 0 ~ K162.

Coercivity of alnico. Estimate the coercivity of alnico-type permanent
magnets.

Answer: Alnico magnets consist of long needles of soft-magnetic Fe-Co embedded
in a nonmagnetic Ni-Al matrix. Using the equation for the curling nucleation field
and taking D =0, A= 10pJ/m (10711 J/m), poMs = 2.43 T, and R = 20 nm we
obtain u,H. = 0.088 T, which is a typical result for alnico.

Energy product for model loop. Determine the energy product for a loop that
is linear in the second quadrant, that is, a straight line connecting M (0) = M,
and M(—|H.|) = 0.

Hint: Use d(BH)/dH = 0.

Energy product of different materials. Estimate the maximum energy prod-
uct for the following three materials: (a) poMs = 1T; poH. = 1mT, (b) poMs =
0.3T; uoHe. =0.1T, (¢) poMs =1.5T; poH. =1.5T.

Hint: Assume (a) rectangular loops and (b) linear M(H) curves in the second
quandrant which yields altogether six energy-product values.

*Nucleation field for a spherical inclusion. Calculate the nulceation field
for a soft spherical inclusion of radius R in a very hard magnet. Express the
solution (a) as a function of the exchange stiffness of the soft phase and (b) as a
function of the Bloch-wall width of the hard phase. Discuss the nucleation field in
the limit of very small inclusions.

Hint: Ignore the magnetostatic self-interaction, which is of of secondary import-
ance in very hard magnets. The calculation involves the spherical Bessel function
jo(x) ~ sin(zx)/x.

*Kersten pinning and domain-wall curvature. Show that the domain-wall
curvature leaves the Kersten pinning field essentially unchanged.
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16.

17.

18.

Micromagnetic models

*Gaunt-Friedel pinning in two dimensions. Derive the Gaunt-Friedel pin-
ning field H,, and the corresponding correlation length ¢ for two-dimensional mag-
nets and compare the result with Gaunt’s three-dimensional calculation.
*Demagnetizing factors of embedded particles. Determine the effective
demagnetizing factor for magnetic particles of demagnetizing factor Dp embedded
in a nonmagnetic matrix of demagnetizing factor D,.

*Magnetization inhomogeneities at nanojunctions. Determine the inte-
gral [(VM)2dV for a small cylindrical nanojunction (or pinhole) of radius R,
length L, and exchange stiffness A’. Maximize the integral as a function of R
and L.

Hint: Determine the spin structure by minimizing the total magnetic energy—
junction plus adjacent material—and estimating (rather than calculating) the
energy contributions.



5
Finite-temperature magnetism

Magnetic properties are usually temperature-dependent. For example, a large zero-
temperature moment does not necessarily translate into room-temperature ferromag-
netism, because thermal excitations adversely affect magnetic order. How can we
explain the vanishing of the magnetization at a sharp Curie temperature T;, and what
determines the temperature dependence of intrinsic properties such as magnetization
and anisotropy? Figure 5.1 illustrates that the thermal excitations primarily affect the
direction of the local magnetization, yielding the “net” or spontaneous magnetization
Ms as a thermal average. In a classical picture, thermal excitations randomize the
magnetization angles 6 and ¢, whereas a simple quantum-mechanical interpretation
is the involvement of spin states S, < S (Fig. 2.13). Compared to the direction of the
moment, the magnitude of the moment remains largely unchanged. This is because
intra-atomic exchange is typically of the order of 1eV, whereas the total interatomic
exchange per atom does not exceed about 0.1eV. A notable exception is very weak
itinerant ferromagnets, such as ZrZnsy, where both inter- and intra-atomic exchange
are small (Section 5.2.5).

This chapter deals with equilibrium models of finite-temperature magnetism.
Intrinsic properties are realized on an atomic scale, characterized by very fast equili-
bration times, and usually well described by equilibrium models. Emphasis is on equi-
librium at and above room temperature, whereas low-temperature excitations such as
spin waves will be treated in Chapter 6, in connection with magnetization dynamics.
Finite-temperature magnetism amounts to embedding the magnet in a heat bath of
temperature 7. In equilibrium, the physical nature of the heat bath is of secondary

Fig. 5.1 Spin structure of a ferromagnet: (a) zero temperature and (b) finite temperature.



150 Finite-temperature magnetism

1.2 ]
Susceptibility y

1.0 arb. units) B
§w
S 08 i
=
g
g 06 1
51
5
s 04 B
=

I
&}

1
0 02 04 06 08 10 12 14
Temperature 7/T,

Fig. 5.2 Temperature dependence of the spontaneous magnetization (solid line) and sus-
ceptibility (dashed line). Both curves refer to ferromagnets in the absence of an external
magnetic field.

importance. For example, it does not matter whether the thermal equilibrium is real-
ized by phonons (lattice distortions) or conduction electrons. This makes it possi-
ble to use standard tools of statistical mechanics, such as the partition function Z.
Sections 5.1-2 provide a brief introduction to these methods.

One key feature of finite-temperature magnetism is the existence of a sharp Curie
temperature T¢, as contrasted to a smooth decay of the spontaneous magnetization
M(T). Figure 5.2 shows the temperature dependence of spontaneous magnetization
and the zero-field susceptibility x = dM/dH for a simple ferromagnet. Both the mag-
netization (solid line) and the susceptibility (dashed line) are singular at the Curie
point. This leads to a number of questions. What is the origin of the singularity,
and what determines the magnitude of the Curie temperature? How does the tran-
sition depend on factors such as the spatial dimensionality of the magnet and the
type of interatomic exchange? What phase transitions exist in other magnets, such as
antiferromagnets?

In the nineteenth century, attempts were made to explain 7T, by magnetostatic
interactions, but the smallness of the Bohr magneton, ug/kg = 0.672K/T, means
that magnetostatic fields in solids are unable to explain ferromagnetic order above
about 1 K. The key to the understanding of the Curie transition is the involvement of
the interatomic exchange, J ~ 0.01eV, or J/kg ~ 100K (Section 1.4). An intriguing
feature of the Curie transition is that the divergence of the susceptibility at T, is
accompanied by a divergence of the spatial fluctuations. These critical fluctuations
complicate the modeling of the critical point, because they mean that a large number
of spins must be taken into account (Section 5.3-4). They also interfere with deviations
from perfect crystal periodicity, such as surfaces and nanoscale features (Section 7.4).

5.1 Basic statistical mechanics

Summary Finite-temperature equilibrium amounts to the minimization of the free
energy ' = E—TS, where the entropy S describes thermal disorder.
Zero-temperature equilibrium means that only the lowest-lying state is
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occupied, but for nonzero temperatures 7' > 0, the interaction with the
heat bath leads to the population of excited states. The probability of
finding an equilibrium spin configuration (index p) is given
by the Boltzmann distribution exp(—FE,/kgT). Thermal averages are
conveniently obtained as derivatives of the partition function Z = ¥,
exp(—E,/ksT). The partition function leads to general relationships,
such as F' = kgT'InZ and the fluctuation-response theorem relating
real-space correlations to the susceptibility, and to model-specific predic-
tions. The main challenge is the large number spin configurations, which
increases exponentially with the size of the magnet. A topic of particular
interest is phase transitions, especially the continuous (or second-order)
phase transition at the critical or Curie temperature 7T.. A simple phe-
nomenological free-energy model is the Landau model, which treats the
critical behavior on a mean-field level.

At zero temperature, equilibrium is realized by minimizing the total energy F,
which is often equated with the internal energy U but generally includes the interac-
tion with external fields and forces. At nonzero temperatures, the trend towards lower
energy competes against thermal disorder, and equilibrium is realized by minimizing
the free energy F = E—TS, where S is the entropy (not to be confused with the spin)
and T is the temperature. Entropy means that the randomness of thermal excitations
favors disordered states, and it can actually be considered as a measure of disorder.
In a mechanical analogy, zero temperature equilibrium corresponds to a tiny steel ball
moving towards the bottom of a bowl (E = 0), coming to a standstill after dissipating
its kinetic energy. At nonzero temperatures, thermal excitation realizes a state that
costs energy (E > 0) but is entropically favorable due to thermal disorder.

The entropy of magnetic systems is largely configurational, associated with the
randomness of the atomic spins located at R;. There are other entropy contributions in
magnetic solids, such as vibrational entropies and the entropy of conduction electrons,
but these contributions are usually of secondary importance. In a classical picture,
the configurational entropy of a magnet reflects the magnetization orientation s; =
M(R;)/M;s. At zero temperature, a small field aligns the spins (s; = e,), but thermal
excitations randomize the spins so that the thermally averaged magnetization (s;)
becomes smaller. It is convenient to calculate the free energy directly from the partition
function Z (next subsection), so that there is usually no need for an explicit calculation
of S. However, it is useful keep in mind that both F' and Z contain both energetic and
entropic contributions.

The randomization of atomic spins is exploited in magnetic cooling, where aligned
spins randomize and the entropy change leads to heat extraction from the environment.
To maximize the effect, one needs a large entropy change close to the application
temperature. The maximum entropy change per spin of length N is kg In(2N + 1).
This has led to a search for materials containing large spins (S = 7 for Gd) and forming
suitable magnetic phases (Pecharsky, Gschneidner, and Pecharsky 2003). Since heat
capacity and hysteresis losses of magnetic particles are approximately linear in N, the
magnetocaloric performance of larger Stoner-Wohlfarth particles is poor. However,
magnetic cooling based on particles with NV = 100...1000 may be realized in very
convenient field and temperature regions, because their Curie susceptibility is large.
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5.1.1 Probability and partition function

Figure 5.1 indicates that finite-temperature magnetism involves a large number of
spin configurations (index p). Each spin configuration has a probability p,, and the
expectation value of any physical quantity A is obtained as the thermal average

(A) =2, Aupy (5.1)

Panel 7 Entropy and probability

A simple derivation of the entropy is based on the consideration that E, F, and S are
all extensive quantities. For interacting systems, this means that S = S1 + S2. A way of
measuring disorder (.5) is to count the states of a system. For example, in the absence of
magnetic field, N noninteracting spins (1 and |) have Q = 2N possible states with equal
probability p = 1/9Q. The larger the number of available states, the higher the entropy.
Since €2 and p are multiplicative, as exemplified by p = p1p2, the entropy must depend
logarithmically on Q and p, S = kgInQ2 = —kgInp. Here the Boltzmann constant
kp = 1.38 x 10~ 23 J/K provides the conversion between energy and temperature units.
If there is only one state (2 = 1), then S = 0, but otherwise the entropy is positive.
In noninteracting systems, the free energy F'=FE —T'S reduces to F'=—T'S, so that
F=—kgTInQ. A simple and instructive example is a single atom in the gas phase
(figure). In this case, the number of states is equal to the volume, Q~V, S~ kgT InV,
and the pressure P =—0F/0V =kgT/V. For N noninteracting atoms, this yields the
ideal-gas law PV = NkgT. Other examples of noninteracting systems with F'=—-T5
are paramagnetic gases (Ji =0) and rubber elasticity (free links between statistical
polymer segments).

)

@

e

Volume and entropy: S =0 for gas atom confined to a single cell (left) and S~ kgT InV
for a gas atom in a finite volume (right).

In general, probabilities p, differ from each other, because they depend on the energy
E,,. The entropy is then obtained as an average, S = —ks Zu pu Inp,, and with £ =
>, Bu py, the free energy becomes F' = ¥, Ey pu+ks 3, pu Inp,. Minimization of the
free energy, OF/0p,, = 0, yields the Boltzmann distribution p, = Z~' exp(—E, /ksT).
Here the partition function Z = ¥, exp(—E,/ksT) is obtained from the condition
3, pu = 1. The partition function is a very useful tool. For example, it is straightforward
to show that F = —kgT'In Z.

Exercises

Calculate the entropy of an atom in a cube containing 6 X 6 x 6 phase-space cells
(s. figure).
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In equilibrium, statistical mechanics reduces to the Boltzmann distribution

1 -FE
Py = — exp (kai) (5.2)

where p,, is the probability of finding the system in the p-th state, £, is the energy
of the state and the Boltzmann constant kg = 1.38 x 10723 J/K. The normalization
constant

Z = ZH:eXp (‘fj’f) (5.3)

is known as the partition function. It ensures not only that ¥,p, = 1 but is also
an important tool for calculating thermodynamic properties. Note that the symbol
Z stands for Zustandssumme (literally “sum over all states”), meaning that the cal-
culation of thermodynamic properties essentially reduces to a straightforward though
often lengthy sum.

It is convenient to treat (5.1-3) as the starting point for the description of finite-
temperature phenomena, but Panel 7 shows how the Boltzmann distribution can be
derived from the entropy. In practice, one wants to determine classical or quantum-
mechanical averages

>y Auexp(—EuksT)
=, exp(—Ey /o T)

The big challenge is to actually perform the summations over p = 1...€), because
the total number €2 of states increases exponentially with the size of the magnet. For
example, in the Ising model (Chapter 1), there are only two spin states per atom, |
and |, so that s; = 41 and, for N spins, = 2N. One tool is to exploit the fact that
averages (A) can be expressed as functions of the partition function.

In magnetism, the summation in (5.3) includes all classical or quantum-mechanical
spin states. In the quantum-mechanical case, the states p are the eigenstates of the
Hamiltonian, as determined from the Schrodinger equation. When one considers the
interaction of spins with other degrees of freedom, such as lattice distortions (phonons),
the summation includes those nonmagnetic degrees of freedom too.

(A) (5.4)

5.1.2 *Fluctuations and response

In principle, the probabilities p,, can be used to calculate thermally averaged quan-
tities, such as magnetization and susceptibility. For simple systems, this is hardly a
problem, although each quantity must be calculated separately. For big systems, this
is both time-consuming and unnecessary, because thermal averages are easily deter-
mined from the partition function (5.3). In other words, a single exact or approximate
summation (5.3) is sufficient, and there is no need to evaluate each average (5.4)
separately. One example is the determination of the average energy

(B) = ;;EM exp (;f;) (5.5)
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from (5.3). Comparing 0Z/0T = (1/kgT?) >, Euexp(—E,/kgT) with (5.5) and
exploiting that d(In Z) = dZ/Z yields (E) = kgT?dInZ/0T. A similar calculation
reproduces S = —0F /0T, where F = —kgTIn Z.

Very useful relations are obtained by specifying the energy levels £,,. In particular,
the magnetic field enters the Hamiltonian in the form of a Zeeman term, and the
response of the magnet is described by derivatives of Z with respect to the magnetic
field. Without loss of generality, we can restrict ourselves to the Ising model, introduced
in Chapter 1 and defined by the Hamiltonian

1
H= —§ZJij Si Sj _MOMBZHiSi (56)
1) 1

Here H; = H,(r;) is the magnetic field acting on the i-th atomic spin. In the corre-
sponding partition function

Z =Y exp (W) (5.7)

it is convenient to use the internal energy (exchange energy) U, = —% Zij Jij s s and
the local field variable h; = poupH;.

Due to the involvement of the Jj;, there is no general solution for Z, but it is
easy to derive thermal averages once Z is exactly or approximately known. Taking the
derivative of (5.7) with respect to h; yields the local magnetization

kgT 0Z
and the quadratic average
kp2T? 0%Z
<51 SJ> = 7 8h18hJ (59)

The magnetic susceptibility, xi; = 0(s;)/0H; is proportional to d(s;)/0h; and obtained
by taking the derivative of (5.8) with respect to hj. The resulting Z/0h; and 9*Z/
Oh;Oh; terms are easily substituted from (5.8-9), so that

HollB
Xij = o ({s85) = (si) (i) (5.10)
B
This important equation is known as the fluctuation-response theorem. It relates the
spatial fluctuations of the local magnetization, as described by the correlation function

Cij or
((si = (s1)) (85 — (83))) = (sisi) — (si)(s3) (5.11)

to the magnet’s equilibrium response, Cj; ~ T x;;. Equation (5.10) shows that the
linear response of a magnet to a small magnetic field reduces to the probing of fluc-
tuations that are present even in the absence of the magnetic field. The larger the
fluctuations, the higher the susceptibility. In turn, high susceptibilities indicate large
fluctuations, as in the vicinity of the Curie point.
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The fluctuation-response theorem is closely related to the fluctuation-dissipation
theorem, which considers (s;(t)s;(0)) — (si(t))(sj(0)) and describes the equilibrium
dynamics of the system. Subjecting a magnet to an external field, or compress-
ing a gas with a piston, leads to a response that is determined by the system’s
fluctuations. Physically, the compression means that the gas molecules or atoms fluc-
tuate away from the piston, so that the piston exploits a “temporary vacuum”. In
terms of the picture in Panel 7, this corresponds to going from right to left due to
mechanical pressure or, equivalently, by waiting until the atom fluctuates to the top
left corner.

The equivalence of fluctuations and response reflects a very general feature of
equilibrium statistics, namely the equivalence of time and ensemble averages. In equi-
librium, it does not matter whether thermal averages are obtained by considering
snapshots of one magnet at different times or by simultaneously considering snap-
shots of several magnets. This is no longer true for nonequilibrium phenomena. For
example, the mechanical susceptibility (compliance) of glasses is much smaller than
predicted from the liquid-like structural or ensemble correlations, because the struc-
ture is frozen and the time-averages are solid-like. A related class of magnetic materials
are spin glasses (Section 7.1.4).

5.1.3 Phase transitions

The spontaneous magnetization may exhibit a singular dependence on temperature
or external magnetic field. This is an example of a phase transition. More generally,
phase transitions are defined as singular changes of an order parameter (magnetiza-
tion, fluid density) as a function of a control parameter (field, pressure, temperature).
For example, infinitesimally small changes in pressure P or temperature 7' can lead
to the condensation of water vapour. When order parameters, such as fluid density
and magnetization, change discontinuously, the material undergoes a first-order phase
transition (Fig. 5.3). An example is the boiling of water, which is accompanied by a
density change Ap > 0. The temperature at which the order-parameter gap vanishes
is called the critical temperature. At this point, the phase transition is referred to as

Liquid

Lol s

Magnet Fluid

Fig. 5.3 Coexistence of phases below the critical temperature. The fractions of the phases
are determined by external forces (pressure, magnetic field). In a magnet, the spin-up and
spin-down regions must not be confused with domains.
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a second-order or, more precisely, continuous phase transition. For water, the critical
point (T, = 647K, P, = 22.1 MPa) is characterized by Ap = 0, so that vapor and
liquid are indistinguishable.

Phase transitions are caused by interatomic interactions. Without attractive inter-
actions between gas molecules, there would be no transition to a liquid, and at low
temperature one would obtain a very dense gas rather than a liquid. Similarly, without
exchange, a paramagnetic gas is easily spin-polarized at low temperature but does not
undergo a transition to ferromagnetism.

A very simple interpretation of magnetic phase transitions is based on the free
energy F' = (E) — TS, where S is the entropy and (FE) is the average energy. The
paramagnetic phase has a relatively high energy, because the thermal randomization
of the spins costs exchange energy. However, the entropy or “disorder” is stronger
in the paramagnetic phase than that in the ferromagnetic phase. The term —TS
indicates that the relative contribution of the entropy increases with temperature,
and above T, the entropic term dominates and paramagnetism is more favorable than
ferromagnetism. Of course, the problem remains actually to determine (E) and S, or
alternatively, Z. We will see, for example, that Z depends on the size and dimension-
ality of the magnet, and that ferromagnetism is limited to infinite magnets. In finite
magnets, thermal excitations cause the net moment to fluctuate between opposite
directions, so that the thermally averaged magnetization is zero.

5.1.4 Landau theory

A simple phenomenological model of phase transitions was developed by Landau, who
expanded the free energy F' in terms of the average magnetization (s):

F = ay(s)? + as(s)* — h{s) (5.12)

where a? and a* are phenomenological interaction parameters, and h = guoupH. The
addition of a quartic term is necessary to ensure two (free) energy minima corre-
sponding to T and | phases. Note that the expansion of the magnet’s internal energy
is limited to odd powers of (s), because positive and negative magnetization direction
are equivalent. By comparison, the Zeeman term breaks this symmetry, because the
external field discriminates between field directions.

To describe phase transitions, the parameter as in (5.12) must change sign at Tt.
Linearizing as with respect to T then yields

F=d (T —-T.)(s)* +a*(s)* — h(s) (5.13)

Figure 5.4 shows the free energy for different temperatures. Below T¢, the free
energy has two minima, corresponding to T and | phases. This is known as spontaneous
symmetry breaking. Figure 5.5 shows two magnetic phase diagrams derived from (5.13).
The Curie transition means that both T' = T, and H = 0 are satisfied. Arbitrarily
small magnetic fields destroy the singularity of the phase transition and assimilate
the M(T) curve to a paramagnet (dashed line in Fig. 5.5). The Curie transition is an
example of a second-order or continuous phase transition, characterized by AM = 0,
as contrasted to first-order transitions, where AM # 0.

By phase mixing, it is possible to realize any magnetization between —M; and
+Ms. The spontaneous magnetization is not related to the formation of macroscopic
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Free energy (arb. units)

Magnetization (s)
Fig. 5.4 Free energy in the vicinity of the critical point. Below T¢, there are two phases

(spontaneous symmetry breaking).

(a) (b)
M-T (H = 0) H-T

Ferromagnet 3

C C

Fig. 5.5 Coexistence of different phase below and above the Curie temperature 7T:
(a) schematic M—T phase diagram and (b) H—T phase diagram. Below Tc, phases with
M, > 0 and M, < 0 may coexist. The M(T) curve in (a) is the spontaneous magnetization
Ms = M(H = 0). At T¢, an arbitrary small field smoothes the phase-transition singularity
(dashed line).

magnetic domains, because domain formation involves the magnetostatic self-
interaction energy, which is not included in (5.13). This is seen for example, by
comparing the domain-wall width g (Section 4.2.5) with the thickness £ of the phase
boundaries shown in Fig. 5.5. At low temperatures, g remains finite but £ goes to
zero. Another difference is that the magnetization in domain walls, |M(r)|, is averaged
over a few interatomic distances and equal to Mg, whereas phase boundaries exhibit
|M(r)| < M.
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The Landau expansion (5.13) contains both equilibrium and nonequilibrium spin
configurations. In equilibrium, 0F/9(s) = 0, so that

h=2d (T —T.) (s) + 4ay (s)? (5.14)

Linearization of this equation with respect to (s) yields (s) = h/2a'(T — T.), so
that the isothermal zero-field susceptibility x ~ d(s)/dh scales as 1/(T — T¢.). More
generally, in the vicinity of T,

1

XYoo

(5.15)
where v is an example of critical exponent. In the present model v = 1. Critical
exponents describe the susceptibility and other properties in the vicinity of the critical
point, and their values depend on the models and approximations used. For example,
the Landau model predicts v = 1, but experiment and refined models yield different
exponents for most systems. The v = 1 susceptibility is also known the Curie-Weiss
susceptibility. Figure 5.6 compares the susceptibility of a ferromagnet (solid line) with
the paramagnetic 1/T Curie law (dashed line).

The spontaneous magnetization is defined by the absence of external magnetic
fields and obtained by putting h = 0 in (5.14). The result is (s) ~ 1//T, — T or

1

(s) ~ T.—TF (5.16)

where the critical exponent 3 is equal to % in the Landau model. This equation
describes the spontaneous magnetization as the Curie temperature is approached, as

PM FM
(Curie) (Curie-Weiss) b

oo d---=F--=-F=--1
1

Susceptibility 7 (arb. units)

Temperature 7 (arb. units)

Fig. 5.6 Typical susceptibilities of ionic paramagnets (PM) and ferromagnets (FM). The
strongly temperature-dependent Curie susceptibility of ionic paramagnets should not be con-
fused with the small and largely temperature-independent Pauli susceptibility of metallic
paramagnets.
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shown in Fig. 5.5. As we will see below, 5 = % is a rather crude approximation in many
cases, and on approaching 7T, the magnetization change is more dramatic (5 < %)

A third exponent, §, describes the critical isotherm 7' = T,. From (5.14) we find
that

1
and § = 3 for the Landau model. Another critical exponent, «, determines the tem-
perature dependence of the heat capacity, and correlations at the critical point are
described by

() = ()~ oxp (0 =01 ) (5.18)

where the correlation length

1

Using a spatially resolved extension of the Landau model (Section 5.3) yields v = %
Note that the different critical exponents are not independent but related to each
other. For example, the fluctuation-response theorem (5.10) indicates an essential cor-
respondence between correlation length and susceptibility. A detailed analysis of the
partition function reveals that there are only two independent critical exponents (see
e.g. Huang 1963, Yeomans 1992).

The phenomenological Landau model is closely related to various models and
approximations of well-defined microscopic meaning. Examples are the van-der-Waals
theory of the gas—liquid transition, the mean-field model, and the Bragg-Williams

treatment of binary alloys.

5.2 Spin-Space modeling

Summary The modeling of atomic spins is a key aspect of finite-temperature mag-
netism. The simplest model is the Ising model, where each atom has
two spin states s; = +1. The Ising model captures some essential fea-
tures of magnetism but ignores the quantum-mechanical effects and
amounts to the unphysical prediction of infinite magnetic anisotropy. An
isotropic model is the Heisenberg model, which exists in form of classi-
cal and quantum-mechanical realizations. A generalization of Ising and
Heisenberg models is the n-vector model, which also includes the clas-
sical limits of models such as the XY model. The quantum-mechanical
Heisenberg model provides an adequate description of typical magnetic
ions. In magnetic or exchange fields, the energy levels of the magnetic
ions split into multiplets whose finite-temperature occupancy is described
by Brillouin functions. A very complicated situation is encountered in
itinerant magnets, such as Fe, Co, and Ni. The Stoner model greatly
overestimates the Curie temperature, because thermal excitations cre-
ate spin disorder and break the assumed Bloch symmetry of the wave
functions. As a consequence, itinerant moments are fairly well-conserved
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at the Curie temperature and the spin structure resembles that of local-
ized magnets. An exception are very weak itinerant ferromagnets, such
as ZrZms, whose finite-temperature behaviour is determined by long-
wavelength spin-fluctuations close to the Stoner limit.

A key aspect of magnetic modeling is the description of individual spins. The spins
may be quantum mechanical or classical, isotropic or anisotropic, linked to individual
atomic sites, or form a continuum. In this section, we introduce and discuss various
spin models and investigate how the spin behave in a magnetic field. The models
introduced in this section serve a the starting point for the treatment of interaction
effects in Section 5.3-5.5.

5.2.1 Heisenberg models

A very important model is the Heisenberg model introduced in Section 2.1.4. It exists
in the form of several quantum-mechanical and classical realizations. The quantum-
mechanical spin-1/2 Heisenberg model is defined by

H= —22 Jij Si * S — gUoUB ZHI -+ S (520)

i>j i

where the spin operator is closely related to Pauli matrices (2.32), s = 3. Ignoring
the orbital-moment contribution, g = 2. The challenge posed by (5.20) is that the
operators sy, sy, and s, do not commute. The Heisenberg interaction Js; - s between
two spins has been investigated in Section 2.1.4, whereas infinite Heisenberg systems
will be discussed in the context of spin waves (Section 6.1).

Quantum-mechanical Heisenberg models of arbitrary spin S exhibit 25 + 1 states
per atom, as discussed in Section 2.2. Spin values S > % are frequently encountered
in magnetic oxides. In rare-earth ions, spin and orbital moments are coupled, and one
must consider the total angular momentum rather than the spin, but the resulting
interaction is of the Heisenberg type. Special cases are the above-mentioned S = %
Heisenberg model with two states (1 and |) and the classical Heisenberg model, S = oo,

with a continuum of states. It is convenient to define the classical Heisenberg model as

H= —ZJij Si - §;j —g,uo,uBZHi - S (5.21)

i>j i

where the s; are normalized classical spin vectors, |s;| = 1. This ensures that the
energies of ferromagnetic and antiferromagnetic bonds are +.J, as in the two-spin
Heisenberg model of Section 2.1.4.

In both quantum-mechanical and classical models, the Jj; may be positive
(ferromagnetism) or negative (antiferromagnetism). In complicated magnetic com-
pounds and disordered magnets, the H; and Jj; are site-specific, and one magnet may
contains atoms with different spins s; and coupling J;;. This gives rise to complicated
spin structures, such as ferrimagnetism, noncollinear structures, and spin-glass behav-
ior. An example is the RKKY exchange introduced in Section 2.3.2, which amounts
to exchange constants J;; = J(r; — rj). This equation also indicates that Heisen-
berg exchange is not restricted to nearest neighbors, although the interactions tend
to rapidly decrease with distance. In the vicinity of the Curie transition, this range
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of interactions is crucial. Long-range interactions reproduce the qualitative behav-
ior predicted by the Landau model, whereas short-range interactions yield essential
corrections in low-dimensional magnets.

5.2.2 Ising, XY, and other n-vector models

The spin—% Heisenberg Hamiltonian for a pair of spins may be written as H =
—2Js - or

H=—2J(sc s +5y-5, +5,-5,) (5.22)

This Hamiltonian is symmetric with respect to the three spin components sy, s,, and
s,. Generalizing (5.22) to arbitrary spin dimensions yields the n-component vector-
spin model or n-vector model. For example, n = 1 yields the Ising model, with one
spin component s,. The spin dimensionality n must not be confused with the real-
space dimensionality d of the lattice. For example, the square-lattice Ising model is
characterized by n =1 and d = 2.

The isotropy of the Heisenberg model, that is, the symmetry with respect to the
n spin components Sy, s,, and s,, applies not only to bulk magnets with cubic crys-
tal structure but also to magnets with anisotropic structures, such as thin films. In
contrast to popular belief, features such as broken exchange bonds at surfaces are
unable to introduce magnetic anisotropy. For example, in multilayers, the interlayer
coupling tends to be weaker than the intralayer coupling, but coherently changing
the magnetization from in-plane to perpendicular leaves the Heisenberg interaction
unchanged.

The isotropy of the Heisenberg model is a consequence of the exchange interaction
of Section 2.1.4 and means that there is no explicit spin dependence in the starting
Hamiltonian. However, in the presence of spin-orbit coupling, the spins create orbital
currents, which interact with both the lattice and with neighboring spins. Aside from
giving rise to magnetocrystalline anisotropy (Section 3.4), the spin-orbit interaction
creates some exchange anisotropy, for example
(5.23)

zZ

H=—2J y(sc-s +5,-5,)—2Js,-5,

in uniaxial magnets. The exchange anisotropy |Jx—y — J|/J is usually very small,
but it becomes important if J is small due to competing exchange contributions. For
| Jx—y|>|J|, one can ignore J and obtains the XY or n = 2 vector-spin model with
the pair interaction

H=—2J y(sc s +5y-5,) (5.24)

In the opposite limit of very large J, one obtains the Ising model with the two-spin
interaction

H=-2Js,-¢

zZ

(5.25)

The spin-1/2 Ising model is the simplest model of finite-temperature magnetism. Its
advantage is the restriction to two spin states per site, s; = £1, or T and |, which are
usually interpreted as the z components of the atomic moment. This greatly simplifies
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the calculation of the partition function, although the main problem, namely the
exponential dependence on the number N of spins, remains. Nevertheless, for nearest-
neighbor interactions, the ferromagnetic Ising model has been solved in one dimension
(Ising 1925) and in two dimensions (Onsager 1944).

Since the exchange anisotropy tends to be small, (5.24-25) are very poor approx-
imations for most magnetic materials. In particular, (5.24) and (5.25) should not be
confused with magnets exhibiting easy-plane and easy-axis anisotropies, respectively,
where the exchange is essentially isotropic. A variety of rather exotic compounds with
XY or Ising character has been reviewed by de Jongh and Miedema (1975).

As mentioned above, the models (5.23-25) can be classified as n-vector models.
According to the number n of spin components (spin dimensionality), we have n =1
(Ising model), n = 2 (XY model), and n = 3 (Heisenberg model). Other n-vector
models are the polymer model (n = 0) and the spherical model (n = oo, Berlin
and Kac 1952). The polymer model describes self-avoiding polymer chains in solution
and is classified as an n-vector model because its partition function derives from the
magnetic n-vector model as n — 0 (de Gennes 1979).

The spin dimensionality n is unrelated to the real-space dimensionality d. For
example, Ising models (n = 1) include Ising chains (d = 1), thin films (d = 2), and
bulk magnets (d = 3). The n-vector model has been useful in the understanding
of phase transitions, revealing essential differences between magnets with continuous
symmetry (n > 2) and without continuous symmetry (n = 1). This is because the
critical behavior near the Curie temperature reflects the nature of the symmetry rather
than the strength of the anisotropy. Models that are hopelessly inadequate over a wide
range of temperatures may therefore yield qualitatively correct predictions near 7.
For example, the Ising model may be derived by adding an infinite (and therefore
pathological) anisotropy to the classical Heisenberg model, but it reproduces essential
features of the critical behavior of anisotropic magnets.

5.2.3 *Other discrete and continuum spin models

There are various generalizations of the “ordinary” or S = % Ising models. The S =1
Ising model has three states with s = —1, 0, and +1. Its most general version has five
phenomenological model parameters, as opposed to the two parameters J and H of the
ordinary Ising model. It contains, for example, a biquadratic exchange proportional
to s2s’2. The ¢-state Potts model contains g states s = 1,2,...,q per site, but the
interaction energy is zero unless s = s’. The related p-state clock model (also known
as the vector Potts model or the discrete XY model) is defined by the interaction

H = —2Jcos(2m(s — s')/p) (5.26)

where s = 1,2,...,p (Yeomans 1992). Another version of the Potts models is the
Ashkin-Teller model, describing interactions of four kinds of atoms on a lattice.

XY, Potts, and other models have been studied to improve the understanding
of magnetic phase transitions and to describe specific, often nonmagnetic systems
(Baxter 1982). For example, the two-dimensional XY model exhibits a Thouless-
Kosterlitz transition to a low-temperature phase without long-range order but with
weakly decaying (nonexponential) correlations. The transition involves bound pairs of
vortices and is of interest in superconductivity. Another example is that of ice-type
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models describing the position of hydrogen atoms in crystals with hydrogen bonding.
In ice, the oxygen atoms form a three-dimensional structure of coordination number
four. Since the two-dimensional model is similar to but much easier to treat than
the three-dimensional model, one replaces the real ice by a “square ice”. The inter-
actions of the ice-type models are electrostatic and have also been used to describe
ferroelectrics.

So far, we have focused our attention on models where each atomic site carries one
well-defined spin. This is important if one needs to distinguish between different types
of lattices, such as square, triangular, honeycomb, simple cubic, face-centered cubic,
and body-centered cubic. However, for many purposes it is sufficient to consider the
“longitudinal” magnetization as a continuous quantity with an exchange proportional
to the square gradient of the magnetization, similar to the perpendicular magnetiza-
tion component m in micromagnetics (Section 4.2.4). In general, these models have
the character of soft-spin models, that is, terms such as (s> — s2)? in the classical
Hamiltonian ensure a finite magnitude of the magnetization |s|. The resulting prob-
lem is nonlinear and difficult to treat. A special case is that of Gaussian models, where
a harmonic approximation is used for the energy E(s). One example is the Gaussian
version of the spherical or n = co vector-spin model (Section 5.2.2).

5.2.4 Ionic excitations

Let us, for the moment, ignore the interactions and consider isolated spins in a mag-
netic field. In Section 2.2 we have seen that Heisenberg spins are characterized by
2J + 1 energy levels. For example, ferric iron (Fe3") has the spin J = S = 5/2, and
according to quantum mechanics it exhibits 2541 = 6 spin orientations in an external
magnetic field, namely S, = —5/2,—-3/2,—-1/2,1/2,3/2,5/2. In a magnetic field, these
levels undergo an intramultiplet splitting according to the Zeeman energy

E = —guo ppJ,H (5.27)

The corresponding partition function

J
9o uBJ H
Z = - 5.28
J;Jexp < kel ) (529

has the character of a geometrical series
exp(gpopn(J + 5 + H/ksT) — exp(—gpops(J + 3)H/ksT)
exp(gpopn . H/2kpT) — exp(—gpopsJ. H/2ksT)

As outlined in Section 5.1, the thermally averaged moment (m) = gup(.J,) is obtained
by differentiation with respect to H, (m) = kgT(01n Z/0H) /. The result is

gJ uB o H )

7= (5.29)

(5.30)

(m) = gJupB; ( KT

where the Brillouin functions By(x) are defined as

Bj(z) = 27+ 1 coth ((2J—|—1)x> ! oth (%) (5.31)

27 27 SV
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The functions are linear for small arguments and approach 1 for large arguments,
corresponding to full spin alignment.

Special cases are the Langevin function L(z) = cothax — 1/z in the classical limit
(J = 00) and the hyperbolic tangent Bj/s(x) = tanhz in the limit J = . The latter
function is very similar to the Ising case, because the spin—% Ising and Heisenberg
models have two energy levels per spin, but the physics is different. In the Ising
model, sy = sy, = 0, whereas the Heisenberg spins exhibit sy # 0 and sy # 0 but
(sx) = (sy) = 0.

Equation (5.30) describes the paramagnetism of magnetic ions. At high tempera-
tures, Bj(x) ~ (J + 1)z/3J and the magnetization obeys Curie’s law

g*usJ(J +1)
e (5.32)
This equation defines the Curie paramagnetism of magnetic ions (dashed line in
Fig. 5.6). The moment tends to small values at room temperature, but unlike the
nearly temperature-independent Pauli paramagnetism (Section 2.4.3), the moment is
strongly enhanced at low temperatures.

Equation (5.30) is important for the quantitative understanding of the magnetism
of interacting spins, because interactions can often be approximated by interaction
fields. Aside from the average (J,), we will need averages of powers of J,, to determine

the temperature dependence of the anisotropy (Section 5.5).

5.2.5 Spin fluctuations in itinerant magnets

So far, we have considered ionic models, where the magnetic moments are localized on
individual atomic sites. This is a reasonable assumption for insulators and rare-earth
metals but unrealistic for itinerant magnets, such as elemental iron. As we have seen
in Section 2.4, itinerant magnetism involves interatomic hopping, and the eigenstates
are well described by wave vectors k. It is therefore tempting to explain the Curie
temperature of itinerant magnets by excitations between | and | states with well-
defined wave vectors. Such excitations are known as Stoner excitations.

Unfortunately, the Stoner theory greatly overestimates the Curie temperature of
Fe, Co, and Ni. Approximating the T and | densities of states by sharp peaks and
assuming that the Curie temperature reflects thermally activated transitions between
the peaks leads to T, = mlI/4upkp. These Stoner temperatures are about five times
larger than the observed Curie temperatures. The reason for this failure is the Bloch
character of the electron states assumed in the Stoner theory. As exemplified by the
tight-binding approximation (Section 2.4.2), the electrons are extended and described
by wave vectors k, and the only way to reduce the magnetization is to transfer spins
from k; to k| states. This amounts to the unphysical prediction that the moment
and the spontaneous magnetization vanish simultaneously at the Stoner temperature.
Alternatively, the Stoner theory ascribes the Curie temperature to a smearing of the
Fermi surface, but we know that this thermal smearing is very small, kgT < Fg.

In ferromagnets such as Fe and Co, the excitations responsible for the decrease of
the spontaneous magnetization are localized, and the Curie temperature is much lower
than the Stoner temperature. Figure 5.7 illustrates this point by comparing the zero-
temperature spin structure of itinerant magnets (a) with the Stoner model (b) and
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Fig. 5.7 Spin structure in itinerant magnets: (a) zero temperature, (b) Stoner picture, and
(c) localized or Heisenberg picture. In (b) and (c), the temperature is just below T;. In iron-
series transition metals, the spin structure at 7t is close to (c), with little reduction in the
magnitude of the moment.

with the localized picture (c). The difference between (b) and (c) is illustrated by a
needle in a flame, so that the spontaneous magnetization collapses at the hot end.
If the relevant excitations were of the Stoner type, the magnetization would decrease
homogeneously at both the hot and cold ends of the needle, which is in contrast to
experience.

Quantum-mechanically, the localization is similar to that observed in disordered
magnets (Gubanov, Liechtenstein, and Postnikou 1992). In terms of Section 2.4,
thermal activation leads to spin-disorder and yields a random spin-dependent potential
Vo (r). This destroys the translational symmetry and means that the electron eigen-
functions are no longer of the Bloch type. Dynamically, the bandwidth W translates
into a hopping time %/W, so that electrons in the relatively narrow 3d bands are
temporarily captured by individual atoms. Since the intra-atomic exchange of iron-
series transition metals (about 1eV) is much larger than the interatomic exchange
(about 0.1€V), atomic moments remain stable at and well above T, as illustrated in
Fig. 5.7(c).

The degree of localization near T is, in general, intermediate between Fig. 5.7(b)
and (c). The ferromagnetic elements Fe, Co, and to a lesser extent Ni, as well as
most transition-metal alloys, are close to the localized picture of (c¢). An important
exception is very weak itinerant ferromagnets such as ZnZno, which are barely fer-
romagnetic (Section 2.4) and where the vanishing of the spontaneous magnetization
is accompanied by a nearly complete reduction of the magnetic moment, similar to
Fig. 5.7(b).

To bridge the Stoner and Heisenberg limits, one must consider the wave-vector
dependence of the moment. Putting s = ny —n| in (2.52) and describing the inter-
atomic interactions by a longitudinal exchange stiffness A, yields the quasi-classical
expression

H A 9 1 9 I
7 = Ao (Vs)” + ms — o 4B § (5.33)
In the itinerant limit of Fig. 5.7(b), we can ignore interactions such as the Heisenberg
exchange Ji; and use A, = 1/48Ds(Er)ki. Physically, moment inhomogeneities of
wave vector k, enhance Vi (r) and yield an additional kinetic-energy term scaling as
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k2/k% (Qi, Skomski, and Coey 1994). Equation (5.33) corresponds to the wave-vector
dependent susceptibility

Xp
XK) = T B £ k2 [ 12K2 (5:34)
This equation describes not only the onset of ferromagnetism in very weak itinerant fer-
romagnets, which are close to Fig. 5.7(b), but also paramagnons in exchange-enhanced
Pauli paramagnets such as Pd and Pt. Paramagnons are quasi-ferromagnetic spin fluc-
tuations and occur because the Stoner criterion is nearly satisfied (Moriya 1985, Fulde
1991, and Mohn 2003).

Fourier transformation of (5.34) yields an exponentially decaying response to any
point-like magnetic perturbation. The decay length increases with UD(Fr) and
diverges at the onset of long-range ferromagnetic order, where the Stoner criterion
yields x(0) = oco. In other words, any small local perturbation causes the system to
become ferromagnetic. The exponential decay predicted by (5.34) must be contrasted
to the oscillatory decay of the RKKY interaction (Section 2.3.2). In wave-vector space,
the RKKY oscillations correspond to a specific nonanalytic feature of x (k) at k = 2kp
(Lindhard screening, Section 2.1.6), which is not reproduced by the harmonic approx-
imation in the denominator of (5.34). Exchange-enhanced Pauli paramagnets combine
a pronounced preasymptotic exponential decay with a small oscillatory tail. This is
because 1—U Dg(Er) is small and higher-order corrections in the denominator of (5.34)
are less important. However, the exponential contribution decreases more rapidly than
the oscillations, and the asymptotic behavior is determined by the small RKKY tail.

Mathematically, (5.33) is of the Landau-Ginzburg type. The harmonic energy (5.33)
and its anharmonic generalizations are easily applied to a variety of zero- and finite-
temperature phenomena in the bulk and at surfaces (see e.g. Mathon and Bergmann
1986, Miller and Dowben 1993, Skomski et al. 1998b). Basically, (5.33) must be mini-
mized for the considered geometry, which is a straightforward problem, rather similar
to the determination of nucleation modes. Some examples are mentioned in Section 7.4.

For the energy (5.33), the partition function is readily calculated (A2.4), but due to
its harmonic character, it does not yield a Curie transition. As we seen in Section 5.1.4,
phase transitions require higher-order energy contributions to H(s). Here we use what
is known as the variational or Bogulyubov free energy, based on the relation

F < Fy+ (H—H,)o (5.35)

where H, is any model Hamiltonian and the index o refers to H,. If F' contains a
parameter A, then minimization of Fy, + (H — H,), with respect to A yields the best
free energy estimate compatible with H,. To make practical use of (5.35), one needs
a simple Hamiltonian H,. An example is the mean-field approximation (next section),
which may be derived by putting H, = —As (Yeomans 1992). To describe the spin fluc-
tuations, we use a harmonic or Gaussian trial Hamiltonian H, = A s?. The approach,
introduced by Murata and Doniach (1972), is known as self-consistent renormaliza-
tion of spin fluctuations, mode-mode coupling, or classical functional-integral method.
For quartic energies, minimizing the trial free energy with respect to A yields the
replacement s* — (s2, where ( = 3(s?(T)),. The Curie temperature is proportional
to 1/¢, and self-consistency is ensured by putting (s2(T)), = (s*(T¢))o.
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Very weak itinerant ferromagnets, which exhibit small zero-temperature moments
of order 0.1 up, are well described by the Murata-Doniach theory. Unfortunately, it
is not possible to apply the formalism to strong or nearly strong ferromagnets, such as
Fe, Co, and Ni. Aside from the classical and continuum character of the model, there
is the problem that the moments of Fe, Co, and Ni are comparable to the full spin
polarization Syax. It has been attempted to generalize s* — (s? to arbitrary nonlinear
functions, but the approach is semiconvergent, with results that are improved by the
inclusion of the first terms in the series expansion but worsened by the inclusion of
higher-order terms. This can be shown by considering arbitrary functions H = E(s).
The calculation reveals that

—+oo

2
¢~ /(52 — (5%),) E(s) exp (2;2)0) ds (5.36)
— 00
Since E = oo for s > spyax, this integral diverges, ( = oo, and yields T, = 0, in striking
contrast to experiment. Pictorially, the assumed harmonic trial function \s? cannot be
“squeezed” into a nonlinear potential that puts an upper limit to the spin (complete
spin polarization).

5.3 Mean-field models

Summary Ferromagnetic order in most magenets is due to interatomic exchange.
Mean-field models place individual atomic spins in an exchange field
created by neighboring atoms. This maps the interaction problem onto
the problem of noninteracting spins in a magnetic field, except that
the field must be calculated self-consistently from the magnetization.
Linearization of the mean-field equation yields the Curie temperature
T. ~ zJ, where z is the number of interacting neighbors and J is the
interatomic exchange. Below T, the mean-field equations have two ferro-
magnetic solutions =M (7). The mean-field model is easily generalized
to two or more sublattices, where it yields complicated spin structures,
such as ferrimagnets, antiferromagnets, and noncollinear magnets. In
the most general case of N sublattices (or N non-equivalent atomic
sites) it requires the solution of N coupled algebraic equations. The
mean-field approximation provides a reasonable description of the finite-
temperature magnetization for a broad range of models, including Ising
and Heisenberg models. It also describes critical fluctuations, albeit on
an dimensionality-independent Ornstein-Zernike level. Mean-field theory
breaks down at very low temperatures, where the excitations have the
character of spin waves, and near T,, where critical fluctuations interfere.
In particular, mean-field models tend to overestimate the Curie tempera-
ture. This failure is most pronounced in one-dimensional magnets where
T. = 0 but mean-field theory predicts T, > 0.

Aside from the existence of atomic magnetic moments, ferromagnetism requires
long-range magnetic order, typically created by interatomic exchange. To determine
equilibrium properties such as the average spin (s), it is sufficient to know the partition
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Fig. 5.8 Mean-field model: (a) magnet described by exchange interactions Ji; and (b) cor-
responding mean-field model. The mean field is proportional to Jij{s) where (s) is the average
spin, that is, the magnetization.

function (5.3), but the large number of magnetic degrees of freedom makes this task
challenging. For example, Ising magnets exhibit 2N different magnetization states,
where N is the number of atoms. The idea of the mean-field model (Panel 3) is to
replace the exchange interaction with individual neighbors (Ji;) by an interaction
field, so that the partition function reduces to that of a single atom (Fig. 5.8). The
field is known as the effective, molecular, or mean field Hog.

The mean field is proportional to the average magnetization, Heg = A(S), where A
is the mean-field of molecular-field constant. It was introduced by Weiss (1907), who
aimed at explaining ferromagnetism but was unaware of its physical origin. Experi-
mental values of \ are very high, typically several hundred tesla. This is because the
mean field is created by exchange, which is much stronger than magnetostatic inter-
actions. Note that atomic mean field considered in this chapter must not be confused
with the much smaller mean-field constants used to describe micromagnetic phenom-
ena, such as interactions between magnetic nanoparticles (Chapters 4 and 6). The
mean-field model can also be derived directly from microscopic Hamiltonians and has
then the character of an approximation.

5.3.1 Mean-field Hamiltonians

Let us, for the moment, consider ions with quenched orbital moment, so that J = S.
The corresponding mean-field Hamiltonian

H=—2uo,up S Heg (5.37)

corresponds to a paramagnetic ion in a magnetic field, and it is straightforward to cal-
culate the average spin or “magnetization” (S) = f(Heg). An example of the function
f is the above-introduced Brillouin function, which describes paramagnetic Heisen-
berg spins. However, in contrast to paramagnets, the field is proportional to the mag-
netization, Heg = A(S), and we must find self-consistent solutions of the equation
(S) = f(A\(S)). We will do this for a number of mean-field models.
Quantum-mechanical effects are easy to treat on a mean-field level, because H and
S have the same and commute. However, the construction of mean-field Hamiltonians
requires some care. When J#S, as in rare-earth ions, we must replace 2S by gJ.
Furthermore, we must take into account that exchange interactions act on the spin S,
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whereas external magnetic fields act on L + 2S = gJ. Subtracting L +S = J from this
equation yields the spin projection (g — 1)J, meaning that S* = S(S + 1) must be
replaced by the de Gennes factor

(g—12P=(g-12J(J+1) (5.38)

As we will see, this factor enters the expression for the Curie temperature. The de
Gennes factor is largest for elements in the middle of the rare-earth series, explaining
why Gd is the rare-earth element with the highest ordering temperature (T.). However,
we will not dwell on this point and focus on spin Hamiltonians, briefly mentioning
rare-earth ions as we go along.

To derive the mean-field Hamiltonian from microscopic Hamiltonians, we must
transform interactions of the type s-s’ into noninteracting mean-field terms as outlined
in panel 3. Let us start from the identity

s-s'=s-(s)+(s)-s' —(s)- (s') + C (5.39)

where C'= (s — (s)) - (s' — (s’)) describes spin correlations. The first two terms on the
right-hand side of (5.39) have correct structure, because the spins s and s’ interact
with mean fields created by neighboring moments (s’) and (s), respectively. The third
term, (s)-(s’), can safely be ignored, because it amounts to a physically irrelevant shift
of the energy zero which doesn’t affect the partition function. The key assumption of
the mean-field model is the replacement of the correlation term C' by its average
(C) = (s-s') — (s) - (s'). As the third term, (C) merely changes the energy zero.

In practice, the mean field is obtained by summation over all neighbors (J;;). For
equivalent neighbors, there is no need to distinguish between s-(s’) and (s)-s’, although
the correct mean field expression differs by a factor two from the naive replacement
s-s’ — s (s'). For nonequivalent neighbors, the mean fields acting on different atoms
are generally different. We will exploit this important feature in the discussion of alloys
and disordered magnets.

5.3.2 Basic mean-field predictions

There are several methods of self-consistently solving mean-field equations. Let us
consider the nearest-neighbor spin—% Ising model, which exhibits two levels per atom,
corresponding to T and | states. The same level structure is encountered in the spin-
% Heisenberg model, making the mean-field versions of both models algebraically
equivalent. As shown in Section 1.3, the paramagnetism of the model is described by
(s) = tanh(h/kpT), where h = poupH. The effective field is equal to h+z.J,(s), where
Jo is the exchange between nearest neighbors and z is the number of nearest neighbors.
Replacing the external field by the effective field yields the mean-field equation of state

h h+ zJo(s)

(s) = tan T

(5.40)
Since the hyperbolic tangent is a nonlinear function, this equation may have several
solutions. We will see that these roots describe ferromagnetic and paramagnetic states.

Figure 5.2 shows that the zero-field magnetization (s) reaches zero at T,. This can
be used to determine the Curie temperature from (5.40). Exploiting that tanh(z) = =
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for small arguments yields the linearized equation of state
(kgT — zJ,)(s) = h (5.41)

For h = 0 and small (s), corresponding to the T = T, the solution of this equation is
kgT = zJ,, or
zJs

= .4
7, - 2 (542

This equation shows that the Curie temperature is, essentially, equal to the exchange
energy.

Expanding (5.40) into powers of (s) reproduces the Landau theory, Section 5.1.4.
For example, (5.41) predicts the susceptibility x = (s)/h to scale as 1/(T — 1), that
is, the critical exponent v = 1. More generally, Landau and mean-field models exhibit
the same critical exponents and are physically largely equivalent.

To calculate the spontaneous magnetization (s), we rewrite (5.40) as

h+ zJo(s)

T=—7-—7-"- A4
kp atanh(s) (5:43)

This yields the temperature as function of (s), and by interchanging the T and (s)
axes we obtain the familiar graph (s)(T"). Figure 5.9 illustrates this simple procedure
for h = 0. Below T, the paramagnetic states is unstable, as illustrated in Fig. 5.9(b).

Another method determines the magnetization by finding the intersection of the
linear and nonlinear functions on the right- and left-hand sides of (5.40), respectively.
Figure 5.10 illustrates how this graphical method works. Below T, there are three
solutions, two ferromagnetic solutions (s) = £M /M and one unstable paramagnetic
solution (s) = 0. Above T, there is only one solution, namely (s) = 0. The graphical

(a) (b) . . . . . .

