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PREFACE

A survey of physical scientists, made several years ago, indicated the
need for a comprehensive reference book on the fundamental formulas of
mathematical physics. Such a book, the survey showed, should be broad,
covering, in addition to basic physics, certain cross-field disciplines where
physics touches upon chemistry, astronomy, meteorology, biology, and
electronics.

The present volume represents an attempt to fill the indicated need.
I am deeply indebted to the individual authors, who have contributed time
and effort to select and assemble formulas within their special fields. Each
author has had full freedom to organize his material in a form most suitable
for the subject matter covered. In consequence, the styles and modes of
presentation exhibit wide variety. Some authors considered a mere listing
of the basic formulas as giving ample coverage. Others felt the necessity
of adding appreciable explanatory text.

The independence of the authors has, inevitably, resulted in a certain
amount of overlap. However, since conventional notation may vary for the
different fields, the duplication of formulas should be helpful rather than
confusing.

In the main, authors have emphasized the significant formulas, without
attempting to develop them from basic principles. Apart from this omission,
each chapter stands as a brief summary or short textbook of the field repre-
sented. In certain instances, the authors have included material not
heretofore available.

The book, therefore, should fill needs other than its intended primary
function of reference and guide for research. A student may find it a
handy aid for review of familiar field or for gaining rapid insight into the
techniques of new ones. The teacher will find it a useful guide in the broad
field of physics. The chemist, the astronomer, the meteorologist, the
biologist, and the engineer should derive valuable aid from the general
sections as well as from the cross-field chapters in their specialties. For
example, the chapter on Electromagnetic Theory has been designed to meet
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vi PREFACE

the needs of both engineers and physicists. The handy conversion factors
facilitate rapid conversion from Gaussian to MKS units or vice versa.

In a work of this magnitude, some errors will have inevitably crept in.
I should appreciate it, if readers would call them to my attention.

DonaLp H. MEnNzEL

Harvard College Observatory
Cambridge, Mass.
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Chapter 16
GEOMETRICAL OPTICS

By JamMes G. BAKER
Research Associate of Harvard College Observatory,

1. General Considerations

1.1. Geometrical optics and wave optics. Light energy is propagated
through an optical instrument in the form of a wave motion. Nevertheless,
as a consequence of several important theorems, we can, for many purposes,
regard light as traversing homogeneous isotropic media in straight lines.
In heterogeneous isotropic media light is propagated as a normal congruence
of rays in which the direction of motion lies along the normal to the wave
front at any given point. In the most general case, i.e., heterogeneous
anisotropic media, the direction of motion may be inclined to the wave
front. By dealing with a geometry of lines rather than of waves, one can
achieve considerable simplification. From this point of view the true wave
nature of light enters as a necessary correction to the results of geometrical
optics.

1.2, Media. Light travels through a vacuum in straight lines at a
constant velocity irrespective of color. In material media the speed of
light changes to a smaller value and becomes dependent on color. In the
process the frequency v and hence the quantum energy Av remain unchanged.
The effect of a medium on light is usually characterized by the index of
refraction, which in the most generai case 1s a function of position, direction,
and frequency.

1.3. Index of refraction. Let n be the index of refraction, ¢ the
velocity of light in vacuo, and o the velocity of light in the medium. Then
¢ vA A

n——=—

. oY Of A=n) (1)

where A’ is the wavelength in the medium.

365
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A = n,zAz = nﬁ.lhﬁ.l = ... etc. (2)
for successive media; n = 1 for a vacuum.

1.4. Interfaces.  Various kinds of physical media exist. Those of most
general use are the transparent homogeneous isotropic substances, which
include glass, synthetic resins, cubic crystals, etc. The most usual kinds of
anisotropic media in optical applications come from uniaxial and biaxial
crystals. Strain introduced mechanically or electrically may alter isotropic
substances into anisotropic media.

Because of the physical nature of media, there must exist boundaries or
interfaces between media. When this interface is a matte surface, the resulting
reflection of light is called diffuse. When the interface is smooth and con-
tinuous, the resulting reflection or refraction of light is termed regular or
sometimes specular.

One should note that the physical properties of material media are all a
function of temperature. In detailed calculations the effect of temperature
must be considered. One should also note that the usual optical instrument
is immersed iq air, and that the observed indices of refraction of optical glass
and crystals are often referred to air under designated conditions.

1.5. Refraction and reflection. The Fresnel formulas. When a ray
of light passes from one medium into another at a smooth interface, the light
energy divides into two parts, one a reflected ray, and the other a refracted ray.
Within a narrow region of disturbance on each side of the interface, secondary
wavelets are formed in the backward direction, and a certain amount of
energy is returned to the first medium as the reflected ray. The remaining
energy goes into the refracted ray in the second medium. Both transmitted
and reflected rays are partially polarized in a manner dependent on the angle
of incidence and on the angle of refraction, which are the angles between the
ray and normal in the respective media. (Cf. § 1.13.)

For light polarized in the plane of incidence (magnetic vector in the plane

of incidence) ; i (i )
sin?(z —r

I,  sin?(i47)
and for light polarized in a plane perpendicular to the plane of incidence
I tan®(i—r)

I, tan®(i+7) @)
where I is the intensity of the reflected beam, and I, the intensity of the
incident beam.

1)
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When the light is unpolarized

I 1 sin? (1 — 7) (tan® (i —7) 3
I, 2 sin? G+r) "2 “tan? (i+7) 3)

For normal incidence whether the light is polarized or unpolarized

I n — n\?

= (55s) )
This formula may be used as an approximation for unpolarized light up to
as much as 50 degrees off the normal.

At Brewster's angle, defined by ¢ = tan™! n’/n, the intensity of the reflected

light vanishes for light polarized in a plane perpendicular to the plane of
incidence, i.e., tan? (i + r)=w. For unpolarized incident light at Brewster’s

angle, the intensity of the reflected light, which is now 100 9%, polarized with
its electric vector perpendicular to the plane of incidence, becomes

I [ U (n'? —n2\2
K—TSIH (Z——r)—"z—(m) (5)
If the incident light is already 100 9, polarized at Brewster’s angle,
I n'? — n*\?
I~ (T) ©)

In the latter case for #'/n = 1.5, I ~ 159, 0fI,. For n'/n=1.8, I~28 9,
of I,

1.6. Optical path and optical length. Consider a curve S through
any medium, either homogeneous or heterogeneous, along which light is
known to travel between points 2; and 2,. The time of transit of the light
is given by the line integral

zgds 1
—f s = o ZInds (1)
o =L=|"nd
or ¢ f21ns

The length L is called the optical length of the path, as opposed to
* ds,
which is the geometrical length ; L is equal to the geometrical length the light

would have traveled in a vacuum in the same time interval.
In a homogeneous medium a geometrical length s has an associated optical
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length L = ns. Where light travels through a succession of discrete homo-

geneous media,
L= E n;s;
2

where s is the straight line distance along the path between interfaces.

1.7. Fermat’s principle. Light passing through a medium follows a
path for which the optical length or time of transit is an extremum, i.e.,
independent of first-order iefinitesimal variations of path. The time is said
to have a stationary value, and usually is either a maximum or minimum,

o=
St——c—SLlnds#O m
where n is a function of the space coordinates. Similarly,
stsf"zndszo ©)
%1

defines the particular path between z, and 2z,. For discrete media

BLZSE”iSz':O (3)

1.8. Cartesian surfaces and the theorem of Malus. Consider a
meridian cut C of an interface. The surface C is to be so chosen that for
every point on it in 3-space, -L = ms---n's’ = constant between a given
point P in the first medium of index n and P’ in the second medium of
index n’. This surface clearly satisfies 8L =0 and the higher order dif-
ferentials are all zero. Hence any ray emitted by P, that strikes C will
find its way through P’. Hence P’ is an image point of the object point P.

For a single ray originating at P and refracted through P’ by a refracting
surface S, where P’ is not necessarily an image point, a Cartesian surface C
may be considered tangent to S at the point of intersection of the retracted
ray with S. By simple construction one can then determine whether the
higher order differentials of a neighboring path between P and P’ are positive
or negative with respect to C where they are zero. If the curve .S is more
convex than C toward the less dense medium, I will be found to be a maxi-
mum.

Theorem of Malus. A system of rays normal to a wave front remains
normal to a wave front after any number of refractions and reflections. That
is, a normal congruence remains a normal congruence.
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The combined principles of Fermat and Malus lead to the conclusion
that for conjugate foci
Z ns;

is a constant between object and image points, irrespective of the ray.

A Cartesian surface holds for a point object, point image, and a single
interface, defined by ms -+ n's” — constant.  Where reflection is involved,
the surface is of the second degree and is therefore a conic section. For
refraction the Cartesian surface is of the fourth degree, and its meridian
cut is called the Cartesian oval. When one point lies at infinity, the surface
degenerates into a second degree surface.

1.9. Laws of reflection. Let A, p, v be the direction cosines of a ray
before reflection by a surface .S, and X', u’, ' the direction cosines of the
reflected ray. From the variation principle one can show that

A+XN =]
ht = m (1)
v+ v = ]n

= )

m n

or

AN p+p’ v
=

where [, m, n are the direction cosines of the normal to .S at the point of
reflection of the ray. Also

J=28A=2XIN =2cosi=2cost (3)
i1=13 D=2 (4)
where D is the deviation.
A pow
A p v | =0 (condition of coplanarity) (5)
|l m n

The reflected ray therefore lies in the plane of the normal and incident ray.

1.10. Laws of refraction. Let A, 1, v be the direction cosines of a ray
before refraction by a surface S, and X', u/, v’ the direction cosines of the
refracted ray. Again from the variation principle one can show that

mnx —nX = Jl
nu —n'u' = Jm 8]

nw—nv = Jn
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A_ IAI . s’ 7 . 1!
or nA ln_:n,u. np  m—nv o)

m n

where I, m, n are the direction cosines of the normal to S at the point of
refraction. Also

J=ncosi —n cosr 3
JP=n?24n'*—2nn cos (i —7) (4)
=+ n%—2nn cos D (5)
where D is the deviation.
cos D= Z AN

Ao v

iA p' ¢ | =0, (condition of coplanarity) 6)
I m n

1.11. The fundamental laws of geometrical optics

a. The law of the rectilinear propagation of light

b. The law of mutual independence of the component parts of a light beam
c. The law of regular reflection

d. The law of regular refraction

1.12. Corollaries of the laws of reflection and refraction

a. The incident and reflected rays are equally inclined to any straight
line tangent to the surface at the point of incidence.

b. The projections of the incident and reflected rays upon any plane
containing the normal make equal angles with the normal.

c. ncos § =n cosbf', where 8 is the angle between the ray and any
tangent line.

d. nmsing = n'siny’, where  is the angle between the ray and any
normal plane. (Cf. section 5.)

1.13. Internal reflection, and Snell’s law. The relation
nsinz = n'sinr (N

is called the optical invariant, and also Snell’s law after its discoverer. The
relationship is valid in the common plane containing the incident and
refracted rays and the normal, and follows from §1.10 above. Note (d)
under § 1.12 that a similar relation exists for the oblique refractions.
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Where n'/n>1 and sinr > n/n’, no solution exists for 7. This is the
case of internal reflection at the interface. The light energy remains 100 9,
in the same medium and obeys the laws of reflection.

1.14. Dispersion at a refraction
nsini = n'sinr, (Snell’slaw) Q)

If di =0 (entrant white light)

gr = St zdn,— sin #dn @)
n cosr
For air-glass where dn = 0,
dr = —tanr T” (in the medium n') 3)
For glass-air where dn’ = 0,
dr =tanr d—: (4)

where 7 and r are, respectively, the angles of incidence and refraction in the
direction of travel of the light. Subsequent refractions determine the final
effect for a system as a whole.

1.15. Deviation

a. Reflection

D =2i, dD =2di, (for asingle mirror) (1)
If two mirrors are separated by the angle « and the light strikes each in turn,
D =20 independent of ¢ (2)
b. Refraction
D=1—r
. (3)
dD = di(l _ peost )
n cosr

At a glass-air surface and normal incidence,
dD = — (n — 1)di ~ — 4di “
At a glass-air surface and 7 = 309,
dD = —di )

At an air-glass surface and normal incidence,

Iy, 1.
dD = (1 —I)mNT(h 6)
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At an air-glass surface and 7 = 300,
dD = 0.4d: Y]
At an air-glass surface and 7 = 909,
dD = di ®)

However, the final effect of a deviation depends on the subsequent refractions,
as determined by magnification factors along the particular ray. The devia-
tion increases numerically with the angle of incidence at a refraction, a fact
that is a direct cause of difficulties in the design of optical systems.

2. The Characteristic Function of Hamilton (Eikonal of Bruns) *

2.1. The point characteristic, V. Here V' is defined as the optical
path between points x, ¥, 2z and &', ', 2’ in a heterogeneous medium, i.e.,
x/y/z/
V= f o mds 1)
If both end points of the path are varied, and if n and n' are the
indices of refraction in the infinitesimal neighborhood of x,y, 2 and &', ', 2/,
respectively

3V =—nZXx + n Z XN 2)
oV v,
o™
oV o,
or oy — nu o ' (3)
v _ LA ——
wTT™ ™

and 2 (%)2 = n?, 2 (271//)2 = n'? 4)

/

Similarly, if V" is defined as the total optical path between a point x, y, 2
in an initial medium r and a point &', ', 2’ in a final medium ', the above
equations continue to apply. The intermediate path may traverse a succes-
sion of heterogeneous or discrete homogeneous media, or both.

Thus V is a function of 12 quantities (x, y, 2, A, , v, &', ', 2", X', ', v')

* SyncE, J. L., Geometrical Optics, an Introduction to Hamilton’s Method, Cam-
bridge University Press, London, 1937.
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not all of which are independent. Given any five, we can compute the other
five from the above equations.

The importance of the use of V7 is that the physical instrument is now
replaced by a mathematical function ¥, and the behavior of the instrument
by the partial derivatives of /. Knowing the characteristic, one can compute
the performance ; knowing the performance, one can compute a characteristic
containing only a set of constants to be evaluated for a given instrument of
that performance. Where «, y, 2 is a point source, one has precise informa-
tion for investigation of the character of the image when V is known.

Computation of V. Let Fyx; y; 2;) =0 be the equation of the general
surface of the instrument separating various homogeneous media. Then
the general optical path L becomes

N-1
L=ns-+ 2 ns; +n's (5)
1
On application of Fermat’s principle, 8L = 0,

/oL oL oL
gl("%sxi+agyi+a—ziszi) =0 (6)

Also, because variations in x,, v, 2; are confined to the surface

Fi(xia yzyzz) - Oa

oF oF oF,; .
If the intermediate points are to be independent of one another, then

oL . OF,

ox, 7% ox,

oL oF; .

E:]za—yz t=1,2,..,N=—-1) (8)
oL oF,;

0z, =Ji 3—21

These 4(N —1) equations yield the 4(N —1) quantities %;, v, 2;, [
When substituted in L, these quantities yield the relation

V(x,y,2,%',3",3') = L, (actual path) ©)

The course of the analytic ray is thus defined.
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2.2. The mixed characteristic, W. Here W is defined as the total
optical path between the point x, y, 2 in the initial medium n and the foot
of the perpendicular dropped from the origin of coordinates onto the final
ray in medium #'.

V= Wxyzp v+ oXNe +u'y +0v'2) )]

From application of the variational principle

aW——n}\ 3W'_”,(y,_,u,_x,)

ox o N

oW ow S, v,

a—y:——nfb 8]},7—”(2 —Yx) (2)
w__,

oz v /

Thus, given ®, ¥, 2 (source point) and p’, ¥, the direction of any ray in the
final medium, we can obtain at once the equation of that ray in the final
medium from the partials of W.

Then W may be computed in a fashion quite similar to the method used
for computing ¥ above. Because W involves fewer unknowns, its calcu-
lation is not as difficult as that for V.

2.3, The angle characteristic, 7

a. Here T is defined as the total optical path between the foot of the
perpendicular dropped onto the initial ray from the origin of coordinates in
the first medium #n to the foot of the perpendicular dropped onto the final
ray from the origin in the final medium n'.

V=—nZX+ T(uvu'v)+n Z XN« (1)
From application of the variational principle
T ( p or ., W,
o) Eorg) |
ﬂ——n(’z_lx E—'_— ,,,__1/—/ /\)
o \ETXT) T "(z N

Thus, if w, v, u', v are assigned, the initial and final rays are known.

The calculation of T proceeds by application of the variational principle
to each pair of adjacent media, inasmuch as the final ray for medium 7 —1
becomes the initial ray for the medium 4.
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Thus
5 (T + o) =0 i
G=1,2,..,N—1) 3)
8—% (Tim1,i + Tipirn) =0 ,‘
N-1
T=3 Tiy, @)

1

for the system as a whole. The T function is not in its final form until it
becomes T(w, v, p’, ¥').

b. Translation of origin. 'The value of T is dependent on the choice of

origin. If T, is to be calculated for a new origin, we have

Thew = Tora + a(X’ — A) + b(p" —p) + c(v" —v) S
where a, b, and ¢ are the coordinates of the new origin in the old system.
c. The value of T for a spherical surface. Let
Flay,) = a% 4y 4 2 — RE=0 ©)
Then T= 4+ R[(WXN —n\? + (n'y’ — nu)? + (n'v' — m)¥1?
= 4 R[n® + 0’2 —2nn' (X + py’ + w')A2

where the origin lies at the center of the sphere. A change of origin may
be introduced from b. above. The choice of sign depends on the sense of
curvature of R, with T reckoned positive from left to right.

™

d. The value of T for a paraboloid of revolution. Let

1
Fx,y,2) =2 — 5= (0 + 2% =0 (®)
L=(nA—n'X)x—+ (mu—n'u)y+ (nv—n'v')z 9
3L oL

if the variation takes place on the surface F(x,y,2) = 0.
9 _ (mA — n'X) ox + (mp —n'p')y=0
oy oy
(11)
oL

,,6x oy
g=(ﬂ)\—nh)5§+(lw—nv =0
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Ox 1 O 1
oy 2F” e 2F° (12)
o e — 'y (v —nV
Y= ZF( nA—n'N )’ o 2F( nA—n'X ) (13)
[ — Wy (o — vy
¥ F{ (nA — W' X')? (14)
__p[ e A+ (v — V)
T= F[ (nA — n'X) (15)
e. The value of T for a general ellipsord. Let
xZ y2 z2
L =23(nA—n'A)x (17
b2 [ mu— 'y & m—n'v
y:;ﬁ(fﬁ%)x’ z:’a‘(m)" (1%)
. B mu—np'\2 2 m— v \?
x"“[”?(m—nw) +Zz?(n/\~n')\'>] (19)

T = & [@(nA — 0N + 62w — W' + (v — mv' Y2 (20)

and similarly for other second-degree solids.

2.4. The sine condition of Abbe. An identity among the second
partial derivatives of the characteristic function leads to an important general
relation that must be satisfied if an elementary surface around a point
source is to be imaged accurately into a corresponding elementary surface
around the image point. We confine ourselves to an axial source point in
an instrument with rotational symmetry.

If we have precise imagery irrespective of the initial ray, then y' =my
and 2’ = mz, where m is the magnification.

oW ow_ W )
W——M\ W——n(y —Wx)
QV—Vf—n aW*—n’ z'—v—, ’ (1)
vy ™ T pu
ow

=—1w

s

'



§2.5 GEOMETRICAL OPTICS 377

If we consider that all rays from the object point combine in the image
point, and that the elementary surface and its image are perpendicular to
the axis, W is a function W(y, 2, u’, v") and y', 2', 1, and v become dependent
variables from the above relations. We have

W u W c oy ,
T T T @
W v W 98 , 3
ozov’ " e " e " ®)
W o a4 , 82 3
o~ " ey " ey 0
(4)
EZW__nﬂ_ 82W_~__,iy’#0
ozou’ ow oz oz
because of rotational symmetry.
dp 1 '
Then = moor mu=num (6)
dv n i
dv,~7m or nv =nvm @)

where the constant of integration is zero because the angles vanish together.
If 8 and @' are the respective slope angles of a ray from the object point to
the image point,
nsin g
Wsin@ " ®)
which is known as the sine condition of Abbe. The relationship can also be
derived from general principles of thermodynamics.

2.5. Clausius’ equation. Consider a small line element PP, inclined
at an angle @ to the plane normal to the axis of a pencil at P, of angular
half aperture 6 (Fig. 1). We wish to examine the conditions that will
lead to a sharp image of the line element in image space, i.e., so that P, will
be sharply imaged.

Figure 1
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We can regard P,P, as a portion of a wave front proceeding to the right
along the axis of the pencil. Similarly, P,P, can be regarded as a portion of
another wave front inclined to the first at the angle §. The two paths are
related by the increment PyP;, the optical length of which must be pre-
served in the final medium if the inverse construction is to produce a sharp
image of the line element.

Thus

nlcos @sin 8§ = n'l’ cos ¢’ sin §' (1)

This condition was demonstrated by Clausius on the basis of energy con-
siderations, and is useful in connection with off-axis images in rotationally
symmetrical optical systems. The angle ¢ need not be in the plane of
the paper.

2.6. Heterogeneous isotropic media. Consider a curve in the medium
connecting P to P’. Let the parametric equation of the curve be

x=ux(u), y=yu), z==z) (0
The optical length is

L= fc n(x,y,2) (#2 + 92 + )12 du (2)
= fc wdu, (where % = dx/du, etc.) 3
where w = n(x,y,3) (42 + 3% + 2 = w(x,y,2,%,9,3) 4)

If we hold the end points fixed but vary the curve, we have
8L = J. Z dw du ()

' ow . ow
. o dx  d

0% =8 —d;‘ = EA— Bx, etc. (7)

Integration by parts gives

3L=[za—“_’sx “
0% |

—L s (%—%———)8 xdu ®)

Because the curves have fixed end points, the first term vanishes. If C
is to be a stationary path, the value of L must be unchanged in the differential
neighborhood of any point on the curve. 8, 8y, and 8z are completely
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arbitrary, and hence the coeflicients must vanish under the integral all along
the path. Accordingly,

d ow ow

i 0, (and fory, 2) 9)
or
d nx on, . . .
e [m] — o @ E PR =0, (3,2)  (10)

If u=3s, the arc length along C, from which %* -+ 5% 4 2 = 1, the above
equations become

d{ dx on
%) m=o o (1n

X

2.7. Collineation. A space continuum of points, line, and planes in
object space that go into conjugate points, lines, and planes ia image space in
one to one linear correspondence is called a collineation.

Let x,y, 2 be the coordinates of a point in object space and «', ', 2’ its con-
jugate in image space with reference to right angle conjugated coordinate
systems. 'Then

o = A% + By + 9z + 8
ax + By +yz + 3
,:a2x+}92y+yzz—%—82 )
ax + By +yz -+ 8
o = 8% + Bay + ys2 + 85
oax + By +ys+ B
This system can be inverted. If the relations were not rational, there
would be no one-to-one relationship of object and image space. The de-

nominator must have the same form in order that planes in object space
go into planes in image space.

A/xr _,r_ B!y/ ‘I"‘ C/z/ + D/ :0 (2)

— Ax+By+Cz+ D=0 (3)

The inverted solution has the form
x :allx' + By 4+ 9y + 9,
oa’ - B'y' 4+ 'y’z' + 98’
If ax +By+yz+38=0, then
¥ =y =% =« (5)

etc. 4)
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Also, if o's’ + By +y'2" + 38" =0, then
s—y—z=w ©)

In the first case, ax + By + yz + 8 =0 determines a plane conjugate
to the plane at infinity in image space. This plane is called the first focal
plane and lies in object space. The plane o'x' + By 42 +8 =0
is called the second focal plane, and lies in image space. Parallel rays in
object space will meet on this focal plane in image space.

In a centered lens system we can set 2 = 2’ = 0 without loss of generality.
The x axis becomes the optical axis. Thus for points on the axis

, g% 4 Oy
T s ™
Intermediate images will be reducible to this form. If « =0, the systemis
called telescopic. In this case

A

When a£0 but a =1, x'x - 8% —oyx — 8, =0, which is of the form

(% + a) (¥ -+ b) = constant 9)
A simple change of origin produces the relation xx’ = constant. Evidently,
x and & are measured from the first and second focal points, respectively.

3. First Order Relationships

3.1. Conventions. Unless specified otherwise for a particular set of
equations, we adopt the following conventions, all in reference to a centered
rotationally symmetrical optical system.

a. Light travels from left to right.

b. An object distance is positive relative to a vertex when the object point
lies to the left of the vertex.

c. An image distance is positive when the image point lies to the right of
the vertex.

d. A radius of curvature is positive when the center of curvature lies to
the right of the vertex.

e. Slope angles are positive when the axis must be rotated counter-
clockwise through less than 7/2 to become coincident with the ray.

f.  Angles of incidence and refraction are positive when the normal must
be rotated counterclockwise through less than /2 to bring it into coincidence
with the ray.

g. Distances are positive above the axis.
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3.2. Refraction at a single surface. The optical path between the
source point and image point is simply ns + n's’, where s and s’ are the
object and image distances, respectively (Fig. 2). Any other paraxial ray
from the source point must have the same total optical path to the image
point in order that a focus shall exist.

FIicure 2

If a circle of radius s is described around the source point, and another
circle of radius s’ is described around the image point, one sees that the
optical paths of the sagittae must be equated in the following way. (The
sagitta of an arc is the depth of the arc from the chord.)

o= 2 )

for the sagitta of a zone & and radius R. Then
R R
. e —
Finally, —’SL -+ %, = nl; " )

It is of interest that if object and image distance are referred to the center
of curvature, rather than to the vertex, we obtain an analogous formula,

n—n

n n
STy R )

in which the indices on the left become interchanged.

3.3. Focal points and focal lengths. If s = «, we finda'/s’ = (n' —n)/R.
We define this distance s” as the second focal length, which then is the distance
from the vertex or pole of the surface to the second focal point, and denote
this distance by f".
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Then f':( n )R 1)

n —n

Similarly, if s’ = », we call s the first focal length of the surface, which is the
distance from the first focal point to the vertex of the surface, and denote this
distance by f. Then

I~ ()R @)
It follows that )
L7 o)

n

3.4. Image formation. If we consider the construction in Fig. 3, the
ray from b passing through C must evidently go undeviated through the
image point &". Then

v s —R

?:43+R:m 0

Also, n'f— ——n2 @)
yl n s’

or —})—:—7—5—=m 3)

where m is called the lateral magnification.

Ficure 3

3.5. Lagrange’s law (Known variously as the Helmholtz-Lagrange
formula, the Smith-Helmholtz equation, or Helmholtz’s equation). In the
diagram

h=s0=—50 M
Also, ns'y = —n'sy’ 2)
or nfy = n'd’y’ (3)

This relation applies to any number of successive conjugate images, and is
evidently the paraxial expression of the sine condition of Abbe.
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3.6. Principal planes. The principal planes are that pair of conjugate
planes in which object and image are of the same size and on the same side
of the optical axis. The lateral magnification for the principal planes is
therefore +1. Each point of one plane images into a point on the conjugate
plane in 1 to 1 correspondence. Within the accuracy of Gaussian optics,
both points lie at the same height above the optical axis.

Consider an object y = ab (Fig. 4). A ray from b parallel to the axis
strikes H at P and images at P'. This same ray passes through F’, which
then becomes the second focal point. Similarly, the ray &F, if F is the first

n n'
b P ,
X
y f [ —
—|H H F a
u F N /|
———— f Y
X
@ 4 b
| E— | I—
s s
Ficure 4

focal point, strikes the first principal plane at Q, emergesfat Q’, and thence-
forward remains parallel to the axis. Hence the point 5 where these two rays
meet in image space determines the image point of 5. All points of y are
imaged into corresponding pointsof ¥y’ at a constant lateral magnification m.

y__HO HQ ¥ (1)
x f f f
y’ P'H PH y
ey e R e 2
| T @
Y f x
m —=— — ——':—'—,‘ 3
Y o 7 (3)
or xx' = ff’ 4)
The above is called Newtor’s relation. We have
x=s—f &=s—f (5)
or LIS S ©)

§ §
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If Lagrange’s law is applied to the principal planes, we have

nd=n't )
for any ray of slope 6 through H. Let f be determined such that
Y g __" )
b= s’ 6 nos ®)
g7 ! n s,
=y =2ty ©)
Y28 S ¥
y =m= nl s - x - f/ (10)
nss’ , o on'ss
Then I =i Tt (h
J_r
or n n (12)
(Cf. § 3.3.) For an object at infinity, we have
y = (13)
where 0 is the off-axis direction of the object point. Similarly,
y=—1¢ (14)

for an image at infinity. The quantity f is called the equivalent focal length
of the system in object space, or the first focal length, and often the front
focal length. Similarly, the quantity f' is called the equivalent focal length of
the system in image space, or the second focal length, and often the back
focal length. (It should be noted that the terms front and back focal length
are often used at the present time to describe the distance from the first
focal point to the front lens vertex, and from the rear lens vertex to the second
focal point. 'This confusion is not desirable, and the terms front and back
focal distances are recommended instead. The terms front focus and back
focus are also used.) Where initial and final media have identical indices,
it is clear from the above formula that the two focal lengths are equal.

3.1. Nodal points. A ray directed toward the first nodal point in object
space, by definition, emerges from the second nodal point in image space,
parallel to its original direction. The nodal points are conjugate to one
another. By Lagrange’s law

nby = n'é’y’ )

where y and ¥’ are in the nodal planes.
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y_n b n_ f_ X
y - nr 0/ - n' - x — f/ (2)
Therefore x® = —777]“: —f (3)
n ,
L @

Note that the first nodal point lies to the right of F by a distance of f in
Fig. 4, and that the second nodal point lies to the left of F’ by the
distance f. Where initial and final media are identical, the nodal points and
principal points coincide.

By determining the position of the second nodal point on an optical bench,
one can obtain directly the first equivalent focal length of a system from
which the other properties follow.

3.8, Cardinal points. The principal points, the focal points and nodal
points are the more important cardinal points of an optical system. The
determination of the cardinal points of a complex system can be carried out
from a kaowledge of the cardinal points of the elementary systems from
which the complex system is constructed. However, it is usually more
expedient to trace a Gaussian ray from infinity on the left to find F’, and
from the right to find F. To find f, we note that in a system of N surfaces

YN e LS (S} (S
"= N4 D iy 31(32) (53) ( SN )SN ()

If we let k; be the height of intercept above the axis at the ith surface, then
by similar triangles

VN n, 1 h h hya
JN_ T, P2 T2 BN 2
Y1 ny 51 hy My hn N @
v'n ng  h sy
m==-"= - _—2._= .- = 3
Y1 v hy o5 )

For an infinite object distance, we have

L YL
Vi g s @

where 8 is the slope angle or direction of the object, n, the index of object
space, and n,; the index of image space. It is convenient to define by =1,
in which case all other #’s are called relative heights. Then

_Mm SN
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where f is the first focal length, or ,
f= (©)
where f' is the second focal length.

When F, F', and f' are known from the two ray traces, all other ordinary
cardinal properties of the complex system follow. It is important to note
that inasmuch as the paraxial ray trace beginning with s, refers only to an
object point on the axis, the relative heights denoted by 4, are for an infini-
tesimally close ray starting out at the same object point. This is simply
Lagrange’s law again, and indeed

ny0,y, = nn0'ny'n (7
or nohyy, — "Nhfvy'N ®)
$1 SN

from which , B ,
YN ny 1 SN
M= —" 9
Y1 ny hy 5 2

as above. The ray trace provides the object and image distances throughout
the system, and the 4 values can be computed by means of the relation

hin = f::?tl‘ hi (10)

where &, =1 when convenient. See note p. 408a.

3.9. The thin lens. A thin lens is defined to be one whose thickness
is negligible compared to the focal length. To Gaussian accuracy we simply
set the thickness equal to zero.

T M M—M
5 +s’1 - R, M
mo oM m—m
S 8y R, @)
Sg=—§1, RMp=ny=1 3)
1 1 1 1
wt a0 (5 g @
If s,=w, §3=f =/, and we have
1 1 1
b==m-1(x—z) 5)

where ¢ is called the power of the lens. If now s and s refer to object and
image spaces, we have

1
Tty 6)
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3.10. The thick lens. By working through the Gaussian equations
above as applied to a lens of finite central thickness ¢, one finds that

(R SR

ny

(n,—1)
$d =1— “n R, (2)

where d is the distance from the second surface to the second focal point,
or the back focal distance.

3.11. Separated thin lenses. Application of the elementary equations
above to the case of separated thin lenses leads to the relations below. The
powers of the individual thin lenses are represented by ¢, ¢,, 3 etc. The
separations are given by d,, d,, d;, etc. Let d be the back focal distance,
which then serves to locate the second focal point. Let ¢ be the power of
the combined system of lenses, which is the reciprocal of the equivalent
focal length.

a.  Two separated thin lenses
b =1+ by — dibio = by + hohy (1)
$pd=1—dipy=bh, 2
b. Three separated thin lenses

¢' = ¢1 + s + 953 - dl‘?sl?sz —(d, + dz)¢1¢’3 - dz‘ibzfi’a + d1d2¢1¢2¢3 % (3)
= d’l + h2¢2 =+ hs‘lss
‘i’d =1-—(d + dz)‘l’l - dz‘f’z + d1d2¢1¢’2 = hy “4)

c. Four separated thin lenses

(# = d)l + ¢2 + ¢3 + ¢4 - dl¢l¢2 - (dl + d2)¢1¢3 - (dl + d2 + d3)¢1¢4\
- 2¢2¢3 '— (dZ + d3)¢2¢4 + d1d2¢1¢2¢3 + dl(dZ + d3)¢1¢2¢4
b (dy + d)dibuby + dydudpobupy — didodupibubus ‘ )

= ¢’1 =+ h2¢2 + ha‘i{’a + h4fb4

$d = 1 —(dy + dy + d)by — (dy -+ di)py — dupy + do(da + )b, } ©
+(d, + dz)d3?51¢3 + dzd3¢2¢’3 - d1d2d3¢1¢2¢3 =h
The corresponding expressions for five or more separated thin lenses follow

readily, but serve no purpose in being reproduced here. If the above
formulas are applied from right to left in order to locate the first focal point,
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the positions of both principal points then become established. Inasmuch
as ¢ in air is the same for both first and second focal lengths, all the formulas
for ¢ must possess symmetrical properties.

3.12. Chromatic aberration. The index of refraction of any material
medium is a function of wavelength. Accordingly, it is important to ascer-
tain the dependence of the Gaussian properties of an optical system on wave-
length.

1 1 1
; i —=m—-—0|5—5 I
a. The single thin lens 7 (n—1) ( R Rz) M
Differentiating logarithmically, we have
af dn 1 d¢
Vi S R @

v is defined as (np — 1)/(np — ne), and is called the Abbe number, or the
reciprocal dispersion of the glass. The negative sign indicates that the focal

length is less for blue light than for red. In the case of ordinary crown glass
for which v~ 60

df = —gof ©)

between the red and blue focus.

b. Two separated thin lenses.

b=¢1+ b —dihid (%) pd=1—dp,=h, (5
Differentially, dp = d; + dby, — di$, dp, — di, d, (6)

- (’61 992 1¢1¢2( 12 ) M

In general, one knows ¢ and desires that d¢p = 0. Then ¢, and ¢, can be
determined in terms of ¢b. If this is carried out, one finds

e (o) on
and

e e NN CORR RS P PR

vy — volhy

_ . _ vifi F Ve fe _
dp =0 dl#i\pl—}—vz (8) q{)f(

If v, =v, then

dy = 3(f1 + fo) (10)
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It should be noted that the achromatization of ¢ applies only to the size of
the image and not to its location. For example, when the object distance is
infinite, ', = ftan 0, where § is the field angle off-axis. If df = 0, thendy’,
will be zero also. Hence achromatization of ¢ for the case of two simple lenses
at the proper separation stabilizes the size of the image but not its position.

Sometimes one desires to achromatize d instead of ¢, by selection of the
proper v, and ¢, to go with a given,, vy, and d;.

dd=0 — ﬁ+h22ﬁ:0 (11)
Vi Vo

The introduction of the A2 shows that the color contribution of a lens to the
system is weighted by the square of the relative height.

qS:qu +h2¢2 (12)
which leads to by = (\'—1:\1)72/}12)95 (13)

It is clear that when A, = vy/v;, the denominator is zero, and the solution
loses practical significance.