(s)/atanh ((s))

-1 0 1 . . | .

() 0 T.
Temperature

Fig. 5.9 Explicit zero-field solution of the mean-field equation (5.40): (a) temperature as
a function of magnetization and (b) magnetization as a function of temperature. The lower
branch of (b) is redundant and usually omitted.
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Fig. 5.10 Graphical solution of mean-field equations. The slope of the dashed lines equals
the ratio of thermal energy, kg7, to interatomic exchange, zJo.

method is less elegant than the inversion method shown in Fig. 5.10 but more practical
unless the inverse function is explicitly known.

5.3.3 *Ornstein-Zernike correlations

On a mean-field level, the correlation length ¢ and the corresponding exponent v
are obtained by the Ornstein-Zernike theory. The idea is to consider the linearized
mean-field equation

kT (si) = hi+ Y Jij (sj) (5.44)

and to exploit that xix = 9(s;)/0hk. The fluctuation-response theorem (5.10) then
yields the correlation function Cj; = C(r; — rj) in matrix form:

1

Cij=

(5.45)

where §;; is the Kronecker symbol (A.2.2). From this equation, the correlation function
can be obtained as a series, based on 1/(1 —z) =1+ 2 + 2% +...., but this method
is very cumbersome.

To actually calculate Cjj, it is more convenient to diagonalize the matrix J;;.
In homogeneous magnets, the eigenmodes are diagonal in k-space and C(k) =1/(1 —
Ji/kpT). For hypercubic lattices (z = 2d), the relevant long-wavelength limit is,
Ji = zJ — Ja?k? and

T
T T —T.+ Ja?k?/kg

C(k) (5.46)
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Inverse Fourier transformation yields the leading correlation term C(r) ~ exp(—r/§)
where £ ~ 1/(T —T,)'/?, that is, v = 1/2. Alternatively, the same exponent is obtained
by dimensional analysis of (5.46), exploiting that k? ~ T'— T, and & ~ 1/k.

The Ornstein-Zernike approach has its historical origin in the statistical mechanics
of gases and liquids. The theory, developed around 1914, focuses on the distinction
between direct and total correlations (Goodstein 1975). Direct correlations correspond
to short-range interactions, such as nearest-neighbor exchange .J;;, whereas the total
correlation function (5.45-46) involves both direct correlations and correlations medi-
ated by atoms other than ¢ and j. This explains long-range magnetic order in terms
of short-range exchange.

5.3.4 Magnetization and Curie temperature

Mean-field predictions depend on the underlying spin model. In the Heisenberg model,
the magnetization is obtained from the Brillouin function Bg, as exemplified by
By /2(x) = tanh(x). Figure 5.11 shows the spontaneous magnetization for some values
of S. For any S, the approach to saturation is described by M ~ /T, — T, correspond-
ing to the mean-field critical exponent § = % At low temperatures, dM/dT = 0,
except for the classical limit S = oo, where S,/S forms a continuum.

The Curie temperature of the mean-field Heisenberg model is obtained by lineariz-
ing the Brillouin function. The result is

_25(S+1)

1c
3kp

2J, (5.47)

As above, z is the number of nearest neighbors. This important equation shows that
the Curie temperature increases with the spin S, with the number z of interacting
atomic neighbors, and with the exchange constant J,.
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Temperature 7/T,

Spontaneous magnetization (normalized)

Fig. 5.11 Spontaneous magnetization of the mean-field Heisenberg model. The spin-% Ising
model exhibits the same temperature dependence as the spin—% Heisenberg model.



Mean-field models 173

Incidentally, for S = %, the Curie temperature zJ,/2kg differs from (5.42) by a
factor 2. To explain the difference, we recall our convention that 7] and 17 states
have an energy-level splitting 4.J,. This is trivial in the Ising model, where s;/; = +1
ensures s;s; = +1. In the spin-i Heisenberg model, S; - S;j yields —1 + %, so that
we need a factor 2 to reproduce the level splitting +1. For Heisenberg spins S > %,
the level splitting is (5% + S/2) and J, can no longer be interpreted as an energy

splitting +J, between FM and AFM spin configurations. Redefinition of J, yields

P Gy Y 5.48
305+ Do (549

where J! = (252 + S)J, ensures an FM-AFM energy-level splitting of 4+.J!. Equa-
tion (5.48) is useful for discussing the transition to the classical limit S = co. In terms
of J!, the classical Curie temperature is equal to z.J//3kp, as compared to zJ!/2kp
for S = %

Rare-earth magnetism is characterized by rigid spin-orbit coupling (J = S+ L), so
that the level splitting of the rare-earth ions is J, = —J,...J — 1, J. This corresponds
to the de Gennes factor (Section 2.2.4) and yields

2(g—1)2J(J +1)2J,
3kg

T, = (5.49)

Here the total moment (J) and the exchange (J,) must not be confused. Partially
quenched systems are intermediate between (5.48) and (5.49) and generally very diffi-
cult to treat. An approximate approach is to derive spin Hamiltonians by integrating
over orbital degrees of freedom.

Note the orbital motion of the electrons (L) depends not only on the spin (via spin-
orbit coupling) but also on the crystalline environment. This gives rise to anisotropic
interaction terms of the type cos(6;)cos(2), as contrasted to isotropic Heisenberg
exchange cos(6; — 62). Physically, the degree of quenching depends on the orientation
of the orbital moment—it may be large along the c-axis of the crystal (J =S + L),
but small in the a—b plane (J = S), or vice versa.

5.3.5 *Mean-field Curie temperature of n-vector models

A very simple mean-field Curie temperature expression is obtained for the classical
n-vector model. We consider the normalized magnetization s, = S,/S and assume
an FM-AFM splitting of +.J,, corresponding to a mean field zJ,(s,). In addition,
we must take into account that the m-vector model has n spin components, such as
Sx, Sy, and s, in the Heisenberg model. The paramagnetic partition function Z =
fs exp(hs,/ksT) ds, where the integration is performed over all classical vectors s for
which s2 = 1. This amounts to the integration over the surface wy, of a n-dimensional
unit sphere. The surface has an n — 1 dimensional area w,, with the special cases
w1 = 2 (corresponding to s, = £1), wy = 27 (circumference of circle), and ws = 4«
(surface of sphere).
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To simplify the calculation, we exploit that h = zJ,(s,) is very small near T¢.. This
yields the expansion

hs, hs, 1 h2s2
=1 — Z .
PT T hsT T 22317 (5-50)
and the partition function
h{s,)s —1h2%(s2)s
Z =wy |1 = z 5.51
w<+kBT+2k]23T2 (5:51)

where the averages (---)s refer to the whole unit sphere. By symmetry, (s,)s = 0,
whereas (s2)s = 1/n, because the s + --- + s2 = 1 and the n spin components are
equivalent on the unit sphere. This yields Z = w, (1 + h?/2nk3T?), (s,) = h/nkgT,
and

1zl

T, = .52
. (5.52)

Special cases are the Ising model (n = 1) and the Heisenberg model (n = 3), corre-
sponding to (5.42) and to the classical limit (S = co) of (5.48).

The anisotropic n-vector model is obtained by adding an anisotropy —Kjs2V,,
where V, is the volume per atom. The relevant lowest-order terms of the partition
function are

(5.53)

2 2/.2 2/.4
Z:OJ3 (1+ K1V0<SZ>S lh <Sz>2 lKlvz)h <SZ>S>

ks T 2 K372 2 k318
Exploiting (s2)s = 1/n and (s2)s = 3/n(n + 2) we obtain the Curie temperature

1z), (1 2(n — 1)K1V0)

T. — =
© T n kg (n+2)zJ,

(5.54)
Typically, anisotropy energies per atom are much smaller than exchange energies,
so that the anisotropy yields only small corrections to the mean-field Curie tempera-
ture. For the Ising model (n = 1), the correction is exactly zero, because its anisotropy
is infinite by definition and any additional anisotropy leaves T, unchanged. Comparing
the Ising model (7, = zJ,/kp) with the anisotropic Heisenberg model (Tt =~ z.J,/3kp)
we find that K| must assume huge values to make a Heisenberg model Ising-like. It is
therefore a poor approximation to describe typical anisotropic ferromagnets by the
Ising model. An exception is the vicinity of the critical point, where symmetry is more
important than the strength of the anisotropy (Section 5.4).

5.3.6 Two-sublattice magnetism

Aside from ferromagnetism, there are other types of magnetic order, such as antiferro-
and ferrimagnetism. In Section 2.3.3 we have introduced these structures and briefly
discussed their zero-temperature behavior, mentioning that they can be described in
terms of magnetic sublattices. For simplicity, we focus on Ising magnets containing
two sublattices A and B. The Hamiltonian (or energy) is

H = *JAA SASA — JAB SASB — JBB SB SB — hASA — hBSB (5.55)
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Fig. 5.12 Two antiferromagnetic spin structures on a square lattice: (a) checkerboard con-
figuration and (b) stripe configuration.

where Jaa and Jpp are intrasublattice exchange constants and Jap describes the
intersublattice interactions. The three exchange constants are obtained by summa-
tion Zj Jij over all atomic sites that belong to the corresponding sublattice. In the
simplest case, one restricts the exchange (and the summation) to nearest neighbors.
Figure 5.12 shows two antiferromagnetic spin structures on a square lattice. In the
checkerboard configuration (a), all nearest neighbors belong to different sublattices,
so that Jag # 0 but Jaa = Jgp = 0. By contrast, the stripe configuration (b) exhibits
both intersublattice and intrasublattice exchange.

Let us assume that the spin configuration and the exchange constants Jaa, JBB,
and Jap are known. The derivation of the mean-field Hamiltonian is straightforward
and yields H = Hp + Hp, where

Ha = —(ha + Jaa(sa) + JaB(sB))sa (5.56a)
Hg = —(hB + JAB<SA> + JBB<5B>)5B (5.56b)
These equations show that there are two effective fields, one for each sublattice,
and that each effective field contains both intra- and intersublattice contributions.

The equation of state is similar to (5.40), except that sy and sgp must be treated
separately:

ha + Jaa(sa) + Jap(sB)

(sa) = tanh T (5.57a)
(sp) = tanh h + JAB<Z§;+ JeB(s8) (5.57b)

Here ha and hp are the average magnetic fields acting on the sublattices. In practice,
it is fair to assume that hy = hg = h.

In a few cases, it is possible to find exact solutions of these mean-field equations. An
example is the checkerboard antiferromagnet shown in Fig. 5.11(a), where Jag < 0
and Jaa = Jgg = 0. For h = 0, symmetry suggests (sg) = —(sa), and exploiting
tanh(—x) = — tanh(x) we obtain (sa) = tanh(|Jag|(sa)/ksT). This is the mean-field
equation for a ferromagnet, so that the sublattice magnetization (s ) has the tempera-
ture dependence of the spin—% Ising model (Fig. 5.9). However, the net magnetization
(s) = (sB) + (sa) is zero at any temperature, as expected for an antiferromagnet.
Sublattice magnetizations can be probed, for example, by neutron scattering, because
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Fig. 5.13 Two-sublattice magnetism: (a) ferrimagnet and (b) two-sublattice ferromagnet.

neutrons carry a spin moment. The temperature at which the sublattice magnetiza-
tions vanish is known as the Néel temperature. In the present case, Tn = —Jap/kpT.
Antiferromagnetism is a common phenomenon, especially in oxides. Examples are FeO
with Ty = 198 K, CoO with Ty = 291 K, and MnFs with Ty = 67 K.

A more complex situation is encountered if the sublattices are associated with
different kinds of atoms, as contrasted to the spontaneous sublattice formation in
Fig. 5.12. For example, rare-earth transition-metal intermetallics contain two or more
sublattices with parallel or antiparallel magnetizations and different moments per
atoms. Two-sublattice magnets with parallel and antiparallel moments are known
as two-sublattice ferromagnets (FM) and ferrimagnets (FI) respectively. Figure 5.13
illustrates the two spin structures. Examples are the rare-earth transition-metallics
SmCos (FM) and DyCos (FI) and the oxides Fe3O4 and BaFe12019 (both FI). Ferri-
magnetic moments are relatively small, for example 17.1 and 11.3 pp per formula unit
for GdaFe 4B and DysFe14B, respectively, as compared to 37.7 ug for the ferromagnet
NdsFeq4B. This is one reason for using Nd in 2:14:1-type permanent magnets.

To describe ferrimagnets and two-sublattice ferromagnets, we must consider arbi-
trary exchange constants Jaa, Jpp, and Jap. In general, Jag # Jpa, but since this
merely changes JﬁB in the equations below to JagJpa, we assume that Jagp = Jpa-
Linearization of (5.57) yields the zero-field equations

]41}3T<8A> = ha + Jaa <SA> + JAB <SB> (5.58&)
k‘BT<SB> = hp + JaB <SA> + JBB <SB> (558b)

Putting hg = hp = 0 and substituting (sg) from (5.58a) into (5.58b) yields a quadratic
equation for T whose larger root is the Curie temperature T.. Alternatively, (5.58)
establishes an eigenvalue problem with two eigenvalues obtained by diagonalizing the
2 x 2 interaction matrix, which amounts to the solution of a quadratic secular equation.
The result is

1
T, (Jana + JBB) + 7\/(JAA — JBB)? + 4JﬁB (5.59)

= kg o%kp
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Fig. 5.14 Temperature dependence of the magnetization of ferro- and ferrimagnets: (a)
comparison of ferro- and ferrimagnets and (b) compensation in ferrimagnets. The respective
scenarios (a) and (b) are frequently encountered in transition-metal-rich rare-earth inter-
metallics and oxides (garnets).

The second root T* of the secular equation has no meaning, because (sa) and (sp) are
generally large and the linearized equation of state (5.58) is no longer valid below Tt.
However, the paramagnetic response depends on T, especially in antiferromagnets.
This is because the external field interacts with the mode (sa) + (sp), as compared to
the mode (sa) — (sp) responsible for the Néel transition. As a consequence, paramag-
netic or Curie-Weiss ordering temperatures 8 are often larger than Néel temperatures.

Coupled mean-field equations such as (5.57) have been used to describe a variety of
systems, most notably oxides (Smart 1966, Binek 2003) and intermetallics (Coey 1996).
Figure 5.14 shows typical magnetization curves. In transition-metal-rich rare-earth
intermetallics, such as SmCos, DyCos, and NdoFe14B, the relatively small rare-earth
magnetization couples parallel (light rare earths) or antiparallel (heavy rare earths)
to the transition-metal magnetization. The coupling between the rare-earth sublattice
(B) and the transition-metal sublattice (A) is relatively weak, Jap < Jaa, and the
rare-earth intrasublattice exchange Jpp is negligible. The corresponding Curie tem-
perature, T, = Jaa(1 + J3g/J34)/kB, is enhanced for rare earths in the middle of
the series, because J3p is proportional to the de Gennes factor. The weak exchange
coupling of the rare-earth atoms is also responsible for the pronounced temperature
dependence of the rare-earth sublattice magnetization, that is, the deviation from
the dashed line in Fig. 5.14(a), which is reminiscent of a paramagnet in an external
magnetic field.

The magnetization depends not only on the exchange but also on the number
of atoms per sublattice and on the moments per atom. When ferrimagnetic sublat-
tices have comparable magnitudes, the different temperature dependences of sublattice
magnetizations may give rise to compensation. This effect, illustrated in Fig. 5.14(b),
is particularly common in iron garnets such as GdsgFe;O15. Partial replacement of the
Gd by a nonmagnetic rare earth, such as Y, reduces the compensation temperature
and yields, eventually, a ferrimagnet without compensation temperature.
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Fig. 5.15 Crystal structure of NdsFe;4B. The symmetry is tetragonal, and the structure
forms for a variety of R2T14Z compositions, where R is a rare earth (big atoms), T is Fe or
Co (intermediate size) and Z is boron or carbon (small atoms).

Typical rare-earth transition-metal intermetallics (RE-TM), contain more than
two sublattices. Figure 5.15 hows the crystal structure of the NdsFei4B, which forms
the main phase of neodymium-iron-boron permanent magnets. The main distinction
is that between rare-earth and transition-metal atoms, but equation (5.57) is easily
generalized to N sublattices. The mean-field Curie temperature is then obtained as
the largest eigenvalue of the N x N matrix containing the intra- and intersublattice
exchange constants. However, the basic distinction between rare-earth and transition-
metal sites remains unchanged.

5.3.7 Merits and limitations of mean-field models

The mean-field model combines fascinating simplicity with powerful and transparent
predictions. It captures the physical origin of magnetic order, namely interatomic
exchange, and is widely used in magnetism, both as an explicit model and in the
form of implicit model assumptions. In many cases, mean-field analysis is the first
step towards the understanding of the investigated system, and in some cases it is the
only feasible method. The mean-field model provides a reasonable overall description
of the magnetization but breaks down at low temperatures, where My is reduced by
spin waves, and close to T, where long-range critical fluctuations interfere.

At low temperatures, the mean-field version of the quantum-mechanical Heisenberg
model predicts an exponential approach to zero-temperature saturation, M, — Mg ~
exp(AE/kgT). In reality, spin waves yield a power law approach, M, — My ~ T4,
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A well-known example is Bloch’s law, where A=3/2. Spin waves exhibit both
equilibrium and nonequilibrium features and will be treated in Section 6.1.

Near the critical point, there are both quantitative and qualitative deviations from
the mean-field predictions. Physically, the mean-field embedding of spins in an average
environment is not necessarily realistic, because the correlation length diverges near
the critical point. This is seen most easily by considering the paramagnetic phase,
where the average magnetization is zero but spins may be located in correlated regions
with predominant T or | character.

A widespread feature of mean-field models is an overestimation of the trend towards
ferromagnetism. A good example is the one-dimensional Ising model, where the mean-
field prediction T, = 2zJ/kgp is in striking contrast to the exact solution 7, = 0.
The same trend is encountered in quantum-mechanical mean-field models such as the
Stoner model (Section 2.4.3), which may incorrectly predict ferromagnetism because
the introduction of average occupation numbers (n;) yields a crude distinction between
ferro- and paramagnetism but is unable to trace complicated spin structures, such as
fluctuating ferromagnetic spin blocks.

A specific problem is the dependence of the Curie temperature on the size and
dimensionality of the magnets. In the mean-field approximation, the Curie temper-
ature depends on the number z of neighbors but is independent of the real-space
dimensionality of the magnet. In reality, the Curie temperature is strongly
dimensionality-dependent, irrespective of z, and there is no ferromagnetism in finite
magnets, where mean-field models predict a nonzero Curie temperature. This is
because thermally activated magnetization reversal destroys the statistically averaged
or spontaneous magnetization of finite-size magnets. The thermodynamic limit of infi-
nite ferromagnets is nonergodic, that is, thermally activated reversed domains collapse
after a finite time and never lead to the magnetization reversal of the whole magnet.
In finite magnets, there exist phenomena reminiscent of but not equivalent to phase
transitions.

5.4 Critical behavior

Summary The behavior of the magnetization near the critical point is largely
determined by long-range thermodynamic fluctuations. Mean-field mod-
els provide a poor description of this regime, because they assume that
the interatomic exchange translates into a local exchange field. Crit-
ical behavior is described by scaling laws such as M ~ (T, — T)P,
X~ |T—Te|7, and & ~ |T —T.|~", where the exponents generally differ
from the mean-field predictions. In addition, critical fluctuations tend to
reduce the Curie temperature. The deviations from mean-field behavior
depend on the spatial dimensionality d of the magnet and on the consid-
ered model (spin dimensionality n and long- or short-range character of
the exchange). However, critical exponents are independent of structural
details such as the number z of nearest neighbors. By gauging the role
of fluctuations as a function of d, one finds that mean field exponents
are essentially exact for d < 4 (Ginzburg criterion). There are very few
exact solutions in two or more dimensions, most notably the Onsager
solution for the two-dimensional Ising model. A famous approach to the
treatment critical fluctuations is renormalization-group analysis, where
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one exploits that the correlation length diverges at the critical point.
The idea is to iteratively rescale the size of the magnet, &’ = £/b, and to
exploit the fact that £ = £/b = oo at the critical point.

At the Curie temperature, the spontaneous magnetization goes to zero, as con-
trasted to an asymptotic decrease. This is striking, because the partition function
Z =3, exp(—E,/ksT) is smooth at all temperatures, as is the magnetization M ~
0Iln Z/0H. What is the origin of the sharp phase transition at Tt, and how can we
explain the singularity of the magnetization at the Curie point? So far, we have
restricted ourselves to a phenomenological discussion of phase transitions and to the
mean-field model, where the existence of a spontaneous magnetization is assumed
rather than derived. To provide an in-depth explanation of the Curie transition, we
must analyze the partition function.

As remarked by Lee and Yang (1952), smooth partition functions may give rise
to singularities in the thermodynamic limit of infinite crystals. This is seen most
easily by considering the complex plane. The function exp(x) has no real zero, but
exp(x) + exp(—z) = 2 cos(iz) indicates that there are roots elsewhere in the complex
plane. The number of roots increases with the size of the magnet, and some roots may
approach and finally touch the real axis, thereby establishing a phase transition. An
alternative interpretation of the thermodynamic limit is that thermal fluctuations in
the paramagnetic phase, ' > T¢, give rise to regions with predominant T or | character.
The size of these correlated regions increases as the temperature approaches T.. To
distinguish between finite-size fluctuations and true ferromagnetism, it is therefore
necessary to consider infinite magnets. This aspect of ferromagnetism is ignored in
the mean-field model, where all spins experience the same local environment.

Finite-temperature critical behavior, as discussed in this section, must be distin-
guished from zero-temperature quantum-critical behavior. For example, we will see that
thermal fluctuations (T > 0) destroy long-range ferromagnetic order in typical one-
dimensional magnets, but at T = 0, quantum fluctuations tend to have a similar effect
(Schofield 1999). The quantum critical point is tuned by control parameters—such as
magnetic field, lattice constant and dopant concentration—and the finite-temperature
response of the materials obeys scaling laws reminiscent of those discussed below.

5.4.1 One-dimensional models

To analyze the failure of the mean-field approximation and to investigate the nature
of critical fluctuations, we consider the one-dimensional Ising model (1925). In the
absence of an external magnetic field, the energy (or Hamiltonian) of the Ising chain

E=-=) Jsisin (5.60)

where J is the nearest-neighbor exchange and ¢ = 1... N extends to N = oo. Since
each spin has two neighbors, the mean-field Curie temperature T, = 2J/kg. To find
the exact Curie temperature, we must evaluate the partition function

. J 51841
{s}



Critical behavior 181

where the summation includes all 2 spin configurations. This is done most conve-
niently by introducing bond variables 77 = sjs;y; = +1 rather than s; = +1, so
that

Z = {;exp (%B;T> (5.62)

This is actually the partition function for a paramagnetic gas where the magnetic field
has been replaced by the exchange. For paramagnets, T, = 0, and the same is true for
(5.61-62).

A simple interpretation of the paramagnetism of the Ising chain is that a single
broken bond, ; = —1, destroys the magnetization of the whole chain. The probability
that a given bond is broken, exp(—J/kgT), is very small at low temperature, but
this is compensated by the large number N of bonds. The correlation length, that is,
the length of the T and | blocks between broken bonds, increases exponentially with
decreasing temperature but remains finite at any nonzero temperature, so that T, = 0.

The present argumentation applies to any one-dimensional system, because the
energy to break a bond is always finite irrespective of the anisotropy. This includes
nanostructures (Shen et al. 1997), although the energy is proportional to the cross
section of the wire and may be so high that the magnet behaves like a bulk magnet.
A generalization to two or more dimensions is not possible, because the spin variables
can no longer be mapped onto bond variables. For example, on a 2 x 2 square (loop
with four spins), there exists the spin configuration 77]7 (on spin down), but the
bond configuration + + —+ (one broken bond) is unphysical, because spin switching
in closed loops creates pairs of broken bonds.

5.4.2 Superparamagnetic clusters

Criticality is closely related to the thermodynamic limit, N — oo. The partition func-
tion of finite-size magnets is non-singular, and there is no Curie transition at 7. > 0
and H = 0. In fact, finite-size magnets exhibit a smooth decrease of finite-field mag-
netization with increasing temperature, and the spontaneous magnetization (H = 0)
vanishes. Dynamically, there may be ferromagnetic correlations inside the magnet, but
the net moment fluctuates between T and | moment orientations. This is known as
ergodicity, meaning that the phase space is fully explored. Infinite ferromagnets are
nonergodic, because thermally excitated | regions in a | ferromagnet are unstable and
collapse after some time, never growing to infinite size.

It is instructive to see how the magnetization of small clusters depends on the clus-
ter size (number N of atoms) and on the magnetic field. Here we focus on the equilib-
rium magnetization; the dynamics of magnetic clusters will be discussed in Section 6.4.
Let us consider Ising-spin clusters (S = %) with nearest-neighbor exchange. The most
trivial case is an isolated spin without exchange coupling (N = 1). We have solved
this problem in Section 1.3, but is convenient to consider the partition function

7Z = exp (thT> + exp (&) (5.63a)
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where h = poupH. The derivative of Z with respect to h yields the magnetization

exp (57 ) — exp (k)
exp (5 ) +exp (5 )

that is, (s) = tanh(h/kgT). We see that (s) = 0 for h = 0, indicating that the
spontaneous magnetization vanishes.

The simplest nontrivial case is that of dumbbell spins (N = 2), with the four spin
configurations 17, T/, |7, and ||. The partition function is

2h+J 2J —2h+J
Z = 2 “2htJ _
exp( T >+ Xp<k T) +exp( T ) (5.63b)

and the magnetization

(s) = (5.64a)

(2h+J)) (—2h+J))

exp( —exp( T
oo G820 () o (7

Since 1] and |1 are degenerate, there are only three terms in (5.63b). A square con-
taining N = 4 atoms has 2* = 16 different spin configurations, and

4J +4h 2h 4J
Z = exp (k;BT> —|—4exp<k T> +2 Xp(kBT) +4

2h 4J — 4h
B

With increasing size, the partition function becomes rapidly more complicated, and
for large systems the determination of the partition function is cumbersome.

(s) =

(5.64b)

Magnetization (M)

Temperature (K)

Fig. 5.16 Magnetization of small Ising spin clusters. The applied field is 10T [100 kOe],
and the strength of the exchange Jkg = 5 K.



Critical behavior 183

Figure 5.16 shows the temperature dependence of the magnetization for small
Ising clusters. As expected for finite systems, the temperature dependence is smooth,
without phase-transition singularity. In zero field, (s(T")) = 0, corresponding to T = 0.
It is interesting to note that the magnetization breaks down at low temperatures, in
spite of the relatively large field, uo, = 10 T. This is because h = poupH contains
the small Bohr magneton. We have encountered the same phenomenon in the context
of Curie and Curie-Weiss paramagnetism (Section 5.6).

In the limit of strong exchange coupling (J = o0), only the fully aligned 7 and |
configurations contribute to the partition function, so that

Nh —Nh
Z = exp (kBT> + exp ( T ) (5.65)

The corresponding magnetization (s) = tanh(Nh/kgT) is that of a single paramag-
netic spin, except that the effect of the field is enhanced by a factor N. Alternatively,
in a given field, the temperature range is enhanced from 0.672 K/T to N -0.672 K/T.
This is one aspect of superparamagnetism and explains why small magnetic nanopar-
ticles (N ~ 1000) are easily spin-polarized at room temperature. Superparamagnetic
behavior is restricted to temperatures T < J/kg, because the simple partition function
(5.65) relies on full T or | spin alignment throughout the cluster or particle. In fact,
nanoparticles are often Heisenberg- rather than Ising-like, and the use of Langevin
functions is more adequate than the hyperbolic tangent.

Nanoparticles containing hundreds or thousands of atoms are intermediate between
the superparamagnetic small clusters (Section 6.4.6) and true ferromagnets. In a strict
sense, they are nonferromagnetic, but in practice, it is often difficult to distinguish
between finite-size magnetism (Fig. 5.16) and ferromagnetism smoothed by a small
magnetic field (dashed line in Fig. 5.5). Note that experiments dealing with critical
phenomena require high temperature and field resolutions (07 < T and 0H = 0),
especially when attempting to trace finite-size effects in particles larger than a few
interatomic distances. We will return to this point in the discussion of magnetic nanos-
tructures (Section 7.4.2).

5.4.3 *Ginzburg criterion

The mean-field Curie temperature T, = 2J/z of the one-dimensional Ising ferromag-
net is at striking odds with the exact result T, = 0, because the mean-field model
ignores magnetization fluctuations. Physically, different parts of the magnet are sub-
ject to different interaction fields, even in structurally homogeneous magnets. How
can we estimate the strength of the fluctuations and their influence on the mean-field
predictions?

Let us start from the fluctuation-response theorem (Section 5.1.2) and take into
account that the total susceptibility x = (us/Vs) Zj Xij, where V;, is the volume per
spin. This yields

fho i3
_ kBT‘B/ Z si 8j5) — (s1)(sj)) (5.66)
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The magnetization m = (ug/NV,) >, si, where N is the number of spins and i = 1
... N, exhibits fluctuations

(m*) — (m)? = 530 > (s 35) — (si)lsy)) (5.67)

Putting (5.67) into (5.66) yields the following version of the fluctuation-response
theorem:

kBTX
2\ 2 _
(m?) = (m)? = -

(5.68)

This equation relates magnetization fluctuations in a volume NV, to the susceptibility.

We are interested in critical fluctuations and consider a volume &9, where ¢ is the
correlation length. Mean-field theory breaks down when (m?) — (m)? is comparable
to or larger than (m)2. Equation (5.68) now assumes the form (m)? = xkpT/po£4,
and exploiting the mean-field scaling relations (m) ~ (T, —T)'/2, x ~ 1/|T —T¢|, and
¢ ~ |T — T.|~*/? we find that mean-field theory is applicable for small |7 — T, |4/2~2.
This important condition is known as the Ginzburg criterion. It means that mean-
field theory breaks down on approaching the critical point in less than four dimensions
(d < 4). In more than four dimensions, the mean-field exponents remain applicable,
whereas d = 4 is a borderline case (upper marginal or critical dimension).

5.4.4 Fluctuations and criticality

The essential failure of the mean-field predictions in less than four dimensions indi-
cates that the partition function cannot be reduced to that of paramagnetic spins.
A somewhat better approach is the Oguchi model, where paramagnetic spins are
replaced by selfconsistently embedded small clusters. For two-spin clusters, the Curie
temperature is

(z—=1)J J
T.=——"—|1 h .
¢ . + tan o, (5.69)

Compared to the mean-field result zJ/kg, this equation yields a moderate reduction
of T,. The trend is correct, but for z = 2, as appropriate for the one-dimensional
nearest-neighbor Ising model, T, remains nonzero. This is because a two-spin cluster
(dumbbell) embedded in a mean field environment is not able to properly distinguish,
for example, between a nanowire environment (d = 1) and a bulk magnet (d = 3).

The number of spins that must be considered is determined by the correlation
length £. Figure 5.17 illustrates the physical meaning of & for the square-lattice
Ising model. Physically, the correlation length describes the thickness of the inter-
face between T and | regions (T < T¢) or the size of the zero-field 1 and | fluctuations
(T > T¢.). Near T, where £ is very large, the consideration of a finite volume is insuffi-
cient. For example, the T' = T, configuration in Fig. 5.17 may show a smooth interface
between T and | phases (T' < T¢) or parts of T and | regions in the paramagnetic
phase (T > T¢).

Aside from one-dimensional models, few exact results are known. An example is
Onsager’s famous solution of the two-dimensional Ising model (Onsager 1944, Yeomans




Critical behavior 185

T<T,
Fig. 5.17 Correlations in a two-dimensional Ising magnet. Dark and bright regions refer to
T and | states, respectively. In the left and right figures, the correlation length ¢ is comparable
to the interatomic distance a. For the shown configuration at T' =~ T, £ ~ 10a.

Mean-field result

Magnetization (s)

0.0 1 1 1 1 1
0.0 0.5 1.0

Temperature (in units of z.J)

Fig. 5.18 Spontaneous magnetization of the square-lattice Ising model: mean-field approx-
imation (dashed line) and Onsager solution (solid line).

1992). For the square lattice with nearest-neighbor exchange, the magnetization is

(s) = /1 —sinh(2J/kpT) (5.70)

Figure 5.18 compares this result with the corresponding mean-field prediction. The
Curie temperature is nonzero but significantly smaller than the mean-field predic-
tion. More generally, magnets without continuous symmetry, such as Ising magnets
and anisotropic Heisenberg magnets, exhibit ferromagnetism in two or more dimen-
sions. Two-dimensional magnets with continuous symmetry, such as XY and isotropic
Heisenberg magnets, do not exhibit long-range ferromagnetic order but are close to the
onset of ferromagnetism. Adding a small anisotropy, K; < .J/a?, breaks the continuous
symmetry and tips the scale towards ferromagnetism.

In addition to the reduced Curie temperature, the temperature dependence of the
magnetization is qualitatively different from the mean-field prediction. In the vicinity
of the Curie temperature, the magnetization scales as (T — T)l/ 8 that is, the critical
exponent 3 = 1/8. This is close to a step function (8 = 0) and visibly different from
the 8 = 1/2 mean-field behavior. Deviations from mean-field critical exponents are a
general feature of low-dimensional magnets.
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Critical exponents depend on the real-space dimensionality d and the spin dimen-
sion n but are independent of geometrical details of the lattice, such as the number
z of nearest neighbors. This is in striking contrast to the mean-field model, where z
is the only consideration. The reason is the involvement of long-range fluctuations,
which leads to an averaging over atomic neighborhoods. Table 5.1 compares the crit-
ical exponents for several models, obtained by various methods. It is convenient to
compare the Curie temperature with the mean-field prediction T.(MF), that is, to
consider the ratio T./T.(MF) = nkpT./zJ,. Table 5.2 shows some values for Ising
models (n = 1). For Heisenberg magnets (n = 3), the ratios are somewhat smaller,
namely 0.610, 0.659, and 0.695 for simple-cubic, bce, and fcc magnets, respectively.

In several cases, the mean-field model works well. First, mean-field predictions
such as T, tend to improve with increasing number z of interacting neighbors. As
a rule, this does mot affect the critical exponents, because the exponents describe
the magnets’ behavior on macroscopic length scales and abstract from the atomic
neighborhood. For example, bee crystals (z = 8) and fcc crystals (z = 12) yield
ezxactly the same critical exponents. An exception to the rule are models with infinite-
range exchange interactions, J(R; —R;) = J, for |R; — R;j| = oco. In this case, z covers
the whole magnet, and it is no longer possible to distinguish long-range fluctuations
from interacting neighborhoods.

Table 5.1 Critical exponents for various nearest-neighbor n-vector models. In less
than four dimensions, the spherical model (n = co) exhibits 8 = 1/2,72/(d — 2),
0=(d+2)/(d—2),and v =1/(d — 2).

d n Model 16} y ) v
d= n=1 Ising 1/8 7/4 15 1
d=3 n=20 polymer 0.302 1.16 4.85 0.588
d= n=1 Ising 0.324 1.24 4.82 0.630
d= n=2 XY 0.346 1.32 4.81 0.669
d= n=3 Heisenberg 0.362 1.39 4.82 0.705
d=3 n =00 spherical 1/2 2 5 1
d>4 all n n-vector 1/2 1 3 1/2

Table 5.2 Exact and approximate Curie temperatures for the Ising
model (in units of zJ/kg).

lattice d z mean-field Oguchi exact
linear chain 1 2 1 0.782 0.000
square 2 4 1 0.944 0.567
simple cubic 3 6 1 0.974 0.752
bce 3 8 1 0.985 0.794
fce 3 12 1 0.993 0.816
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Second, the critical exponents depend on the dimensionality of the magnet, and
mean-field exponents become exact in four or more dimensions. This is a consequence
of the Ginzburg criterion (Section 5.4.3), which shows that critical fluctuations become
relatively unimportant for d > 4. The dimensionality four is known as an upper critical
dimension, as contrasted to the lower critical dimension that describes the onset of
ferromagnetism (d = 2 for the Ising model). In Section 7.2.3 we will present a very
simple and illustrative geometrical interpretation of the critical dimension d = 4.
Taking into account both d and n, the models can be divided into universality classes.
For example, n-vector models in d > 4 dimensions, mean-field models and infinite-
range interactions models (z = 0o) all belong to the same universality class. For d < 4,
there are different universality classes for different spin dimensionalities n (Table 5.1).

5.4.5 Renormalization group

There are various methods of calculating Curie temperatures and critical exponents.
We have seen that there exist a few exact solutions, but in most cases it is neces-
sary to use approximations or numerical simulations. Examples are series expansions
and Monte-Carlo simulations (Yeomans 1992). Here we focus on the renormalization-
group approach, as introduced by Kadanoff et al. (1967). The idea is to determine the
partition function by iteratively mapping the magnet onto a simpler system. The sim-
plest real-space renormalization approach considers the partition function of a magnet
containing N — oo spins. Summation over each second spin yields, after resizing, a
magnet with N/2 spins. Figure 5.19 illustrates this block-spin renormalization for one-
and two-dimensional magnets. The iterative character of the procedure means that the
renormalization operations form a group, the renormalization group (RG). In strict
sense, the renormalization group is a semigroup with associativity and neutral ele-
ment but without inverse element, because each renormalization step leads to a loss
of information.

The physics behind the block-spin renormalization is seen from the renormalization
behavior of a typical paramagnetic T cluster of size £, as in Fig. 5.19(c¢). The summation
over each second spin reduces the size of the cluster, by factors b = 2 and b = /2 for
Figs 5.19(a) and (b), respectively. Since the correlation length is largest near T, the
renormalization means that the system moves away from the critical point. In terms of
Fig. 5.19(c), the left part of the diagram corresponds to a temperature slightly above
T., whereas the right part reflects a somewhat higher temperature.

Each renormalization step reduces £ by a factor b, &’ = £/b, so that the correlation
length rapidly decreases. An exception is the critical point, where both ¢ and £/2
are infinite. This can be used to determine the Curie temperature. If the summation
over each second spin leaves the partition function unchanged, then ¢ = £ = oo and
T = T.. In renormalization-group (RG) theory, such a point is referred to as a fized
point. On the temperature axis, the critical point is an unstable fixed point, because
the renormalization enhances small deviations from the critical point.

The renormalization behavior is often visualized in the form of flow diagrams.
Figure 5.20 deals with the zero-field Ising model and shows the RG flow on the tem-
perature axis. Unstable fixed points are flow sources, whereas stable fixed points act
as sinks. In Fig. 5.20, both systems have a relatively uninteresting stable fixed point
at T' = oo. The one-dimensional Ising model has an unstable fixed point at 7' = 0, in
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Fig. 5.19 Real-space renormalization: (a) one-dimensional magnet, (b) square lattice, and
(¢) behavior of the correlation length £. The hollow arrow represents the block-spin summa-
tion over each second spin.

T=0 T, T — ©

Fig. 5.20 Renormalization-group flow for Ising ferromagnets. The plot is on the H = 0
temperature axis. The fixed point (x) determines the Curie temperature I. > 0.

agreement with 7, = 0. In d > 2 dimensions, both 7= 0 and T = oo are stable fixed
point, and there is an additional unstable fixed point at 7. > 0.

To actually calculate Curie temperatures and critical exponents, we must consider
the partition function and perform the summation over each second spin. It is conve-
nient to introduce the dimensionless coupling constant k = J/kgT. In one dimension,

Z exp(k s18 + Kkssy) = c exp(k's1s2) (5.71a)
s==+1
and
exp(ks1 + Ks2) + exp(—ks; — ks2) = ¢ exp(k’s152) (5.71b)

This equation contains two unknowns, k' and c. Considering the two cases s; = +so
yields ¢ = 2 and ' = 31In(cosh(2x))/2. The only fixed points of this equation are
k =0(T = 00) and kK = oo (T = 0), in agreement with the upper part of Fig. 5.20.
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While the Curie temperature of one-dimensional magnets is zero, the transformation
(5.71) can be used to used to determine T, for magnets that contain chains as building
blocks, such as hypothetical cross-linked magnetic wires. The Curie temperature then
exhibits a logarithmic dependence on the chain length between the links.

On a square lattice, an approximate block-spin summation includes the bright
atoms in Fig. 5.19(b). Denoting their spins by s and s’, we obtain

Z exp(k 815+ rssy+Ks1 s + ks s2)=cexp(r s182) (5.71c)
s,s’=+1

and 4 cosh?(ks;+ks2) = ¢ exp(k’s152). As above, we determine £’ and ¢ by considering
$1 = £s9. This yields ¢ = 4exp(x’) and the RG equation

k" = In cosh (2k) (5.72)

Putting " = & leads to one unstable fixed point, x* = 0.60938. The corresponding
Curie temperature is given by «* = J/kpT. and equal to 1.64 J/kp. By comparison,
the respective exact and mean-field results are 2.27 J/kp and 4 J/kg.

Critical exponents are obtained by analyzing the vicinity of the critical point. For
example, the definition of the exponent v implies

! T —-T,
1 — = — 1 .
n(€> Vn(T—TC> (5.73)
where ¢ = ¢/1/2. To determine the temperature differences, we use x = J/kgT and
expand (5.72) in the vicinity of x*. The result of the calculation is the exponent

In(2)
In(2) + In(tanh(2x*))

1
V=35 (5.74)
Since tanh(z) < 1, the exponent is larger than 1/2. In the present approximation
v = 0.669, as compared to the respective mean-field and exact exponents of 1/2
and 1. We see that both 7T, and v deviate from the mean-field predictions and that
our simple renormalization procedure yields the correct trend. The limited numerical
agreement reflects the crude treatment of mediated next-nearest neighbor interactions
in the two-dimensional model.

Real-space renormalization of the partition function, as considered in this section,
is not the only RG approach. In k-space renormalization, the block-spin procedure
is replaced by an integration over small wave vectors. This approach is especially
useful to describe dimensionalities d = 4 — ¢, where ¢ is small. For the n-vector
model, the e-expansion yields the critical exponents f§ = 1/2—-3¢/2(n+38), v =
14+e(n+2)/1(n+8), § = 3+¢, and v = 1/2 + e(n + 2)/4(n + 8). In four dimen-
sions, the exponents are mean-field like but typically accompanied by logarithmic
corrections, as rationalized by z° ~ In(x) for ¢ — 0.

Renormalization-group techniques are also used in other areas of physics, such as
quantum electrodynamics. Mass renormalization prevents point-like charged particles
such as electrons from possessing infinite masses m = E/c?, as suggested by the diver-
gence of the electric field energy [(1/r?)2dV. The procedure adds two unobservable
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masses, the particle’s “bare” mass and that originating from the electromagnetic
self-interaction, to yield a physically meaningful renormalized mass. A similar proce-
dure is used in many-body physics, as in the treatment of the Kondo effect (Mattuck
1976). Finally, RG approaches related to those in magnetism are used to describe soft
matter, such as polymers and gels (Section 7.2).

5.5 Temperature dependence of anisotropy

Summary Room-temperature anisotropy energies per atom are much smaller than
kgT, indicating that the finite-temperature magnetic anisotropy relies
on the support by interatomic exchange. The exchange suppresses the
excitation of atomic spins onto states with reduced anisotropy. Simple
ferromagnets, such as Fe and Co, obey the m = n(n 4 1)/2 power laws
predicted by the Callen and Callen model. For example, second- and
fourth-order anisotropies are characterized by m = 3 and m = 10. How-
ever, the applicability of the model is an exception rather than the rule.
In the single-ion model of rare-earth anisotropy, which describes high-
performance permanent magnets such as SmCos and NdyFeq4B, the tem-
perature dependence is determined by the intersublattice exchange and
qualitatively very different from the Callen and Callen predictions. Pic-
torially, intramultiplet excitations destroy the net asphercity of the 4f
charge clouds by thermally randomizing the directions of the rare-earth
moment. Other compounds have exponents that deviate from the Callen
and Callen predictions, for example m = 2 and m = 1 for the 2nd-order
anisotropies of L1y and actinide magnets, respectively.

By everyday standards, modern permanent magnets are very strong. For example,
a compact cylindrical NdyFe;4B magnet of radius 1.5cm is able to hold the weight
of an adult, and trying to remove such a magnet from a fridge door usually results
in nasty scratches across the surface. However, the strength of the anisotropy looks
much less impressive if one considers the anisotropy energy per atom. Taking K; =

5 MJ/m3 and a volume of V, = 12 A’ per atom, corresponding to dense packing with
an average atomic radius of 1.28 A, we obtain a temperature equivalent KV, /kgp of
only 4.3 K. How can we explain the existence of a significant anisotropy at and above
room temperature?

In reality, the atomic moments are stabilized by interatomic exchange. For example,
the anisotropy of typical rare-earth transition-metal (RE-TM) magnets largely origi-
nates from the rare-earth sublattice. In temperature units, the intersublattice exchange
J* is of order 100 K, indicating that a substantial fraction of the anisotropy survives
at and above room temperature. Figure 5.21 shows the temperature dependence of
the anisotropy for typical RE-TM magnets. Since J* increases with the number of TM
neighbors per RE atom, the decay of the anisotropy is less pronounced for transition-
metal-rich intermetallics. For example, the anisotropy of SmCos decreases from about
25 MJ/m? at low temperatures to about 15MJ/m3 at room-temperature.

The temperature dependence of the magnetic anisotropy is of importance in many
areas of magnetism and often much more pronounced than the temperature depen-
dence M;(T) of the magnetization. For example, in simple one-sublattice ferromagnets,
second- and fourth-order anisotropy contributions scale as M2 and M1°, whereas the
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Fig. 5.21 Temperature dependence of K; for typical RE-TM magnets. T is the Curie
temperature, and the curves I and II refer to materials that exhibit easy-axis and easy-plane
magnetism at low temperatures, respectively.

exchange stiffness A is approximately quadratic in M. The anistropy reduction is
even more drastic in typical rare-earth intermetallics. Many permanent magnets are
used at temperatures above 100 °C, and the relatively strong temperature dependence
of the Nd3* anisotropy in Nd;Fe 4B is a major shortcoming of this otherwise excel-
lent material. Similar requirements apply to soft magnets, sensors and, especially,
ultrahigh-density recording media, where thermal stability is a major consideration.
Note that the weight of higher-order anisotropy contributions decreases with increasing
temperature, so that Ky and K3 are often negligible at and above room temperature.

Section 5.5.1 is devoted to the Callen and Callen model, which illustrates how the
temperature dependence of the anisotropy is determined from the zero-temperature
anisotropy energy. In Section 5.5.2, we consider the temperature dependence of the
rare-earth anisotropy, whereas Section 5.5.3 deals with the finite-temperature
anisotropy of L1 alloys.

5.5.1 Callen and Callen model

Simple one-sublattice ferromagnets, such as Fe and Co, are reasonably well described
by the Callen and Callen model (1963). The model goes back to Akulov (1936) and
predicts power laws of the type

K(T) = K(0) (Z‘]\ig))) | (5.75)

where n-th order anisotropy constants obey m = n(n + 1)/2. In other words, the
temperature dependence of the respective second-, fourth-, and sixth-order anisotropy
contributions is proportional to the third, tenth, and twenty-first powers of the mag-
netization. For example, K; is characterized by power-law exponents m = 3 (uniaxial)
and m = 10 (cubic).

To derive the Callen and Callen exponents, we consider the classical uniaxial mean-
field Heisenberg model, a normalized classical spin s interacts with a self-consistent
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mean field Hyp = Jme,. The magnetization is equal to m = (cos ), whereas the
anisotropy scales as (cos? ). The averages (cos™ f)) are obtained by evaluating

[ exp(Jm/kgT) cos™ 0 sin 6 dd
0= 5.76
s ) [ exp(Jm/ksT)sin 6 df (5.76)

where the integrals extend from 6 = 0 to 7. As in the zero-temperature case (3.33), it
is necessary to consider Legendre polynomials of cos 6, such as m = (cos 0),

Ky(T) = %Kl(O) (3{cos® ) — 1) (5.77a)
and
Ko(T) = 1 K5(0) (35(cos” 0) — 30 (cos® ) + 5) (5.77b)

8

At low temperatures, (5.77b) is solved by series expansion, leading to (cos™ ) =
1 — nkgT/J. To determine the temperature dependence of Kj, we consider m =
1—kgT/J and K1(T) = K1(0)(1 — 3kgT/J). Since (1 — x)® ~ 1 — 3z for small z,
we can write K1(T)/K1(0) = m®. This is the sought-for Callen and Callen law for
uniaxial anisotropy (n =2 and m = 3).

To check the applicability of the Callen and Callen model, we consider the classi-
cal mean-field Heisenberg model with uniaxial anisotropy. The model can be solved
exactly and yields a straight K;(T) line. Figure 5.22 compares the exact solution
(Skomski et al. 2006a) with the corresponding Callen and Callen prediction K; ~ M3.
We see that the Callen and Callen law works surprisingly well, except for the immedi-
ate vicinity of T¢. For Ko, the agreement is somewhat poorer (not shown in Fig. 5.22).
More generally, the anisotropies of simple metals, such as Fe, Co, and Ni, are quite well
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Fig. 5.22 Temperature dependence of the magnetization and anisotropy of simple magnets
with uniaxial anisotropy.
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described by the Callen and Callen theory, irrespective of the classical or quantum-
mechanical nature of the underlying Hamiltonian and of the itinerant nature of the
magnetic ground state.

However, comparison with Fig. 5.14 shows that the Callen and Callen model can-
not be used to describe intermetallics alloys. For example, it is unable to reproduce the
K (II) zero in Fig. 5.14. The main reason is that the Callen and Callen model links the
anisotropy to the magnetization. Both magnetization and anisotropy are affected by
this mechanism, albeit somewhat differently. In RE-TM intermetallics, the atomic ori-
gin of the magnetization (TM-sublattice) is different from the origin of the anisotropy
(RE-sublattice), and the two sublattices are characterized by different exchange con-
stants and different temperature dependences (Section 5.5.2). Similar arguments apply
to other substances. For example, some magnets with very strong spin-orbit cou-
pling, such as uranium sulfide (US), have huge low-temperature anisotropies of K; =
100 - - - 1000 MJ/m3 (Brooks and Johannson 1993) and are described by Callen and
Callen exponent m = 1 (Skomski et al. 2006a).

Note that the failure of the Callen and Callen theory is unrelated to the single-ion
character of the anisotropy. It has become popular to equate the Callen and Callen
model with single-ion anisotropy, but the rare-earth anisotropy illustrated in Fig. 5.23
is a single-ion anisotropy, too. In fact, single-ion anisotropy is a good approximation
for most materials, because the spin-orbit coupling is centered in the atomic cores and
because the rotation of an atomic spin has very little effect on the crystal field. One
exception is the dipolar anisotropy of gadolinium, where a large dipole interaction
(large Gd moment) coincides with zero lowest-order anisotropy (ay = 0).

5.5.2 Rare-earth anisotropy

In Section 3.4 we have seen that the magnetic anisotropy of rare-earth intermetallics
is largely due to the electrostatic interactions of the aspherical 4f charge clouds with
the anisotropic crystalline environment. In most rare-earth ions, the spin-orbit cou-
pling is sufficiently strong to ensure that Hund’s rule is well satisfied, J = |L +.5|. As
mentioned in Section 2.2.3, partial exceptions are Sm>3* and especially Eu®*, where
the respective level intermultiplet splittings of 1200 K and 300 K yield some J mixing.
However, the leading contribution to the temperature dependence of the anisotropy

(a) (b)

B 5 &8 &

Fig. 5.23 Mechanism of finite-temperature rare-earth anisotropy: (a) origin of anisotropy,
(b) zero-temperature 4f charge distribution, and (c) finite-temperature charge distribution.
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comes from intramultiplet excitations, where J, < J (Herbst 1991). In a simple clas-
sical picture, J, ~ cos# and K; ~ 3cos?f — 1, so that the temperature dependence of
K reflects the thermal randomization of the 4f moments. Figure 5.23 illustrates this
mechanism. The low-temperature charge distribution is aspherical (a), but thermal
excitations randomize the moments (b) and thermal averaging leads to spherical 4f
charge clouds with zero net anisotropy.

The randomization of the rare-earth moment directions is suppressed by the inter-
sublattice exchange J*. Physically, the exchange field created by the transition-metal
sublattice favors maximum spin alignment, J, = J. In a quantum-mechanical treat-
ment, 3cos?f — 1 must be replaced by 3.J2 — J(J + 1). More generally, it may be
convenient to start from equivalent operators such as 09 = 3Jg — J?, especially
when considering higher-order and nonuniaxial anisotropies (Hutchings 1964). The
anisotropy is obtained by putting the magnetic ion in an exchange field and calculating
(3J2 — J(J +1)). In analogy to Section 3.4, the result is

K = —%@zmg (5.78)
where
(Q2) = ay(r?) s (3J7 — J(J + 1)) (5.79)

is the thermally averaged quadrupole moment of the 4f charge cloud. At zero temper-
ature, J, = J, and (5.79) reduces to (3.27). At infinite temperature, all intramultiplet
levels J, are populated with equal probability and (Q2) = 0. This confirms our argu-
ment that averaging over all spin orientations in Fig. 5.23 yields a spherical charge
cloud with zero net anisotropy.

The calculation of the average (3.J2 — J(J + 1)) = 3(J2) — J(J + 1) is similar to
the derivation of the Brillouin function for the magnetization:

o H
Z J2 ex p< W) (5.80)

where the RE-TM exchange field Hrr is proportional to J*. The rare-earth magneti-
zation and anisotropy both decrease, but the anisotropy decrease is much more pro-
nounced. This explains the strong temperature dependence of the rare-earth anisotropy
indicated in Fig. 5.21. There is a characteristic temperature Trr ~ J*/kp above which
rare-earth (RE) magnetization anisotropy decrease rapidly. For typical transition-
metal-rich rare-earth intermetallics, TrT temperature is somewhat below room tem-
perature. This is an important consideration for permanent magnets, where typical
operating temperatures are at and above room temperature (Herbst 1991, Skomski
and Coey 1999). Above Trr, the magnetization decreases approximately as 1/T2.
Below Trr, the RE magnetization and anisotropy reach plateaus with an exponential
approach to their zero-temperature values. The plateau is a quantum effect, caused
by the finite splitting between the J, = J and J, = J — 1 energy levels.

Equations (5.79-80) ascribe the rare-earth anisotropy to the paramagnetic behav-
ior of tripositive 4f ions in the exchange field Hgr created by the transition-metal
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Fig. 5.24 Exchange and anisotropy in transition-metal rich RE-TM intermetallics: (a) zero
temperature and (b) room temperature. The rare-earth atoms (spheres) are embedded in a
transition-metal environment. The anisotropy, indicated by the thickness of the arrows, is
dominated by the rare-earth atoms. Due to the relatively weak interatomic RE-TM exchange,
the anisotropy breaks down well below T.

sublattice. Figure 5.24(a) illustrates the corresponding spin structure. Above Tgrr,
the rare-earth anisotropy contribution is small, and the less temperature-dependent
anisotropy of the TM sublattice becomes the leading contribution. In addition, there
may be temperature-dependent spin-reorientation transitions (Section 4.1.3) due to
competing TM and second- or higher-order RE anisotropy contributions (Herbst 1991,
Coey 1996). One example is the K;i(II) zero in Fig. 5.21, observed, for example,
in NdCos and caused by competing second-order easy-plane RE and easy-axis TM
anisotropies.

5.5.3 Sublattice modeling

The modeling of rare-earth transition-metal alloys is relatively simple, because rare-
earth 4f ions with well-defined moments (J, = —J,...,J — 1, J) are subjected to the
exchange field of the 3d sublattice. In itinerant magnets, the magnetic moment of the
anisotropy-producing atoms becomes a separate consideration. This is not a big prob-
lem in simple ferromagnetic metals, because the Callen and Callen model relates the
anisotropy directly to the magnetization, irrespective of the origin of the magnetiza-
tion. However, in some alloys, such as L1j intermetallics (Section A5.1), the moment
of the 4d or 5d atoms is due to spin-polarization by 3d atoms and must be determined
self-consistently. This has far-reaching consequences for the temperature dependence
of the anisotropy (Skomski, Kashyap, and Sellmyer 2003, Mryasov et al. 2005).
Heavy transition-metal elements such as Pd and Pt are exchange-enhanced Pauli
paramagnets, indicating that the respective 4d and 5d electrons are close to satis-
fying the Stoner criterion. In ferromagnetic environments, 4d/5d electrons are easily
spin-polarized by neighboring magnetic atoms and yield some contribution to the mag-
netization and Curie temperature. Above all, their strong spin-orbit coupling leads to
a strong 4d/5d anisotropy contribution in L1y magnets such as FePd and CoPt. The
magnets have anisotropies of the order of 5 MJ/m?® and are suitable for applications
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Fig. 5.25 Origin of the temperature dependence of the anisotropy of Llo magnets: (a)
ferromagnetism and (b) paramagnetism. The Pt or Pd atoms (white) are embedded in an Fe
or Co sublattice (gray).
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such as specialty permanent magnets and magnetic recording (Klemmer et al. 1995,
McCurrie 1994)

The 3d sublattice exerts an exchange field J*(S) on the 4d/5d sublattice, cre-
ates a 4d/5d moment, and realizes, via spin-orbit coupling, the magnetic anisotropy.
Figure 5.25 compares the zero-temperature magnetism (a) of L1y compounds with
the spin structure at temperatures approaching T. (b). At low temperatures, the
3d sublattice (gray) spin-polarizes the 4d/5d atoms (white) and yields a substan-
tial 4d/5d magnetization M, (thick arrows). The situation is very similar to that
shown in Fig. 5.25(a) and results in a strong anisotropy. At high temperatures, the
magnetization M ~ (S) of the 3d sublattice approaches zero, and the 4d/5d moment
and anisotropy both collapse. This single-ion mechanism leads to significant devia-
tions from the Callen and Callen behavior, roughly corresponding to a power-law
exponent m = 2 (Skomski, Kashyap, and Sellmyer 2003, Skomski: et al. 2006a). Sim-
plifying somewhat, the 4d/5d spin polarization M, is proportional to M, so that
the quadratic dependence of the anisotropy energy on M, translates into
K, ~ M2,

Exercises

1. Thermal equilibrium. Determine and interpret the Boltzmann distribution for
the two limits T'=0 and T" = oo.

2. Critical point and magnetic field. Estimate the smoothing of the M (H) curve
at T, for an iron magnet in a field of 0.5 T.

3. Square spin cluster. Calculate the free energy for a square cluster of four Ising
spins.

4. Sublattice magnetizations. Estimate the sublattice magnetization ratios from
Fig. 5.14.

Answer: For the three materials, the ratios Ms/M; are about 0 (one-sublattice
ferromagnetism), 0.45, 0.9, and 1.3
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Two-spin correlations in a pair model. Calculate the correlation finctions
(s181) — {s1)? and (s1s2) — (s1)(s2) for a dumbbell of two Ising spins.
Mean-field Curie temperature of small clusters. Calculate the mean-field
Curie temperatures for a dumbbell (N =2), a square (N =4), and a cube (N =8).
Compare the mean-field predictions with the exact result.

High-temperature limit of magnetic anisotropy. Convince yourself that
K7 and K5 approach zero at very high temperatures.

Hint: Assume that kg7 is much larger than the interatomic exchange.

Coupled spins of arbitrary length S. Consider two spins S; and Ss of equal
quantum number S and calculate the energy levels —JS; - So for S = S + So
(ferromagnetic coupling) and S = S; — Sy (antiferromagnetic coupling).

Hint: Exploit the fact that S* = S(S + 1) for any spin S.

Answer: The respective FM and AFM energies are —JS? and +JS(S + 1).
Critical point. Why is it important to distinguish between the critical point
and the critical temperature?

Answer: The critical point requires both T'= T, and H = 0, because finite fields
destroy the critical singularity by smoothing the magnetization.

Logarithmic corrections. In some cases, critical exponents contain logarith-
mic corrections. Show that the scaling law x4 In(z) amounts to an exponent 4 + ¢,
where € < 1.

Matrixz operators. The quantum-mechanical partition function Z = Tr(exp
(=H/kpT)) contains the Hamilton operator in the exponent. What is the meaning
of the function exp(—H/kgT)?

Answer: Operator functions are defined by series expansions, such as exp(x) =
I+ x+ $x2 + O(x3). The expansion is straightforward but, due to the size of the
energy matrices, often very cumbersome.

Paramagnetic gas. Calculate the thermally averaged room-temperature
moment of a paramagnetic gas atom of spin 3/2 in a field of 1T.

Answer: 0.0115 upg

Entropy of a paramagnetic gas. Calculate the entropy for a spin—% particle
in a magnetic field.

Ising chain and Ising rings. On a closed path, the reversal of a spin creates
two broken bonds. Can we use the argumentation of 5.4.1, where one bond is
broken, to describe an infinite Ising ring?

Renormalization of spin fluctuations. Can the self-consistent renormaliza-
tion of spin fluctuations be considered as a renormalization-group approach?
Universality of Curie temperature. Is the Curie temperature universal or
nonuniversal?

Paramagnetic anisotropy. Crystal-field interaction and spin-orbit coupling
survive above T.. Why is the paramagnetic anisotropy of most magnets negligibly
small?

*Susceptibility and correlation length. TUse the Ising model to show that
the divergence of the susceptibility at T" = T, is accompanied by a divergence of
the correlation length (critical fluctuations).
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Hint: Write the Hamiltonian as H = H, — ¥;h;s;, where Hy(s1,...,sNn) is an
unspecified field-independent exchange interaction, s; = +1, and h; = uoupH; is
a local field. The basic idea is to use derivatives Z/0h; and 822 /0h;0h; and to
“puzzle” them together to determine the so-called nonlocal susceptibility xi; =
0(si)/0h; and the correlations Cj; = (s; s5) — (si)(sj)-



6
Magnetization dynamics

The nonequilibrium character of magnetization processes means that magnetization
processes are time-dependent, even if the external magnetic field is kept constant. For
example, freshly magnetized permanent magnets lose some remanence, about 0.1% per
decade, soft magnets exhibit harmful high-frequency hysteresis losses, and the long-
term thermal stability of stored information is important in magnetic recording. The
oscillation and relaxation times involved vary from one nanosecond or less in materials
for high-frequency applications to millions of years in magnetic rocks and meteorites.

Intrinsic magnetic properties, such as magnetization and anisotropy, are realized
on very small length scales, typically less than 1nm, and correspond to very fast pro-
cesses of quantum-mechanical origin. They can be considered as equilibrium proper-
ties, described by the Boltzmann distribution (5.2). By contrast, extrinsic phenomena,
such as hysteresis, are realized on length scales of several nanometers or more. By
atomic standards, they require considerable equilibration times, and many meth-
ods familiar from equilibrium statistical mechanics become inapplicable. For exam-
ple, time averages (A)= [A(t)dt/At and ensemble averages (A)= > A,/> are
no longer equivalent. A well-known example is glass, where ensemble averaging gives
the impression of a liquid, whereas time averaging (evolution of atomic positions)
yields a solid-like picture. Rather than using (5.1-3) for both time and ensemble
averages, nonequilibrium calculations require the explicit solution of equations of
motions.

There are two basic phenomena involved: quantum dynamics and thermally acti-
vated dynamics. Quantum dynamics follows from the time-dependent Schrédinger
equation (A.3.1) and is illustrated by the single-spin model of Section 1.3. For typ-
ical atomic energy differences of order 1eV, the characteristic times %/FE are in the
femtosecond region (1071°s). Magnetic fields correspond to much lower energies, and
the typical precession times are in the nanosecond region, corresponding to GHz reso-
nance frequencies (Section 6.1). Another type of time dependence involves heat-bath
degrees of freedom. This includes damping and relaxation phenomena (Section 6.2)
and thermal activation over energy barriers (Section 6.3).

6.1 Quantum dynamics and resonance

Summary The dynamics of paramagnetic ions has the character of spin precession,
and essential features of this picture carry over to ferromagnets. This is
exploited in the modeling of magnetic resonance and spin waves. Spin
waves are wave-vector dependent excited states that contribute to both
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finite-temperature equilibrium and nonequilibrium magnetic properties.
For example, the low-temperature spontaneous magnetization of three-
dimensional Heisenberg ferromagnets is significantly smaller than the
mean-field prediction, and Bloch’s spin-wave arguments indicate that
there is no long-range isotropic ferromagnetism in two or less dimensions.
The magnetization of spin waves is generally delocalized but always cor-
responds to an integer number of switched spins. In perfect ferromagnets,
the spin waves form a continuum of delocalized states, but real-structure
imperfections and nanoscale structural features lead to spin-wave local-
ization and discrete spin-wave levels.

In principle, it is possible to predict the evolution of any physical system from the
time-dependent Schrodinger equation

. 0|P)

ih 5 =H|T) (6.1)
where H is the full many-body Hamiltonian and |¥) is the many-body wave function.
However, this is a complicated and often unnecessary procedure, because most degrees
of freedom described by (6.1) are irrelevant. A typical example is the reversal of the
magnetization of a small particle, where we are interested in the average magnetization
M(t) but not in the spin orientation of individual atoms. The same is true for irrel-
evant electronic and mechanical (phononic) degrees of freedom. Figure 6.1 illustrates
the distinction between relevant degrees of freedom (M) and irrelevant degrees of
freedom ().

The simplest approach to quantum dynamics is to consider an isolated quantum
system, that is, to ignore the gray area in Fig. 6.1(b). An example is the
precession of spins in an external magnetic field. In the next subsections we will
see that this approach applies to both paramagnets and ferromagnets but is unable

Fig. 6.1 Relevant and irrelevant degrees of freedom: (a) full description and (b) embedding
of a relevant degree of freedom (M) in a heat bath describing the irrelevant degrees of
freedom (x;).
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to describe damping and thermal effects. The reason is the deterministic character
of the Schrédinger equation (6.1). As in the equilibrium limit, the description of
finite-temperature dynamics requires the consideration of a heat bath formed by
the irrelevant degrees of freedom. The corresponding coarse-graining transition from
Fig. 6.1(a) to (b) will be discussed in Section 6.3.

6.1.1 Spin precession

The simplest model of magnetization dynamics is a single spin in a magnetic field. It
is described by the Zeeman Hamiltonian H=—pu,upH - o, where H is the external
magnetic field and o is the vector formed by the 2 x 2 Pauli matrices (2.32). The
solutions of the corresponding Schrédinger equation

i h=g= = —gtopps - H[¢) (6.2)

o)

t
are two-component wave functions (t1,12) where (1,0) and (0,1) correspond to T
and | states. For electron spins, which are unquenched, g=2 and gs=o. Let us, for
moment, fix the coordinate frame so that H= He, and H is diagonal. The Schrédinger
equation then assumes the form

20

i h—p = =~ uB Hiy (6.3a)
)
i h% = o i His (6.3b)

The solution of these equations is 1y /2 (t) =11 /2(0) exp(Fiwt/2), where w = 2p,up H /.
The dynamics has the character of a spin precession, and the resonance frequency
v=w/27m is given by the conversion factor 28.0 GHz/T. For nuclear magnetic res-
onance (NMR), the electron spin moment must be replaced by the much smaller
nuclear moment. An example is the conversion factor of 42.6 MHz/T for protons (H*).
A well-known medical application of NMR is magnetic resonance imaging (MRI).

A straightforward way of determining (s) = (¢(¢)|s|¢(t)) is to use (Y|s|y) =
Zij i (t)sijei(t) , where 3 = (11, 12). A more elegant and more general way is to con-
struct an equation of motion directly from the Schrédinger equation. Using i iO(A) /0t =
(AH — HA) (A.3.1) and exploiting the commutation rules for spin operators yields

ot h

Wﬁ_gmuwﬁxﬂ (6.4)

In a slightly different context, this equation is known as the Landau-Lifshitz equation
(Section 6.2.1). It shows that the motion of the spin is always perpendicular to the
field, in agreement with experiment. A striking prediction is that fields H antiparallel
to (s) do not change magnetization, that is, d(s)/d¢ =0. In reality, sufficiently strong
reverse fields lead to magnetization reversal. The reason is the neglect of interactions
such as the spin-orbit coupling, which yield nondiagonal matrix elements between
and | states (see below).
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Fig. 6.2 Precession in an anisotropic ferromagnet. Meq (H) is the equilibrium magnetization
direction, and magnetic resonance corresponds to small perturbations m¢ and mg. In strong
fields, Meq || H.

6.1.2 Uniform magnetic resonance

Equation (6.4) has been derived for paramagnetic spins but can also be used to describe
ferromagnets. This is because the large exchange fields Hy responsible for ferromag-
netism are parallel to the magnetization, so that their contribution to the cross prod-
uct in (6.4) vanishes. A condition is that the local magnetization remains uniform
(coherent) throughout the magnet.

In anisotropic ferromagnets, one must add the anisotropy field to the external field,
and the spin precession is ellipsoidal rather than circular. Figure 6.2 illustrates that the
precessing magnetization vector remains close to the equilibrium magnetization Mcq.
In the coordinate frame of Fig. 6.2, the equations of motion for arbitrary anisotropy are

Oma  gpops (H +2Kp

o1 = 3 MOMS mp (65&)
omp _ guopn [ H +2Kx

at = 7 MOMS ma (6.5b)

Here the indices A and B refer to the principal axes of the dashed ellipsoid in Fig. 6.2,

corresponding to the anisotropy energy E, =—Kam3% — Kgm%. The resonance obeys
w= g“‘;_b“B V(H + 2K a 11o M) (H + 2K /110 M) (6.6)

In general, Kx and Kg depend, via Mg, on the magnetic field.

Let us consider three examples. First, the trivial isotropic case Ky = Kg =0 is
described by w=2u,upH/k, in agreement with Section 6.1.1. Second, uniaxial con-
figurations are characterized by Ky = Kg = K and obey

o JHoliB (H + 2K>
h o M

(6.7)
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They differ from isotropic magnetism by the addition of the anisotropy field 2K/, Mg
to the external field. Third, the general case K # K3 is exemplified by a soft-magnetic
thin film in the z—y plane. The perpendicular configuration (feq=0) is uniaxial,
because the x and y directions are equivalent, and w = guopup(H — DM)/h. To analyze
the in-plane case (8oq =m/2), we assume that the magnetization is parallel to ey. In
free space, the y and z directions would then be equivalent. However, in the film, the
demagnetizing field partially suppresses the perpendicular magnetization component
to the film, so that

w= g“‘;i“B H(H — DM,) (6.8)

We see that the in-plane frequency is higher by a factor (1 — DMs/H )_1/ 2 than the
perpendicular frequency.

The resonance modes described by (6.5-8) occur in perfect ferromagnets, including
thin films (Kittel 1986, Farle 1998). Real-structure features, such as surfaces and
imperfections, tend to make the precession nonunifom. This includes inhomogeneous
magnetic fields, because w is a function of H. Examples are surfaces (Eshbach and
Damon 1960), confined structures (Hillebrands and Ounadjela 2002), and inhomogen-
eous nanomagnets (Chipara, Skomski, and Sellmyer 2002, Skomski 2003).

6.1.3 Spin waves

So far, we have restricted ourselves to the uniform mode, M(r,t) =M(¢). Nonuni-
form or incoherent magnetization modes are encountered in imperfect solids and as
excited modes in homogeneous ferromagnets. In this subsection we consider excited
states known as spin waves. Ferromagnetic exchange Ji;, as parameterized by the
exchange stiffness A, favors parallel spin alignment between neighboring atoms, so
that spin waves cost exchange energy. In the simplest case, the energy is of ther-
mal origin, and the spin waves contribute to the temperature dependence of the
magnetization.
A simple quantum-mechanical model is the ferromagnetic Heisenberg chain

H:—2ZJSi-Si+1 —g,uB,uOZsi -H (69)

where H= He, defines a quantization axis. The ground state is ferromagnetic and
can be visualized as | 111 ... 17). For noninteracting spins (J =0), the lowest-lying
excitations are of the type | 1117 ... 11), but in the presence of exchange, these states
are no longer eigenstates of (6.9). To see this, we use the notation s = (s*,s¥,s*) and
express s = 1o in terms of the Pauli matrices (2.32), that is,

2
(01 , (0 —i . (1 0
o*= (1 0), oY = (i 0), and o= (O _1) (6.10)

The operators ¢* and ¢¥ mix | and | states, and the same is true for the operator
products SISty and siysiy_H appearing in s; - s;41. This means that the exchange adds
complexity by forcing the spins to rotate.
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To account for the involvement of s* and s¥, we introduce creation and annihilation
operators sT =s* 4 is¥ similar to those of Section 2.1.4. Putting s* = (s* +s7)/2 and
s¥ =(s* —s7)/2i into (6.9) yields

H=—2 Z Jsist | — Z Jss — Z JsTsiy — gusho Z s H (6.11)

This equation looks more complicated than (6.9) but has a transparent physical mean-
ing. Expressing s™ and s~ in terms of the Pauli matrices yields

s+(8 é) and s((l) 8) (6.12)

The operators sT and s~ increase and reduce the spin by one unit, respectively. This
is seen very easily by using the vector notation |T)=(1,0) and ||)=(0,1), so that
sT[1)=|[1) and s7|1) =] ). Operator products such as s;"s;, ; move spin states along
the chain. An example is

sgs3 [TLITTT) =[TT4111) (6.13)

where the propagation of a | spin is realized by reducing the z-component of the third
spin (s;) and enhancing the z-component of the second spin (s§). Equation (6.13)
shows that spin excitations move in an insulator like electrons in a metal, except
that they do not carry any charge. This is an example of the spin-charge separation
introduced in Section 2.1.8.

The treatment of the wave functions depends on the density of reversed spins.
When the density is small, for example at low temperatures, we can model the system
as a superposition of states with one reversed spin, as in (6.13), and label the wave func-
tion by the position of the reversed spin. For example, (6.13) becomes s3 s3 |2) =|3).
More generally, the exchange J in (6.11) connects neighboring spins so that

HI) = 2Ji) — JJi — 1) — J[i + 1) + guppuo Hi) (6.14)

Here we have ignored the physically unimportant zero-point energy JN/2, where N
is the number of spins in the chain.

Equation (6.14) is very similar to tight-binding description of interatomic hopping
in an atomic chain (Panel 6) and easily solved by putting |k) = exp(ikR;)|i). These
wave-vector-dependent excitations are known as spin waves or magnons. Each spin
wave corresponds to a single reversed spin, but the spin reversal extends through-
out the magnet, as contrasted to the localized reversal shown in (6.13). The energy
levels are

E(k)=2J(1 — cos(ka)) + guspoH (6.15)
where a is the interatomic distance. For small wave vectors, or long wavelengths

A\ =27 /k, the dispersion relation simplifies to E(k) = Jk?a? + gupuoH. This equation
is often written as F(k)= Dk? + guppoH, where the spin-wave stiffness D is closely
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related to exchange stiffness A (Section 4.2.3). For the ferromagnetic transition-metal
elements, D is of the order of 400 meVAZ2. In two and three dimensions, the dispersion
relation has the form F(k) and is often treated on a quasi-classical phenomenological
level.

Spin waves exist not only in ferromagnets but also in ferri- and antiferromagnets.
In (6.14), this requires the replacement of J by sublattice-specific exchange constants
Jij, very similar to the treatment of sublattice effects in magnetic alloys (Section 5.3.6).
The result is several branches of spin waves, one for each eigenmode of the system. Fur-
thermore, in antiferromagnets, the dispersion relation is essentially linear, E(k) ~ k.
In a magnetic field, long-wavelength spin-waves have an energy F(0) = gupu.H, and
a similar excitation energy, known as anisotropy gap, is encountered in anisotropic
magnets. The gap can be used for the experimental determination of anisotropy
constants.

In the absence of a magnetic field, long-wavelength magnons have very low energies
E ~ E?. Since each spin wave carries a moment of up, thermally excited spin waves
yield a strong contribution to the temperature dependence of the spontaneous mag-
netization (Bloch 1930). This helps to explains the failure of the mean-field model at
low temperatures (Section 5.3.7) and the absence of ferromagnetism in low-dimensional
isotropic magnets. The idea is to write the spontaneous magnetization as

M, (T) = M,(0) (1 - ;an@)) (6.16)
k

where ny is the number of magnons of wave vector k and N is the total number
of spins. For fermions, such as electrons, the number of particles per quantum state
is zero or one. However, magnons are bosons, and any k-state can be occupied by
an arbitrarily large number nyx of magnons. It is possible to artificially accumulate a
large number of magnons in well-defined k-states (Demokritov et al. 2006), but this
condensation is physically different from the Bose-Einstein condensation of light atoms
such as He (Section A.3.4). For example, the Bose-Einstein condensation temperature
T, scales as 1/m?/? (Wannier 1966), but magnons are massless, corresponding to
T, = co. Trivial examples are magnets in uniform and periodic magnetic fields, where
magnon numbers with k=0 (coherent rotation) and k > 0 (periodic field) can be
very large.

In the formalism of second quantization (Section 2.1.6), one can consider n particle-
number operators with eigenvalues n=0,1,..., 00, but the total number of magnons
cannot be larger than N, corresponding to complete magnetization reversal. This
indicates that the assumption of noninteracting one-magnon states breaks down for
large deviations from M;(0). The corresponding nonlinear corrections go beyond the
scope of simple models of magnetism and can be treated by methods such as Holstein-
Primakoff transformations (Dyson 1956, Jones and March 1973). Here we stick to
the approximation of noninteracting magnons, where the occupancy probabilities are
multiplicative. For example, if the equilibrium probability p; of finding one magnon
of energy Ey is exp(—FEyx/kpT), then that of finding two magnons in the state p; is
p2 = exp(—2Fx/kgT). Averaging over all occupation numbers, nx = Y npn/ > Dn,
yields the Bose-Einstein distribution nyx =1/(exp(Ex/kgT) — 1). In infinite solids, the
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summation over k can be replaced by an integral

1
Ek:nk - / exp(Ex/ksT) — 1 dk (6.17)

where k extends from zero to some cutoff of order 1/a. Putting Ey = DI, substituting
r= DkQ/kBT, and exploiting dk ~ k9~1 dk yields

2d/2—1

an ~ Td/Q/ o do (6.18)

exp(z) —

In the long-wavelength limit, « is small, exp(x) &~ 1 + z, and the integral simplifies to
[ £4/2=2 dz. This expression diverges in one and two dimensions. In one dimension, the
divergence scales as 1/k, meaning that long-wavelength magnons destroy ferromag-
netism at any finite temperature. This behavior is similar to that of one-dimensional
Ising spins (Section 5.4.1). In two dimensions, the divergence is weak (logarithmic),
indicating the onset of ferromagnetism. More generally, a theorem due to Mermin
and Wagner (1966) states that there is no ferromagnetic long-range order in two-
dimensional isotropic Heisenberg magnets. However, there is always some anisotropy
in two-dimensional magnets, so that the Mermin-Wagner theorem is of limited prac-
tical importance. The anisotropy creates a spin-wave gap, meaning that the excitation
energy of the coherent mode (k=0) is finite and (6.17) no longer diverges.

In three dimensions, the integral (6.18) is finite and ), ni scales as T3/2. This
is Bloch’s famous law determining the spontaneous magnetization at low tempera-
tures. Interactions between spin waves yield a T contribution in addition to Bloch’s
T3/2 term. The Bloch argument can also be used to discuss the transition from one-
dimensional to three-dimensional magnetism in nanowires. In an atomic wire, there is
only one wave-vector direction, namely parallel to the wire axis. In nanowires, there
are additional perpendicular components. The finite wire radius R puts a lower limit
to the corresponding wave vectors and energies, so that these modes are frozen at
low temperatures. However, when kT exceeds about D/R2?, the distribution of the
k-vectors and the behavior of the wire become bulk-like. In a strict sense, nanowires
are nonferromagnetic, but with increasing cross-sectional area, the one-dimensional
features become less obvious and more difficult to measure. In the simplest case, the
equilibration times (Section 6.4.7) become very long when the radius exceeds a very
few nanometers.

6.1.4 Spin dynamics in inhomogeneous magnets*

Macroscopic inhomogeneities lead to a trivial superposition of resonance lines, because
each region has a different resonance frequency. This adds to the broadening of the
resonance lines and may even split the lines. However, the inhomogeneities compete
against interactions. On macroscopic scale, inhomogeneous local fields and long-range
magnetostatic interactions enhance and reduce the broadening, respectively. Macro-
scopic interactions of this type have been investigated for a long time, starting with
Walker (1957).

Exchange becomes important on small length scales, in close analogy to
micromagnetic problems. A simple example is magnetization modes in nanowires, as
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Fig. 6.3 Magnetization modes in nanowires in a magnetic field parallel to the axis of
revolution: (a—d) cross-sectional view of the magnetization component perpendicular to the
wire axis and (e—f) magnetization along the wire. Modes (e) and (f) differ by their respective
wave vectors k = 0 (uniform) and k > 0 (spin wave), whereas (g) is the lowest-lying solution
of (6.17).

shown in Fig. 6.3. There are many modes with wave vectors k parallel and perpendicular
to the wire axis e,, or forming some angle with 0 < 6 < 7/2 with e,. The boundary
conditions imposed by the surface of the wires gives rise to spin-wave quantization
for k vectors perpendicular to the wire axis. Compared to (a), the modes (b-d) cost
exchange energy, as do (f) and (g) compared to (e). This is because J ~ AV? pun-
ishes magnetization inhomogeneities. However, inhomogeneous modes may be excited
by thermal activation or admixed due to wire imperfections. The mode shown in
Fig. 6.3(g) costs some exchange energy but yields a gain in magnetostatic energy,
because the demagnetizing field of an ellipsoid of revolution with finite aspect ratio is
smaller than that of an infinite wire.

A simple solution is obtained for very thin wires with uniaxial symmetry, as
in Fig. 6.3(e-g). Adding the exchange energy to the anisotropy energy transforms
(6.5) into

d2
dz?

3

245 4 (2Keﬁ(z) + oM H — ths) m=0 (6.19)

guB

where m(z) is the small magnetization component perpendicular to the wire axis and
Kot is the effective anisotropy (Chipara, Skomski, and Sellmyer 2002). In the example
of Fig. 6.3(g), the imperfection is geometrical rather than chemical, and Kg reflects
the inhomogeneity of the local shape anisotropy. Wires homogeneous along the z axis
are characterized by a constant function Keg(z) and the magnetic resonance reduces
to the uniform mode (6.5). For arbitrary anisotropy, (6.19) is a differential equation,
and the resonance mode is determined by the competition between exchange, A, and
disorder, Kog(z). The outcome of the competition depends on the spatial extent Az
of the inhomogeneity. When Az is much smaller than about 10nm, the exchange
ensures a nearly uniform mode. When Az is much larger than about 10nm, then
Ad?m/dz? ~ 0 and the modes are a trivial macroscopic superposition.
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As emphasized by Aharoni (1996), nucleation and resonance modes are closely
related to each other, and the latter can be considered as a special case with w=0.
This helps us to understand real-structure effects in magnetic resonance. For example,
(6.19) implies that the modes are superpositions of waves of the type k= (0, 0, k,). The
energy density of the lowest-lying modes perpendicular to the wire axis is of order
A/R?, so that modes in thin wires are confined to the z-direction, as in Fig. 6.3(e-g).
In thick wires, this is a poor approximation, and one must consider wave vectors
k= (kx, ky, k,) and inhomogeneities Keg(z,y, z). Examples are magnetization modes
in polycrystalline nanowires (Skomski et al. 2000) and in nanotubes.

Aside from the lowest lying nucleation (w = 0) or resonance (w > 0) modes, eq. (6.19)
predicts excited modes. These modes are long-wavelength spin waves very similar to
those of (6.15). More generally, ferromagnetic resonance (FMR) and spin-wave reso-
nance (SWR) can be treated on a common footing and are then referred to as elec-
tron spin resonance (ESR). An upper limit to the exchange energy is obtained as
AV? ~ A/a?, where a is the interatomic distance. This limit is known as antiferro-
magnetic resonance and described by appropriate atomic Hamiltonians of the type
(6.9), with generally two or more sublattices. The corresponding modes are similar to
the spontaneous magnetization modes of Section 5.3.6, but the physics is somewhat
different, and special care is required to analyze what is actually observed in a given
experiment. In particular, the field must be able to interact with the magnetization
and have a nonzero projection onto the mode, [ H(z)m(z)dz # 0 in (6.19). A well-
known example is spin-wave resonance in thin films (Kittel 1986), where the magnetic
field is homogeneous but surface anisotropy acts as an imperfection that yields some
admixture of spin-wave character.

6.2 Relaxation

Summary The precession of magnetization vectors is damped by the interaction
between relevant macroscopic (magnetic) and irrelevant or heat-bath
degrees of freedom. The latter include, for example, lattice vibrations
(phonons). The damping or relaxation time depends on the interac-
tions between different subsystems, as described by Fermi’s golden rule.
However, the deterministic character of the Schrédinger equation for-
bids irreversible processes, and the same is true for the closely related
Liouville-von Neumann equation. An example is Zermelo’s recurrence
objection, which states that any system eventually returns to its orig-
inal state. The reason for the reversibility is the consideration of both
relevant and irrelevant degrees of freedom. In reality, there is a sep-
aration of microscopic (reversible) and macroscopic (irreversible) time
scales, and relaxation is obtained by integration over all microsopic or
irrelevenat degrees of freedom. A simple mechanical analog is a system
of masses coupled by harmonic springs. Relaxation proceeds towards
local energy minima, as opposed to thermally activated magnetization
processes, although the two phenomena have similar physical origins.

An important feature of magnetization dynamics is relazation. Equations such as
(6.3) predict an undamped precession, with a infinite lifetime 7. In reality, the magnet-
ization state relaxes towards its equilibrium position. In magnetic resonance, this is
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an essential contribution to the line width, and in magnetic materials, it yields a time
dependence of the magnetic properties. There are different relaxation mechanisms.
First, nondiagonal and generally random matrix elements give rise to transitions
between different magnetization directions. Second, the magnetization may change
due to quantum tunneling through a magnetic energy barrier. This mechanism is
related to the first mechanism but usually observed in perfect structures, such as
magnetic molecules (Wernsdorfer 2006), and limited to low temperatures. Third, on
a macroscopic scale, one encounters dynamic phenomena such as eddy-current losses
in metallic magnets. Fourth, an important contribution is thermally activated mag-
netization reversal over micromagnetic energy barriers. The focus of this section is
on quantum-mechanical mechanisms, especially the first one, whereas the thermally
activated magnetization reversal will be treated in Section 6.4.

6.2.1 Damped precession
Phenomenological relaxation models are obtained by adding damping terms to (6.4).

One example is the Landau-Lifshitz equation, which can be written as

0s  wo
2 _Fo H_
o H U T LH

s X (s x H) (6.20)

where s =M /M, w, describes the undamped precession and 7, is a relaxation time
of order 10~9s. Physically, 7, is determined by interactions that couple spin states
with different projections onto H (Section 6.2.2), most notably spin-orbit coupling.
Equation (6.20) is algebraically equivalent to the Gilbert equation, where the term
s X (s x H) is replaced by s x ds/dt but the parameters w, and 7, have a slightly
different meaning (Aharoni 1996).

To study the behavior of (6.20), we consider a spin precessing around H= He,.
Restricting ourselves to small precession angles, that is, to terms linear in s, and sy,
we obtain

X 1
8; —wosy = s (6.21a)
s 1
Tty = —WoSx — ?Osy (621b)

The perpendicular magnetization component m = ,/s2 + s obeys Om/0t = —m/7,,

corresponding to an exponential decay m(t) =m(0) exp(—t/7,). This shows that 7 is
indeed a relaxation time. Substitution of s, into (6.22b) yields

s 2 sk 1

o2 1, Ot 2

Equations of this type are well known from mechanics and describe damped oscilla-
tions. In magnetic resonance, the damping is seen as a line-width broadening AH.
For weak damping, 7, > 1/w,, the corresponding linewith AH ~ 1/7,. In practice,
one often uses damping parameters a ~ 1/7,w,, whose inverse 1/« is the number of
oscillations before the amplitude decays to some fraction of its original value.
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6.2.2 *Physical origin of relaxation

Equations (6.20-23) provide a phenomenological description of damping but do not
explain the underlying physics. To understand damping, it is necessary to identify the
quantum-mechanical processes that add to the unperturbed spin precession (6.2—4)
and yield the damping term in the Landau-Lifshitz equation. In a nutshell, the oper-
ator H=H, in (6.1) must be replaced by H, + V, where V describes the interactions
of the system. Typically, V contains several contributions, such as spin-orbit, mag-
netostatic, electron-magnon, electron-phonon, and/or magnon-magnon interactions.
The individual mechanisms depend on the investigated material, and both intrinsic
factors, such as the presence of conduction electrons, and extrinsic factors (imperfec-
tions) play a role. A very simple mechanism involves magnetostatic fields created by
misaligned atomic spins. In general, the fields are neither parallel nor antiparallel to
H, and therefore able to change the spin component parallel to the field.

A quantum mechanical treatment of V is based on second-order perturbation theory
of the Schrodinger equation 1/0]1)) /0t = Ho|¢) + V|1). It starts from the eigenfunctions
|1;) of Ho and yields transition rates Wi; =W (j — 1) between the eigenstates of the
unperturbed Hamiltonian. The result of the calculation is Fermi’s golden rule

2
Wiy =S (IV )1 O(E: - By) (6.23)

The delta function §(E; — Ej) means that the scattering is limited to states of equal
energy. This is because perturbation theory involves denominators 1/(E; — Ej), which
are largest for E; — E; (see appendix A.3.3). The rates scales as Wj; ~ 1/7 and provide
a link between relaxation behavior and the quantum-mechanical matrix elements.

Models described by Fermi’s golden rule exhibit a time-dependent decay of the
original quantum state. The decay includes energy redistributions between different
subsystems but conserves the total energy of the system. This is striking, because
experience tells us that energy changes during relaxation. A closely related feature is
that the scattering described by (6.23) mixes the wave functions but does not create
the thermal disorder (entropy) expected for relaxation processes.

To study the entropy production, we start from the Liouville-von Neumann equa-
tion 1hdp/O0t=[H, p] for the density matrix, which is equivalent to the Schrédinger
equation and can be derived in analogy to (A.31), and determine the time depen-
dence of the entropy operator n=—kg In p. Here we have used the symbol 7 to avoid
confusion with the spin. An equation of motion is obtained by using (A) =Tr(Ap):

%? B % Tr(nHp —npH) (6.24)
Using the identity Tr(ABC) = Tr(CAB) and exploiting that [p, n] = [pn — np] = 0 we find
that d(n)/0t =0. Even if we were able to solve the exact Schrodinger (or Liouville-von
Neumann) equation, we wouldn’t be able to reproduce the observed dissipation of
energy! The ultimate reason is the reversible character of the Schrédinger equation.
The Schrodinger equation does not forbid the spontaneous creation of a house from
a pile of rubble, but experience tells us that this is not the case. A classical analog
is Zermelo’s Wiederkehreinwand or “recurrence objection”, which was based on a
Poincaré cycle after which any system returns to it original state. In fact, as argued
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by Boltzmann (1896), such a recurrence is possible but extremely unlikely and can
safely be ignored.

How can we transform (6.24) into an irreversible equation? Consider a quantum-
mechanical system with energy-level spacings E,11 — £, =~ AFE. The system has
a recurrence time of order 1/Aw ~ h/AE. For isolated systems, the recurrence
time is finite, as exemplified by the resonance frequency of the paramagnetic gas
(Section 6.1.1). However, interactions with the environment yield additional levels,
and with increasing system size the number of levels and the recurrence time increase,
too. Physically, the environment acts as a heat bath that absorbs the energy produced
during relaxation.

In the Liouville-von Neumann equation, the embedding in a heat bath amounts
to separating the degrees of freedom into two classes: relevant degrees of freedom,
such as the magnetization M of a particle, and irrelevant degrees of freedom, such as
the velocities and positions of the gas atoms in the heat bath. The heat bath exerts
a random force, and this force is the reason for the irreversibility. Integration over
all heat-bath degrees of freedom leaves a modified Liouville-von Neumann equation
differing from the equation for the isolated system by additional random-force and
relaxation terms. In practice, this procedure is complicated, particularly since the
heat-bath degrees of freedom may actually be located inside the magnets (magnons
and phonons). However, the next subsection presents a simple classical model that
illustrates how the random-force and relaxation terms arise.

In general, the relaxation term involves a memory function g(t —t’) so that

t
0s

ETRs /g(tft')s(t')dt':() (6.25)

— 00

where s is the considered relevant degree of freedom. On a macroscopic scale, one may
replace the memory function by a J-function and then obtains an ordinary relaxation
equation, Js/0t+T,s = 0. This equation has the solution s(t) = s(0) exp(—t/7,), where
To=1/T, is the relaxation time. The opposite limit of a constant memory function
describes undamped oscillation, 92s/9t? +w?2s = 0, whereas exponential memory func-
tions reproduce (6.22), interpolating between the two limits. As pointed out by Mori
(1965), memory functions are a very fundamental aspect of nonequilibrium statistical
mechanics, containing much of the physics involved.

6.2.3 *A mechanical model

On an atomic level, relaxation is due to interactions with a heat bath. For simplicity,
we consider a classical model consisting of coupled harmonic oscillators. One particle
has a mass M much larger than the mass m of the other particles. We assume that
the particle of mass M carries a magnetic moment, so that the position s of this
particle serves as relevant magnetization variable. The model Hamiltonian is

HoM (ds 2+g P s 2+§:E Pog> s (6.26)
o\ 2” T g 9L '

i
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Here g describes the coupling between the relevant magnetization variable s, whose
relaxation is investigated, and the heat bath x;. The equations of motion are

dz; 2—|—w2x-—£s (6.27)
dt T m '

ds\? g
(dt) +923:MZmi (6.28)

The equation for x; has the structure d?z/dt? + w?z = b(t) and the solution

dz
x(t) = x(0) cos(wt) + w0 sin(wt)

w
tot
+ exp(—iwt) / / exp(2iwt’ — iwt”) b(t") dt” dt’ (6.29)
00

Putting this result and b= sg/m into the equation of motion for s we obtain

d 2 2
<d§> =+ Q2S — f(t) + TngiM Zexp(—iwit)

t ot
//exp(?iwlt’ —iwt")s(t") dt” dt’ (6.30)
00

Here f(t) =g ;[i(0) cos(wit) + da;/dt(0) sin(wit) /wi]/M can be considered as a ran-
dom force which depends on the unknown initial conditions ;(0) and dz;/d¢(0). Note
that (f) =0, whereas the strength of the force is given by the bath’s equilibrium
condition ([dz;/d¢(0)]?) + w?(x?(0)) = kgT/m.

The motion of the coupled oscillators s and z; gives rise to a recurrence time
scaling as 1/Aw, where Aw is a typical frequency spacing. However, the thermo-
dynamic limit the number of heat-bath oscillators goes to infinity and Aw =0. We can
therefore replace the summation ) ;... by an integral [D(w)...dw. Furthermore, we
assume that g is small, so that s(¢”) can be replaced by the unperturbed expression
5(0) cos(Qt”). Then the t” integration yields delta-functions d(w £ ) and we can
exploit dsin(Qt”)/dt = Q cos(Qt”) to obtain

2
<fl‘z) +T (jj) +Q%s=f(t) (6.31)
where
2D(0
r= WiTép) (6.32)

This equation shows how relaxation reflects the coupling to a heat bath. Note that this
treatment and the result are classical but similar to the more complicated quantum-
mechanical treatment (Zwanzig 1961, Mori 1965).
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6.3 Coarse-grained models

Summary The time-dependent many-body Schrodinger equation can, in principle,
be used to predict the evolution of any magnetic system. However, this
is neither practical nor necessary, because individual heat-bath degrees
of freedom do not contain any specific information about the magnetic
behavior. Coarse-grained models abstract from quantum-mechanical fea-
tures operative on atomic length and time scales. Simplifying somewhat,
there are descriptions based on three different types of equations: (i) mas-
ter or rate equations, (ii) Fokker-Planck equations, and (iii) Langevin
equations. These approaches are physically largely equivalent, although
the master equation is able to describe macroscopic magnetization jumps,
whereas the Fokker-Planck and Langevin equations interpret macro-
scopic magnetization changes as a chain of microscopic events. Like the
master equation, the Fokker-Planck equation deals with the probability
of magnetization configurations, whereas the Langevin equation governs
the local magnetization vector as a function of random thermal forces.

The large number of heat-bath degrees of freedom makes the solution of the full
Schrodinger equation practically impossible and essentially useless. To make meaning-
ful predictions about the relevant magnetic degrees of freedom, such as the position of
a domain wall, one must treat the irrelevant degrees of freedom as a heat bath. This
procedure has been outlined in the previous section. The corresponding procedure is
also known as coarse graining, because it maps the full phase space onto a simplified
or “coarse-grained” phase space. The coarse graining is accompanied by the introduc-
tion of random forces and relaxation times which the interaction with the heat bath.
The corresponding models ignore quantum-mechanical features such as the evolution
of individual atomic wave functions. However, coarse-grained parameters, such as the
relaxation time, have a sound quantum-mechanical basis and can, in principle, be
calculated by quantum-mechanical methods.

Figure 6.4 illustrates the modeling for a mechanical system and a magnetic particle.
The forces f; and fields h; are of atomic origin but usually modeled as a white noise,

Sy
\ T/

)

Mechanical analogy Magnetic analogy

Fig. 6.4 Random forces f; and random fields h; in coarse-grained models.
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that is, the investigated relaxation phenomenon is assumed to be much slower than the
underlying quantum-mechanical interactions. For example, very fast processes require
the replacement of the parameter 7 by the memory function g(t —¢').

6.3.1 Master equation

A conceptually very simple but powerful approach to dynamics is based on transition
rates W(s,s') =W (s’ — s) between states s’ to s. The bookkeeping of such transitions
leads to the rate or master equation

ap(s) . / / / !
T /[W(s, sYP(s") —W(s',s) P(s)]ds (6.33)

for the probability P(s). For example, s may correspond to a domain-wall position,
and the W (s, s") then describes domain-wall jumps from s to s’. In discrete systems,
the integration must be replaced by a summation of discrete states s; and s; (A.2.4).
Figure 6.5 illustrates the meaning of this equation.

The basic assumption behind the master equation is the Markov character of the
evolution, that is, P(s,t) is a function of P(s,t— dt) but independent of earlier states,
such as P(s,t—2dt). Equation (6.25) indicates that memory functions g(¢t —t’) are, in
general, non-Markovian. For example, (6.33) excludes oscillations, which are described
by a constant g. Fortunately, the assumption of a needle-shaped memory function
is often a good approximation, and (6.33) provides a adequate description of many
systems.

Equilibrium, 9P (s)/0t =0, is realized by the detailed-balance condition

W(s,s")P(s')=W(s',s) P(s) (6.34)

This equation must be satisfied for each pair of states s and s’, or s; and s;. The
corresponding probability flux is shown Fig. 6.5(b). Detailed balance, as the limiting
case of the models in this section, must not be confused with the physically differ-
ent realization of OP(s)/0t=0 by steady-state processes, as in Fig. 6.5(c). Since the
equilibrium probability P(s) is proportional to exp(—E(s)/kgT), the detailed-balance
condition can also be written as

E(s)—FE
W(s,s")=W(s',s) exp M (6.34a)
kgT

(@ s (b) s (© ]
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Fig. 6.5 Master equation: (a) summation over all final and initial (b) detailed balance, and
(c) steady state.
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For example, Fermi’s golden rule (6.23) describes transitions without energy change,
E(s')=E(s), so that W (s,s') =W (s, s).

A very simple master-equation model assumes two states of energy F /5 separated
by a saddle point of energy E, > Ej /3. The model has many applications in magnetism
and beyond. For example, by identifying the states 1 and 2 with atomic positions it
provides an approximate description of viscoelasticity. The master equation is

dp.
dTl =WiaPy — W P (6.35a)
dP.
d—; =Wa, Py — Wia Py (6.35b)
where
By — E,
Wis =T, exp <ZkBT> (6.36a)
E,—E
Wy =T, exp <1kBT°) (6.36D)

It is an easy exercise to show that W5, and Wi obey the detailed-balance principle.
The energy differences in (6.36) have a very simple interpretation as activation ener-
gies. For example, when going from state 1 to state 2, as described by (6.36b), the
activation energy (or energy barrier) is equal to E, — Ej.

Let us consider the magnetization variable s = P, — Py, which obeys —1 < s < +1.
Subtracting (6.35a) and (6.35b) and taking into account that P, + P> =1 yields the
equation of motion

ds

5= I(seq — 9) (6.37)
Here the equilibrium magnetization has the familiar form s.q = tanh((E1 — E2)/2ksT),
and the relaxation rate

r=T, exp(Elk_TEo) + T, exp(EQk_TEO) (6.38)
B B

Equations (6.37) and (6.38) are used, for example, to describe superparamagnetic par-
ticles (Section 6.4.6), where s = cos @ and the magnetization fluctuates over an energy
barrier. For aligned Stoner-Wohlfarth particles, Ey /o — E, = KV(1+ H/H,)? and

KV 2 Lo M HV
F—2PO exp (_M (1 + Hg)) COSh(M) (639)

In small fields I' <« 'y, but when the field approaches the anisotropy field H,, then
equilibrium is established with a rate approaching I'.

Often E; > F», that is, the final state has an energy much lower than the initial
state. Then s=1 in equilibrium and (6.38) reduces to the Arhhenius law
[y exp(E,/ksT). Here E,=F; — E, is the energy barrier that must be overcome
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to reach equilibrium. In the discussion of slow magnetization processes (Section 6.4),
we will make extensive use of this limit.

The Ising model, characterized by s; = £1, has no intermediate states and, there-
fore, no inherent dynamics. However, it is possible to introduce Ising dynamics by
assuming specific transition rates Wj;. One example is the Glauber model (1963),
defined by W(s; — —s;) = %I‘o(l — si tanh(sih; + s Zj Jij 5i)). It yields the equation
of motion I'od(s;)/dt = —(si) + 7, where s{ = (tanh(h; + 3_; Jij 55)) is the equilibrium
magnetization. On a mean-field level, s¢ = tanh(h; +3_; Ji;(s;)) and, in the vicinity of
the critical point,

=—(si) +hi+ Y Ji(sy) (6.40)

i
This dynamics is of the Ornstein-Zernike type (Section 5.3.3)

6.3.2 Fokker-Planck equations

The transition rates W(s’, s) of the master equation contain both deterministic (drift)
and random (diffusion) terms. In the simplest case, the diffusion is described by rates
W(s',s)=1T0(s' — s — As) + I'6(s’ — s+ As), corresponding to small jumps +As
with equal probability. The é-function makes the integration in (6.33) trivial and yields
the probability distribution shown in Fig. 6.6(a). In the discrete case, the diffusion is
described by Pascal’s triangle, whereas the continuous distribution is Gaussian.

To describe drift, as created by an external force or field, we must consider different
rates I'y # I'_ for jumps +As. These jumps corresponds to a biased random walk.
The rates obey I' ). +T'_ =T', and generally depend on the starting point s. Putting
W(s',s)=T46(s"—s—As)+T_ §(s’ — s+ As) into the master equation and assuming
small jumps As yields the Fokker-Planck equation

oP 0 opr?
@ ® [
! t
2
1
2 2
1 2 1
4 4 4
L3 31
8 8 8 8
N

Fig. 6.6 Probability distribution and diffusion: (a) Pascal’s triangle in the discrete case
and (b) Gaussian distribution in the continuum limit. In magnetism, the diffusion usually
corresponds to a fluctuation of the magnetization direction.
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Here Kp = (I'; —I'_)As is the drift coefficient and D =T"2As/2 is the diffusion coef-
ficient. Note that master and Fokker-Planck equations were first derived to describe
fluids but are now used in many areas of science (Risken 1989).

The drift term in (6.41) is due to an external potential E(s) which competes against
the random thermal forces. It is often convenient to use the Fokker-Planck equation
in the form

2
P T, 0 (6E ) L oP (6.4

Ot kpT ds \ 9s °9s2

The energy E competes against the thermal disorder, as described by the diffusion
term. By putting P/0t =0 and integrating over s it is easy to show that the Fokker-
Planck equation reproduces the correct equilibrium limit P ~ exp(—E(s)/kgT). In
the opposite limit of nonequilibrium states captured in deep potential valleys, with
activation energies F, much larger than kg7, the dynamics approaches the Arrhenius
limit with relaxation rates T, exp(—FE,/kpT). The description of this regime is also
known as Kramers’ escape-rate theory (1940) and, in magnetism, as the Arrhenius-
Brown-Néel theory.

In the absence of an effective field, the Fokker-Planck equation reduces to an ordi-
nary diffusion equation. A simple example is a plate-like thin-film particle with in-plane
magnetization and zero in-plane anisotropy (Skomski, Zhou, and Sellmyer 2005). In
other words, the magnetization is confined in the film plane but free to rotate. Let
us start from the initial state ¢(0)=0, and consider the magnetization projection
M, (t) = M cos ¢. The probability P(¢) is obtained from dP/dt =T, 8?P/0¢?:

P(¢,t) = (6.43)

1 ®?
Nz e (_4F0t>
Evaluating the integral M, (t) = M [ P(¢,t) cos ¢ d¢, where ¢ extends from —oo to
+00, yields My(t) = Mg exp(—Tot). This means that the average magnetization pro-
jection decays exponentially with a relaxation time 7, =1/T, in spite of the Gaussian
character of P(¢,t).

In most cases of practical interest, the magnetic phase space is multidimensional,
and the derivatives in (6.42) must be replaced by vector expressions (Section A.2.4).
For example, 9F/0s becomes V FE = JFE/0s;. Figure 6.7 compares a two-dimensional
problem, namely the diffusion of a magnetization vector on the unit sphere, with
damped spin precession. In the absence of an external potential E (zero field and zero
anisotropy), the probability distribution is essentially Gaussian, and (m?) increases
linearly with time.

To conclude this subsection, we mention that a formal derivation of the Fokker-
Planck equation is based on the Kramers-Moyal expansion of the master equation.
Writing W (s, s") =w(s; ), where £ =’ — s, transforms (6.23) into

OP(s)
ot

- / w(s — €:€) P(s — €) dé — P(s) / wis; —€) de (6.44)
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Fig. 6.7 Magnetization dynamics: damped precession (left) and diffusion in spin space
(right). The curves are simulations for a nanoparticle, covering a time of order 0.1 ns. In
both polar plots, the direction of the motion is from the white circles to the black circles.