In the case of 2 thin lenses, d and ¢ cannot simultaneously be stabilized
for color, unless the separation vanishes. For if d¢ and dd are both zero,
then d{¢d)=0. But

d(¢d) = — did, (15)
For the simple lens, d¢, 520 and hence the only solution is for d; =0,
hy = 1.
V1

b1 = ¢ (16)

Vi— Ve

Vo

by = — é (17)

Vg — Vg

These expressions are applicable, then, to the ordinary contact achromatized
doublet.

c. Separated doublets. Let us consider that at least the first component
can be made of two or more elements in contact. The first component
can have a net power of ¢, still, and when achromatized, d¢, =0. Then
d(¢d) =0, even when d; ==0. But

qu - d<f>1 + dq52 - 1‘?31‘1432 - d1¢2d¢1 (18)
- d¢’2(1 - dlqsl) (19)
= hydd, (20)
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Hence, if dp=0, dp,=0 also. The result is that if two separated com-
ponents yield a system stabilized for both size and position of image, the
individual components must be separately achromatized.

d. Three separated thin lenses. In the case of three separated thin lenses
we have more quantities at our disposal, and it is possible to achromatize the
system for both position and size of image without achromatizing the indi-
vidual elements.

If both the equivalent focal length and the back focal distance are achro-
matized,¢d is also achromatized. Under § 3.11b we need only to differentiate.
When we accomplish this operation, we find

vi(dy —didypy)  vo(dy + dy — didops)  vi(dy — di’¢y)
When the above two relations are satisfied, the simple triplet will be fully
achromatized.

e. The general relations for a rotationally symmetrical system *. 'The
fundamental equation of Gaussian optics given in § 3.2 can be rearranged in

the form . | | .
Ou=mas( 7+ ) =m{z - +) 22)

Q,; is called the optical invariant. Let

i—1 d.
ki=k + ) ——— 23
! 2 nihihji (23)
a relation whose significance will be more apparent below (§4.5). 'Then the
respective conditions for the absence of chromatic aberration for the position
and size of the image are found to be

N \
dn; dn_

hiz st LB § == 0 24

Z; Q ("i ni— ) (@4

N

dn;, dn,_

k:h2Q P —1 1) =0 25

3 ko0 = e (25)

In these expressions dr; is the increment in index between chosen wave
lengths, such as (#z — n), and n; is the mean index for the wavelength
region of interest. For the above purpose £, is an arbitrarily chosen quantity,

* MEeRTE, W., RICHTER, R. and voN RoHR, M., Das photographische Objektiv (Hand-
buch der wissenschaftlichen und angewandten Photographie, Bd. 1), Julius Springer,
Vienna, 1932, pp. 235-238.
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which, however, below will be identified by the relation &, = #,(s; — £,)/sy,
where #, is the distance of the entrance pupil (§4.3f) from the front lens
vertex. As before, £, is the relative height.

3.13, Secondary spectrum. The discussions under §3.12 refer only
to the first derivative. ‘Now, however, we must examine the higher-order
variation. Consider the simple doublet, which already has been achroma-
tized through the first order of approximation.

¢ =1+ (0
@ _ d<i>1 d¢2

v O ) )
dnl/d)\ ¢1 dnz/ 1)4’2 3)
dx (dnl/d/\)2 dznl/dh2 (dnl/dh)2 dnz/d)\)
e e e L= L
dznz/d)\2 dnz/dA @
( (562 1)2952
We find i d JdA d /d)\
2 2n, N2 2n2
W n — l)¢1 )952 (5)
from which
(vi —vo) d2  dnfdX:  dPny[d)® —0 (6)

¢  ax*  dmfdx ~  dnydx
From this expression it is clear that when two glasses of widely different v
values are combined, the second derivative must bear a constant ratio to the
first derivative, if the secondary spectrum is to be eliminated.
Customarily in glass catalogs, the first and second derivatives are replaced
by their equivalents in differences, namely, by

(ng’ —ne)(nec —ng), (n,— n)/(ne —ng), ete.
These partial dispersion ratios must then match at both ends of the spectrum
if full elimination of the secondary spectrum is to be achieved.

3.14. Dispersion formulas. The function n{}) has been given a number
of forms, some empirical and some derived from the theory of dispersion.
One of the more familiar of such formulas is that given by Hartmann.

A
n=ny+ ~—~ 1
A @

where 1y, A, A, and a are constants to be determined from observed values
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over a wide spectral range. The term a has been assigned the value of 1.2
for best fit, though a = 1.0 is far more convenient.

dn A
DT O—AF @
d’n 24
R N @)
The requirement that the secondary spectrum vanish is simply that
/\ol - )\02 “4)

Perrin * has computed values of A, for all the well-known varieties of optical
glass, and has found several pairs with reduced secondary spectrum. Such
pairs are characterized by quite small values of (v; —v,) so that the indi-
vidual lens powers are rather considerable.

The Hartmann formula is inconvenient in several ways. First of all, the
wavelength A is tied up within the expression. The derivatives become more
complicated functions, rather than simpler ones. Furthermore, the A, has on
particular utility from a physical point of view and lies in the ultraviolet.

The same objections can be applied to Sellmeier’s equation, which is

A2
n =1+ . A 2 (%)
Sellmeier’s equation is founded in theory, and holds over quite a complete
spectral range, even where there are several absorption boundaries.
The objections can be overcome by a modification of a formula due to
Cauchy. The Cauchy formula is

{
n=A+B )TZ /\ it 6)
Here the value of A is nfor A = «, and again of no utility. Also, the deri-

vatives retain the wavelength, though in more explicit form than in
Hartmann’s formula. Let

1 1
. 0
Then we can write
n=ny,+ai -+ B +ya® + . (8)
2 __ 2
& /A 1/A, ©)

Dl
and where o, B, y, etc., are to be determined by a least-squares solution

from the observed data.

*PerrIN, F., “ A Study of Harting’s Criterion for Complete Achromatism,”
J. Opt. Soc. Am., 28, 86-93 (1938).
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Use of the power series form implies that an arbitrarily close fit can be
made to the observed dispersion curve, provided enough constants are used.
The formula is useful in that the derivatives with respect to & are simple
series also. If a given lens aberration is rendered independent of @, it also
is necessarily independent of A. Hence, in optical formulas & can be em-
ployed in simple expansions. In particular the back focal distance can be
expressed , , . N N

S =195nN0) + a® + b&* + @3 + ... (10)
The coeflicient a is called the coefficient of primary spectrum, b the coefficient
of secondary spectrum, ¢ the coeflicient of tertiary spectrum, etc. Such a
formula holds for a system of almost any complexity. In combinations of
ordinary glasses, one can bring a to zero in the usual process of achromi-
zation. For contact achromats

h— __(Bl/%'/gz/o‘z) (11)

Vi— Vs
If b is to vanish, the glass pairs must obey the requirements
Br_ B
P 12
and (v —vy) >0 (13)

If (v, —v,) is too small, the curvatures are excessive.

In most ordinary combinations of glasses b is nearly constant. Its magni-
tude can be reduced by certain optical arrangements, such as the Petzval
portrait type lens that consists of separated positive components with an
attendant strongly curved field, or by more elaborate systems. A few glass
pairs exist that have & =0, but the powers are such as to limit the over-all
aperture ratio of the system.

The particular form of & is a matter of convenience. For most applications
in the visual range, one can take A, = 5500 angstroms, and use F at 4861
and C at 6563. Then

@ &?
h 1.466 754 2.151 367
G’ 1.048 364 1.099 067

g 1.025 708 1.052 077
F 0.484 741 0.234 974
e 0.025 006 0.000 625
d —0.214239 0.045 898
D — 0223183 0.049 811
C —0.515 259 0.265 492
A — 0.843 706 0.711 840
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The least-squares solution for a glass with observed values for all the designa-
ted wavelengths takes the following form.

A=%n, B=Yné, C=Xna?

ny= 0.2353254 4 0.111 817B —0.244 154C
o= 0.111 8174 + 0.431 333B — 0.352 630C
B = —0.244 1544 — 0.352 630B + 0.533 273C

Typical dispersion formulas and residuals are

BK-7: n— 1.518 035 + 0.008 163& — 0.000 13165 (14)
=M1 _cia6 B _ 00160
[ 4 4
F-2: n— 1.623 648 -+ 0.017 2126 - 0.000 784552 (15)
% — 3623, % 1 0.0455

h G’ g F e d D C A’

(O—C)BK-7: 6 —4 —4 —5 0 5 4 6 —7
F-2: o —6 —7 —7 3 4 7 5 —9

where the residuals are in units of the fifth decimal place. The magnitude
of the residuals is caused partially by the extent of the wavelength range
fitted in the least-squares solution. However, it is clear also from the trend
of the residuals that inclusion of the y@3 term in the least squares solution
would render the residuals as small as -1 in the fifth place, from 4047 to
7682.

A doublet made of BK-7 and F-2 glasses would have a secondary spectrum

_0.0455 + 0.0160
b= R T 0.002 259 (16)
As' = -+ 0.002 25982 + ... (17)

where AsY is in units of the focal length.

Herzberger * has introduced a new form for the dispersion formulas,
derived from the near constancy for the value of b, or more strictly, from the
relationship

é = kv -+ ky (18)

* HerzBercer, M., ““ The Dispersion of Optical Glass,” ¥. Op . Soc. Am., 32,

70-77 (1942).
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This formula is given by Herzberger as

. — 2 tro M3
p=pot X 56535 T (e = 0.035) (19)

where A is the wavelength measured in microns, p = n—1, and pg, gy, pa,

and p, are four constants depending on the material. For unusual glasses,

crystals, and rare-earth glasses the linear relationship for B/o must be modi-
fied. In terms of the partial dispersions

Py = Ay + Ay + Agpg + Agpa (20)

where the A, are universal functions of the wavelength, and p,4 and p,, are

constants. Each A, has the equivalent form

Uy o

A=+l + 555635 T (v = 0.0357

The superposition of the coeflicients of A% etc., lead to the values of ug, p,, etc.

Herzberger shows that the (O — C) residuals are mostly zero,or 41 in
the fifth decimal place from A =0.400 to A = Iu, almost irrespective of
the material. The @& function above has larger residuals for the unusual
materials, though with any dispersion formula an (O — C) plot can always
be employed as a differential correction.

The & function expanded about the wavelength of best performance of a
given instrument permits ready inspection of the variations of the aberrations
with color. The fact that (@ — &) =1 gives a ready measure of the
blue-red variation.

+ 1)

4. Oblique Refraction

4.1. First-order theory. Paraxial or first-order theory involves refrac-
tion in the immediate neighborhood of the optical axis. The equivalence
of complex and simple systems through the use of the principal planes and
focal points arises basically from the linear character of the refractions.

The introduction of rays that are considerably inclined to the optical
axis, or more general still, of skew rays that do not even intersect the optical
axis, brings about wide departures from the Gaussian laws. The departure
may be expanded in series development around the Gaussian quantities.
Because of rotational symmetry this expansion assumes only odd powers,
and the successive stages-of approximation are often referred to as first-order
theory, third-order theory, fifth-order theory, etc.

The most general expansion of the problem of refraction of a light ray
through an optical system involves a function of five variables, namely,
i, v, ¥, 2, @, where p and v are direction cosines of the ray, y and 2 the inter-
cept on a reference plane normal to the axis, and @ is the function of the
wavelength referred to in 3.14.
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Explicitly, we have

Yirr = Yerrllo Vo Yo Zor B) ?

Zir1 = Bpri(faos Vi Vi Rir By) L (1)
forr = Porilio Vi Yoo %6 @) j

Virr = Virtla Vs Yis By ;)

For rotationally symmetrical systems we must have a symmetry of expression
in such a way that y<=>2 and p<=xv. Also, if rotational variables are
used in the power series expansions, such as

r=pr 4+ s=y24 22 t=py 4z (2)
we must find that the several orders use 7, s, ¢ in every combination.

The explicit expansion through the third order is given below for the
case where the reference plane is the tangent plane at the ith surface,
where n; is the index of refraction after the ith surface, y; and 2; are intercepts
in the tangent plane, and p; and v, are the direction cosines of the initial
ray before refraction. Let N; = n,_,/n, and ¢;= 1/R;, where R; is the
radius of curvature. Here S; is an aspheric coefficient that vanishes for a
spherical surface; d; is the vertex to vertex separation of the ith and the

(z+ )th surfgce. 3)
Miv1 — Yirn =
[pd =N, [13] = N4,
[yd =N, — 1) =1+ (N;—ed;
[P«is] =0 [Hf] = %Ni?'di
[l"iviz] =0 [upf] = INPd;
{pdyi] = IN{N; — D¢, [y = $N(N; — 1) BN+ 1)cd;
[vlyi] = $N{N; — 1)e; vy = NN — 1) (V; + Degd;
[twz] = NAN; — Degd;
[pyf] = (N, — 1) 2N, + 1)e? [piyd] = — 3(N; — 1)e;
+ 3N, — 1) BN2 — N, + 1)ed,
[nz? = 3(N; — Def [zl = — $(N; — D¢y
+ 3(V; — 1)(3N2 — N, + 1)c 24,
iyz] = N(N; — )e;? iyerd = NH N, — D)e2d;
[p? = N, — DS; [ = 3Ny — 1)Sud;
+ ANAN; — 1)e? + #N; — D) (N2 — N; + 1)c®d;
— AN — 12
[y=2] = 3V, — 1)S; [yiel] = 3N — 1)Sid;
+ N(N; — 1)e? + #(V; = DNV — Ny+ 1)edd;

— V= 1)e?
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Equivalent expressions for v;, and 2, are obtained by an interchange
of u,v and y,2. The bracketed expressions are the coefficients of the
power term enclosed. The notation is useful for saving cumbersome
symbols.

The explicit expressions are given here only through the third order.
The fifth order has been derived, but is much too lengthy for inclusion
here. In general, the explicit expressions have only a limited range of
usefulness. Where a number of surfaces are involved, the insertion of
successive series into one another becomes a formidable task. However, the
author has solved a number of interesting problems in this way, even in the
fifth order. 'The complexity of the procedure is compensated partly by the
explicit nature of the results.

For more complex systems one must work in successive stages of approxi-
mation. Here one uses the important relations of the first order to reduce
the number of corrective terms of the third order. The first order is cal-
culated, and the numerical results used in the calculation of the third order.
The results in the first and third can then be applied to the evaluation of
the fifth order, a process not often attempted in this particular way.

Apart from the general development of the aberrations of an optical
system, one can separate out two branches admitting of specialized treatment.
The first branch involves a series expansion in all powers of the aperture
but linear in the sine of the field angle. These terms are included in the
sine condition of Abbe, which has already been discussed. Evaluation is
most often accomplished by ray tracing, rather than by series development, at
least in the fifth and higher orders. The other branch involves a series
expansion in all powers of the field angle but linear in the aperture. This
second branch is treated immediately below.

4.2, Oblique refraction of elementary pencils. The first-order
expansion in the angular aperture of a narrow pencil of rays around a central
chief ray or principal ray of finite inclination to the normal to a surface at
point of contact leads to the existence of two foci along the refracted pencil.
If the pencil is in a meridional section of a sutface, the focus of this tangential
fan can be determined. If the pencil is perpendicular to the meridional
section, the focus of this sagittal fan can also be determined. In general
the foci do not coincide, and only by controlled design can they be made to
coincide in image space. The difference between the tangential and sagittal
or radial foci along the chief ray is often called the astigmatic difference, and
the halfway point between the two is called the mean focus.

If 7 and o are the respective tangential and radial object distances along
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the ray from the actual point of refraction on the surface, and if 7’ and o’ are
the corresponding image distances, we have

n_ycos?i; m;cos’r, m;cost;— m,_;cost; 0
Ti T’i Rl
n; n;, m;cosr;— n,_,Cosi;
Rt @

o; o', R,

where 7 and r are the angles of incidence and refraction, respectively.

These highly important relations are a generalization of the paraxial
expressions. It is clear that when 7 and 7 go to zero, the two expressions
coalesce and become identical with the basic paraxial formula. The expres-
sions may be applied to any meridional ray through a system in order to
determine the foci of the particular pencil.

In the relations above the transfer equations between surfaces are

Tty = — 7,1' + 8@' (3)
o= —0; +3; 4

where
8; = (Ryy — R; +d;)cos 0'; 4 R, cos 7, — Ry coS 144 (5)

Here again d; is taken to be the axial separation between the vertices of
the ith and (7 + 1)th surfaces, and §; is the slope angle of the ray after
refraction at the sth surface; §; is the separation along the ray.

There is another way of finding the final oy in cases where 7 is not
required. An auxiliary line connecting ¢ and o' for a single surface can be
shown to contain the center of curvature of the surface. This line is called
the axis of sagittal symmetry, and becomes an auxiliary optical axis of the
refraction. If one calls the angle between this auxiliary axis and the optical
axis g, the apparent height of the ¢’ focus can be multiplied throughout the
system because of similar triangles, and one finds

N-1
(n ai) tan 8,

1

tan gy = N1 i1 (6)
1— [2 biﬂaj] tan 64
1 1

where 6, is the direction of the object relative to the optical axis, the object
taken here to lie at infinity. In the above

cos 6’

by )

a,-—':

—ﬁ)
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where J,=K;+sinf, and K;— % (8)
The angle gy is the angular subtense of o as seen from the center of
curvature of the last surface. Hence,

(— sy + dy) tan Oy = (— Ry + dy) tan gy = hiy ©)

where sy is the axial intercept of the final ray in image space, relative to the
vertex of Ry, in accord with the conventions of §3.1. The coordinates
dy and hy locate the position of the final oy focus in image space relative
to the vertex of Ry. The formula requires about half of the computing
time of the first formula given for finding o3 However, the second method
is not applicable where any one sin# is nearly zero or zero.

4.3. The Seidel aberrations *, Ludwig von Seidel first worked out
convenient expressions for the third-order aberrations of an optical system,
and it has been customary to designate the five independent aberrations of
the third order as the Seidel aberrations.

a.  Spherical aberration. This aberration refers to the improper union,
near the image point, of rays that originate from an object point. Rays
outside the paraxial region intersect the optical axis progressively farther
from the paraxial focus according to the angular aperture of the initial pencil.
Spherical aberration ordinarily can be evaluated on the optical axis where
other aberrations are zero, but is present off the axis as well.

b. Coma. This aberration refers to the variation of magnification of
rays in a pencil outside the paraxial region. The image point of intersection
of any particular ray on the focal plane will vary in height according to the
ray. A comatic pattern is produced by the combined meridional and skew
rays in the form of circles tangent within a pair of straight envelope lines
60 degrees inclined to one another. The apex of the pattern lies at the par-
axial magnification, if not too far from the axis. The largest circle within
the envelope lines arises from the extreme rays of the pencil from the object
point, the pencil taken as having a circular cross section. The so-called
upper and lower rim rays in the meridional plane lie farthest from the apex,
and in fact intersect. Indeed, the single circle for the cross section of the
pencil maps twice around for the corresponding circle in the image. Coma

* HErRZBERGER, M., Strahlenoptik, Julius Springer, Berlin, 1931; also numerous
papers. MERTE, W., RICHTER, R., and voN RouR, M., Das photographische Objektiv
(Handbuch der wissenschaftlichen und angewandten Photographie, Bd. 1), Julius Springer,

Vienna, 1932. WHITTAKER, E. T., The Theory of Optical Instruments, Cambridge
University Press, London, 1907.
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is an unsymmetrical aberration. Seidel coma varies as the square of the
aperture and linearly with field angle. The spherical aberration and coma
together are combined within the sine condition of Abbe, which within the
Seidel region simply become the third-order expansion of the sine condition
in series form.

c. Astigmatism. This aberration refers to lack of coincidence of the 7y
and o} foci, described in §4.2. A point source images into two focal
lines at right angles to one another. The tangential focus produces
a tangential line, i.e., 2 line element perpendicular to the meridional plane.
The radial or sagittal focus produces a radial line, ie., a line element
directed toward the optical axis and lying in the meridional plane. The
astigmatism is measured by the separation of the focal lines, or by the
diameter of the mean image for a given angular aperture of the system.
The mean image is circular if the image forming pencil is of circular
cross section, though in practice diffraction often produces a cross instead
of a circle for the image.

d. Curvature of field. 'This aberration refers to the departure of the
mean focus of an oblique pencil from a flat focal plane. The mean image in
a rotationally symmetrical system lies on a surface that in the third order
is spherical and tangent at its vertex to the paraxial focal plane. A flat
field is simply a focal surface of infinite contact radius.

e. Distortion. 'This aberration refers to a displacement of an image point,
even though sharply defined, from where it should be if the object plane were
mapped at a constant magnification onto the image plane. A square reseau
in an object plane ought to map into a square reseau in the conjugate image
plane. If the image point is displaced outward, the distortion is called the
pincushion type. 1f the image point is displaced inward, the distortion is
called the barrel type.

f. Stops. A description of Seidel optics cannot be complete without
introducing the concept of stops. The aperture stop limits the diameter of
the bundle of rays admitted to the system. This stop may lie internally in
the system. 'The entrance pupil is the image of the aperture stop in object
space, and the exit pupil is the corresponding image in image space. If a
system has a number of real stops formed by the clear apertures of the succes-
sive surfaces, the entrance pupil is the stop image in object space subtending
the smallest angle as seen from the object point. Most often, the aperture
stop is designed into a system, and may be simply an aperture in a metal
sheet, or formed by a variable iris diaphragm.
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The principal ray of a system passes through the center of the entrance
pupil from any assigned object point. For symmetrical aberrations the
principal ray remains central within the refracted pencils. For comatic
aberrations, the principal ray may be shifted away from the rest of the light
in the image. For these reasons the principal ray assumes particular
importance in the calculation of the Seidel aberrations.

4.4. The Seidel third-order expressions. The equations of §4.2 for
the 7' and ¢ foci are exact for a specific pencil. If the final foci coincide,
the pencil becomes stigmatic. If a variety of pencils over the aperture of a
system are separately stigmatic, the optical system becomes corrected over a
finite aperture.

The development is too lengthy to be reproduced here. However,
through the third order the cosines of §4.2 are expanded in terms of 7 and 7.
By tracing a paraxial ray through the center of the entrance pupil, ie., a
chief ray, one can express ¢ and 7 in terms of the stop location for a given
surface. The astigmatic difference in image space for the 7th surface becomes
the astigmatic difference in object space for the (i + 1)th surface. The equa-
tions of §4.2 can be arranged in such a way as to have the intermediate terms
cancel out. Then one arrives at the following.

Zinken-Sommer’s condition. Let

1 1) 1 1
Qsi = "z‘ﬂ(E + ;) = ”1(E *STZ) (1

) e

1 1
= | = — | =
Qtz Z 1( Rz + ti
where s; refers to the object distance and ¢; to the object distance of the stop
from a surface. Then Zinken-Sommer’s condition for the absence of
astigmatism in an elementary pencil around a chosen chief ray becomes

E(Qti%igsi)z(n:ﬁi - ,,Tl) =0 3)

In the original notation of Seidel there is a different choice of conventions
from those adopted here. Optical conventions vary so widely that readers
must always be alert to avoid error.

Zinken-Sommer’s condition contain Q,;, which involves the stop position
at each surface. By a transformation due to Seidel, the Q;; can be replaced
by an equivalent involving more desirable quantities. Zinken-Sommer’s
condition can be written in the form
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S 4 Qgih? T 1
2 [1 +Quh By /zf(Qﬂ—Qﬂ)] (n +n—) =0 ™

i 1 153

This expression is still simply a condition for the elimination of astigmatism
along a narrow pencil through the center of the entrance pupil, which is
located at a distance of #, from the vertex of R,. However, ¢, and hence
Q,, can be made to vary over an arbitrarily large range. If the coeflicients of
1/(Qy —Q0qx)?* and  1/(Q0; —Qs) vanish independently, the correction
becomes independent of the stop position. The coefficient of 1/(Qy —04)?
is identifiable with the condition for absence of spherical aberration, the
coefficient 1/(Q;;, —Q4) with the absence of coma, and the remaining
constant term with astigmatism itself. Hence, Zinken-Sommer’s condition
in the revised form contains all in one the basic requirements for a corrected
optical system through the third order of approximation.

Flatness of field. The equations of §4.2 can be recast into a requirement
that the image lie in a plane surface when the object lies in a plane. One

Zi: [(QtiQ—”Qsi)z(":lsi + nils'i) + R%( nil_1 _%)J =0 (5)

The first part is Zinken-Sommer’s condition, which in a corrected instrument
can be made to vanish. In the absence of astigmatism, therefore, we have
the condition for flatness of field,

P:?%{éﬂ—%):o (6)

A

This relation is known as Petzval’s condition for flatness of field, a
criterion that is valid only in the absence of astigmatism. For finite values
of P, a solution of the entire summation may still have a given pencil produce
a mean focus on a flat image plane, but such a system cannot be satisfied
simultaneously for spherical aberration, coma, and astigmatism, though any
two can be zero.

For a group of thin lenses, whether separated or not,

; 1
P= ¢ _ 1 7
2w (7)
where pp is the radius of curvature of the so-called Petzval surface. 1f
the astigmatism is zero, pp is the radius of curvature of the focal surface

itself. 1In the case of the general system

3 1 2
=2 8
P P PP ®)

i
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1(1 1 1 1) 1
or ot )+ ) = )
2\ por I Pzs) Par I Pz PP
L Astigmatism
Pr

where p, is the radius of curvature of the mean focal surface, p,, of the
tangential image surface, and p,- of the radial or sagittal image surface. The
sign of the radius follows the same conventions of § 3.1.

Distortion.

Qtl
2 h Qsz(Qtz Qsz)

The condition for the absence of distortion takes the form

(10)
O:f 1 A1 1y L
[(Qu — O\ 18, + ns'; + Ri(\ n, n; =0
Seidel’s five third-order conditions can then be written in the condensed
form :
spherical aberration: Y 0,=0
coma : >0,U, =0
astigmatism : >e,U2=0 (1)
Petzval ; >P,=0
distortion : > {@iUﬁ + P, Ui} =0
—1 dj
where U,= 1 il — 12
Qsihs 2( Qi 21: ”jhihH—l) (12)
0 =0, L (13)
S1 i n nisll

The reader is referred to Merté * for evaluation of the image errors when any
of the above five conditions is not satisfied.

4.5, Seidel’s conditions in the Schwarzschild-Kohlschiitter form+

1
K;= ”1—1(E -+
Sin=—¢";+d;

* MERTE et al.,
pp. 235-238.

Das photographische Objektiv, Julius Springer, Vienna,

1 1
—) = ”Z(E~STZ) =0 1)
_ % p_h
s =t k= hy @)
1932,

+ ScuwarzscHiLD, K., Mitteilungen der Gottingen Sternwarte, I1X-XI (1905).
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hivy  Spn __1_
“hy —s 1 s’idi 3)
P +§i; A WS @
" ' A nhhig’ ! ‘7 REK;
1 1 1
A1 1
B~y WK f( 1+ ) ©
F; = (ke),B; (M
C; = (ke)B; = (ke);F; (8)
{1 1
Pzl ) 0
E; = (ke); (C; + £ P) (10)
) N
spherical aberration: B = 2 B,
1
N,
coma : F= 2 F,;
1
N
astigmatism : C= E C, (1
1
N
Petzval : P — E P,
1
N,
distortion : E;, = 2/ E,;
1
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5. Ray-Tracing Equations

Apart from the approximate analysis of the performance of an optical
system indicated by equations of Sec. 4., one finds it almaost always necessary
to trace selected rays through an optical system as a final check on its merit
or for further information on its deficiencies. There are many forms of
ray-tracing equations, some adapted to logarithmic computing, some to
the hand calculator, and some to the automatic calculating equipment that is
now making its appearance in the optical fleld. Typical formulations are
given below.

5.1. Meridional rays *. 'LI'he basic data are to be tabulated in advance
in a notebook or some separate page to be used throughout the computation
of any number of rays. It is necessary to tabulate only five quantities per
surface otherwise, though quite often more quantities are written down to
increase the information afforded by the ray.

a. Given sinz;, find sinr; from
sinr, = N, sin ¢, e8]
b. Find 7; and 7, from trigonometric tables (2)
¢. Find 8, from the relation
0;=0,_, +r,—1; 3)
d. Find sin 8, from tables. 4)
e. Find sini;,; from the relation
sin 7., = M, sinr; 4- L, sin 0, (5)

Proceed to the next surface. The auxiliary quantities M, L;, and N, are
calculated once and for all from the relations

R.
M, — 5= 6
Riny (©)
d.
IzZ = 1 —_ Ml ¢ 7
+ R (7)
N, =22 ®)

* CoMmrig, L. J., Proc. Phys. Soc., 52, 246-252 (1940). Baxker, J. G., Design and
Development of an Automatically Focusing Distortionless Telephoto, and Related Lenses
for High Altitude Aerial Reconnaissance, OSRD Report 6017, Library of Congress
microfilms.
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5.2. Skew rays. * The fellowing equations have merit because of
their symmetrical form, and because the same basic data can be used that
have already been calculated before the meridional rays are traced.
There are a number of other forms used for skew ray tracing, but space does
not permit the detailed treatment that would be necessary for the formulas
to be immediately applicable. The formulas below make use of square
root solutions instead of the natural functions.

Given (I, my, n;, Yy Z;y My, Ly, Ny) at surface 7, where M, L, and N are
from the separately tabulated basic data, [, m, and 7 are the direction cosines
of the normal to the surface at point of intercept of the ray, and ¥, and Z;
are auxiliary quantities.

a. Find Y, =NJY, 1))
Z’Z» = NZ-Z_i (2)
b. Find A;=mY  +nZ 3)
B, =12 — (Y )2 —(Z') 4)
Ai=—A;+VA>+ B, (5)
1 N’
P =7~ (mA; +Y") (6)
1 )
V; = ’E (nA; + Z 2 ()
¢. Find Yin=MY' 4+ Ly, (8)
Z-i+1 = MiZ’z‘ -+ Livi (9)
d. Flnd Ci+1 == ,LL,:Y,HAI + vz'Zi+1 (10)
Dz‘+1 :/\iz“Yizﬂ—Z?ﬂ (11)
li+1 = Ci+1 + \/Ci+12 + Di (12)
1
My = ~ (F'ili - Yi+1) (13)
1 ~
Riyy = ~ v — Z:1y) (14)

* BAKER, J. G., loc. cit.
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The cycle is now complete and ready for the next surface. The usual
check on the direction cosines of the ray after refraction and on the direction
cosines of the normal in step d. can be applied. The starting equations at
surface 1 involve finding the first 7, m, and #, and the first ¥ and Z. The
ending equations at surface N involve finding the intercept of the ray with
the adopted image plane from a knowledge of Iy, my, ny Ay, uy, and vy.
When needed,

Yz‘ = (Lipsy — mz‘)‘i—l) (15)
Z_i = (@i —nAy) (16)
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as'
y = 781* (11),

where ds, and ds); are displacements of infinitesimal magnitude in the vicinity of the
object and image points considered as changes in s, and S}V respectively, From a
treatment similar to that above, we find

M (W) ()
4 "N( 5 )(hN) 12

2o (En) (A
=) G 03

for finite object and image distances.

from which






Chapter 17
PHYSICAL OPTICS

Francis A, JENKINS

Professor of Physics
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Geometrical optics considers light as being made up of rays. Color or
wavelength enters as a special parameter to distinguish one ray from another
in a medium whose physical properties are not independent of wavelength.
Physical optics, on the other hand, treats of properties of light in much
greater detail. The interference of light, for example, can be explained
only in terms of the basic vibrations. The rays enter, if at all, merely as
indicating the direction of propagation of energy in the medium. Physical
optics, like hydrodynamics and acoustics, depends for its solutions on certain
prescribed boundary conditions, which the wave equation or its appropriate
solutions must fulfil. Also, since light is electromagnetic in character, its
basic properties go back to the fundamental equations of Maxwell. Rela-
tivity, and special relativity in particular, are also related to this problem,
since certain properties depend upon the interpretation of matter in motion
with velocities that may be a considerable fraction of the velocity of light.
The formulas selected have been chosen largely from the standpoint of
utility—atility, that is, for the laboratory scientist as well as for the student
of theoretical phases.

The following symbols are not standard, and are not explained in the text :

a, b, d slit width, length, and separation (between centers)

A, W absorptance and radiant emittance of a surtace

B, D distances from source to diffracting screen, and from diffracting
screen to point of abservation

E,R,E' complex amplitudes of incident, reflected, and refracted waves

e, o (as subscripts) extraordinary and ordinary components in double
refraction

I intensity (flux per unit area)

[ geometrical path length

409
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m order of interference

M molecular weight

n refractive index

5, p (as subscripts) refer to light polarized perpendicular and parallel to
the plane of incidence
thickness of a plane-parallel plate

v  wave velocity

a absorption coefficient, grazing angle of incidence
8 phase difference, phase change

A path difference (retardation)

€ dielectric constant

{ angle of astronomical aberration

6 angle of diffraction

x absorption index

p  permeability, electric or magnetic moment
& angle of rotation of plane of polarization

p reflectance of a surface

o wave number

T transmittance

é,¢" angles of incidence and refraction

Y azimuth of plane-polarized light

1. Propagation of Light in Free Space

1.1. Wave equation

vep k< PE_ 1 2

G W (1)
(C =1 in mks units; ¢ = ¢ in Gaussian units)
The general solution is (Chap. 1, §5.20)

E — fs —ot) + g(s + v1) 2)

For a monochromatic plane wave, the wave normal having the direction
cosines [, m, and n,

E = Eernzv[t—(lx+my+nz)/vu]+z'a, (lx + my + nz= S) (3)
or E = E,sin [277V(t — ﬁmTyﬂ) 4 3] @)
Wave traveling in the direction +x, phase constant zero at origin,

E = E,sin 27rv(i—%) (5)
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Since v = 1/T and v = v,

. t X
E = E,sin 217(—Tv — T) (6}
1.2. Plane-polarized wave
Ey:Eoysinzwv(t—%) (1)
. x
H,=H,,sin 21Tv(t——71)—) 2)

1.3, Elliptically polarized wave. Combination of the two plane-
polarized waves

E,=E,, sin me(t — %) and E,= E,,sin [Zﬂ-v(t ——:—) + 8] (1)

gives, at one value of «,
E}? 2EE,
E0v2 EOMEOZ

2
cos & + 52 5 )
0z

sin2 o —

an ellipse in the y, 2 plane.

1.4. Poynting vector. The instantaneous rate of flow of energy across
unit area placed normal to the direction of flow,

4

n_ ¢ [Ex‘ H] (1)

1.5. Intensity. In vacuum, E = H, so

c c
II = z;Eyz, I: §;E0y2 (1)

for a plane-polarized wave. For the elliptically polarized wave of § 1.3,
C
I= Byt + B @

For an unpolarized wave of amplitude E;,

1= g 3)

For N such waves having random phases,
Cc

I=N 47

Eg (4)
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1.6. Partially polarized light. If the preferential polarization is in

the y direction,
I, —1,

P_1y+1;

1

gives the fraction of admixed plane-polarized light (proportional polarization).

1.7. Light quanta

energy of a photon = Ay, velocity = ¢
hv  h
momentum = — = ~- rest mass = 0

2. Interference

2.1. Two beams of light, Difference in optical path is

A=Znl,—2ni
Phase difference is
27

S =%

I=E?+ E'z? 4 2E,E'  cos &
When E,=E',,
]
I =4EgZ cos® —
4E2 cos 5

(1)

)
3)

(4)

2.2. Double-source experiments. For Young’s double slit, con-

dition for maxima is

dsin § = mA
and linear separation of successive fringes is
_m
N = d
For Fresnel biprism
_ (B+ D)
NT 2B — 1)
where o = prism angle.
For Fresnel mirrors
_(B+ D)
M= 0B

where o = angle between mirrors.

(1)

)

A3)

(4)



§2.3 PHYSICAL OPTICS 413

2.3, Fringes of equal inclination. For reflected fringes,
4p sin? §/2

I= (1 — p)® + 4p sin? 32 M)

For transmitted fringes,

_ (1—p)? ~
I= = p = dpsinr5)2 @

5 47mt)izos<f> 3)

For maxima in reflected light,

2nt cosd’ = (m + A 4)

2.4. Fringes of equal thickness. At normal incidence, maxima in
reflected light,

2nt = (m 4 1A (1)
Newton’s rings )
o — ﬁ”’:j )

where 7, = radius of mth bright fringe, » = radius of lens surface.