Expanding the first integral into small deviations £ from s yields

OP(s) 0P . 102 9
5= [Cus O Pe)d s 305 [CulsoPedE (69
The integrations no longer involve P(s), and introducing the jump moments
on(s) = [&Mw(s; €) dg (6.46)
we obtain the Fokker-Planck equation
OP(s) 0 1 02
) = oa(s) P(5)] + 5 5 l0a(5) P(s)] (6.47)

By comparison with (6.41-42) we see that «; and as describe the respective drift and
diffusion contributions to the dynamics.

Diffusion equations—including the diffusive part of the Fokker-Planck equation—
can be derived by considering concentrations (or probabilities), as fluids. The flux
j=pv is subject to the continuity requirement dp/dt+ V-j=0 and, in the absence
of external forces f(r), proportional to the concentration gradient, j=—DVp (Fick’s
equation). We will use this approach in the discussion of diffusion and other transport
processes (Section 7.2). To obtain the drift part, one must add a local force f(r).

6.3.3 Langevin models

In our initial derivation of the Fokker-Planck equation we have assumed that thermal
excitation yields small but random magnetization jumps +As. Solving the Fokker-
Planck equation yields the probability P(s,t), from which averages such as (s(t)) and
(s(t)s(t')) are obtained by integration. This leads us to an intriguing question: Can we
avoid the calculation of P(s) and determine s(t) directly from the jumps +£As? The
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answer is yes, and the corresponding equation is the Langevin equation

0 I aE
- + V2T E(1) (6.43)
ot kp
Here the random thermal forces £(t) have the character of a delta-correlated white

noise and obey (£(¢)) =0 and (£(¢) £(¢ ) o(t—1t).
As an example, let us consider a small Stoner-Wohlfarth particle near the
nucleation field (Section 4.1.1), where E = (K; — ju,M;H/2)V s* and

Os T,

F e~ (2K — o MH)V's + /2T £(1) (6.49)

For any realization £(t'), the solution of (6.49) is

(t) = /2T, / exp(~D(t — ) £(¢) dt (6.50)

where I' =T, (2K — po Ms H)V/kpT. Since ({(t)) =0, the average (s(t)) vanishes. How-
ever, the correlation function is

kgT
(2K1 - ,U/oMsH)V

(s(t)s(t")) = exp(—T|t —t']) (6.51)
In equilibrium, the average energy (E) = (K1 — o MsH/2) V (s?) is equal to kgT/2, as
expected for a single quasiclassical degree of freedom.

When the reverse field H approaches the nucleation field H, = 2K /1o Mg, both the
relaxation time 7 = 1/T" and the magnitude (s?(¢)) of the fluctuations diverge. However,
the magnitude of the effect is usually small, because typical particles contain thousands
of atoms and V is large by atomic standards. In fact, a more prominent effect is caused
by the tails of the Gaussian distribution, in combination with sufficiently long waiting
times (Section 6.4).

In multidimensional systems, egs. (6.50) and (6.51) must be replaced by the eigen-
modes of the systems. In particular, the single relaxation rate I' must be replaced by
the eigenvalues of energy matrix 92F/ds;0s; ~ Tjj (Section A.2.2) and the long-time
behavior is determined by the smallest eigenvalues of I'j;. Figure 6.8 illustrates the
real-space meaning of the corresponding fluctuations.

Equation (6.42) indicates the relaxation processes may become very slow near
transition points, accompanied by a divergence of correlations, as in (6.51). A simi-
lar scenario is realized near continuous phase transitions, where critical fluctuations
diverge at the critical point (Section 5.4). An interesting critical phenomenon is the
critical slowing down of the order parameter. On a mean-field level one starts from
the Ornstein-Zernike theory (Section 6.4), based on a linearized mean-field equa-
tion reminiscent of (6.49). The long-wavelength limit k=0 is characterized by the
relaxation time

1

—_— .52
|T_Tc| (65)

To ™~
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Fig. 6.8 Cooperative spin blocks. When the size N of the particle becomes too big, then
thermal activation leads to the formation of cooperative units. The system then exhibits a
number of eigenmodes with different relaxation times.

whereas finite wave vectors yield, at T,

1

~ Tt AR (6.53)

Tk

The same result is obtained by analyzing (6.40). As their equilibrium counterparts, the
mean-field equations (6.40) and (6.52-53) are subject to renormalization corrections.

6.4 Slow magnetization dynamics

Summary The nonequilibrium character of magnetic hysteresis leads to a time
dependence of the extrinsic properties known as magnetic viscosity. The
corresponding activated magnetization reversal reflects the cooperative
thermal excitation of nanoscale volumes and is a small correction to
the leading static magnetization processes. For example, freshly magne-
tized permanent magnets lose a few mT of their magnetization within
the first few hours, and the coercivity decreases with decreasing sweep
rate dH/dt. As a crude rule, magnetic viscosity is described by a log-
arithmic time dependence. A simple derivation of the logarithmic law
assumes an ensemble of independent relaxation processes, but it can
also be considered as an inverted Arrhenius law. The involved energy
barriers are smaller than or comparable to 25 kg7, so that the rever-
sal usually requires the support by a magnetic field. The field depen-
dence of the energy barriers is described by a power-law exponent 3/2,
although highly symmetric energy landscapes yield an exponent 2. These
two exponents cover a wide range of coherent and incoherent magneti-
zation processes, including various types of pinning and nucleation. The
slow dynamics of nanoparticles is a consideration in several areas of mag-
netism, such as magnetic recording and ferrofluids. On length scales of
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a very few nanometers, the behavior blends into equilibrium thermody-
namics and acquires the character of giant thermodynamic fluctuations.

The nonequilibrium character of magnetic hysteresis means that thermal
excitations drive the magnetization towards equilibrium. For example, permanent
magnets lose some percentage of their magnetization after saturation, and the coer-
civity depends on the sweep rate dH/dt of the applied magnetic field. This affects
the long-term stability of permanent magnets (Skomski and Coey 1999) and record-
ing media (Comstock 1999, Weller et al. 2000). They are also important in small
particles, where they dominate the hysteresis (superparamagnetism), and in magnetic
rocks, where equilibration times reach millions of years. The Landau-Lifshitz equation
describes the precession of the magnetization as well as its relaxation towards the local
or global energy minima. However, they are not able to describe thermally activated
jumps over energy barriers.

The time and temperature dependence of extrinsic properties reflects a variety
of mechanisms. First, the atomic-scale intrinsic temperature dependence of K, A,
and M; translates into an intrinsic temperature dependence of hysteretic properties.
This determines the so-called “static” coercivity, at which a local free-energy mini-
mum vanishes. For example, in Section 5.5 we have seen that the magnetic anisotropy
tends to exhibit a pronounced decrease with increasing temperature, accompanied
by a reduction in coercivity. However, this coercivity reduction is time-independent
and easily incorporated into micromagnetic calculations, by taking appropriate equi-
librium values of K;(T'), A(T), and Ms(T). Second, thermally activated jumps over
metastable free-energy barriers yield dynamic or “extrinsic” corrections to the static
hysteretic behavior. Thermally activated jumps yield only small corrections, because
typical energy barriers in ferromagnets are much larger than kgT'. Figure 6.9 compares
the two mechanisms.

(@ (b)

Energy (arb. units)
Energy (arb. units)

Ell

Magnetization (arb. units) Magnetization (arb. units)

Fig. 6.9 Magnetization processes: (a) thermally activated and (b) field-induced. In most
systems, thermal activation is a small correction to the leading field-dependent or “static”
mechanism.
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In some cases, time-dependent magnetization changes are only indirectly related
to magnetism. One example is eddy currents and the skin effect in high-frequency
magnetic materials, which follow from Maxwell’s equations and mean that one must
use insulating oxides rather than metals in microwave and other applications. Another
example is the diffusion aftereffect in steel. The coercivity of steels is largely
determined by domain-wall pinning involving interstitial carbon atoms. Since the
domain-wall energy depends on the local carbon concentration, the application of an
external magnetic field promotes a diffusive rearrangement of the carbon atoms and
of the wall position until the total energy is minimized. This adjustment, also known
as the Snoek effect, influences both magnetic and mechanical relaxations. However, in
the following, our emphasis is on magnetic excitations.

In good approximation, the thermal excitation over energy barriers is described by
the Arrhenius or Néel-Brown law

E
T="T, exp(ﬁ) (6.54)
B

where FE, is the activation energy associated with the energy barrier and 7,=1/T,
is an inverse attempt frequency of order 10710...1071! s (Section 6.2). Figure 6.9
illustrates the meaning of the energy barrier FE, = Fny.x — F1. Equation (6.54) is a
nonequilibrium analog of the Boltzmann factor exp(—FE/kgT). Kramers’ escape-rate
theory (1940), originally developed to describe chemical reactions, shows that (6.54) is
an exact low-temperature solution of the Fokker-Planck equation (kg7 < E,). Aside
from the activation energy FE,, there is also an activation entropy S, proportional to
the logarithm of the number of paths over the energy barrier (exercise on activation
entropy). In a strict sense, (6.54) must be replaced by 7= 7, exp((Fa— TS.)/ksT), but
the activation entropy is usually incorporated into 7,. By analyzing Kramers’ theory it
can be shown that S, reflects the curvature of the saddle point defining the activation
energy.
Inverting (6.54) yields the energy barrier

Ea:kBTln<T) (6.55a)
To

accessible after some waiting time 7. Local minima with energy barriers larger than
(6.55a) can be considered as frozen. For typical laboratory-scale experiments, the time
scale 7 is about 100s, as compared to 7, ~ 107%s. This means that magnetization
reversal occurs for energy barriers up to about In(7/7,) = 25 kpT.

E.=25ksT (6.55b)

At room temperature, the corresponding energy barrier F,/kg = 7,500 K. This is sig-
nificantly smaller than energy barriers encountered in most materials, which are of
order 100,000 K. Exceptions are, for example, superparamagnetic particles, where
E, ~ K,V is small due to the small particle size (Section 6.4.6). Magnetic record-
ing, which corresponds to waiting times of order 100 years, requires energy barriers in
excess of 40 kgT (Weller and McDaniel 2006), whereas geological time scales of about
one million years correspond to 52 kpT'.
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6.4.1 Magnetic viscosity and sweep-rate dependence

The time dependence of the remanent magnetization is known as magnetic viscosity,
magnetic aftereffect, or ageing. Experiment shows that the time dependence of the
magnetization is well approximated by the logarithmic magnetic-viscosity law

M(H, t) = M(H, t,) — sm(tt) (6.56)
o
where S is the magnetic-viscosity constant (Becker and Déring 1939, Givord and
Rossignol 1996). Equation (6.56) determines the stability of the information stored in
magnetic and magneto-optical recording media (Sellmyer et al. 1998, Weller and Moser
1999) and yields time-dependent remanence losses in permanent magnets (Skomski
and Coey 1999). As mentioned above, typical permanent magnets lose a small fraction
of their magnetization, typically a few tenths of a percent, within the first few hours
after production. Magnetization changes similar to (6.56) are also encountered in soft
magnets and in systems such as disordered magnets and spin glasses (Section 7.1.4).

The magnetic after effect was, in fact, discovered as early as 1889 (Ewing). Among
the initially discussed magnetic-viscosity mechanisms were eddy-current losses, but in
the early twentieth century it became clear that the main mechanism was thermal
activation over energy barriers, as described by (6.55a). A striking feature is the loga-
rithmic character of the decay. It means that the magnetization decay is initially very
fast but then slows down considerably, corresponding to the decay of some percentage
of the magnetization per decade. For example, a remanence loss of 0.5% between one
hour and ten hours after the production of a permanent magnet leads to the predic-
tion of a matching additional loss of 0.5% between the twentieth and two-hundredth
days. In the next subsection we will see that the logarithmic law reflects the broad
distribution of activation energies (energy-barrier distribution) encountered in most
magnets.

Thermal activation over energy barriers affects not only the magnetization but
also the coercivity: the higher the sweep rate n=dH/dt of the external magnetic field,
the higher the coercivity (Sellmyer et al. 1998). The dependence is approximately
logarithmic

He(n) = Heno) + AH, 1n(:) (6.57)
[¢]

where AH, =kpT/uoMsV* has the character of a fluctuation field. The quantity V*

is referred to as activation volume and used to evaluate experimental data. Its physical

meaning will be discussed below.

Both the sweep-rate dependence (6.57) and the logarithmic magnetic-viscosity law
(6.56) have the same physical origin, namely (6.54), and similar orders of magnitude.
However, (6.56) relies on an energy-barrier distribution, whereas (6.57) is obtained for
both wide and narrow distributions of the activation energy.

6.4.2 Superposition model of magnetic viscosity

A simple magnetic-viscosity model consists of i=1... N independent magnetization
or switching processes described by individual activation energies E, (i) and relaxation
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times 7; = 7, exp(Fa(i)/ksT). The physical nature of the magnetization reversal is of
secondary importance but may be visualized as coherent rotation in an ensemble of
magnetic grains or as domain-wall jumps in a bulk magnet. Based on our master
equation analysis of Section 6.3, the equation of motion dM;/dt=—(M; — M,,)/t,
where M is the magnetization contribution of the i-th process. For M; = M, at t =0,
the solution is

—t
Mi(t) = —M;, + 2M;, exp(_) (658)

1

Next we assume a continuous distribution of energy barriers (N =o0) and average
over all processes. Writing 7, =1/T", we obtain

M (t) = —M; + 2M / P(E) e Totexp(=E/keT) g p (6.59)

— 00

where P(FE,) is the energy-barrier distribution. A straightforward but lengthy approach
is to choose a model distribution, such as a rectangular distribution P(E)=1/E,
between —F,/2 and +FE,/2, and to analyze the asymptotics of the time dependence
of the magnetization (Becker and Doring 1939).

A more elegant approach is to exploit that the energy-barrier distribution is
much broader than kgT. We start from the identity Iotexp(—FE/kpT)=
exp[—(F — kT In(Tot))/kpT] and use exp(—exp(—x/¢e)) ~ O(x), where O(x) is the
step function, O(x < 0)=0 and O(x > 0)=1. The step function converts the expo-
nential term into a finite limit of integration

M(t) = — M + 2M, / P(E)dE (6.60)

ke T In(Tot)
It is convenient to subtract the magnetization M (t,) at some reference time t,, so that

keT In(Tot)
M(t) = M(t,) — 2M, / P(E)dE (6.61)

ksT In(Toto)

Since In(Tot) ~ In(T'st, ), we can replace P(E) by P(E,) and obtain the logarithmic law

M(t) = M(t,) — 2M.ksTP(E,) 1n<tt> (6.62)
[¢]
or S=2MkpTP(E,). Figure 6.10 illustrates the meaning of (6.60-62).

The energy barriers are field-dependent and the energy-barrier distribution is
related to the switching-field distribution, P(F)dE = Psp(H)dH. As mentioned in
Section 4.3.3, Psp(H) is closely related to the irreversible part of the susceptibility,
Xirr (H) =2MsPsp(H). With dE =0FE/OH dH, this yields the Street and Woolley ver-
sion of (6.62), epitomized by the magnetic-viscosity constant (Givord and Rossignol
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Fig. 6.10 Energy-barrier distribution and magnetic viscosity. Processes with low energy
barriers easily switch (dark gray), whereas processes with high activation energies cannot be
activated thermally (with). Magnetic viscosity is due to a small boundary region (bright gray).

1996, Lyberatos and Chantrell 1997)

_ kBTXirr

= OB joH

(6.63)

Both xjr and S reach a pronounced maximum near the coercivity. To abstract from
this maximum, one writes S = i+ Sy, where the magnetic-viscosity coefficient S, is
only weakly field-dependent. S, has the dimension of a magnetic field and is also
known as the fluctuation field (Néel 1951). S, varies between less than 1 uT in soft
magnets and about 10mT in hard magnets.

6.4.3 Asymptotic behavior*

This subsection deals with the field dependence of magnetic-viscosity and sweep-rate
contributions and their long-time asymptotics. (Since some explicit and transparent
examples will be presented below, the reader may prefer to skip these paragraphs and
use them for reference at a later state.) Let us start with taking into account that the
field dependence of P(E) has two contributions: the static switching-field distribution
PSF(H,) and, for each H,, an energy barrier depending on H — H,. We express this
dependence in terms of a function f, so that E= f(H — H,). The energy-barrier
distribution P(FE) is obtained by averaging over all values of H,:

P(E) = / Pap(H,) 6(E — f(H — H,))dH, (6.64)

Here the delta function (Section A.2.4) ensures that the integration is limited to pro-
cesses whose activation energy is equal to E. Putting (6.64) into (6.61)

M(t) = M(to) + Xirr [g(kBTln(Foto)) - g(kBTln(Fot>)] (665)

In this equation, ¢ is the inverse function of f, that is, f(g(E))=FE. In general,
f and g are complicated nonlinear functions, and M (t) goes beyond the logarith-
mic law (Skomski, Kirby, and Sellmyer 1999). However, linearizing (6.65) with respect
to In(Tot) — In(Tots) = In(t/t,) reproduces the logarithmic law. Some explicit energy-
barrier models will be discussed in Section 6.4.4.
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A similar equation is obtained for the sweep-rate dependence of the coercivity.
Exploiting n/n, ~ to/t, using E, = f(H — H,), and equating H with H. we obtain

H.=H, +g(kBTln(7Z;’>> (6.66)

In the next subsection, we will specify the functions f and g, and discuss a few
examples.

A side from nonlinear contributions, the logarithmic law breaks down for both
t=0 and ¢ =00, where it predicts M (t) =+o0. A better approximation is (Skomski
and Christoph 1989)

M (t) =2M; (t) e M (6.67)

To

Since 2° — 1 =¢Inx for small exponents, the intermediate regimes of (6.62) and (6.67)
are barely distinguishable.

6.4.4 Energy-barrier models

To investigate the field dependence of slow magnetization dynamics, we must spe-
cify the function E,= f(H — H,). A frequently used and, as we will see, physically
meaningful energy expression is

H m
E,=K,V, (1 Ho) (6.68)
Here K,, V,, H, and m are physical parameters that derive from the magnet’s real
structure. (The exponent m used in this section must not be confused with the mag-
netic moment.) Zero-temperature switching occurs when the energy barrier E, van-
ishes, that is, for a reverse field H,. Substituting E, into (6.54) and equating the field
H with H, yields (Kneller 1966)

H.=H, (1 - (1?35 ln<;>)1/m> (6.69)

In magnetic recording, this relation is also known as the Sharrock equation. The
power-law exponents m and 1/m correspond to the functions f and g in the pre-
vious subsection and are a simple example of the formalism (6.64-66). Linearizing
this equation with respect to In(7/7,) reproduces the experimentally observed linear
dependence of H. on 1/7 ~ dH/dt. The linearization works fairly well for experi-
ments covering a few orders of magnitude of 7 but breaks down for very long time
scales (Skomski, Kirby, and Sellmyer 1999). For example, a magnetic-viscosity exper-
iment covering 0.01 mT/s to 10mT/s amounts to a change of In(10/0.01) =6.91. The
ratio In(10%)/In(10') = 0.27 amounts to corrections of the order of 27% and indicates
that the linearized logarithmic law is probably applicable. However, comparing a time
scale of 100s (laboratory-scale experiments) with 50 years (magnetic data storage)
yields corrections of order 63%, which turns the V* description into a very crude
estimate.
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To derive the power law (6.68) and the exponent m, one must start from the micro-
magnetic energy landscape, as in Fig. 6.9. The idea is to expand the energy landscape
in the vicinity of the saddle point that defines E,. The expansion is meaningful, because
kgT In(7/70) = 25 kgT (or roughly 7,500 K) is much smaller than typical energy barri-
ers. Taking, for example, an anisotropy constant of 1 MJ/m? and an activation volume
of 10 x 10 x 10nm? yields a temperature equivalent of about 100,000 K. This means
that thermally activated reversal needs the support by an external field (Fig. 6.9). The
field reduces the energy barrier until the static switching condition H = H,, is nearly
satisfied and thermal activation becomes effective.

Let us, for simplicity, consider a single degree of freedom =z, such as a
Stoner-Wohlfarth rotation angle or a domain-wall position. Including linear, quadratic,
and cubic terms, the energy is

E(x)=ao+ a1z + %xQ + %ﬁ —boHzx (6.70)
where the phenomenological parameters a,, a1, as, as, and b, describe the real-
structure of the magnet. They depend on K;(r,T), A(r,T), and Ms(r,T) and must
be determined separately.

The function (6.70) has no extremum (H > H,), or one minimum FEy,;, and one
maximum FEu.(H < H,). The field-dependent energy barrier E, = Enax — Fumin 18
calculated by putting OE/Jx =0. The result is (6.68) with m =3/2 and parameters
K,V, and H, that depend on a,, a1, a2, ag, and b,. For symmetric energy barriers,
E(—z) = E(z), the coefficient a3 =0, and one must include the ayz* term in (6.70).
Straightforward calculation shows that this changes the exponent to m =2.

The exponents m=3/2 and m =2 are well established for a variety of systems,
including Stoner-Wohlfarth particles and strong domain-wall pinning. The exponent
m=3/2, which was first derived by Néel in 1950, is quite common and describes
a variety of coherent and incoherent magnetization processes. Examples are strong
domain-wall pinning and the reversal of misaligned Stoner-Wohlfarth particles (Gaunt
1983, Victora 1989, Skomski 2003). The exponent m = 2 describes, for example, aligned
Stoner-Wohlfarth particles. In this case, V;, and K, are equal to the particle’s volume
and anisotropy, respectively, and H, is equal to the anisotropy field 2K /u,Ms (see
exercise).

6.4.5 *Linear and other laws

Linear energy barrier laws, characterized by m =1 in (6.68), are occasionally assumed
in semiphenomenological approaches, but their derivation from physically meaning-
ful energy landscapes has remained a challenge. Nonanalytic energy landscapes E(x),
for example at grain boundaries, are candidates for linear laws, but they are convo-
luted with the smooth domain-wall profile. This is seen by putting a “needle-shaped”
anisotropy inhomogeneity §(z) into (4.38). Other approaches start from unrealistic or
ill-defined energy landscapes and yield pathological predictions such as infinite zero-
temperature coercivities. For example, series expansion in the vicinity of the static
switching field reduces

1 1
Ea = OMS‘/OHO ~r T 6.71
" (#- ) (6.7)
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to an m =1 law, but for H =0 it amounts to the unphysical prediction of an infinite
energy barrier.

It is also worthwhile emphasizing that the linear law E, ~ H, — H looks like a
Zeeman energy, but in contrast to widespread belief, the Zeeman interaction does not
yield a linear field dependence. The Zeeman energy is an energy level rather than
an energy barrier. To obtain F,, one must add the magnet’s internal energy to the
Zeeman energy, find the minima and maxima of the total energy, and finally calculate
the energy difference. This is the procedure leading to (6.70), rather than just looking
at the Zeeman energy. In fact, restricting the consideration to the Zeeman energy
yields E, =0, because there is no energy barrier for free spins in a magnetic field.

The above-mentioned postulation of micromagnetic models with m =1 must not
be confused with the reasonable use of the linear law to evaluate experimental data.
The starting point is

Eo(H) = poM,V* (H — H,) (6.72a)

where V* is the above-introduced effective or activation volume. V* is frequently used
as a phenomenological fitting parameter. For example, (6.72a) leads to (Givord and
Rossignol 1996)

_ KBTXirr

o S

However, experimental values of V* depend not only on the physical switching vol-
ume V; but also on temperature. An example is aligned Stoner-Wohlfarth particles,
where V* = (25kTV/K1)/2. More generally, (6.68) yields V* ~ Vo/™ T1=1/m mean-
ing that V' # V,, unless m=1. To further complicate matters, Vj is not necessarily
the volume of a single particle or grain—due to cooperative and localization effects
it may be smaller or larger than the particle volume (Section 7.4.4). An alternative
method of deriving V* is to exploit the relation p,MV*=—-90F,/0H (Street and
Wooley 1949), where the derivative is taken at coercivity. Typical orders of magnitude
of room-temperature activation volumes are 500 nm?® in permanent magnets (Givord
and Rossignol 1996) and 2000 nm? in transition-metal nanowires.

6.4.6 Superparamagnetism

Very small magnetic particles exhibit a gradual transition to paramagnetism. For
sufficiently small numbers N of atoms, the interatomic exchange ensures that the
spins are all parallel, so that the particle behaves like a superparamagnetic single
spin or “macrospin” of length N. As outlined by Bean and Livingston (1959), super-
paramagnetism involves two phenomena: the Langevin-type alignment of macrospins
in an external field (Section 5.2.4 and Section 5.4.2) and the superparamagnetic
blocking or freezing of the magnetization reversal. In a magnetic measurement, both
mechanisms lead to an error dH in the hysteresis loop. The Langevin smoothing is
of order §Hy, =3kpT /N p1oMgVay, where Vi is the volume per atom. The blocking
effect is described by § Hy, = H,(25kgT /K1 NVy:)'/™, where the exponent m is equal
to 3/2 or 2 (Section 6.4.4). The Langevin and blocking corrections both decrease
with increasing particle size, but the blocking effect dominates in large particles,
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KV > kgT/5(m=3/2) and K;V > kgT/25(m=2). In the absence of a magnetic
field, the Langevin character of the room-temperature magnetization becomes import-
ant below particle sizes of about 2 nm, whereas the superparamagnetic blocking occurs
between about 3 nm (very hard magnets) and 30 nm (very soft magnets). From a micro-
magnetic point of view, superparamagnetic particles are Stoner-Wohlfarth particles,
and their properties are essentially described by (6.37-39).

Superparamagnetic blocking is of interest in many areas of magnetism, from
magnetic recording and biomedicine to magnetic rocks. Note that ensembles of small
magnetic particles, or fine-particle magnets, are also known as “elongated
single-domain particles” (ESD). This term is unfortunate, because it gives the false
impression that coherent rotation and single-domain magnetism are just two names
for the same phenomenon. In fact, as discussed in Section 4.2.6, hard-magnetic pow-
der particles having radii slightly smaller than Rgq are single-domain but exhibit
incoherent nucleation.

Small magnetic particles in stable colloidal suspensions are known as ferrofiuids
(Charles 1992). They are used, for example, in bearings and loudspeakers, and to
monitor magnetic fields and domain configurations. A variety of materials can be
used, including transition-metal elements and oxides, and a typical particle size is
10 nm. Most ferrofluids are based on hydrocarbons or other organic liquids, whereas
water-based ferrofluids are more difficult to produce. A characteristic feature of the
magnetization dynamics of ferrofluid particles is the distinction between Brownian
relaxation and Néel relaxation. Néel relaxation involves jumps over magnetic energy
barriers, as discussed in this section, whereas Brownian relaxation reflects the mechan-
ical rotation of the particles due to Zeeman interaction. The Brownian relaxation time
is 78 =3Vn/kgT, where 7 is the mechanical viscosity of the embedding liquid.

6.4.7 *Fluctuations

At zero temperature, the magnetization reversal is realized by the path with the
lowest saddle-point energy. Figure 6.11 illustrates this point for an arbitrary energy
landscape. In (a), the external field is somewhat smaller than the switching field,
although thermal activation may be effective in overcoming the energy barrier deter-
mined by the lowest-lying mode (solid line). In both the static and thermally activated
regimes, the reversal proceeds in the direction of the lowest-lying mode, as indicated
by the arrow in (b), and excited modes (dashed lines) can almost always be ignored.

Let us consider the example of a domain wall simultaneously pinned at two sites
I and II. The wall has two propagation options: depinning from site I (followed by
depinning from site II) and depinning from site II (followed by depinning from site
I). Since pinning centers are real-structure features, the respective activation energies
FEr and Eyp are somewhat different. Without loss of generality we can assume that
FE1 < Eqp, so that the static wall propagation starts at site I. At low but nonzero
temperatures, propagation starting from site II is not impossible but very unlikely,
because the corresponding probability exp((E; — Em)/ksT) is very small. What is a
“low temperature” by micromagnetic standards? Typical micromagnetic energy barri-
ers are of order K143, so let us assume that Ey =0.9 K163 and Eqp = 1.1K;43,. Taking
A=10pJ/m and K; =0.1 MJ/m? we find that Er; — Ey corresponds to a temperature
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Fig. 6.11 Magnetization reversal in a multidimensional energy landscape: (a) metastable
energy minimum and (b) vanishing of the metastable minimum at the static coercivity (b).
The reversal (arrow) is realized by the lowest-lying mode (solid lines), as contrasted to excited
modes (dashed). The modes may have different physical meanings, such as the angles ¢
and 6 for a particle of irregular shape, the domain-wall position and curvature in a weak-
pinning magnet, and the domain-wall positions at different pinning sites for strong-pinning
magnets.

equivalent of 45,000 K. By microscopic standards, this is a high energy, indicating the
involvement of thousands of spins and meaning that only the lowest-lying mode I is
important at low temperatures.

The involvement of excited micromagnetic modes has the character of “giant
thermodynamic fluctuations”. Figure 6.12(a) shows an everyday example, namely
the breaking of a cup, whose spontaneous repair due to thermal forces is possible
but extremely unlikely. In the magnetic analogy, the giant fluctuations correspond to
nuclei containing thousands of atoms (b). This must be contrasted to the thermally
activated switching of individual spins, characterized by a large probability of order
exp(—zJ/kgT) but not resulting in magnetization reversal.

As emphasized by Aharoni (1996), modes such as those shown in Fig. 6.12(b) cor-
respond to unreasonably high coercivities, and the same is true at low but nonzero
temperatures (Skomski 2003). Reversal modes are solutions of a micromagnetic prob-
lem and cannot be postulated on intuitive grounds. Other modes, exemplified by
Fig. 6.12(b) and proposed, for example, by Braun (1993), Braun and Bertram (1994),
and Hinzke and Nowak (1998), are energetically unfavorable and correspond to nucle-
ation fields higher than exact micromagnetic solutions. Simplifying somewhat, these
modes cost a significant amount of exchange energy but enhance rather than reduce the
nucleation field. This means that static magnetization reversal involving exact nucle-
ation modes occurs before the thermally assisted dynamic reversal involving excited
modes. A popular “counterargument” is infinite activation volume for both coherent
rotation and curling. Experimental activation volumes are always finite, but this is
primarily a zero-temperature effect, caused by structural imperfections and unrelated
to thermal excitations. If one could fabricate an ideal ellipsoid of revolution with infi-
nite aspect ratio, then the lowest-lying mode would be delocalized and the activation
volume infinite.
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Fig. 6.12 Giant thermodynamic fluctuations: (a) broken cup and (b) nuclei in perfect
nanostructures.

On the other hand, in Section 5.4.1 we have seen that one-dimensional magnets,
including nanowires, are nonferromagnetic. How can we reconcile the infinite extension
of the curling and coherent-rotation modes with the absence of long-range ferromag-
netic order in one-dimensional magnets? The explanation is the disproportionately
strong effect of fluctuations in one dimension. For example, in a long monatomic spin
chain, the reversal of a single spin yields macroscopic magnetization changes. A sim-
ple but essentially correct argument is to consider a nanowire of radius R and to
assume that thermal activation leads to the reversal of a segment of length 2L, as
shown in Fig. 6.12(b). This is paid by the creation of two domain walls of combined
energy 2mR%y, where v =4(AK;)'/? is the domain-wall energy. Equating this energy
to 25 kT yields the transition temperature

- 87TR2\/ AK1

T, = .
95 ks (6.73)

above which giant fluctuations destroy the magnetization. For a typical ferromag-
netic materials with A=10pJ/m and K; =1MJ/m? and radii of 1 nm and 10 nm, we
obtain T, =57.6 K and T, =5,760 K, respectively. Alternatively, anisotropies of 0.1
and 10 MJ/m? lead to the onset of room-temperature stability at radii of 4.0 and
1.3 nm, respectively.

Below T, thermal excitations lead to magnetization fluctuations whose range L is
larger than the domain-wall thickness parameter 6, = (A/K1)'/2. A calculation similar
to that by Skomski et al. (2000) yields

L= (6.74)

/1— H/H,

In the limit of static magnetization reversal, where H = H,, this equation reproduces
the coherent-rotation mode (L =o0). This reconciles the dynamic behavior with the
exact nucleation mode. At small temperatures, the fluctuations obey L ~ 1/T and
yield small coercivity corrections of order T2.
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In two and three dimensions, the propagation of the domain wall becomes a major
consideration. For example, adding the Zeeman and domain-wall energies for a spherical
nucleus yields

4 3
E(L)=4mnyL? — 2uo M, H ( W3R ) (6.75)

This expression differs from the energies considered in Section 4.3.2 by describing
the expansion of a free domain wall, as contrasted to the pinning of domain walls
by structural defects. Using 0E/OL =0 we obtain the critical radius L, =~/u,MsH
above which domain-wall propagation is favorable. For example, the thermally acti-
vated switching of single atomic spins—a quite frequent event—does not translate into
domain-wall expansion. In two dimensions (circular nuclei in thin films), the critical
radius is similar, L, =~/2u,M;H.

Small fields correspond to large L, and mean that huge energies are necessary to
create stable domain walls. This limit can safely be excluded from the present con-
sideration. Fields approaching H, facilitate domain expansion, so that that thermally
activated domain-formation must be considered separately. In two dimensions, the
corresponding activation energy E, ~ 2w At, where ¢t =2R is the film thickness. This
energy is field-independent and corresponds to a cylindrical domain of length ¢ and
radius L ~ 2§,. Using E, =25 kgT and A=10pJ/m we obtain temperature estimates
of 46 and 1,820K for film thicknesses of 0.25nm and 10 nm, respectively. In d > 2
dimensions, the activation energy increases with the applied reverse field, and thermal
excitations are de facto negligible.

Earthquake

Nanoparticles

v ol

Fig. 6.13 Role of fluctuations. In lowest order, magnetization processes are realized by
wandering over the saddle point of lowest energy (dashed line), helped by small thermal
excitations (25 kgT') and taking into account that the energy landscape exhibits an intrinsic
temperature dependence. The thermally assisted paths over other saddle points (excited
modes) and time-dependent fluctuations or “earthquakes” yield corrections to the leading
contributions.
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Figure 6.13 illustrates the role of temperature in magnetization processes. Ther-
mal fluctuations involving paths others than that with the lowest saddle-point energy
affect magnetization processes in ultrathin films and elongated nanoparticles. The
latter is important in magnetic recording, because it reduces the energy barrier from
the Stoner-Wohlfarth expression K1V to wR?v. If the length of the particle exceeds
40, =46p /7, then domain-wall creation is more favorable than Stoner-Wohlfarth rota-
tion. The corresponding energy barrier E, =47 R?(AK 1)1/ 2 translates into maximum
recording density scaling as /7. Real systems may also be treated by numerical
simulations, especially at temperatures approaching 7. and in the case of very fast
magnetization processes (Nowak et al. 2005). However, the numerical modeling has
remained nontrivial unless one focuses on very small particles or adjusts the exchange
to lower values, which reduces the number of atoms to be considered. Otherwise, one
must consider thousands of atoms, and fluctuations involving excited modes are often
small corrections to the leading contributions due to intrinsic temperature dependences
and low-lying modes.

Finally, it is in order to emphasize that sublattice effects yield a disproportionately
strong contribution to the thermal instability. As we have seen in Section 3.3, the
anisotropy of alloys such as Nd;Fe;4B and PtCo involves the spin-orbit coupling of
electrons in the partially filled shells of heavy transition-metal elements. The heavy
transition-metal elements are only loosely coupled to the iron-series transition-metal
ions, so that thermal excitation have a strong impact on anisotropy and coercivity
(Section 5.5). This finding is not limited to equilibrium. In nonequilibrium, it means
that atomic fluctuations of the type shown in Fig. 5.23 yield local energy-barrier
changes, similar to K (r) profiles created by structural disorder. Figure 6.13 illustrates
that this effect can be compared to earthquakes that change altitudes of the mountains,
saddle points, and valleys.

Exercises

1. Creation operator acting on spin-up state. What happens on applying the
creation operator st to a spin-up state |1)?

2. Equation of motion for a single spin. Derive the equation of motion for a
single spin (S =1/2) in a magnetic field.

Hint: Use the angular-momentum commutation rules to determine d(S)/d¢ from
the Schrédinger equation, as outlined in Section 6.1.1.

3. Landau-Lifshitz relaxation. Show that the Landau-Lifshitz equation predicts
any small perpendicular magnetization component m = (s2 + 53,)1/ 2 to decay with
a relaxation time 7.

Hint: Use m?® =s2 + 57 and d(m?)/dt =2m dm/dt.

4. Spin waves in square nanodots. Calculate the lowest-lying spin-wave modes
in a square nanodot of area a X a and thickness t. Assume that the nanodot is
very hard, with an easy axis perpendicular to the square.

5. Spin precession. Use the equation of motion (6.3) to calculate (ox(t)) and
(0,(t)) for the initial state ¥(0) = (1,1)/v/2.

Answer: {ox(t)) = cos(2wt) and (o, (t)) =0.

6. Magnetic resonance. Use the Gilbert equation dM/dt =~v(M x H) — a(M x

dM/dt)/Ms to calculate the magnetization components My, My, M, for a typical
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10.

11.

12.

13.

14.

15.

16.

ferromagnetic resonance experiment. What happens if an anisotropy field is added
to H?

Hint: Choose a coordinate frame where the H is in the z-direction and consider
the small magnetization components My = Mymy and M, = Mym,.

Answer: Linearization yields dmy =vymyH + adm,/dt and dm, /dt = —ymH —
admy/dt and a damped circular precession, my =m, sinwt and my =m, cos wt,
where w=~H/(1 + a®) and m,(t) =m,(0) exp(—awt). Anisotropy may cause
nonequivalence of the z and y directions and lead to elliptical precession with
two different frequencies (Section 6.1.2).

Spin-wave gap. Estimate the spin-wave gap for a magnetic material with a
uniaxial anisotropy of 1 MJ/m?.

Eddy-current losses. Identify a few classes of materials where the
eddy-current contributions to the magnetization dynamics are important or unim-
portant.

Answer: Eddy-current phenomena such as the skin effect are a serious consider-
ation in soft-magnetic materials for high-frequency applications. This is because
the energy of the currents induced in each cycle must be dissipated, yielding a hys-
teresis similar to Section 1.5. Eddy-current contributions are negligible in many
permanent magnets, in low-frequency soft magnets, and in insulating oxides.
Glauber model. The Glauber model of Ising-type magnetization dynamics is
defined by the master-equation transition rates W(—s,s) ~ (1 — stanh(h/kgT)).
Show that these rates obey the detailed-balance principle.

Ezxplicit equation of motion for two-level master equation. Show that
ds/dt =T'(seq — s) can also be written as ds/dt=I"sinh((Ey — Es)/2kgT) —
Iscosh((Ey — E2)/2kgT) where IV = 2T, exp((Ey + B2 — 2E,)/2kgT).
Superparamagnetic blocking. Calculate the room-temperature blocking radii
for Fe, Co, and Ni.

Energy barrier in small elongated particles. In the last part of Section 6.4.7,
the energy barrier is estimated as mR2~, half the value introduced for an inifinte
wire. Why?

Activation entropy. Two chambers are separated by a thin wall having a hole
of radius R =0.1 mm. One chamber contains gas atoms that diffuse into the second
chamber. Calculate the change in activation entropy if the hole is enlarged to
R=2mm.

Energy-barrier laws. Calculate the power-law exponent m for the following
energy barriers F,: 1/H, exp(—(H — H,)/AH),In(H — H,),1/H,and 1/H — 1/ H,.
Discuss the results.

Energy barrier of Stoner- Wohlfarth particle. Show that the energy barrier
for an aligned Stoner-Wohlfarth particle is Eg = K1V (1 — H/H,).

Hint: The problem is easily solved by tracking the energy minima and maxima of
the Stoner-Wohlfarth (free) energy.

Long-time stability of magnetization. A small single-crystalline spherical
particle is characterized by a uniaxial anisotropy of Kj =25 MJ/m3. Calculate
the diameter and volume above which the magnetization remains stable for (a) 2
hours, (b) 20 years, and (c) 20 million years.

Hint: Use 7 =7, exp(—FE,/ksT) where E, = K;V, T=300K, and 7, =1ns.
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17. Orbital moment of spin pairs. Compensated T| electron pairs have a zero
spin moment. Can they have a nonzero orbital moment?

18. Fermions and spin waves. Refute or confirm the following argumentation:
Since electrons are fermions and spin waves are electronic excitations, spin waves

must be fermions.
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Special topics and
interdisciplinary models

7.1 Disordered magnets and spin glasses

Summary Atomic disorder has far-reaching consequences for the behavior of mag-
netic materials. It modifies the electronic structure but does not necessar-
ily destroy ferromagnetism, as exemplified by amorphous ferromagnets.
Spin glasses combine disorder with competing exchange, and their ground
state is neither ferromagnetic nor antiferromagnetic. The equilibrium
and nonequilibrium properties of spin glasses have remained a complex
problem, and several models have been developed, such as the Edwards-
Anderson (EA) and Sherrington-Kirkpatrick (SK) models. On a mean-
field level, the determination of ordering and spin-glass temperatures
involves the diagonalization of large random matrices.

Disorder is a key aspect of condensed-matter physics. In Chapter 3 we have seen
that small imperfections may have a drastic effect on the coercivity, and many mate-
rials are disordered solids rather than perfect or nearly perfect crystals. Depending
on the material, there are chemical disorder, structural disorder, or combinations of
the two types. Examples in magnetism are substituted transition-metal and rare-earth
magnets (chemical disorder) and magnetic glasses such as amorphous Fe-B (structural
disorder).

In many systems, the disorder adds new physics. First, the ground state may
change due to phenomena such as electron localization. Second, the finite-temperature
behavior of disordered magnets is often different from that of ordered magnets, and it
may not be possible to define a Curie temperature in disordered magnets. Third, the
dynamics of disordered magnets is generally very different from that of ordered mag-
nets, as epitomized by glass-like behavior in many systems. As mentioned in Chapter 6,
this indicates that time and ensemble averages are different and adds considerable
complexity.

There is an extensive review literature in the fields of disordered solids and spin
glasses, such as Ziman (1979), Moorjani and Coey (1984), Fischer and Hertz (1991),
and Economou (1990). Much information is now obtained from computer experiments
(simulations), but the numerical calculations are demanding, as are many models. This
section focuses on a number of very transparent and instructive models, mentioning
more complicated models in due course. The emphasis of this section is on exchange
effects; nanoscale disorder is treated in Section 7.4.
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7.1.1 Atomic disorder and electronic structure

The lattice periodicity of perfect solids means that the electron-wave functions have
the character of Bloch states k. Physically, the electron states are extended waves
that are reflected at lattice planes. In disordered solids, this picture is no longer valid,
because the electrons are reflected at imperfections, too, and the resulting eigenstates
mix different k vectors. For very weak disorder, one can replace the crystal potential
V(r) by its spatial average (V(r)), so that the lattice periodicity is conserved and
the system remains diagonal in k-space. This is known as the virtual-crystal approx-
imation. However, the potential V(r)=Vi(r — R;) associated with atomic disorder is
usually strong, and the determination of the one-electron eigenstates is a key problem
in the description of disordered solids.

For simplicity, we consider the extreme tight-binding model for a solid containing
N atoms and one orbital per atom (panel 6). Writing the wave functions in terms of
atomic orbitals yields ¢ (r) = )", ¢;¢(r —R;), where the ¢; are expansion coefficients.
In the bra-ket or vector notation, this is [1)) = >_, ¢ii), meaning that the N atomic
orbitals |¢) define a vector space (Hilbert space), and that the coefficients ¢; are the
components of the wave function |¢). The Hamiltonian can be expanded in terms of
the atomic orbitals [i), so that

H=>" 1By (7.1)

where the Ej; remain to be specified. By exploiting the orthogonality relation (i|7) = d3;,
we obtain the Hamiltonian in form of an N x N matrix, E;; = (i|H|j). Explicitly, the
time-independent Schrédinger equation

Eli) = > _tald) + Vil (7.2)

Here t;; is the hopping integral between the i-th and j-th atom and Vj is the crystal
potential of the i-th atom. In explicit matrix form, F ¢; = Zj tijci + Vici.

If all Vi =1V, for all atoms, then the crystal potential V, yields a physically unim-
portant shift of the zero-point energy but leaves the eigenfunctions unchanged. Here
we focus on chemical disorder (V;) and ignore the structural disorder shown in Panel 6,
so that IV atoms form a periodic lattice. To derive the eigenstates, we take into account
that ¢;; =t(R; — R;) and evaluate > _; t; ;. Using the ansatz ci(k) = exp(ik - R;) and
substituting Rj; =R; —R; we convince ourselves that the eigenfunctions are indeed
diagonal in k-space, and that the eigenvalues are E(k)= >, t(Ry;) exp(ik - Ryj).

Next, we consider chemical disorder described by Vi=V,£J§V. This case is
frequently encountered in binary alloys, AxB;i_x. For strong disorder, §V > t;;, the
energy levels approach V, + dV. For disorder of intermediate strength, the eigenstates
and eigenfunctions exhibit a complicated dependence on V, and z. They also depend
on the dimensionality of the lattice and on the range of the hopping integral ¢;;. As a
rule, the degree of electron localization increases with §V, especially in low-dimensional
systems, because B-neighbors of A-atoms (or vice versa) act as potential barriers. How-
ever, even for §V = oo the localization remains imperfect. This is because an A-atom
may have one or more A-neighbors, so that hopping onto these sites remains easy and
leads to the formation of so-called cluster-localized eigenstates.
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The are several models and approximations dealing with the electronic structure of
disordered magnets and nonmagnets. One question is how impurity atoms affect energy
gaps and band edges. For example, at band edges, disorder leads to exponentially
decaying tails in the density of states known as Urbach tails. In the limit of low
impurity concentrations, x < 1, one can consider isolated A atoms interacting with
the host lattice. An example will be presented in the next subsection. A powerful
approach to arbitrary concentrations is the coherent-potential approximation (CPA).
It can be considered as a self-consistent effective-medium approach similar to the
mean-field approximation, but due to its single-site character, it fails to reproduce
cluster localization and Urbach tails in the alloys model. A very simple example of
an inhomogeneous magnetic model is the antiferromagnet of Fig. 2.1. However, the
antiferromagnetic model reduces to a relatively simple 2 X 2 matrix, whereas disorder
corresponds to N = oo.

The Anderson model describes 3d atoms embedded in and interacting with a broad
conduction band of approximately constant density of states (DOS). The magnetic
moment depends on the hybridization strength (s—d interaction) and on the position
of the atomic 3d levels relative to the Fermi energy. Levels far above and far below
FEr correspond to empty and occupied 3d orbitals, respectively, so that the magnetic
moment is zero. For the 3d levels close to Er, the 3d atom carries a nonzero moment
if the intra-atomic Stoner exchange dominates the s—d coupling. For strong hybridiza-
tion, the impurity states become delocalized and the moment vanishes. Another model
exploring the relation between impurity and band states will be discussed in the next
subsection.

There is complex interplay between disorder and correlation effects. A well-known
example is the metal-insulator transition (Mott 1974). It means that electrons reduce
their Coulomb energy by sticking to individual atoms, rather than hopping to
neighboring sites (Section 2.1.7). The corresponding Mott localization adds to the
Anderson localization described by (7.2). However, as other correlation effects,
the metal-insulator or Mott transition goes beyond the independent-electron
approximation.

7.1.2 *Green Functions

A powerful approach to deal with eigenfunctions and eigenvalues is the use of Green
functions. They can be defined for a broad variety of matrix and differential equations
and describe, for example, the scattering of waves and the energy levels of electrons
in imperfect crystals. They are also known as propagators, because they have the
character of wave-like perturbations. Here we focus on one special type of Green
functions, namely quantum-mechanical Green functions for tightly bound electrons.

The mathematical idea behind the approach is to simplify calculations by inver-
ting rather than diagonalizing an operator. The Green function belonging to the
time-independent Schrodinger equation is defined as

1
“E-H

Here H is the Hamiltonian of the investigated system and E is an energy parameter
that may or may not be equal to an eigenenergy. Once the Green function is exactly or

G(E) (7.3a)
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approximately known, it can be used to calculate physical quantities such as energies,
densities of states, and correlation functions in a straightforward way.

For any given system, there are various representations of the Green function.
For example, it may convenient to use the matrix Gy, = (a|G|b) = [ ¢ (r) Gp(r)dV,
where the 1,(r) is an orthogonal set of functions (A.2.2). One choice is the use of
eigen functions of H, |p) or ¢, (r), so that

6E) =Y u>E_1EH<u| (7.3b)

In addition to the choice of wave functions, it is often convenient to use derived Green
functions, such a G*(E)=G(FE + ic), where ¢ is a small parameter that helps to
deal with the poles of the function. Figure 7.1 shows G*(FE) for the Hubbard Green
function G(E)=2/(E + (E? —W?/4)1/?).

Free-electron gases have Green functions of the type G(r, v/, E) =Go(|r — 1’|, E).
They can be calculated exactly, by using plane waves in (7.4b) and integrating over all
k-states. In three dimensions, G (R, E) ~ exp(ix(E)/R)/R, where k= (2m.E/h?)/?,
and similar expressions exist for one and two dimensions. In the tight-binding approx-
imation, the Green function is a matrix, G(E) = Gj;(E).

1

GIJ(E) = E51J _ Ei‘

(7.4)
This equation can also be written as G(E) = X;;|i)1/(Ed;; — Ei;) (j|.

A property of particular importance in magnetism is the density of states
(Section 2.4.2). Tt is a useful tool for considering the local density of states, D;(FE),
because it contains more information than the total DOS, D(E) ~ >, D;i(F). For
example, the local electron density is 2 [ D;(E)dE, where E < Ey. In a spin-polarized

Green function

Energy

Fig. 7.1 Real and imaginary parts of the diagonal elements of the Hubbard Green function.
The imaginary part is essentially the local density of states, and W is the bandwidth.
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picture, D;(F) determines whether an atom develops a magnetic moment, in anal-
ogy to the Stoner criterion. The local DOS is defined as the projection of the total
DOS onto the i-th atom and obtained from D;(E) = >_ (i|lu) 6(E — E,) (u|é). For each
eigenstate |u), the delta-function checks whether the state contributes to the DOS,
and (i|u)(u]i) is the probability that an electron in the state p is located on the i-th
atom. The involvement of |y) makes an explicit calculation of the local DOS cumber-
some, but comparison with (7.3b) shows that the local DOS and the Green function
involve |u) in a similar way.

By using the definition of D;(F) and taking into account that Gj; = (i|Gli), one can
show easily that the local DOS and the Green function are linked to each other by

Gii(E) = / E}(_E; dA (7.5)

Inverting this equation by considering +ie yields, after short calculation

Di(E) = %1 Im G} (E) (7.6)

In other words, the local density of states is determined by the imaginary part of the
diagonal elements of the Green function. An example is the Hubbard Green function
in Fig. 7.1, which corresponds to a semicircular DOS.

To describe crystal imperfections, (7.3) must be evaluated for H=H, + V, where V
describes the imperfection. Introducing G, =1/(E — H,) and using the series expansion
1(1—2)=1+z+2%+ --- we obtain

G = G, + G VG, + G, VG, VG, + - - (7.7)

Let us embed a single impurity of energy Vjj = V43 in a host of energy £ =0. Exploit-
ing G, VoG, = VoGg we obtain the closed expression

Go

G:1—\/ch,

(7.8)
Note that Green functions are often written as G = G, + G, TG, where T is the t-matrix.
In the present case, T=1V,/(1—V,G,). The use of the t-matrix is particularly useful
for two or more impurities, where (7.7) contains mixed terms and (7.8) no longer
applies.

For the Green function of (7.8), the local DOS at the impurity site simplifies to
Di(E) =Do(E)/|1 — VoGo(E)|?, where Do(E) and G, (E) = (i|G,|i) refer to the unper-
turbed host lattice (Economou 1990). Using the Hubbard Green function (Fig. 7.1)
yields

4 VW?2 —4E?

D:(E) = —
i(E) T W2+ 16Vo(V, — E)

(7.9)

for the impurity site. Figure 7.2 shows this function, which is centered around the
energy E =0 of the host. In addition, for attractive potentials V, < —W/4, there is a
sharp peak at E=V +W?2/16V.
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Density of states D

-W/2 0 W72
Energy E

Fig. 7.2 Local density of states for a single impurity of energy V=1V, in a band of
width W.

Physically, V' =0 means that impurity and host atoms are the same and D;(F) =
Do(FE). With increasing attractive potential, there is a skewing of the DOS,
accompanied by the formation of a relatively sharp peak. This peak has the character
of a resonance and indicates that the impurity electron remains integrated in the band.
At a critical potential V, =—W/4, a discrete impurity level splits off the continuum.
Below this value, the impurity electron continues to hop onto neighboring sites and
partially occupies the band, but the corresponding probability decreases as W?2/16V,2.

7.1.3 Ferromagnetic order in inhomogeneous magnets

On a mean-field level, it is straightforward to determine the critical temperature T
from the interactions .J;;. This includes not only ferro- and antiferromagnets but also
disordered magnets. Let us consider the mean-field equation for the zero-field Ising

model,
i Jijmi
m; = tanh(z:‘kB%m) (7.10)

where m; = (s;). By definition, m; =0 for T'> T, so that we can linearize (7.9):

kBTmi = Z Jijmj (711)
j

This equation establishes an eigenmode problem (A.2.2), solved by diagonalization
of the N x N matrix Jj;. There are N eigenvalues J, = kpT},, one per spin, and the
critical temperature is given by the largest eigenvalue, T, = max(J,/kgT’). The other
eigenvalues have no transparent physical meaning, because m; # 0 below T, and (7.10)
is no longer a reasonable approximation. The eigenmode m;(7T.) describes the spin
structure that develops below T¢.
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Fig. 7.3 Phase transitions and nanostructuring.