2.5. Michelson interferometer. When the interferometer is adjusted
for circular fringes, maxima are

2t cos ¢ = mA (1

Fringe shift (number of fringes) due to a displacement " —¢ of one mirror :
. )

m —m =" (2)
Fringe shift caused by insertion of a thin lamina of index 7 and thickness ¢ :
' 2(n — n,)t (3)
A
where 7, = refractive index of air. Visibility of fringes is
1 max — Imin
V=" 4
I max ~f Imin ( )

2.6. Fabry-Perot interferometer.
T2 1
=T S
(= B .8
IR

T2

- I —2pcosd + p?

{
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. r2
mA =2t cosd ~ 21,‘(1 —z—fz)

where f = focal length of camera lens. Spectral range is
A A 1
AAI——”;——E, AU’I—Z

Ratio of fringe width at half maximum to fringe separation*
1 — 1—
2’}’}@ 1 /) + ( O zp)

Resolving power +

A mpl /2
A= 3.0 —5
Dispersion
db m 1 Ay  f?

d\~ 2tsing  Atand’ A
Comparison of X’s with sliding interferometer

My e

A= 24~ 24

where d = distance one mirror is moved between coincidences.

2.7. Lummer-Gehrcke plate. Maxima

mA = 2nt cos ¢’ = 2t\/n? —sin?é

B mA?
LT mEN — 42n(dnfn))
df _ 2An(dn|d}) — 2(n* —sin*¢)
ax Asin 2¢
A l

A" Asind sin¢>( —sin?¢ — M d/\)
where [ = length of the plate.

A

2.8. Diffraction grating

7 sinfa  sin®* NS

o sin® B
where « = (masin 0)/A, B = (wdsin §)/A. Principal maxima

mA = d(sin ¢ 4 sin 6)

* MEIssNER, K. W., J. Opt. Soc. Am., 31, 414 (1941).
+ BIrGe, R. T., Private communication.

§2.7

2

3)

(4)

(5

(6)

™

ey
2

)

4

M

@
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&~ T ®
Ay =V 4)

Concave grating, radius 7,
cosd;(%——i—)—l—cosﬂ(%—%) =0 (5)
L, 1 cosgoicosd @

¥y £ ¥

where 7, = distance of slit, 7, = distance
7, = distance of second focal line.

of image (first focal line),

2.9. Echelon grating. Transmission echelon; maxima

mA = (n— 1)t —ab

A
A=
where C = [(n — 1)/A] — dn/dA.
df t
iy
A
Reflection echelon
mA = 2t —af

(1)
)

3)

(4)

®)

The other equations are the same, with C = 2/A.

2.10. Low-reflection coatings.
deposited on glass of index #, to a thickness ¢

n2—n
2 b
n?tn

p:

= 0 when n; = Vn

Single, homogeneous layer of index #,,

= Mdn, :
(1)

Two layers,* the one next to the air having index n, and thickness A/4n,,
that next to the glass having index n, and thickness A/4n, :

_ (nn — ng?
P=\ntn + np
* VacISEK, A., J. Opt. Soc. Am., 31, 623 (1947).

2
) , p = 0 when n,?n = n,?

2)
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3. Diffraction

3.1. Fraunhofer diffraction by a rectangular aperture. For

parallel light incident normally,
sin? 8 sin?
I=1,7g= =5 (1)

where B = (masin #)/A, with 8 measured in a plane perpendicular to b;
y = (b sin Q)/A, with £ measured in a plane perpendicular to 4. Single
slit, having & > a,
sin? ma(siné -+ sin 6
sl p=TAsnd wsnd) @)

B A
for oblique incidence at the angle ¢. Zeros of intensity occur at 8 = , 2,
3m, ...; maxima at tan 8 = B3 first zero at sin f, = A/a.

[=1,

3.2. Chromatic resolving power of prisms and gratings

A dn
AT M
for prism, or prisms, with total length of base .
A _ Nd(sin¢ + sin )
YR S— @
for grating, where Nd = total width of grating.
3.3. Fraunhofer diffraction by a circular aperture
4 {20\ - 2qrsin §
[_Io(—a— , a ===y (L)
where J; = Bessel function of order unity (Chap. 1, §9.2).
sin 8, = 1.2202—/\7 (2)
at first zero of intensity.
3.4. Resolving power of a telescope
A .
8, = 1.220 3 radians (H
where 7 = radius of objective lens.
8, = 1—;—1 seconds of arc 2)

where 7 is in centimeters.
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3.5. Resolving power of a microscope. Smallest separation of two
points resolved :

A A (1
" 2nsing  2(numerical aperture) )
where ¢ = half-angle subtended at object by objective lens.
3.6. Fraunhofer diffraction by N equidistant slits
sin? B sin® Ny
I=1I, B? sin?y O
where B8 = (masin )/, y = (wd sin 9)//\
I= I0 B2 cos2 v 2)
for double slit.
d(sin¢ + sin §) = mA
at maxima.
d
Y% —m integer 3)
B a
is the condition for missing orders.
3.7. Diffraction of x rays by cristals
2d sin @ = mA, (Bragg’s law) M

where d = separation of atomic planes, o = grazing angle of incidence and
diffraction. More accurately, *

m = 2aviE—Trsita s (1L 0 enta )
For a cubic crystal, lattice constant ¢,
sinc— 5[ o - (- | 3
where A, k, | = Miller indexes. +

3.8. Kirchhoff’s formulation of Huygens’ principle
Et—rlv)] 1 9 r\1] .

* VALASEK, J., Theoretical and Experimental Optics, John Wiley & Sons, Inc., New
York, 1949, p. 191.
+ Ibid., p. 419.
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where (n, 7) is the angle between the inward normal to the surface element dS
and the radius vector » from P to dS. For plane waves incident normally
on an aperture in a screen,*

Epz%jf [—27\77— - (1 »kcos())—z cosf)]dS 2)

The second term may be neglected for optical waves.

3.9. Fresnel half-period zones

y — \/merﬁ;xa ~ V/mDX (1)
Intensity on the axis of a circular aperture.
=% Ln 2
approaches E,/2 as m — w. 272 ¥
3.10. Fresnel integrals
x:f:cosw—z—vzdv, y:f:sin%vzd-v (D

where v —= IV 2B/[DXB + D)], and I is the distance along the screen.

4. Emission and absorption

4.1. Kirchhoff’s law of radiation

w

A

where W, = radiant emittance of a black body at the same temperature at
which W and 4 are measured.

=W, (1)

4.2. Blackbody radiation laws

Cp® ,
W,dy — “1 (M7 — 1)dy, (Planck’s law) (1

o
Wid) — 52 (eC/AT — 1)) @)

where C| = 2nhc?, C, = helk

* Ibid., p. 185.
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Gy
4.965’

W, = CT%  (Stefan-Boltzmann law)

Amax T = (Wien's displacement law)

4.3. Exponential law of absorption
I =1Iy7*= I, (Bouguer’slaw)
I = [eICle (Beer’s law)

where [C] = concentration of a solution.

4.4, Bohr’s frequency condition

El — EZ
he

hV:El'—Ez, U:T2_T1:
4.5. Intensities of spectral lines

I=N,A, . hv,,, (emission lines)

419

(3)
4)

(M
2

(1)

1)

where N, = number of atoms in initial (upper) state, and A4,, = spon-

taneous transition probability.

a = N, Bmhv,,, (absorption lines)

)

where N,, = number of atoms in initial (lower) state, and B,,, = induced

transition probability.
3

- &n
Bum = 8mhv, S gmA

nm

where g, g,, = statistical weights of upper and lower states.*

5. Reflection

5.1. Fresnel’s equations

R, sin($—4)
E, sin (¢ + ¢)
P __ tan (96 — 4”,)

E, tan($+4)

_Iﬁ . gsinqﬁ' cos ¢

E, " sin(¢+¢)

E, 2sin¢’ cosd

E, ~ sin($+4¢)cos($—¢)

3)

(1)

* HerzBerG, G., dtomic Spectra and Atomic Structure, Prentice-Hall, Inc., New

York, 1937, Chap. 4.
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The signs conform to the convention that corresponding phases are as seen
by an observer looking against the light, whether incident, reflected, or
refracted. This leads to an apparent inconsistency in the signs of R/E,
and R,[E, at ¢ = 0. It cannot be avoided, however, without introducing
other difficulties.

5.2. Stokes’ amplitude relations. Reversal of the rays makes ¢’ the
angle of incidence, and ¢ the angle of refraction. Using the subscript 1 for
the reversed rays,

R, R
EE (1)
for both s and p components; also
E E', R\?
TE T (f) @
5.3. Reflectance of dielectrics
R\2 [ Ry\? :
ps = (E) » Pp = (E) (1)

At normal incidence (¢ = 0),

(1)

for both s and p components.

5.4. Azimuth of reflected plane-polarized light

R, E, cos(p+4¢)
A N L 2

for dielectrics; iy = angle between R and the normal to the plane of inci-
dence.

5.5. Transmittance of dielectrics

E, . R, F, 1+RE,

A M)
(R \? E'\%cos ¢’
(%) (%) s @

applies to both the 5 and p components.

" (&) g 2
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5.6. Polarization by a pile of plates. For unpolarized incident light,
the proportional polarization (Sec. 1.6) caused by 2m surfaces (m plates) is

Ps— Po
P= — 1
bt Pt 20m — Upup, M
for reflected light
P— m(ps — pp) @)
L+ (m—1) (ps -+ pp) — (2m — D)psp,

for transmitted light

_ . mp
P =i m -, 3

for light transmitted at the polarizing angle (p, = 0).*

5.7. Phase change at total internal reflection

tan§5 :l/nz sin®¢p — 1
2 n cos ¢
(M

w2 cin2d — 1
tan§£:n1n sin?¢ — 1

2 cos

5.8. Fresnel’s rhomb. The angle of incidence at each of the two
internal reflections is determined by

8, — 8, cosdy/n®sin¢ -1 4

tan — = ==

2 nsin®¢ > @

Maximum possible phase change at a single reflection is given by

8, — 8 o1
tan( 5 W)ma,x ==, (2)

This occurs at the angle of incidence ¢, such that

. 2
= A/ 3
sing,, T (3)
5.9. Penetration into the rare medium in total reflection
E' — Ce—\#n/MzvVnisin®y—1 panir(t—ansing/c) 0

where the x, y plane is a totally reflecting surface, and the x, 2 plane is a
plane of incidence.

* GeiGeR, H. and Scurer, K. (eds.), Handbuch der Physik, Vol. 20, ¢ Licht als
Wellenbewegung,” Julius Springer, Berlin, 1928, p. 217.
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5.10. Electrical and optical constants of metals. For perpen-
dicular incidence in the 42 direction,

106—47"(02//10 — _[oe—4.mcz/l (1)
defines «, 5, where A = wavelength in metal, A, = wavelength in vacuum.

€ =€e—1 gg =n%1 —ix)?, (complex dielectric constant)
e = n¥(1 —«?) = n? —k,? (2)
g
— = e =
v ok T’IKO
5.11. Reflectance of metals *

a4+ b*—2acos¢ - coszc{_)
Ps = p T 1 2a cos¢ -+ cos?

s

1
o /a2+bz—2asin¢>ta£¢+sin2¢tanz¢‘ )
Pr = ps(aﬁ +4- 8% 4 2asiné tan + sin?¢ tanzgl;)
where
at = %{ \/ [7n2(71)—77 k%) — sin? ¢)? +—4n4;<72 + n?(1 — k%) — sin? qf)}
o (2)
b =3 A/ (1 — k%) — sin2 ]2 + dnt® — n¥(1 — i2) 4 sin?¢ }
Useful approximate expressions are +
_(n —1jcos ¢) + n® (3)
Pr = (n + 1jcos P + n¥c?
_ (n — cos¢)? 4 ni?
Ps = (n + cos ¢)® + n2x? “)
At normal incidence, the exact expressions become
C (n =1+ ak? (n-- 1) k? (5)

P i +n® (n+ 12+ rg

* GEIGER, H. and ScueeL, K. (eds.), Handbuch der Physik, Vol. 20, *“ Licht als
Wellenbewegung,” Julius Springer, Berlin, 1928, p. 242.

+ Wien, W. and Harwms, F., Handbuch der Experimentallphysik, Vol. 18, © Wellen-
optik und Polarisation,” Akademische Verlagsgesellschaft, Leipzig, 1928, p. 164.
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5.12. Phase changes and azimuth for metals
_ 2bcosé
a* + b* — cost ¢
where a2 and 5% are defined in § 5.11.
2b cos p(a® + b2 —sin’¢)
a® + b — (1 + k)% cos? ¢

(1)

tan 8, =

2

tan 8, =

2bsind tang

tan A = - :
sin?¢ tan?¢ — a* — b?

3)

where A =3, —9§,.
_E, s+ §) "
E, cos(d — ')

tan peid =

5.13. Determination of the optical constants *

n® = f2tan?¢ cos (B + ) cos (B — o)
n%? = f?tan?¢ sin (B + «) sin (8 — o) (1)
k? = tan (B + a) tan (8 — «)
sin 2¢ sin A sin 2
1 — cos 2¢ cos A sin 2
inf — sin ¢ sin A sin 2y
ST = cos 2¢ cos A sin 2¢) (1 — cos A sin 2f)1/2
fo 1 — cos 2¢ cos A sin 24
1 — cos A sin 24¢
Using the principal angle of incidence ¢ (for which A =90°) and the

where

sin 2a =

principal azimuth i, these simplify to

sin 2& = sin 24 sin 24 l
sin B = siné sin 2 5 @
=1
The approximate equations used by Drude are
Kk = tan 2% } (3)
1+ k= sin¢ tan ¢

* GeIGER, H. and ScueeL, K. (eds.), Handbuch der Physik, Vol. 20, * Licht als
Wellenbewegung,”” Julius Springer, Berlin, 1928, p. 244.
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6. Scattering and dispersion

6.1. Dipole scattering *

8mNet

B o T W

where E; = total light energy scattered per unit incident intensity; N = num-
ber of dipoles of charge e, mass m, natural frequency v,,.

6.2. Rayleigh scattering formula

8mNett
Es_?amTW’ (v < vp) )
6.3. Thomson scattering formula
8rNet
Es = Im2ct (V > VO) (1)

6.4. Scattering by dielectric spheres. Case r < A (Rayleigh scat-
tering) :

n2_1)2 14 1)

2] x
where n = refractive index of the spheres relative to the surrounding
medium; ¥V = %3,

9m2N (n?2 — 1\ 2 V2 T .
I = IE (W2) w (1 4 cos? ), (unpolarized incident light) (2)
where I, = relative intensity scattered at angle # with incident beam;

D = distance from scattering spheres to observer. *
The degree of polarization of scattered light is X

E, = 247N (

/

sin? 0
P= 1+ cos?8 3)
Case r = A:
_ NA Qe+ it
E; = 2#,212124—1 “)

where a;, and p, are complex functions of 2z7/A. B

* VALASEXK, J., Theoretical and Experimental Optics, John Wiley & Sons, Inc., New
York, 1949, p. 332.

+ SINCLAIR, D., ¥. Opt. Soc. Am., 37, 476 (1947).

X BorN, M., Optik, Edwards Bros., Inc.,, Ann Arbor, Mich., 1943, p. 294.

D M1k, G., Ann. Physik, 25, 377 (1908).
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6.5. Scattering by absorbing spheres *

E,— —Re 2( V¥i(ay, + pr) (1)

where Re = real part; E,; includes energy removed by both absorption
and scattering.

6.6. Scattering and refractive index +
n—lzle\/NA?\/E (1)

6.7. Refractivity ©

n?—1

1 . . .
=i . —; R M7y + Moty -+ ... + myp,, (specific refractivity) €}

where s = number of substances of specific refractivity 7,.
Mr=C,+ 22, (molecular refractivity) (2)

where C; = 4mNyu?/9%, p = dipole moment of molecule, & = Boltzmann
constant, N, = Avogadro number.

6.8. Dispersion of gases

Pz(Vl “Vz)
¥l —k?) =1+ 24772(1/ 2 — B2 - (vy,)?

s

; 1
KX (A2 — A7)
~ Lt D e

— PiVYs _ Ki\/gii ? _
= X =+ It AR rge O

where p, =4nNel/m;, K,= Ne2\*mmc? ;= damping coefficient in
E =Ee7it2%2t  and g, = Ay 2/4n%c

* SINCLAIR, D., op. cit., p. 476.

+ Jenkins, F. A. and Wartg, H. E., Fundamentals of Optics, 2d ed., McGraw-Hill
Book Company, Inc., New York, 1950, p. 459.

X VALASEK, J., Theoretical and Experimental Optics, John Wiley & Sons, Inc., New
York, 1949, p. 234.
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In the immediate neighborhood of an absorption frequency vy, *

_1_ . Po(Vo —v)
g (vo—v)? + (yofdm)?

Yo . Po
vy (vog—v)* + (yoldm)?

n?(1 —«?) ~ ny? +

2nk =

6.9. Dispersion of solids and liquids

n—1=0C-+ %, (Cauchy’s formula)
C,A? .

nt—1=0C+ T (Sellmeier’s formula)
— A

n2+2" 3 T 3am =~y —

2 2 R
n 1_477N_N62 [

in transparent regions, and where oo = polarizability (u = «F).*

6.10. Dispersion of metals ¥

4o 1 pivs® —v?)
2, 2y — - e . rrve /S
AU =1 e T 2 (v — P + ()"

20 1 PYs
P . >
2nPk = v 1T dntifg? ; 873 (vE — 12 & 2 (v,

6.11. Quantum theory of dispersion ©

2
vy
n2—1= 8B 2 A DIELL B kT

1,1 (V%’ll - V()z)

* Born, M., Optik, Edwards Bros., Inc., Ann Arbor, Mich., 1943, p. 478.

+ Ibid., p. 503.

§6.9

@)

(1)

)

1

1)

2

X S1ATER, J. C. and Frank, N. H., Introduction to Theoretical Physics, McGraw-

Hill Book Company, Inc., 1933, p. 282.

0Van Vieck, J. H., Theory of Electric and Magnetic Susceptibilities, Clarendon

Press, Oxford, 1932, p. 361.
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7. Crystal Optics
7.1. Principal dielectric constants and refractive indices

D,=¢E,, D,=¢kE, D,=¢FE, (e<e, <e,)

¢ — ¢ - c
na:;:V6w! ny =—= Ve, nc:v—:\/ez
a c

vy,
7.2. Normal ellipsoid
—+=+—=1 (1)

Any plane section of the ellipsoid is an ellipse, and the two normal
velocities of light traveling perpendicular to this section, for which the E
vibrations are parallel to the major and minor axes of the ellipse, respectively,
are inversely proportional to the length of these axes.

7.3. Normal velocity surface

=0 1)

where v, = velocity along the wave normal, /, m, n = direction cosines of
the wave normal.

7.4. Ray velocity surface
242 2,27 2
VP Vg v
v,i—v2  02—02  92%-02

=0 (1)

where v, = velocity along the ray, p, ¢, 7 = direction cosines of the ray.

7.5. Directions of the axes

2

Optic axes : l—i\/@ Rayaxes: p= & -¢] )]
P ) - ‘vaz - .002’ y ’ P o Uy

7.6. Production and analysis of elliptically polarized light
E,=FEcosf, I,=E?cos?*§

E.—Esin0, I —Esin2g |2V ofMalus) (1)
5= ifn, —n) @
Quarter-wave plate
s=T =M 3
2 T Mn,—n,) )
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Babinet compensator

N

2 E
d = ;(tl - tZ) (ne - no)’ tan l/J - f: \ (4)

is the ratio of the components of the ellipse parallel and perpendicular to the

optic axis of one of the wedges. The angle s is measured when the analyzer
is set for complete extinction at the minimia.

7.7. Interference of polarized light. For a thin sheet of doubly
refracting material between polarizer and analyzer, with its principal section
at the angle o with the plane of transmission of the polarizer,

I. = E?sin? 2a sin? % (analyzer crossed) (1)

1, = E2(1 — sin? 2« sin? %), (analyzer parallel) (2)

7.8. Rotation of the plane of polarization

Solutions
& =[§)IC = [€lipd (1)

where [£] = specific rotation, C = concentration (g/cm3), p = per cent
concentration (wt 9%,), d = density.
Crystals

£ =[N (2)

Specific rotation *
G
(€] = %("w - ”z) = ;—nz 3)

where #,, n, = refractive indexes for right- and left-handed circular
components. Dispersion of the rotation +

K, 47 N,g.e2?
-3 p e KT @

8. Magneto-optics and Electro-optics

8.1. Normal Zeeman effect. For light linearly polarized parallel to the
magnetic field,
V=1"y

* BorN, M., Optik, Edwards Bros., Inc., Ann Arbor, Mich., 1943, p. 418.
+ FORSTERLING, K., Lehvbuch der Optik, S. Hirzel, Leipzig, 1928, p. 198.
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For light circularly polarized in the plane perpendicular to the magnetic
field,

4 eH N
VEVOE e

A (1)

Ao = TV = 4.670 X 10-°H

where H is in oersteds.
8.2. Anomalous Zeeman effect

’ 1 rr i eH

v =k (Mg —Mg") M

where M’ = M for light linearly polarized parallet to H, and M' = M" + |

for light circularly polarized perpendicular to H.

JJT+ 1)+ S8 + 1) —L(L + 1)
2J(J+1

g=1+ (Landé g formula)

8.3. Quadratic Zeeman effect. Due to the component of the
magnetic moment perpendicular to J, *

AT M A —1L,M)]?
(], ]+ 1) (] ] —1) (1

oUsMme U7 — LM

(LD (] )

Due to the diamagnetic term,

2H?an

V= v+ Sme? (2)
for light linearly polarized parallel to H.
eH e?H?an
V= E 4arme 4mc? (3)

for light circularly polarized perpendicular to H. +

* VAN Vieck, J. H., Theory of Electric and Magnetic Susceptibilities, Clarendon
Press, Oxford, 1932, p. 173.
+ VanN V0LECK, J. H., op. cit., p. 178.
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8.4, Faraday effect

¢ =wHl \
m(n, —n,)
=g (Verdet constant)
ey dn . M
W= STy (classical Becquerel formula)
T n2 42

CTX T /
Here f= f, + (1/kT)f,, where f, and f; are molecular constants.*

8.5. Cotton-Mouton effect +
M=, N
d = A 1= CIH

(1)
n,—n,= H:N——

n2 + 2 ( n® + 2)
Here b= by + (1/kT)b, + (l/szz)bz, where by, b;, and b, are molecular
constants.

C=0C,+ % C, + 7—‘15 Cy, (Cotton-Mouton constant)

8.6. Stark effect * For hydrogen and hydrogen-like orbits,
3Eh I ! ’ ' 1r rr
U:GO—STTW[n(nE—nn)—n (n'" e —n"" )] (1)
where 7, 7, = parabolic quantum numbers.
For many-electron atoms

o = o, — CE? (2)
8.7. Kerr electro-optic effect -
8 = 2nBIE?
_Me—,
B = NER (Kerr constant) (1)
a4 2(e+ 223
B=N-—g ( 3 ) by

* Borw, M., Optik, Edwards Bros., Inc., Ann Arbor, Mich., 1943, p. 356.

+ BornN, M., Optik, Edwards Bros., Inc., Ann Arbor, Mich., 1943, p. 362.

X Ruark, A.E., and Urey, H. C., Atoms, Molecules, and Quanta, McGraw-Hill
Book Company, Inc., 1930, p. 153.

0 Born, M., op. cit., p. 367.
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9. Optics of Moving Bodies

9.1. Doppler effect
, V1 — v¥c

— "1 — (v/c) (cos ) (1)

where 6 = angle between direction of observation and direction of motion.
Reflection from a moving mirror
1+ (@) cosd

S - (vfc) cos @)

9.2. Astronomical aberration

lvl

sin { = — (1)
9.3. Fresnel dragging coefficient
¢ J(nt—1 A dn

where © = observed wave velocity of light, v’ = velocity of medium,
A = wavelength in vacuum.

9.4, Michelson-Morley experiment

2ml o?
-5 0

This is doubled when the interferometer is turned through 900°.
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Chapter 18
ELECTRON OPTICS

By Epwarp G. RAMBERG

RCA Laboratories Division
Radio Corporation of America

Although electron optics has certain features peculiar to itself, largely
because its ““ lenses ” and “ prisms ™ are built to control the passage of
electrons rather than light waves, a large part of the subject has close analogy
to the field of light optics. In certain aspects, geometrical or ray optics
are useful ; in others only the application of the electron equivalent of physical
optics will suffice to explain the phenomena.

The formulas here given are those that will prove most useful for descrip-
tion of the focusing properties and path deflections of practical electron
optical systems, such as electron guns, electron microscopes, image tubes,
and deflection fields. Formulas for the field distributions, focal lengths, and
aberrations of characteristic electrode configurations and lenses supplement
the more general formulas of electron optics. The personal experience
of the author has been the primary guide for the selection—an experience
gained from the computation of a wide variety of electron-optical systems,
particularly in the fields of electron microscopy and television.

Symbols Employed in Formulas

A magnetic vector potential

A4, 4,, A; components of magnetic vector potential in polar coordinates

a = e/(2my?), relativistic correction constant

b =—rr+1/22) [Eq. (5.6)]

b,, b, components of magnetic induction

B magnetic induction along axis or in plane of symmetry

¢ velocity of light

¢ = —7'Jr, ““ convergence” [Eq. (5.5)]

C integration constant of electron path (V/2emy C — angular momentum
in zero magnetic field)

433
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C,, Gy, C,  coefficients of chromatic aberration [Eq. (10.2)]

d ‘“ half-width 7 of refractive field; separation of electrodes

e Napierian base 2.718...

—e charge of the electron

E electric field

f for fi focal length (object-side, image-side) of complete lens field

Jrs fons fon,  focal length (object-side, image-side) of lens field terminated
by nth focal point

hy, h; distance of (object-side, image-side) principal plane from plane of
symmetry of electron lens

i /1

I electric current

i (subscript) referring to the image plane

k  Boltzmann constant [Eq. (1.4)]

\/ % Bruaxd \/ 3(% d = lens strength parameter of magnetic

gm® ™" N6\ D ) max g p ¢

and electrostatic lenses, respectively

length of field

mass of the electron

rest mass of the electron

magnification

integer, 1, 2, 3, ...

index of refraction [Egs. (1.1) and (1.2)]

N magnetic flux

o (subscript) referring to object plane or starting point

§§E°§§N

7  distance of electron from axis of symmetry
T4, 74, T, distance from axis in “ aperture plane,” image plane, object plane
7,(2), 7,(2) solutions of paraxial ray equation with initial conditions

7’(1(20) =0, 7(1/(20) =1; 7y(zo) =1, 7’y(za) =0

e 7al2)
R radius of curvature

R = y®V4 [Eq. (5.4)]

S; ... Sg  coeflicients of geometric aberration

t time

T absolute temperature

u  object distance (from object-side principal plane to object plane)
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v image distance (from image-side principal plane to image plane)

v velocity of electron [Eq. (1.2)]

w —=x iy —=re?

Wy, Wy W, = X+ Vg, % + Wy (%, + y,)€°%i = coordinates in aperture,
image, and object plane, the last referred to rotated frame of reference

x  coordinate parallel to axis of symmetry in two-dimensional fields

%,y, % rectangular coordinates

Y = y®us

g coordinate parallel to axis in axially symmetric field

%, distance of nth (real) focal point from plane of symmetry

z; distance of (generally virtual) focal point of complete field from plane of
symmetry

a  aperture angle; inclination with respect to axis

3 variation

Ar;, A®, ... incrementofr; @, ...

f azimuthal angle of electron

# permeability

m 3.1416...

x angle between electron path and magnetic vector potential [Eq. (1.2)]

z e
= —— Bdz
f 2z, \/qu)
¢ electric potential, so normalized that ep is kinetic energy of electron in
question

=

]

¢* =@ 4 ap? = “ effective ” electric potential
@** ‘“ equivalent potential ” in presence of magnetic field [Eq. (4.1)]
® electric potential along axis of symmetry

O* — @ + a®? = ¢ effective ” axial electric potential
P

Superscripts :

’

7' first derivative of » with respect to & or x (coordinate parallel to axis of
symmetry)

7"" second derivative of r with respect to z or

7™ pth derivative of » with respect to z or x

7 first derivative of » with respect to ¢

7 second derivative of 7 with respect to ¢

@ complex conjugate of w
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1. General Laws of Electron Optics
1.1. Fermat’s principle for electron optics
< [Py o
5 f o nds=0 (1)

for the path of an electron between the terminal points P, and P,, where ds
is an element of path and # is the refractive index for the electron.

1.2. Index of refraction of electron optics *

2
x*«/mD ~14¢05x (1)

m,c?

mo myC

where y is the angle between the path of the electron and the magnetic
vector potential A.

1.3. Law of Helmbholtz-Lagrange for axially symmetric fields

van Yoty = Vqu ¥ (1)

where «,, o, are the apertures of the imaging pencils, which are assumed to be
small, and 7,/r, is the magnification.

1.4. Upper limit to the current density j in a beam cross section
at potential @ and with aperture angle o +

i eD 1) -
=== sin 1
L (g 1] sinca 1)
where j, is the current density at the emitting cathode, T is the cathode
temperature, and % is Boltzmann’s constant. ® is measured with respect to
the cathode.

1.5. General lens equation

fi fo o fi B [0, 0
Jo _Jo . To"/%’ AV (1)

v u D, u

* GrLaser, W., ““ Geometric-Optical Imaging by Electron Rays,” Z. Physik, 80,
451-464 (1933). PicHr, ]., Einfithrung in die Theorie der Elektronenoptik, J. A. Barth,
Leipzig, 1939.

+ LancMmuir, D. B., ‘ Limitations of Cathode-Ray Tubes,” Proc. IRE, 25,
977-991 (1937).
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2. Axially Symmetric Fields

2.1. Differential equations of the axially symmetric field in free

space
o 1 8f dp\ . b, 1 2 .
et 5( ) 0, x5 =0 ()

2.2. Potential distribution in axially symmetric electric field

ol = 3, Gy 0 5) = e geti @

-~ (n!)?

2.3. Behavior of equipotential surfaces on axis

Radius of curvature : )
rR=2 (1)
Vertex half-angle of equipotential cone at saddle point :
oy = arc tan V/2 = 54044’ ()
2.4. Magnetic vector potential in axially symmetric field
A= Afsr) =2 ()

where N is the magnetic flux through a circle of radius 7 in the azimuthal
plane defined by 2.

2.5, Field distribution in axially symmetric magnetic field

br,s) = 8(1’/19) 2 (n|)2 B(zn)(z)(%)m

= B(2) — % B (z)yr® +

. aAB o O 3 (_l)n (@n1) 7 \2n—1
bf(”z)_—ﬁ_gn!(n—mf’ ¥)

=——= B (=2)r + BHI(z)r3
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3. Specific Axially Symmetric Fields

3.1. Electric field. For a field of aperture of radius R and potential @ ,
located at z =0, separating fields —@'(—=)=F, and —@'(x)=E
D(z) = ®A~# —(E E)(farctan——l»l) (1)
3.2. Electric field. For a field between two coaxial cylinders of equal
radius R at potentials @ (2 < 0) and ®(z > 0),
O+, O, — D, (o sin (kz) dk
) == Rk

E3

(1)

o, 4+, O,—0, 1.3152) N
= —+ 2 tanh ( R
3.3. Magnetic field. For a field of single wire loop of radius R at 2 = 0,
2aulR?
B(z) = W (1)

3.4. Magnetic field. For a coil with n/ ampere turns enclosed by
infinitely permeable shell with narrow circular gap, and radius of inner
surface of magnetic material R,

B(2) = 2munl - @ ech2(1';}53) (1)

/

4. Path Equation in Axially Symmetric Field

4.1. General path equation in axially symmetric field

R LR Bg** '
T= 2(;)**( or - oz (1)

e\
2m0A)

rAg, (constant of integration)

with P — g — (%

720/ p*
\/W 2m

Here V/2em, C is the angular momentum of the electron about the axis

and (¢ =

* MortoN, G. A. and Ramserg, E. G., ““ Electron Optics of an Image Tube,”
Physics, 1, 451-459 (1936).

+ BERTRAM, S., ‘‘ Determination of the Axial Potential Distribution in Axially
Symmetric Electrostatic Fields,” Proc. IRE, 13, 496-502 (1942). Gray, F., * Elec-
trostatic Electron Optics,” Bell System Tech. ., 18, 1-31 (1939).



§5.1 ELECTRON OPTICS 439

for zero magnetic field (4, = 0). The azimuth of the electron is given by

C e
~+ \/—Aa s
7 2m, V1+ty dz

6—6,+ S )
2o \/ N C \/ e 2 )2 7
¢ — (7+ om, e/
5. Paraxial Path Equations (fore® <€ m,?)
(See §5.7 for arbitrary electron energies.)
5.1. General paraxial path equation
v _p ¥ (07 eB G
AT 7(4@ t @ cw) b
with c:rZ(V60'—\/ ¢ B)
8m,
5.2. Azimuth of electron
o z C \/ [4
= 9,,+f20(72 =+ g B)dz 1)
5.3. Paraxial path equation for path crossing axis (C =0)
R (0] eB?
T ’(4®+8m0q>) }
J (1
4 (4
0=0,+ y= a,,+fz0 \/E"%@de
5.4. Paraxial ray equation for variable R = r®4 (for C=0) *
"o 3 (D)2 eR?
R =R (g) ) M
5.5. Paraxial ray equation in electric field for variable ¢ = —r'[r
(C = 0) @/ (D/l
T — 2 i
c c o) ¢+ D (1)
with r= roe"j 2 %

* PrcuT, J.,  Contributions to the Theory of Geometric Electron Optics,” Ann.
Physik, 15, 926-964 (1932).
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5.6. Paraxial ray equation in electric field for wvariable
b= —r'[r + 1/(22) (finite at surface of flat cathode) (C = 0) *

@’ @/' @/
b=+ ) + a5+ 535~ 55) o)

20 40 20 2z
with r =7, \/zi e‘-l‘zob *

5.7. Paraxial ray equation in electric field for arbitrarily high
voltage +

" (I)' 1+ 2a®
TTETT 3 T ad l 0
(D7 14240 eB? B c? S
IS T+a® " 8m(l + a®)® ~ r%1 & ad)D

; — 2 pASD A A
with C—r(@\/@—}—ad) \/Sm,,B)

6. Electron Paths in Uniform Fields (¢e® <m,c?)

6.1. Path in uniform electrostatic field —®’ parallel to z axis.
For electron with initial energy e®, making an initial angle «, with z axis in
yz plane,

o, . . \/ . @
b [—s1n2aoi2smao cos®a, + (D—o(z——zo)] (1)

6.2. Path in uniform magnetic field. For B = B, with initial
energy e®,,initial angle «, with respect to z axis,and azimuth 8, with respect
to x axis,

x—x, = R[sin(z ;z" tan o, + 00) —sin 90]

y—yoz—R[cos(z;zo tancxo—{—(?,,) —cos@o} (1)

z_\/z (D z;ytanao B; o)

* MorrtoN, G. A. and RameirG, E. G., “ Electron Optics of an Image Tube,”
Physics, 7, 451-459 (1936).

+ Rameegrg, E. G., ¢ Variation of Axial Aberrations of Electron Lenses with Lens
Strength,” ¥. Appl. Phys., 13, 582-594 (1942).
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6.3. Path in crossed electric and magnetic field, —~®' = E,, B= B,

W m, . mox/ . o\,
o=t Yt op ("o*?) e

)
. {eB Vo
X sin (;{:i+arc tan W+ xo)
o (D o A L
y—yo::nB(—B“‘{”xo)‘—eﬁB“\/(xo‘{”f) -+ 3, Z
2
( eB Fo )
Xcos(mo t+arctan®,/B+x0/ g

Z—3,= 3,t
where %,, 9,, £, are components of initial velocity.
7. Focal Lengths of Weak Lenses * (e® <€ m,c?)
7.1. General formula for focal length of a weak lens
1@,\4/51-22.'3@'2 eB? 7\/5{
=gl [R(E) 4 rmo@]dz’ f=Ngh O
7.2. Focal length of aperture lens (§ 3.1)

1_E—F
fo o 4(DA

(1)
7.3. Focal length of electric field between coaxial cylinders
(§3.2) B
i“_l‘i/qﬁ @, —®,\21.315 n
f 4 - 4 (I)o (I)z + (Do R
7.4. Focal length of magnetic field of single wire loop (§ 3.3)

1 arrt
f 16 m R ®

(D

* ReBscH, R. and ScHNEIDER, W., * Aperture Defect of Weak Electron Lenses,”
Z. Physik, 107, 138-143 (1937).
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7.5. Focal length of magnetic gap lens (§ 3.4)
1 2n® eu® w?%-1.315

F= 3 m RO (1)

7.6. Focal length of lens consisting of two apertures at potential
®, and D, separated by a distance d (radius of apertures < d) *

F3 V8 () F-2E) 0 o

The position of the principal planes relative to the plane of symmetry is

given by
h-_i“ﬂ h.__d_Lq)i )
. 2 3((1)1—(1)0) f 2 3((1)1?761)0)

8. Cardinal Points of Strong Lenses (e® <m,?)

8.1. Strong lens. Let 74(2) represent a path incident parallel to the
axis from —, and let 74(2) represent one incident parallel to the axis from
+w». Then the positions of the focal points relative to the plane of symmetry
of the lens field and the focal lengths are given by the following expressions :

2;, = nth image-side focal point [nth point for which r4(2) = 0, counted from
the side of incidence]

2,, = nth object-side focal point [nth point for which 74(2) = 0]

fin = —75(—)[rg(2:n) = focal length corresponding to nth image-side
focal point

Son = 745(«)/r5'(2on) = focal length corresponding to nth object-side focal
point

B;p = (8 —74/7"),, o = image-side focal point of complete field

Zop = (2 —74/74),, _ = object-side focal point of complete field

fi = —75(—w)[rg' (=) = image-side focal length of complete field

fo = r4(x)frs'(—=) = object-side focal length of complete field

For a symmetrical magnetic or (generally) equipotential lens

Bn = Bin = — Rop» fn:fz’n:fom Ry = Ry = — Rops f:fi:fo

* Gans, R., ““ Electron Paths in Electron-Optical Systems,” Z, tech. Physik, 18,
41-48 (1937).
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8.2. Uniform magnetic field, cut off sharply at 2= L d *

2
B=B,, |z|<d; B=0. |z|>d; je— Bn g

8m, P
z, = d(;—k(zn— 1) — 1]
" [k = (m/4) (2n —1)] (1)
I a1 B
A (1) i
cot 2k 1 .
zfzd(lJr ), 7——73m2k
8.3. “ Bell-shaped "’ magnetic field.*
. . B, , eB,t?
with B—W’ k —Hsmo(bd N
n:—dcotini—__, k=vVnt —1 I
1 (1. am
1 s ————
fa d VE F1
2, = dVEE L 1 cotmVE: -+ 1
L1 GaavEF1
f Vi 41
8.4. Electric field ® = /Y3 are tan 2/d x
nmw \
By = — Ry = —d COt ————
VR 4+ 1
1 (=D VBV, T S
fo 4 e sin Ve 1l E>ve-1) (1
1

-1 — —
LS Gl eWVaaViED) gjn T
d

Jon VEE £

* Lenz, F., “ Computation of Optical Parameters of Magnetic Lenses of Gene-
ralized Bell-Type,” Z. angew. Physik, 2, 337-340 (1950).

+ GLaseEr, W., “ Exact Calculation of Magnetic Lenses with the Field Distribution
H = H,/[1 + (2/a)?],” Z. Physik, 117, 285-315 (1941).

X Hurter, R. G. E., ““ Rigourous Treatment of the Electrostatic Immersion Lens
Whose Axial Potential Distribution is Given by ®(2) = @K aretan 2 ¥ Appl,
Phys., 16, 678-699 (1945).
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Ry = — 2y = dVR® 4 1 cot mV/k2 - 1

kv 1 &k V8

—f—: d\/kl _Slnﬂ'\/k + 1, f—z—mﬁnﬂ\/kg”!”l

—

9. Electron Mirrors * (e® <<m,c*?)

9.1. Paraxial ray equations

z’:i\/@, po (1)

m, 2m,

9.2. Displacement of electron. For electron leaving point z,, 7, with
inclination a, to axis after reflection by uniform retarding field —®’ = @,/d,

7(2,) = 2d sin 2«, ¢))

9.3. Approximate formula for focal length of an electron mirror

f f (D” dz — 8\]/(1_)0 f:ﬁdz-f] f\/q)dz 1)

Here 2, is determined by the condition ®(z,) = 0.

10. Aberrations (e® <€m,c?)
10.1. Geometric aberrations of the third order +
Awi - (S1+ iSZ)(wo,)zz—&o,“{' Sawa’wo,wa + (S4 + iSs) (wo,)zi)a 2
)

(1)
+ (SG - iS7)wolwa2 + Z(SG + iS7)wo,wa@a + ‘Ssﬁ)a.wa»2

Here w, = 7%, w,— rei%, w, = rei%+%) represent the coordinates
of a particular electron path in the image, aperture, and object planes,
respectively. The image plane is the paraxial (Gaussian) image plane, the
aperture plane is any (eventually also virtual) plane parallel to the image
plane, such that the space between aperture plane and image plane is field-
free; Aw; is the deviation of the actual intersection of the electron path
with the image plane from that calculated by the paraxial ray equations,

* Picur, J., Einfiihrung in die Theorie der Elektronenoptik, J. A. Barth, Leipzig,
1939. RECKNAGEL, A., *“ The Theory of the Electron Mirror,” Z. Physik, 104, 381-
394 (1937).

+ Graser, W., “ Theory of the Electron Microscope,” Z. Physik, 83, 103-122
(1933).
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retaining terms of the third order in the radial coordinates. The several
aberration coefficients are correlated with individual aberrations as follows :
S,, distortion; .S, anisotropic distortion; S;, curvature of field; S,, astig-
matism; S;, anisotropic astigmatism; S, coma; S, anisotropic coma;
Sg, aperture defect or spherical aberration.

10.2. Chromatic aberrations *
Aw; = (Cy + iChw, + Csw, (1)

MAD O B
Vo, I+ [cps/z” +( on T 8mq>w) ]dz

o
C= 5[ \/8 D%

MAQD 3(0), B
==, Vo, f [ g 5 T gm qwﬂ]’ dz

Here €, is the coeflicient of chromatic difference in magnification, G, is
that of chromatic difference in rotation, and Cy is that of chromatic
difference in image position; Aw, denotes the shift in the intersection of a
particular electron ray with the (fixed) Gaussian image plane if the energy of
the electron is increased by eA® without changing its position or direction
of motion at the object plane.

C,=—

10.3. General formula for aperture defect +

2
3/2 < _
S, = I%ﬂv—j -3z [U+4V + 2w = ]d (1)
5@ | S(@)¢ | e®(B)* | 3Bt 354@')2B*  3e0'BB’
U= T 2507 T m, T Smg T 16m® o
@Y 0B 3@ DB
V'="60 2m,’ W= 4 2m,

10.4. Aperture defect of weak lens x

rr 2
J () + e (B') iz
64 KR 8m, ©
* WenDT, G., ‘“ Chromatic Aberration of Electron-Optical Imaging Systems,”
Z. Phystk, 116, 436-443 (1940).
+ Scugrzer, 0., ‘“ Calculation of Third-Order Aberrations by the Path Method,”
in BuscH, H. and BRrUCHE, E., Beitrdge zur Elektronenoptik, J. A. Barth, Leipzig, 1937.

X ReBscH, R. and ScHNEIDER, W.,  Aperture Defect of Weak Electron Lenses,”
Z. Phystk, 107, 138-143 (1937).

Sg=v (1
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10.5. Aperture defect of bell-shaped magnetic field (§8.3)*
(for large magnification, | M | > 1). With

Ar, = Cf,Ma,? = Sgr,3,

Cf, nm k® L 1 4r* —3
= — —— (C8C —
d 44122 AR+ 1 4 4243
(I

nir
X €Ot ——==

——— csc? —L
VE 41 VE 1

10.6. Aperture defect of uniform magnetic and electric field

o 2m®, \/@
10.7. Aperture defect of uniform electric field of length !/
. lq)o q_);) (I)o 3
v g 12 E g ®

10.8. Chromatic aberration of weak unipotential electrostatic

lens +
AD

G —2ML, (M| >1) (1)
10.9. Chromatic aberration of a magnetic lens for large magni-
fication *

M== (1)

where the equality sign applies to a weak lens.

10.10. Chromatic aberration of uniform magnetic and electric
field

i 2m
Arif\/ed)i

° A, (1)

10.11. Relativistic aberration of weak electrostatic unipotential

* GLASER, W., ‘“ Exact Calculation of Magnetic Lenses with the Field Distribu-
tion H = H,/[1 + (2/a)?,” Z. Physik, 117, 285-315 (1941).

+ GLaseEr, W., “ Chromatic Aberration of Electron Lenses,” Z. Physik, 116, 56-67
(1940).
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lens. Diffusion of axial image point as applied voltage is increased from
zero to @4, keeping all voltage ratios constant for | M| > 1.

Br, = — 2a® M, (1)
11. Symmetrical Two-Dimensional Fields (e® <€ m?)

f)"; =0, b,=0, ¢xy)=q¢x—y) )

by(x,y) = by(x,—y), by x,y) = — by(x,—y)
11.1. Field distributions

2= 3 0 ey — o) — 1 0wy + 7 OV — e )

Radius of curvature of equipotentials on axis

@7
R=o (3)
Vertex half-angle of equipotential wedge at saddle point

~ ag=arctan 1 = 45° 4

) = 3 O Bemayen = By — L B ©)

e 0 (2nm)! 2
S (2r—1) 2n—1 _ __ 1L
by(w,y) = 2 oy By By+ BMys—... (6)

11.2. Paraxial path equation in electric field

@I @'7 @I 2 @Il
r_ TN " —_— Y
¥ %7 e Y [16( q)) - 4@] M)
where Y = y®l/4,

11.3. Paraxial path equations in magnetic field

e

rr 4 't e ? 4
Y -—/\/zmoq) 2B, =z :\/zmuq)(yB + ¥'B) (1)

11.4. Focal length of weak electric cylinder lens

% 176 gfxo(%)zd’“ M
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11.5. Focal length of weak slit lens
1 E,—E,

11.6. Focal length and displacement of focal point in z direction
for weak magnetic cylinder lens

1 [ x; € x4
F= m® fxoBzdx, zf=}’o\/2—moq; -[xode (1)

12, Deflecting Fields * (e® <€ m?)

0 N
800, .20, glay) — @, = O, —plx),
bx(xyy) = - bm(x,_y), by(xay) = by(x"—y) (1)
O )
E=— - N B = b x,O
( 3y [y /x:0)

12.1. Field distribution in two-dimensional deflecting fields

play) =, + 2 (— 1) E(zn)(x)y2n+1 — ®,— Ey + Lgs_ o
b,(x,y) = 2 (T— B (x)y?n — 21 Byt + ... )
bue) = 20 1y B = By — g By 3)

12.2. Deflection by electric field for electron incident in midplane
(deflection assumed small)

(x) = St [ Bt (1)

For a uniform field of length / whose mid-point is a distance L from the
screen, the deflection becomes

(1 ‘ EIL
y(\_2—+l’):—7d)7 2
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12.3. Deflection by magnetic field of length /

x eB

o MV

dx

sin o ==

in the x,z plane with apparent point of origin of the deflected ray at

x,=1— cot cx,fltanadx 2)

o

For a uniform magnetic deflecting field,

10.

1.

12.

13.

14.

sinal:—\/im—z)—*Bl, 5, — 202, 3)

sin o
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Chapter 19
ATOMIC SPECTRA

By CuarLoTTE E. MOORE

In Charge of *“ Atomic Energy Levels >’ Program
National Bureau of Standards

1. The Bohr Frequency Relation

1.1. Basic combination principle

V= (Eli;E—z) sec™! (1)

where v is the frequency, in vibrations per second, of the emitted spectral
line; £ is Planck’s constant, E, and E, are the atomic energies (in ergs)
involved in the transition giving rise to a spectral line.
v 1 'E, E
v=—=—= |72 -] cm? (2)
¢ A he  he
where ¢ is the velocity of light; v is the wave number of the observed spectral
line, i.e., the number of waves per cm expressed in cm™; * Ais the wavelength
of the observed line, expressed in cm;
o

—andE—

he he
are the spectroscopic energy levels. (Ref. 3, p. 1.)

2. Series Formulas

2.1. The Rydberg equation
R

Vy = Voo — 77— (1)

(4 p)*
where v, is the wave number of the observed line [called v in Eq. (2) of
* The Joint Commission for Spectroscopy has recommended that the unit of wave
number hitherto described as cm™ be named kayser with the abbreviation K, and

that the symbol ¢ be used for wave number instead of v. See Trans. Joint Commission
for Spectroscopy, J. Opt. Soc. Am., 43, 411 (1953).

451
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§ 1.1]; vo is the limit of the series ; R is the Rydberg constant; yt is a constant;
n takes integral values only. When p=0and n=2, 3, 4, 5, ..., = this
equation reduces to Balmer’s formula for hydrogen (see below),.

Rydberg’s more general formula

o R - R
" (my + 1) (ns - o)

If p =0, po=0, n; =2, ny,= 3,4,5 this reduces to the hydrogen series
formula

(2)

vn=:;§;——455::R(;%E——7i§) as follows : 3)

Lyman series
%:RGY“L)(%:L&QM) (@)

Balmer series
vy =R % ) (ny= 3,4,5,...) (5)

Paschen series
%zqé—iﬂ,wzai@m) ©6)

2.2. The Ritz combination principle. From the formulas for the
Lyman, Balmer, and Paschen series it may be seen that the fixed terms of the
equations for the Balmer, Paschen, etc. series are the first, second, etc.,
running terms of the Lyman series. This is known as the Ritz combination
principle as it applies to hydrogen. Predictions of new series from this
principle have been verified in many spectra.

If the sharp and principal series of the alkali metals are represented,
respectively, by the equations

Sharp V, = 1 2P0_n2s, (n: 2) 3’ 4) (1)
Principal v, =13 —n?P°, (n=273,4) (2)

the series predicted by Ritz are obtained by changing the fixed terms 1 2Po,
to 2 2Po, 3 2Po,_etc., and 1 2S5 to 2 25, 3 %S etc.  The resulting equations are as
follows :

Combination sharp series

220 — 228, (n=3,4,5,..) 3)

320 _ 528, (n=4,5,6,...) (4)
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Combination principal series

2287712}-)0, (n:3y4a 5) (5)
35 —n?Po, (n=4,5,6) (6)

Similarly, diffuse or fundamental series are predicted from the combinations
2Po — 2], and 2D — %F°, respectively. Series among terms of different
moltiplicities are known in many spectra. (Ref. 37, p. 15.)

2.3. The Ritz formula. By expressing the Rydberg formula for

hydrogen as
1 1
" R(pz ?2) W
with p and ¢ as functions involving the order numbers n, Ritz obtained p
and ¢ in the form of infinite series.

P—”1+a1+—+ +_—+ (2)

q:”2+az+n2+*‘—+——+ (3)

By using only the first two terms, the Ritz formula becomes identical with
Rydberg’s general formula, which is now considered only a close approxim-
ation. Two useful forms of the Rydberg-Ritz formula are

R
e 4
(n+ a + bn?)? “)
where T, is the running term and T the fixed term. Here # is an integer,
T, denotes the absolute term value, i.e., the difference between E,/hc and
E,Jhe in Eq. (2) of § 1.1, and the ionization limit of the series, and

R
T, = — s
" (m4+a-+bT,)"

The solution of these equations gives the limit of the series.

vo=Ty— T, =Ty —

%)

2.4. The Hicks formula. Hicks expressed the denominator of
Rydberg’s equation as a series

a b ¢
"+l»/~+—n—+ﬁﬂ—"n*3+--- (1)
The formula then becomes (Ref. 37, pp. 16-22)
R

V":Vw'(n 4+ p +a/n + bjn® + ¢/n® 4 ...)? 2)
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Shenstone has suggested a method of solving an extended Ritz formula,
and illustrated it in CuIr:

T o 4R
" (v g tol,t BTY)

In all the series formulas, R is used for arc spectra, 4R for first spark
spectra, 9R for second spark spectra, etc. Shenstone’s formula is of the
form of the Ritz formula given above, with one term added, and with 4R
used because it is applied to the first spark spectrum of Cu.

Let x,, x,, %3, %, be the fractional parts of the denominators when the
correct limit is chosen

(3

Xy — Xy Ko —Xg  Xg— Xy

——— ’ R T 4
I,-1, T,~T, T,~T, @

and let y,, ¥,, y; be defined by the equation
Y1—Ya2 T,—T, (5)

Yo — Vs N 7,—T,

Ty, T,, etc., are running values of the limit used as approximations to derive
the final value. The right-hand side of this equation depends on observed
quantities only; the left depends on the limit chosen, and can be varied by
varying the limit.

The constants may then be found from the intermediate equations :

(Ref. 36)

y1— Y= BTy, — Ty) 7
=a+ BT + Ty > (6)
2y = o oy + BT |

3. The Sommerfeld Fine Structure Constant for
Hydrogen-like Spectra

3.1. Energy states. Energy states of an atomic system consisting of a
nucleus and a single electron are given by

E(n,l,j) ) - AL ] —1/2 )
B ue| 1 — et 1
T e e Y (N T2 AN

where E/hc is the level value in cm1,and the term with o2 arises from electron
spin and relativity corrections.
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_ 2né )
&= he ( )
is the Sommerfield fine-structure constant, where ¢ is the velocity of light,
# 1s Planck’s constant, e is the electronic charge, Z is the atomic number.
Mm

is the reduced mass, M being the mass of the nucleus, and m the mass of the
electron.

Each electron is characterized by the quantum numbers #, /, and j. The
quantumn number j gives the total angular momentum of each electron, the
resultant of the orbital moment /, and the spin moment s. The unit of
momentum is %/2w. 7 has the integral values 1, 2, etc. For energy levels,
where the properties of more than one electron are considered, the vector
sums of these quantities are used, i.e., J, L, S replacej, /, s, capitals denoting
the vector sums of the small characters. Here L —=0,1,2, etc.,ton—1;
J=L+3,and L—1, butfor L 4 0, J = Jonly. By using the first terms
of the expansion, Eq. (1) becomes

E(nlj) RZ? I Ro2Z4 3 1 4)
he (Lm0 AL e\ A G+
2m2met
R= e (5

where R is the Rydberg constant. (Ref. 3, p. 218; Refs. 6, 7, 8, 9, 10, 11;
Ref. 37, pp. 117, 147.)

4. Coupling

4.1. LS or Russell-Saunders coupling. The terms of a spectrum are
made up of groups of related energy levels. Hund has shown what terms
may be expected from the different configurations which the valence electrons
of the atom assume when it is excited. In addition to the total quantum
number n, which tells which shell it is in, each electron is specified by the
quantum numbers (=0, 1,2, 3, ... for s, p, d, f, ... electrons) and s(= 4+ %
which states the number of units of quantized angular momenta associated
with their orbital revolutions and axial rotations). Any level 7T, represents
quantitatively one of the resultants obtained by adding vectorially the orbital
and axial angular momenta of the electrons composing a particular configu-
ration. Thus L =0,1,2,3, for S, P, D, F, ... terms; and S =0, %, 1,3,
2, ... for singlets, doublets,, triplets, .... The inner quantum numbers, ],
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which represent mechanically the resultant angular momentum of the atom,
are limited by the relations
] max = L + S

]mln:L—S

and all intermediate values differing by unity are included. The multiplicity,

r=28+1
With the orbital motions of two electrons coupled together to give a
resultant L*, and the spins of the same electron coupled together to form S*,
both L* and S* will in turn be coupled to form J*. The quantum con-
ditions imposed upon this coupling are that J* =+4/J(J + 1) and that
J take non-negative integral values. The g-values calculated from Eq. (3)
of §6.1 hold for LS coupling. (Ref. 37, pp. 184-186.)

jj-coupling. In this type of coupling the interaction between the spin of
each electron and its own orbit is greater than the interactions between the
two spins and the two orbits, respectively, i.e., L and S are no longer con-
stants, and the formula for Landé g-values does not hold. (Refs. 17, 18;
Ref. 37, p. 196.)

jl-coupling. This intermediate coupling is conspicuous in the spectra
of the inert gases. Perturbations of g-values caused by configuration inter-
action, and various types of coupling, are well known in a number of spectra.

(Refs. 15, 20, 21, 33.)

5. Line Intensities

5.1. Doublets. Lings due to 25 — 2P0 transitions

Designation 25, 1
2
Po, 1 x,
2
POO% Xy

Here x; and x, are the observed lines. The quantum weights of the 2P
levels are 2] 4 1. For 2P°1%, J=1% and the quantum weight is 4.
For 2P°0% , J= 04 and the quantum weightis 2. 'The ratio of the intensities
of the lines x; and «x, is proportional to 2] + 1, i.e., 4:2 or 2:1.

This example is oversimplified, and for multiplets of more than two lines
the following sum rules must be taken into account.

1. The sum of the intensities of all lines of a multiplet which start from
a common initial level is proportional to the quantum weight (2] 4 1) of
the initial level.
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2. The sum of the intensities of all lines of a multiplet which end on a
common final level is proportional to the quantum weight (2] 4 1) of the
final level.

A Fourier analysis of precessing electron orbits in conjunction with the
sum rules leads to the following formulas for intensities.

3P — 3D multiplets for example,

Fortransitions (L —1) — L transitions 12, L — 2

J—1H—]:
7 BILAJHSHDLAJ+S)LA-J=SHLA+J—-S—1)
- J J=2-3 )
1—2
0—1
J—17:
7 —BLAJES+HOLA J=SL—]+S)L—]-S-1)2]+1)
JO+ 1) -
J=2-2
1—1
J+DH—T:
[ BU—J+SYL—J4S—1)L J—-S—1)(L—]-$-2) .
J+1 J=1

For transitions L — L (D — D multiplets for example, L = 2) the equa-
tions are

(J=—DH—1J:
7o —ALAHJESADEAJ=SL—]+SHINL—]S) (4)
B J
J—=17:
7 — ALLADFJUFD)=SS+ DT +1) 5)
JU+1)
(J+H—~T:
1 — —ALATSH2LAJ-SHD)L—]+SHL—]=5—-1) 6)
(J+1)

The constants 4 and B may be omitted, since they apply to temperature
corrections and to Einstein’s v* correction, which will be very small for

multiplets of narrow separation.
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The relative theoretical intensities in a 5P — 3D multiplet can be deter-
mined from these formulas as follows.

} 3Dy D, D, E Sum Ratio
5p, 168 30 2 " 200 5
3p, ! 90 30 120 3
3p, : 40 40 1
Sum 7 168 120 72
" Ratio 7 5 3

L=1foraPterm; L=2foraD term. L =2 in Egs. (1), (2), and (3).

The subscripts 3, 2, 1 and 2, 1, O represent the ] values, or inner quantum
numbers, for ®D and 3P terms respectively. S =1 for triplet terms, the
superscript denoting the multiplicity, 2S5 + 1 (3 in this case).

In Eq. (1) J has the values 3, 2, 1, giving the intensities along the main
diagonals of the multiplet : 168, 90, 40. In Eq. (2) ] has the values 2, 1,
giving the intensities of the first satellite lines in the multiplet : 30, 30. In
Eq. (3) J=1, giving the intensity of the second satellite line in the mul-
tiplet : 2. (Ref. 37, pp. 120, 204-206.) X

Russell gives the quantum formulas for theoretical intensities for unper-
turbed LS coupling, in the following form :

Ordinary multiplets (SP, PD, etc.)

x:(7+k—n+1)(7+k—n)(k—n+1)(k—n) %
r+k—2n+41
_Ar+R—2n)(r + k—n)n(k —n) (r —n)
Y T T e E—2n - D+ k—2n—1) ®)
_r—n)r—n—1n(n+1)
= r+k—2n—1 ®

s = rk(k? —1); x denotes the intensity of a line in the principal diagonal
of the multiplet; y denotes the intensity of a line that is one of the first
satellites ; 2 denotes the intensity of a line that is one of the second satel-
lites; s is the sum of the intensities of all the lines of the multiplet; 7 is the
multiplicity; & has the values 2, 3, 4, 5 for the combinations SP, PP, PD,
DD, etc.; n is the number of the line in the diagonal to which it belongs.
The leading line of the multiplet is always «,.

Along with these formulas he gives tables of theoretical intensities for
multiplicities 2 to 11 and for term types as far as I terms. (Refs. 5, 12, 29,
30, 34, 35.)
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6. Theoretical Zeeman Patterns

6.1. Landé splitting factor. An external magnetic field causes each
energy level to be split up into (2] 4 1) sublevels. When the field is weak
enough, these sublevels will be equidistant and lie symmetrically around
the original position of the level without field. The distance between them
is proportional to the field strength H. Since H is the same for all levels of a
given atom it is convenient to express the Zeeman splitting in terms of the

Lorentz unit L (in cm™2).
He
L= _"—"—_=Av 1
4rmc? (1)
Here e is the charge on the electron in electrostatic units, m is the mass of
the electron, and ¢ is the velocity of light.

Expressed (in cm™) in terms of the normal Zeeman triplet this reduces to

Av="m= gm (2)
]

The distance between the sublevels expressed in Lorentz units is denoted
by g, the Landé splitting factor. The g-factor represents the ratio of the
magnetic to the mechanical moment of the state, the former expressed in
Bohr magnetons, he/d4mmc; the latter in units #/27. It must be noted that m
in Eq. (2) is the magnetic quantum number and must not be confused with
the m used in the denominator of Eq. (1) and in the expression defining the
Bohr magneton. (Ref. 37, pp. 52, 53, 157, 158; Ref. 22.)

The quantity g is expressed as a function of the quantum numbers which
describe spectroscopic energy levels and terms,

o JU+D 4SS+ ) -LL+ 1)
g=1+ 2J(+ 1)

For details of the theory and calculation of g-values see Back, E. and
LaNDE, A., Zeemaneffekt und Multipletistrukiur der Spektrallinien, Julius
Springer, Berlin, 1925, p. 42; also Kigss, C. C. and MEeccers, W. F., Bur.
Standards . Research, RP 23, 1, 641-684 (1928); Meccers, W. F., “ Zeeman
Effect,” Enc. Brittanica, 1953, 4 pp.

3)

6.2. The Paschen-Back effect. In a very strong magnetic field, the
coupling between all the individual magnetic vectors may be broken down,
regardless of the original coupling scheme, so that each part will quantize
separately with the field H. Equation (3) of §6.1 does not hold, owing to the
Paschen-Back interaction, in which the magnetic levels are displaced from
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their LS-coupling positions. The displacement ¢ is given by the equation :
I?

5 (1)
where § is the distance between the two repelling levels, and 7, the inter-
action factor is

| LS THL=SYLASH I+ DNEASHI=]) ]2 0y 5o
| AR NCT) S

Values of I and I?for all term combinations likely to be affected by Paschen-
Back interaction have been tabulated by Catalan. (Refs. 13, 14, 15, 19, 23;
Ref. 37, p. 231.)

€ —

6.3. Pauli’s g-sum rule. This rule is that out of all the states arising
from a given electron configuration the sum of the g-factors for levels with
the same J-value is a constant independent of the coupling scheme. (Refs.

25, 31; Ref. 37, p. 222.)

7. Nuclear Magnetic Moments

7.1. Hyperfine structure. Approximate formulas for the calculation
of nuclear magnetic moments from observed hyperfine structure separations.
For s-electrons
a n® 1838

3
N =
D= Srat 2,25 (520 M

For non s-electrons

ez U DUy Mz
g =1 0eD . Gz 1838 2)

where I is the nuclear moment in units /27 ; g(I), the nuclear g-value, is the
ratio of the magnetic to the mechanical moment of the nucleus, the former
expressed in ¢ proton magnetons’ ehf4nMc, where M is the mass of the
proton. For a single electron a is used instead of 4, where 4 is equal to
the distance between two adjacent hyperfine levels divided by the largest of
their F-values and counted positive when the larger F value belongs to the
higher energy, F being the fine structure quantum number, the resultant of 1
and J; ] the inner quantum number is the vector sum of j; L the azimuthal
quantum number is the vector sum of /; and a = the interval factor for
hyperfine structure. R is the Rydberg constant; « is the Sommerfeld fine-
structure constant; z, is the Rydberg denominator or effective principal
quantum number; Z is the effective nuclear charge of the outer region of the
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atom; Z, = 1 for a neutral atom, 2 for a singly ionized atom, etc.; Z; is the
average effective nuclear charge of the inner region of the atom; Z;, = Z for
s-electrons; Z; = Z — 4 for p-electrons; «(J,Z;) is the relativity correction by
which the equation for the hyperfine structure must be multiplied; A(,Z,)
is the relativity correction by which the equation for the multiplet separation
Av must be multiplied; where Av is the spin doublet separation for fine
structure. (Ref. 16.)

8, Formulas for the Refraction and Dispersion of Air for the
Visible Spectrum

8.1. Meggers’ and Peters’ formula. Complete sets of observations
made with dry air at atmospheric pressure and at temperatures of 0, 15,
and 30° C are closely represented by the following dispersion formulas.

13.412 0.3777

(m—1)o X 107 =2875.66 + 35~ 755 & 35 10-16 1)
12.288 0.3555

(n— g X 107=2726.43 + 5= ~"e + i [o-1s 2
12.259 0.2576

(n— D)gg X 107 =2589.72 + = o+ < = o5 &)

where A = wavelength in air expressed in angstroms; (# — 1) X 107 = re-
fractivity. (Ref. 28.)

Tabular values of (n — 1) X 107 and of A(n — 1) X 107 per angstrom
(2000 A to 7000 A), and per 10 A (7000 A to 10000 A) for normal pressure
and 15° C, from the above formulas are given in the standard table used to
convert wavelengths in air to wave numbers i vacuo, e.g., Kayser, H.,
Tabelle der Schwingungszahlen, rev. ed. (prepared by Meggers, W. F.),
Edwards Bros., Inc., Ann Arbor, Mich., 1944. (See also Ref. 1.)

For wave numbers of infrared spectral lines beyond 10000 A see Ref. 2.

8.2. Perard’s equation. Perard’s equation for CO,-free dry air is

(n— 1)10° = [288.02+ 1%’§+0-(;\3416] |
(1)
” 760(1 + 7608) 1+ 0.0037166

where A = wavelength in air (microns), £ = pressure (mm), § = tempera-
ture (°C), B == 2.4 x 108 (which can be taken as zero without appreciable
error). (Ref. 32.)
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8.3. The formula of Barrell and Sears. Barrell and Sears give the
following equation for the refractivity of moist, normal air.

(g — 1)10° = [0.378,125+ 0.002,141,4 X 0.000,017,93}

A3 Al

{1+ (1.049 — 0.01572)p % 10-°}
X P 1+ 0.003,6617

0.000,680 f
A 14 0.003,661¢

(1

— [0.0624—

This equation is applicable to ranges of temperature # = 10-30° C, and
pressure p = 720-800 mm. The quantity (n,,,,; — 1) represents the refrac-
tivity of atmospheric air containing water vapor at pressure f mm, and A is
the wavelength in normal air expressed in microns. (Ref. 4.)

The formula of Ksters and Lampe is

)

1.476  0.01803] p 1+ 20«
_ 6 £
(5, — 1)10 7[268.036+ ot ]760 T

where A refers to the wavelength n wacuo, « assumed to be 0.00367. Their
results refer to dry, CO,-free air for the visible spectrum (exact range not
specified). The equation is intended to apply only to small departures of
temperature and pressure from 20° C and 760 mm, respectively. (Ref. 24.)

From recent study of the spectrum of Hg!%, Meggers concludes that ¢ the
unique properties of Hg!%8 force the conclusion that a progressive scientific
world will soon adopt the wavelength of green radiation (5461 A) from Hg'%
as the ultimate standard of length.” Accurately measured relative wave-
lengths in this spectrum tested by the combination principle, indicate that a
revision of the dispersion formulas is necessary. (Refs. 26, 27.)

Barrell* has recently derived a new formula representing the arithmetical
mean of data from three different laboratories, as follows :

(n — 1)10° = 272.729 + (1.4814/A2) + (0.02039/A%) ...

where A, = wavelength in standard air, expressed in microns.
At the 1952 meeting of the Joint International Commission for Spectros-
copy, Edlén+ proposed a solution to this problem by suggesting that the

* H. BARRELL, J. Opt. Soc. Am., 41, 297 (1951).
+ B. EpLEN, J. Opt. Soc. Am., 43, 339 (1953).
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empirical Cauchy formulas previously used be replaced by a dispersion
formula of the Sellmeier type, which has physical meaning :

n—1=75 Afc? —o¥)*

where o, are resonance frequencies of the gas. He adopts as the formula
that gives the “ best representation of the observed values :”

2,949,810 25,540

_ 8 —
(n— 1)10° = 6432.8 + L + 720

¢ being the vacuum wave number expressed in p=1. * In order to preserve
the usefulness of Kayser's Tabelle der Schwingungszahlen,” he provides a
table of corrections to be applied to the wave numbers given in Kayser.

The Joint Commission for Spectroscopy* has recommended the use of
the tables of Edlén for correcting wavelengths in standard air to wavelengths
in vacuum. (Ref. 38.)
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MOLECULAR SPECTRA

By L. HErzBERG aAND G. HERZBERG
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1. General Remarks

The motions in a molecule are determined by its Schrodinger equation
(see §1.3 of Chapter 21). The eigenvalues of the Schriodinger equation
are the stationary energy values of the system. o a usually satisfactory
approximation the energy can be resolved into a sum of contributions due to
electronic motion, vibration, and rotation.

E:Ee+Ev+Er (1)

The observed spectra correspond to transitions between these energy
levels according to the Bohr frequency condition

hev=E —E” 2)

where the " and "’ refer to the upper and lower states, respectively, and where
v is the wave number.

The transition probabilities are determined by the eigenfunctions of the
Schradinger equation by way of the matrix elements of the dipole moment (p)
or other quantities considered, e.g.,

[ oy

2. Rotation and Rotation Spectra

2.1. Diatomic and linear polyatomic molecules
a. Moments of inertia. 'The moment of inertia about an axis perpendic-
ular to the figure axis is defined by
Ip=Zmg? 0
where m, stands for the mass of an individual nucleus, and 7, for its distance
from the center of mass. The moment of inertia about the figure axis I,
is very small.

465
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For the special case of a diatomic molecule we have
Ip = pr? 2)

mym
where po= —3_—2
my + my

is the ‘“ reduced mass,” and 7 is the internuclear distance.

b. Energy levels. The rotational energy levels of the rigid diatomic or
linear polyatomic molecule are given by the expression

E, ,
2 F(])= BJ(J + 1) ©)
where E, is the rotational energy (in ergs) and F(J) is the rotational term

value (in cm~!). The rotational constant B is given by

h 27.98, x 1079
= 8n%ly Iy

J is the rotational quantum number corresponding to the angular momen-
tum J whose magnitude is

h == h
VI + Do)
For the nonrigid diatomic or linear polyatomic molecule we have
E. .
B m=B1G 4 DD+ @

c

where D is a rotational constant representing the influence of the centri-
fugal forces. In the case of a diatomic molecule of vibrational frequency
w (in cm™?), the constant D, in a first approximation, is given by

In a polyatomic molecule, D depends in general on all the vibrational
frequencies of the molecule.

c. Figenfunctions. The rotational eigenfunctions of a diatomic or linear
polyatomic molecule are the so-called surface harmonics

¢,’I‘ - NTP;IlM‘ (COS &)eiMqJ (5)

where ¢ is the azimuth of the line connecting the mass point to the origin,
taken about the z axis; & is the angle between this line and the z axis; M is
a second quantum number (the so-called magnetic quantum number) which
takes the values M= J, J—1, J—2, ..., —], and which represents
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in units 427 the component of the angular momentum J in the direction

of the z axis ; P;'™! (cos§) is a function of the angle &, the so-called associated

Legendre function (§8.11 of Chapter 1}; N, is a normalization constant.
The probability of finding the system oriented in the direction (&, ¢) is

b, * = NAP,M (cos §)]2 (6)
that is, the probability is independent of ¢.

d.  Symmetry properties. A rotational level is called positive or negative
(+ or —) depending on whether the total eigenfunction i remains unaltered
or changes its sign by reflection of all the particles (electrons and nuclei) at
the origin (inversion). In addition, if the molecule has a center of symmetry,
a rotational level is symmetric (s) or antisymmetric () depending on whether
or not the total eigenfunction ¢ of the system (apart from the nuclear spin
function) remains unchanged or changes sign, when all nuclei on one side
of the center are simultaneously exchanged with the corresponding ones on
the other side.

e. Statistical weight. The statistical weight g of a rotational state is
dependent on two factors

g=8r X & @)

where g, depends on the over-all rotation of the molecule and is equal to
the number of possible orientations of J in a magnetic field

g&r=2]+1

and g; depends on the nuclear spins, and, if the molecule has a center of
symmetry, on the statistics of the nuclei.
For molecules without a center of symmetry we have

ag=QL+1)Q2L+1)...

where I;, I,, ... are the spins of the individual nuclei. Since in this case
gy is the same for all rotational levels, it can, for most purposes, be omitted.