A simple example is the Curie temperature T, = zJ/kp of ordinary one-sublattice
ferromagnets, which corresponds to the homogeneous mode m;=m,. In antiferro-
magnets, T, =Ty is the Néel temperature (Section 5.3.6), and m; = £m,, depending
on the sublattice. Similar relations exist for other structures, such as ferrimagnets and
two-sublattice ferromagnets (Smart 1966). More generally, it is often possible to char-
acterize magnetization states by wave vectors k, including ferromagnetism (k=0),
antiferromagnetism (k=m/a), and different noncollinear and incommensurate spin
structures (0 < k < 7/2). At surfaces, m; =m(z), where z is the distance from the sur-
face, and one may encounter phenomena such as a separate surface Curie temperature
(Section 7.4.3). A similar z dependence is encountered in multilayers.

In disordered ferromagnets, the quantitative character of the phase transition
depends on the length scale of the disorder, as compared to the correlation length &.
Figure 7.3 illustrates this point by comparing nanostructures with alloys. Macroscopic
mixtures of two ferromagnets A and B are two-phase like, with two well-defined Curie
temperatures. In this regime, a inhomogeneous ferromagnet is difficult to distinguish
from a mixture of macroscopic phases. In the opposite limit of atomic inhomogeneities
(A-B alloys), there is a smooth M (T') dependences with a single Curie temperature.

In a strict sense, the transition from single-phase to two-phase behavior occurs
at infinite length, because £ = oo at T,.. However, in practice, structuring on a length
scale L of a few nanometers makes the M (T) curves two-phase like, because &(Ta) ~
1/|Tg — Ta|” is very small (Skomski 1999, 2003). However, there is only one Curie tem-
perature T, ~Tg. Note that Curie-temperature changes in nanostructures (7. #7Tg)
are a small effect, in contrast to the substantial nanoscale energy-product enhance-
ment discussed below. It is therefore not possible to improve the Curie temperature
of a phase by nanostructuring.

The lower single-phase phase T'x does not correspond to a critical temperature,
because neighboring B regions kill the Curie transition by exerting a small exchange
field, similar to the effect of an external magnetic field. The field strongly decreases
with increasing L but is always finite and smoothes the phase-transition singularity.
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Since no assumptions have been made concerning the exponent v, this argumentation
is not limited to mean-field models.

This example shows that intrinsic properties are realized on fairly small length
scales, even if the range of critical fluctuations goes to infinity. It also explains why
many two-phase nanostructures, such as the multilayers, mimic the coexistence of
two independent magnetizations. An alternative but equivalent explanation is that
exchange-energy differences associated with long-range fluctuations are quite small
and cannot compete against nanoscale local features.

7.1.4 Spin glasses

Spin-glass behavior is observed in a variety of disordered magnetic materials and
involves both competing exchange and disorder. This adds a considerable degree of
complexity, comparable to the intriguing equilibrium and nonequilibrium properties
that distinguish mechanical glasses from crystalline solids. Examples of spin glasses
are iron-series transition-metal atoms in noble-metal hosts, such as Fe,Au;_, and
MnyCuj_y, metallic glasses, such as amorphous Fe-Sn, and chemically disordered
oxides and sulfides, for example Euj_,SrS (Moorjani and Coey 1984, Fischer and
Hertz 1991).

Competing exchange without disorder, as encountered in rare-earth elements, gives
rise to spin structures characterized by some wave vector k, whose absence is a char-
acteristic feature of spin glasses. In the opposite extreme, randomness without com-
peting exchange tends to destroys the periodicity of the system but may continue to
support ferromagnetism, as observed in amorphous transition metals. The canonical or
exchange spin glasses discussed in this section are loosely related to random-field and
random-anisotropy magnets, which will be treated in Section 7.4.3. There are also links
to superparamagnetic clusters and particles, with or without magnetostatic dipole
interactions. Figure 7.4 shows some spin structures encountered in two-dimensional
Ising models: (a) ferromagnets, (b—c) dipolar magnets, and (d—f) spin glasses. In fer-
romagnets, there are two ground states (T and |), in dipolar magnets, the number of
degenerate ground states is small, and in spin-glasses, the number is large.

Due to the randomness of the interactions Jjj, we expect the average magnetization
to vanish. However, averages involving squares of the magnetization are generally
nonzero. As in mechanical glasses, it is necessary to distinguish between ensemble and
time averages (introduction to Chapter 6). Ensemble averages of glasses are liquid-like,
meaning that atomic-scale snapshots of glasses and liquids look equally disordered, but
time averages are solid-like, because the atomic positions are frozen. Spin glasses are
described by the Edwards-Anderson order parameter gga =[(si(t) - $i(0))]av, where
the average [...]Jay involves the limits N — oo and ¢ — oo. In the spin-glass phase,
qea > ¢, where ¢ is the equilibrium order parameter [(s;)?],,. By comparison, the
high-temperature phase (paramagnet or “liquid”) exhibits gga =g¢.

The parameters gga and ¢ correspond to time and ensemble averages, respec-
tively, and gga > q phase indicates broken ergodicity in the spin-glass phase. We have
encountered nonergodicity in the context of the Curie transition (Section 5.4), where
the magnetization remains captured in one of the two ferromagnetic states (£Mj).
However, spin-glass ergodicity is much less transparent, because the random Jj; create
a very complicated energy landscape with many valleys and a large number of nearly
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Fig. 7.4 Schematic ground states of Ising magnets: (a) ferromagnetic coupling, (b—c) dipo-
lar interaction and (d—f) spin glasses. Dark and bright circles indicate 7 and | spins.
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degenerate low-lying states (ground states). Broken ergodicity means that the spin
configuration remains captured in a valley even for ¢t — oc.

The fluctuation-response theorem (5.1.2) indicates that averages over squared mag-
netization variables are closely related to the susceptibility, and the question arises
whether spin-glass freezing is similar to superparamagnetic freezing or constitutes a
phase transition with a well-defined glass transition temperature 7t and with a sus-
ceptibility singularity at Tt. A similar question is encountered in the field of polymers
and inorganic glasses: Is the low-temperature viscosity n of glasses exponentially large
(supercooled liquid) or infinite (glass phase)? The latter case is often approximated
by the Vogel-Fulcher-Tamman relation n~ exp(F,/(T — T,)), where T, is roughly
equivalent to Tt.

There are many spin-glass models, classified not only by spin dimensionality n
and real-space dimensionality d (Section 5.2) but also by the range and character of
the interactions. A “trivial” spin-glass model is the Mattis model, where Ji; = Jo7i7;
and 73 = £ 1. Using the gauge transformation s = 7is; it is straightforward to make all
bonds ferromagnetic (Mattis 1976). The phase-transition behavior of the model is that
of an ordinary ferromagnet, except that the ferromagnetic mode s; ~ const. is replaced
by the gauge-transformed mode s; ~ +7;. However, the Mattis model ignores one essen-
tial feature of random exchange, namely frustration. Consider a square of Ising spins
where three nearest-neighbor bonds are ferromagnetic and the fourth bond is anti-
ferromagnetic. It is not possible to simultaneously satisfy all bonds or, equivalently,
to find a gauge transformation mapping the frustrated square onto a ferromagnetic
square.

Nontrivial spin-glass behavior is obtained for bonds with Gaussian distributions
P(Ji;) ~ exp(—(J;; — J')?/2AJ"%), where J' =J,/z and AJ' =AJ/\/z. Examples are
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Fig. 7.5 Density of states of the interaction matrix J;; for the SK model: (a) zero ferromag-
netic exchange and (b) nonzero ferromagnetic exchange J, > 0. The freezing temperature is
given by the largest eigenvalue.

the short-range Edwards-Anderson (EA) model (1975), which assumes Heisenberg
spins, and the Sherrington-Kirkpatrick (SK) model (1975), where Ising spins are cou-
pled by long-range interactions, z = N. A simple approach to the J, =0 SK model is to
assume that the mean field h; = 3 ; Jijm; obeys a Gaussian distribution where [h?]av
is approximately equal to [m?]., > Ji = qAJ. Together with m; = tanh(h;/kgT), this
yields the self-consistent Sherrington-Kirkpatrick equation

1 £2 AJ /g€
q= \/—Q?/exp (2> tanh? <kBT> d¢ (7.12)

Close to T¢, we expect ¢ to be small, so that ¢~ AJ?q/k3T? and Ty = AJ/kg.

Figure 7.5 shows the eigenvalues of the SK interaction matrix Jj for zero J,
(complete randomness) and nonzero J, (partially ferromagnetic bonds). As in other
mean-field interaction models, the critical temperature is given by the largest eigen-
value of Jij. For complete randomness, the density of states D(J) obeys Wigner’s
semicircle law and Tt = AJ/kg, in agreement with (7.12). The corresponding eigen-
state (ground state) is spin-glass like, with zero average magnetization, [{s;)]ay = 0. For
nonzero ferromagnetic or “coherent” exchange J,,, the ground state exhibits [(s;)].y >0,
and for J, > AJ, a single ferromagnetic splits off the density of states and Ty =T, =
Jo/kpT. This corresponds to the transition from spin-glass behavior to disordered
ferromagnetism.

Due to the infinite interaction range of SK model, the above mean-field transition
temperature is exact. However, in the EA model, the interactions are generally short
range, and the mean-field critical temperature may overestimate the trend towards the
formation of a separate spin-glass phase. For example, there are small regions with
predominantly ferromagnetic exchange and a mean-field critical temperature of order
zJ/kg. These regions with local magnetic order respond to an external magnetic field
and yield what is known as Griffiths singularities (1969). Figure 7.6 illustrates how a
gauge transformation transforms a spin-glass mode into a Griffiths-like ferromagnetic
droplet at relatively high temperatures of order A.J/kp (Skomski 2003). Note that
the droplet formation does not amount to ferromagnetism, because the interaction
between different droplets is nonferromagnetic. At low temperatures, a spin glass can
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Fig. 7.6 Droplet formation in a two-dimensional Ising spin glass with short-range inter-

action: (a) original droplet and (b) after gauge transformation. The figure shows a droplet
mode si(z, y) at relatively high temperatures.

be considered as an ensemble of droplets with temperature-dependent effective inter-
actions (Fisher and Huse 1986).

The prediction of spin-glass transitions for individual models and dimensionali-
ties is nontrivial, but in some cases there exist transparent solutions (Fischer and
Hertz 1991). One-dimensional spin glasses do not exhibit spin-glass transitions, as one
may guess from the very general argument of Section 5.4.1. For short-range inter-
actions, mean-field theory becomes exact in six or more dimensions, indicating that
the Ginzburg criterion cannot be used in its original form. Phase transitions in three-
dimensional spin glasses with short-range interactions have remained a matter of con-
troversy (Mézard et al. 1984, Fisher and Huse 1986), but renormalization-group and
numerical calculations indicate that at least some three-dimensional models undergo
an nontrivial spin-glass transition (Marinari, Parisi, and Ruiz-Lorenzo 1998).

7.2 Soft matter, transport, and magnetism

Summary There are many links between magnetism and transport properties.
Finite-temperature magnetism exhibits a randomness reminiscent of dif-
fusion processes and polymer chains, and there has been cross-fertilization
in both directions. For example, self-avoiding polymer chains can be
mapped onto an n-vector model with n=0, and the self-interaction
behavior of polymer chains is a real-space analog to the onset of mean-
field behavior in four-dimensional ferromagnets. Other phase-transition
analogies are percolation and gases in metals, where the links are both
mathematical (lattice-gas description) and physical (interstitial perma-
nent magnets). Magnetoresistance based on various mechanisms (AMR,
GMR, CMR, TMR) is of practical importance, as is superconductivity.

There are many links between models of magnetism, soft condensed matter, and
transport, inspite of the physical differences between these systems. We have already
mentioned that the n =0 vector-spin model corresponds to a polymer. To rationalize
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Fig. 7.7 Lattice animals: (a) dimer, (b) chain, and (c) cluster that looks like a small dog. In
polymer science, the square lattice is known as the (two-dimensional) Flory-Huggins lattice.

this connection, we consider the high-temperature expansion of the Ising model.
Writing

Zi . Ji58i8; J:8:8;
exp <>I<J:BTH) = Hexp(kJBTJ> (7.13)
i>j

and exploiting exp(Jijsisj/ksT) = cosh(Jij/kgT) + sis; sinh(J;;/kgT) for sisj =+1, we
obtain the partition function as a series. The series contains products such as Ji; Jmn,
which can be visualized as graphs. Figure 7.7 shows a few examples of these graphs,
which are also known as lattice animals. The contribution of these clusters to partition
function and free energy depends on a variety of factors, such as the presence of an
external magnetic field. However, we note that the cluster (b) looks like a chain.
The chains may be investigated as separate entities, and their statistics describes, for
example, polymers and diffusion processes. As we will see, there is a crucial distinction
between random-flight or random-walk (RW) chains, with self-intersections, and self-
avoiding walk (SAW) chains, without self-intersections.

7.2.1 Random walks, polymers, and diffusion

Polymer chains and diffusion processes have much in common. The diffusion of a
particle can be described by the position R; =R(¢;), where ¢; is the time after the
i-th diffusion step. On a square or simple-cubic lattice, ¢; =47, where 7 is the time
between two collisions, and R; = R,_1 +1;, where |1;| = a is the lattice constant. In the
polymer analogy, a has the character of a statistical segment length. By definition, the
average (1;) =0 for random processes, so that (Rx)= >_,_; (L) vanishes. Successive
diffusion events are independent of each other, so that (l;-1;) =0 for ¢ j (Markov
character, Section 6.3.1). However, for i = j the averages are nonzero, (1; - 1;) = a?, and
(RY) = Zi,j —1...n{li-1;) reduces to

(R%) = Na* (7.14)

Since N =t/7, this equation can also be written as (R?*)=ta?/7. The probability
distribution p(R, t) obeys the diffusion equation dp/dt= D V?p, where D =a?/2dr
is the diffusion coefficient of the model. For a one-dimensional example, p(z, t), see
Fig. 6.6. For noninteracting particles, p(r, t) is essentially the concentration c(r, t).
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Equation (7.14) describes polymers if one interprets N as the chain’s total or
contour length L = Na, in analogy to the diffusion time t = N7. In the polymer analogy,
a is known as the Kuhn or statistical segment length. The total length L ~ N must
be distinguished from the end-to-end distance R. In three dimensions, the end-to-end
distance obeys the probability distribution

1 3R”
p(R,N) = @rNa? 3072 exp <_2Na2> (7.15)

This equation is a solution of the above-mentioned diffusion equation and can also be
considered as a continuum version of Pascal’s triangle (Fig. 6.6).

This probability distribution is closely related to the configurational entropy S =
kgln(p) and to the mechanical properties of polymers. For example, rubbers consist
of crosslinked polymers chains whose contour length L is fixed chemically, by creating
sulfur bridges. The simplest model, the phantom network, assumes an ensemble of
noninteracting chains. The mechanical force obeys f=0F/0R, where F=E —TS is
the free energy. In steel and many other materials, the leading contribution is from
the energy E, but rubber is an exception, because the links between neighboring seg-
ments 1; and 1,11 do not store energy (freely jointed or Kuhn segments). As a conse-
quence, energy changes are negligible, and the mechanical force f is of entropic origin
(Treloar 1973). The f= —kpT Oln(p)/OR is equal to 3kgTR/Na?, and since the N is
inversely proportional to the density v, of chains, Young’s modulus is essentially equal
to 3v.kpT. This is exploited in the production of rubbers, where high sulfur contents
yield high crosslink densities and hard rubbers. A similar mechanism is responsible
for the mechanical force created by muscle tissue (see below). The equations of this
paragraphs describe rubbers on a mean-field level, neglecting possible corrections from
self-avoiding-walk correlation (Section 7.2.3) and from chain entanglement.

The entropy elasticity of rubber is closely related to the pressure of the ideal gas
and the susceptibility of the paramagnetic case. In all three cases, the external force
or field leaves the internal energy unchanged but reduces the entropy by forcing the
system in a less random state. Stretching a piece of rubber means work against thermal
collisions, as contrasted to work against chemical interactions. However, in contrast to
molecular and paramagnetic gases, the constraint |1;] =a introduces mean-field-type
correlation effects (Section 7.2.3).

7.2.2 *The n =0 vector-spin model

Before returning to polymers and diffusion, it is in order to discuss the relation between
magnetism and polymer statistics. In Section 5.2.2, we have seen that Ising and
Heisenberg models can be interpreted as n=1 and n =23 vector-spin models, respec-
tively, and mentioned that the n =0 vector-spin model describes polymer chains. In
terms of Fig. 7.7, this means that the lattice animals are “snakes” (b), as opposed
to the “dog” shown in (c). This is a considerable simplification, because it limits the
number on configurations that contribute to the partition function.

Let us write the partition function as Z=2N(exp(Jisisj/kpT))o, where (...),
denotes an equally weighted average over all spin configurations. Series expansion of
the exponential function yields averages (...Si...Sj...Sm ...)o, which reduce to pow-

ers of individual spins, (s®)=(s®). It is convenient to use the normalization s? =n
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and to start from the characteristic function or generating functional
f(k) = (exp(ik - s1))o (7.16)

Spin averages are easily obtained from f by taking derivatives at k=0. For instance,
01 f Okt =— (st exp(ik - s;))o yields (si),. Next, we consider V2f(k)=—(s?
exp(ik - 8i))o, where V2 =V? is the Laplace operator in k-space. Exploiting s? =mn,
we obtain the differential equation V2f = —n f. A simple example is the Ising model,
where 02 f/0k*=—f and f(k)= cos(k). For even and odd integer exponents a, the
respective averages (s{'), are equal to 1 and 0, as expected for spins s; = +£1.

The polymer limit (n=0) is described by the solution f(k)=1—k?/2 of V2f=0.
The only nonvanishing derivative at k=0 is the second derivative, so that (s®)=0
for az> 2. The corresponding graphs are chains without self-intersections (de Gennes
1979). More generally, correlation functions (s; - sj) correspond to self-avoiding chains
of end-to-end distance |R; — R;|.

7.2.3 Polymers and critical dimensionality

The critical exponent v describes spin correlations (s; - sj) or, in the polymer chains,
the end-to-end distance R(N) = ((R%))"/2. Equation (7.14) implies R ~ N'/? and cor-
responds to the mean-field exponent v =1/2. This is not surprising, because the seg-
ments interact with nearest neighbors only. Distant neighbors are ignored, in spite
of the possibility of long-range self-intersections, R; =R, for |i — j|>1. In polymer
science, these repulsive interactions are known as excluded volume. As in the magnetic
analogy, long-range correlations must be considered if one is attempting to obtain
realistic exponents. The effect of long-range correlations is seen most clearly by com-
paring random walks (Fig. 7.8 left) with self-avoiding walks (Fig. 7.8 right). In one
dimension, the picture is very clear. Random walks are diffusion-like, with R% = Na?
in any dimension, including d =1. The one-dimensional self-avoiding walk couldn’t be
more different. The first step is random, to +a or —a, but then the direction is fixed,
because the chain is not allowed to go back, and R=Na and v=1.

Simulations and experiments confirm that the deviations from v =1/2 mean-field
value occur in less than four dimensions, as in the magnetic n-vector model. In

Random walk Self-avoiding walk

Fig. 7.8 Random and self-avoiding walks in two dimensions.
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three-dimensions, the exponent v =0.588 has been verified for polymers in solution,
indicating a certain degree of “swelling” due to the excluded volume. Surprisingly,
polymers in the melt keep the mean-field exponent. This has been observed by
deuterium-labeled neutron diffraction and means that the swelling is compensated
by the interaction with other chains.

An fascinating point is the relation between short-range and long-range interac-
tions in self-avoiding polymer chains. As in magnets, the critical exponent v is inde-
pendent of short-range interactions and of geometrical details such as the square or
triangular character of the lattice. In the polymer analogy, (7.14-15) are based on
the assumption of freely jointed chain segments, with (L1 -1;) =0. This is nontriv-
ial, because chemical interactions give rise to correlations, such as (Iiy1 - L) =12 cosf
between neighboring monomers. An example is a valence-angle chain formed from
C-C bonds, where §# =109.5° and cos § = 1/3. However, the corresponding correlations
decay exponentially, (Liyy, 1) =12cos™6, and for large N the end-to-end distance
approaches (R%)=N[2(1+ cosf)/(1 — cos#). This indicates that chemical interac-
tions change a but leave v =1/2 unaffected. By contrast, long-range correlations mean
that (Liym - 1) #0 for m~N and v >1/2.

The entropic force introduced in Section 7.2.1 is roughly proportional to 1/Na? =
1/La, where the chain length L is fixed and the effective or Kuhn segment length a
depends on chemical interactions. In a nutshell, this is the mechanism responsible for
muscle contractions (Wohlisch 1940). Extended muscles are characterized by large seg-
ment lengths a, which correspond to large end-to-end distances, Na? = La. The energy
necessary to achieve the uncontracted state is provided chemically, by an interaction
of adenosine triphosphate (ATP) with the muscle proteins (Huxley 1974). On releas-
ing the energy stored in the segments, a becomes small and thermal forces lead to an
entropic contraction of the muscle. Both the basic mechanism and the realized tensile
stresses, of order 1 MPa, are very similar to rubber elasticity.

It is interesting to note that a relatively simple theoretical approach by Flory yields
v=3/(2+ d) and quite accurately reproduces the critical exponents for d < 4. The idea
is to compare a repulsive excluded-volume term of order RY(N/RY)? with an attractive
entropy-elastic term of order R?/N. However, as remarked by de Gennes (1979), the
accuracy of the Flory exponents is accidental, because the repulsive and attractive
terms are both overestimated by a large amount. The two errors cancel each other,
and refined calculations of the repulsive and attractive terms have actually reduced the
quality of the predictions. The accidental canceling of errors in model calculations is a
problem in magnetism, too, and ill-controlled model assumptions and approximations
may lead to misinterpretation of the physics of the investigated system. An example is
the relation H, =2K/po,Ms, where poor modeling may over- or underestimate both
the coercivity and the anisotropy.

To discuss the critical dimensionality of self-avoiding walks it is convenient to start
from the fractal dimension d*. By definition, the number N of particles or segments
depends on the linear dimension as N ~ R%*. In solid materials, d* is equal to the real-
space dimensionality d, but for random-walk chains it follows from (7.14) that d* =2.
This means that random walks are “space-filling” in two dimensions but sparse in
three dimensions, where d* <d. Figure 7.9 illustrates the two-dimensional character
of random walks.
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d=2 d=3

Fig. 7.9 Intersections of random walks. The fractal dimensionality of random walks is
two, and in four dimensions, their (self-)intersections become zero-dimensional. This means
that ferromagnetic mean-field critical exponents are exact for d >4, aside from logarithmic
corrections in four dimensions.

How can we understand that mean-field critical exponents are exact in d > 4 dimen-
sions? In the polymer analogy, mean-field behavior and critical fluctuations correspond
to random and self-avoiding walks, respectively, and critical fluctuations have the
character of self-intersections between distant parts of a chain. Let us consider two
well-separated subchains with N’ ~ N segments each. Since N’>>1, the subchains
are essentially two-dimensional objects, and their intersection determines whether the
polymer chain can be considered as a random walk. In two dimensions, the intersection
is two-dimensional, as shown in Fig. 7.9(a). The substantial overlap (gray area) indi-
cates that self-interactions are very important in two dimensions. In three dimensions,
the intersection is one-dimensional, as illustrated by the dark line in Fig. 7.9(b), and
therefore less predominant than in two dimensions. More generally, for 2 <d <4, the
dimensionality of the intersection is equal to 4 —d. In four dimensions, the excluded-
volume overlap is zero-dimensional, that is, confined to isolated segments. Conse-
quently, d =4 is the critical dimension, with mean-field like exponents and small (log-
arithmic) corrections due to self-interactions. In more than four dimensions, the chains
are unlikely to self-interact, and the excluded volume is unimportant.

The excluded volume can also be discussed in terms of a burglar’s walk, Fig. 7.10.
In one dimension, for example on a long island, the burglar may select the initial
direction of his raid, but as people become aware of him, he cannot return to previ-
ously beleaguered places. In two dimensions, the burglar has some freedom but must
remain careful to avoid places visited earlier. In three dimensions, for example in a big
inner-city department store, his life is even easier, and in four dimensions, a burglar’s
accidental return to a place raided in the past is unlikely.

7.2.4 Percolation

An interesting phenomenon is the behavior of “swiss-cheese” systems once the volume
fraction p of the holes reaches the percolation threshold. Examples are the transport of
liquids (oil) and gases (carbon monoxide) through porous rocks, the sol-gel transition
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Fig. 7.10 A burglar’s self-avoiding walk in one and two dimensions.

from a highly viscous liquid to an elastic solid, the onset of normal conductivity in
metal-insulator composites, and the onset of superconductivity in a composite contain-
ing normal-metal and superconducting phases. Percolation exhibits some similarities
with magnetic phase transitions. For instance, the volume fraction p and the size &
of the largest “conducting” cluster, white area in Fig. 7.11(a), are analogous to the
temperature and the correlation length, respectively. Percolation occurs at percolation
threshold p., defined by & — oo and analogous to the Curie temperature.

There are two frequently considered types of percolation, site percolation, as shown
in Fig. 7.11, and bond percolation, where neighboring sites are disconnected or con-
nected by a line. Another type is continuum percolation. The percolation threshold
depends on the type of percolation (Kirkpatrick 1973, Stauffer and Aharony 1992).
A mean-field argument predicts percolation if a given site is connected to two or more
neighboring sites, zp. > 2, so that the percolating cluster extends to infinity. Another
mean-field estimation predicts p. =1/(z — 1) for high-dimensional hypercubic lattices
(z =2d). This value is obtained from the Bethe lattice, where each site has z neighbors
without self-intersections (Cayley tree).
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Fig. 7.11 Percolation: (a) percolating cluster, (b) renormalization in one dimension, (c)
insulating blocks in two dimensions, and (d) conducting blocks in two dimensions. In (a), the
white and bright gray sites are conducting, whereas the dark sites are insulating.

Table 7.1 Percolation thresholds for various lattices. The last two columns are mean-field
type estimates (see main text).

d zZ pe (site) pe (bond) 2/z 1/(z—-1)

chain 1 2 1 1 1 1
honeycomb 2 3 0.6962 0.6527 0.667 1
square 2 4 0.5927 1/2 0.5 0.5
triangular 2 6 1/2 0.7473 0.333 0.333
diamond 3 4 0.43 0.388 0.5 0.2
simple cubic 3 6 0.3116 0.2488 0.333 0.333
bce 3 8 0.246 0.1803 0.25 0.2
fee 3 12 0.198 0.191 0.167 0.143
(hypercubic) 4 8 0.197 0.1601 0.25 0.091
(hypercubic) 5 10 0.141 0.1182 0.2 0.143
(hypercubic) 6 12 0.107 0.0942 0.167 0.111
(hypercubic) 7 14 0.089 0.0787 0.143 0.091

Table 7.1 shows that p. depends not only on the dimensionality of the lattice but
also on the lattice type. Mean-field critical exponents become exact for d>6. For
example, the size £ of the percolating cluster is described by

£~ (pc—p)” (7.17)

where the mean-field exponents v =1/2. For bond percolation, v is equal to 1 (d=1),
4/3 (d=2), and 0.89 (d=3).

Like the Curie transition, the critical behavior near the percolation transition can
be described by renormalization-group analysis. Figures 7.11(b) and (c¢—d) illustrate
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this for one- and two-dimensional site percolation, respectively. During the procedure,
blocks containing 2¢ sites are mapped onto a new lattice characterized by ¢’ = ¢/2 and
p’ =p'(p). The renormalization-group equation p’ = p’(p) is obtained by deciding which
block sites are “conducting”. For d=1, there is only one conducting configuration,
bottom of Fig. 7.11(b), so that p’ =p?. This equation has two fixed points, a stable
fixed point with p =0 and £ =0 and an unstable fixed point with p=1 and £ =c0. Asin
the ferromagnetic analogy, we are interested in the unstable fixed point, corresponding
to the percolation threshold p.=1. This result is not surprising, because a single
insulating site kills the conductivity of the chain. In two dimensions, p’ is obtained by
adding the probabilities of Fig. 7.11(d):

p = 2p? —p? (7.18)

Putting p=p’ yields two stable fixed points, p=0 and p=1, and one unstable fixed
point, p=0.61803. This means that p.=0.61803, close to the exact value of 0.5927.
The critical exponent v is obtained from (7.18) by linearization (see exercise on crit-
ical exponents for percolation). In two dimensions, v =1.6353, as compared to the
exact value 4/3. The deviation indicates that the small-cell real-space renormaliza-
tion leading to (7.18) is only approximate, similar to the two-dimensional block-spin
renormalization of Section 5.4.5.

The main purpose of this subsection was to elaborate the close relationship between
magnetic phase transitions, polymer chains, and percolation. A unifying feature is the
self-similarity near the critical point, epitomized by £’ =¢/2 and £ = co. Paramagnetic
spin fluctuations (Fig. 5.17), polymer chains, and percolating clusters are statistically
self-similar (fractal), that is, rescaling leaves the object essentially unchanged. This
is not the case for ferromagnets at low temperatures. Consider, for example, a cubic
ferromagnetic particle having a size of 10 x 10 x 10 nm?®. The first renormalization step
yields a particle of 5 x 5 x 5nm?, and four additional renormalization steps reduce the
particle to a single atom.

7.2.5 Diffusive transport

In the context of the Fokker-Planck equation (Section 6.3.2), we have seen how thermal
excitations change the probability P(s, t) of realizing a magnetization state s. The
same approach can be used to determine the concentration ¢(r, t) of diffusing particles
and the transport of electrical charges and heat. The corresponding diffusion equation
derives in close analogy to Section 6.3.2, but it is easier to combine the particle flux
j=-DVec (Fick’s law) with the continuity equation d¢/9t + V - j =0, so that
dc

pri V- (DVe) (7.19)
The diffusion constant D =12 /2dr, where [ is the mean free path, d is the dimension-
ality of the system, and 7 denotes the relaxation time. During diffusion, individual
particles perform a random walk, and for simple diffusion on a lattice, [ ~ a. For one-
dimensional diffusion, a particle with 2(0) =0 obeys (z(t)) =0 and (z%(¢)) = 2Dt.

Electrical conductivity is described by j=o.E, where E is the electric field and
oe is the conductivity. This definition is equivalent to Ohm’s law U = R, where
R=Ily/Ayo. is the resistance of a resistor of cross section Ay, and length I.
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Electrical conduction means that electrons traveling through the lattice are scattered
by magnetic or nonmagnetic imperfections, and the mean free path [ describes the
average distance between the defects. Since the velocity [/7 of the electrons is roughly
equal to the Fermi velocity vgp = hkg/me (Section 2.4.1), electrical conduction is a diffu-
sion process with D ~ lfikg /m,. The spin-dependent diffusion of electrons is important
in spin electronics (Section 7.2.7).

An important aspect of diffusion is energy dissipation. In the resistor analogy, the
dissipated energy is equal to [UIdt= R [ I?dt. Unless energy is provided externally,
for example by a battery, the system moves towards equilibrium and the current dies
rapidly. This distinguishes diffusive transport from other scattering mechanisms.

There are many techniques for dealing with diffusion problems, especially in dis-
ordered systems. We note that (7.19) is very similar to the Schrodinger equation if
one replaces t by it. It is therefore possible to use diagrammatic approaches (Feynman
diagrams) and quantum-mechanical Green-function methods. This includes the path-
or functional-integral formulation, where propagators (Green functions) are written as
integrals over trajectories or diffusion paths x(t). Let us consider the one-dimensional
transition probabilities p(x, zo; t,), where x and z,, are the respective final and initial
positions of the particle. When t is small, ¢t =¢,, then

o 1 (r — z)?
p(l’, To; to) = \/TT%QXP <2Dt0> (720)

in close analogy to (7.15). The limitation to small time differences ¢, accounts for
spatial variations of D. However, we can exploit the Markov character of diffusion,
p(z, 205 2to) = [p(z, 25 to) p(2/, 05 to)da’, and compute any transition probability
p(z, xo; to) by repeated integration. For example,

L3 ) — (x—a)? (@ —a")?
P, o5 3to) = W/QXP (‘ 2D(x)t,  2D(x')to

B (1,// _ $0)2
2D (2" )1,

) dz’ dz” (7.21)

Eventually, one obtains the functional integral p(x, xo; t) = [exp(—0/2)Dx, where
Dx=dz'dz ... dz" and the Onsager-Machlup function O = O, + [ D~!(dx/dt')2dt’
involves integration from ¢t =0 to t' =t (Onsager and Machlup 1953).

7.2.6 Gases in magnetic metals

Some transition metals and many intermetallic alloys are able to accommodate atoms
such as H, C, and N on interstitial crystal sites. A well-known example is steel, where
the C atoms occupy the small octahedral interstices at the center of the faces of the
bee unit cell. However, since the interstices are relatively small, the carbon concen-
tration is low and the occupancy restricted to one pair of adjacent faces, for example
z=0 and z=a. This leads to a tetragonal lattice distortion known as martensitic
phase transition and is responsible for the mechanical and magnetic hardness of steel.
Hydrogen goes into many metals and alloys, and sometimes modifies the magnetic
properties of the alloys (Fast 1976).

One way of introducing gases into metals is gas-phase interstitial modification, by
heating the metal in gases such as Ny, Ho, NHjs, and CHy. For example, heating
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in ammonia amounts to the reaction 2NHj (gas) — 2N (interstitial) +3Hs (gas).
The decomposition of ammonia costs energy but is entropically favorable, because
three hydrogen atoms have a higher gas-phase entropy than the two ammonia atoms
(see exercise on ammonia formation). For this reason, ammonia easily decomposes
at metallic surfaces, especially if the surface is able to absorb nitrogen. This method
was originally used to produce nitrogen martensite (Jack 1951) but later extended to
intermetallic alloys for permanent magnets (Coey and Sun 1990). It is also possible to
use Ny (Coey and Skomski 1993) and to introduce elements such as carbon from the
melt or by solid-state reaction (Skomski 1996b).

From the surface, the gas diffuses into the bulk of the material, with a diffu-
sion constant D = D, exp(—E,/kgT), where D, ~1mm?/s. The final concentration x
increases with gas pressure, but the main consideration is the reaction energy. Fig-
ure 7.12 illustrates several cases. An interesting feature is that elastic interactions
between interstitial atoms give rise to a phase segregation (spinodal decomposition)
into phases with high and low interstitial concentrations, as illustrated in the bottom
part of Fig. 7.12(c). The transition occurs below some critical temperature, about
300°C for PdH, (Fast 1976), and is reminiscent of a ferromagnetic phase transi-
tion. It can be described by an Ising-type lattice-gas model (Alefeld 1969, Skomski
1996b) and exhibits features such as negative diffusion coefficients, meaning that a
concentration gradient in the vicinity of a phase boundary increases. (By contrast,
ordinary diffusion reduces existing concentration gradients.) The critical temperature
is of order EAv?/V, where E is Young’s modulus, Av is the volume expansion per
interstitial atom, and V is the crystal volume per interstitial site. Due to the long-
range character of the elastic interactions, the transition exhibits mean-field critical
exponents.

The behavior of hydrogen atoms in metals is essentially metallic. Let us compare
two isolectronic metals, Pd and Ni. The formation of PdHy is exothermic, so that
palladium absorbs huge amounts of hydrogen (z~0.6). The 0.6 hydrogen electrons
per Pd atom fill the holes in the 4d band (Mott and Jones 1936), shift the Fermi level,
and reduce the Pauli susceptibility. The formation of NiH, is endothermic, z <1,
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Fig. 7.12 Gases in metals: (a) endothermic reaction, (b) exothermic reaction, and (c)
phase segregation (spinodal decomposition). The big white and smaller dark boxes symbolize
the gas and solid phases, respectively, and the gray spheres are H or N atoms. The shown
configurations refer to equilibrium, after diffusion in the solid phase.
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Fig. 7.13 Nitrogen coordination in RaFe17Nx magnets (R =Pr, Sm, Gd). The hard (K7 > 0)
or soft (K1 ~ 0) character of the intermetallics is determined by the electrostatic repulsion
between the nitrogen atoms and the rare-earth 4f shells. Interstitial nitrogen changes the
preferential magnetization direction of SmoFe 7 from in-plane to easy-axis.

but the concentration increases with hydrogen pressure. The hydrogen electrons fill
the 0.6 | holes of the Ni 3d shell and reduce the Ni moment by x up. This is very
similar to the reduction of the moment per atom Ni;_,Cuy. Nitrogen is much more
electronegative and may actually enhance the moment. For example, iron in thin-film
Fe16N3y has a moment of order 2.8 ug (Kim and Takahashi 1972, Coey et al. 1994).

Gases in metals can be used to substantially improve magnetic properties. Hydro-
gen easily goes into many rare-earth transition-metal intermetallics, and some of these
materials, for example LaNis, are of interest in the field of hydrogen storage. How-
ever, the corresponding changes in the magnetic properties are usually small. Bigger
effects can be obtained by using nitrogen. For example, interstitial modification of
SmyFei; yields SmoFeq7N3, with significantly improved Curie temperature, magneti-
zation, and anisotropy (Coey and Sun 1990, Skomski 1996b). Particularly impressive
is the improvement of the anisotropy constant K7, from —0.8 MJ/m3 to +8.6 MJ/m3.

Rare-earth transition-metal intermetallics with the nominal composition RsFe 7
exist in two closely related structures, rhombohedral ThoZny; (light rare earth) and
hexagonal ThyNij7 structure (heavy rare earth). Both structures consist of alternating
Fe and R-Fe layers, similar to the NdaFe 4B structure (Fig. 5.15), but the stacking of
the layered building blocks is different, ABC (rhombohedral) and AB (hexagonal). In
both structures, the nitrogen occupies interstitial sites in the R-Fe layers, forming tri-
angles that coordinate the rare-earth atoms (Fig. 7.13). As discussed in Section 3.4, the
leading contribution to the rare-earth transition-metal anisotropy reflects the crystal-
field interaction of the aspherical rare-earth 4f shells. The electronegative nitrogen
atoms act as strong crystal-field sources, and examination of Fig. 7.13 shows that the
only compound with stable c-axis anisotropy is SmoFe;7N3.

7.2.7 Magnetoresistance

In Section 7.2.5, we have emphasized the diffusive character of Ohm’s law, I =U/R
or j = F/p., where E is the electric field. Electrons are scattered by impurities, lattice
distortions (phonons), and other inhomogeneities, and this random scattering trans-
lates into the dissipation of energy. The motion of the electrons, and therefore the



Soft matter, transport, and magnetism 259

resistance, depends on the external magnetic field and on the magnetization of the
material. This phenomenon, known as magnetoresistance, is of practical importance in
fields of magnetic recording, sensors, and spin electronics. Let us start with ordinary
resistance and then consider spin-dependent mechanisms.

A qualitative explanation of metallic conductivity is provided by the quasiclassical
Drude theory. The motion of the electrons obeys md?z/dt? =eE, so that the average
velocity of the electrons (v) =eEt/m. According to this equation, the electron velocity
and the corresponding conductivity o, =1/p, would diverge with increasing time. In
reality, scattering yields a finite relaxation time 7 after which the electrons’ acceler-
ation is interrupted, and the average velocity is limited to (v) =eE7/m. The scalar
current density is defined as j =ne(v), so that o, =ne(v)/E and

Me

pe= o (7.22)
In spite of its classical origin, this equation provides a correct explanation of the
resistance in terms of the relaxation time 7. Basically, it expresses the conductivity in
terms of the mean free path time ! =vp7, where vy = fikp /m is the Fermi velocity. In
good metals, n=102%m™3, vp ~10°m/s, and p=1/0=1u2cm. The corresponding
mean free path, [~ 100nm, is much larger than the interatomic distance. In poor
conductors, [ is reduced, and in insulators, it approaches the interatomic distance
(metal-insulator transition).

One aspect of quantum-mechanical theories of conduction is to determine t from
the Schrodinger equation

ih% — Hop + V(r, ) (7.23)

where H is the unperturbed one-electron Hamiltonian. To calculate the relaxation
time we start from the scattering rate Wy of an electron of wave vector k into a
state of wave vector k’. For sufficiently weak time dependence V' (¢) we can use Fermi’s
golden rule

Wien = 2 5(Bx — Bie) [{3)V (0) e (724

where the (x|V (r)|¢x) = Vi are nondiagonal matrix elements. The next step is to
evaluate the master or rate equation

) 5 Wi oK) — p(1)) (7.25)
-

This equation has form of a one-electron equation, but it can be shown to satisfy the
Pauli principle (Mott and Jones 1936). In other words, the resistivity of dense electron
gases is not affected by the Fermi statistics of the electrons. A similar phenomenon
governs the interstitial diffusion in the limit of large concentrations, Fig. 7.12(b). Intu-
itively, one might expect that the diffusion slows down on approaching full occupancy,
because double occupancy of interstitial sites is forbidden. However, for noninteracting
interstitial atoms, the corresponding on-site repulsion terms cancel, and the diffusivity
is independent of concentration.
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In the case of free electrons, the spherical symmetry of the Fermi surface
simplifies the calculation and yields, with, dp/d¢t = —p/7, the inverse relaxation time

1 1— k.
P Z ( " ) Wi (7.26)

sk’

where the index s means that the integration is restricted to the Fermi surface. The
factor 1 — kI /ky indicates that scattering is most effective if k. is negative. This
equation can be evaluated for different types of scattering, such as impurity scattering
(p ~ T) and electron-phonon scattering (p = const.).

The magnetoresistance of simple metals reflects the curvature of electron trajec-
tories in a magnetic field and is often very small. In ferromagnets, magnetoresistance
is largely due to the spin dependence of the matrix elements (ix|V (r)|¢y ), which
enter (7.24). A widespread and important mechanism is anisotropic magnetoresistance
(AMR). It is caused by spin-orbit interaction (Campbell, Fert, and Jaoul 1970) and
means that aspherical electron orbitals (Figs 3.8, 5.23, and 7.13) lead to an anisotropic
electron scattering. For example, a prolate charge distribution yields a scattering and
resistance minimum if the magnetization is parallel to the current. AMR is typically
of moderate strength, with room temperature anisotropies of order 1%.

Giant magnetoresistance (GMR) exploits the fact that T and | electrons are scat-
tered differently in regions with opposite magnetization (Baibich et al. 1988). Consider,
for example, the two-current model for multilayers with (i) ferromagnetic coupling and
(ii) antiferromagnetic coupling. The model is defined by the assumption of two separate
spin channels, T and |. In the ferromagnetic case, 1 (or |) electrons can easily travel
through the lattice, depending on which spin channel exhibits the lowest resistance. In
the antiferromagnetic case, there is no privileged spin channel, because both T and |
electrons must pass through regions of parallel and antiparallel spins. This amounts to
a mixing of channels with low and high resistance and means that the resistance of the
AFM configuration is higher than that of the FM configuration. GMR exists in sev-
eral variants, including multilayer GMR, spin-valve GMR, (without RKKY coupling),
and granular GMR. Related mechanisms are tunnel magnetoresistance (TMR), where
ferromagnetic regions are separated by an insulator (Moodera and Mathon 1999), and
colossal magnetoresistance, which involves magnetic phase transitions (Coey, Viret,
and von Molnér 1999).

A potential source of magnetoresistance is spin-dependent electron scattering scat-
tering at domain walls and other micromagnetic features. In a crude approximation,
the scattering ability of a micromagnetic inhomogeneity scales as (VM)?, but the
smooth character of conventional domain walls makes this contribution very small.
Increasing the anisotropy is no option, because it enhances VM at the expense of
higher operating fields (Skomski 2001). A more promising way to enhance VM is
to use junctions and interfaces with reduced exchange stiffness A’, as discussed in
Section 4.4.

A somewhat different phenomenon is ballistic magnetoresistance. It is a specific
regime common to several magnetoresistance mechanisms and means that electrons
are scattered (reflected) without energy dissipation. The regime is realized on length
scales smaller than the mean free path [ =vp7. It is related to the Landauer formula for
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Fig. 7.14 Ballistic electron scattering: (a) ring with nanojunction and (b) strictly periodic
multilayers. In both cases, the resistance is zero, and additional imperfections are necessary
to dissipate energy.

the conductance, G =e>T/h, where T is the transmittance (Landauer 1970, Tsymbal,
Mryasov, and LeClair 2003). Ballistic electron scattering may or may not yield resis-
tance. Figure 7.14(a) shows a metallic ring where electrons are scattered at a nano-
junction but do not dissipate energy. A current existing at ¢ = 0 persists to infinity, and
R =0. To realize nonzero resistance, the electrons must be scattered elsewhere in the
ring, and the function of the junction is then to reflect the electrons into regions where
their energy can be dissipated. A similar situation is encountered in ideal multilayers
whose resistance is zero because the wave functions of the conduction electrons are
eigenfunctions of the system. This is analogous to the absence of resistance in strictly
periodic solids, where Vg =0.

7.2.8 Other transport phenomena involving magnetism

Let us, finally, mention a few transport phenomena that involve magnetism but whose
treatment goes beyond this book. One aspect is the wide range of materials of inter-
est in magnetism. Our focus has been on metallic conductivity, but there are other
interesting classes of materials, such as magnetic semiconductors, halfmetallic oxides,
and superconductors.

Magnetic semiconductors have briefly been mentioned in the context of RKKY
exchange (Section 2.3.2). Examples are substances such as GaN, ZnO, and SnO, doped
with 3d atoms such as V, Cr, Mn, Fe, and Co (Dietl et al. 2000). For some magnetic
semiconductors, T, exceeds room temperature, which makes them potentially useful for
spin electronics. The investigation of these materials is demanding, both structurally
and from the point of view of electronic structure, magnetism, and transport. One
question is how the magnetic atoms arrange in the host lattice and whether there is a
phase transition similar to Fig. 7.12. In halfmetallic ozides, where one spin channel is
conducting and the other spin channel is (almost) insulating (de Groot and Buschow
1986). Examples are CrOz (Coey and Venkatesan 2002), (Lag 7Srg.3)MnOg, and the
semi-Heusler alloy NiMnSb. Ideally, this amounts to an infinite magnetoresistance
ratio, but in reality this ratio is greatly reduced by interface effects (Dowben and
Skomski 2003) and mechanisms such as finite-temperature spin mixing (Skomski and
Dowben 2002).
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Transport effects of importance in heterostructures for electronic applications are
spin injection and spin torque. The question is whether and how spin-polarized
electrons are injected from one phase (usually a ferromagnet) into another phase.
The spin injection is, essentially, a quantum effect, because it involves the wave-vector
dependent reflection and transmission of electrons (Ziese and Thornton 2001, Tsym-
bal, Mryasov and LeClair 2003). After injection, the electrons undergo relaxation,
characterized by Drude-type mean free paths (Section 7.2.7) However, most scatter-
ing events do not flip the spin, and the corresponding room-temperature spin-diffusion
lengths can be very large. In simple metals, where the spin-orbit coupling is small, the
spin-diffusion length may exceed 1 pm, but in transition metals, the spin-orbit cou-
pling yields a more effective spin flipping, and spin-diffusion length is smaller. A rough
estimate for late iron-series trandition metals is somewhat less than 10 nm, but this
value is real-structure dependent and usually quite different for T and | electrons.

Spin-polarized currents in ferromagnets reflect the different T and | densities of
states and exert a torque in inhomogeneous structures, especially in the vicinity of
interfaces. Examples are multilayers (Slonczewski 1996) and nanowires (Wegrowe et al.
1999). As outlined in Section 2.1.6, charges in metals attract or repel conduction
electrons to ensure charge neutrality, so that electron-density fluctuations dn¢(r) +
ony(r) are screened on an atomic scale. However, the spin accumulation én(r) —
on | (r) remains unchanged until spin-flip scattering changes the distribution of 1 and
| electrons.

Superconductivity is a well-developed research field involving pairing interactions
between electrons of opposite spin spins (see. e.g. Ashcroft and Mermin 1976). The
Bardeen-Cooper-Schrieffer (BCS) theory explains the formation of electron pairs
(Cooper pairs) by electron-phonon coupling. In a nutshell, the electrons’ electrostatic
field modifies the positions of the atomic cores, and the lattice vibrations (phonons)
yield an attractive interelectronic interaction Vig. The coupled electrons have oppo-
site spins, so that the Cooper pairs are zero-spin bosons which can form a supercon-
ducting Bose-type condensate below some critical temperature T,. Since the attrac-
tive interaction is mediated by phonons, the critical temperature scales as the Debye
temperature fp rather than the Fermi temperature Tr, and the BCS theory yields
T.=1.140p exp(—1/VegD(Er)), where VegD(Er) < 1. Here the involvement of the
density of states indicates that the pairing interaction is limited to electrons near the
Fermi level. Typical BCS superconductors are Al, Pb, and Nb3Ge, where the respective
critical temperatures are 1.2 K, 7.2 K, and 23 K. High-temperature superconductors,
ceramic cuprates such as YBasCuzOr_s5 (T. =93 K), go beyond the BCS theory. Some
aspects of high-temperature superconductivity are qualitatively understood in terms of
the so-called t—J model (Fulde 1991). The model considers deviations from half-filling
in strongly correlated Heisenberg antiferromagnets (Section 2.1), where the additional
carriers compete with the antiferromagnetic order.

In Section 2.1.8, we have discussed that interactions between highly correlated and
independent electrons give rise to Kondo behavior, and this behavior is accompanied
by a resistance minimum at the Kondo temperature. Correlations are also responsible
for metal-insulator or Mott transition (Section 2.1.7). Loosely related to the magne-
toresistance of simple metals is the Hall effect, where a magnetic field creates a Lorentz
field, curves the trajectories of the electrons, and yields a voltage.
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7.3 Bruggeman model

Summary The Bruggeman model describes linear mechanical, magnetic, electrical,
and transport properties for a broad variety of composites. The idea is to
start from exact solutions for small volume fractions of a second phase in
a main or matrix phase. Arbitrary volume fractions are then treated by
self-consistently embedding the phases in an effective medium. The the-
ory yields materials parameters as functions of the volume fractions and
geometries of the phases. Each system is described by a single interaction
parameter g, which is equal to the percolation threshold of the compos-
ite. The predictions of the Bruggeman model, especially the behavior
near the percolation threshold, are mean-field like.

A frequently occurring problem is the determination of effective materials param-
eters for composites, ranging from naturally occurring biological structures and tra-
ditional materials to artificial materials used in transport, space, microelectronic, and
other applications. For example, the composite structure of bones and wood ensures
stiffness without brittleness, and the same principle is exploited in artificial mechani-
cal materials, such as concrete and reinforced polymers. In mechanical materials, one
often considers the elastic moduli, such as Young’s modulus, and the corresponding
inverse moduli (compliances). In magnetism, one encounters, for example, the problem
of finding the effective permeability or susceptibility of a composite material. A simple
volume averaging over the volume fractions of the phases is often a poor approxima-
tion. Consider, for example, the resistivity p. of a metal-insulator composite. Since
pe =00 in the insulating phase, the volume average (p.) is infinite, in striking contrast
to the finite resistivity above the percolation threshold. Another example is the well-
known distinction between parallel and serial connections of resistors, which cannot
be reduced to a volume average.

The Bruggeman model (1935) makes it possible to treat two-phase composites on
a mean-field level. The idea is to start with small volume fractions ¢ of one phase.
For example, in three-dimensional composites, one may consider a single spherical
particle (phase IT) in an infinite matrix (phase I), Fig. 7.15. This geometry is relatively
easy to treat, because the phase-II inclusion is isolated and does not interact with
other inclusions. The transition from small to arbitrary volume fractions is realized
by embedding phase-II (and phase-I) particles in an effective matrix with properties
intermediate between those of phases I and II, Fig. 7.16(e-f). Similar to Section 5.3,
the embedding must be self-consistent, that is, the calculated materials constant must
be equal to the materials constant assumed for the effective medium.

7.3.1 Static and dynamic properties

The Bruggeman approach describes a variety of static and dynamic electromagnetic,
mechanical, and diffusive phenomena. Examples are magnetism (effective suscepti-
bility), electrical conduction (conducting composites, insulating inclusions in metal-
lic matrix, metal-superconductor composites), thermal conduction (heat insulation
using composite construction materials), diffusion (hydrogen and nitrogen transport
in intermetallic composites), electrodynamics (static and dynamic dielectric response
of inhomogeneous media), rheology (viscosity of colloidal suspensions, such as blood,
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Fig. 7.15 Flux-line modification due to inhomogeneities: (a) flux-line attraction in regions
with large compliance and (b) flux-line repulsion in regions with small compliance.
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Fig. 7.16 Bruggeman models: (a) parallel geometry, (b) series geometry, (c—d) three-
dimensional composites, and (e—f) self-consistent embedding. The arrow shows the direction
of the applied field or force.

food, gels), and mechanical composites (elasticity of reinforced construction materials,
filled polymers, such as car tires).

The treatment of these phenomena is simplified by two features: conjugate rela-
tions, also known as dual or inverse relations, and complex materials constants. Exam-
ples of conjugate quantities are the resistivity p. and the conductivity o =1/pe
of metal-insulator composites, and the shear modulus G and the shear compliance
J=1/G of mechanical composites. Materials constants such as o, and J are known
as compliances, whereas conjugate constants such as p. and G are referred to as stiff-
nesses. By definition, compliances describe the magnitude of the system’s reaction
to an external field or force, so that the magnetic susceptibility is a compliance, not
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a stiffness. Conjugate relations are very useful in the discussion of composites. For
example, parallel geometries, Fig. 7.16(a), are characterized by the additivity of com-
pliances, whereas serial geometries, Fig. 7.16(b), lead to the additivity of stiffnesses. In
mechanics, effective materials constants for series and parallel geometries are known
as Reuss and Voigt (or Kelvin) averages.

Complex materials constants relate static and dynamic properties. For example, a
simple model of viscoelasticity is defined by the materials equation

de
om = Ge+ Ny T
where oy, is the shear stress, G denotes the shear modulus, and 7, is the mechanical
viscosity. Fourier transformation reduces this equation to the complex materials equa-
tion 0* = G*e*, where G* =G + iwny, is the complex shear modulus and 7=mn,,/G is
the relaxation time of the system (see e.g. Ward and Hadley 1993). Other examples
are the linear model of hysteresis (Section 1.5) and the conductance quantity oe/w,
which has the character of an imaginary permittivity. Fortunately, complex materials
constants are easy to deal with if one properly accounts for the imaginary parts. For
example, J*=1/G*, where G* =G’ +iG"” and J*=J +1iJ".

(7.27)

7.3.2 *Parameterization

The Bruggeman model assumes two phases of materials constants Q11 and volume
fractions ¢y/1. For convenience, we write ¢ =¢ and ¢; =1 — ¢. Many problems are
characterized by stationary or static equations of the type V(Q(r)V®)=0, where
Q) is a materials constant and ® is a potential. For example, diffusion processes are
characterized by @ = D (diffusion constant) and ® = ¢, whereas linear magnetic media
are characterized by Q =x (or Q =p) and ® = ®);. Similar equations exist for other
transport processes and for elastic media (Christensen 1979). For simple geometries,
such as Fig. 7.16(a) and (b), the problem is solved very easily by considering the
serial and parallel behavior of the considered materials parameters, but complicated
geometries, such as Fig. 7.16(d), require complex calculation and averaging procedures.

For small volume fractions ¢, it is relatively easy to calculate the effective materials
constant by explicitly solving the underlying differential equation. For example, the
response of isolated magnetic spheres is essentially given by the demagnetizing factor
Dyyag =1/3, which is intermediate between the demagnetizing factors Dyas =0 and
Dinag =1 for the parallel and serial geometries, respectively. In the most general case,
we can write

(7.28)

Out = O <1+ a1 Q1 + a2Q1 )

a3Qm + a4 Q1

For example, isotropic dielectric composites are characterized by a; =3, as=—3,
az=1, and a4 =2.

The constants a1, as, asz, and a4 are not universal but depend on the physical
phenomenon and on the geometry and dimensionality of the composite. Surprisingly,
there is only one independent parameter. For nearly homogeneous composites, the
effective materials constants are equal to the volume average, Qo = (1 — @) Q1 + dQn1
(Landau and Lifshitz 1984). Realizing the limit Q1 = Q in (7.28) yields a; = a3 + a4,
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az =—(asz + as), and

(7.29)

Qe = Q1 (1+¢ Qu — O )

gQu + (1 —g)Qr

where g =as /(a3 + a4). For the above-mentioned dielectric composite, g = 1/3, whereas
the parallel and series configurations of Fig. 7.16(a) and (b) are characterized by g = 0
and g = 1, respectively.

7.3.3 *Self-consistent materials equations

Figure 7.16(e—f) illustrates the self-consistent embedding procedure. The embedding
is done for both phases, because any region of the composite is surrounded by a mixed
or “effective” environment. Explicitly,

_ Q1 — Qesr
Qeﬂ,l - Qeff (1 + ¢o gQI T (1 — g)Qeff> (730&)
and
_ Qu — Qer
QeH,II = Qeff (1 + ¢o gQH T (1 — Q)Qeff> (730b)

where ¢, is the fictitious volume fraction of the phase-I and phase-II regions in the
effective matrix. From this equation, Q.g is obtained by averaging over the two con-
figurations of Fig. 7.16(e) and (f), that is, Qesr = (1 — ¢)Qerr,1 + PQef,11- This yields

. QH - Qeff
Qeft = ¢ Qeft (1 + GO0+ (=)0t ¢o)
- (1 BB y) (731)
N QQI+(1_9)Qeff ¢
and
Qu — Qest +(1-¢) Q1 — Qert =0 (7.32)

gQu + (1 — g)Qosr 9Q1+ (1 — 9)Qet

We are pleased to see that this equation no longer contains the fictitious volume
fraction @,.

Mathematically, (7.32) is a quadratic equation for Q.g. Aside from the sign of the
physically relevant solution, which must be determined separately,

_Qu(¢—9)+ Qi1 —g—9) 4QuQig(1 — g)
Qot = 21 —9) (1 * \/ " u - Qi g ¢>>2> (7:33)

This equation interpolates between Qr(¢=0) and Q11(¢=1). For Q1 =~ Qq1, this equa-
tion reduces to Qe = (@), but in general the dependence on ¢ is strongly nonlinear.
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7.3.4 *The response parameter g

Equation (7.33) yields the effective materials constant Qeg as a function of Qr, Qrr,
¢, and g. The parameter g depends on the geometry and dimensionality of the con-
sidered composite. For compliances described by V(Q(r)V®) = 0, it is equal to the
demagnetizing factor of the corresponding magnetic system. This includes magnetic
and dielectric susceptibilities, diffusion, and conductivity. For example, the geometries
of Fig. 7.16(c—f) all correspond to spheres embedded in an effective matrix, so that
g=1/3. Similarly, Fig. 7.16(a) and (b) correspond to the above-mentioned respective
parameters g =0 and g = 1. For macroscopically isotropic composites in d dimensions
(inhomogeneous wires, inhomogeneous films, and bulk composites), g=1/d.

Response parameters g for various elastic, viscous, and viscoelastic properties are
obtained by comparing the results of continuum calculations (Christensen 1979) with
(7.30). For spherical inclusions, the shear modulus G and the bulk modulus K are
described by

_2(4-51,)
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1+v,

o (7.34)

and ¢ =
respectively. In both equations, v, is the Poisson ratio of the matrix. Incompressible
materials obey v, :% and K = oo, and the shear modulus is described by g=2/5.
When the second phase is very hard, G = oo, then (7.33) predicts Geg = G1(1 + 2.5¢).
This equation has become the starting point for the description of the elastic behavior
of carbon-reinforced rubber, as used in car tires (Erman and Mark 1997). It was first
obtained by Einstein (1911), in the context of the effective viscosity of suspensions of
spherical particles in a liquid.

Conjugate materials constants, such as J and G, are linked by the simple transfor-
mation g — 1 — g. For example, the conductivity of a granular composite is described
by g=1/3, because it has the character of a compliance. The corresponding stiff-
ness, namely the resistivity, is characterized by g =2/3. Real and imaginary parts of
complex materials constants have the same g.

7.3.5 *Percolation in the Bruggeman model

The Bruggeman model describes percolation (Section 7.2.4) on a mean-field level. In
(7.33), this is achieved by putting Q11 =0 or Qi = oo, depending on the physical
context and on whether one considers a compliance or a stiffness. For Qi =0, the
percolation threshold ¢. = 1 — g and Qer = Q1(1 — ¢/¢.), whereas Q1 = oo yields
¢ = g and Qe = Q1/(1 — @/¢.). An example is the resistivity of a metal-insulator
composite, which diverges when the volume fraction of the insulating phase approaches
g =2/3. For reinforced rubbers, the theory predicts a divergence of G when the volume
fraction of the hard phase reaches 40%. This is close to the experimental value of
slightly more than 45% (Christensen 1979).

The Bruggeman model describes the percolation transition on a mean-field level.
Each region of the composite interacts with an average local environment only, whereas
the long-range correlations (percolating cluster) are ignored. It is also important
to keep in mind that the Bruggeman theory refers to a linear equation of state.
Hysteretic effects are approximated in a very crude way, as outlined in Section 1.5.
Furthermore, the model is characterized by the absence of characteristic length scales,
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such as domain-wall widths in magnetic systems and end-to-end distances in poly-
mers. In the simplest case, equations of the type V(Q(r)V®) = 0 must be replaced
by V(Q(r)V®) — k2® =0 (Skomski 2004). We will return to this question in the next
section.

7.4 Nanostructures, thin films, and surfaces

Summary The magnetism of nano- and thin-film structures is intermediate between
atomic and macroscopic magnetism but cannot be reduced to a superpo-
sition of the two limits. Characteristic length scales are of order a/a, =
7.52nm, that is, comparable to magnetic domain-wall widths. Phenom-
ena of atomic origin are often important on somewhat smaller length
scales of 1 to 2nm. For example, magnetic nanoparticles embedded in
a nonmagnetic metallic matrix experience a significant RKKY coupling,
in spite of the rapidly oscillating character of the RKKY interaction.
Competing nanoscale exchange and anisotropy are described by random-
anisotropy models, whereas other micro- and nanomagnetic models
describe composite nanostructures and thin-film nanostructures, such as
exchange-coupled multilayers. One example is hard-soft two-phase per-
manent magnets, whose performance goes beyond what is expected from
the volume fractions of the involved hard and soft phases.

Magnetism is, to a large extent, a nanoscale phenomenon. This refers not only to
naturally occurring and artificial nanostructures but also to traditional hard and soft
magnets. Figure 7.17 shows some schematic nanostructures, ranging from particles and
ferrofluids (Charles 1992, Dormann, Fiorani, and Tronc 1999, Williams et al. 2003) to
multilayers (Astalos and Camley 1998, Fullerton, Jiang, and Bader 1999), nanowires
(Sellmyer, Zheng, and Skomski 2001), nanotubes and nanorings (Sui et al. 2004, Sorge
et al. 2005), patterned thin films (Ross et al. 2002, Sellmyer 2002, Lodder 2006) and
networks (Hirohata et al. 2000). Some systems combine both thin-film and particulate
features, especially composite thin films (Al-Omari and Sellmyer 1995, Sellmyer et al.
2001, Sellmyer et al. 2002).

Natural nanomagnetism is encountered, for example, in magnetostatic bacteria,
which live in dark environments and contain chains of magnetite particles. The chains
have sizes of the order of 40 to 100 nm and are used for vertical orientation. Similar
particles have been found in the brains of other animals, such as bees and pigeons,
and it is being investigated whether they contribute to flight orientation. Some nanos-
tructures, such as ferrofluids and sintered permanent magnets, do not occur in nature
but are relatively easy to produce. Others require sophisticated processing methods.

Magnetic nanostructures offer rich physics, as reviewed by Solzi, Ghidini, and Asti
(2002) and Skomski (2003). An intriguing feature is that nanomagnetism cannot be
reduced to a superposition of atomic and macroscopic effects. This is seen most clearly
by analyzing nanomagnetic lengths, which roughly scale as a,/a &~ 7.52nm. Here a,
is the Bohr’s hydrogen radius and « is Sommerfeld’s fine-structure constant (Skomski
2003). This length comprises many interatomic distances without being macroscopic
and leads to new questions. By definition, the correlation length £ approaches infinity
at the Curie point. How can T} be defined in nanostructures, and how does ¢ interfere
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Fig. 7.17 Some magnetic nanostructures (schematic). The structures exist on various
length scales and in different chemical compositions.

with a,/a? More generally, how many atoms are necessary to make a nanostructure
indistinguishable from a bulk magnet? Similarly, Bloch wave functions extend to infin-
ity, and the question arises how the electronic structure is modified in nanostructures.

Another fascinating aspect of magnetic nanostructures is the wide range of geome-
tries (Fig. 7.17), chemical compositions, and fabrication techniques (Skomski 2003,
Nalwa 2002, Sellmyer et al. 2002). In a broader sense, nanostructures include molec-
ular magnets (Wernsdorfer 2006) and thin-film structures, such as ultrathin films
(Oepen and Kirschner 1989, Gradmann 1993, Bland and Heinrich 1994, Krams et al.
1994, Mélek and Kambersky 1958, Bander and Mills 1988), multilayers (Griinberg,
et al. 1986), and stepped and rough surfaces (Chuang, Ballantine, and O’Handley
1994, Sander et al. 1996). For each basic geometry, there exist countless homogeneous
and inhomogeneous chemical compositions, and the fabrication techniques range from
comparatively easy-to-produce bulk nanocomposites to demanding artificial nanos-
tructures.

Magnetic nanostructures have many applications, and nanostructuring opens the
door for completely new materials and technologies. This materials-by-design con-
cept includes both top-down approaches (artificial nanostructuring) and bottom-up
strategies, such as self-assembly. Present or potential applications include but are not
limited to permanent magnets (Coehoorn et al. 1988, Skomski and Coey 1993, Manalf,
Buckley, and Davies 1993, Liu et al. 1998), soft magnets (Yoshizawa, Oguma, and
Yamauchi 1988, Herzer 1992, Suzuki and Cadogan 1999), recording media (Sellmyer
et al. 1998, Terris et al. 1999, Weller and McDaniel 2006), and functional structures
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and materials for micromechanical, spin electronics, and other applications (Cow-
burn and Welland 2000, Tsymbal, Mryasov, and LeClair 2003, Ziese and Thornton
2001, Liou and Yao 1998, Coey et al. 1998). For example, magnetoresistive random-
access memories (MRAM) for non-volatile information storage use cells where fixed
and soft magnetic layers are coupled by a magnetic tunnel junction (MTJ, Parkin
et al. 1999). More generally, magnetic nanodots are a potential alternative to current-
based electronics, by exploiting magnetic degrees of freedom to store and process
information classically (Cowburn and Welland 2000, Sorge et al. 2004) or quantum-
mechanically (Skomski et al. 2004c). Nanoparticle ferrofluids are being considered for
cancer treatment, guided by a magnet and delivering high local doses of drugs or
radiation (Panyam et al. 2004).

7.4.1 Length scales in nanomagnetism

In Section 4.2.5, we analyzed typical micromagnetic length scales, such as the domain-
wall width and the exchange length. These lengths determine the range of magnetic
interactions and decide whether a spin structure is atomic, nanoscale, or macroscopic.
As arule, phenomena on length scales smaller than 1 to 2 nm are governed by exchange
and other atomic interactions. This corresponds to roughly 5 interatomic distances,
depending on the considered material, and ensures that atomic characteristics, such
as the density of states, approach their bulk values. At the upper end, nanomagnetism
blends into submicron magnetism (less than 1,000 nm), whereas lengths larger than
1,000 nm (1 pm) are usually considered macroscopic. There are, however, many border-
line cases and exceptions, for example atomic phenomena on length scales somewhat
larger than 2nm. Some phenomena involve several length scales and are tackled by
multiscale modeling (Garcia-Sanchez et al. 2005).

To derive a typical nanomagnetic length scale, we take into account that magnetic
phenomena are often described by differential equations of the type

V26— 26 = f(r) (7.35)

where 1/k is an interaction length. This equation must be compared with the inho-
mogeneous Laplace or Poisson equation V2¢ = f(r), obtained from (7.35) by putting
#=0. The Poisson equation implies macroscopic length scales 1/x = oo and describes,
for example, magnetostatic phenomena.

As we can see from nucleation-field equations such as (4.29), the x? term in (7.35)
is the ratio of a local energy (anisotropy) and an interaction energy (exchange). In
many systems, local and interaction energies are comparable, and 1/k is then roughly
equal to the interatomic distance a. In metals, the Fermi wave vector kg ~ 1/a, so
that k ~ kp. Examples of this atomic limit are the magnetic moments in narrow bands
(Section 2.4) and correlations far below the Curie temperature. Nanoscale effects mean
that the k2 local term is unable to compete against the interaction term, because the
local energy is too small by physical origin or by cancellation (Skomski 2004). Examples
of the latter mechanism are the Curie transition and exchange-enhanced Pauli param-
agnets (2.4.3), where the cancellations involve exchange and thermal energies (Curie
transition), and Coulomb interactions and hopping (paramagnons). In nanomagnets,
k? is small by physical origin, k? ~ K;/A < 1.In A.3.5 it is outlined that K7, A a, and
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a scale as mea*c?, mea®c?, and ao, respectively, where o = 4wsoez/hc ~ 1/137 is Som-

merfeld’s fine-structure constant. This yields the characteristic length a,/a ~ 7.52 nm.
Of course, this derivation is rather crude, but a,/« correctly epitomizes the magnetism
of typical nanostructures. For example, in flattened ellipsoids of revolution (thin films)
with perpendicular anisotropy, curling is more favorable than coherent rotation when
the cross section of the films exceeds some value scaling as (a,/a)? (Skomski, Oepen,
and Kirschner 1998).

7.4.2 Nanomagnetic effects of atomic origin

In the previous subsection, we have argued that atomic magnetism is limited to length
scales up to about 1 or 2nm. There are, however, some exceptions. We have already
discussed long-range magnetization correlations near 7., which become nanoscale and
eventually macroscopic on approaching the critical point. However, this phenomenon is
of secondary practical interest, because it is supported by very small (free) energy dif-
ferences and limited to the immediate vicinity of T.. A quantum-mechanical example is
the magnetic anisotropy of metallic magnets, which sensitively depends on the position
of the Fermi level between nearly degenerate levels (Section 3.4.4). Nanostructuring
may lead to small changes in the level positions, accompanied by disproportionately
strong anisotropy changes.

Most quantum effects are operative on an atomic scale. They affect the macroscopic
behavior of solids in a quasiclassical way, without specific reference to quantum states.
For example, interatomic exchange is a quantum effect, but macroscopic ferromagnets
can be treated classically, by considering an continuum magnetization M(r). Similarly,
the mechanical hardness of solids is due to quantum-mechanical interactions, but
there is no need to analyze the trajectory of a falling stone quantum-mechanically.
In fact, with the exception of small-scale molecular magnets (Wernsdorfer 2006) and
clusters (Reddy, Khanna, and Jena 1999), it is usually very difficult to see quantum
effects in magnetic nanostructures. This includes effects such as quantum tunneling in
nanoparticles (Chudnovsky and Gunther 1988, Zhang et al. 1992, Wernsdorfer et al.
1997) and wave-function entanglement between nanodots (Skomski et al. 2004c). These
effects have present or potential applications in areas such as quantum computing
(Nielsen and Chuang 2000, Engel and Loss 2005).

Surfaces and interfaces are atomic perturbations with far-reaching consequences.
This refers not only to surface (and interface) anisotropy (Section 3.5.3) but also
to the magnetic moment. In Section 2.4.2 we have seen that the local density of
states (DOS) depends on the local atomic environment, and surfaces are no exception
(panel 6). Based on the moments theorem, we have found that the width W of the
local DOS scales as 1/z, where z is the number of nearest neighbors. More generally,
the moment’s theorem yields the correct bandwidth but ignores details of the band
structure, such as peaks in the density of states. Increasing the number of neighbors
improves the resolution of the density of states and makes it possible to distinguish
between bulk sites and sites close to surfaces.

Since narrow bands (small W) favor ferromagnetism (Section 2.4.3), the reduction
of z at surfaces yields enhanced magnetic moments for the surface atoms of some mate-
rials. Another phenomenon, loosely related to the narrowing of the local DOS, is the
formation of surface states, which are localized in the z direction normal to the surface
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but extended in the x—y plane (Desjonqueres and Spanjaard 1993, Himpsel et al. 1998)
As a rule, surface states and surface moments do not extend very far into the bulk,
seldom more than a few interatomic distances. For an example, see the modification
of the moment and of the effective interatomic exchange in random exchange Fe-Pt
magnets, as obtained from first-principle electronic-structure calculations (Sabiryanov
and Jaswal 1998).

A thermodynamic rather than quantum-mechanical effect is the enhanced surface
Curie temperature encountered in some magnets, such as Gd (Mills 1971, Binder and
Hohenberg 1972). The existence of a separate surface Curie temperature is caused by
enhanced exchange at the surface, and the magnetization modes (7.10) responsible
for surface transitions are analogous to quantum-mechanical surface states. In terms
of Panel 6, the matrices Ji; and ¢j; are physically different but mathematically very
similar, and the corresponding magnetization modes decay exponentially into the bulk
(Skomski, Waldfried, and Dowben 1998).

Surface transitions are closely related to the crossover from three- to two-
dimensional behavior in magnetic thin films, which involves the ratio of correlation
length & and film thickness ¢. Close to T, £ is comparable to or larger than ¢, and
the behavior of the film becomes two-dimensional. The Curie transition also depends
on the film’s magnetic anisotropy—the two-dimensional Heisenberg model is non-
ferromagnetic, but an arbitrarily small anisotropy takes over near the critical point
and yields a single anisotropy-dependent but nonzero Curie temperature (Bander and
Mills 1988).

Another effect involving the matrix Jj; is the spin-wave quantization in systems
such as nanowires and multilayers. For example, in long magnetic nanotubes (Sui
et al. 2004), magnons with wave vectors parallel to the tube axis form a continuum.
By contrast, magnons with tangential wave vectors are quantized by the m(¢, +
27) =m(¢,), where m describes the magnetization of the spin wave and ¢, is the
azimuthal angle of the tube. The resulting level spacing scales as a?/R? and is very
small for nanotubes with radii exceeding 10 nm.

Figure 7.18 illustrates interaction effects in nanoparticles (a) and at surfaces (b). In
both cases, an infinitely thin perturbation is assumed, f(r) ~ d(z), where the z-axis is
normal to the surface. The solution of (7.35) is then, approximately, ¢(z) ~ exp(—kz),
and the only difference between atomic and nanoscale effects is the Ornstein-Zernike
interaction range 1/k. If the mode reaches far into a sphere, then one must use spherical
Bessel functions (Zhou et al. 2005b). Typical atomic phenomena are characterized by
1/k ~ 0.5nm, and the perturbation decays after a few interatomic distances. Nano-
magnetic phenomena are characterized by much larger decay lengths 1/x ~ 10nm.
Consider, for example, a magnetic nanoparticle of radius 10nm. Only a thin layer
contributes to the surface anisotropy, which is an atomic effect, but the correspond-
ing nucleation mode covers the whole particle. The net effect on the hysteresis can
be quite strong, even in big nanoparticles, because the anisotropy energy per surface
atom is often much larger than the anisotropy energy per bulk atom.

An interesting phenomenon is nanoscale RKKY exchange. In Section 2.3.2 we
have seen that the exchange J(R) is long-range (~1/R3) rather than exponentially
decaying. Depending on the considered metal, this may or may not have a big effect
on the Curie temperature, but it affects the asymptotics of the J(R). For magnetic
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Fig. 7.18 Range of interaction effects: (a) nanoparticle and (b) surface. For typical atomic
and nanomagnetic phenomena, 1/k = 0. 5nm and 1/k ~ 10 nm.
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Fig. 7.19 Interlayer exchange in thin-film nanostructures: (a) “trivial” Ornstein-Zernike
exchange and (b) RKKY exchange through a nonmagnetic spacer layer of thickness L (gray
arrows).

nanoparticles embedded in nonmagnetic metallic matrix, the oscillatory character of
the RKKY exchange reduces the interparticle interaction, and it may be tempting to
assume that the net interaction between nanoparticles is close to zero. Surprisingly, the
net interaction increases with particle size, albeit less rapidly than the magnetostatic
interaction (Skomski 1999, de Toro et al. 2001). The net RKKY exchange scales as R*,
where 1 < 6 depends on the geometry of the particles. As a rule, for particles larger
than about 1nm the RKKY interaction is less pronounced than the magnetostatic
interaction.

Let us next consider RKKY interactions between ferromagnetic layers separated by
a nonmagnetic metallic spacer layer of thickness L. Figure 7.19 compares the RKKY
mechanism (b) with the net coupling due to the antiferromagnetic exchange between
adjacent layers. In (a), the net interaction depends on whether the number of layers
is odd or even, and the periodicity of the oscillation is equal to the bilayer thickness.
Thin-film RKKY interactions (b) are oscillatory, too, but the distance dependence
differs from that of bulk magnets. For perfect layers, the net interaction is

J(L) ~ % sin(2kp L) (7.36)
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A straightforward way to derive this result is to start from (2.38) and to perform an
integration over the film plane, that is over all x and y values while keeping z = L.
The coupling can also be interpreted as a quantum-well problem, with electron wave
functions confined to the spacer layer (gray arrows in Fig. 7.19) but otherwise similar
to Fig. 2.16.

For rough surfaces, one encounters a biquadratic exchange favoring a relative mag-
netization angle of approximately 90°, as compared to 0° (FM) and 180° (AFM).
The basic mechanism (Slonczewski 1991) is similar to the rare-earth noncollinearity
of Section 2.3.3, except that the competing exchange is not between nearest and next-
nearest layers but between lateral thin-film regions (patches) with interlayer exchange
+4J. In the simplest case, one must consider four sublattices. There are two magnetic
layers, labeled t (for top) and b (for bottom), and each layer contains two types of lat-
eral regions. The magnetization is slightly canted in each patch and described by the
in-plane angles 6y, =060, 0, = — 60, 0,1 =90° — 0, and 6, =90° + §6. The canting
by the fluctuation angle £466 allows the patches to benefit from the interlayer exchange
without being punished by a huge increase in intralayer exchange J,. Minimizing the
energy

E=-2J,c0s(260) — &.J cos (g - 260) + dJ cos (g + 259) (7.37)

yields the fluctuation angle 6 = 6.J/2.J, and the biquadratic coupling energy §.J2/.J,.

Exchange-coupled thin-film nanostructures are important in magnetic recording
and spin electronics (Griinberg et al. 1986, Baibich et al. 1988). An example is spin-
valve sensors, where a switching soft layer changes the electrical resistance
(Section 7.2.7). Some films exhibit exchange bias similar to that encountered in the
Co:Co0 system (Section 3.5.2). Exchange-bias phenomena may actually be very strong,
giving rise to inverted hysteresis loop (proteresis).

7.4.3 Random anisotropy

Many magnetic nanostructures are characterized by completely or partially random
easy axes n(r), with far-reaching effects on the magnetism. A less stringent type of
random anisotropy is encountered in crystallographically oriented or aligned compos-
ites where n(r) = e, but K1 = K;(r). Random-anisotropy magnets are relatively easy
to produce and are used in various applications, including hard and soft magnets. In
hard magnets, exchange coupling between randomly oriented nanograins gives rise to
remanence enhancement (Coehoorn et al. 1988), and in soft magnets, one exploits
the fact that the average anisotropy of isotropic random-anisotropy magnets is zero
(Herzer 1992, 1995).

Atomic-scale random anisotropy was first discussed in the context of random-field
magnetism (Imry and Ma 1975), in spin glasses (Harris, Plischke, and Zuckermann
1973), and amorphous ferromagnets on a mean-field level (Callen, Liu, and Cullen
1977) and beyond (Alben, Chi, and Becker 1978). However, random-field and random-
anisotropy magnets cannot be considered as canonical spin glasses, because the
exchange is basically ferromagnetic. Later, the atomic random-anisotropy models were
generalized to magnetic nanostructures (Chudnovsky, Saslow, and Serota 1986, Richter
and Skomski 1989, Herzer 1992, Suzuki and Cadogan 1999), and there exists a rich
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Fig. 7.20 Hysteresis loop of an ensemble of randomly oriented uniaxial Stoner-Wohlfarth
particles (K1 > 0, K2 =0)

review literature on these systems (Moorjani and Coey 1984, Fischer and Hertz 1991,
Sellmyer and O’Shea 1992, Herzer 1995).

Let us first consider a noninteracting ensemble of randomly oriented Stoner-
Wohlfarth particles. The corresponding hysteresis loop, Fig. 7.20, is a superposition
of Stoner-Wohlfarth loops of the type of Fig. 4.5. The remanence, M, = M;/2, is
obtained by evaluating the integral

/2
M, = M / cos @ sinf dé (7.38)
0

Since the energy product scales as M2, the remanence reduction by a factor 2 amounts
to an energy-product decrease by a factor 4. The coercivity, H. =0.479 H,, is smaller
than the coercivity H. = H, of aligned Stoner-Wohlfarth particles, but in very hard
magnets it remains sufficient to support a large energy product. The strategy in per-
manent magnetism has therefore been to sacrifice some coercivity in order to enhance
the remanent magnetization. For cubic magnets with iron-type (K7 > 0) and nickel-
type (K3 < 0) anisotropy, the respective remanence ratios M, /M are 0.832 and 0.866,
respectively. However, the low anisotropy of cubic magnets makes it difficult to exploit
this remanence in permanent magnets.

Ferromagnetic interactions compete against the random easy axes and enhance
the magnetization. In the remanent state, the intergranular exchange adds to the
external field and aligns the magnetization of the grains or particles. The initial or
virgin state, which corresponds to thermodynamic equilibrium, is more complicated,
because (n) = 0 in isotropic magnets and the assumed mean field (exchange field)
may overestimate the magnetization. Figure 7.21 compares the spin structure of non-
interacting ensembles in the virgin and remanent states (a—b) with that of interacting
random-anisotropy particles (c). In the context of magnetic glasses, the spin structure
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Fig. 7.21 Ensembles of random-anisotropy grains or particles: (a) virgin state of a nonin-
teracting ensemble, (b) remanent state of a noninteracting ensemble, and (c) remanent state
in the presence of ferromagnetic interactions. Each arrow represents one grain or particle.

Fig. (7.21a) is known as a speromagnet, whereas those of (b) and (c) are asperomag-
netic (Moorjani and Coey 1984).

It is convenient to describe the intergranular interactions in terms of an effec-
tive exchange constant J.g. The effective exchange is obtained by integration over
the free-energy density of adjacent grains (Skomski 2003). For fine-grained single-
phase materials, one can use the estimate Jog =~ AR, where R is the average grain
radius and A is the exchange stiffness. Grain boundaries with reduced exchange
stiffness yield a reduction of J.g, and it is necessary to use more sophisticated approx-
imations (Section 4.4). A popular estimate, Jog ~ JR?/a?, is obtained by considering
the atomic exchange J between pairs of adjacent atoms of interatomic distance a.
However, this approximation overestimates the exchange, because it ignores the energy
stored in the magnetization tails of Fig. 4.24.

The weak-coupling limit is defined by Jeg < K7V, where V is the grain vol-
ume. The intergranular exchange has then the character of a small interaction field,
and the magnet can be treated on a mean-field level. The remanence ratio M, /My =
%+ch-r /6K1V, and the coercivity does not change very much as a function of Jog. Weak
coupling is rarely realized on an atomic scale, because R ~ a and Jog ~ J > K;a> for
most materials. In nanostructures, where R > a, the weak-coupling regime is encoun-
tered more frequently. A rough criterion for weak coupling, R > Jp, is obtained by
taking into account that J &~ Aa. The criterion is often satisfied in isotropic perma-
nent magnets, where ég =~ 5nm and R > 5nm. The energy product of these magnets
benefits from the remanence enhancement, which occurs without much loss in coer-
civity (Coehoorn et al. 1988, Manaf, Buckley, and Davies 1993). In fact, some of these
magnets exhibit huge coercivities of more than 4T (Kuhrt et al. 1992), in spite of the
absence of long-range ferromagnetic order. This is another indication that ferromag-
netic order and hysteresis are only loosely related to each other.

To investigate the strong-coupling limit, we start with a brief discussion of the
random-field analogy (Imry and Ma 1975). In the random-field model, individual
atoms or particles (index i) are subjected to fields H; of magnitude +H,. If the field
were the only consideration, then the magnetization would follow the local field. How-
ever, spatial variations of the magnetization are opposed by the interatomic exchange,
and the competition between the random-field and exchange energies leads to magnet-
ically correlated regions containing N atoms. The correlated regions are characterized
by the averages (H) = 0 and (H?) = H2/N. In other words, there remains a net con-
tribution of magnitude +H,/ VN , reminiscent of the standard deviation in statistical
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data analysis. The stronger the exchange, the larger N and the smaller the net random
field (or net random anisotropy).

To determine N, we must minimize the average energy density E/V. Let us return
to the picture of nanoscale random-anisotropy magnets, where

E_A 1
v e YN

and ¢ is the micromagnetic correlation length. In d dimensions, the volume of the
correlated regions is of the order of LY ~ N RY. Minimizing the resulting expression

(7.39)

E A R4/2
voeo Kligd/Q (7.40)

with respect to & yields the scaling relation

5\ /4
§~R<R> (7.41)

The strong-coupling regime is characterized by R < dg. Correlations L > R are pre-
dicted by (7.41) in less than four dimensions.

In analogy to random fields, K;/v/N can be considered as an effective anisotropy.
Since the coercivity scales as H, ~ 2K /Mj, the reduced effective anisotropy is accom-
panied by a coercivity reduction:

2d/(4—d)
Ho~ 2B (R (7.42)
oMy \ 0B

In three dimensions, this means that the coercivity is proportional to R® and, for fixed
R, to K{. For grains with reduced grain-boundary exchange (Section 4.4), the scaling
laws are £ ~ R2~/(4=d) and H, ~ RY/ (A=)

As pointed out by Herzer (1992, 1995), random-anisotropy nanostructuring is a
powerful tool to improve the coercivity of soft magnetic materials. Once the grain
size is sufficiently small to realize the strong-coupling limit (R < dg), the coercivity is
strongly reduced. In permanent magnetism, the coercivity reduction due to random
anisotropy is undesired, and one attempts to create nanostructures with R~ dp.

7.4.4 *Cooperative magnetization processes

Magnetic nanostructures often exhibit a competition between interparticle interactions
and disorder. From an atomic point of view, all magnetization processes are cooper-
ative, because the interatomic exchange suppresses the disorder-induced reversal of
individual spins. On a mesoscopic scale, the outcome of the competition depends on
the ratio of the competing energy contributions. For example, remanence enhance-
ment (Section 7.4.5) is caused by intergranular exchange competing with easy-axis
disorder and accompanied by an increase of the micromagnetic correlation length &
(Section 7.43). This corresponds to a breakdown of the picture of individual grains,
and the magnetization processes become cooperative. Similar micromagnetic localiza-
tion effects exist in other magnetic systems, such as hard-soft composites (Skomski,
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Liu, and Sellmyer 1999). The increase of £ with exchange is a very general feature,
mathematically akin to the delocalization of electrons in a solid. In other words,
the Anderson localization of electrons in a disordered lattice (Anderson 1958) and
the “micromagnetic” localization of magnetization modes (Section 4.3.1) have much
in common.

In the hysteresis loop, disorder corresponds to the switching field distribution AH
of individual particles, whereas intergranular exchange can be described by an interac-
tion field Heyx. The ratio of the two fields decides whether the behavior of the magnet
is noncooperative (AH > Hey) or cooperative (AH < Hey). In a crude approxima-
tion, the micromagnetic susceptibility dM/dH ~ Ms/AH, so that cooperativity is
most likely for large susceptibilities. As mentioned, the cooperative character refers
to manoscale magnetization processes. On an atomic scale, ferromagnetic reversal is
cooperative, because field energies of order p,upH are unable to compete against the
interatomic exchange.

In the noncooperative limit, the exchange is of the mean-field type and can be
added to the external magnetic field. An example is microcrystallites, which can often
be described as particles subject to an interaction field. This is the idea behind the
Preisach model (Section 4.3.3). Unfortunately, the addition of the exchange field is
not possible for cooperative systems, where one may encounter huge interaction fields
without any effect on the hysteresis loop. Physically, the exchange yields a rigid cou-
pling between neighboring particles or grains, and the exchange-coupled grains behave
as a single units. The same is true for atomic exchange fields, where the addition of
the mean field Heg ~ zJ/kp to the external field would overestimate the coercivity by
several orders of magnitude.

Figure 7.22 illustrates the onset of cooperative behavior for an ensemble of aligned
particles with common c-axis. The anisotropy K;(r) is random and the particles
exhibit some exchange interaction. The “coherent” part of the anisotropy, (K;(r)) =
K,, corresponds to an anisotropy field H, =2K,/u,Ms, whereas the random part,
AK(r) = K;(r)— K,, competes against the interparticle exchange. For small exchange
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Fig. 7.22 Magnetization reversal in an ensemble of aligned and interacting particles:
(a) Stoner-Wohlfarth-like reversal in the limit of small intergranular exchange and (b) discrete
pinning for relatively large exchange. White and black particles have T and | magnetizations,
respectively.
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(a), the particles switch according to their individual anisotropy, starting with the
softest particles. When the exchange is larger than AK (b), then the switching of
individual particles acquires the character of a “discrete pinning” (Zhou et al. 2005a),
even if the reversal of individual particles remains Stoner-Wohlfarth-like. In a slightly
different context, the dark and bright quasi-domains shown in (b) are known as inter-
action domains (Craik and Isaak 1960, Cullity 1972).

The distinction between Fig. 7.22(a) and (b) is only loosely related to that between
strong and weak pinning (Section 4.3.2), and to the strong- and weak-coupling limits
of the previous subsection. There are also “mixed” systems with more than one kind of
disorder. When the interparticle exchange is realized by a ferromagnetic matrix with
reduced exchange stiffness A’ < A, then the spin structure in the quasi-domain walls
is essentially given by Fig. 4.24. In the limit of infinite exchange, the system behaves
like a homogeneous magnet with an effective anisotropy constant K, (Skomski and
Coey 1993). We will return to this limit in Section 7.4.3.

As electron localization, micromagnetic localization depends on the dimensionality
of the system. In one and, marginally, two dimensions, all eigenmodes are localized due
to arbitrarily small disorder. One example is nanowires electrodeposited into porous
alumina, which have lengths of order zy,x = 1,000 nm and diameters down to 10 nm or
less (Sellmyer, Zheng, and Skomski 2001). The large aspect ratio makes the wires quasi-
one-dimensional, and the nucleation mode m(r) = m(z) is described by (4.29). For
a single imperfection located at z = z,, the mode decays as m(z) = m, exp(—|z—20|/§),
and it is straightforward to show that the decay length increases with decreasing
strength and extension of the imperfection (Skomski et al. 2000, Zheng et al. 2000).
A similar localization determines the energy barrier of the mode, and the localization
is accompanied by a coercivity reduction very similar to the coercivity mechanism
discussed in Section 4.3.1.

For infinitesimally small imperfections, £ approaches infinity, in agreement with the
coherent-rotation reversal in needle-shaped ellipsoids of revolution (Aharoni 1996).
Other modes do not correspond to a physically meaningful nucleation mode but
may be excited thermally (Section 6.4.7). In the opposite limit, strong imperfections
yield localization lengths £ comparable to the spatial extent of the imperfection. In
practice, the localization tends to occur at the wire ends, which are a strong per-
turbation. Fixing the magnetization at the wire ends, for example by hard-magnetic
caps, would move the mode away from the wire ends, without making it delocalized.
Experimentally, both magnetization and magnetic viscosity experiments indicate that
the £ is comparable to a few wire diameters, corresponding to geometrical features such
as thickness fluctuations in the middle of the wires or at the wire ends. Furthermore,
wires are often polycrystalline, with coercivity corrections due to random anisotropy.

7.4.5 Two-phase nanostructures

There are many types of magnetic two-phase nanostructures, with a variety of appli-
cations in permanent magnetism, soft magnetism, sensors, spin electronics, and, more
recently, magnetic recording. They occur in many variations and geometries, includ-
ing but not limited to multilayers and granular composites. Here we focus on aligned
hard-soft two-phase nanostructures, characterized by a local anisotropy Kj(r) in
combination with a common easy axis (n = e,). The idea is to create two-phase
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Fig. 7.23 Hard-soft nanostructures: (a) multilayer and (b) granular composite. The dark
and bright regions are hard and soft phases with the respective volume fractions f and 1 — f.
In both cases, the hard regions act as a skeleton to stiffen the magnetization direction of the
soft phase.

magnets whose energy product (Fig. 4.2) goes beyond what is expected from the vol-
ume fractions of the involved phases. In other word, adding a soft-magnetic phase to
a hard-magnetic phase improves the performance of the hard phase. This is possible
because the energy product (BH )yax < ftoM2/4, even for infinite coercivity. In fact,
some rare-earth transition-metal magnets have huge anisotropies and coercivities, but
the alloying with rare earths reduces the magnetization Mg and the energy product.
It is therefore advantageous to sacrifice some of the surplus anisotropy to improve M.
However, the addition of the soft phase must be realized carefully, because coercivities
H, < M/2 are harmful to the energy product.

Figure 7.23 shows two schematic realizations of hard-soft nanostructures. The
total magnetization is equal to the volume average of the magnetizations of the two
phases, but this is not necessarily true for other quantities, such as the exchange
stiffness and the coercivity. For multilayers, the underlying nucleation problem was
first considered by Nieber and Kronmiiller (1989), but the slightly different idea of
coupling a soft or “exchange-spring” layer to a hard phase goes back to Goto et al.
(1965). Arbitrary geometries (Fig. 7.23) with anisotropy, magnetization, and exchange
inhomogeneities were first treated by Skomski and Coey (1993). The last paper also
contains explicit energy-product estimates for rectangular hysteresis loops with of coer-
civity H. = M;/2. Experimental energy-product enhancement has been obtained in an
Fe-Pt system (Liu et al. 1998), but the realization of rectangular loops has remained
a challenge for most systems.

The nucleation field Hy =~ H. is obtained by solving the differential equations of
the type (4.19) and (4.29). Equation (4.34) predicts a decrease Hy ~1/L? as a func-
tion of the L of the soft inclusions (or soft-layer thickness). For large values of L,
the soft regions switch easily and Hy is small. This reduces the energy product—by
initiating the magnetization reversal of the magnet (H.~ Hy) and by giving rise to
an unfavorable “shouldered” or “wasp-like” hysteresis-loop shape. The corresponding
switching of the soft regions is also known as exzchange-spring magnetism (Kneller
1991, Sawicki et al. 2000). If L is smaller than about twice the domain-wall width of
the hard phase, or approximately 10 nm, then the magnetization direction is nearly
constant on a local scale and we can use the “virtual-crystal” or effective-anisotropy
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approximation, Kj(r) ~ (K7). This yields H. =2(K1)/u.(Ms) and a closed expres-
sion for the energy product as a function of the volume fraction f of the soft phase.
Initially, (BH )max increases with f, but for large values of f the average anisotropy
becomes too small to sustain the necessary coercivity, and (BH )yax decreases.

Aside from the size of the soft inclusions, one must account for the “tunneling”
of the nucleation mode from the soft phase into the hard phase, similar to Fig. 4.19.
Small corrections to the virtual-crystal or effective-anisotropy approximation involve
the correlation function (Kj(r)K;(r’)) . Note that the nucleation problem is very
different from the percolation problem. In the latter, the onset of transport occurs
when the percolating backbone is fomed. In hard-soft two-phase nanostructures, (4.29)
means that main criterion is the distance to the nearest hard region, irrespective of
whether the geometry is granular or layered—there is no “percolation” through small-
scale soft regions.

Hard-soft nanocomposites are often obtained in form of thin films, as granular
materials or continuous multilayers (Al-Omari and Sellmyer 1995, Astalos and Camley
1998, Liu et al. 1998, Fullerton, Jiang, and Bader 1999, Davies et al. 2005). Aside
from the potential use of these materials in permanent magnets, they are of interest
as sensors and in magnetic recording (Garcia-Sanchez et al. 2005). Note that the
improvement of magnetic properties due to nanostructuring is limited to extrinsic
properties, such as the energy product, which are realized on length scales of order
a/a, (Section 4.2.5). Intrinsic properties, such as the Curie temperature, are realized
on atomic length scales of about 1 nm and cannot be improved by nanostructuring
(Section 7.1.3).

Panel 8 The nanomagnetic hemisphere model

Micromagnetism reflects the competition between exchange, magnetostatic interac-
tions, and nanoscale disorder. This is true not only for nanostructures but also for
traditional bulk magnets, because typical pinning and nucleation centers have sizes
comparable to the domain-wall width. Let us consider a spherical particle of radius R,
which we divide into two hemispheres I and II. The hemispheres are characterized by
anisotropies Ki/; and a common easy axis ny/ =e,. The moments my/;; = MV/2
of the hemispheres are assumed to reside at ry;; = & %Rex, and the magnetizations
My = Ms(cosbiyme, + sinfimey). In the figure, the dotted line connecting the
hemisphere moments is along the z axis.

For small magnetization angles 01,11, the magnetic energy density of the sphere is

E _ <£ _ Mojws2 po M H

From this equation, the nucleation modes and coercivities H. = Hn are obtained by
the diagonalization of the 2 X 2 interaction matrix (exercise). For coherent rotation, this
yields the exact result 61 = +611 and He = 2K /10 Ms. The curling-type mode exhibits
01 = —0u and He =2K1 /o Ms + 8A/MOM5R2 — Ms/3. The curling nucleation field is
approximate but close to the exact solution (Section 4.3.1), as is the coherence radius

Reon = /24 A/ o M2.

1 1
)(91 —0m)® + §K1912 + §K119121 +

Continued
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Panel 8 Continued

(a) (b) (©

Nucleation modes in the hemisphere model: (a) coherent rotation, (b) curling, and
(c) localized nucleation.

Let us next consider a two-phase particle (c), where the left hemisphere is hard
(dark area, Ky > 0) and the right hemisphere is soft (bright area, K1 =0). In this case,
the soft phase switches first, and the nucleation field is roughly proportional to A/R?.
This mechanism is localized, as contrasted to the cooperative mechanisms (a) and (b).
A similar model exists for the magnetic resonance (Section 6.1) of coupled nonequivalent
layers or particles. In the cooperative limit of very thin layers, the two eigenmodes are
ferro- and antiferromagnetic, whereas the resonance lines of thick layers look like a
superposition of two phases.

Exercises

1. Extract and diagonalize the 2 X 2 interaction matrix from the energy expression for
the hemisphere model. Discuss the applicability of the model to real nanostructures
by finding one or two examples where the model can not be used.

2. Compare the model of this panel with the diatomic pair model of Section 2.1 and
with the quantum-mechanical two-level model of Section A.2.3.

7.5 Beyond magnetism

Summary The transparent phase space of magnetic models has led to various
applications of magnetic modeling in other areas of human knowledge.
Examples are metallurgy, population dynamics, neurology, and sociol-
ogy. Order-disorder transitions, gases in metals, and spinodal decompo-
sition in alloys can essentially be described by the Ising model, whereas
models of population dynamics are often of the diffusion or Fokker-
Planck type. There is a close link between neurology and spin-glass
models, as epitomized by the Hebb rule. As in magnetism, the qual-
ity of a model depends on the parameterization and ranges from a crude
qualitative understanding to quantitative predictions. In turn, magnetic
modeling has been influenced and reinvigorated by developments in other
areas of science and technology.
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Magnetic models have found widespread applications in other areas of physical
sciences and beyond, for example, in the social sciences. As in magnetism, the choice
of model depends on the phase space of the phenomenon. A widely used model is the
Ising model, as parameterized by exchange constants J;; and local fields h;. For exam-
ple, Ising variables s; = £1 can be used to describe the behavior of voters (index ) in a
two-party political system. Both equilibrium and nonequilibrium phenomena are con-
sidered, the latter often in the form of Fokker-Planck dynamics. The models describe
features such as interactions, nonlinearity, local bias, and randomness. Ideas from mag-
netism and from other areas of physics, such as fluid science, have now established
the fundamental role of randomness, nonlinearity, and nonequilibrium in many areas
of human knowledge. For example, hysteresis occurs not only in magnetism but also
during economical cycles.

Quantitatively, the models make more or less accurate predictions, depending on
the specific range of applicability. A general challenge is the actual parameterization of
complex phenomena. For example, fictitious temperatures make it possible to model
randomness, but the modeling of stock-market fluctuations in terms of a heat bath is
a very crude approach. We know this from magnetism, where models describe some
aspects of reality very well but fail to reproduce features that lie beyond the scope of
the model.

This section focuses on a few specific examples. Magnetic models have also con-
tributed to our general understanding of physics, from quantum mechanics and phase
transitions to nonlinear phenomena, but this aspect goes beyond the scope of this
section. We also ignore some complex systems and phenomena loosely related to mag-
netism, such as self-organization, chaos, ferroelectrics and multiferroics, liquid crystals,
and materials with negative index of refraction. For example, photonic materials have
a negative index of refraction n = (ue)~'/? when both u(w) and £(w) are negative
(Shelby, Smith, and Shultz 2001).

Ferroelectrics are an electrostatic analog to ferromagnets, with dipole moments
determined by the positions of the involved ions. Some features of ferroelectrics are
therefore similar to ferromagnets, for example the involved nature of coercivity, but
there are also differences (Ducharme et al. 2000). For example, the nanoscale charac-
ter of micromagnetic phenomena requires the anisotropy to originate from spin-orbit
coupling (Section 7.4.1), as epitomized by the Bloch-wall width 7(A/K;)Y/2. The
anisotropy of ferroelectrics is unrelated to anisotropy and corresponds to abrupt ferro-
electric domain walls (Padilla, Zhong, and Vanderbilt 1996), broadened by elastic and
other energies of electrostatic origin. Multiferroics aim at simultaneously exploiting
magnetic and other degrees of freedom, most notably ferromagnets and ferroelectrics
(Baettig and Spaldin 2005). The coupling between the magnetic and electric degrees
of freedom is usually realized by elastic strain, but in principle it is also possible to
exploit crystal-field interactions, as in Fig. 7.13.

7.5.1 Metallurgy

The Ising model can be used to describe metallurgical phenomena such as order-
disorder transitions and spinodal phase segregation in binary alloys, such as NiAu
and FeCo. The phase space of the Ising model, s; = +1, is easily mapped on the
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Fig. 7.24 Entropy: (a—b) gas phase or solution and (c—d) Ising ferromagnet. The entropy of
(a) and (c) is lower than that of (b) and (d). Related systems are antiferromagnets (Fig. 5.12),
gases in metals (Fig. 7.12) | polymers (subject to connectivity constraints) and AB alloys
with order-disorder transitions and spinodal decomposition.
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site occupancies of A and B atoms in a binary alloy. The interactions between neigh-
boring pairs of A—A, A—B, and B—B atoms favor segregation into A and B phases
if A—A and B—B bonds are energetically more favorable than A—B bonds. In the
opposite case of strong A— B bonds, the interactions yield an ordered A— B alloy. Since
A and B occupancies correspond to T and | spin states, the phase segregation into
A and B phases corresponds to the onset of ferromagnetism. Similarly, the formation
of ordered A—B alloys is analogous to antiferromagnetic order. A similar mechanism
is responsible for the behavior of gases in metals (Section 7.2.6), except that the
respective spin states T and | now correspond to occupied and empty interstitial sites
(Alefeld 1969). As indicated in Fig. 7.12, the interstitial atoms may segregate to form
clusters or are randomly occupy the interstitial sites. Figure 7.24 compares interstitial
alloys with magnets.

Above the critical temperature Ti., which is proportional to interaction strength,
the system forms a random solid solution (A-B alloys) or a lattice gas of intersti-
tial atoms. Below T, the sign of the interaction decides whether the random solid
solution segregates (spinodal decomposition) or forms ordered A-B alloys. Examples
are NiAu (spinodal decomposition, T, =800°C) and FeCo (order-disorder transition,
T.="725°C). The interaction between interstitial gas atoms is of elastic origin and
attractive, so that the gas atoms cluster below T, (phase segregation). A well-known
example is PdHy, where T, =292°C.

The temperature-concentration phase diagram looks like Fig. 5.9(a), except for a
shift ¢ = (1 + s)/2. The mean-field version of the approach is known as the Gorsky-
Bragg-Williams theory. As in magnetism, the applicability of the mean-field theory
depends on the range of the interactions. The elastic interactions between gas atoms
in metals are long-range, as contrasted to short-range electronic interactions between
atoms in alloys, and the mean-field theory yields the correct critical exponents.

The metallurgical analog to the magnetic field is the chemical potential of the gas
or metal atoms. It fixes the average concentration, as the magnetic field determines
the average magnetization. For gases in metals, the chemical potential is proportional
to the logarithm of the pressure (Fast 1976). In a crude approximation, the lattice-gas
model of Fig. 7.24 can also be used to describe the phase transition from a liquid (a)
to a gas (b). The corresponding mean-field predictions are essentially equivalent to
the van-der-Waals theory.
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Fe in Au

Fig. 7.25 Schematic comparison of neural networks (left) and spin glasses (right).

7.5.2 Biology and medicine

Magnetic models have various applications and generalizations in biology and neurol-
ogy, and many models enjoy shared interest in magnetism, biology, and other areas
of science (Haken 1983, Berg 1993). Neural networks, such as the Hopfield model,
simulate the human brain, and there is a close analogy between such networks and
the magnetic models. Figure 7.25 illustrates the structural and functional similar-
ity between brain cells (neurons) and spin glasses. In fact, neural networks were one
reason for the interest in spin glasses (Fischer and Hertz 1991). A specific question
the associative character of brain activity. For example, unlike typical computer algo-
rithms, the brain easily distinguishes between a number of persons, such as relatives
and colleagues. In Section 7.1.4, we have mentioned that spin glasses have many low-
lying states, and the identification of a person corresponds to the relaxation into the
corresponding energy minimum.