If the molecule has a center of symmetry and if the number of pairs of
identical nuclei following Fermi statistics is odd (while the number of pairs
of identical nuclei following Bose statistics is even or odd), the statistical
weight due to the nuclear spins is

gr = QL+ 1Q2Iy + 12(2Iz + 1) — Q2x + 1) @Iy + 1) 2z + 1)..]
for the symmetric rotational levels (§ 2.1d), and

g = {(20x + 12y + 122Iz + 12+ QIx + 1) @y + 1) 2+ 1)..]
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for the antisymmetric rotational levels. If the number of pairs of identical
nuclei following Fermi statistics is even, the situation is reversed. Here
X, Y, Z, ... refer to the different pairs of nuclei.

If only one pair of identical nuclei has a nonzero nuclear spin I, the ratio
of the statistical weights of the symmetric to the antisymmetric rotational
levels becomes simply (I 4 1)/ or I/(I + 1), depending on whether the
nuclei follow Bose or Fermi statistics.

f.  Thermal distribution of votational levels. 'The population N, of the
various rotational levels is given by the general formula
N, = ggl(zj + 1)eBIU+DRe/kT (8)

Here T is the absolute temperature and % the Boltzmann constant, B is the
rotational constant, as defined in §2.1b, g; is the statistical weight due to
the nuclear spin, as discussed in §2.1le, and Q, is the rotational partition
function
0, = X gl2] + 1)e-BIU+1me/kT

g. Purerotation spectrum. A pure rotation spectrum in the far infrared or
microwave region can occur only in molecules with a permanent dipole
moment, that is, in molecules without a center of symmetry. The selection
rules are

+ = — 4 <>, — <= —
that is, positive levels combine only with negative levels, and
A] — ]l _ ]// — 1
where ' and ] are the rotational quantum numbers of the upper and lower

states, respectively. Accordingly, the wave-numbers of the pure rotation
spectrum are given by the formula

v=2B(]+1)—4D(] + 1)® + ... 9)
where D < B (§2.1b) and [ stands for J"'.

A Raman spectrum can occur only if the polarizability of the molecule
changes during the transition. This is the case for the rotation of diatomic
and linear polyatomic molecules, whether or not there is a center of symmetry.
The selection rules referring to the symmetry of the rotational states (§ 2.1d)
are

4 >+, e < —

and §<—>§, a<—>a, s<Il>a
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that is, positive levels combine only with positive, negative only with nega-
tive, symmetric only with symmetric, and antisymmetric only with anti-
symmetric levels. The selection rule for the rotational quantum number is

AJ=0, 42 (10)

that is, besides the undisplaced line (A ] = 0) one observes two lines both

with AJ =] — J” = + 2, one with the lower state as the initial state

{Stokes line) and one with the upper state as the initial state (anti-Stokes line).
The wave number shifts are given by the formula

|Av|= (4B —6D) (] + %) —8D(] + $)* (11)
or, since always D < B, to a very good approximation
| Av | =4B(] +$) (12)

where [, as always, stands for [”, the rotational quantum number of the
lower state involved.

For molecules with a center of symmetry, corresponding to the alternation
of statistical weights for the symmetric and antisymmetric rotational levels,
an alternation of intensities will occur. If the spins of all nuclei with the
possible exception of the one at the center are zero, alternate lines will be
missing.

2.2. Symmetric top molecules

a. Moments of inertia. A symmetric top molecule is characterized by the
fact that two of its principal moments of inertia are the same (Ig), and that
the third (I 4) is of the same order of magnitude. The axis of the third mo-
ment of inertia is called the figure axis of the molecule. If I, <<Ip, we
speak of a prolate symmetric top; if I, > Ip, of an oblate symmetric top.

b. Energy levels. 'The rotational energy levels of a rigid symmetric top
molecule are given by the expression

P RUK)=BJ(J + 1)+ (4 B (1)

Here E, is the rotational energy (in ergs), F(J,K) the rotational term value
(in cm™1); A4 and B are rotational constants given by

3 h

T Brkly U 8miy
and [ and K are rotational quantum numbers. Here J corresponds to the
total angular momentum J, and K corresponds to the component of J in the
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direction of the figure axis; therefore =K, K+ 1, K+2,.... Al
rotational levels with K > 0 are doubly degenerate.
For the nonrigid symmetric top molecule, the energy formula is

18 l

he
= BJ(J + 1)+ (4= B)K*— D] + 1} J )
— Dy J(J + 1)K? — DgK* + ...

where Dj, Dy, and Dy are rotational constants corresponding to D in the
linear molecule (§ 2.1b).

c. Eigenfunctions. The rotational eigenfunctions of the symmetric top
are given by
b = OrxpP) - €K% - oMo (3)
Here d, ¢, and ¥ are the so-called Eulerian angles, ¢ is the angle of the figure
axis of the top with the fixed z axis, ¢ is the azimuthal angle about the z axis,
and y is the azimuthal angle measuring the rotation about the figure axis;
J and K are rotational quantum numbers as defined in (§2.2b); M is the
magnetic quantum number which gives the component of J in the direction
of the 2z axis in units %/27 and can have the values J, J—1, ..., —]. The
function 0;x,,(¢") depends in a somewhat complicated way on the angle ;
it contains the so-called Jacobi (hypergeometric) polynomials (see § 10.7 of
Chapter 1).

d.  Symmetry properties. In the nonplanar symmetric top molecule a
reflection of all particles at the origin (inversion) leads to a configuration
which cannot also be obtained by rotation of the molecule. Corresponding
to these two configurations of the molecule, each rotational level J, K is
doubly degenerate as long as the potential hill separating the two configu-
rations is infinitely high. For a finite potential hill, a splitting occurs into
two sublevels which have opposite symmetry with respect to an inversion.
The eigenfunctions of these sublevels contain equal contributions from the
positive and negative “ original ” levels (inversion doubling).

For K > 0 the K degeneracy exists in addition to the inversion doubling,
so0 that each level with a given J and K (> 0) consists of four sublevels.

In the planar symmetric top molecule no inversion doubling occurs.
Each rotational level J, K(> 0) consists of two sublevels either both positive
or both negative with respect to inversion.

For molecules which are symmetrical tops due to their symmetry,
additional symmetry properties arise corresponding to the property sym-
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metric-antisymmetric in linear molecules. Levels belonging to different
species are distinguished by symbols 4, E, etc.

e. Statistical weights. In the symmetric top molecule the statistical
weight of a rotational state due to the over-all rotation is

ex=2]+1, forK=0

Gx=22]+1), forK>0

For molecules without symmetry the statistical weight due to the nuclear
spin is
= QL+ V) L+ 1) 2L, + 1) ...

In this case g; contributes only a constant factor to the total statistical weight

§=E8x X &1

and can usually be omitted.

If the molecule has symmetry, rotational levels of different species have
different statistical weights depending on spin and statistics of the identical
nuclei. If, for instance, the figure axis of the molecule is 2 thfeefold axis
of rotation, in a totally symmetric vibrational and electronic state the levels

with K=0,3,6,9,...(4) have
gr— 32+ 1) (41 + 41 + 3)
while those with K=1,2,4,5,7,8, ... (E) have
= 321 4 1) (412 + 4I)

If the spin of all the identical nuclei is zero, the levels with K =1,2,4,5,
7,8, ... are entirely missing.

. Thermal distribution of rotational levels. The population of the various
rotational levels (using the same notation as in (§ 2.1f) is given by

NJK_ gngKe [BJ(J+1)+H(A—B)K 2k kT (4)
”

Y

where 0, = E 1€ yice—BII D+ A=BIK e kT
K

and g,x and g; are given in §2.2e.



472 MOLECULAR SPECTRA §2.3

g. Pure rotation spectrum. A pure rotation spectrum in the far infrared
and microwave region can occur only if the molecule has a permanent dipole
moment. For the accidental symmetric top the selection rules are

AK:O, :i:l; AJZO’ ily +<_'->_y +<_|_)+7 — > —

For a molecule which is a symmetric top because of its symmetry the same
selection rules hold, but AK = +1 is excluded. In addition, only states
having the same species of the rotational eigenfunction combine with one
another (e.g., A<« A4, E<— E, A <«— E for molecules with a threefold
axis of symmetry).

The wave-numbers of the pure rotation lines when the molecule has
an axis of symmetry are given in a first approximation by the formula

v=2B(] + 1) (5)
or, if centrifugal stretching is taken into account,
v=2B(] + 1) = 2Dg;K¥] 4 1) —4D,(J + 1)? (6)

(For definition of the constants B, D, and D, see § 2.2b).

For the {otational Raman spectrum, in the case of the accidental symmetric
top the selection rules are

AJ=0, +1, £2; AK=0, +1, 42

and e, —— el —

If the molecule is a symmetric top because of its symmetry, the same
selection rules apply except that transitions with AK + 1, 42 are no longer
possible and, those with AJ= 4-1 occur only for K 0. In this case

the Raman lines form two branches on either side of the undisplaced line
with the displacements

|Av|=F(J + 2,K)—F(J,K)= 6B +4B],  ]J=0,1,... (S-branches)
and
|Av|=F(J + 1,K) —F(J,K)=2B +2BJ,  J=1,2,... (R-branches)

neglecting centrifugal stretching terms.

2.3. Spherical top molecules

a. Moment of inevtia and energy levels. A spherical top is defined as a
rotating body in which all three principal moments of inertia are equal, that is,

Iy=Ig=1I.=1I
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The energy levels of a spherical top molecule are therefore given by (com-
pare §2.2b)
E ° ok

m=F()=BJ(J+1), B= g s @

b. Symmetry properiies and statistical weights. 1In the case of a spherical
top, the distinction between positive and negative rotational levels can be
ignored since they always occur in close pairs, and in no case of spherical top
molecules has the inversion doubling been resolved.

The statistical weight of a given rotational level due to the over-all rotation
18

gr=QJ+ 1
and that due to the nuclear spin is

=L +DQRL+1)QR+1) ...

For molecules that are spherical tops on account of their symmetry there are
additional symmetry properties, e.g., 4, E, and F for tetrahedral molecules.
The over-all statistical weight is then a product of (2] + 1) times a factor
that depends in a complicated way both on [ and the spin of the identical
nuclei (ref. 10).

c. Pure rotation spectrum. Molecules which are spherical tops on account
of their symmetry have no pure rotation spectrum in the infrared because
they have no permanent djpole moment. Accidental spherical top molecules
may have a permanent dipole moment and, consequently, a pure rotation
spectrum. The selection rule is

Aj=0, +1
leading to the same wave-number formula as for linear molecules (§ 2.1g).
Molecules which are spherical tops on account of their symmetry have
no pure rotational Raman spectrum, since the polarizability does not change

during the rotation. In accidental spherical top molecules a rotational
Raman spectrum may occur. The selection rule is

AJZO’ :tl: +2

The Raman displacements are the same as those of a symmetric top molecule

(§2.2h).
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2.4. Asymmetric top molecules

a. Moments of inertia. The asymmetric top molecule is defined as one
in which all three principal moments of inertia are different from each other.

Iy=lg =l (Iy<Ig<<lIp)

b. FEnergy levels. The energy levels of the asymmetric top are repre-
sented by the formula

FJ)=#B+OJ(J+1)+[4—¥B+ OW, (1
Here A = h/8n%l,, B = h/8n%Ily, C = hj8n%Il,. The symbol r numbers
the 2] + 1 levels of a given [ in the order of their energy, i.e.,

T=—L—=/+1, . +]

and W, are the roots of algebraic equations containing A4, B, and C. For
the lowest values of J one has

J=0: W,=0
J=1: W, =0
WE2-2W,+(1—0)=0
J=2: W, —14+3b=0
W,.—1—3=0
W.—4=0
W2—A4W,—1202=0
J=3: W,—4=0
W2 —4W, — 608> =0
W.2-— (10 — 60)W, + (9 — 546 — 158%) = 0
W2 — 10+ 65)W, 4+ (9 + 540 — 1568%) =0

J=4: W2-10(1 — )W, + (9 — 90b — 636%) = 0
w2 —10(1 + 5W, + (9 4 90b — 6362%) = 0
W2 —20W, + (64 —28h%) =0
W3 —20W.% + (64 — 20865 W, + 288062 = 0
Here & stands for
o C—B
24— §(B + O)]
For higher values of ] see (Refs. 7, 12, 14, 18).
The average of the levels with a certain [ follows accurately (neglecting
centrifugal stretching) the formula for the simple rotator with an average
rotational constant, that is,

?}Ff’f — A+ B O+ ) 2)

b
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When two of the three principal moments of inertia are nearly equal, the
formulas for the symmetric top can be applied (see §2.2b) if the average
of the two corresponding rotational constants (B and C or 4 and B) is used
in place of B.

c. Symmetry properties. Apart from the symmetry property positive-
negative with respect to inversion, which is unimportant for asymmetric top
molecules, the rotational levels are distinguished by the behavior of their
eigenfunctions with respect to rotations by 180° about the axes of largest and
smallest moment of inertia (Cyf and C,%). There are thus four different
types (species) of rotational levels, briefly described by + +, +—, —+, and
— —, where the first sign refers to the behavior of the rotational eigenfunction
with respect to C,°, the second to the behavior with respect to C,*.

The highest level (], ;) of each set with a given [ is always 4 with respect
to Cy°, the two next are —, the two next 4, and so on. The lowest level
(J—;) of each set with a given [ is always -+ with respect to C,¢, the two next —,
the two next -+, and so on.

If an asymmetric top molecule has elements of symmetry, the eigen-
functions have additional symmetry properties correspording to the exchange
of identical nuclei, e.g., 4 and B (similar to 4 and s of linear molecules) for
molecules with one twofold axis and 4, B,, B,, B; for molecules with three
twofold axes.

d. Statistical weights. For the asymmetric top molecule the statistical
weight of a rotational level J, due to the over-all rotation of the molecule is

g=2]+1

If the molecule has no axis of symmetry, the statistical weight due to the
nuclear spins is

g=QL+1D)QRL+1)QI+1)...

If the molecule has one twofold axis of symmetry, the dependence of the
statistical weights of the symmetric and antisymmetric rotational levels on
the spins and statistics of the identical nuclei is the same as in linear mole-
cules (§2.1e). If there are three axes of symmetry, more complex relations

hold (Ref. 10).

e. Pure votation spectrum. Asymmetric top molecules in general have a
permanent dipole moment, and therefore have a pure rotation specirum in
the far infrared or microwave region. The selection rule for [ is

AJ=0, 4+1
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If the molecule has no symmetry the only further restriction is that levels
of the same species do not combine with each other

++<-'5—_>++y +_(_|_) +——’ —‘I—'(—I—)*-f*, —

If the molecule has an axis of symmetry, only those rotational levels can
combine with one another whose eigenfunctions have the same behavior
with respect to a rotation by 180° about this axis, and opposite behavior with
respect to similar rotations about the other two axes. Thus if the dipole
moment lies in the axis of least moment of inertia (a axis) only the transitions
4+ e—>—4 and F—e— ——
can take place. If the dipole moment lies in the axis of intermediate moment
of inertia (b axis) only the transitions

++«—>—— and 4—«—>—+

can take place. If the dipole moment lies in the axis of largest moment of
inertia (¢ axis), only the transitions

++«—+— and —+«—>——
can take place.
f. Raman spectrum. The polarizability of an asymmetric top molecule in

general changes during the rotation, and therefore as a rule a rotational
Raman spectrum will occur. 'The selection rule for [ is

AJ=0, +1, 42

If the molecule has no symmetry, transitions between levels of any of the
symmetry types (4 -+, +—, —+4, ——) can occur. If the molecule has
at least one twofold axis of symmetry, only levels of the same species can
combine with each other, that is

++ ‘_—»++) +_"’—")_l_—_s _+4—>7+a I

2.5. Effect of external fields

a. Zeeman effect. In an external magnetic field of intensity H, a state
of angular momentum J is split into 2] + 1 components of energy

W= W, — agH (1)

where W, is the energy without field and i, the mean value of the component
of the magnetic moment of the molecule in the field direction. If the
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magnetic moment is due to the orbital motion of the electrons (orbital angular
momentum = A#%/27 (see §5.1), one has

- A
S E Ve
where M=]]—1,..,—]
is the quantum number of the component of .J in the field direction, and where
_ e _h
Fo™ "2me 2m

is the Bohr magneton. If the magnetic moment is due to the electron

spin only (S 70, A = 0) one has
g = 2Mgp,
where Mg=S, §—1, ..., —S

If both orbital motion and electron spin are contributing to fi; more com-
plicated formulas hold (Ref. 9). If the orbital and the spin angular momen-
tum of the electrons is zero (A =0, S = 0) as is usual for the electronic
ground states of molecules, one has

A= ng/J’On
e h
where Hon = S 5

is the nuclear magneton (m, = mass of proton) and where g, is a number of
order 1 characteristic of the particular molecular state.
The selection rule for the quantum number M is

AM=0, +1 (M=0 <« M=0for AJ=0)

where AM = 0 applies when the field is parallel to the electric vector of the
incident radiation, AM = +1 when it is perpendicular to this vector.
From these formulas it follows that for A = 0, S = 0 in a magnetic field the
lines of the rotation spectrum split into three components whose spacing
1s (in cm™)
_— &rton
Av = e H (2)
Transitions between the Zeeman levels without change of rotational
level may occur as magnetic dipole radiations. Their wave number is

Tf'l’OnH (3)

he
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b. Stark effect. 1n an electric field (of intensity E) the values of M are
the same as in a maguoetic fleld (§ 2.5a) but levels with the same | M| coin-
cide. Thus there is a splitting into only J + 1 or J + 1 component levels
(depending on whether ] is integral or half integral). The energies of these
levels are given by

W= W, —figE (4)
where iy is the mean component of the electric dipole moment in the field
direction. For molecules without permanent dipole moment

g = aymE
For linear or symmetric top molecules with a permanent dipole moment p,

P _pMk  AlglE| (] — M) (]2~ K?)
A (=) BRI+

_ T+ MR(] 41— K
J+DQJ+1D@T+3) |

Here k= 4+ K. For diatomic molecules K must be replaced by A, for linear

polyatomic molecules by / (see Ref. 10). If K (or A or [} is zero the pre-

ceding equation simplifies to

= — 4*%ME[ JJ+ 1) — 302 ]
R LT+ 1DRI=D 2]+ 3)
that is, only a quadratic, no linear Stark effect occurs.

The same selection rule applies for M as in the case of the Zeeman effect.
But the line splittings in the rotation spectrum are not as simple.

2.6. Hyperfine structure (influence of nuclear spin).

If one of the nuclei of the molecule has a nonzero spin I, the total angular
momentum F will be the vector sum of J and I. The corresponding
quantum numbers are

F=J]+4+1, J+1-1, .., |]J—1I]
For J > I there is thus a splitting into 2/ + 1 hyperfine structure compo-
nents. The magnitude of the splitting depends on the interaction of the
nuclear spin with the rest of the molecule.
For purely magnetic interaction the energies of the component levels are
given (Ref. 8) by

W:WO"JI‘( aK?

JU+1

where a and b are constants depending on the nuclear magnetic moment

+wa+n—ﬂj+n—uu4n (1)
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and the magnetic moment due to rotation (§2.5a). According to this
formula the separation of successive levels is proportional to F 4 1 (“ inter-
val rule ).

If the nucleus of spin I =0 has an electric quadrupole moment, a hyper-
fine structure splitting arises on account of the electrostatic interaction with
the electric field produced by the other nuclei and the electrons at the
position of the nucleus considered. This interaction energy is usually
much larger than the magnetic interaction energy. For diatomic, linear
polyatomic, and symmetric top molecules, the energy levels are given to a
first, good approximation by

K )HAC DU g
JUJ+1) 120 -1)2] -1 2]+ 3)
where Q 1s the quadrupole moment of the nucleus in cm?, eg is the average
inhomogeneity of the electrostatic field at the position of the nucleus in the
direction of the z axis
o 32% — 2
= (ﬁ) average j ¥5 de

W= W,+ ‘32{79(

and where

G=FF+1)—II+1)—JJ+1

Higher approximations and the case of molecules with two nuclei having
a nonzero quadrupole moment have been considered by Bardeen and Townes
(Ref. 1).

Transitions between the hyperfine structure levels follow the selection
rules

AF=0, 4+1; F=0<«1—>F=0

For more details see Gordy (Ref. 6).
In a magnetic field each component level of the hyperfine structure splits
into 2F + | components distinguished by

Mg=F, F—1, .., —F

The energy in the field is obtained from the first equation in (§ 2.5a) by
substituting
where (Ref. 11),

_ FFED+I(JHD—II+-D)]g, + FE+DHU+D—](J+ Dlgs
& = 2F(F+1)

and g, and g; are rotational and nuclear g-factors (for g, see §2.5a). The
selection rule for My is

A = grMrpon

AMg =0, +1
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3, Vibration and Vibration Spectra

3.1. Diatomic molecules

a. FEnergy levels. 'The vibrational energy levels of a diatomic molecule
can be represented by the formula

G(2) = @, (v + §) — @ v + §) + w.y (v + §)° + wzv -+ $* 4 ... (1)

where v is the vibrational quantum number which assumes the values
0, 1, 2, ..., and where w, is, apart from a factor ¢, the vibrational frequency
for infinitesimal amplitude. One has in general w,2, < w,y, <€ W%, < w,
and frequently w,2, ~0 and w,y, &~ 0. The frequency w, is related to
the force constant %, in the equilibrium position by the relation

w, =V L [k
T ¢ 2me ¥V op
or k, = 4n%uctw,? = 5.8883 X 1073 4w,? dyne/cm

where p and p 4(= uN4) stand for the reduced mass in grams and in atomic
weight units (06 = 16), respectively.
The zero-point vibrational energy of a diatomic molecule is

G(O) = %we ——i‘wexe + %weye + ﬁweze + ... (2)
If the vibrational energy is measured relative to the lowest level the vibra-
tional formula may be written
G(7) = we¥ — weXg? + woyel® + weze?? ... (3)
If higher powers of (v + }) are negligible, the vibrational constants w,,
wx,, etc. are related to the constants wg, wyx,, etc. by the formulas

w2, = Wy )
Wy, = WeYy — 2o @)
WX, = WXy + %woyo - %‘”ozo J

W, = wy + weXy + %woyo - %wozo

The separation of successive vibrational levels is
AGysy — G(v + 1) — G(8) = Gyfo -+ 1) — Gyfo)
= (we —wX, Fw,y, + WeR,) — (2wexe - 3"-’eye - 4‘Ueze)(7) + %)
+ Bueye + 6wez,) (v + 3 * + 4wz (o + §° ©)
= (wq — wo¥%y -+ WoYo + weZg) — (2wg¥y — 3wgyy — AweZe)v

+ (Bwoyg + 6wy2g)v? + dwgzgv®
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b. Potential functions and dissociation energy. For a harmonic oscillator
the potential energy is given by

V = Lkx? (6)
where k is the force constant (§ 3.1a)and x = » —r, is the displacement from

the equilibrium position (r,). If anharmonicity is taken into account the
potential energy may be represented by a power series

V = ka¥(l 4 ayx 4 ax® + ...) (7
or, if large internuclear distances are considered, by a Morse function
Vir —r,) = D,J1 — e ftr—72]2 (8)

Here D, is the dissociation energy referred to the minimum of the potential
energy and

g \/2’””“ w, = 1.2177 X 107w, \/’;34

where u 4 is in atomic weight units (06 = 16) and D, is in cm2.

The dissociation energies D, and D, are the energies required to dissociate
the molecule from the minimum and from the lowest vibrational level,
respectively. 'Therefore

D e — D 0 + G(O)
Quite generally D, is given by

DO - 2 AvaL%

If the Morse function is a good approximation, the cubic and quartic terms
in the energy expression vanish (w,y, = w,2, &~ 0) and

wg? w,?

Dy=-

had L=
4eogxy 4w x,

This approximation is frequently very poor.

c. FEigenfunctions. As long as the anharmonicity of the vibration is
small, the vibrational eigenfunctions- are approximated by the harmonic
oscillator eigenfunctions. These are the Hermite orthogonal functions

do(2) = Noe =H (v/ox) 9)
where N, is a normalization factor, H,(4/o) the Hermite polynomial of the
oth degree (see § 12.1 of Chapter 1), and

_ Aruvese 2wV pk
= h L\ widi

For the anharmonic oscillator eigenfunctions see Refs. 3 and 5.
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d.  Selection rules and spectrum. An infrared vibration spectrum can
occur only if the molecule has no center of symmetry, that is, if it does not
consist of two like nuclei. A vibrational Raman spectrum occurs for both
symmetrical and asymmetrical molecules. For the harmonic oscillator the
selection rule for the vibrational quantum number is (both in the Raman
effect and the infrared)

Av = 41

For the anharmonic oscillator no strict selection rule exists, but transitions
with Av = 1 are much stronger than those with Ao = 2, those with Av =2
much stronger than those with Ay = 3, and so on.

Absorption of light by the molecule in the ground state produces a series
of bands whose wave numbers correspond to the energies of successive
vibrational levels

vaps = G(v) — G(0)
= we[('v + %) —%‘] —wexe[(? + %)2 - i] + weye[(‘v =+ %)3 _%] + ... (10)
= Go(v) = w0 — weXgt? + woyev? + ...

The same formula holds for the displacements observed in the Raman
spectrum.

e. Isotope effect. The vibrational constants of an isotopic molecule

[designated by the superscript (i)] are related to those of the ‘‘ normal ”
molecule by the formulas

we(i) = pWes we‘i)xe(i) - Pzwexw we(i)ye(i) = P3weye) v (11)
where p= #“fﬂ

and p and p? are the reduced masses (see § 2.1a) of the “ normal ” and the
isotopic molecules, respectively. The vibrational absorption bands of an
isotopic molecule are given by the formula (see § 3.1d).
vaps = pw,[(v + %) —% — PPwx (v + %)2 __%t (12)
+ Paweye[('v + %)3 - %—] + ...

The vibrational isotope shift is therefore
Av = Vabs — Va.bs(i)

= w,(l —p)v —awx (1l —p?) (v + 0) (13)
+ w1 —p?) (v° + 30% + 30) + ...
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If p is close to one, the vibrational isotope shift is approximately given
by the expression

Av = (1 — p)vAG 4y (14)

3.2. Polyatomic molecules

a. Normal vibrations and normal coordinates. 'The potential and kinetic
energies of a system of NV particles of masses m; for small displacements
from the equilibrium position are given by

V=32 kigq; )
i3

and T=1%Y buid (2)
%

where the ¢; may either be 3N Cartesian displacement coordinates or, for
nonlinear molecules, 3N — 6, for linear molecules, 3N —5 internal dis-
placement coordinates such as changes of internuclear distances. The
k;; (= ky;) are force constants, the b,;(= b;;) are constants depending on
the masses and geometrical parameters of the molecule. By the linear
transformation

g = cnéy + Cioba + Cisba + ..

new coordinates §;, so-called normal coordinates, can be formed such that
both ¥ and T are sums of squares.

V= %0‘1512 + A2522 + A3§32 + ) (3)

T=Y&+ &+ €7+ ) )

that is, the motion in the molecule in this approximation may be considered
as a superposition of 3N or 3N —6 or 3N —5 independent harmonic
oscillators described by the normal coordinates £, such that

€= &0 cos Qmvit 4 ,)

In each such normal vibration all nuclei in the molecule carry out simple
harmonic motions about their respective equilibrium positions with one
and the same frequency v; which is related to A; by

)\i == 47T2Vi2 (5)
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The A;, that is, the frequencies of the different normal vibrations, are deter-
mined by the secular equation :

kll - bll)\ k12 - bl2A k13 - b13>\
k21 - bZlA k22 - bZZA k23 - b23A _
X & =0 (6)

kg —bgA kg —bgd  kgy —bysd
If Cartesian coordinates are used, six or five of the A, are found to be zero
depending on whether the molecule is nonlinear or linear, respectively.
These zero roots correspond to the nongenuine normal vibrations (null
vibrations) : the translations and rotations. When two or three A, are equal,
we have doubly or triply degenerate normal vibrations. ;

The form of a given normal vibration £, can be obtained from the trans-
formation equations by putting all other &; equal to zero. The coeflicients
¢;; are the minors of the above determinant.

Special cases. 'The general relation between the force constants and
the frequencies of the normal vibrations is given by the determinantal
equation (6) above. In the most general case there are in(n + 1) force
constants, (n = 3N — 6 or 3N — 5) while there are only # normal frequencies.

If the molecule has symmetry the normal vibrations also have certain
symrmetry properties. For a given molecular symmetry there are a number
of symmetry types (or species) of the normal vibrations. For example, if the
molecule has a single plane of symmetry there are two species of normal
vibrations, those that are symmetric with respect to that plane and those
that are antisymmetric with respect to it. They are designated 4’ and 4",
respectively. For a molecule with two mutually perpendicular planes of
symmetry there are four species which may be characterized by 4+ -+, ——,
+-—, —-+ where the two signs indicate the behavior with respect to the two
planes. These four species are designated 4,, A,, B;, and B,, respectively.
For other cases see Ref. 10.

In the case of a symmetrical molecule, if the original coordinates are
appropriately chosen (symmetry coordinates) the secular determinant can
be factored into as many smaller determinants as there are different species.
The degree of each of these subdeterminants, that is, the number f; of
vibrations of the particular species j can be readily obtained from the number
of the various atoms in the molecule. The number of force constants
belonging to each species is 1f/(f; + 1) and therefore the total number
of force constants is X Lf(f; + 1) which is smaller, often much smaller,
than 4n(n 4 1). But even then the number of force constants is in general
larger than the number of normal frequencies.
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In order to reduce the number of unknown force constants, often sim-
plifying assumptions are made about the restoring forces in the molecule.
The assumption most often used is that of valence forces, that is, of 2 strong
restoring force in the line of every valence bond and a weaker one opposing
a change of the angle between two valence bonds connecting one atom with
two others.

Thus, if in nonlinear symmetric XY, molecules %, is the force constant of
the XY bond and k4 the force constant of the Y-X-Y angle, the following
simple relations between the frequencies and force constants are obtained
by solving the corresponding secular equations :

dmP(v® + vy?) = ( + ¥ cos? )—kL + i(l 4 2my sin? a)&’
mx ny m
1674y 20,2 = 2(1 + 2mY)i1, . &’ 7)

4ty ,? = (1 + = %mz oz)i

my

Here my and my are the masses of the atoms X and Y, « is half the Y-X-Y
angle, and /1s the XY distance.

For linear symmetric XY, one finds

bty — T2
my
2 2my\ R
2,9 __ _“_ st 28 Wb}
4711/2*my(l-{»mx)l2 (8)
ZmY k
2, 2 __ Ry
4y (l—l—mX)mY

For linear XYZ molecules, if k, and k&, are the force constants, /; and I,
the lengths of the XY and YZ bonds, one finds

4r(v? 4 vy?) = ky (—+—) 4k ( ! +-1—)
my mz

16ty 2r,% — My + my + my Ryks ©)
mxmymnyz
1 {12 Ll + L)
2,2 . _ _ {1 o, "2 V1T % R
dmive = 112122( mz + mx - my ks

b. Energy levels. In the approximation in which the normal vibrations
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are well defined, that is, when the potential energy contains only quadratic
terms the vibrational energy is simply

G(vy,09,05,...) = Zw,(v; + §) (10)

where ©v; is the vibrational quantum number of the sth normal vibration
and w; = v;/c. If the potential energy contains higher powers, that is

2V = 22 kiqiq; + 222 findiq:9x + 2222 &imgddxds + -

and if there are no degenerate vibrations, the vibrational energy becomes

Clonvgty-) = Zodve+ )+ 2 T salos D@t D+ (1D
i k>t
Here the anharmonicity constants x,, are small compared to the w; if the
deviations from a quadratic potential are small ; the w, are now the (classical)
vibrational frequencies in cm™! for infinitesimal amplitudes (so-called zero-
order frequencies).
The zero-point vibrational energy is

<m0)—22%+4221k (12)

i k>

Referred to this lowest energy level the vibrational energy may also be

written
7)171}2, )—sz V; +22 X% Wﬂk+ (13)
i k>1%
where wl=w; 4 x; + 2 X + -
2 k#1

The wave numbers of the 1-0 bands, the so-called fundamentals, are given by
_wzo+xzz _wt+2xn+ p) E zk+
ki

where x,;, = %, and, if higher powers are neglected, x;°= x;.
If degenerate normal vibrations are present the previous energy formula
has to be replaced by

G(vl,vz,...):;w( )+22 k( ot )( d,c) l

i k>4

+22giklillc+~-- j

i k>

(14)
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In this equation d; is the degree of degeneracy ; the /; are integral numbers
which assume the values

L=wv;, v,—2, v;—4, ... lor0
and the g;, are constants of the order of the wx; (not to be confused with

the potential constants g,;;;)-
The zero-point energy in the presence of degenerate vibrations 1s

G(0,0,.. )#szzfzz dd’c (15)

i k>t

The vibrational energy referred to the lowest vibrational energy level is

Go(vy,00er.) = 2 w? v, +2 2 2 vty Oy Ladid + .o (16)

v k>

where 0l = w; + xyd; + — 2 R
2 ki

and where x,,° = x4, if higher powers are neglected. The fundamentals are

vi= w4 %+ g = w + X1 + di) + 5 2 Xy + 8is

ki
where, as previously, x,;, = x;.

c. Eigenfunctions. The total vibrational eigenfunction of a polyatomic
molecule is, to a first approximation, the product of 3N — 6, or, in the case
of a linear molecule, 3N — 5, harmonic oscillator functions (§ 3.1c).

o = TW(€,) = 1IN, e 182H, (Vag)) (17)

where o; = 2mcw,/h.

d. Selection rules, vibration spectra. In the harmonic oscillator approxi-
mation, the only allowed transitions are those in which one vibration changes
its vibrational quantum by one unit, i.e.,

Av,= +1, Av, =0
If the anharmonicity of the vibrations is taken into account also transitions
in which 2, changes by several units or in which several v; change will
occur. But they are in general less intense than the fundamentals.

1If the molecule has symmetry, certain rigorous selection rules for vibra-
tional transitions hold irrespective of the degree of anharmonicity. Quite
generally a vibrational transition ©’ «—>9'' is allowed in the infrared when
there is at least one component of the dipole moment M that has the same
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species {(i.e., the same behavior with respect to the symmetry operations
permitted by the symmetry of the molecule) as the product ,'4,"”. A
vibrational transition o’ <> %'’ is allowed in the Raman effect if at least one
component of the polarizability tensor has the same species as the product
P

As a result, for example, for molecules with a center of symmetry, transi-
tions that are allowed in the infrared are forbidden in the Raman spectrum,
and those allowed in the Raman spectrum are forbidden in the infrared.

A table of the species of the components of the dipole moment and of the
polarizability for the more important point groups is given in Ref. 10.