The information of the brain is stored in the interactions Jij, whereas the visual
input has the character of an external magnetic field H;. In the brain, the Jj; are real-
ized chemically, whereas the spin states T and | correspond to the electrical potential
of the neurons. Learning consists in the tuning of the Jj;. Let us consider the distinc-
tion between m=1... p persons, each characterized by a vector or “image” &(m).
The simplest approach is to use the Hebb rule

1 p
Ji=7 > &m)gm) (7.43)

m=1

where N is the total number of spin or neurons. Glauber-type dynamics (Section 6.3.1)
causes the model defined by (7.43) to relax into the nearest state &(m), thereby
associating the visual input H; with the m-th person. The maximum number p of
persons or objects that can be distinguished depends on the overlap & (m) & (n). If all
input pictures &(m) were orthogonal, then p ~ N. However, common human features
such as two eyes and mouths rather than beacons indicate a considerable degree of
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overlap, and p < N. In the brain, this is compensated by the large number of neurons,
N ~ 10

Fokker-Planck and other models have found applications in areas as population
dynamics and spread of diseases (next subsection). In addition, there are many bio-
logical applications of magnetism, for example in the fields of self-organization, sym-
biosis, and food supply. An example of a medical application is targeted drug delivery
and cancer therapy using magnetic nanoparticles (Pankhurst et al. 2003, Panyam
et al. 2004)

7.5.3 Social sciences

Compared to natural sciences, social sciences are characterized by complex problems
that are difficult to access by experiment. A destroyed sample is rarely a problem in
physics, but extending this experimental approach to human society is not acceptable.
It is, however, possible to model empirical data, such as birth rates and consumer
prices. We have already mentioned Ising modeling of the voting behavior in two-party
systems. In this case, H; is a local political bias or tradition, whereas the Jj; describe
the interactions between the members of the society.

This kind of modeling has been applied to a wide range of problems, from stock-
market fluctuations, traffic flow, and propagation of forest fires to sociology and lin-
guistics (Haken 1983). In economics, the approach is also known as econophysics. Such
modelling cannot replace the “microscopic” search for the origin of social or economic
developments, but help to understand their consequences. T'wo specific examples are
the spread of crime (Glaeser, Sacerdote and Scheinkman 1996) and financial stability
(Bornholdt and Wagner 2002). The basic idea may be illustrated by the following cin-
ematographic analogy. A good guy (1) interacts with a bunch of bad guys (), and due
to an external force, introduced by the movie director, the good guy gains influence.
Eventually, everybody is spin-up, corresponding to the film’s happy end. However, the
development towards the happy end is affected by nonlinear developments, hysteresis,
and randomness.

Exercises

1. Phase transition in an A—B alloy. Construct an Ising Hamiltonian for an equi-
atomic A-B alloy on a simple cubic lattice and determine the mean-field order-
disorder and spinodal-decomposition temperatures.

Hint: cia/p = (1£51)/2.

2. Critical exponents for percolation. Use the real-space renormalization-group
equations of Section 7.2.4 to estimate the critical exponents v for one- and two-
dimensional percolation.

Hint: Write p = p. — € and p’ = p. — &’ and exploit that v=—1n(¢'/£)/In(e’ /¢).
Answer: ¢ =2¢ and v=1 for d=1, and ¢/ =1.52768¢ and v =1.6353 for d =2.

3. *Surface states. Find the s-band surface states for a simple-cubic (001) surface
in the tight-binding approximation.

4. *Extended polymer chain. Calculate the force acting on an almost extended
polymer chain.

Hint: Since R < N,, the chain is no longer Gaussian. What is the magnetic analog
to the extended chain?
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. *Ammonia formation and decomposition. The formation and decomposi-
tion of ammonia exhibits a number of interesting features. For example, ammonia
synthesis is usually performed at relatively low temperatures and high pressures,
and ammonia can be used to produce interstitial permanent magnets. Explain these
features by analyzing the energy and entropy of ammonia. Why can ammonia be
used to produce interstitial magnets such as FeN, and SmyFe;7;N3?

. *Hubbard Green function and Wigner’s semicircle law. The real part of
the Hubbard Green function has a semicircular shape. The same shape, known as
Wigner’s semicircle law, is obtained for random matrices with Gaussian-distributed
couplings t;;. Since the Green function provides a complete physical description of
the system, one may conclude that both the Hubbard and Wigner models are
equivalent. What is wrong with this conclusion?

. *Micromagnetic localization in a nanowire. Determine the nucleation mode
in a thin nanowire of infinite length and anisotropy K =5MJ/m3. The easy axis is
parallel to the wire axis, and the wire contains a cylindrical imperfection of length
2nm where the anisotropy is reduced by 20%.

Hint: Assume that the shape anisotropy is incorporated into K, as reasonable for
very thin wires.

. *Reduced surface Curie temperature. There are magnets that exhibit an
enhanced surface Curie temperature due to enhanced exchange at the surface. How-
ever, there are no magnets with reduced surface Curie temperature, in spite of the
realistic possibility of reduced exchange at the surface. Why?

. *Generating function. Calculate the generating function f(k) for n-vector spin
averages (s¥) as a function of n and convince yourself that higher-order contribu-
tions become unimportant as n approaches zero. For simplicity, restrict the calcu-
lation to quartic terms.

Hint: Conversion of Vi into spherical coordinates yields 8% /0k* + (n — 1)k~10/0k,
and the resulting differential equation is solved most easily by using the ansatz
f=1+ ak® + bk*.

Answer: f(k)=1—k?/2+ nk*/8(n + 2).



This page intentionally left blank



Appendix

A.1 Units and constants
A.1.1 Units systems and notation

Most scientists now use the international or SI system, although the cgs system has
remained popular in some countries, especially in the USA and in China. The ST sys-
tem was fully elaborated in the twentieth century, but the use of the units meter,
kilogram, and second go back to the late 1790s. These mechanical units are comple-
mented by one electromagnetic base unit, the ampere (A). All other mechanical and
electromagnetic units can be written as powers of m, kg, s, and A, but some units carry
separate names. Examples are the energy unit joule (1J=1kgm?/s?), the charge unit
coulomb (1C=1As) and the flux-density unit tesla (1T =1kg/As?). The SI system
is logical, transparent, unambiguous, and, with the exception of the cumbersome field
and magnetization unit A/m, convenient to use.

The first version of the cgs system was proposed in the 1830s and later modified
to include electromagnetic units. The basic units of the cgs system are cm, g, and
s, and energies are measured in erg (1erg=10""J). The cgs system exists in several
versions, such as the Gaussian system, which mixes magnetic (emu) and electric (esu)
units. In the Gaussian system, Maxwell’s equations (A5la—d) assume the form

V-D =4mp (A1)

V-B=0 (A.2)
0B

CVXH:47Tj+%—]t) (A.4)

The material equations are D =E =47P and, in a common notation, B=H + 47M.
The Lorentz force changes from ¢v x B (SI) to ¢v x B/c (cgs), and there is no p,
in the Zeeman energy.

Note that emu is not a unit but an indicator of the used unit system. As a conse-
quence, multiplication by a dimensionless number may change the unit of a physical
quantity, which is counterintuitive and not allowed in the SI system. For example, the
cgs equation B =H+47M means that the flux density measured in gauss (G) is equal
to the field measured in oersted (Oe) plus 47 times the magnetization measured in
emu/cm3.
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An inconvenience of the present-day SI system is that both H and M are measured
in A/m. This reflects the nineteenth-century idea that magnetism is due to moving
charges and interprets the spin in terms of unphysical currents. A simple solution is to
consider pu,H and pu,M, respectively, which are both measured in tesla. Some authors
write these combinations as J = uo M, and B, = o H, but this raises the problem of a
possible confusion with J (exchange) and B (flux density).

Notation. Throughout the book, a consistent and transparent set of symbols is used.
Howover, some commonly used symbols must be identified carefully, most notably
the following cases. (I) In expressions such as dV =dr=dxzdydz, V is a volume, but
in some sections, especially in Chapter 2, V' denotes the electron potential and then
usually contains a subscript. (II) The vector m is the magnetic moment and, in most
sections, m = |m|. Howver, in some paragraphs of Chapter 5, m denotes the power law
exponent for energy barriers. Some pairs are carefully separated in the text, so that
they should not yield confusion, such as (III) ¢ for time and hopping integral, (IV) D
for diffusivity and density of states, and (V) R for radius and resistance.

The mathematical symbols =~ and ~ mean “approximately equal” and “propor-
tional”, respectively, and the latter is also used for order-of-magnitude estimates and
scaling relations. RT means room temperature (about 298 K).

A.1.2 Unit conversions

There are various Sl-cgs conversion rules for magnetic units, such as 1 T=10kOe
(field), 1J/T=1Am?=1000emu (moment), and 1kA/m=1emu/cm® (magnetiza-
tion). For example, the room-temperature magnetization of iron, 1.707 MA/m=
1707 emu/cm?®, corresponds to a flux density of 2.15T or 21.5kG. The useful rela-
tions 10e ~ 80A/m (field) and 1MGOe =~ 8kJ/m? (energy product) involve the
factor 1000/47 =79.577. In the cgs, demagnetizing factors and susceptibilities carry a
factor 4x. For example, D =1/2 is written as D =27 in the cgs system.

Some useful energy conversions are eV =1.602x 10719J, K=1.381 x 10723 ],
kJ/mole=1.66 x 10721 J (=120.3K), kcal=4184J, Ry =2.180x 10718 J (=e?/87
E0ao=13.6eV), 1 /em=1.99 x 10722 (=1.439K), and Hz=6.626 x 10731 J.

A.1.3 Physical constants

The magnitude of the charge of the electron is e = 1.602 x 10~ C. The magnetic field
constant i, =47 x 1077 J/mA? can also be written as pi, =47 x 10~7 H/m, where H
(henry) is the SI unit of the inductance. The Bohr magneton, ug =eh/2m,, is equal
t0 9.274 x 10724 J/T, and the speed of light ¢ = (go/10) /% &~ 3 x 108 m/s.

A.2 Mathematics
A.2.1 Linear equations

As in other areas of science, linear equations are of great importance in magnetism.
First, nonlinear relations can often be approximated by linear equations. Second, quan-
tum mechanics is essentially linear, as epitomized by the Schrodinger equation (A.29).
The simplest linear equation is C'm = f, where C is a force constant (or materials
parameter), f is an external force, and the amplitude m describes the reaction of
the system. An example is the linear susceptibility relation M = xH, where M, ¥,
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and H correspond to m, 1/C, and f, respectively. Other examples are mentioned in
Section 7.3.

It is often necessary to consider vectors m; rather than scalars m. For example, the
local saturation magnetization may be written as M ; = Mg(R;), where R; is the posi-
tion of the i-th atom. In this section, we focus on the N-dimensional vector defined by
1=1 ... N and ignore that m is often an n- or d-dimensional vector itself. An example
is M(R;) = My, where p=1 ... n and n is the spin dimensionality (Section 5.2). The
reason for focusing on scalars is practical rather than fundamental: we want to cir-
cumvent cumbersome multiple indices and avoid the ambiguous use of bold characters.
A formal way of solving the vector notation problem is to use multi-indices such as
i1=1...nN, corresponding to n times N degrees of freedom. However, these multi-
indices are cumbersome, too, and we will stick to the simpler case of scalar relations.
However, aside from these awkward but peripheral bookkeeping issues, vector spaces
in physics are transparent and convenient.

Let us start with the vectors themselves. There are various equivalent ways of
writing N-dimensional vectors m = |m)=m; = m(r;)

m; = (my1, ma, ... ,mN) (A.5a
m = mye; +mgez + - - + MNeN (

[m) =ma|1) + m2[2) + -+ + mx|N) (A.5c
m(r) = mid1(r) + mogn(r) + - +mnen(r) (A.5d

Equations (A.5a) and (A.5b) are very common in mathematics and physics, respec-
tively, whereas (A.5c) and (A.5d) are widely used in quantum mechanics. As we will
discuss below, (A.5d) is actually a special case of (A.5c), with |i) = ¢;(r). The cases
(A.5a—d) may all be interpreted as generalizations of ‘ordinary’ vectors r = (z, y, 2).

In the respective notations, the scalar product ¢ = ajb; +a3ba+ - - - +aj by assumes
the form

c=ab (A.6a)
c=a-b (A.6b)
¢ = (alb) (A.6¢)

- / a* (x) b(r) AV (A.6d)

In particular, ¢=0 for orthogonal states. The consideration of complex quantities
a=a'+iad” and a* = @’ —ia” is necessary in quantum mechanics (Hilbert space), but
otherwise the scalar product keeps its real-space meaning. In particular, a - b can be
interpreted as a projection of b onto a, or vice versa.

Next, we generalize the linear relation C'm = f to vectors:

Z Cij m; = fi (A?a)
i

Cm=f (A.7b)
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Clm) = [f) (A.7c)
/C(r,r’)m(r’) dr’ = f(r) (A.7d)
Cm(r) = f(r) (A.7e)

Here (A.7a) and (A.7b) are known as the matrix and vector notations, respectively.
The so-called bra-ket notation (A.7c) originates from quantum mechanics, whereas
(A.7d-e) is most useful when dealing with continuous systems. For example, C = ¢?V?—
0?/0t%, where V = e,0/0x + e,0/dy + €,0/0z, specifies (A.7e) as an inhomogeneous
wave equation.

Throughout this appendix, we will use 2 x 2 matrices (N = 2) as an example.
Equations (A.7a-b) then assume the form

Crimy + Ciama = f1 (A.8a)
Cormy + Caama = fo (A.8a)

(g; gli) (Z;) - (ﬁ) (A.8D)

One problem is to determine m. This is achieved by solving the set of equations (A.8a)
or, equivalently, inverting the matrix C: m = C™'f. When C is close to some multiple

¢ of the unit matrix
1 0
() %9

then one can use the expansion 1/(1 +x) = 1 — x+ x> — x> £ --- and obtains, in
lowest order, m = 2f/c — Cf/c?. Another problem is to decouple the two equations
(A.8a) and (A.8a’). This diagonalization problem will be discussed in the following
subsection.

A.2.2 Eigenmode analysis

In many areas of physics and mathematics it is convenient to consider diagonal equa-
tions of the type

Camy = fa (A.10a)
Cymp = fp (A.10a")

rather than (A.8). This is because the two modes m, and my are decoupled and
because the eigenvalues C, 1, tend to have a transparent physical meaning. Examples
are normal modes of coupled oscillators, the determination of quantum-mechanical
eigenvalues and eigenstates (Section 2.1, Section 7.1), and magnetization modes near
the Curie point (Section 5.36, Section 7.1). The following paragraphs summarize some
basic features of eigenmode analysis.

The transformation from (A.8a) to (A.10a) can be considered as a rotation in
vector space. Consider, for example, the captain of a boat who wants to predict the
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motion of his vessel. In general, the external force f = fy e, + f; e, forms a nonzero
angle with the direction v of the keel. To solve the problem, one rotates the coordinate
frame from {x,y} to the frame {v, v} of the boat, where v - v, = 0. In this frame,
only the projection f, = f- v contributes to the acceleration; because the projection
f. v, perpendicular to the keel has little influence on the motion of the vessel. We
note that neither the orthogonality between the axes nor the magnitude |e;| = 1 of
the unit vectors is changed by this procedure. This is very convenient in calculations.
After diagonalization, (A.7) becomes C,, m, = f, where the index 4 =1... N
labels the eigenmodes of Cj;. The eigenmodes can also be written as |p) = >, pili),

) = Sl ) (A.11)

1

or |u) = Uli), where U = 3" (i|y) is the unitary or “rotation” matrix that diagonalizes
C. Equation (A.11) is a consequence of the completeness of eigenfunctions, that is,
any vector can be represented as a sum of eigenfunctions; it can also be written as
l) = > |4)(i|). Here the operator ) . |i)(i| =1 is also known as a “nutritious one”,
because it can be inserted in any expression to simplify the calculation. Physically, it
projects any vector onto the orthogonal unit vectors |¢) and then adds all components
together to reproduce the original vector.
In practice, eigenmode problems are solved by considering the equation

Z Cij i = Cy s (A.12)
J

which has solutions if the determinant det(Cj; — A ;) = 0. Here A is any of the eigenval-
ues Cy, and 03 is the unit matrix, d;; =1if i = j and 6;; =0 if i # j (Kronecker symbol).
For example, the diagonalization of a 4 x 4 matrix amounts to the solution of the sec-
ular equation det (C — X) = (C; — A)(Cy — A\)(C3 — A)(Cy — A). An explicit example
will be discussed in the next subsection. The diagonalization may also be performed
by exploiting the diagonal character of UTCU, where the the U™ = U™ (conjugate
transpose), but the corresponding unitary transformation U is usually unknown.

An example of a unitary transformation is Fourier transformation, where U ~
exp(ik -r). It transforms real-space states into wave-vector states: fi = [exp(ik - r)
f(r)dV. Functions localized in k-space are delocalized in real space, and vice versa.
Fourier transformation makes it possible to treat periodic and, to a lesser degree,
aperiodic systems. Examples are electrons in solids and spin waves.

A.2.3 Real 2 X 2 matrices

Many physical systems can be treated as two-mode systems, similar to (A.8). In some
cases, the treatment is only approximate, based on the projection of a space with large
N onto a space with N = 2. Of course, the selection of the two states depends on the
involved physics. For example, at low temperatures it is often sufficient to consider
the ground state and the first excited state. A real-space equivalent of this procedure
is the projection of an airplane {x,y,z} onto a radar screen {x,y}.



294 Appendix

The eigenvectors and eigenvalues of (A.8b) are obtained by solving

(Cll - A C(12

Co Cyo — /\) =(Cn — )\)(022 - )‘) —C12C91 =0 (A.l?))

The two roots of this quadratic equation are the eigenvalues of C, and the corre-
sponding eigenvectors are obtained by solving (A.8). It can be shown that matrices
with Cj; = C}} have real eigenvalues (Hermitian matrices). For example, the Pauli
matrices (2.32, 6.10) are complex but hermitian and have the real eigenvalues + 1,
corresponding to T and | states. However, the eigenfunctions are generally complex.
For simplicity, we will restrict ourselves to real eigenfunctions, which correspond to
Cji = Cj;.

Any real 2 x 2 matrix Cjj can be written as C = ¢l + A, where ¢, = (C11 + C22)/2,

| is the unit matrix, and
a b
sz ) 10

Here, b = (15 and a = (C11 — Ca2)/2. Note that the ¢, term shifts the eigenvalues
but leaves the eigenfunctions unchanged, so that we can restrict ourselves to A. Its
eigenvalues

Ay = +V/a2 + b2 (A.15)

For small and large off-diagonal matrix elements b, the respective eigenvalues approach
+a and £b. For small b, the splitting between the levels increases from 2a to 2a + b%/a.
Since off-diagonal matrix elements correspond to interactions, we draw the conclusion
that interactions lead to a level repulsion. For large level separations a, the repulsion
is small, b /a, but for nearly degenerate levels (a = 0) it approaches 2b. This finding
is of far-reaching importance in physics, because it means that interactions are most
important for degenerate or nearly degenerate energy levels.
The eigenvectors of A can be written as p4 = (cos x, sinx) and g = (—sin x, cos ),

where the mixing angle

; (A.16)

(\/ a? + b2 — a)
X =atan| ———
With increasing b, x increases from 0 (b = 0) to /2 (b = o0). In the quantum-
mechanical analogy, it describes the degree of hybrization. The corresponding unitary
transformation

_ (COSX SinX> (A.17)

sin y Cos Y

describes two-dimensional rotations in the space defined by A. Note that the columns
of U are the eigenvectors of A and that UTAU is diagonal. This feature, as well as
the orthonormality and completeness of eigenfunctions, are common to all eigenmode
problems. However, in the case of degenerate eigenvalues, y1; = pj, the orthogonaliza-
tion must be ensured separately, because it corresponds to a diagonal submatrix.
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In this book, we have seen many applications of (A.14-17). Examples are the
diatomic pair model (Section 2.1), s-d hybridization (Section 2.4), ferri- and anti-
ferromagnetism at finite temperatures (Section 5.3.6), and the hemisphere model of
panel 8.

A.2.4 Vector and functional calculus

Equations (A.5-8) indicate a close relationship between scalars, vectors, and functions.
The first part of this subsection is devoted to common features, whereas the second
part deals with specific operations such as the vector or cross product, which is limited
to three-dimensional vector spaces.

The ordinary derivative df/dx= f’ is defined as the A =0 limit of (f(x+A) —
f(x))/A. Tt may be determined numerically or by exploiting relations such as dz? /do =
2z. There are two different generalizations to multidimensional systems. First, the
function F(x) may be replaced by f(r) = f(z,y, z). The corresponding partial deriva-
tives 0f /0x, Of /0y and Of/0z are often used in form of the nabla or del operator

Vf:%ex+g—£ey+%ez (A.18)
A second generalization is obtained by considering f as a vector or function. An
example is the local magnetization of a one-dimensional Ising magnet, whose respective
vector and functional forms are M; = M (z;) and M (z). This distinction is sometimes
confusing. For example, the magnetization M; = M(R;) involves three vectors: an
n-dimensional magnetization vector (M), a d-dimensional real-space vector (R), and
an N-dimensional vector denoted by the index i¢. An example is VM =V M, e, +
VMy e, +VM,e, (Chapter 4).

As a mechanical example, let us consider a system of N coupled particles of energy
is F(y;). The force on the i-th particle, f; = OF/y;, is zero in equilibrium, that is,
OF /y; = 0. For a continuous system y(x), such as a string, this condition becomes
8F/dy(x) = 0, where 8F/3y(z) is a functional derivative. As for ordinary derivatives,
there exist rules to evaluate functional derivatives. For example, F' = [n(f,Vf)dV
yields the Euler-Lagrange equations

oy o on
o) of Y (an) (A.19)

To prove this equation, one may replace the continuous function F by a discrete
function F(f;) and the derivatives by differences of the type fiy1 — fi. A frequently
occurring energy expression is

P / (g(w)? + ;)f2> av (A.20)

Its functional derivative 3F/3f(r) = -V (aV f) + bf is frequently used, for example in
the determination of nucleation fields (Section 4.3.1) and spin waves (Section 6.1).
The functional equivalent of the unit matrix | is 8(z — 2’), where the delta func-
tion or “needle” function §(x) is defined by 8(z # 0) = 0 and [8(z)dz=1. The
delta function can also be considered as the derivative of the step or theta function,
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8(x) =dO(z)/dx, where ©(x < 0) = and ©(x > 0) = 1. Theta functions are very useful
in the evaluation of integrals, because an integral of f(z) from a to b can also be written
as an integral of f(z) O(z —a) O(b— x) from —oo to +o00. Partial integration based on
(fg) =fg'+f'g and g = © can then be used to transform the theta functions into delta
functions and to simplify the integrals by exploiting that [ g(z)d(z — z,) dz = g(z,).

In three dimensions, the [ F(z) dz corresponds to the volume integral [ F(r)dV =
[ F(r)dz dydz, also written as [ F(r)dr. Its generalization is the functional integral

/ F(f(r))Df = / FUF)dfydfs - dfy (A.21)

Functional integrals are also known as path integrals, because the function f(r) has
the character of a path. Consider, for example, two villages A and B separated by a
range of mountains. There are many paths joining the villages, and the total proba-
bility of going from A to B has the character of a functional integral. Many problems
can be formulated as functional integrals, including the solution of the Schrédinger
equation (Feynman path integrals), diffusion, and other nonequilibrium problems, as
exemplified by the Onsager-Machlup function, and polymer statistics (Section 7.2).
One class of exactly solvable functional integrals, where the integrand is of the type

F(f(r))=F,exp <—; /A(r, ) f(r)f(r)dV AV’ + /b(r)f(r) dV) (A.22)

On diagonalization of A, the exponent becomes a sum over eigenfunctions, and the
functional integral reduces to a product of one-dimensional integrals

/exp(lAf2+bf>df %ex<b’2‘> (A.23)
gt T Pl | EIw = P 9, '

Since the quadratic (harmonic) exponent in (A.22-23) corresponds to linear equations
of state, Gaussian functional integrals are frequently encountered in linearized prob-
lems. Examples are Ornstein-Zernike type free-energy calculations (Section 5.3.3) and
the self-consistent renormalization of spin fluctuations (Section 5.2.5).

In three dimensions, it is possible to define cross products (a x b) and the curl or
rotation (V x a). Explicitly,

a x b = (axby — ayby) e, + (ayb, — a,by) ex + (a,bx — axb,)ey (A.24)
and
Vxb= (bey — Vybx)ez + (Vybz — Vzby)ex + (V,bx — bez)ey (A.25)

where we have used the shorthand notation Vi = 9/9z. The restriction of this calculus
to three spatial dimensions is a consequence of the Dirac equation (A.3.5). This is also
the reason for the occurrence of cross products in the Maxwell equations (A.4.1). By
contrast, the divergence V - a and the gradient Va can be defined for any vector
space. V - a # 0 means that the vector field a(r) has a local source or drain, whereas
V x a # 0 means that a(r) contains closed loops, as in a vortex. Integrals over
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divergences and curls are related to surface and contour integrals by the Gauss’s and
Stokes’s theorems, respectively. Gauss’s theorem, f V-adV = 55 a - dS, means that
the sum of all source and drain contributions in a volume V' is equal to the integral
component of the vector field normal to the surface S of the volume. Stokes’s theorem,
f Vxa-dS= fa - dl, relates the line or contour integral along the boundary of an
arbitrary surface to the curl density on the surface.

A.2.5 Useful formulae

To evaluate the factorial N!=1-2-3... N for large numbers N one can exploit Stir-
ling’s formula N! ~ v/2rN (N/e)N. This is useful in many areas of physics and math-
ematics (diffusion, polymers, entropy, probability calculations).

Translation-invariant interactions J(r —r’), such as RKKY interactions, are easily
diagonalized by Fourier transformation. In the integral Jx = [exp(ik - R) J(R)dR
one introduces the angle 6§ between k and R, so that

S =27 / exp(ikRcos ) J(R)sin0df R? dR (A.26)

With cos = g, this yields [ exp(ikrq) dg=2sin(kr)/kr and the relatively simple inte-
gral Jx = (47 /k) [ sin(kR) J(R)R dR. In the determination of the free-electron RKKY
interaction (Section 2.3.2), one starts from Jy and then calculates J(r —r’) by inverse
Fourier transformation, exploiting that sin(z) —z cos(z) = — 22 (sin(z)/z)". Two other
useful relations are Vexp(ik - r) =ikexp(ik - r) and the 1ntegral J1/(1 = 2%)dz=
atanh(z).

A.3 Basic quantum mechanics

Experiment shows that the motion of any particle of momentum p and energy F
is wavelike, described by the wave vector k=2r/A=p/h and the circular frequency
w=2xf = E/h. In a nutshell, this is the basic idea of quantum mechanics. There are
many textbooks dealing with general quantum mechanics and quantum-mechanical
aspects of metals (Pauling and Wilson 1935, Mott and Jones 1936, Hurd 1981), but
it is in order to provide a brief introduction.

Planck’s constant is very small, so that the wave character is not manifest on a
macroscopic scale, but microscopic particles and phenomena are described by wave
functions such as

¥ =1, exp(iwt — ik - r) (A.28)

Physical quantities, or observables, are described by operators such as the Hamil-
ton operator (Hamiltonian) H=1i%9J/0t and the momentum operator p = —ihd/0r =
—ihV. Operators act on the wave function 1, and the expectation value or quantum—
mechanical average A= (A) of any operator A is equal to (|Alyp) = [ 1*( r)dV.
Similar to (A.2.2-3), one can also use the matrix notation (A)= >, 1/}1*A]ij The
quantity p= >, {9 is the probability of finding the system in the quantum state |¢)).
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A.3.1 Time dependence

The wave function is obtained from the Schrodinger equation. Its time-dependent
form is

.0
ih—[) = Hlv) (A.292)

or
0
ih o= 3 Byl (A.20D)
J

Diagonalization yields the modes |, (t)) = [¢,,(0)) exp(iE,t/h), and the complete wave
function [¢)(t)) is a superposition of these modes. If the system is originally in the u-th
eigenstate, [¢,(0)) # 0 but [¢,/(0)) =0 for u’ # p, then the system remains in the
u-th eigenstate at t > 0. Similarly, adding a small perturbation to a system originally
in an eigenstate gives rise to transitions to other states. Let us consider the 2 x 2

Hamiltonian
_ (Es+AE %4
H= ( % B, - AE) (A.30)

where V' is a small perturbation, such as a hopping integral. The unperturbed eigen-
values (energies) are F,+ AFE, whereas the perturbation V' leads to a oscillating
hybridization of the states. When the unperturbed Hamiltonian is degenerate, AE =0,
then the initial condition ¢(0) = (1, 0) yields the wave function is 1 = (cos(wt), sin(wt)),
where w = V/h. Applied to electrons in solids, the larger the hopping integral, the faster
the motion of the electron from atom to atom. In narrow bands (small V'), the hopping
frequency is much smaller than the frequency associated with the orbital motion in
the atom, and the electron is practically “owned” by the atom.

An explicit equation of motion is obtained by putting the time derivative of
(A)= [ (r)Ay(r)dV into (A.29):

ih%(A) = (AH — HA) (A.31)
This equation indicates that commutators [A,B]=AB — BA are generally nonzero
in quantum mechanics. Conjugate quantities, such as the position and momentum
operators, obey commutation rules of the type [x,p,]=1h. This equation is easily
verified by taking into account that p,x¢p ~ 9(x)/0x =1 + xd/dx. Commutating
observables obey [A, B] =0 and mean that A and B have common sets of eigenfunctions
(next subsection) and can be measured simultaneously. Otherwise, the measurement
implies a Heisenberg uncertainty of order A. A mechanical analog is the position x and
wave vector k of a classical wave packet, where the exact determination of the wave
vector (Ak=0) requires an extended wave (Az = oc0).

A.3.2 Eigenvalues and eigenfunctions

The replacement 140y /0t=Evy transforms (A.29) into the time-independent
Schrédinger equation

Ely) = H[y) (A.32)
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The diagonalization of this equation yields the energy eigenvalues E,, and the eigen-
functions [t,). A simple example is a free particle of mass m., where H=p?/2m..
Since p=—iAV, the Schrodinger equation

-
By =~ V%) (A.33)

Using Vexp(ik - r) =ik exp(ik - r) it is an easy exercise to see that ) = exp(ik - r) is
an eigenfunction of (A.2.2). The corresponding eigenvalues Ey = h?k?/2m, are labeled
by the wave vector k, which assumes the role of the index u in (A.2).

Aside from complex wave functions exp(ik - r), (A.33) has real solutions cos(k - r)
and sin(k-r), or exp(ik-r) £iexp(ik-r). Complex wave functions are characterized by a
nonzero net momentum (p) (running waves), whereas real wave functions obey (p) =0
(standing waves). Particle-in-a-box states are standing waves, because the particle
is reflected at the boundaries. The picture carries over to the angular momentum
L=r xp or L=—ifir x V (Section 2.2), where real and complex wave functions
correspond to quenched and unquenched orbital moments, respectively (Section 3.3.4).
Complex wave functions are also realized in conduction and tunneling scenarios, such
as that of Section 7.2.

In most cases, the particle moves in a potential V (r), and the Schrodinger equation
assumes the form

2
By =94 V() (A.34)

Examples are the hydrogen-like potential proportional 1/r (Section 2.2.1) and the
periodic crystal potential of metals (Section 2.4.2). Projecting ¢ (r) on tight-binding
states |7) and using the particle-number representation n; :ai*ai briefly discussed in
Section 2.1.7, we can write the Hamiltonian as

H= Z b ai+ aj + Vin; (A.35)
ij

where the t;; are the hopping integrals. Applications and solutions of this Hamiltonian
are used throughout this book.

A.3.3 Perturbation theory

There are various ways of treating time-dependent and time-independent perturba-
tions. In the latter case, one considers a Hamiltonian H=H, 4+ V and assumes that
the eigenfunctions |u) and eigenvalues E,, of the unperturbed Hamiltonian H, are
known. For the eigenvalues, one obtains the expansion

WV (elVIp')

Ey = Epuo + (ulV|p) + Z <EfE, T (A.36)
o o u'o

In lowest order, the eigenvalue corrections are therefore equal to the diagonal elements

of the interaction matrix V. Similar expressions exist for the eigenfunctions.
Perturbation theory must be distinguished from variational approaches, where one

uses a normalized trial wave function |¢(\)). Here A denotes one (or more) freely
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adjustable parameters. An approximate ground-state eigenfunction, corresponding to
the smallest eigenvalue, is obtained by minimizing the energy with respect to A,
O(y|H|)/OA=0. Using this method to determine excited states, one must ensure
that the excited trial functions are orthogonal to the ground-state wave function.

A.3.4 Quantum statistics

Quantum statistics is similar to classical statistics, as introduced in Section 5.1. Aver-
ages have the character of traces, (A) = Tr(Ap), where

p= Z W’u)pu <wu| (A.37)

is the density matriz of the system. The role of the density matrix (or density operator)
is very similar to that of the probability in classical physics. An example is the
equilibrium density matrix

_ exp(—H/kgT)
P~ T(exp(—H/kpT))

(A.38)

By using the Hamiltonian in its diagonalized matrix form, that is, F,, =FE, for
pw=v and E,, =0 for u # v, we can replace the trace by a sum over all eigen-
values. This reproduces the familiar expressions p, = exp(—E,/ksT), (A)=(1/Z)
>, Apexp(—E,/kgT), and Z= 3 exp(—E,/kpT).

An equation of motion for the density matrix (A.38) is obtained by applying 9/0t
and using the Schrédinger equation. The result is the Liouville-von Neumann equation

892 = (1), p(1) (439
This equation is the basis for various approximations and specific models, especially
in nonequilibrium statistics.

Equations (A.37-39) apply to both single- and many-particle systems. However, in
many-body systems, the density matrix is generally very complicated. A free particle
of momentum p=hk behaves as a wave of wavelength A =27/k. Together with the
energy h2k?/2m, of free particles (Section 2.4.1), the thermal energy kg7 defines a
thermal wavelength \ of order i/ (mckgT)'/?. Macroscopic particles have large masses
m and thermal wavelengths much smaller than their interparticle distances. In this
limit, quantum-mechanical interaction effects are negligible. However, quantum effects
are important for small particles, and atoms such as H and He may become superfluid
at temperatures of order 1 K or below. The mass of electrons is even smaller than
that of nuclei, and quantum effects are important at room temperature and above. In
particular, the high electron densities n in metals translate into Fermi temperatures
Er/kp of order 37,700 K for Na and 81,600 K for Cu.

An important simplification is obtained when noninteracting particles occupy well-
defined single-particle states. This is approximately the case for electrons in metals,
where the zero-temperature occupancy covers all states with £ < Er (Section 2.4).
The physics behind this approximation is that Ep ~ n2?/3 is much larger than the
Coulomb interaction U ~ n!/3. However, electrons are fermions, characterized by
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half-integer spins and antisymmetric wave functions. A fermionic level may be empty
or occupied, but two or more particles per quantum state are forbidden by symmetry.
The corresponding wave functions have the character of Slater determinants, such
as |¥)|p) — |9)|¢), and determinants involving two particles in the same state, for
example |¢) =|v), are zero. We have encountered Slater determinants in the context
of the independent-electron approximation, Section 2.1.5,

The average occupancy of the levels is described by the quantum distribution
function

B Y. nexp(—nE/kgT)
9(E) = S exp(—n E/ksT) (A.40)

where n includes all possible occupancies, and averages are obtained as
(AY = /A(E)g(E)D(E) dE (A.41)

Here D is the density of states, which depends on the dispersion relation E(k) and
on the dimensionality. Examples are D(E) ~ E4/2=1 for free electrons, where E ~ k2
and D(E) ~ B9~ for phonons, where E ~ k.

The distribution function is obtained by evaluating (A.40) For fermions (n=0,1)
one obtains the Fermi or Fermi-Dirac distribution

1
Y= —r——— A .42
IE) = o E ) 71 (A-42)
where bosons (n=0,1,2, ..., c0) obey the Bose, Bose-Einstein, or Planck distribution
1
(A.43)

IE) = o E k) = 1

At low temperatures, both (A.42) and (A.43) exhibit pronounced deviations from the
classical Boltzmann or Maxwell-Boltzmann distribution, g(E) = exp(—FE/kgT).

If the number of particles is fixed, (n) = [n(E) g(E) D(E)dE = N, then the ener-
gies E' must be adjusted by a chemical potential F,, E — E— E,. Examples of systems
with fixed particle numbers are electrons in metals (fermionic), and superconducting
electron pairs and superfluid helium (bosonic). For fermions, g(F) is smaller than the
classical value exp(—E/kpgT), and additional levels must be provided to accommo-
date the particles. As a consequence, E, = Er is positive and—for metallic electron
densities—very large (Section 2.4.1), and metallic electrons cannot be treated classi-
cally. Bosonic systems are able to accommodate more particles than classical systems,
and the corresponding mass-dependent chemical potential is negative or zero (Wannier
1966). However, even for E, =0, the integral (n) may be too small to accommodate
all particles, and the remainder then forms a Bose-Einstein condensate of zero energy.
Quasiparticles, such as phonons (sound waves) and magnons (spin waves), do not obey
particle-number conservation and are described by E, =0.
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A.3.5 Relativistic quantum mechanics

Phenomena such as spin-orbit coupling and anisotropy are essentially relativistic.
In a nutshell, relativistic physics means that the considered quantities exhibit four-
vector symmetry. One example is the propagation of light, 22 + y? + 22 = c?t2, where
the introduction of the four-vector X = (z,y, z; ct) yields the highly symmetric form
X2 =0. The only difference between space and time coordinates is a factor —1 in
the scalar product (Minkowski metric). This four vector is sometimes written as
(z,y, z,ict), but i may give rise to confusion with the imaginary part of wave functions
and operators. Other examples are the four-vector of momentum and kinetic energy,
P = (px, py,ps, E/c), and electromagnetic fields (see below). The kinetic energy obeys
P? = —m?2c?, where m is the mass of the particle (rather than the magnetic moment).
The energy can also be written as

E = +/m2c* + p3c? (A.44a)

where the respective sign £ corresponds to matter and antimatter. Considering the
positive sign (matter), we can expand this equation and obtain

1
E:m02+§mv —— —mvix... (A.44b)

with v =p/m. The first three terms (b) are the rest energy, the classical kinetic energy,
and the lowest-order relativistic correction to the kinetic energy.

It is easy to see that the Schrodinger equation violates relativistic invariance. For
example, time and space coordinates appear as first and second derivatives, respec-
tively, which is at odds with the four-vector symmetry of space-time. To find a relativis-
tic generalization of the Schrodinger equation, we start from the four-vector equivalent
of the nabla operator, V4= (Vy, Vy, V,; ¢719/0t). A natural choice is to start from
P?=—m?2c® and to exploit that P = —ihV4. The result is the Klein-Gordon equation

0? m2c?
028t2w TRz

V2 — 0 (A.45)
This relativistic wave equation describes bosons of mass m, for example mesons. The
solutions of (A.45) involve an interaction length 1/k=h/me. Due to the smallness of
B, this length is usually subatomic, but photons exhibit m = 0 and 1/x = co. Note that
(A.45) is reminiscent of micromagnetic equations, such as (4.29), and 1/k is essentially
a Bloch-wall width.

Fermions, such as electrons, are described by the Dirac equation, which is rela-
tivistically invariant but linear rather than quadratic in 9/0t. If our real space were
one-dimensional, V = d/dz, we could use ¢?V? — 82 /0t? = (¢V + 0/9t)(cV — 9/dt) to
transform the second-order differential equation (A.45) into a set of two first-order
equations. The two operators ¢V £ 0/0t and wave functions ¥+ correspond to matter
and antimatter, respectively. Unfortunately, the three-dimensional nabla operator is
a vector, and ¢V cannot be added to a scalar. It is therefore necessary to generalize
a? —b?>=(a+0b)(a—0b) to three-dimensional vectors b, a problem solved by Hamil-
ton in the 1840s. He introduced algebraic units i, j, and k (quaternions) which obey
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angular-momentum relations such as k=ij and ij= —ji. These units are generaliza-
tions of the imaginary unit i, created by the introduction of a unit j, so that—in our
space-time formulation

X =ct+iz+ (y+iz)] (A.46a)
X=ct+iz+jy+kz (A.46b)

Basically, i, j, and k correspond to ey, ey, and e,, and the quaternion algebra is the
reason for the frequent occurrence of cross products in electromagnetism.

In modern notation, the quaternions correspond to the vector formed by the Pauli
matrices oy, oy, and o, (2.32, 6.10), and

a>~b*=(a+o-b)(a—o0o-b) (A.47)

The Dirac equation is obtained by applying this equation to H* =m2¢* 4 ¢2p?, where
p=—ihAV. There are various representations, all related to each other by unitary
transformations. Straightforward application of (A.47) to m2?c*h = (H* —c2p?)1) yields
mc*p = (H+co-p)ir (A.48a)

mc*y = (H—co-p) (A.48b)

Since o has the character of a 2 x 2 matrix, the total wave function has the four
components (¢ T, ¢ |, ¥’ 1, ¥’ |). These wave functions are referred to as spinors.
To simplify the interpretation of the wave function, it is convenient to use the Dirac
equation in the form

Ho = +mc’p + co - px (A.49a)
Hy=-mc®x+co-po (A.49Db)

Here ¢ and x describe electrons and positrons of rest energies +mc?, respectively.

To describe the interaction with electric and magnetic fields, it is necessary to add
the correponding four-vector potential. The electric component is essentially equal
to the electrostatic potential, as used in the classical Schrodinger equation (A.29),
whereas the magnetic component is the three-dimensional vector potential A (Section
A.4.3). For small relativistic corrections p/m = v < ¢, one can start from He = +mc?¢
and treat the other terms in (A.49) perturbatively, for example by iteration. The result
can be cast into a form similar to (A.49b), known as Pauli expansion (Jones and
March 1973). The lowest-order electrostatic contributions are of order v?/c? ~ o2 and
correspond to the kinetic and electrostatic energies of electrons in solids. The leading
magnetic terms in this expansion are of order v*/c*. They include the Zeeman energy
proportional to H - (L +2S) notation and the spin-orbit coupling proportional to L-S.
Other higher-order corrections are the Dzyaloshinski-Moriya (DM) interaction and the
numerical value

g =2(1+ a/2r —0.301a?) = 2.0023 (A.50)

of the g-factor, which is usually approximated by g =2. Note that (A.50) is unrelated
to quenching.



304 Appendix

A.4 Electromagnetism
A.4.1 Maxwells equations

Maxwells equations summarize several important findings in electromagnetism. They
relate the magnetization M, the magnetic field H, the magnetic flux density B, the
electric field E, the electric displacement D, and the electric polarization P to each
other. The also show how these fields are linked to the electric charge density p and
to the corresponding current density j. In differential form, the equations are

V- D=p (A.51a)
V-B=0 (A.51b)
0B
E=—— A.51
V x r (A.51c)
V><H:j+aa—]tD (A.51d)

where the current density obeys the continuity equation divj + dp/dt =0. Equation
(A.51a) is Gauss’s law, (A.51Db) describes the absence of magnetic flux sources, (A.51c)
is Faraday’s law, and (A.51d) is Maxwells law, a generalization of Ampere’s law (curl
H=j).

In addition, the electromagnetic fields E, D, H, and B obey the constitutive or
material equations

D=cE+P (A.52)
B = 1o (H + M) (A.53)

where ¢, and p, are the permeability and permittivity of vacuum, respectively. The
electric and magnetic field energies are 3 [D - EdV and 1 [ B - HdV, respectively,
and electromagnetic interactions of a charge q are described by F = ¢E + ¢gv x B. This
equation can also be written as a force density, f=pE + j x B. Finally, dissipative
transport is described by Ohm’s law j=oE, where o is the conductivity (inverse
resistivity).

In contrast to widespread belief, the material equations are an essential aspect
of electromagnetism. For example, replacing (A.53) by B = pH discards the nonlinear
and multivalued character of magnetic hysteresis, and expressing M in terms of atomic
currents neglects the spin. It is often convenient to consider M as a response to an
external field H, without complicating the situation by the use of permeabilities and
susceptibilities. Equations such as B =pH and M = yH are useful phenomenological
approximations for para- and diamagnets, but applied to ferromagnets they tend to
fail completely (see exercise on the susceptibility of iron).

It is often convenient to use Maxwell’s equations in the form of integrals. For
example, (A.5la) means that the electric charge density is the source, V-, of the
electric displacement. Integrating over p and exploiting that Gauss’s theorem yields
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J/V-DdV = § D-dA we obtain

]{D CdA =Q (A.54)

where @ = f pdV is the charge enclosed by an arbitrary surface A. Consider, for
example, the electric field created by a vacuum point charge (). The symmetry of the
problem is exploited by choosing a spherical surface of radius R. The surface normal
ex=A/|A| and D are then parallel and 47R*D = Q. In vacuum, D=¢,E and we
obtain the familiar result

Q

Similar simplications and interpretations exist for other Maxwell equations. For exam-
ple, in the absence of dielectric changes, (A.51d) reduces to V x H=j. This means
that electric currents create a curl (V) of the magnetic field. To transform this dif-
ferential equation into an integral we exploit Stokes’s theorem (A2.4), which yields
JVxH-dA= §H-dl and Ampere’s law

%H dl=1 (A.56)

Here I is the current through the surface, that is, the current enclosed by the boundary
curve. For a long air-cored solenoid, as shown in Fig. 1.4(a), the integration becomes
very simple if performed along the curve C. Outside the solenoid, the field is small, so
that § H-dl=HL and H=1/L. Here H is the field inside the coil, L is the length of
the solenoid and [ is the total current in the coil, proportional to number of turns.

The field of solenoids with ferromagnetic cores is, essentially, limited by the satu-
ration magnetization of the core material, that is, about 2 T for strong electromag-
nets. The material with the highest known room-temperature magnetization is the
alloy Feg;Coss, with poMs=2.43T. By comparison, the geomagnetic field is of the
order of 0.05 mT (0.5 Oe), “fridge magnets” create a field of about 100 mT, and
NdsFe14B magnets have a remanence somewhat smaller than the saturation magneti-
zation of 1.61 T. Higher fields are created by superconducting magnets and pulse-field
sources.

Exploiting the symmetry of a problem is a standard approach in electromagnetism.
It can also be used to investigate the other Maxwell equations, such as Faraday’s law.
Using Stoke’s theorem we obtain the voltage § E-dl = —9® /9t in a current ring, where
®= [B-dA is the magnetic flux. The induced electric current creates a magnetic
field that opposes the flux change. This law, named after nineteenth-century German
physicist Heinrich Lenz, explains the diamagnetism created by atomic currents and
the inductivity of electric circuits. An example is the inductive voltage U = Li,q dI/dt,
which defines the inductance Li,q. In a long air-cored solenoid Liyg = pto N 2A /L, where
N is the number of turns. Physically, inductivity means that a current needs some
time to create a magnetic field of energy density %H - B. Since the energy W of a
circuit is equal to [ UIdt, we can write W = [ Linal dI and obtain W =1 Lipq/?. In
solenoids containing a magnetic core, the inductance is field-dependent and enhanced
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by a factor preg/po =1+ %(M/H—l—x). In most cases jefr # i, 50 that Ling = uN?A/L
can not be used to determine the inductive voltage. An exception is the linear regime,
where x = OM/OH is equal to M/H. In high magnetic fields, M saturates, x is
negligible, and dW = U dt is smaller than predicted from pu.

A.4.2 Simple magnetostatic solutions

At surfaces, the magnetostatic equations V- B=0 and V x H=0 imply that the
respective perpendicular flux-density and parallel field components B, and H)| remain
unchanged (Fig. 3.4). This is exploited in the calculation of demagnetizing fields for
flat and elongated ellipsoids of revolution and toroids.

The linear character of Maxwell’s equations means that solutions can be superposed
and decomposed. This feature is of limited practical use, because M (H) tends to be
nonlinear, but it makes it possible to rewrite complicated magnetization distributions
in terms of magnetic poles. Putting B = uo(H 4+ M) into V - B=0 yields

where py = —V - M is the magnetic pole or magnetic charge density. The positive pole
is at the tip of the magnetization vector that creates the field. It is also known as the
red or magnetic north pole. The field lines go from + to —, that is, from the red pole
to the blue pole.

The integral [ py dV is the magnetostatic equivalent of the flux ® created by a coil
(Fig. 1.3). Cylindrical magnets and solenoidal coils of cross section A =7 R? and length
L> Robey ® =pu,HA, and in both cases the dipole moment m = ® L. However, orbital
currents in magnetic materials are not connected to the environment, so we can often
restrict ourselves to V - M and use (A.57). An example of a magnetostatic problem
involving external currents is the magnetic field created by a long wire (exercise in
Chapter 1).

Magnetostatic and electrostatic phenomena can be treated on a common foot-
ing, because H and E are curl-free and created by charge densities. Without loss
of generality, we will restrict ourselves to the magnetic case, where V x H=0 and
V - H = py. The first equation is solved by introducing a magnetic potential ¢y,
so that H=—V¢y and VZ¢n = —py. The solution of the latter equation contains
two contributions, namely a potential ¢, describing the divergenceless external field,
H,=—-V¢,, and the potential created by the magnetic charges,

L[ pu(r')
= — dv A58
om(r) = — Py (A.58)
For uniformly magnetized bodies, the only contribution to pyy=—V - M is from the

surface, and (A.58) acquires the character of a surface integral involving M - n, where
n is the surface normal. However, it is generally convenient to consider M rather than
pum. Exploiting the fact that the volume integral over V - (M(r)/r) =V-M/r — M -r/r?
vanishes for finite magnetic bodies, we obtain

om(r) L / (r=x) - M) 4y (A.59)

~ 4r v — /|3

From this equation, the magnetostatic field is obtained as H = —V¢y.
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Fig. A.1 Multipole moments: (a) monopole moment, (b) dipole moment, and (c) quad-
rupole moment. The remaining configurations are magnetostatic approximations:
(d) monopole approximation for a long ferromagnetic rod, (e) quadrupole moment asso-
ciated with a narrow domain wall, and (f) two dipoles separated by a broad domain wall.
The configurations (e) and (f) can be interpreted as side views on magnetic thin films with
perpendicular magnetization and film thicknesses t < dw (e) and t>> dw (f).

For magnetic charge distributions centered around r =0, the term 1/|R — r| can
be expanded into powers of r. For r < R, the multipole expansion is based on the
mathematical identity

1
\/R2+7°2+2Rr0089 R

Z m P,y (cos0) (A.60)

where the P, are the Legendre polynomials, and cosf =r - R/rR.
Putting (A.60) into (A.59) yields ¢p(r) as a sum of multipole contributions,

1 o0
¢M :7Rmz=:

:U‘cO

(A.61)

where Qm = [ pm(r')r"™ Py (cos ) AV’ is the m-th multipole moment.

Figure A.1 shows some multipole charge distributions. The monopole moment
Qo= | pm(r)dV, illustrated in (a), is equal to the total charge. The dipole distribution
(b) and the quadrupole distribution (c) exhibit Qo =0 (charge neutrality), but their
higher-order moments are nonzero. In (b), the dipole moment Q1 = [ p(r) cosfdV is
nonzero, whereas in (c) the lowest-order nonzero moment is the quadrupole moment
@2. The actual calculation of multipole moments may be quite cumbersome. Many
charge distributions are asymmetric, and even a rotational symmetry axis is not nec-
essarily parallel to R. A very simple approach to the derivation of the dipole moment
is to add the monopole potentials ¢g(r) =¢q/4nr for two charges +¢ and —q located
at (R+ (a/2)) and (R — (a/2)), respectively. The result is the dipole moment q¢a or,
in vector notation, ga. The corresponding magnetic moment can also be written as
m = ®a, where ® is the pole strength (see above).

Since there are no free magnetic monopoles, the magnetization can be described
as a superposition of dipoles. This is, of course, the origin of the magnetic moment.
However, monopoles are used in some approximations, such as the description of long
magnetic rods as two monopoles of opposite charge located at the ends of the rod,
as in Fig. A.1(d). This is possible because north and south poles cancel each other
in the middle of the rod. As shown in Chapter 3, electrostatic quadrupole moments
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(m=2) describe the magnetocrystalline anisotropy constant K;. Second- and third-
order anisotropy constants reflect electrostatic hexadecapoles (m =4) and hexacon-
tatetrapoles (m = 6), respectively. Octupole moments (m = 3) are important in several
areas of physics and describe, for example, higher-order vibrations in nuclei.

Multipole potentials are of order 1/r™, where r is the distance from the charge
distribution. Since the field is a real-space derivative of the potential, multipole fields
scale as 1/r™+2. Another interesting aspect of multipoles is the spin of the associated
waves, which is equal to m. Photons are created by dipoles (antennae) and have the
spin 1, whereas gravitational waves are created by quadrupoles, such as stars orbiting
around each other, and have the spin 2. This feature is closely related to the symmetry
of the multipoles: m-fold rotational symmetry, that is, invariance under a rotation by
angle 2m/m, corresponds to a spin m. For dipoles and quadrupoles, the angles are
360° and 180°, respectively. For electron wave functions (spinors), the unitary rotation
matrix (2.35) yields an angle of 720°, corresponding to a spin of 1/2.

Magnetic fields acting on magnetic moments give rise to mechanical torques and
forces. This is exploited in many applications, from permanent and soft magnets to
experimental techniques such as magnetic force microscopy (MFM, see Fig. 4.13). The
underlying energy contribution is the Zeeman energy F = —pu,m - H. To derive the
torque T =—0FE /00, we apply a field in the z-direction and write the 2-component of
the moment as mcosf and obtain T = u,mH sin . For arbitrary angles, the torque
T = pom x H. An expression for the force is obtained by putting a moment m =me,
in a magnetic field H,(z), so that F=—0FE/0z and F =—pu,m0H/Jz. This means
that the force is proportional to the field gradient and therefore zero in a uniform
magnetic field.