For molecules for which the inversion doubling (§ 2.2d) is not negligible
the additional selection rule has to be taken into account that in the infrared
only sublevels of opposite parity can combine with one another (4 «~— —),
whereas in the Raman effect only sublevels of the same parity can combine
with one another (+ «— 4, —«— —).

c. Isotope effect. For two isotopic molecules the product of the w'¥fw
values for all vibrations of a given symmetry type is independent of the
potential constants and depends only on the masses of the atoms and the
geometrical structure of the molecule according to the following formula
(Teller-Redlich product rule) :

PANCIRRL) PRG

w; w, wy

|
_ \/ L\ 7;;2 B 71‘;]7(;) ] I () bz I PN I (z) (18
(,,Tlm) (mzm) ( M ) ( 1, ) ( I, ) (

7

Here quantities with the superscript (¢) refer to one of the isotopic molecules,
quantities without superscript to the other ; wy, ws, ..., w; are the zero order
frequencies of the f (genuine) vibrations of the symmetry type considered ;
My, My, ... are the masses of the representative atoms of the various sets (each
set consisting of those identical atoms that are transformed into one another by
the symmetry operations permitted by the molecule); «, B3, ... are the numbers
of vibrations (inlusive of nongenuine vibrations) that each set contributes to
the symmetry type considered; M is the total mass of the molecule; ¢ 1s the
number of translations of the symmetry type considered; I, I,, I, are the
moments of inertia about the x, v, and » axes; x, 3y, dz are 1 or 0 depending
on whether or not the rotation about the x, y, or 2z axis is a nongenuine
vibration of the symmetry type considered. Both on the left and right hand
side (in o, B, ..., ¢, 3x, dy, 82) a degenerate vibration is counted only once.
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4. Interaction of Rotation and Vibration :
Rotation-Vibration Spectra
4.1. Diatomic molecules

a. Energy levels. The interaction of rotation and vibration causes the
rotational energy of a vibrating molecule to be somewhat different from that
of 1 nonvibrating molecule. One has for the term values of the rotating
vinrator

T = G(v) + Fu(J) M

where G(v} is given by the previous formula (§ 3.1a) and where

F])=B,J(J+1)—D,J(] + 1) + ...
Here Bv:Be—ag('v%—%)—k‘..

and D,=D,+Bfv+ 3%+ ..

The constants B, and D, refer to the equilibrium position and are defined
by formulas entirely similar to those previously given for B and D (§2.1b).
The constants «, and f3, are small compared to B, and D,, respectively, and
are determined by the form of the potential function.

b.  Selection rules and spectrum. For rotation-vibration spectra the same
selection rules apply as for the pure rotation and the pure vibration spectrum
separately. Therefore the vibrational quantum number can change by

Av = 41, L2,

with Av = 41 giving by far the strongest transitions. 'The selection rules
for the rotational quantum number, assuming that there is no electronic
angular momentum about the internuclear axis, are, in the case of infrared
transitions

A]: ]!_]//: il
and in the case of Raman transitions

Afj=J—J"=0,42

Hence in the infrared a rotation-vibration band consists of two branches, an R
branch (A] = +1)and a Pbranch (A ] = —1) which are given by (neglecting
small terms in D’ and D")

vg = vo + 2B, + 3B, — B,")] + (B, —B,)J*  (J=0,1,...)
vp=vy — (B, + B,)] + (B, — B,")J* (J=12..)
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Here v;, the vibrational energy difference between the two states (band
origin), is given by v, in §3.1d; [ is the rotational quantum number [”
of the lower state.

In the Raman effect a rotation-vibration band consists of three branches,
an S branch (A] = +42),an O branch (A] = —2), and a Q branch (AJ = 0).
Formulas for these branches may be found in Ref. 9.

c. Combination differences and combination sums. The combination
differences

R(J-=D =P+ 1) =F"(J+1)—F"(J—1)=A4AF"())
= (4B, —6D,") (] + §) — 8D,/ (] + )
R()) = P()) = F,(J+ 1) = F,/(J—1) = A,F(])
— (4B, —6D,) (] + §) —8D,(J + 7
are used to separate the rotational energy levels of the upper and lower

vibrational states and to determine the rotational constants.
The combination sums

R(J—1) + P(J) = 2v + 2AB, — B,")J*— 2D, — D,”") JJ* + 1)
are used to determine the band origins (zero lines) and the differences
(B, — B,”) and (D, — D,”) of the rotational constants.

Similar combination relations apply to the .S and O branches observed
in the Raman effect.

4.2. Linear polyatomic molecules

a. Energy levels. The rotational term values of a vibrating linear poly-
atomic molecule are given by the same formula as those of diatomic mole-
cules (§ 4.1) except that B, depends now on the vibrational quantum numbers
of all the vibrations. We have

d;
Bio) = Boyogy, - :Be——Zai(”i—%-?) (1)

where the a, are small constants similar to «, for diatomic molecules and
where d; is the degeneracy of the vibration . Here B, is the rotational
constant for the equilibrium position and is given by

h
B, ==~
8n¥l,
where I, is the moment of inertia in the equilibrium position. The rota-
tional constant By,..., obtainable from the pure rotation spectrum, for the
lowest vibrational level is given by

d;
B[o] - Booo--' =B, — 2 O‘i—z—
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Vibrational levels with [=1,2,..., (II, 4, ... vibrational levels) are
doubly degenerate (§3.2a). With increasing rotation a splitting of this
degeneracy arises ([-type doubling). As a result there are two rotational
term series with slightly different rotational constants, B,°and B,%. The
splitting is given by

Av=gqJ(J+1)= B —=BAHJJ+ 1) )

The splitting constant ¢, for a given perpendicular vibration v; is of the
same order as o;. For detailed formulas see Ref. 15. The two levels of a
given ] have opposite parity (4, —).

b. Selection rules and spectrum. The selection rules for rotation-vibra-
tion spectra of linear polyatomic molecules are the same as for diatomic
molecules (§4.1b) if the quantum number / of the vibrational angular
momentum is zero in both the upper and lower states, 1.e., if ' =1 = 0.
In this case the same two branches occur.

If I’ or I"” or both are different from zero, in addition to the transitions
discussed in §4.1b, in the infrared, transitions with AJ= 0 occur ; in the
Raman effect, transitions with AJ = 41 occur. That is, the selection rules
are

AJ=0, +1 (infrared)
AJ==0, +1, 42 (Raman effect)
At the same time the symmetry selection rules
+ > —, s<—i—>a (infrared)
4+« +, —<«—> — 8§ «Il> (Raman effect)

must be obeyed.
The additional possibility AJ = 0 in the infrared gives rise to a Q branch
whose formula is

vo =g+ (B'—B")J+ (B'—B")J* &)

In the Raman spectrum in such cases P and R branches in addition to the
S, O, and Q branches can occur.

According to the preceding selection rules, when /; is different from zero a
transition between the two components of an I-type doublet can occur. Such
transitions occur in the microwave region and are represented by the formula

v=¢J(J+1) (4)
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4.3. Symmetric top molecules

a. Energy levels. As for linear molecules, the term values of a vibrating
symmetric top molecule can be represented as the sum of vibrational and
rotational term values

T = G(vy,09,05...) + Fry(J,K) (1)

In the case of a nondegenerate vibrational level and neglecting the effect of
centrifugal forces, the rotational term values are given by

Fi(J,K) = By J(J + 1) + (4 — BpK? (2)

where [¢] stands for the set of vibrational quantum numbers 2,, v,, v3, ... and
where

B[v] = Be -———EOLZB(‘UZ- + —%) + vee

d.
A=A, a;‘l(vi + 7) 4o
The o7 and o4 are constants similar to o, of diatomic molecules and

h h
=—-——— and A4A,= . —
 Ba¥clpe ¢ 8m2cl 4°
are the rotational constants corresponding to the equilibrium position.
In a degenerate vibrational level the Coriolis interaction of the degenerate

components causes an additional term
—241 3, (£LINK 3

which has to be added to the previous expression for Fi,,(/,K). Here ¢,
is a copstant, 0 < {; <1, measuring the magnitude of the vibrational
angular momentum of the degenerate vibration v; in units A/27 and /; = v,,
v; —2, ..., 1 or 0 is the azimuthal quantum number of the degenerate vibra-
tion. For a state in which only one degenerate vibration is singly excited
(I; = 1) the additional term is

:FzA[v]ézﬁK

leading to an increasing splitting of the degeneracy with increasing K.

The individual {; are complicated functions of the potential constants and
other parameters of the molecule. But the sums of the {; of all vibrations
of a given species are independent of the potential constauts. For example,
for axial XY, molecules (pyramidal or planar)

1y B
§3+C4—2—I;—1—2—A——1
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for axial XYZ; molecules

1y B
bbb o
for axial WXYZ, molecules
I B
Grbtbtlb=gp =g+

For X,Y, molecules of point group Dy, or Dy,
I B
{4l +8,=0, and Cm+§u_}_§12:2_29:2_/1

b.  Selection rules and spectrum.

Infrared. The selection rules for the vibrational quantum numbers are
the same as for the pure vibration spectrum. If the molecule is a symmetric
top on account of its symmetry, the (vibrational) transition moment can be
only either parallel or perpendicular to the figure axis. For an accidental
symmetric top any orientation with regard to the figure axis is possible.

If the transition is parallel to the figure axis (|| band), the selection rules
for the rotational quantum numbers are

AK =0, AJ=0, +1 (A ] = 0 forbidden for K = 0)
and if the transition moment is perpendicular to the figure axis (| band)
AK = +1, AJ=0, +1

If the transition moment has a general direction with respect to the figure
axis, changes of the rotational quantum numbers allowed by either set of
selection rules may occur, i.e., the resulting band has both a || and a | com-
ponent (hybrid band). ,

Both || and | bands consist of a number of subbands corresponding to
the different values of K. Fach subband consists of a P, a Q and an R
branch corresponding to AJ= —1,0, and +1, respectively, similar to the
bands of linear molecules.

The zero lines of the subbands of a || band or of the || component of a
hybrid band are given by

v = vy + (A — 4py’") — By’ — By K2 (4)
those of a | band or of the | component of a hybrid band are given by
vpS0 = vo + (A — Bry") & 2(4y — By YK

5
+ (A" — Bry) — (Arg” — By )IK* )
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Here it is assumed that both states involved are nondegenerate or, if degene-
rate, of such a nature that the effect of Coriolis forces can be neglected. If
this is not the case the term —24, 2 (4 {4)K has to be added to the
energy formula, and the subband formulas are correspondingly changed.
For example, if the upper state is degenerate with [, 20, ;= 1, and the
lower state nondegenerate, the subbands of the resulting | band are given by

vef ™ = vo + Ay (1 — 28 — Bry T = 241’ (1 — L) — By 1K
+ (A" — Bryy') — (4,7 — B,/ )]K? 3

where the upper sign holds for AK = 41 and the lower for AK = —1.
Neglecting the dependence of 4 and B on the v,, the spacing of the subbands

is 2[A(1 — {;) — B] instead of 2(4 — B) for a nondegenerate upper state.
The intensities of the lines in absorption are given by the expression

I(J,K) = CAgggeFEDneleT ™

where the statistical weight factors gg; are the same as those given in §2.2¢
and the intensity factors Ag; are

(6)

AJ=+1: Ags= %

AJ=0: Ag= ﬁfl% K - 0) o
AJ=—1: Ag= %

Af=+1: A=Y +(2] Jtr f))((z]] J; .11):13 K)

AJ=0: Ags= Qt}](ijf%n K) K- 1) ©)
A=t =t 1]?;112(1])¥ =

Here K and ] refer to the rotational quantum numbers of the lower state.
For K = 0, AK = +1 the values given by the formulas have to be multiplied
by 2.

Raman effect. The vibrational selection rules are again the same as for
the pure vibration spectrum (§ 3.2d). In the most general case of an acci-
dental symmetric top with arbitrary orientation of the polarizability ellipsoid
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with respect to the momental ellipsoid the selection rules for the rotational
quantum numbers are

AK=0,+1,42; AJ=0,41,4+42 (J'+]' =2

If the molecule has symmetry and if therefore the figure axis coincides
with one of the symmetry axes, only certain components of the matrix ele-
ments of the polarizability « are different from zero and only certain of the
above transitions can occur.

For vibrational transitions for which only [«,,]" or [ay, + a,]"™ or
both are different from zero, only AK = 0 occurs. Here it is assumed that
the z axis is the figure axis ; [o,, ] stands for the integral [, b, *dt,
and similarly in other cases. For axial molecules AK = 0 applies to all
transitions for which i3, * is totally symmetric. For vibrational transitions
for which only [o, *™ or [o,]"™ or both are different from zero, only
AK = 41 applies, and for vibrational transitions for which only [a, — oy, [*™
or [og, "™ or both are different from zero, AK = 42 applies.

Inversion spectrum. The inversion doubling which occurs for all non-
planar molecules (§2.2d) is usually negligibly small. But for molecules
like NH, for which the two configurations obtained by inversion are separated
by only a comparatively small potential barrier, an appreciable doubling
arises. 'The rotational constants in the two component levels are slightly
different, that is, one has

F[W]s(]sK) - B[v]s](] + 1) + (A[q;]s — B[,,,]S)I<2 +

10
F[l’]a(]vK) = B[v]a](] + 1) + (A[q,]a — B[W]“)K2 -+ .. ( )

where the superscripts s and a refer to the levels whose vibrational eigen-
functions are symmetric and antisymmetric with respect to the inversion.
Transitions from one set of levels to the other occur in the microwave region,
the selection rules being

Aj=0, AK=0, K30
The resulting lines are therefore given by the formula

v=y+ (B['u]s - B['v]a)](] + 1)

11
+ [(Aro® — A1) — (Bro® — B )IK? +- ... (1)

where v, is the inversion splitting for zero rotation. Slight deviations of the
observed microwave spectra from this formula can be accounted for by
adding higher (quartic) terms to it.
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4.4. Spherical top molecules

a. Energy levels—The energy of a vibrating spherical top is the sum of
the vibrational energy G(vy, v, vy, ...) and the rotational energy

Fa(J)= B JU + 1) + ... (1)

/ di
where B[v]:Be—EaiB(vi+2_) +...

For a molecule that is a spherical top on account of its symmetry (e.g.,
CH,) doubly and triply degenerate vibrational levels occur. In the case of
k> latter (but not of the former) the Coriolis interaction produces a splitting
into three sets of levels given by

Fog™(J)= By J(J + 1) + 2B {J + 1) )
Fiy®(J) = By J(J + 1)
Fry=(J)= By J(J + 1) = 2By,

where {; is a constant giving the vibrational angular momentum in units

h27 (compare §4.3a).

2

b. Selection vules and spectrum. For the accidental spherical top the
selection rules for [ are the same as for the symmetric top, both in the infrared
and the Raman effect (§4.3b). For a molecule that is a spherical top on
account of its symmetry, additional rules apply.

In the infrared the most common vibrational transitions are F,— A4,.
Of the three components of the upper state the F'* levels combine with the
lower state only with AJ= —1, the F, levels only with AJ= 0 and the
F-levels only with AJ= +1. Therefore F, — 4, bands have only three
branches represented by the formulas

+ (B — By} J? ‘
O(J)=vo+ (Bryy" — Bry)")J + (Bryy’ — By J? }
P(])= vy — (B’ + By’ —2Bry'Ls)] + (B’ — Bray) J?

R(]) = Vy —|— 2B[v]l —_ 2B[’v]’Ci + (3B['u]’ _— B['u]” —_ 2B[v]lci)] i
\,
/

In the Raman effect, for A, — 4, vibrational transitions only AJ=0
occurs, that is, only a Q branch. Butin F, — A4, vibrational transitions all
five AJ values are possible for each of the three sublevels of the F, state ;
the resulting bands therefore consist of fifteen branches.
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4.5. Asymmetric top molecules

a. Energy levels. To a good approximation the rotational energy levels
of a vibrating asymmetric top molecule are obtained from those of the non-
vibrating asymmetric top molecule (§ 2.4b) by substituting effective values
of the various rotational constants corresponding to the vibrational level
considered, that is

F[”](]r) = %(B[vl + C[v])](] + 1) + [A[u] - %(B[v] 4 C[U])]Wr[v] (1)
where A[v] = Ae —X ai‘q(vi + %)
B[’U] = Be —Z (XiB('UZ' —-+— —%)
Cy=C,— X o %(v; + 3

and where the quantities W,[®! are given by equations similar to those in
(§ 2.4b), except that the constants 4, B, C are to be replaced by A, By,
and Gy

b.  Selection rules and spectrum. The selection rules for the rotation-
vibration spectra of asymmetric top molecules are the same as those for the
vibration and the rotation spectra separately, except that it is now the direction
of the change of dipole moment and change of polarizability that determines
the infrared and Raman transitions respectively. 'The fine structure of the
bands is always very complicated and cannot be represented by simple
formulas, except if the molecule approaches the limiting case of a symmetric
top (4 ~Bor C ~ B). For more details see Ref. 10.

4.6. Molecules with internal rotation

a. Energy levels

Free rotation. When one part of a symmetric top molecule can rotate
freely relative to the other about the figure axis, the follewing term has to be
added to the ordinary rotational energy F(J,K)

AA A \?
Pl = 2 (b~ k) (1)

Here A, and A, are the rotational constants corresponding to the partial
moments of inertia ;) and I,® ; k(= +K) is the quantum number of the
component of the total angular momentum J about the top axis; &, is the
quantum number of the angular momentum of part 1 [moment of inertia
1,9 of the molecule and assumes the values

kl = 0) ﬂ:ly :t2>
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For molecules with [, =14, or A =% the term F, simplifies to

4,
Fyky k) = AQ2ky — k) = A(ky — ky)* = AK? 2)
wheére K, = |k, —k,| is the quantum number of internal rotation.

Hindered rotation. The limiting case of hindered rotation is that of
torsional oscillation in a periodic potential field with n potential minima

' 2
Voo = V{x + %) )
If a cosine form is assumed for the hindering potential

V = V(1 — cos ny)

the energy levels in the neighborhood of the minima for large V are those of
a harmonic oscillator :

G(v,) = wy(v; + %) 4)

where the torsional frequency w, is given by

VoA 4
wt:n\/ oAl 2

or, for a molecule with two equal parts

w; = 2m\V/V A
For small values of 7, the vibrational motion of the molecule becomes a
hindered rotation. The energy levels corresponding to this intermediate
case can be found qualitatively by interpolation between those of the two
limiting cases, free rotation and torsional oscillation (Ref. 10). Quantitative
discussions of this intermediate case have been given in Refs. 4, 13, 16, and 17.

b. Infraved spectrum. Forsymmetrical molecules there is no pure rotation
spectrum corresponding to free rotation. For the vibration-rotation spec-
trum the selection rules for the quantum number K; of the internal rotation
are AK;=0 for AK=10 and AK,= +1 for AK= 1. As a con-
sequence the || bands of a symmetric top molecule are not affected by
the presence of internal rotation, while in the | bands each of the line-
like Q branches is split into a number of nearly equidistant ‘“ lines ”” of
spacing 2B.

In slightly asymmetric molecules the internal rotation is infrared active.
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For the pure internal rotation spectrum the selection rules are
AJ=0,4+1, AK= 41, AK,= +1, AK,=0

where K, = |k, |, and K,=|k,|. Therefore the Q “lines ” of the free
internal rotation spectrum form the double series

v=A, —BTF 2BK + 24,K, (5)

where the upper signs hold for positive AK and AKj, the lower signs for
negative AK and AK].

For the rotation-vibration spectrum we have in the case of || bands
(AK = 0) the selection rule

AK, =0, AK,=0
and in the case of | bands (AK = 1)
AK,= +1, AK,=0 or AK =0, AK,= +1

depending on whether the dipole moment of the vibrational transition is in
part 1 or part 2 of the molecule. The structure of the || bands is therefore
not affected by the presence of internal rotation, while in the | bands each
subband corresponding to a given K and AK is resolved into a number of
sub-subbands corresponding to the different K, values and AK;, = 41 or
to the different K, values and AK, = 41 depending on whether the
oscillating dipole moment is in part 1 or part 2. For AK; = 41 the spacing
of the sub-subbands is 24, for AK, = 41 it is 24,.

5. Electronic States and Electronic Transitions

5.1. Total energy and electronic energy. The energy of a molecule
may be written as the sum of electronic, vibrational, and rotational energy
{(Section 1) :

E—E, +E,+E,

or in wave number units (term values)
T=7T,+G+F

The total eigenfunction can be expressed as

‘/‘ - ‘l’e‘/‘fo‘l‘r (1)
where i, is the electronic eigenfunction, ¢, the vibrational eigenfunction,
and ¢, the rotational eigenfunction.
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The different electronic states of a molecule are characterized by certain
quantum numbers and symmetry properties of their eigenfunctions. For
diatomic and linear polyatomic molecules the orbital angular momentum A
about the internuclear axis is defined and has the magnitude AA/27r, where A
is the corresponding quantum number which can assume only integral
values. Depending on whether A =0, 1, 2, ..., we distinguish X, I1, A, ...
states. For nonlinear molecules different types (species) of electronic
states arise depending on the symmetry properties of the nuclear frame. For
example, for molecules with two mutually perpendicular planes of symmetry
there are four types of electronic states, 4;, A,, B;, and B, (see §3.2a).
These species are precisely the same as those of the vibrational levels (see
the tables in Ref. 10).

Each electronic state has a multiplicity (25 + 1) depending on the value
of the quantum number S of the resultant electron spin of the molecule.

No general formulas for the energies of the electronic states of a molecule
can be given except for those states in which one electron is excited to orbitals
of increasing principal quantum number #. In this case one has to a good
approximation

R
Te = A - m (2)
where A is the ionization potential, R the Rydberg constant, and a
the Rydberg correction.

5.2. Interaction of rotation and electronic motion in diatomic and
linear polyatomic molecules

a. Multiplet splitting. The total angular momentum J is the vector
sum of the angular momentum of the nuclear frame, the electronic orbital
angular momentum A, and the electron spin S. The total angular momen-
tum apart from spin is designated K.* For the corresponding quantum
numbers we have

J=K+S8, K+S—1, .., |[K—S

The interaction of rotation and electron spin (which increases with in-
creasing rotation) causes a variation of the multiplet splitting with K or J.

* In a recent report, the Joint Commission for Spectroscopy [J. Opt. Soc. Am., 43,
416 (1953)] recommends N in place of K as a designation of angular momentum apart
from spin and of the corresponding quantum number.
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The following formulas give the rotational term values for some important
cases referring to diatomic and linear polyatomic molecules :

Lstates(A=0,S= 3)
Fy(K) = BK(K + 1) + }yK } M
FyK)=B,K(K +1) — }y(K +1)

Here Fy(K) and Fy(K) refer to the levels with /=K 4 and J=K — 1§,
respectively, and ¢ is a small coupling constant (y < B,).

states(A=10,5=1) (Schlapp’s formula)
F(K)= B,K(K + 1) + (2K + 3) B, — A

— V(2K + 3B 2+ 2 — 2w, + ¢y (K + 1)
F{K)= B,K(K + 1) (2)

FyK)= B,K(K + 1) — (2K — 1)B, — A
+4v@K =1)B2 + X* —2AB, —yK

Here F\(K), Fy(K), Fy(K) refer to the levels with J=K + 1, J= K, and
J= K —1, respectively, and A and y are small coupling constants.

oI, 2A, ... states (A= 1,2,...,S=1) (Hill and Van Vleck’s formula)

Fy(])=Bf(J + ¥ —A* — WA + 3 + Y(Y —HA]—D,J*

FoJ) = B(J + 1 — A* + WA F 37 = F(¥ —4)A7 3
—Dv(] + 1)4

Here Y = A4/B,, where the coupling constant 4 is a measure of the strength
of the coupling between the spin § and the orbital angular momentum A ;
Fi(]) is the term series that forms for large rotation the levels with
J= K + 4, while F( ) forms for large rotation the levels with [ = K —£.

b. Lambda-type doubling. The II,.A, ... states of diatomic and linear
polyatomic molecules are doubly degenerate if the molecule is not rotating.
In the rotating molecule the interaction of rotation and electronic motion
causes a splitting of this degeneracy which in general increases with increasing
rotation (A-type doubling). The rotational levels of the two term series,
distinguished by superscripts ¢ and d, are in the case of a ]I state

F()=BsJJ+ 1)+ ... F{)=BJ(J+1)+ ..
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that is, the splitting is given by
Avpyg= (B, —B)J(J+1)=q¢J(J +1) 4)

where the splitting constant ¢ depends on the position of nearby % states.
For A states the splitting is usually negligibly small.

5.3. Selection rules and spectrum. A transition between the electronic
states 7 and k is allowed as dipole radiation if there is at least one component
of the dipole moment M, M, or M , which has the same symmetry properties
as the product of the electronic eigenfunctions #,46,%*. The electronic
selection rules therefore are of the same form as the vibrational selection
rules. The symmetry of the products #,45,%* can be determined from
tables given in Ref. 19 or in Ref. 10, though the latter were originally prepared
for vibrational transitions.

For diatomic and linear polyatomic molecules the selection rule

AA =0, +1
results from the above general rule.

a. Vibrational structure. 'The totality of vibrational transitions for a
given electronic transition is a band system. The wave numbers of the
bands of a band system are represented by the formula

v=v,+ G/, v),...)—G"(v,, v, ...) (1)
or in the case of diatomic molecules
v=v, + /(v +}) —o/x (0 4 5+

. ___[well(vll + %) ’—‘we//xe”('v” + %)2 _|__ “'] (2)

where v,= T,/ — T, is the origin of the band system.
Which vibrational transitions are possible and what intensities they have
is determined by the integral

Jo' b dr,

To a good approximation the relative intensities of the various vibrational
transitions are proportional to the square of this integral. Only those
vibrational transitions are possible for which the product ¢, is symmetric
with respect to all symmetry operations permitted by the symmetry of the
molecule.

b. Rotational structure. The rotational structure of the individual
vibrational transitions (bands) of an electronic transition is essentially the
same as that of rotation-vibration bands (Section 4) as long as there is no spin
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splitting. If spin splitting is present, additional selection rules apply;
for example, for diatomic and linear polyatomic molecules, if K the angular
momentum apart from spin is defined, one has

AK =0, 41

For X — X transitions AK = 0 does not occur. For details about the for-
mulas for the branches in such cases see Ref. 9.

c. Microwave spectra. Transitions between individual multiplet com-
ponents of a given electronic state can occur as magnetic dipole radiation.
They give rise to absorption lines (bands) in the microwave region. For
example, for a 3% state the wave numbers of the transitions between the
triplet components of a given K are

v=FK)—F(K) and v—FyK)—FyK) 3)

where the F,(K) are given in § 5.2a.

Transitions between the A doublet components of II, A, ... states are
possible as dipole radiation and are likely to be observed in the microwave
region. The formula for such lines would be

v=F{]) —F{)=qJJ+ 1) )
where ¢ is the A doubling constant (§ 5.2b).
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Chapter 21

QUANTUM MECHANICS

By L. I. ScHIFF

Professor of Physics
Stanford University

The collection of formulas given below has been assembled on the premise
that the reader already has some familiarity with the subject matter of
quanturn mechanics. The collection is intended to be complete, except that
selection rules are omitted here since they are included in Chapter 19. The
formalism of quantized field theory is so abstruse that no attempt was made
to condense it into formulas for this book.

1. Equations of Quantum Mechanics

1.1. Old quantum theory. 'The energy E, circular frequency v,
and angular frequency w of a light quantum are related by

E=hv=tw, #=nh2m (1)

where A is Planck’s constant. Since E = pc, where p is the momentum and ¢
the speed of light, we also have

p=hiA=rk (2)
where A is the wavelength and % = 2m/A is the wave number.
The Planck distribution formula for the electromagnetic energy density
per unit angular frequency range within a cavity at temperature T 1s
hw?
7TZC3(ehw/kT -1
where & 1s Boltzmann’s constant.

The Bohr-Wilson-Sommerfeld quantization rule for a cyclic variable ¢
and its canonical momentum p is

$pdg = nh (4)

where the integral is over one cycle and # is a positive integer, called the
quantum number.

3)

505
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If a quantum of wavelength A is scattered by an electron of mass m through
an angle 6, the wavelength A" after scattering is (Compton effect)

)\’:/\—i—zhc—(l—cosﬁ) (5)

1.2. Uncertainty principle. A coordinate ¢ and its canonically con-
jugate momentum p cannot both be measured precisely; the uncertainties
in their values are related by the Heisenberg uncertainty principle

Ag-Ap 2k (1)

The same relation holds between an angular coordinate ¢ and the component
of angular momentum ] perpendicular to the plane of ¢, and between the
time # of observation and the energy F of the system observed.

Ap-AJ=Hh, At-AEZh (2)
Expressed in terms of a space wave packet of wave number %, or a time
wave packet of angular frequency w
Ax- Ak =1, At-Aw 21 3)
For an electron, E = p%2m = fiw, the de Broglie relation is p = %k, and the
group velocity of the packet is
o, = Ge=L @)

1.3. Schrodinger wave equation. The classical relation that the total
energy E is the sum of the kinetic energy p%*2u and the potential energy
V(r,t) of a particle of mass p, can be transcribed into quantum mechanics
by substituting

E—»iha—at, p— —ikgrad

and operating on a wave function §i(r,¢) to yield the Schrédinger equation,

2
ih%: —f—ﬂvzl,bju ey (1)
More generally, .
ih 5‘5- — Hy (2)

where # is the Hamiltonian of the system with p replaced by —i#% grad. The

wave function is normalized if [Jipdr = [||2dr = 1, where the integral

is over all space (dr = dx dy dz), and ¢ is the complex conjugate of .
The probability density P and the probability current density § are

Prt)y= | (1) 5, S(rt) = {% (Fgrady—pgradd)  (3)
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and obey the continuity equation
P aivs—o @

If F is a function or an operator expressed in terms of r and ¢, its average
or expectation value for the state i is

F) = [P} dr ()
The uncertainty Ax can be defined as the root-mean-square deviation of x
from its expectation value,

(Ax)? = (v — (&) = (o) — (a)? (6)
in which case a typical uncertainty relation becomes
Ax - Ap, = Lh ™)

For the minimum value of uncertainty product, the wave packet ¢ has the
instantaneous x dependence

=) z'x<px>] ®

z/J(x) - [27T(Ax)2]—1l4 €xXp |: 4(Ax)2 + %

Ehrenfest’s theorem states that the expectation values computed for a wave
packet that satisfies the Schriédinger equation, obey the classical equations of
motion; for example,

d d
G =P G —grad V) ©)

The Fourier transform of §(r,t) can be used to specify the momentum
probability density, which is so defined that P(k,t) dk, dk, dk, is the prob-
ability that the momentum components lie between %k, and #(k, + dk,),
etc. Here (dr, = dk,dk,dkR)):

P(r,t) = (87%)1/2 Iqﬁ(k,t)eik"dfk
blk,2) = (87%)-112 [i(r,t)e*7dr (10)
Pk,ty = | d(k,t) |2

An operator £) has the eigenfunction #, corresponding to the eigenvalue
if

Wy

Qu,, = w,u, (11)

The numbers w,, are then the only possible results of precise measurement of
the dynamical variable represented by the operator ().
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Energy eigenfunctions exist if V' is independent of .
2
S(r,t) = u(p)e—Eih g— Veu -+ Vu = Eu {12)
L

Wherever 7 is finite (whether or not continuous), # and grad z must be
finite and continuous ; # must remain finite or vanishas 7 —w, If V —>w
as ¥ —w, well-behaved solutions exist only for discrete values of E. If
V-V, as r—> o, well-behaved solutions exist for all values of E greater
than V; if they exist for E < ¥V, itis only for discrete values of E. Energy
eigenfunctions that correspond to different energy eigenvalues are orthogonal.

[dg(rug(rydr =0, if E=E (13)

Whenever V(r) is unchanged by reflection of «x, v, 2 in the origin {so that
V(—r) = V(r)], linear combinations of the energy eigenfunctions can be
found that have a definite parity ; that is, either (—r) = u(r) (even parity),
or wu(—r)= —u(r) (odd parity). If an energy level is nondegenerate
(only one linearly independent eigenfunctio.:), then that function is either
even or odd.

Discrete energy eigenfunctions are normalized by setting | | ug(r) |2dr = 1,
since uy, falls off rapidly as 7 — =, and we have a localized or bound state.
Continuous energy eigenfunctions (£ > V) cannot be normalized in this
way since | uy | — constant as # —» and the integral is infinite. . We can
normalize in a large cubical box of volume L3 by imposing periodic boundary
conditions at the walls, in which case the continuous energy levels become
discrete with very close spacing. For example, the box-normalized mo-
mentum eigenfunctions are

uy(r) = L-%2 exp (ik * r), where k, = 2mn,/L, etc.
and n,, n,, n, are positive or negative integers or zero. Then

Iﬁk(r)u,(r)dT = Bkmlmskylyskzlz (14)

where 3,, =1 if n=m and zero otherwise (Kroneker § symbol.) Alter-
natively, we can normalize in an infinite region by using the Dirac & function,

defined by
S(x)=0 if x0, J"_"w S(a)dx = 1 (15)

or by
5(x) — 2% [ etvad (16)
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Then #,(r) = (8732 exp (ik * r), and
fﬁk(r)ul(r>d7 = S(km - lm)s(ky - ly)s(kz - lz) (17)
For: both normalizations, the momentum eigenfunctions have the closure
property
X, i(rn(r) = 8 — #)8(y —3)8(s — ) ; (18)
k

(box normalization)

J (P (r'ydr, = 8(x — 2")3(y — y')8(z — &)

(8 function normalization)

(19)

Complete sets of eigenfunctions of other operators have properties analogous
to the above properties of the momentum eigenfunctions.
The & function has the additional properties

8(x) = 3(—=x), d'(x)= —&(—x), x3(x)=0, x8'(x)= —3(x)
S(ax) = a5(x), (a>0)
S — ) — Q) Br—a) + dx+a), (@>0) \ (0)
| 8(a — x)8(x — d)dx = &(a — b)
f@)3(x —a) = fla)o(x — a)

In each case, a subsequent integration over the argument of the & functions
is implied ; a prime denotes differentiation with respect to the argument.

1.4. Special solutions of the Schrédinger equation for bound
states. The linear harmonic oscillator is described by the equation

K d%
~on dd + Ykx*u = Eu N

and has all discrete energy elgenvalues since V—>w as x— -4 ». The
energy levels are E,= (n + {fiw, where w = (kju)!/? is the angular
frequency of the correspondmg classical oscillator. The normalized wave
functions are

1/2 - / k 1/4
o) = (o) Holeme=ett, o= () @

H, is a Hermite polynomial (§ 12.1 of Chapter 1).
In three dimensions, the spherical coordinates of a point are related to the
rectangular coordinates of that point by x = 7 sin 8 cos¢, y =  sin 0 sin¢,
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z=r7rcos §. Whenever the potential energy V(r) is spherically symmetric,
the angular dependence of the wave function can be separated out.

P G _
—ZLVu—FV(r)u—Eu
u<7>9)¢) - Rl(T) Ylm(eyd))
1=0,1,2,..., m=—0L—1+1,...,1—1,1

2041 (I— Im[)‘ v |
— m img
Vit — | L G o o) 3)
P/m (cos §) is an associated Legendre function (§8.11 of Chapter 1).
Here Y,,(0,4) is a tesseral harmonic, and is the normalized angular momen-
tum eigenfunction.

The angular momentum operator is

M=r X p= —1ihr X grad

. 0 d
Mz:ypz_zpv:—lh(ya_z@)

sz(smz,’o 50 + cot@cosq/)aqs)

. 0 a
Mw_sz—xpz~*lh(za—xa)

“)
zh(— cosd) 56 -+ cot B sin¢ 45)
d 7
M,=xp, —yp,= zh(x@ ya) lh@T;S
M? = jwmz + My2 + Mz2
1 (. ,@ 1 ¢
—__p_- < - v
=" Lin R, (S‘“ 939) t e 3(}52]
The functions Y,,(0,¢$) satisfy the equations
MY 1,,(6,4) = B*U(I + 1)Y 10(6,9)
M.Y,(0,4) = hmY ,,(0,) (5)

[ [T i 0$) Yo mAB.$) 0 0.0 dp = 8,051,

so that they form an orthonormal (orthogonal and normalized) set of eigen-
functions of M?and M,. Here /1s the azimuthal or orbital angular momen-
tum quantum number, and m is the magnetic quantum number.
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The radial function satisfies the equation

21 d adR /2 |
—’ﬂ'ﬁ'z(yzd'rl) + [V(r)+ e J}Rz: ER,  (6)

and may have discrete negative energy eigenvalues that correspond to bound
states.
For V(r) in the form of a square well,

Vin=—"V,<0 forr <a, Viry=0 forr >a (7)

there is at least one bound state if Va® > #*%8u, and none otherwise.
The radial functions can be expressed in terms of Bessel functions of order

£ (4 3). (SeeSec. 9 of Chapter 1.) For r < q,
. h2a2 - k 1/2 .
R = i), = Vot B itp= (Z) R ®)
Forr > a and E <0,
) 2B ,
R{r)= BOGBn, 5 =—F l

B D(p) = jlp) + imlp),  B'P(p) = jip) —inilp) )

ni(p) = (—1>l+1(zlp)”21_z_1/2<p>

The constants 4 and B and the energy level E are determined by the require-
ments that R; and dR;/dr be continucus at r = a, and by the normalization
requirement

f © Rprtdy — 1
0

For an attractive Coulomb potential V(r) = — Ze?/r, the radial equation
has an infinite number of discrete energy eigenvalues.
_ et
E, S n=1,2,3,...) (10)

With Z = 1, this is the Bohr formula for the energy levels of the hydrogen
atom, obtained from the old quantum theory. For each value of the total
quantum number n there are linearly independent solutions with the same
energy for [ =0, 1, ..., n — 1; since for each value of / the magnetic quantum
number can lie between —/ and -+, there are altogether #? linearly inde-
pendent solutions with the same energy E,. The nth level is said to be
n®-fold degenerate. 'The normalized energy eigenfunctions are
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unlm(779)¢) = Rnlir) Ylm(9)¢)

| ! 11)
C(2Z\3 N (n—1—=1)1 P e } (
R = () e o e

7

where aq = #*/ue?, p = 2Zr[na,, and L is an associated Laguerre polynomial
(§ 11.5 of Chapter 1). The Coulomb wave functions can also be expressed
in terms of parabolic coordinates ¢ =#(l —cos @), 7 =7r(l + cos §),
¢ = ¢. The unnormalized energy eigenfunctions are

Upymgml Empp) = € XNV (EyImR L ()L ()™ (12)

o pZe?
Bn, +n,+ |m|+ 1)

(13)

where the L’s are again associated Laguerre polynomials and the total quan-
tum number (which determines the energy) is n=mn, +n, + |m| + L.

If the particle of mass u does not move in a stationary (infinitely massive)
force field, but in the field of another particle of finite mass M, we must
replace p by the reduced mass pM/(u-+ M) in all equations of this section
and the last.

1.5. Solutions of the Schriédinger equation for collision problems.
Let a group of » stationary particles of mass m, be bombarded with a parallel
flux of N particles of mass m, per unit area and time; then the number of
m, particles that are scattered per unit time into a small solid angle Aw,
about a direction that makes polar angles 8, ¢, with respect to the bombarding
direction is nNao(fyPo)Awy, Where oy(f,,¢,) is the differential scattering cross
section in the laboratory system. Its integral over all angles is the total cross
section o, in the laboratory system. In the center-of-mass coordinate
system, in which the center of mass of the colliding particles is at rest, the
differential and total cross sections are o(6,§) and o, respectively. The
relations between the two coordinate systems are

_ sinf - _m
tan 6, = '}/—{—TSG’ ¢ = ¢, 7*%
, 1 242 g)312 1
o) = (LT S I g @
0'0 =0

If y > 1, 0, cannot exceed that angle less than 90° whose sine is equal to 1/y.
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If the kinetic energy of particle m, in the laboratory system is E, = Jm,2?,
the energy associated with the relative motion in the center-of-mass system
is E = myEy/(m; -+ my), and the energy associated with the motion of the
center of mass is m,Ey/(m; -+ m,). Here v is the speed of m, in the laboratory
system, and is also the relative speed of m, with respect to m, in the center-
of-mass system. If the collision process is a reaction in which particles
of masses mg and m, emerge (m, + my, = my + m,), an energy O is released
(30 that the relative energy in the center-of-mass system after the reaction is
E + (), and the particle m, 1s observed, then the relations between laboratory
and center-of-mass coordinate systems are as given above except that now

y = + {(momyfmym, ) E(E + Q)] }>.

The differential cross section in the center-of-mass system can be expressed
in terms of phase shifts §, ~vhen the potential is spherically symmetric. The
reduced mass is p — mymy/(my 4+ my), and E—= Lluv? > 0; then for_r S0
large that V(r) can be neglected, the radial wave function can be written

) #i2k?
Rir) = Aifcos 3,jikr) —sin Binbr)), = E )

and asymptotically
Ry(r) —> (kr)~ 4, sin(kr — 3m 4 8) (3)

)

f(6)= k1 E (21 + 1)et®sin §,P(cos )
1=0

The complete wave function has the asymptotic form

ptkr
¥

u(r)ﬁ)j:A(eimcose + ()
(4)

and the differential and total cross sections are

o) = | f(O) |*= El—z— | i (21 + 1)e?%:sin §,P(cos ) |?
s

o= 1—’;2(21+ 1) sin §,
1=0

Because of the spherical symmetry of ¥, o{f) and the scattered amplitude f(6)
do not depend on ¢.
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For a perfectly rigid sphere of radius a [V(r)= 4 » for» < aq,
V(r) =0 for » > a], the scattering for very low energies (ka < 1) is spher-
ically symmetric with o= 4ma® For very high energies (ka > 1), half
of the scattering is spherically symmetric and the other half is concentrated
in a sharp forward maximum whose angular width is of order 1/ka radians
(diffraction peak); each contributes ma? to the total cross section, so that
o = 2mal.

In the collision of particles of charges ze and Ze, the interaction is the
Coulomb potential energy V(r) = 2Ze%r. The scattered amplitude and
differential cross section in the center-of-mass coordinate system are

n

f{6)= 2% cosec? Lfe—n 1n (s10%6/2) +in+2in,
(6)
. . 2Ze2\ 2 i1 et
o (0)=|f(0) 2= (2;w2) cosec? 10, n= -

where 7, = arg I'(1 4+ ) (see 13 of Chapter 1). Here o,(f) is just the
Rutherford formula derived from classical dynamics. The total cross
section is infinite. If V{r) deviates from the Coulomb form only for short
distances, the asymptotic form of the radial wave function can be written

Ry(r) —> (kr)~' 4, sin(kr — tm —nln2kr 4 m, + &) (7

where n;=arg ' 4+ 1 -+ n). The scattered amplitude is then

£8) = £(8) -+ B X, (21 + 1)eit®n+99 sin 3,P (cos 0) (8)
=0
and the differential cross section is o(f) = | f(8) |>. Here o is again infinite.

1.6, Perturbation methods. If the Hamiltonian H is independent
of the time, the Schrodinger wave equation #(0y/0t) = Hys has stationary
solutions ¢ = u exp (—iEtfh), where u is independent of time and satisfies
the equation Hu = Eu. Suppose that this equation cannot be solved, but
that the corresponding equation with H, can be solved, where H = H, -+ H':
Hp,=FEu, Then if H' is small compared with H,, an approximate
{perturbation) solution can be obtained that expresses u and E in terms of

thn mmvnnlinad ., L' AnA L1 Maofina tha mateiv alamant
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other states may be degenerate) the perturbed energy level and state lying
close to E,, and u,, are given, through terms of second order in H', by

E~E, +H’mm+E|H E

! Hlnmun ! IHI'nm !Zum
SRR DT N @

MR TR S B

The prime on the summation over # or k means that the term n = m or
k = m is to be omitted from the sum; if some of the states are continuously
distributed, the sums are to be replaced by integrals over those states. If
the unperturbed state m is degenerate, the calculation is more complicated,
and involves first finding linear combinations of the unperturbed degenerate
states that are approximate eigenfunctions of the complete Hamiltonian H
with unequal eigenvalues.

The Born approximation is an application of perturbation theory to a
collision problem, in which the unperturbed states are continuously distrib-
uted in energy and degenerate. Let H = — (A*2u)V? + V(r), where V
is not necessarily spherically symmetric, and regard ¥ as the perturbation.
Then an approximate expression for the scattered amplitude, valid to first
order in V, is

f6.h) =~ — 1 f V(r)eiK-rdy

K=ky—k

(3)

where kj is a vector along the bombarding direction, and k a vector along the
direction of observation, both of magnitude k= QuE/A2)'2; § and ¢ are
the polar angles of k with respect to k,. If V' is spherically symmetric,
f depends only on 6, and

f(6) = hzT'C »rsin KrV(r)dr, K= 2ksin } (4)

In both cases, the differential scattering cross section is | f|2. The phase
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A convenient criterion for the validity of the Born approximation is

ﬁ%iﬁ%ﬂmﬂmwww«<l (6)

If V is spherically symmetric, this validity criterion becomes
h ‘ fo (2% — 1)V(r)dr | <1 %)
Perturbation theory may also be used to calculate the probability for a
transition between stationary states u#, of an unperturbed Hamiltonian
H,(Hgu, = Eu,), that are caused by a time-dependent perturbation H'.
If H' is a transient disturbance, the first-order probability that the system
has made a transition from any state m to any state » after a long time is

10t 2w moume P
75 | [ H e P By (®)

If H' is independent of time except for being turned on at some instant, the
first-order probability per unit time that the system will make a transition
from any state m to a state n that has the same energy is

w= 2 o) | Hpp [ ©)

where p(n)dE, is the number of final states with energies between E, and
E, + dE,. Inthislatter case,if H’,,, = 0, it may be replaced in the formula

by the second-order matrix element
H’ LH ,km
e Km 10)
% Em - Elc (
If any of the states & are continuously distributed, the sum is to be replaced
by an integral over those states.

1.7. Other approximation methods. Let E; be the smallest energy
eigenvalue of a Hamiltonian H (Hu, = Eg,). Then
[ @Hudr
Jlultdr
for any function #. 'The equal sign holds if and only if # = u,. This is the
variation method, and u is the trial function, which usually contains para-
meters that can be varied to minimize the variational energy E. If u differs
from u, by a first-order infinitesimal, then E exceeds E, only by a second-
order infinitesimal. If the trial function is chosen in the form

E,<E= (1)

u, [ aqudr

‘T ,” uy [*dr @
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the variational energy will provide an upper limit on the next to the smallest
energy eigenvalue.

The WKB (Wentzel-Kramers-Brillouin) approximation can be used to
obtain approximate solutions of the one-dimensional time-independent wave
equation

d*u

O R — 0, K= L [E ()] 3)

when the potential changes slowly enough so that dk/dx < k2. If k is real
(V < E), the two linearly independent solutions are

Ak exp [i fx k(x)dx |, Ak Y2exp|-—1i fx k(x)dx] 4
ay | a,

If « ==tk isreal (VV > E), the solutions are

B,ic1i2 exp[f: w(x)dx |, Byx12exp —f: K(x)dx] (5)
RaRe} ) | 2

Near the turning points of the corresponding classical motion (where V' = E),
dkldx > k2, and the above approximate solutions are not valid. They can be
connected to each other across a turning point (taken to be at x = 0 with
V> E for x <0 and V < E for & > 0) by means of the following for-
mulas.

%K“l/z exp(— f: de) — kL2 cos(fz kdx — i—w)
, (6)
sin pi-1/2 ® dx | < k12 * hdx — L
nK exp| | wadx | < cos| | rax L7+ 7

where 7 is appreciably different from zero or an integer multiple of .
Without more careful consideration, the connections can be made only in the
directions indicated by the arrows; for example, in the first formula, the
expression on the left goes into that on the right, but the reverse is not
necessarily true.

If », and x, are two turning points of a potential well, so that IV < E for
%, < x <x,, the WKB approximation states that the energy levels are
given by the formula

f’““ Kxds = (n+ Lm, (n=0,1,2,...) 0)
X1

This is the same as the Bohr-Wilson-Sommerfeld quantization rule (see § 1.1)
except than 7 is now replaced by n + 1.
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The time-dependent Schrédinger wave equation
i aa—i’ — H(t) 8)

can be solved approximately if H depends on ¢, provided it has a simple enough
form and changes slowly enough with time. The adiabatic approximation
shows that the system stays in a particular state #,,(f) for a long time, where

H(t)um(t) = Em(t)um(t) (9)
provided that
, 0H

for all other states 7.

On the other hand, if H(#) changes very rapidly from one constant form
to another, the wave function # is approximately the same just before and
just after the change in H. The sudden approximation shows that if the
change in H takes place in a short time 7, the wave function is unchanged
if %7 is large in comparison with the energy differences between the initial
state of the original Hamiltonian and those final states of the altered Hamil-
tonian that are most prominent in the expansion of .

1.8. Matrices in quantum mechanics. Hermitian and unitary
matrices (see § 7.11 of Chapter 1), often with infinite numbers of rows and
columns, play an important role in quantum mechanics. Every dynamical
variable can be represented by an operator, or by an infinite number of
Hermitian matrices, one for every complete orthonormal set of eigenfunctions
of that or any other operator. For example, suppose that we have two
dynamical variables represented by operators Q and ', with orthonormal
eigenfunction sets u, and v,.

Qu, = wu,, Qov,=ow g,
Then four matrices that have the following elements can be calculated.
[#,Qudr = 0,8, [&,Qudr=CQ",,

1
[ 2. Qudr = Q. [5,Qvdr = ', 3, M

The first and third of these are different representations of (2, and the second
and fourth are different representations of Q'. The first and fourth are
diagonal matrix representations, in which case the diagonal elements are
the eigenvalues of the operators. If these eigenvalues are real, as they are
for physically meaningful variables, the operators and matrices (whether or
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not diagonal) are Hermitian. A matrix element ), is sometimes written
(r|Q]s).

A transformation from the nondiagonal to the diagonal representation
of Q can be effected by means of the unitary matrix U, = [#,v,dr.

2 2 Ul U™ = 0O 2

The unitary property of U means that
(Uﬁl)sn = (U)sn - Uns (3)

where U-! is the reciprocal of U, U is the Hermitian conjugate of U, U,
is the complex conjugate of the matrix element U .

Heisenberg’s form of the equations of motion of quantum mechanics
expresses the change in dynamical varjables with time without explicit use
of wave functions, and hence are valid in any matrix representation. If H
is the Hamiltonian, the equation of motion for any dynamical variable Q is

dQ 8(2
O By L (QH — HQ) (4)

Here the term dQ)/ds indicates the time derivative of a typical matrix element
of Q, the term ¢()/0t indicates the corresponding matrix element of the par-
tial derivative of € with respect to ¢ (which is zero if Q does not depend
explicitly on the time), and the parenthesis is calculated according to the
rules for matrix multiplication. If Q does not depend explicitly on the
time, and if it commutes with the Hamiltonian (QH = HQ), then dQ/dt = 0
and Q 1s a constant of the motion.

In general, to quantize a classical system replace Poisson brackets (see
§ 1.6 of Chapter 2) by commutator brackets in the following way,

24 @B 8B 04 1 1
{4,B) = 2(8(] o, " 7a api)#»—iﬁ[A,B];l.—h(AB—BA)

Thus for canonical coordinates and momenta ¢;, p;, we get the quantum
conditions

(9505 = thSy,  [919:] = 0, [pup,] =0 (5)

A particular representation for these quantum conditions is that used in (1.3)
to write down the Schrédinger wave equation

,

§=q pi=—1h {(6)

0g;
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1.9. Many-particle systems. The Schrédinger wave function for
many particles depends on the coordinates of all the particles, and the Hamil-
tonian is the sum of their kinetic, potential, and interaction energies. If the
particles are identical, the wave function must be either symmetrical or
antisymmetrical with respect to an interchange of all the coordinates of any
two particles (including in the interchange both space and spin coordinates)
Particles that obey Einstein-Bose statistics are described by symmetrical
wave functions, and particles that obey Fermi-Dirac statistics, or (equiva-
lently) the Pauli exclusion principle, are described by antisymmetrical wave
functions.

In the special case in which the particle interaction energies can be
neglected, the wave function can be written as a sum of products of one-
particle wave functions like

V(1)vg(2) .- v,(n) 1)

where v,(1) denotes that particle 1 is in the state o with energy E,. The
total energy is then E, + E; + ...+ E,. A symmetrical wave function is
the sum of all distinct terms that arise from permuting the numbers 1, ..., n
among the functions. An antisymmetrical wave function can be written as
a determinant

‘va(l) v,(2) ... va(n)‘

ve(1) v4(2) ... wg(m) @)
ol) 22) . o)
and vanishes if any two of the states «, B, ... v are the same.

1.10. Spin angular momentum. A particle, like an electron, proton,
or neutron, that has spin angular momentum %%, can be described non-
relativistically by a two-component wave function. The spin angular
momentum operator §' = /e operates on these two-component functions,
and can be expressed in terms of the two-row, two-column Pauli spin matri-

cEs. .
(01 _ (0 —i) (1 0
0‘1“(1 O)) O'y_(z- 0 » 024(0 71) (1)

/

The two spin states may be chosen to be eigenfunctions of S, as well as of
§2, in which case they may be written

i) = ()t woatn) = (ot @
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It then follows that

Szu1/2 = %hul/z: Szuﬂ/z = — %ﬁu—l/z \l

(3)
|

3 3
Sz“1/2 = thuuz, Sy = Zh2u—1/2

For a particle of spin s, which can be one of the numbers 0, %, 1, %, ..., the
spin matrix has 2s 4+ 1 rows and columns, and the wave functions have
2s + 1 components. These wave functions may be chosen to be eigen-
functions of S, with eigenvalues s, (s — 1)k, ... — sk, and all are eigen-
functions of S? with eigenvalue s(s + 1)A2

If s=0,1,2,..., the particles obey Einstein-Bose statistics; if s= 1, 3,
2, ..., they obey Fermi-Dirac statistics. In both cases the differential scatter-
ing cross section for a collision of two identical particles in the center-of-mass
coordinate system may be written in terms of the scattered amplitude f(8) as

o6) = | 110) P+ | fir —6) [+ ST 2RI A0 — @

where Re denotes the real part of what follows.

1.11. Some radiation formulas. Interaction of a particle of charge e
with radiation may be taken into account by replacing p or —ifi grad with
p —(¢/c)A or —ih grad — (¢/c) A in the Schrédinger equation, where A is the
radiation vector potential (see § 3.3 of Chapter 10).

When a one-clectron atom in state n is irradiated by electromagnetic
waves that are continuously distributed in frequency (with random phases)
in the neighborhood of the angular frequency | E, — E, |/A = w, transitions
will be induced from the state # to the state k (corresponding to either absorp-
tion or emission of energy) at the rate

4r2e?
m2cew?

I(w) | [ a,et* grad,,; u,dr |? (1)

per unit time. Here e and m are the charge and mass of the electron, I{w)

is the intensity of the incident radiation per unit angular frequency range,

k is the propagation vector of the incident radiation, and the component of

the gradient along the polarization vector of the incident radiation is taken.
For allowed or electric-dipole transitions, this formula becomes

7z L@) [ (P 2 2)

47re

where the last factor is equal to the sum of the squares of the magnitudes
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of the matrix elements of x, ¥, and 2. The rate of spontaneous radiative
electric-dipole transitions per unit time is

2,,8
e (P ? G)
Forbidden transitions (electric quadrupole, magnetic dipole, etc.) generally
have a rate smaller than allowed transitions by a factor of order (ka)? or
less, where a is a typical linear dimension of the atomic system.
In simple cases, the intensity radiated per unit frequency range is
proportional to

[l —con)? + ] )

where w, is the center of the emitted line and the line breadth is proportional
to w, the spontaneous transition probability per unit time.

1.12. Relativistic wave equations. A scalar particle (spin 0) of mass m
is described relativistically by the Schrédinger relativistic wave equation

E% = 2phfi + m2cys 1)
or e N T @)

If the particle has charge e, the electric charge and current densities are

Pl P %)

3)
eh - -
S— o (F grad  — grad )
and satisfy the conservation law
opP .

When electromagnetic fields described by the potentials 4, ¢ (see § 3.3 of
Chapter 10) are present, the substitutions E-—>E —ed and p—p —(¢fc)4
can be made in the wave equation above. The energy levels in a Coulomb
field (4 =0, ed = — Ze¥r), including the rest energy mc? are given by

E 2|:1_+_ ]_1/2 Ze?
= mc — , = —
{n—l—%+[(l+%)2—a2]l/2}2 62 e 5)
(i=0,1,..,m—1; n=1,2,3,...)

This formula disagrees with the Sommerfeld fine-structure formula, derived
on the basis of the old quantum theory, and also disagrees with experiment.

ol
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An electron (spin 37) is described relativistically by Dirac’s relativistic
wave equation

B+ c(a- pip + mc®Bih =0 (6)
or th %‘il;— —thea - grad  + mc2Bf =0 (7)

where

al=a? —at— pfi=1
gty + 00y == 0, + 0,0 = a0l + o, = 0 (8)

O‘wﬁ + Bo‘m - O"ylg + de = O‘zB +:30‘z =0

Here B and o can be expressed as four-row, four-column matrices

10 0 0] 0 0 0 1 )
P 0 1 0 oo 1o
“loo —1 O “~lo 100
00 —1] Ll 000
%)
0 0 0 —7] 0 01 0
o 0 i o 1o 00 —1
=10 —i0 0 =11 00 0
i 00 O] 0 —1 0 0
The wave function has four components.
l/l,(}‘,l)
drty = | 4208 (10)

l,ll3(l",i)
l/l4(l‘,t)

The electric charge and current densities are

P=eafh, 8= —cefup (11)
where i is the Hermitian conjugate matrix to ; P and S satisfy the usual
conservation law.

Electromagnetic fields can be included by making the substitutions
E—FE—ep and p—>p—(eJc)A. In the nonrelativistic limit with¢ =0
and A4 constant in time, the Schrodinger wave equation is obtained with an
extra term in the Hamiltonian — (e#i/2mc)o + H; this is the energy of the
electron’s magnetic moment of magnitude ef/2mc in a magnetic field H.
In this limit, the o’s are the Pauli spin matrices, and the wave function has
two components.
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In a central field [4 = 0, e¢ = V(r)], the nonrelativistic limit gives the
Schrédinger wave equation with an extra term that is the spin-orbit energy

1 dv
e i SM (12)
added to the Hamiltonian. Here the wave function has two components,
S = 1lho is the spin angular momentum, and M = r X p is the orbital

angular momentum.

The relativistic energy levels in a Coulomb field (4 = 0, e = — Ze?fr),
including the rest energy mc2, are given by
2 j-1)2 — 1.9
o a (k=1,2,...,n)
E=m I YT = 2 | (n=1.2,..) (13)

where o = Ze?/hc. This formula is the same as the Sommerfeld fine-
structure formula, and is in good agreement with experiment.
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Chapter 22

NUCLEAR THEORY

By M. E. RosEk
Oak Ridge National Laboratory

Nuclear physics is still in a state of rapid change, and with the passage of
time new developments and shifts of emphasis are inevitable. The material
selected for presentation in this chapter was chosen so as to provide a com-
prehensive survey of the field. However, the choice of material is also
conditioned by the criteria that the formal aspect of the topics treated be
fairly well-developed and of reasonable expectation value of relative per-
manence at the time of writing. The omission of some subject matter in the
field of nuclear physics may be understood in this light.

1. Table of Symbols
The numbers in boldface in parentheses preceding the various groups

of symbols that follow indicate the section where particular symbols are
introduced. (Bold-face italic type is used for vectors and vector operators.)

(2.1
N = number of neutrons in nucleus.
Z = number of protons in nucleus.
A = N 4+ Z, mass number.
M#% = mass of neutral atom.
2M# = mass of nucleus ; ,M* = M, ;M* = M, proton and neutron masses,
respectively.
m = (rest) mass of electron.
A = M4 — A, mass excess.
P4 = (M% — A)/A, packing-fraction.
¢4 = binding energy.
e = proton charge (in esu).
R = nuclear radius.
B., (B-) refers to positive (negative) electrons emitted by nucleus.

525
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€, = binding energy of orbital electron.
¢ = vacuum velocity of light.

(2.2)

o = kth component of the Pauli spin vector for the jth nucleon.
st = 1o, fis is the spin operator for the jth nucleon.
A = Dirac action constant.

§= 2 §7; eigenvalue of §% = S(S + 1).
i

L = orbital angular momentum operator divided by % [Eq. (2.3)]; eigen-
values of L2=L(L + 1), L=0,1,2, ...

V; = gradient operator in configuration space of jth nucleon.

J = total angular momentum operator divided by % [Eq. (2.4)]; eigenvalues
of J2= J(J 4+ 1).

m; = eigenvalue of [

Y = nuclear wave function (sometimes written with appropriate quantum
numbers as index).

H = nuclear Hamiltonian, eigenvalue E= — €%, (£ =0 for nucleons at
rest and at infinite separation).

V2 = Laplacian operator in space of jth nucleon.

U = nuclear interaction operator.

0> = (¥,0%), expectation value of the operator O where the inner product
is taken in configuration and spin space of all the nucleons and
) =1.

e = €h[2M ¢, nuclear magneton,

fn = neutron magnetic moment in units pg, p, = — 1.9135.

[p = proton magnetic moment in units pg, p, = 2.7926.

(2.3)

Py = exchange operator in two-nucleon interactions, K = M, H, B.

m® = eigenvalue of s{?.

7/ = isotopic spin (matrix) vector for jth nucleon.

m) = eigenvalue of +{.

r = distance between two nucleons.

V® = scale parameter in two nucleon interactions determining strength of
interaction,

b = range parameter in two-nucleon interaction.
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(2.4)

n — V' Mefh.

Ys=23S, part of deuteron wave function, S?W'g¢= 2%, LV =0,
I = 2%

W', = 3D, part of deuteron wave function, S*, = 2%, L*¥,= 6%,
2V, =29,

Ay = energy of electromagnetic radiation.

o,, 0, = total cross sections for photoelectric and photomagnetic disintegra-
tion of deuteron, respectively.

o,(#), 6,(3) = cross sections per unit solid angle for disintegration with
angle $ between photon and relative direction of motion of nucleons.

€’ = negative binding energy of LS state of deuteron, €' ~ 75 kev.

(2.5)

A particle of mass M, is scattered by a target nucleus of mass M,,.
Laboratory (L) system :

E—'n, E; kinetic energy of M, before and after scattering.

0, scattering angle of M, azimuth ¢.

dQg = sin O dO dé.

a4(®) = scattering cross section per unit solid angle.

Center of mass (C) system :
E = sum of kinetic energies of both particles.
6 = scattering angle of M, azimuth ¢.
dS) = sin 0 df dep.
M, = M M,/(M; + M,), reduced mass.
k= V2M_E/#* wave number at r = =,
v = relative velocity at » = «,
8; = nuclear phase shift of partial wave with orbital angulaf momentura 7.
P, = Legendre polynomial (argument cos 6).
3, = real part of s-phase shift (I = 0).
+A = imaginary part of s-phase shift.
Z,, Z, = atomic numbers for scattered and target nuclei.
o = e?hv.

(2.6)
E,, E, = energy of particle of mass M, in L, C systems, respectively.
Q= (M; + M, — M, — M,yc? is energy release in transmutation, (Q-value).
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®,, 6, angle between outgoing direction of M, and incident beam, in (L),
(C) systems, respectively.

H,(Jlrf)(x) = Hankel functions of first, second kind and order / + 1.

k= ZpZ g or ZgZg; Zp or Zy = 0 for neutrons and photons.

Lr) = kr — 3m — x In by + arg [(1 + ix) 1]

Jru2(x) = Bessel function of order + (I + 3).

(2.7)
W = electron (or positron) energy (including rest energy) in units mc>.
p = VW?—1, B-particle momentum in units mc.
W, = (AM), /m, maximum W.
Gp = Fermi coupling constant for §-decay, G2 ~ 102 sec™.
dQ, = differential solid angle for neutrino.
¥, = wave function of f_-particle.
W, = wave function of neutrino.
¥, W, = nuclear wave functions for final and initial states, respectively.
y = e2ZWihep.
y = (1 — AZR22) 2,

2. Nuclear Theory

2.1. Nuclear masses and stability. a. Energy relations. Neglecting
the binding of the orbital electrons

JME= My —Zm (1)

Numerical values are defined by M1® = 16.0 and 1 mass unit = 931 Mev =
102 mmu. The binding energy of the nucleus is

€5 = ZM!+ NM}—M$ = ZAl + NA} — A%

)
~ AP} + Py) — P7]
Semi-empirical formula for binding energy (incompressible nucleus) *
_ 7 _
N R O

* Weizsacker, C. V., Z. Physik, 96, 431 (1935); Berug, H. A. and Bacher, R.,
Revs. Modern Phys., 8, 82 (1936). FEENBERG, E., Revs. Modern Phys., 19, 239 (1947)
gives the small correction arising from nuclear compressibility.
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where
u, = 15.1 mmu = 14.1 Mev, u,= 14.1 mmu = 13.1 Mev,
u, = 19.4 mmu = 18.1 Mev, #,= e*/r, = 0.157 mmu = 0.146 Mev.
The result [Eq. (3)] corresponds to a nuclear radius R given (in cm) by
R =7 A3 = 147 x 10-1341/3 4)

b. Stability conditions. A npecessary and sufficient condition for sta-
bility against nuclear particle emission is

M4 < Z M7, (5)
where the sum is taken over all possible combinations for which
XA =4, ‘22 =12 (6)
Therefore Eq. (5) includes the condition % > 0.

For B, decay and capture of orbital electrons the stability conditions are
(assuming zero neutrino rest mass)

(AM) = My — Mj; <0, (for B_ decay) 7
(AM), = My — M4 | —2m <0, (for B, decay) (8)

(AM), = M} — Mf | —e,ic® <0, (for orbital electron capture) 9)

Only the very small difference of electronic binding energies of the parent
and daughter nuclei is neglected. When these conditions are not fulfilled
(AM), % is the total energy (including rest energy of the 8, particle) liberated -
in the decay process and (AM),c? is the neutrino energy.

The decay constant A for a disintegration process is defined by

A= —dln Ndt (10)

where NN is the number of decaying nuelei at time 2. The mean life and half-
life are, respectively,
T=1/A, Ty,= (In2)/A (11)

2.2. Stationary state properties. The spin properties of particles
with spin 1% (nucleons) are described in terms of the Pauli spin matrices.
In the spin space of each nucleon the matrix-vector o has components

o I I BT
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The spin operator fis = 1he. For a complex nucleus s is replaced by

S = %2 o) @)

where o/ refers to the jth nucleon and a direct product with unit matrices
in the space of the other nucleons is implied in each term of Eq. (2). The
spin quantum number S = n/2, n << A and 7 even (odd) for 4 even (odd).
For a single nucleon S = s = .

The orbital angular momentum operator is L

A
L=—i2(rj><vj) 3)

where the summand is a direct product of 4 unit matrices.
The total angular momentum operator is AJ

J=S+L 4)
For any nuclear state J?is diagonal, with eigenvalues J(J + 1), and ] = #/2,

(=)= ()% Along the quantization axis the component of total angular
momentum is %

my=—7], —J+1, .., J—1, ] &)

A nuclear wave function ¥’ J)mJ(rl’ ¥y, ..., ¥4) Is a simultaneous eigenfunction
of J?, J; with the eigenvalues J(J 4+ 1) and m,, and of a Hamiltonian oper-
ator with eigenvalue E.

H‘I’:(—j}}zMjV§+@)‘If=E‘I” (6)

where ‘U is the total interaction operator (§2.3); ¥ is also an eigenfunction
of the parity operator (inversion through the origin, center of mass)

W (—ry,—ryy...o—r4) = £ V(1 1y, 1 4) ¢

the -+ and — sign belonging to states of even and odd parity, respectively.
For interacting nucleons H, J?, J;, and parity are conserved (diagonal) but
in general S% and L2 are not. In special case where the latter are conserved
the quantum numbers .S and L are introduced.

The magnetic dipole moment (neglecting small contributions from ex-
change currents) is

A .
H ==ty <2 [V“p :;“ 2 ( % @i 7 aix,)] +#n 2 0§)>m;=.} (8)

J=Z+1
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The electric quadrupole moment is

—(Zes-0) ©)

where the sum is over protons only. For J <1, ¢=0.

2.3. Nuclear interactions.* Restriction: only velocity-independent
interactions are considered; interactions are in the two-particle system
(neglect difference in mass of neutron and proton).

a. Central interactions. Aside from the Coulomb interaction between
protons ‘U(r) is, in general, a linear combination of the following four
fundamental interactions: (1) Vy(r) ordinary (or Wigner) interaction,
(2) Va(r)Pys space exchange (or Majorana) interaction, (3) Vg(r)Py space-
spin exchange (or Heisenberg) interaction, (4) ¥V pg(#)Pp spin exchange (or
Bartlett) interaction. If W(ry, m®; rym®) is the two-nucleon wave func-
tion, the exchange operators are deﬁned by

P ¥[r, mP; r, m2] —Wr, m; r, m?]
PH\IJ'[,,P m:‘l) : rz’ (2)] Z\F[l‘z, (2) i‘ m(l)] (l)
P II,I‘[ 1y m(Z)] _ [’1’ m;Z); rz’ (1)]

The P-operators commute, and any one is the product of the other pair.
For these interactions L2 and §2 are conserved. Then S=0, 1,

P = (), P¥ = (H)SY (2)
and for identical particles S 4 L is an even integer.

Isotopic spin formalism. All nucleons are treated as {charge) substates
of a single particle (Fermion). The isotopic spin matrices 7{?, 7{?, 7(?
are introduced (one matrix vector for each nucleon) just as in Eq. (1) of §2.2
except that 7!/ operates on the isotopic spin coordinate m{?(= + 1) which
is adjoined to P9 and m!? as arguments in V'; m, = 1 (neutron), m, = — 1
(proton). (Exclusion principle for two particles.)

W(r, m, mV; p, m® m®) = (e, m m®; r, m®, m?) 3)

T 2> s

* RoseENFELD, L., Nuclear Forces, 2 vols., Interscience Publishers, Inc., New York,
1948.
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Requirement of invariance under the rotation-reflection group in spin,
isotopic-spin and configurational space admits the following central oper-
ators : 1, 7 - 70 g . 62 7). 721} . 62 which are related to the fore-
going operators by

31+ M- o) = Py @
%(1 + . ,.(2)) =Py
b. Noncentral interaction. Invariance requirements admit the additional

(tensor) operator
. @ .
S, = &#)_ o) - g2 (5)

and the product 70 - 788,,. The following interaction models have been

used *:
L U=10-7@[V(r) + V(7)o - 6@ 4 Vy(r)Sy] (6)
L U= 1 4 70 7®) [Vi(r) -+ V(7)o - 6P + V(r)S,,] (7
L. U= V@) + Vi) - e? L V/(r)S, (8)

which are sometimes referred to as ‘‘ symmetrical,” *‘ charged,” and ‘ neu-
tral ” (meson field theories) interactions, respectively. If U, and U, refer
to the (neutron-proton) interactions in the states of odd and even L,

respectively,
Vo= — 317250, (for]) 9
Uy=—7, (for IT) (10)
Uy="7, (for ITI) (11)

with S =10,1:[¢¥ 6@ =255 + 1) —3].
For interactions in nuclei with more than two constituents the restriction
to two-body interactions is customarily made so that

V=3 [Var gt a—a—]

%)

where ‘Uy; is the specific nuclear interaction between nucleons 7 and j de-
scribed above.

* RARITA, W. and SCHWINGER, J., Phys. Rev., 59, 436, 556 (1941).
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In all cases the functions V,,, V,, etc. are defined in terms of two para-
meters : a depth parameter V° which fixes the scale of the interaction, and a
range b such that forr > b, V<< V°. For example,

V=—"V%@rby; V>0 (13)

Square well, gg(x)=1 for x <<1, g=0 for x >1; Yukawa well,
gy(x) = e~%[x; exponential well, gr(x) = e~%; Gaussian well, gg(x) = =",

2.4. Properties of the deuteron. a. Ground state properties. Funda-
mental data are: J=1, pufu,=0.85761, ¢=2.766 X 10-¥ cm? and
€2 = ¢ = 2.228 Mev, parity even. (For central interactions L =10, S=1.)

Take M, = M, = M. For each well shape the assigned value of € fixes a
relation between V¢ and 5. For a square well [U = — Vg (v/6)],

\/hz(V e)cotb\/ (VO —e)=—n=— % (1)

With tensor forces, L? is not conserved but S2is. For the ground state
S=1,
Y=%s+¥p (2)

b. Interaction with electromagnetic radiation (No tensor forces considered).
For photon wavelengths > & the total cross section for photoelectric disinte-
gration of the deuteron is [with neglect of nuclear force in the final (3P)

state]
8r eh € P(fiw — €)3/?