A.4.3 Simple dynamic solutions

The time dependence of the Maxwell’s equation gives rise to electromagnetic waves
and to time-dependent interactions with magnetic and dielectric matter. Here we focus
on two cases: electromagnetic waves in vacuum and eddy currents in metals.

In free space, Maxwell’s equations become V-E=0, V-H =0,

OH
E = o — A.62
V x Ho 5 (A.62a)
and
e 0E
H= A.62b
V x 5 (A.62b)

Substituting (A.62a) into the time derivative of (A.62b) yields VXV xE=
020 dE? /O and, with VX Vx E=V(V -E) — V?E and V - E=0,

1 OE?
VZE- < — =0 A.63
2 ot? ( )
where ¢? =1/gopt0. Equation (A.63) means that the electric field propagates as a
wave whose speed is c¢= (gofto) /2~ 3 x 105m/s. The same is true for H and for
the respective scalar and vector potentials V' and A, defined by E=—-VV — 0A /0t



Magnetic materials 309

and H=V x A/u,. Note that the electromagnetic wave equation (A.63) is relativis-
tic (four-vector symmetric), as are the electromagnetic potentials (V' and A) and the
Maxwell equations as a whole.

Abandoning the assumption of vacuum, we obtain a variety of additional magne-
tooptical effects, whose description goes beyond the scope of this book. One example
is the index of refraction, n. It obeys n% = ety and has two solutions, n =+ (srur)*1/2.
This is important when &,, u,, or both are negative, which is often the case near res-
onances of atomic origin. When only one constant is negative, then n is imaginary,
and the waves are strongly damped. However, if both are negative, then the index of
refraction is negative (NIR), with a variety of interesting consequences. For example,
the angle of refraction changes sign (Shelby, Smith, and Shultz 2001).

Another example is the skin effect in metals, where VxH=j=0cE. In the
weak-current limit, that is, far away from magnetic saturation, B = uou,H, and we
obtain

OH

H) — -
V x (VxH) = popiro 5

(A.64)
This equation describes the damping of electromagnetic waves in a metallic medium.
Dimensional analysis of (A.64) yields a penetration or skin depth R~ 1/ (o p-ow)/?.
Physically, electromagnetic waves create currents which are dissipated due to the
metallic resistivity 1/0. After a sudden change of the magnetic field, this gives rise to

a magnetic aftereffect of relaxation time 1/w, although this effect is far too small to
explain magnetic viscosity.

A.5 Magnetic materials

There are various methods of classifying magnetic materials, based on criteria such as
spin structure (ferromagnets vs. ferrimagnets and other structures), electronic struc-
tures (for example oxides and transition-metal alloys), real structure (thin films,
polycrystalline magnets, nanostructures, sintered alloys), and applications (such as
permanent magnets, recording materials, soft magnets, and in various kinds of spe-
cialty materials). There are several introductions to general magnetism and magnetic
materials, such as Crangle (1991), Craik (1995), Jiles (1998), Skomski and Coey (1999),
O’Handley (2000), Spaldin (2003), Liu, Sellmyer, and Shindo (2006), and the purpose
of this appendix is to provide a brief introduction.

One criterion is the magnetic hardness, as parameterized by the coercivity. The
division of ferromagnets into “hard” and “soft” magnets has its origin in mechani-
cal and magnetic hardness of steel, as compared to pure iron. This hardness is due
to carbon and other additives, which improve the mechanical hardness and act as
pinning centers (Section 4.3.2). Permanent magnets (hard magnets) have moderate to
high coercivities, usually above 0.25 T = 2.5 kOe a2 200 kA /m. They are used for a wide
range of applications, such as electromotors, loudspeakers, windscreen wipers, locks,
microphones, and toy magnets. They play an important role in computer technol-
ogy, because hard-disk drives also contain permanent magnets (for rapid mechanical
data access). Typical soft magnets have coercivities below 1mT, down to less than
0.0001 mT for supermalloy and some amorphous magnets. They are widely used for
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flux guidance in permanent-magnet and other systems, in transformer cores, for high-
frequency and microwave applications, and in recording heads. Aside from the low
coercivity, soft magnets often require high initial permeabilities p, ~ OM/OH as high
as 1000. At high frequencies, eddy-current losses become a serious consideration, and
a low electrical conductivity is often more important than a low coercivity.

Magnetic-recording materials are used in audio-visual technology, such as magnetic
tapes, on credit cards, and, most importantly, in magnetic hard-disk drives. They are
traditionally considered as semihard magnets, where well-defined loop shapes and
intermediate coercivities yield stable information storage without requiring power-
ful and bulky writing facilities. However, the coercivities of some recently developed
materials, such as L1g-based recording media, are fairly high. This reflects the need for
high anisotropy, to ensure thermal stability (K1V') in the limit of ultrahigh recording
densities (small V). Note that bit sizes are already in the submicron region and will
approach the superparamagnetic limit in the foreseeable future.

Other applications are ferrofluids and other fine-particle magnets (Section 6.4.6),
magnetostrictive materials, used in ultrasonic and other devices, and spin electronics,
aiming at the exploitation of the spin as an additional degree of freedom in various
types of electronic devices. The last category includes sensor applications of various
kinds (giant magnetoresistive or GMR devices consisting of multilayered and granular
materials, nanojunctions), magnetic semiconductors, spin transistors, and materials
for distant-future quantum computing.

Table A.1 shows intrinsic magnetic and structural properties for a variety of
ferri- and ferromagnetic substances. The table contains both industrially important
magnets, such as NdyFei4B, and reference materials of primarily scientific interest,
such YoFe 4B. The structures mentioned in the table are: bee (body-centered cubic),
hep (hexagonal close packed), fcc (face-centered cubic), NiAs (hexagonal), cubic
ferrite (MgAl,Oy), hexagonal ferrite (M ferrite), garnet (cubic), spinel (disordered
spinel, cubic), rutile (tetragonal, TiOs3), L1y (tetragonal), 1:5 (hexagonal, CaCus),
2:14:1 (tetragonal, NdsFe4B), 1:12 (tetragonal, ThMn;s), and 2:17 (rthombohedral,
ThsZny7 for the light rare earths and hexagonal ThyNiy7 for the heavy rare earths
and Y).

Table A.2 shows micromagnetic and extrinsic magnetic properties for a variety of
substances and materials. By definition, substances (elements and compounds) dif-
fer from materials by the requirement of chemically purity, but the term material is
widely used in the magnetism community to denote both substances and materials.
In Table A.1, the basic crystal structures of some of the materials differ from those
of the corresponding compound in the first column. These materials are: a-FegyBag
(amorphous), PtCo (L1y), CrOy (rutile), Mn-Zn ferrite (cubic ferrite), and sintered
2:17/1:5 Sm-Co magnets (2:17 cells surrounded by 1:5 grain boundaries).

A.5.1 Transition-metal elements and alloys

Iron-based magnets, such as steels, are widely-used magnetic materials. Until the first
half of the twentieth century, most permanent magnets were made from steel, and due
to the low coercivity of the magnets it was necessary to resort to cumbersome horseshoe
shapes. Permanent magnets made from steels are now obsolete, but the high saturation
magnetization of Feg5Coss and its pronounced temperature stability continue to be
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Table A.1 Intrinsic properties of some ferri- and ferromagnetic elements and
compounds. Mg and K; are room-temperature values.

Substance toMs (RT) T, K; (RT) Structure*
T K MJ/m3

Fe 2.15 1,043 0.048 bee

Co 1.76 1,388 0.53 hep

Ni 0.62 631 —0.0048 fec

PtCo 1.00 840 4.9 L1

PtFe 1.43 750 6.6 Lo

PdFe 1.37 760 1.8 L1

Fe3Oy4 0.60 858 —0.011 cubic ferrite

MnFes Oy 0.52 573 —0.0028 cubic ferrite

CoFey 0Oy 0.50 793 0.270 cubic ferrite

NiFesO4 0.34 858 —0.0069 cubic ferrite

BaFe 5019 0.48 723 0.330 hex. ferrite

SI‘F612019 0.46 733 0.35 hex. ferrite

CrO, 0.56 390 0.025 rutile

~v-Fey O3 0.47 863 —0.0046 spinel

Y3Fe5012 0.16 560 —0.00067 garnet

Sm3F65012 0.17 578 —0.0025 garnet

Dy3Fe5012 0.05 563 —0.0005 garnet

NdCos 1.23 910 0.7 1:5

SmCos 1.07 1,003 17.0 1:5

YCos 1.06 987 5.2 1:5

ProFei4B 1.41 565 5.6 2:14:1

Nd,Fe 4B 1.61 585 5.0 2:14:1

SmyFe 4B 1.49 618 —12.0 2:14:1

Dy,Fe;4B 0.67 593 4.5 2:14:1

EryFe B 0.95 557 ~0.03 2:14:1

Y,yFe 4B 1.36 571 1.06 2:14:1

Sm(Fey;Ti) 1.14 584 4.9 1:12

SmyCoq7 1.20 1,190 3.3 2:17

SmoyFeq7 1.17 389 -0.8 2:17

SmQFeNNg 1.54 749 8.9 2:17

*For explanations, see main text.

exploited in alnico permanent magnets. The moderate coercivity of alnico magnets
reflects the shape anisotropy of elongated FegsCoss particles embedded in a Ni-Al
matrix. Along with oxides (see below), Fe-, Co-, and Ni-based particles, thin films,
and nanostructures are also used in applications such as sensors and ferrofluids. For
example, Fe-Rh-N alloys are used in read heads.

Soft magnets are often made from Fe-Co and other iron-containing metallic mag-
nets, such as Fe-Si and permalloy. Permalloys are Ni-Fe alloys and exist in various
compositions and modifications, such as 78 permalloy (NizgFegs) and NizgFejgMos



Table A.2 Micromagnetic and extrinsic properties at room temperature. Since extrinsic properties are strongly real-structure
dependent, the last three columns are merely a rough guide. The distinction between substances and materials, as well as the
listed materials, are explained in the main text.

Compound A K, OB ~ lo Ry H, Material H. M,  M(H) loop
%‘3 MJ nm 2} nm  nm T mT T (see below)
Fe 83 0.05 40 26 012 6 0.06  Fe (unalloyed) 0.07 0.9 6,000*
carbon steel 1.8 1.0 0.9**
cobalt steel 20 0.9 6**
FeggSiy 0.05 1.0 7,000*
alnico (anis.) 70 1.30  50**
a-FeggBag 0.007 1.0 100,000*
Co 10.3  0.53 14 93 046 34 0.76  Co (unalloyed) 5 1.6 1,000*
PtCo 300 0.64 76**
Ni 3.4 —0.006 82 0.5 0.13 16 0.03  Ni (unalloyed) 0.3 0.35 2,400*
permalloy 0.005 0.6 100,000*
supermalloy 0.0003 0.5 1,000,000*
BaFe;5019 6.1 0.33 14 5.7 1.37 290 1.8 sintered 250 0.39 28**
CrOs 50 0.25 10*
Mn-Zn ferrite 0.03 0.15  2,500***
SmCos 22.0 17 3.6 77 4.35 764 40 metal-bonded 1,880 0.92 175%*
polymer-bonded 1,000 0.58  60**
sintered 2:17/1:5 800 1.08  225**
NdsyFe 4B 77 4.9 3.9 25 1.54 107 7.6 sintered 1,600 1.33  400**
polymer-bonded 750 0.55  48**

The last column displays typical hysteresis-loop properties:
*Dimensionless relative permeability fimax =1 + Xmax-

“*Energy product (BH)max, measured in kJ/m?.

***Dimensionless high-frequency permeability fimax, measured at 2.5 MHz.
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Fig. A.2 Crystal structures: (a) bee, (b) fce, and (c) Llo.

(supermalloy, Table A.2). NiggFeyy has an anisotropy of about 0.15 kJ/m?, an anisotropy
field of about 0.4mT, and a typical coercivity of order 0.04mT [0.4 Oe]. By tuning
the Ni-Fe ratio, it is possible to reduce the magnetocrystalline anisotropy to zero,
but one must then consider the magnetostrictive anisotropy (Section 3.5.1). Since
there is always some residual mechanical strain, the minimization of the hysteresis
requires additional fine tuning (chemistry and processing). Another iron-based soft-
magnetic material is sendust (Fe-Si-Al), which has a coercivity of about 0.025 mT.
More recently, amorphous and nanostructured metals have attracted much attention
as soft-magnetic materials. Examples are nanostructured Fe-Si-B-Cu-Nb (Yoshizawa,
Oguma, and Yamauchi: 1988) and soft-magnetic glasses, such as FeyoNizgBigMoy,
where H. ~ 0.0008 mT and fi,,4, = 800,000, and amorphous FeggBog.

Figure A.2 shows typical crystal structures of metallic transition-metal magnets. Fe
and Ni crystallize in the cubic bcec and fecec phases, respectively, whereas the
room-temperature equilibrium phase of Co is hexagonal (hcp). The hep phase is closely
related to the fcc phase, differing by the stacking of the atomic planes along the cube
diagonal. Equiatomic alloys such as PtCo, PtFe, and PdFe crystallize in the tetrag-
onal L1, structure, Fig. A.2(c). The most general realization of the L1y structure
has three nonequivalent crystallographic sites, la (black), 1lc (gray), and 2e (white).
In equiatomic L1y compounds, the two atomic species form layers, that is, the black
and gray sites are occupied by the same kind of atom. The c-over-a ratio of magnetic
L1y magnets is close to one, but the strongly uniaxial chemical environment (layered
structure) makes the magnets strongly anisotropic. The result is a pronounced uniaxial
anisotropy, largely but not completely due to the 5d (Pt) or 4d (Pd) sublattice.

In the middle of the twentieth century, L1y magnets were used as permanent, but
they are now largely replaced by the less expensive and better performing rare-earth
magnets. However, PtFe (or FePt) continues to be of interest in magnetic recording, as
are other transition-metal magnets. A traditional recording material CogyCrag, with
coercivities of order 0.1 T [1kOe]. Recent high-density recording media, characterized
by more than 10 Gb/in? (1.55 Gb/cm?), are based on materials such as Co-Cr-Pt-B,
where the Pt improves the anisotropy. However, magnetic recording is a developing
field, and new materials are constantly being considered. One question is to realize
thermal stability (large K;V') while ensuring writability. This includes not only the
chemical composition of the media but also the nanostructure, including the in-plane
or perpendicular character of the anisotropy (longitudinal vs. perpendicular magnetic
recording).
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A.5.2 Magnetic oxides

The magnetizations of oxides tend to be significantly smaller than those of metallic
Fe and Co based magnets (Table A.1). One reason the frequent occurrence of anti-
ferromagnetic bonds, which makes most oxides ferri- or antiferromagnetic. Another
reason is the large size of the oxygen anions, which dilutes the magnetization. This
limits the applicability of oxides as permanent and soft magnets. For example, mag-
netite or lodestone (Fe3Oy4) is no longer used as a permanent magnets, and a similar
trend exists for the use of oxides in magnetic recording (CrOz, a-Fe;O3). However,
hexagonal ferrites, especially BaFe;2019 and SrFe;2019, are widely used as cheap but
moderately performing permanent magnets.

Oxides continue to be of great importance in high-frequency applications, where
eddy-current losses preclude the use of metals. Garnets, such as Y3Fe;Oi2 and
GdszFe5012, and other cubic oxides, such as Ni; _,Zn,FesOy4, are used in microwave and
other high-frequency devices. Antiferromagnets cannot be used as traditional magnets
but have found special applications, such as exchange-biasing in magnetic thin films.
Magnetic perovskites (manganites) such as (Lag.7Srg.3)MnO3 have attracted interest
as potential magnetoresistive sensors, as have half-metallic ferromagnets such as CrO,
and the semi-Heusler alloy NiMnSb, where one spin channel is metallic and the other
(nearly) insulating.

A.5.3 Rare-earth magnets

Today’s high-performance permanent magnets are made from rare-earth transition-
metal intermetallics, especially Nd-Fe-B and Sm-Co. There are different processing
routes, nanostructures, and chemical compositions, but the underlying intermetallics
are the tetragonal compound NdyFei4B (Fig. 5.15) and the hexagonal compounds
SmyCoy7 and SmCos. The nitride SmyFe ;N3 (Section 7.2.6) is used in form of polymer-
bonded magnets for niche applications. For suitably chosen rare earths (Section 3.4
and Table A.1), the rare-earth sublattice yields a large magnetocrystalline anisotropy,
created by the crystal field acting on the tripositive rare-earth ions. By contrast, the
magnetization is largely provided by the transition-metal sublattice (Fe or Co). The
moments of heavy rare earths, such as Dy, are large but couple antiferromagnetic to
the transition metal-sublattice. For this reason, permanent magnets contain light rare
earths, especially Nd and Sm.

Since the magnetization contribution of the light rare-earth atoms is small and the
energy product scales as the square of the magnetization, interest in permanent mag-
netism is limited to transition-metal-rich intermetallics. However, magnetization is a
less important consideration for other applications. For example, cubic Laves-phase
intermetallics such as TbFes; and SmFey exhibit huge saturation magnetostrictions
and are therefore used as magnetostrictive materials. Another example is magneto-
optical recording, where one uses thin-film materials such as amorphous ThosFeggCo1s.
The anisotropy of these many-sublattice materials is caused by growth-induced strain
and relatively small. However, since H. ~ 2K;/u,Ms, the low magnetization near a
compensation point (Section 5.3.6) ensures a sufficiently high coercivity. The small
net magnetization has no negative impact on the reading of the stored information,
because the antiparallel sublattices yield different signal amplitudes, but the wave-
length of light limits the achievable storage density.
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A.6 Forgotten and reinvented

Rediscoveries and intermitted periods of ignorance occur in all branches of science,
slow down scientific progress, and lead to a waste of resources. There are many reasons
for the “cycles”, ranging from accidental individual errors and poor literature search
to collective rediscovery in adjacent fields or the wish to add “novelty” to incremental
scientific progress. For example, it is common that one branch of magnetism discovers
things that have been known in other branches for decades. When these findings are
then given a new name, the confusion is complete, and it becomes hard to distin-
guish scientific progress from repetition. Examples of creative and partially amusing
new names are vortex formation for curling, generalized Stoner-Wohlfarth theory for
micromagnetism, superferromagnetism for exchange-interaction domains, and mag-
netic solitons for domain walls. A related issue is the use of high-powered numerical
or complicated analytical methods to prove or disprove exact results that are conve-
niently derived by using simple models or approximations. As noted by de Gennes
(1979) in the context of the Flory theory (Section 7.2.3), this approach is also danger-
ous because a better quantitative understanding of one aspect of a problem does not
necessarily translate into a better understanding of the problem as a whole. In some
cases, an “improved” model differs from the underlying simple model merely by an
additional adjustable variable.

The following incomplete list contains findings that seem to be ignored or redis-
covered every 15 to 20 years.

Anisotropy and coercivity are very different phenomena

Poorly understood hysteresis loops are sometimes interpreted as a manifestation of a
new or unknown type of magnetic anisotropy. In fact, anisotropy and hysteresis are
completely different phenomena of respective atomic-scale (intrinsic) and nanoscale
(extrinsic) origins. Even for shape anisotropy, which is realized on a somewhat larger
length scale, we can use the definition of magnetic anisotropy as the energy change on
magnetization rotation. With the exception of coherent rotation, hysteresis involves
nonuniform magnetization processes, and the determination of the local magnetization
rotations goes far beyond the scope of magnetic anisotropy.

Magnetic interactions in thin-films structures are usually small

It is tempting but ill-based to assume that the magnetostatic interaction between two
thin films with perpendicular magnetization, separated by a spacer layer, is ferro-
magnetic. The normal component B, = M, + H, is zero inside each layer, because
H, = —DH, and D =1. By continuity of the normal component, B, = H, =0 between
the layers, so that the coupling is zero for infinite films. In reality, there is a small cou-
pling due to features such as domain walls, as in Fig. A.1(e—f), and film edges. Similar
considerations apply to films with in-plane magnetization. In ultrathin films, the ratio
of film thickness to the lateral lengths of the film, such as feature sizes and domain-
wall width, is usually small and sometimes translates into an exponential dependence
of micromagnetic lengths such as domain sizes.

Surface anisotropy is unrelated to broken exchange bonds

Broken symmetry is a necessary but not sufficient condition for magnetic anisotropy,
and the breaking of exchange bonds is unable to turn the isotropic Heisenberg model
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into an anisotropic model. The Heisenberg model is generically isotropic, whereas mag-
netocrystalline anisotropy is due to crystal field interactions and spin-orbit coupling.
There is also no point in making assumptions such as easy axes perpendicular to the
surface of a spherical particles. Surface anisotropy depends on the indexing of the
surface planes and does not exhibit any kind of spherical symmetry.

Thermally activated magnetization reversal has been well understood
since the 1930s

The name Néel-Brown theory for thermally activated magnetization reversal is some-
what unfortunate, because the theory was fully developed by the mid 1930s, as dis-
cussed in some detail by Becker and Doring (1939). Their description also contains
the history of the logarithmic magnetic-viscosity law. Brown’s paper (1963b) is actu-
ally a part of the second stage of the development, which was initiated by Kramers’
approximate solution of the Fokker-Planck equation (1940). Néel’s main contribution
is perhaps the derivation of the m =3/2 power law, which is closely related to the
time-dependent equation (6.69) derived by Kneller (1966). This formula was redis-
covered around 1990 and is sometimes referred to as the Sharrock equation (1994).
Kneller also derived a relatively unimportant additional factor of about In 2=0.693,
which is ignored in our simple derivation.

There is a big difference between single-domain and Stoner- Wohlfarth particles

The single-domain character of a particle means the absence of equilibrium domains,
whereas Stoner-Wohlfarth behavior, or coherent rotation, refers to magnetization
reversal (hysteresis). Magnetic fields may destroy or create magnetic domains, irre-
spective of the particle’s single-domain character. For example, or most submicron par-
ticles used in permanent magnets and recording media are single-domain but reverse
by incoherent mechanisms.

A very widespread magnetoresistive mechanism is anisotropic magnetoresistance

Anisotropic magnetoresistance (AMR) is a spin-orbit effect (Campbell, Fert, Jaoul
1970) and means that the electrons are scattered by aspherical charge distributions,
such as those shown in Figs (3.8) and (5.23). Since the orientation of the electron clouds
depends on the spin direction, this translates into a field dependence of the resistivity
or resistance. Almost all materials exhibit some magnetocrystalline anisotropy and,
therefore, some AMR. Until about 20 years ago, AMR was seen correctly as a main
source of magnetoresistance in ferromagnets, including nanostructures, but then focus
on GMR and CMR diverted attention from AMR and led to the discovery of a number
of “new” and “unexplained” magnetoresistance contributions.

Figures of merit of magnetic materials refer to well-defined conditions

This point seems trivial, but very often one focuses on the zero-temperature perfor-
mance of magnetic materials that are used primarily at or above room-temperature.
In particular, the magnetic anisotropy exhibits a strong temperature dependence and
is zero above the Curie temperature. There are many systems with Curie tempera-
tures below room-temperature, including some with very high anisotropies, such as
rare-earth and actinide compounds. In iron-series transition-metal systems, one may
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try to use nearly degenerate levels to realize huge anisotropies in 3d systems, but
this only works at low temperature, because thermal excitations are very effective in
overcoming small level splittings. Another example is that permanent magnets and
recording media require large volume and areal densities, respectively. Approaches
such as adding large amounts of other magnetic materials and the consideration of
noninteracting particles may improve selected properties but deteriorates the overall
performance of the material. An exception is the two-phase nanostructuring of perma-
nent magnets, where the “filler” has a higher magnetization than the hard-magnetic
skeleton.

Electron interactions are important in magnetism

The success of advanced density-functional electronic structure calculations has lead
to the wide spread belief that interaction effects (correlations) are unimportant in
magnetism or well-described by quantum-mechanical mean-field approaches such as
LSDA+U. In fact, such calculations may crudely misinterpret the involved physics.
One example is the prediction of narrow bands, as compared to localized states, in
strongly correlated systems. Another example is spin-change separation, where the
low-lying excitations involve spin changes that leave the charge (U) unaffected.

The Curie transition is an atomic phenomenon

The thermodynamic correlation length diverges at the critical point, but this does
not lead to a proper description of macroscopic magnetism. Domains, domain walls,
and nanoscale real-structure features all interfer with long-range magnetic order, and
in a strict sense it is fair to say that bulk ferromagnets do not exist. However, the
thermodynamic concept of ferromagnetism is based on the involvement of many atoms,
and a length scale of a few nanometers is usually sufficient to establish “long-range”
order.
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domain-wall pinning. See pinning
domain-wall width 117, 123, 124, 125,
126, 127, 135, 137, 145, 157
268, 270, 280, 283, 302, 315,
316
double exchange. See exchange:
double exchange
Drude model. See conductivity: Drude
model
Dy 42, 51, 53, 94, 314
Dy2F814B 176, 311
DysFe5012. See garnets: dysprosium
garnet
DyCos 48, 176
dynamics 201, 208, 216, 282, 283, 285,
See also spin-waves
magnetization dynamics 48, 117,
155, 201, 206, 214, 217, 218,
220, 229, 237
quantum dynamics 40, 199, 200
thermally activated dynamics 164,
179, 199, 208, 209, 221, 227,
229, 230, 232, 316
Dzyaloshinski-Moriya exchange. See
exchange, Dzyaloshinski-Moriya

easy-axis magnetism 73, 74, 75, 76,
77,92, 103, 114, 115, 124, 143,
279, 281

easy-cone magnetism 76, 105, 110,
113, 114
easy-plane magnetism 76
eddy currents 209, 222, 223, 234, 308,
310, 314
Edwards-Anderson (EA) model 244,
246
effective materials parameters 263
effective medium 239, 263
eigenmode analysis 122, 131, 292
elasticity. See susceptibility
(compliance), viscoelastic
model, entropy elasticity
electromagnetism 303, 304, 305
electron localization 237, 238, 279
electronic structure
band structure 30, 54, 58-63, 270,
271, 298, See also density of
states
band width 20, 43, 54, 60, 62, 69,
88, 99, 100, 165, 240, 271
density-functional theory 31, 62
LSDA + U 29, 317
nearly free electrons 58, 59, 60
Thomas-Fermi approximation. See
Thomas-Fermi model
tight binding 19, 47, 58, 59, 60,
61, 62, 65, 164, 204, 238,
239, 299
unrestricted Hartree-Fock approach
32
electrons
free. See free electrons
electron-spin resonance (ESR). See
ferromagnetism: resonance
ellipsoids of revolution 81, 82, 111,
118, 122, 133, 271, 279, 306
energy barriers 75, 78, 79, 80, 107,
111, 117, 120, 126, 136, 139,
209, 215, 221-29, 229, 230,
232, 233, 234, 244, 279
energy landscape. See energy barriers
energy product 108, 109, 113, 146,
147, 275, 276, 280, 281, 290,
314



entanglement
polymer entanglement 249
quantum entanglement 271
entropy 151
magnetic cooling 151
entropy elasticity 249
equilibrium 6, 12, 76, 83, 117, 126,
130, 149, 151-55, 158, 167,
179, 181, 199-202, 205, 208,
212, 213-21, 221, 233, 244, 256,
257, 275, 283, 295, 300, 313,
316, See also relaxation
Er 42, 94
EI‘2F814B 311
ergodicity 181, 244
Eu 41, 42, 94, 193
Eu-Sr-S 244
exchange 8, 10, 17-35, 43, 48, 56, 61,
65, 87, 110, 114, 120, 124, 131,
133, 140, 142, 145, 146, 156,
161, 168, 169, 170, 172, 174-82,
194, 202, 203, 206, 208, 237,
243, 244, 270, 277, 278, 281,
283
anisotropic exchange 101, 161
antiferromagnetic exchange. See
antiferromagnetism
biquadratic exchange 162, 274
continuous exchange. See exchange
stiffness
direct exchange 22, 23, 24, 25, 26,
35, 45
double exchange 45, 46
Dzyaloshinski-Moriya (DM) 100,
102, 115, 303
exchange-spring magnetism. See
two-phase nanostructures
Heisenberg exchange. See
Heisenberg model
indirect exchange 45, 46
infinite-range exchange 186
interatomic exchange 15, 16, 34, 44,
101, 118, 119, 140, 149, 150,
165, 167, 190, 271, 276
intergranular exchange 141, 142,
144, 145, 275, 276, 277, 278
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interlayer exchange 102, 144, 273,
274
intersublattice exchange 178, 190,
194
intra-atomic exchange 15, 16, 34,
43, 44, 66, 101, 149, 165
itinerant exchange. See itinerant
magnetism
long-range exchange. See exchange,
infinite range, and exchange,
RKKY exchange
nearest-neighbor 51, 172, 175, 180,
185
random exchange 245, 272
RKKY exchange 31, 46, 47, 48, 50,
52, 53, 71, 120, 144, 160, 166,
260, 261, 268, 272, 273, 297
Stoner exchange. See Stoner model
superexchange 45
exchange bias 102, 110, 274, 314
exchange coupling 123, 177, 181, 183,
244, 274
exchange hole 30, 70
exchange length 123, 126, 270
exchange stiffness 102, 118, 119, 120,
122, 123, 137, 142, 143, 148,
165, 203, 205, 233, 260, 265,
276, 279, 280
temperature dependence 191
exchange-enhanced Pauli
paramagnetism. See
paramagnetism
extrinsic properties 107, 108, 141, 199,
210, 220, 221, 310, 312, 315

Fe 4-7, 15, 25, 37, 45, 62, 65, 66, 67,

69, 74, 79, 83, 91, 99, 100, 101,
103, 109, 129, 139, 258, 261,
290, 304, 309, 311, 313

ferric iron 38, 44, 163

ferrous iron 38, 44

steel magnets 13, 79, 100, 107, 109,
139, 151, 222, 249, 256, 309,
310, 312

Tables 43, 67, 311, 312
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Fejgp—xNix 100
F616N2 258
FexO3 69, 102, 115, 311, 314
Fe304. See cubic ferrites: magnetite
F6650035 305, 310
Fe-Au 244
Fe-B 237, 312, 313
FeCl; 115
Fe-Co 52, 53, 64, 83, 100, 109, 116,
147, 283, 284, 311
Fe-Cr 100
Fe-Ni 52
FeO 176
FePt. See PtFe
Fermi level 47, 56, 57, 65, 66, 69, 99,
257, 271
Fermi liquid 24, 32, 55
Fermi statistics 301
ferrimagnetism (FI) 45, 48, 49, 53,
111, 147, 160, 174, 176, 177,
205, 243, 295, 309, 314
ferrites
cubic. See cubic ferrites
hexagonal. See hexagonal ferrites
ferroelectrics 163, 283
ferrofluids 229, 268, 270, 310, 311
ferromagnetic resonance (FMR). See
ferromagnetism: ferromagnetic
resonance
ferromagnetism (FM) 5, 6, 7, 8, 10,
15, 17, 19, 22-35, 43, 46-54, 69,
70, 118, 123, 132, 149-50, 156,
158, 162, 167, 168, 169, 170,
176, 179, 180, 181, 183, 185,
187, 188, 195, 196, 206, 231,
243, 244, 260, 276, 278, 284,
304, 309
ferromagnetic exchange 16, 24, 26,
42, 44, 45, 46, 48, 117, 118,
119, 160, 245, 246, 260, 276
ferromagnetic resonance 202, 203,
205, 208
itinerant ferromagnetism. See
itinerant magnetism

metallic ferromagnetism. See
itinerant magnetism and
rare-earth magnetism
weak ferromagnets. See
antiferromagnetism (AFM):
weak ferromagnets
Fe-Si 311, 312
Fe-Si-B-Cu-Nb 313
Fe-Sn 244
Feynman diagrams 256
Feynman path integrals 296
field. See magnetic field
first-order magnetization processes
(FOMPs) 114
Flory theory 251, 315
fluctuation-response theorem 154, 155,
159, 171, 183, 245
flux closure 115, 119, 123, 131
vortex 115, 119, 123, 128, 131,
296, 315
flux leakage 109, 146
Fokker-Planck equation 213, 216, 217,
218, 222, 255, 282, 283, 286,
316
FORC analysis 139, 140
force (mechanical). See permanent
magnets:mechanical force,
torque
free electrons 54, 58, 71
free energy 117, 122, 141, 151, 152,
156, 166, 196, 248, 249
Friedel model (rectangular DOS) 62

GaN 261
garnets
gadolinium garnet 314
garnets 177
dysprosium garnet 311
gadolinium garnet 177
samarium garnet 311
yttrium garnet 45, 69, 311, 314
Gaussian models. See spherical model
Gd 37, 38, 42, 53, 94, 169, 193, 272
Gd2F€14B 176
GdsFe5015. See garnets: gadolinium
garnet



g-factor. See Landé factor

giant fluctuations 230, 231

giant magnetic anisotropy. See
anisotropy: giant

giant magnetic moment. See magnetic
moment: giant

giant magnetoresistance (GMR) 260,
310, 316

giant thermodynamic fluctuations
221, 230

Gilbert equation 209

Ginzburg criterion 179, 183, 184, 187,
247

Glauber model 216, 234, 285

grain boundaries 116, 122, 129, 137,
139, 141-46, 147, 227, 277, 310

Green functions 239, 240, 241, 256

half-filled bands 68

half-metallic ferromagnets 314

Hall effect 262

hard magnets. See permanent magnets

heat-bath degrees of freedom 199, 211,
213

heavy fermions 34, 35, 52

heavy transition metals. See
transition-metal magnetism: 4d
and 5d series

Heisenberg model 10, 16, 17, 21,
25-27, 31, 74, 101, 102, 164,
159-64, 165, 169, 172, 173, 174,
178, 191, 192, 249, 272, 315

helimagnetic order 51

hexacontatetrapole moments 94, 308

hexadecapole moments 94, 105, 308

hexagonal ferrites 45, 49, 109, 110,
126, 133, 176, 310, 311, 312,
314

high-spin low-spin transitions 43, 69,
88, 114

Ho 42, 51, 94

Holstein-Primakoff transformation 205

HOMO-LUMO splitting 70

hopping 17-35, 45, 46, 52, 54, 55, 59,
61, 62, 64, 65, 66, 67, 68, 70,
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87, 88, 91, 99, 144, 164, 165,
204, 238, 239, 270, 298, 299
Hubbard Green function 240, 241, 287
Hubbard model 32, 33
Hund’s rules 30, 41, 42, 43
hybridization 19, 20, 35, 46, 61, 68,
88, 94, 97, 298
s-d hybridization 60, 62, 239
hydrogen 87, 256, 258
hysteresis 3
biased hysteresis loops 110
coercivity. See coercivity
coherent rotation. See coherent
rotation
hysteresis loops 3, 12, 107, 108, 110,
116, 123, 129, 280, 315
major hysteresis loops 108
minor hysteresis loops 110, 129, 140
origin of hysteresis 111
recoil hysteresis loops 110

incoherent magnetization processes
130, 203, 220, 227, 229, 316

incommensurate spin states. See
noncollinear magnetism

interaction domains 279

interface anisotropy 102

interstitial diffusion 13, 259

interstitial permanent magnets 84,
284, 287

intramultiplet excitations 194

intrinsic properties 67, 107, 108, 149,
244

ionic magnetism 163

irreversibility 139, 140, 208, 211, 224

Ising chain 162, 180, 181, 197

Ising model 8, 9, 10, 27, 31, 101, 153,
154, 159-64, 169, 173, 174, 175,
179, 180, 184, 185, 186, 187,
197, 216, 242, 244, 248, 250,
282, 283, 284, 286

itinerant magnetism 16, 28, 35, 43, 47,
51, 52, 53, 54, 56, 63, 64, 68,
89, 159, 195
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itinerant magnetism (Cont.)
finite temperatures 192
itinerant antiferromagnetism 66, 68
temperature dependence 165, 167,
164-67, 190, 191

very weak itinerant ferromagnetism.

See very weak itinerant
ferromagnets

Jahn-Teller effect 101
jellium. See free electrons
Jiles-Atherton model 140

Kersten pinning 137, 138, 147
Klein-Gordon equation 302
Kondo model 34, 35, 46, 190, 262
Kramers-Moyal expansion 217
Kronecker symbol 171, 293
Kuhn segment 248, 249, 251

L1y magnets 53, 141, 145, 190, 191,
195, 196, 310, 311, 313, 332

Lag.7Srp.3sMnO3. See manganites

L32F614B 64

Landau model 156, 158, 159, 161, 170

Landauer formula 260

Landau-Ginzburg model 166

Landau-Lifshitz equation 201, 209,
210, 221, 233

Landé factor (g-factor) 41, 53

Langevin equation 213, 219

Langevin function. See paramagnetic
gas: Langevin behavior

Langevin model 213, 218, 219

lattice vibrations (phonons) 34, 150,
153, 208, 211, 258, 262, 301

lattice-gas models 257, 284

LCAO-MO approach. See electronic
structure

Legendre polynomials 84, 192, 307

Lenz’s law 57, 305

Lindhard screening. See screening

Liouville-von Neumann equation 208,
210, 211, 300

liquid crystals 283

localization
Anderson 33, 239, 278
micromagnetic localization 277, 279
Mott 33, 239
localized nucleation 130, 133, 135, 282
lodestone. See cubic ferrites:
magnetite
logarithmic corrections 189, 197, 252
logarithmic law 13, 220, 223, 224, 225,
226
long-range correlations 250, 251, 267
LSDA. See electronic structure

macroscopic magnetism 268
magic numbers 55
magnetic anisotropy. See anisotropy
magnetic cooling. See entropy:
magnetic cooling
magnetic ions 30, 36, 38, 42, 159, 164
magnetic materials 5, 47, 73, 74, 91,
107, 109, 113, 128, 155, 162,
209, 222, 244, 306, 309, 310,
313, 316
magnetic moment 2, 4, 5, 7, 8, 29, 33,
37, 44, 46, 47, 48, 52, 65, 66,
67, 69, 89, 164, 165
giant magnetic moment 64, 98
nuclear 4
Slater-Pauling curve 66
magnetic multilayers 103, 134, 161,
243, 244, 260, 261, 268, 269,
272, 279, 280
magnetic oxides 15, 28, 30, 38, 43, 44,
45, 46, 48, 53, 69, 88, 99, 160,
176, 177, 222, 229, 234, 244,
261, 309, 311, 314
magnetic recording 141, 196, 199, 220,
229, 233, 259, 274, 279, 313,
314
magnetic rocks 140, 199, 221, 229
magnetic susceptibility. See
susceptibility
magnetic thin films 47, 82, 83, 84, 99,
102, 104, 110, 114, 126, 127,
128, 139, 161, 162, 197, 203,
208, 217, 232, 268, 269, 271,



272, 273, 274, 309, 311, 314,
315
magnetic toroid 109, 146
magnetic viscosity 220, 223, 225, 279,
309
magnetization. See magnetic moment,
exchange, critical behavior
magnetization dynamics. See
dynamics
magnetization processes 12, 15, 50,
110, 127, 139, 199, 216, 220,
227, 232, 233, 277, 278, 315,
See also hysteresis, coercivity
magnetoresistance 46, 73, 141, 145,
258, 259, 260, 261, 262, 316
spin valves 260, 274
magnetostatic dipole interactions 15,
81, 83, 84, 244
magnetostatic interactions 81, 127,
140, 150, 168, 206, 281
magnetostatic selfinteraction 117, 118,
122, 131, 157
manganites 34, 46, 53, 68, 261, 314
Markov character 214, 248, 256
martensitic phase transition 79, 256
master equation 213, 214, 215, 216,
217, 224, 234, 259
transition rates 210, 214, 216, 234
matrix
unitary 40, 70, 293, 294, 303, 308
Mattis model 245
mean free path. See conductivity:
Drude model
mean-field model 9, 10, 29-34, 61, 63,
123, 139, 140, 146, 159, 166,
167-79, 179-87, 189, 191, 192,
200, 205, 216, 219, 220, 24247,
247-57, 263, 267, 274, 275, 276,
278, 284, 286
mechanical hardness 79, 256, 271, 309
mechanical materials. See mechanical
hardness, susceptibility
(compliance)
mechanical strain 65, 88, 100, 313
medical applications. See biological
and medical applications
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memory function 211, 214

metal-insulator transition 239, 253,
259, 262, 263, 264, 267

metallurgy 10, 282

metamagnetic phase transitions 114,
116

MgAl;Oy4. See cubic ferrites

micromagnetic equations 117, 120,
142, 302

micromagnetic models 107, 118, 135,
140, 163, 228

micromagnetic scaling 122

Mn 43, 53, 261

MnBi 52, 53, 64

Mn-Cu 244

MnF, 45, 49, 115, 176

MnFe;Oy4. See cubic ferrites:
manganese ferrite

MnO 45

Mn-Zn ferrite. See cubic ferrites:
Mn-Zn ferrite

moment. See magnetic moment

monopole moment 92, 307

monopole moments 308

Morin transition 115

Mott transition. See metal-insulator
transition

MRAM 270

multiferroics 283

multilayers 103, 134, 161, 243, 244,
260, 261, 268, 269, 272, 279,
280

multipole moments 92, 307

multiscale modeling 141, 145, 270

muscle tissue 249

nanocomposites 129, 269

nanodots 48, 70, 233, 271

nanojunctions 145, 146, 148, 261, 310

nanoparticles 83, 102, 103, 104, 112,
128, 135, 168, 179, 183, 198,
218, 220, 233, 244, 268, 271,
272, 273

nanorings 268

nanostructures 2, 47, 61, 70, 83, 102,
107, 116, 150, 181, 183, 197,
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nanostructures (Cont.)
200, 220, 231, 237, 243, 244,
268-82, 283, 309, 311, 313,
315, 316
nanotubes 208, 268, 272
nanowires 83, 103, 135, 184, 206, 207,
208, 228, 231, 268, 272, 279,
287
narrow bands 54, 60, 270, 271, 298
Nd 42, 94, 95
NdyFe14B 47, 48, 52, 53, 65, 75, 91,
95, 107, 110, 127, 129, 133, 176,
177, 178, 190, 191, 233, 258,
305, 310, 311, 312, 314
crystal structure 178
NdCos 195, 311
Néel model. See anisotropy: Néel
model
Néel temperature 50, 115, 176, 177,
243
Néel walls 124, 126
negative index of refraction (NIR) 283
neurology 282, 285
Ni 15, 43, 52, 65, 66, 67, 69, 74, 79,
99, 257, 311, 313
Tables 43, 67, 311, 312
Ni;_xCuy 258
NiAs 310
NiAu 283, 284
Ni-Fe 311
permalloy 312
supermalloy 312
NiFeoOy4. See cubic ferrites: nickel
ferrite
Ni-Fe-Mo 313
NiHy 53, 257
NiMnSb 261, 314
NiO 15, 44, 69, 88
noncollinear magnetism 48, 49, 50, 51,
53, 68, 102, 111, 160, 243, 274
nonequilibrium 107, 155, 158, 179,
199, 211, 217, 220, 221, 222,
233, 244, 283, 296, 300
nonergodic 179
nonergodic behavior 181

nucleation 112, 122, 123, 129, 130,
131, 132, 133, 134, 135, 138,
140, 141, 144, 147, 208, 219,
220, 229, 230, 231, 270, 272,
279, 280, 281, 282, 287, 295
nucleation by curling. See curling
n-vector model 27, 159, 161, 162, 173,
174, 187, 189, 247, 249, 250

oblate
charge distribution 92, 93, 94, 95,
97, 103
magnet shape 82, 101, 109
pseudopotential. See electronic
structure
Protetesis 274
octupole moments 308
Oguchi model 184, 186
Onsager solution 179, 185
Onsager-Machlup function 256, 296
operator. See quantum mechanics,
operators
orbital moment 4, 5, 6, 37, 38, 40, 41,
42,44, 53, 69, 73, 86, 89, 90,
91, 92, 99, 100, 104, 160, 168,
173, 235, 299
order-disorder transitions 282, 283,
284, 286
Ornstein-Zernike theory 167, 171, 172,
216, 219, 272, 273, 296
orthogonality 63, 70, 238, 293

Panels:

Panel 1: Normalization of Atomic
Wave Functions 21

Panel 2: The Bethe-Slater-Néel
curve 25

Panel 3: Mean-Field Approaches 31

Panel 4: Merits and Limitations of
the Two-Electron Model 34

Panel 5: Exchange in Metals and
Alloys 53

Panel 6: Tight-Binding and LCAO
Models 60

Panel 7: Entropy and Probability
152



Panel 8: The Nanomagnetic
Hemisphere Model 281
paramagnetic gas 6, 9, 14, 57, 152,
156, 181, 197, 199, 211, 249
Langevin behavior 164, 183, 228,
229
paramagnetic spins. See paramagnetic
gas
paramagnetism 23, 25, See also Pauli
paramagnetism, Curie
paramagnetism, and
Curie-Weiss paramagnetism
Curie paramagnetism 7, 8, 158, 164
Curie-Weiss paramagnetism 158,
164, 177, 183
exchange-enhanced Pauli
paramagnetism 47, 63, 64, 166,
195, 270
Pauli paramagnetism 34, 52, 53, 57,
58, 63, 64, 67, 86, 158, 164,
166, 195, 257, 270
particle-number operator 33, 299
partition function 7, 117, 150, 151,
152, 153, 154, 159, 162, 163,
166, 168, 169, 173, 174, 180,
181, 182, 183, 184, 187, 188,
189, 197, 248, 249
Pauli expansion 84, 86, 90, 303
Pauli matrices 6, 39, 69, 86, 105, 160,
201, 203, 204, 294, 303
Pauli paramagnetism. See
paramagnetism: Pauli
paramagnetism
Pauli principle 16, 17, 21, 23, 28, 29,
30, 33, 41, 70, 259
Pd 47, 53, 64, 100, 166, 195, 257, 313,
See also transition-metal
magnetism: Pd series
PdFe 38, 311, 313
PdH, 257, 284
percolation 244, 252, 253, 254, 255,
263, 267, 281, 286
permalloy. See Ni-Fe
supermalloy. See Ni-Fe-Mo
permanent magnets 3, 10, 45, 60, 65,
73, 74, 75, 78, 83, 84, 95, 107,
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108, 109, 110, 115, 122-39, 141,
145, 176, 178, 190, 191, 194,
196, 199, 220, 221, 223, 225,
228, 229, 234, 257, 268, 27477,
279, 309, 310, 314, 316, 317
mechanical force 13, See also torque
perovskites. See manganites
phantom network 249
phase transitions 50, 114, 155, 156,
162, 166, 179, 180, 219, 243,
245, 247, 253, 255, 257, 260,
283, 284
phenomenological models 73, 139, 140
phonons 34, 150, 153, 200, 208, 210,
211, 258, 260, 262, 301
pinning 129, 130, 135, 136, 137, 139,
140, 222, 227
attractive 136
Gaunt-Friedel 136, 138, 148
pinning force 137, 139
repulsive 136
strong pinning 230
weak pinning 136, 230, 279
Pm 42, 94
Poincaré cycle 210
point-charge model 91, 92, 95, 96, 97
polymers 10, 152, 162, 186, 190, 245,
247, 248, 249, 250, 251, 252,
255, 263, 264, 268, 284, 286,
296, 297
population dynamics 282, 286
Potts model 162
Pr 42, 94
PI‘QF614B 311
Preisach model 139, 140, 278
prolate
charge distribution 93, 94, 95, 96,
97, 103, 260
magnet shape 82, 101
Proteresis 274
Pseudopotential. See electronic
structure
Pt 37, 38, 47, 53, 64, 100, 166, 195,
313, See also transition-metal
magnetism: Pt series
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PtCo 38, 52, 105, 233, 310, 311,
312, 313

Pt-Co 98

PtFe 145, 272, 280, 311, 313

PtH, 53

quadrupole moment 92, 93, 307, 308
quantum computing 270, 310
quantum critical behavior. See critical
behavior: quantum critical
behavior
quantum mechanics
density operator 300
Hamiltonian 197
micromagnetic analogy 122
operators 6, 19, 31, 33, 39, 40, 69,
86, 160, 194, 197, 201, 203,
210, 239, 293, 297, 298, 300,
302
quasi-discontinuity 142, 143
quasiparticles 32, 35, 301
quenching 5, 41, 42, 43, 44, 53, 69, 85,
89, 90, 91, 92, 98, 99, 104, 168,
173, 201, 299, 303

R2F614B 95, 96
R2F617 967 258
R2F617N3 96, 258
random anisotropy 48, 104, 136, 139,
244, 274, 275, 276, 277, 278
polycrystallinity 124, 208, 279, 309
random fields 244, 274, 276
texture 122, 129, 140
random matrices 287
random walks 216, 250, 251, 252, 255
rare-earth anisotropy. See anisotropy:
single-ion model
rare-earth ions 41, 42, 92, 93, 160,
168, 169, 173, 193, 314
rare-earth magnetism 30, 35, 38, 42,
46, 47, 50, 52, 53, 65, 75, 84,
87, 91, 92, 93, 94, 97, 102, 104,
105, 107, 114, 176, 177, 178,
190, 191, 193, 194, 195, 237,
258, 280, 313, 314
rare-earth ions (table) 42

Rashba effect 90
recoil curve 140
recording media 128, 191, 221, 223,
269, 310, 313, 316, 317
recurrence objection 210
relativistic aspects of magnetism 1, 5,
8, 39, 58, 73, 84, 85, 86, 90, 91,
94, 102, 123, 302, 303, 309
relaxation 11, 12, 199, 208, 209, 210,
211, 212, 213, 214, 215, 217,
219, 220, 221, 223, 229, 233,
255, 259, 260, 265, 285, 309
Brownian relaxation 229
Néel relaxation 229
remanence 3, 12, 108, 140, 199, 223,
275, 276, 305
remanence enhancement 274, 276,
277
remanent magnetization. See
remanence
renormalization-group analysis 179,
187, 197, 247, 254, 286
resonance 199, 201, 202, 207, 208, 209
antiferromagnetic resonance 208,
282
magnetic resonance imaging (MRI)
201
uniform 202
reversibility 139, 140, 208, 210
rigid-band model 65
RKKY interaction. See exchange:
RKKY
rubber elasticity 152, 249, 251, 267
Rudermann-Kittel interaction. See
exchange: RKKY

Sc 64

ScsIn 64

Schrédinger equation 21, 36, 38, 54,
59, 61, 133, 153, 199, 200, 201,
208, 210, 213, 238, 239, 256,
259, 290, 296, 298, 299, 300,
302, 303

screening 30, 31, 97, 166, 262

second quantization 28, 33, 205



self-avoiding walk 162, 248, 249, 250,
251, 253

selfconsistency 29, 31, 63, 138, 166,
168, 169, 184, 191, 195, 246,
263, 264, 266, 296

selforganization 283, 286

semihard magnets 128, 129, 310

Sherrington-Kirkpatrick (SK) model
246

single-domain behavior 111, 116, 123,
124, 126, 127, 133, 229, 316

single-ion anisotropy. See
anisotropy:single-ion model

single-point detection (SPD), 140

sintered magnets 268, 309, 310, 312

Slater determinants 28, 32, 301

Slater-Pauling curve. See magnetic
moment, Slater-Pauling curve

slow magnetization dynamics 220, 226

Sm 38, 42, 53, 94, 95, 193

Sm(FeHTi) 311

Sm20017 139, 311, 314

SmoFe 4B 95, 113, 311

SmoFeq7 84, 95, 258, 311

SmoFei7N3 53, 84, 91, 95, 258, 287,
311, 314

Sm3Fe5015. See garnets: samarium
garnet

Sm-Co 13, 139, 141, 312, 314

SmCos 52, 53, 91, 98, 126, 133, 139,
145, 176, 177, 190, 311, 312,
314

SmFe, 314

SnO4 261

sociology 282, 286

soft inclusions 131, 132, 134, 144, 280

soft magnets 3, 13, 45, 73, 84,
100, 123, 126, 128, 129,
139, 141, 199, 225, 229, 234,
268, 269, 274, 277, 279, 309,
313, 314

soft-spin models 163

Sommerfeld constant 8, 58, 86, 123,
268, 271

spherical Bessel functions 272

spherical harmonics 79, 96
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spherical model 162, 163, 186

spin fluctuations 39, 164, 166, 197,
255, 296

spin glasses 34, 47, 48, 102, 155, 223,
237, 244, 245, 246, 274, 285

Hebb rule 282, 285

spin precession 199, 201, 202, 210,
217, 233

spin reorientation transitions 104, 113,
114, 195

spin structure 9, 15, 22, 23, 26, 44, 46,
48, 49, 50, 68, 76, 83, 102, 111,
113, 114, 117, 124, 144, 145,
146, 147, 152, 164, 165, 179,
181, 182, 195, 196, 242, 243,
244, 245, 249, 270, 275, 279,
309

spin torque 262

spin waves 48, 119, 149, 160, 167, 178,
199, 203, 204, 205, 206, 208,
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steel. See Fe: steel magnets



348 Index

Stoner model 28, 43, 63-68, 140, 159,
164, 166, 179, 195, 239, 241
temperature dependence 164
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rotation
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160, 165, 166

virtual-crystal approximation (VCA)
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Wannier
wave functions
hydrogen-like 18, 36, 85, 86, 87, 90,
299
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Wannier functions 20, 21, 22, 61
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Yoshizawa alloy. See Fe-Si-B-Cu-Nb
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