TS M (T p) () ®
and p is an effective range,
p=2 fj [e=21" — w?(v)]dr 4)
u = ¥ normalized to e7" at » = ». 'The angular distribution is given by
3 in2
Ue(ﬁ')J Eoe sin2 & (5)

The photomagnetic disintegration cross section is

2 (:U‘p /'Ln) eh LY | € |(7w — E) (\/—E_ t}/F'T)Z

ImT T p MRS heolhw — e+ | € ])

(6)

The angular distribution is isotropic

(D) = o4 )
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The total photodisintegrations cross section is then
¢ =0y +o, (8)
and for the angular distribution
3

o(®) = %T—(%f"— +5 sinzzﬁ\) 9)

The cross section for capture of neutrons of energy E, by protons
(LS — 3§ transition) is
(il [ (Wet VI e + 3y

o, =m T— "M3c5 E ]e'[—}—%El (10)

2.5, Potential scattering. a. Transformation between laboratory (L)
and center of mass (C) refervence systems

M,

E=gr ™ M
M, sin 8
tantM + M, cos & $=9 2)
For M, > M,, ® <arcsin My/M; <m/2. (See also §2.6a.)
2 M, + M, cos 8
Qg = dOM, (M2 + M2+ 2M, M, cos §)312 @
E—- Ey (M3 + M2+ 2M M, cos ) 4)
1 (M, + M,)?

. 2EMM,

EZ m (1 Cos 0) (5)

b. Method of phase shifts. In the following only central interactions
will be considered. 'Therefore L? and 8% are conserved. In the C system,
the scattering cross section per unit solid angle (for target and scattered nuclei
not identical) is

o(0,p) = | f(0,9) [* = 0y(©,$)de/dC2 (6)
where the scattering amplitude f(f,p) is defined by the asymptotic (¥ — =)
form of the solution of the wave equation

[V2+2§f (E— ‘U)}If 0 7

which is

ikr
Wy = e - f(0,p) - (8)
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Here the 2 axis has been taken along the direction of the incident beam, and
the scattered particle is observed without regard to its spin state. When
there is no preferred direction in the plane normal to the incident beam
(scattering of unpolarized particles) @ | f|/ép = 0.

The solution of Eq. (7) which has the required asymptotic form is a sum
of partial waves each one of which is an eigenfunction of L? with eigenvalue

I+ 1).

¥ = 3 corinmi 4 1) FE) b (cos) 9)
=0
where F| is the solution of
SF, | ( 2M,o, K+ 1)\,
7 +(k e v - F=0 (10)
normalized to
Fy(o) = sin(kv—l—;r—+81) (11)
Then ’
1 S 210
10) = 5% D, (21 + 1) (e2% — 1)P; (cos 0) (12)
=0

The total cross section (in either reference frame) is

47 .
o—=a,— [|f(6) |2d9:ﬁl§:‘3(21+ 1) sin2 3, (13)
For s-scattering of neutrons. For kR <€ 1, §;~ (RR)"*! and f(0) =~ 8/,
47 . o

g = F sin2 80, 0'(0) = 4_77' (14)

For scattering with absorption the phase 3, is complex
28, =23, + 1A, (3,, Areal) (15)

The s-scattering and absorption cross sections are then
o — Z—z [(1 — e )2 4 deAsin? §,] (16)
o= 77 (1 —e) (17)

and the total cross section is

Oy = O, _i_ Oy = %_ [23_A sin? 81’ + 1— e-A] (18)
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For very fast neutrons (AR > 1) all phase shifts §,(/ < kR) contribute
and o,, the total cross section, is given by

10, =04, = 0, = TR? (19)

c. Scattering length. For zero energy neutrons rW is a linear function
of r outside the range of the nuclear forces. The extrapolation of this
linear function #¥_,, gives the scattering length @ according to

Wext(a) =0, (a=0) (20)

For incident s-neutrons scattered by a nucleus of total angular momentum
(spin) = Ih, the value of a will depend on the relative spin orientation of
neutron and nucleus, i.e., on the total angular momentum J =1 + 1 of the
combined system. There will be two scattering lengths «;,; in this case.
In general the phase shifts may be expressed as a power series in &k by means
of the following *

kcotBJ:—aiJ+%k2re(])+... (21)

where 7 ,( ]) is the effective range,

rn=2f; (1 Z) ) 22)

and uy = r'¥ (for E = 0) normalized to uy= 1 —7/a; at r = ». In terms
of a; the scattering cross section for slow neutrons is to zeroth order in &,

_ +1 I
o =4n (21+1 Tt it H) (23)

When neutrons are scattered by a crystal the total scattering is composed of
two parts, coherent and incoherent scattering

I+1

I 2
Geon = 477(21 1 aryy + "1 ar-y ) (24)
I+1
Ginc = 4 (2(1 T 1)) (ar4y —a;—y)? (25)
For neutron-proton scattering (I = 7),
wh? 3 1
Un-p_ﬁ(€+%El+E/l+%El) (26)

* BETHE, H. A., Phys. Rev., 76, 38 (1949). Brarrt, J. M. and Jackson, . D., Phys.
ev., 76, 18 (1949).



§25 NUCLEAR THEORY 537

which is independent of the well shape to a high degree of approximation.

Equation (26) is applicable for E, <C about 10 Mev, but below about 1 ev

molecular binding and crystal diffraction effects have to be considered.

Also in neutron diffraction the scattering lengths a; in Eqgs. (24) and (25)

must be multiplied by the Debye-Waller temperature factor and by a factor
M,/ M),

d. Scattering of charged particles. 1f the two particles participating in
the collision are not identical the results of Egs. (6) and (12) are used with

8, replaced by 7.2,
31—51+arg[(l+le )| @7

where §; are the nuclear phase shifts, and the additional term is the phase
shift due to the Coulomb interaction.
For the collision of (unpolarized) identical particles of spin I7

o0) = 3 O £ fr—O) [+ 3 L O F =) (8)
where the upper signs apply for Fermi statistics and the lower for Bose
statistics and Eq. (12) together with (27) is to be used. For proton-proton
scattering only s-wave nuclear scattering 1s important, and only the first
term of Eq. (28) contributes to the nuclear part of the scattering. In the (L)
system

o(®) — & cos @ [

1 1 cos « In tan? ®

int® T cos?®  sin?@® cos?@®

2 5 (cos (8¢ + o In sin? ®) cos (8, -+ « In cos? @)ﬁ)

sin? @ cos? @

(29)

+ o% sin? SO]

For the scattering of a-particles in He* in the (L) system
e—%ia 1n sin®@ e—4ia In cos?@
sin? @& T cos? 0]

ao(®) = (%812—)2 cos @
(1 + 4ix)? ... (I + dicr)?

2 S @+ 1) (exsn—1) (1 -+ 16a2) ... (B2 + 16a2) (0

leven

2
X Pyfcos 20) |

and, in general, only / << kR need be considered.
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2.6. Resonance reactions.* a. Energy rvelations for the reaction
M, + My — M; + M, (E2: 0)

_ Q-+ MyEyJ(M,; + M) _ M,

= 1
E3 1+M3/M4 M3 E4 ( )
(E)y= — (Ql + %), (threshold energy) (2)
tan 6

tan @, = S — (3)

’ 1+ \/(M1M3/M2M4){E1/[E1 - (El)t]}sec f5

. - MMy E, .
sin (f; — ©;) = MM, F,— (5, sin Gy 4)
ot

" (M, F LT ) “

WALNE, - BTG + (O, 1 M(0M, + (o, ~)E]

where £; = cos ;. A corresponding result holds for E, by interchanging
indexes 3, 4. Alternatively

E4:E1*E3+Q (6)

For photon emission no distinction need be made between C and L systems
in practical cases (fiww <€ M c?).

b. Scattering and reaction cross sections. Consider the nuclear trans-
mutation symbolized by

P+A-C->B+0Q (1)

where P is the projectile nucleus, 4 the target nucleus, C the compound
nucleus, B the residual nucleus, and Q the observed outgoing particle;
P andfor Q may also refer to photons. The total angular momenta (units 7)
are s, I, J, I', s, respectively. 'The orbital angular momenta for the P — 4
and B —Q relative motion are / and [’ (units %), respectively.

&=I+s, & =I4+¢ (8)

* Betug, H. A., Revs. Modern Phys., 9, 69 (1937); LiviNesToN, M. S. and BETHE,
H. A., Revs. Modern Phys., 9, 245 (1937); BraTt, J. M. and WEisskopr, V. F., *“ The
Theory of Nuclear Reactions,” ONR Technical Report 42.
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are referred to as total intrinsic spins for the breakup of the compound state
into particle with the specified angular momenta I, s and I, §', respectively.
All particles are considered to be unpolarized. The mean life of a specified
compound state (n) for breakup into P+ 4 or B4 Q is

T(n) _ h
IANCE F(n)
PG
&)
(n} _ glf,
lel:@/ o (n)
I‘Q,l/’@/

where I'p,;,,¢ etc. are partial widths of the specified state (n). The total
width of this state of the compound nucleus is

M= 3 Tfe (10)
P13
and F,, is the resonance energy of the state.
The resonance elastic scattering cross section for P scattered by A4, with
C-system energy E (= hck for photons), is approximately [see Egs. (15) and
(16)]

(n)
Jy _77__ . 2] + 1 . PP»Z)@ ‘2
w B A DB EDS E B @yrw T ¢ 1D

o

where
I+s J+&

§= 2 2 (12)

G=(I-s|1=J-&]

Here [ is even (odd) if the parity of (n) is even (odd); e4; gives the contri-
bution of the potential scattering. For neutrons

o Hyo(kR) 2i20+ 1) (kRP a3
TTHIRR) T T35 @E P

The last result applies for kR << 1. For charged particles

3
N (2kR)?: L
Ay~ Ay T T 2l+1,]‘[(v+x) ’
» (14)
27K
ey~ 2ikR 2T

and again kR < 1. In addition to Eq. (11) there is a contribution (usually
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small) to 0% in which the orbital angular momentum and/or the total in-
trinsic spin changes. This is

w_ T 2] +1 ]
%0, ~ QI+ D)2s + 1) 5§

Irts? I+&-
S =

&r=|l1—s'| U= J—&7 |

(n) (n)
, Ppiglpre (1 —8,d¢e)
(E—E,)? + g ['™]?

(15)

except that for /=10'= 0 only & = &’ is allowed. The other states of the
compound nucleus contribute a background (nonresonance) scattering so
that the total elastic cross section is
W) W) :
o= 2 (03 Bl (16)
J, parity
The absorption cross section (including inelastic scattering of P) is, near
resonance,

(n) (n)
m 2] +1 [pT
Ta ™ 75 v T )
B (2L +1)(2s+1) (E—E,)®+ [%I‘(m]z
I =SThe Tg'=S5Tge (18)

and the selection rules are
(—)= (=)  (if parity of 4 — parity of B) } (19)
(=)t = (—)V'+Y, (if parity of 4  parity of B)

For photon absorption (or emission) 2s + 1 {(or 25" + 1) = 2.

Selection rules for photon emission. The entries below give the type of
multipole field emitted with greatest intensity. Multipole fields of higher
order can always be neglected. Here I'% is the angular momentum of the
final state in the transitionand £ = | J —I'|.

Parity Even Odd

electric 2411 pole
magnetic 24 pole

electric 2£ pole

|
changes i
! magnetic 2411 pole
|

electric 2411 pole electric 2£ pole
magnetic 24 pole magnetic 2471 pole

does not change

and J=0, I' = 0 is absolutely forbidden for single quantum emission. *

* Internal conversion coefficients are given conveniently only in numerical form,
see Phys. Rev., 83, 79 (1951).
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The energy and [-dependence of the partial widths is given by

T — V(BT ~ Y (E) «/ 2 T{E,) (20)

where superfluous indices have been suppressed. The barrier penetrability
X is
1
= g R 21
Vo= FR) + ox) @b
where F; and G, are the real solutions of Eq. (10) without specific nuclear
interactions and with the normalization at r = «

G () + iF (o) = et (22)
For neutrons * (Z5 = 0, x = 0)
7kR
G(R) = 4/ TR JaakR) l

. 7kR
F(R) = \/— R JikR)

and for kR 1, G; > F; and
(kR)Zl

X‘:[1-3-5...(21—1)]2 (24)
For charged particles * and kR < 1
221 l
R RS
' »=1 J (25)
Ko [me(erms — )]sVt

2.7. Beta decay. The probability per unit time for the emission of a
B particle with energy between Wand W - dW is %

1 ; 5
PoWIAW = 55 (| Hy [HapW(Wy — WydW ()

where Hy is the Hamiltonian for 8 decay
( Hy [Bay = 21)2 de 2\ vaE H, (2)

* Cf. WieNER, E. P. and Eisensup, L., Phys. Rev., 72, 29 (1947).
+ Cf. Yost, F. L., WHEELER, J. A. and Brert, G., Phys. Rev., 49, 174 (1935).
X Ko~orinskl, E. J., Revs. Modern Phys., 15, 209 (1943).
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In Eq. (2) Z is a sum over all eigenvalues of diagonal operators specifying
the angular momentum direction of motion of the f particle, [dvy implies an
integration over the space and spin coordinates of all nucleons, and X is
sum over neutrons (protons) for 8_(f,) emission. The relativistic invariant
H, is formed by contractions of five possible covariants. In the spin space
of the light particles (8 particle and neutrino) and each of the nucleons the
following 4 by 4 matrices are defined

IR

5= ——(ax @), ys = loyopog 4

5 (
wherein each element in Eq. (3) is a 2 by 2 matrix [see Eq. (2) of §2.2].
Then H; is, in general, a linear combination of the five invariants

H, = (¥;8"Y) iBY,) (5)
H, = (T;r7) (5h,) — (Fan¥,) - (¢ ah,) (6)
Hps (P3Bor?) - (i) + (P Par™) - (fPaf) (7

= (Tfer'¥) - (foh,) — (¥ v "F)) (Bl vsth,) ®)
Hp = (¥7 By ™Y, (7 By, ©)

The index S, V, T, A, P indicate that the invariants have been formed by
contraction of scalar, polar vector, tensor, axial vector, and pseudoscalar
covariants. All quantities in H; are evaluated at the position of the jth
nucleon.

Allowed transition. 'The selection rules are *

Nuclear spin change ! Parity
Scalar 0 no change
Polar vector 0 no change
Tensor 0, +1 (no0—0) no change
Axial vector 0, £1 (no0—0) no change
Pseudoscalar 0 change

* See GREULING, E., Phys. Rev., 61, 568 (1942) for forbidden transitions.
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The decay constant is

hyp JT P(W)dW (10)

For each of the five interactions [Eqs. (5), (6), (7), (8), (9)] the spectrum
shape is the same.

2
Pye(W)— % | <M |2p W(Wy — W)F(F Z,W)dW (11)

The constant <M is
= vaEj;qff oY,

where @ =8, 1, 85, 5 and By; acting on the nucleon spin for the five invariants
(5, 6, 7, 8, 9) respectively. The effect of the (unscreened) Coulomb field
acting on the electron is represented by the Fermi function
2y—2 | (o, ) | [2e
(Zy)
where Z and R refer to the final nucleus. The probability per unit energy
interval for a decay process with angle ¢ between B particle and neutrino is

Pﬂi(l —I—%cosﬁ) (13)

withn = — 1 for Sand P, n = 1 (for V), n = % (for T) and n = — 1 (for A).
The decay constant for capture of K-shell electrons is

e i < U B

and ex =~ | —+ is the K-shell electron binding energy in units mcZ.
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Chapter 23
COSMIC RAYS AND HIGH-ENERGY PHENOMENA

By RoBErRT W. WILLIAMS

Associate Professor of Physics
Massachusetts Institute of Technology

The following formulas have been chosen because they represent the
reliable tools of the worker in high-energy physics. While the results of
calculations based on meson theories have had a great heuristic value, they
are not quantitatively reliable and are being continuously revised. The
present chapter is therefore restricted to the “
nearly permanent aspects of high-energy physics. The formulas have been
chosen to guide the student of the subject as well as to provide useful infor-
mation for the advanced research worker.

classical ’ and presumably

1. Electromagnetic Interactions

1.1. Definitions and some natural constants.

a(E,®) = the cross section in ¢m? of an afom for an interaction involving
a final energy << E and a final zenith angle < ® (all processes considered
have azimuthal symmetry). Thus (6g/0E)dE is the cross section for a
process involving a final energy between £ and E - dE; (0o/0w)dw is the
cross section for a process whose final state involves a particle lying in the
solid angle dw at the angle ®, where « = 2m(1 — cos 0).

E = kinetic energy. E = mc?/V/ ﬁi’é — mc?

m = rest mass

U = total energy. U= E 4 mc? -

p = momentum. (pc)? 4 (mc?)? = U?; p= mv/\/l —p2

B = velocity relative to the velocity of light. B = | pc |/U

mc? = rest energy of the electron, 0.51098 Mev

m,c? = rest energy of the proton, 938.2 Mev

m,c? = rest energy of the = meson, 139.4 Mev for =%, 135 Mev for #°
m,c? = rest energy of the u-meson, 105.7 Mev
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o = Fine-structure constant, e?/hc = 1/137.038.

r, = classical radius of the electron, e?/m? = 2.8178 X 103 cm

Z, A = atomic number and atomic weight of the material in which the
interactions take place

z = atomic number of the bombarding particle

N, e, ¢, k have their usual significance (Avogadro number, electronic charge,
velocity of light, Planck’s constant). Values may be found in Chapter 4.
Note that e always represents a positive magnitude

x = thickness of matter in g cm~2, given by lp, the product of distance and
density. The probability for the occurrence of a process with cross
section ¢ in thickness dx is (gN/A)dx

X, = the radiation length (§ 1.7) expressed in g cm—2

t = thickness of matter in radiation lengths, f = x/X,

The sign of the charge of electrons is distinguished, where necessary,
by the terms positon and negaton.

1.2. Cross sections for the collision of charged particles with
atomic electrons, considered as free (knock-on probabilities). Let E
be the energy of the bombarding particle of mass m; let E’ be the energy
acquired by an atomic electron. If

’ ’ _ 2meP2L'4
E < Fpax= m2 + mict+ 2m,cA(pAE + mich)iRE l "
then ool dE — 2221 m,c*dE’ j
oE’ BZ (E1)2

is valid for all particles (Rutherford formula).

At larger E, spin of bombarding particle becomes important and we have
Particles of mass m and spin O :

oo do E
ar — a7 1—p ’ ) 2
oE (3E )Rutherrbrd( A E'max, @)
Particles (not electrons) of mass m, spin 12 :
oo do E 1 E :
o = a5 =B w—t 5|57 3
oE (3E )Rutherford[ '8 E'max + 2 ( E + mc* ) ] ( )

Positons with E > m,c?:

80- aa_ Er El 212
—_— = | — — - ) 4
oE" (3E')Rutherford[1 E * (E) ] @
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Negatons (negative electrons) with E > m,c*:

k2 E’ E\?]?
5 s o5 BT
oF OF" | rutnertord (E — E”) E E
This is the cross section for leaving efther negaton in the energy state E’,
so that E' < EJ2.

1.3. Energy loss by collision with atomic electrons (iomization loss).
Let keoi(E) = — (dE|dx)co1 be the energy lost per g cmi~2 in collisions with
atomic electrons (the effect of atomic binding is included, but the particle’s
velocity is assumed to be large compared with that of the K electrons).

Heavy particles (im > m,):

_ ANZHZ]AYrr Pm c* 2m 2B .
Feall ) = =g "1z P M
Electrons with B~ 1:
— £ 2, o2 mc? a
keor = 4N o T [ln A=) 7} 2)

where a = 2.9 for negatons, 3.6 for positons. The average ionization poten-
tial, I{Z), may be approximated by I(Z) = (12.5Z) ev.

The energy loss considering only collisions in which the energy transferred
is less than 7 is

kcol(<y,)(E) = (3)

2N=¥Z| Aynr 2m c* [ln 2m 2By _182]
B (1 —p)I%2)
This formula holds for both electrons and heavy particles if n is not too
large (~ 10° ev for electrons).
The actual collision loss, in condensed materials, of particles with 8 a1
will be reduced somewhat by the * density effect,” which has not been
formulated concisely. Calculations for certain materials will be found in

Refs. 5 and 29.

1.4. Range of heavy particles. When collision loss (§ 1.3) represents
the only important type of energy loss, all similar heavy particles of a given
energy travel approximately the same distance in matter before being stopped.

This distance is the range (or mean range)
E dE’
R = [ oy gy + Reww

where R, , is the observed range for a known energy E,,.
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Since for a given material k., = 2%f(B), and 8 = g(E/m), we have

m E m P
R= ?F(z) = z;Fz(z) M
Numerical values for 22R/m as functions of E/m or p/m are given, for example,

in Refs. 24 and 29. A useful approximation for E < mc? (it is high by
15 per cent at E = mc?) is

[ mc? E \17 P
R = 43‘ me;) (w) , (g cm— e in 3.11') (2)
- " et E \L% s
R= 80( 100 Mev ) (mcz) , (gem?inlead) (3)

1.5. Specific ionization. The total number of ion pairs produced in
matter per g cm™2 by a charged particle and its secondaries is the total
specific ionization, j;{E). For a given material it is found experimentally
(at least for gases) that jp{(E) is proportional to Rea(E); that is,
J(EY = kea(E)/V,. For air, V, has the value 35 ev/ion pair. Its value for
other substances may be found in Ref. 23.

The primary specific ionization, j,, is the average number of collisions
per g cm~2 that result in the ejection of an electron from an atom. It is
given by Bethe (Ref. 1) as

2N2¥Z]|Aymr >mc® 7 2m,c
In = ( /Bz)w i 1—|:1n( Bg-’ +$—Bz] (1)
where for hydrogen » = 0.285, s = 3.04, and I, is the Rydberg energy.

Calculations are not available for other gases, but experimentally j, is usually
about one-third of j.

1.6. Cross sections for emission of radiation by charged particles.

a. Electrons. We consider the cross section for emission of a photon of
energy E’ when an electron of kinetic energy E, total energy U collides with
an atom. The result depends on the degree to which the atomic electrons
screen the electrostatic field of the nucleus. The parameter
_ Y

v U 1—-EJU

determines the magnitude of this effect; if y > 1, screening can be neglected ;
if y < 1, screening may be considered ‘ complete.” For U > 137 m,2Z-1/3
the latter may be considered always to be the case.

Z-1/3
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Write the cross section, assuming U > mc? as

00raa r_ 2 @_I
RSB — 4oZ(Z + 172 F(Up) )

where v = E'/U, and F(U,v) is given by :
For no screening, y > 1,

F(U,p) = [1 +q fv)z—%a —@)] [m(

W 1=

me? v —;] @)

)
For complete screening, y &~ 0,

\

[1 (1o —%(1 — )| n (1832717 + %(1 _ ) E 3)

F(Up) =

Expressions for the intermediate cases may be found in Ref. 20.

The factor Z(Z -- 1) (instead of the conventional Z?) takes account of
radiative transitions of the atomic electrons in an approximate way; no
satisfactory calculation is available.

These cross sections are calculated in the Born approximation; experi-
ments at 62 Mev show that they are too large for high Z materials, about
10 per cent for lead. For simplicity we shall use the same correction term
as that which has been accurately determined in the case of pair production,
[1 + 0.12(Z/82)?]. These cross sections should therefore be divided by
[1 + 0.12(Z/82)7].

The divergence of the cross section as E' — 0 correspond physically to the
fact that an infinite number of extremely low-energy quanta are emitted in
every collision. The energy loss remains finite (§ 1.7).

The root mean square of the angle ® at which the photon of energy E’
is emitted is approximately
myc? U

TP e

b. Heavy particles. We give the result for mass m, spin , and normal

magnetic moment. {Other cases are considered in Ref. 20.)

Jorad r_ %, 2 mg\ZdE’
TR = daZ%, 7) =

V{0 gy ~ 0.65

F(U,v) (4)
where

2 (2U B 1—2) 1
F(Uy) = [1+(1 —v)g—g(l—v)] [m(\W-W)-—z)—EJ

The effect of the nuclear radius has been included ; the effect of the atomic
electrons has not.
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1.7. Energy loss of electrons by radiation. The average radiation
loss of electrons per g cm~2 is

dE ,N 8(7rad ’
f(jxﬁ)r = Eraa(E) = fE oo dE (1)

(The amount of energy transferred to the nucleus can be neglected). When
E > 13Tm,*Z11® (complete screening) we have

N 1 Z 2|t
kraa(E) = 40Z(Z + )—r 2E[ln(183Z 1/3) 4 13 } [1 +0. 12(82) J (2)
Radiation loss increases with energy in a linear fashion (even slightly faster
in the region of incomplete screening) and exceeds collision loss at approxi-
mately the critical energy, €, of shower theory (§ 2.1).
In dealing with radiation phenomena it is convenient to measure thickness

in terms of the radiation length, X, g cm2, defined by
- 4aZ(Z + I)EV ¥ln (183Z2-1/3)] | 1 4+ 0.12 i (3
X, a’ (gz

0

Table 1 gives some numerical values for X and e.

TABLE 1

VALUES FOR THE RADIATION LENGTH X, AND CRITICAL ENERGY, €,
FOR VARIOUS SUBSTANCES

|
{ ' € Mev
Substance 1 VA } A Xogem? Formula | With den-
‘. i | of sity effect
‘ ’\ | Sect. 1.3 correction
Carbon \ 6 ! 12 44.6 102 76
Nitrogen | 7 i 14 394 : 88.7
Oxygen ! 8 i 16 35.3 77.7
Aluminium S & ) 245 4838
Argon ‘ 18 | 399 19.8 : 35.2
Iron “ 26 ‘ 55.84 14.1 : 243 21
Copper ‘ 29 63.57 13.1 : 21.8
Lead i 82 “ 207.2 6.5 i 7.8 7.6
Air | 737 1478 37.7 84.2
Water [ 7.23 } 14.3 371 ! 83.8 65
\ l




S50 COSMIC RAYS AND HIGH-ENERGY PHENOMENA §1.8

The probability of radiating in a thickness df radiation lengths

. N Ooraa .
(t=x/X,) is 1 7;;’,— dE' X dt

and does not depend strongly on atomic number. In the limit of

E > 13Tm,*Z-1% it is independent of atomic number. A crude high-

energy approximation often used for this probability is (dE'/E")dt. Simi-

larly, the fractional energy loss per radiation length,

1{dE \' 1
(%) g halBIXs @

E

is nearly independent of Z, and at high energies becomes

1(dE
f(?[)m =140
where without appreciable error we may take 4 = 0.014 for all elements.
Radiation is not an important source of energy loss of particles heavier
than electrons, with the exception of p-mesons of E > 10! ev.
Fluctuations in the radiation loss of electrons are very large. Neglecting

collision loss, the probability that an electron of total energy U, will have
energy U in dU after ¢ radiation lengths is approximately

_4UT, U, - ¢ -1
o S

(for T' see § 13.1 of Chapter 1).

1.8. Cross sections for scattering of charged particles. Classically
the nonrelativistic cross section for scattering of a particle of charge ze by a
fixed point charge Ze is

o, 1y, 2(mec)2 dw
20 = TN 5y ) G o) M

the Rutherford scattering law. Quantum mechanics gives the same result :

(1) exactly for the nonrelativistic region (2<€ 1, spin effects unimportant);

(2) in the Born approximation (Za/8 < 1) for (relativistic) particles of spin O.
For particles of spin % and normal magnetic moment,

g—: = (%)Rutherford[l — B%sin? % + Zmaf sin %(1 —sin %) + ] (2)

The third term in the square brackets is a correction to the Born approxima-

tion. Still higher corrections are needed for Z = 50 (see Ref. 12).
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The correction for radiative effects is usually less than 5 per cent, even for
electrons (Ref. 25).

The cross section for scattering by real atoms is reduced in the limits
of small and large angles : at small angles the screening by atomic electrons
becomes important at @ ~ @, = aZY3(m,c/p) and the angular dependence

of the cross section is
dw

T @127 + (0,27
For an accurate treatment see Ref. 14. At large angles the nuclear size
becomes important for

O~0,= 280/1‘1/37% 3)

1.9. Scattering of charged particles in matter. The probability
that a particle be scattered through an angle ® in traversing a thickness of
material x can be found (in numerical form) in Refs. 26 and 15; the latter
is more accurate for high-Z materials because of corrections to the Born
approximation.

A convenient approximation is given by Williams’ (Ref. 30) calculation of
small-angle multiple scattering, neglecting single processes in which a large
angular deflection occurs. For a thickness x small enough so that energy
loss can be neglected, the mean square angle of scattering can be expressed as

E \% «
Oy = —s-—) - 1
(B*ay ( X, (1
where E; = (dmja)L2m,c? = 21 x 10%ev.

For the projected angle & made by the projection of the particle’s track on a
plane containing the initial trajectory one has, for small angles,

<192>av = %<®2>av (2)
The distribution in ¢ can be approximated by a Gaussian,
1
PRSP = ————— e #1RHu gg (3
@) Voo )

for small ¢. At larger angles, the probability that the deflection occur in a
single collision will be larger than the value of this Gaussian, and one can
estimate P($) from the probability for single scattering alone, obtained from
the space-angle cross section of § 1.8.

An accurate expression for the mean absolute projected angle of scattering
in a thickness x, neglecting energy loss but considering the complete scatte-
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ring probability function and using corrected cross sections (i.e., not merely
Born approximation) is (Ref. 4)

N 12 (e
@ =2x( 7] ()
- 4

(g N, L
-[1.45+0.8\/ (02"2 e 2U—+0-3/3—2/<)t2-2555)]

1.10. Compton effect. A photon of energy E scattered through an
angle © by a free electron initially at rest will have an energy

E
1 (Eme?) (1 —cos ©)
The cross section for this process is the Klein-Nishina formula (Ref. 10)

9 ’ IAW] ’
Gocomp ypi _ gy 2 M 4E [1 + (E) —Esin2®] (1)

’

oF’ E E

As usual we have written the cross section per atom ; sin @ is written in place
of the explicit function of E’ and E for algebraic simplicity; the term con-
taining it is negligible when E > m 2.

The effect of the binding of the atomic electrons is unimportant when the
recoil energy of the electron is large compared to its binding energy; this
is nearly always the case if £ > m 2.

1.11. Pair production. The materialization of a photon of energy E
as a pair of electrons of energies E’ (positon) and E” (negaton) occurs with
very little energy transfer to the nucleus, so that to good approximation

E+LE" 4+ 2me2=E (1)
‘ Letting o = (£’ - mc?)/E be the fractional energy of the positon (or negaton
—the formulas are symmetrical for E > m,c?) we have

yleOmC 1

e £ @

as the quantity which determines the influence of screening by the atomic
electrons.
Write the cross section, assuming E > m,c?, as

‘ a"j’;‘,”dE' — 4aZ(Z + 1)r,? ‘iE- G(E,) 3)

where G(E,v) is given in the two limiting cases by :
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For no screening, y > 1,

ClEp) = [vz (1= el —v)] [m(ﬁz o1 _z,)) _ ﬂ

[

For complete screening, y ~ 0,
G{Ew) = [v® + (1 —0)® + $o(1 — 2)] In (183Z27113) — (1 —v)

Expressions for the intermediate cases may be found in Ref. 20.

As in § 1.6, the factor Z(Z -+ 1) instead of the conventional Z2 must be
considered merely as an improved approximation.

Again as in § 1.6, experiments show these cross sections to be too high
for high-Z materials ; they should be divided by the empirical correction term
[1 4 0.12(Z/82)2].

The total cross section for pair production in the high-energy limit

= 4aZ(Z + 1) 2[% In (183Z2-1/3) — LLf (@)

Opair

The probability for pair production in a thickness dt radiation lengths does

not depend strongly on atomic number. In the high-energy limit
E > 137m 713 it becomes

N 7 b
T vt Xodt — (3 _ ?)dt (5)

where without appreciable error we may take b = 0.014.
The root-mean-square angle between the direction of one of the electrons
with energy E’ and the original direction of the photon is approximately

e m,c2 E
\/<®2>av ] 047 —E,— IH m_(,'2

e

2. Shower Theory

2.1. Definitions

X, is the radiation length (§ 1.6 and Table 1).

¢ specifies distance into the material, measured in radiation lengths.

7N Ey E)dE, called a differential spectrum, is the average number of
electrons with energy in dE at E that cross a plane at distance ¢ beyond the
start of a shower initiated by an electron of energy E,. No distinction is
made between positons and negatons.

T (E,,E)dE is the same quantity for a shower initiated by a phofon of
energy E,.

YE, E)dE is, analogously, the average number of photons in a shower
initiated by an electron of energy E,.
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y (B, E,1)dE is the same quantity for a shower initiated by a photon of
energy K,
The integral spectra are designated by capital letters :

[1™(E, E,t) — j: m(Ey, E' AE', etc.

P(E,E) = J.;o II(Ey,E,t)dt is the integral electron track length, essen-
tially an energy spectrum averaged over the shower.

Gy(EpE)= f 0(: I'(E,,E,t)dt is the integral photon track length.

€, the critical energy, is defined by the equation € = keo1(<,)(€)X, (§ 1.3
and §1.7). Table I contains some numerical values calculated for
7 =15 X 10%ev, which is the limiting energy below which electrons are
considered ‘“lost.” It is at approximately the critical energy that energy
loss by radiation (for electrons) becomes predominant.

E, = 21 Mev is the scattering energy (§ 1.9).

2.2. Track lengths
Tamm and Belenky solution

P BB~ Rl er st~ Een—sBs)| )
where x — (1/0.437) (EJe), xg — (1/0.437) (E,/e), and

E(—x)=— J: (e=3/s)ds

is the exponential integral tabulated, for example, in Ref. 8. This expression
is derived under the following assumptions (*‘ Approximation B > of Rossi
and Greisen, Ref. 20) : asymptotic (complete screening) cross sections (§ 1.6
and §1.11), continuous collision loss with keq(E) = €/X,, and neglect of
Compton effect. However, exact numerical calculations (Refs. 18 and 21)
have indicated that it is quite accurate (less than 10 per cent error) at least
for low-atomic-number materials and E > jlse; and Py"(EyE) differs
significantly from Py™(E,,E) only when E ~ E,.

Numerical results on Gy(E,,E) can be found in Ref. 18.

If the restriction E > e is made, collision loss may be neglected entirely
(‘‘ Approximation A of Ref. 20), and with the further restriction E < E,,
the integral track lengths become

Py (Ey,E) = PyW(EqE) = 0.437 %
- E,
Ly (Eg,E) = T\"(Ey,E) = 0.572 %

()
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2.3. Integral spectrum. With the assumption of asymptotic cross
sections and neglect of collision loss and Compton effect (“ Approxi-
mation A ”’), solutions for the spectra valid for e < E<< Ej and £ > 1 are
given in Ref. 20. An approximate analytic expression for this range of
validity has been given by Heisenberg (Ref. 6).

_ 1/2
I (Ep B ) — L (Ey Eot) — [ILE/E 0'56]

1t —1.4) 0

- exp

4 2[(z — 1.4)(111%4).56)}”2

Inclusion of a continuous collision loss as in (§ 2.2) allows an approximate
solution for the *“ total ” number of electrons in the shower. (Only electrons
arising from pair production are counted—the knock-on electrons are lumped
with the collision loss.) We write it as a factor times the Approximation A
solution with £ = e.

T E,,0,1) — K(%’,t)HAW(EO,e,t) 2)

The factor K is given in Ref. 20. It has the value 2.3 at the shower maxi-
mum, and may be expressed in rough approximation by

/
K=1+ 1.3(1‘/ln %)” 3)

2.4. Properties of the shower maxima. If T is the value of ¢ for
which the functions I1, etc., have a maximum for a fixed value of E, then in
the range ¢ <€ E <€ E, we have

T(E,,E) — 1.01(111%_”) O
Tmax(Eg, E)dE | l . E,

ymax(Eo,F) dE%[kT(E—/mT fochad (2)
/ E,

Mo Bo )= [y @)

where [, m, and # are given in Table 2.
For £~ 0, we have T(E,,0) = T(E,,¢) (see above) and

0.31 E,
[In (E,/E) —0.18]'2 ¢

Hmaxm)(Eo’Os'T) =
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TABLE 2

Prlmary

\ partlcle

Electron X Photon
Function \ « !
[ - ! - - —_—_— - —

l | m ’ n ! ‘ m ‘

- © 0437 10 0 0137 | —o018 , -05
y I 0.180 018 | 05 | o018 | o0 ‘ 0
.
| |

5 L0137 \ 0.37 0.137 0.18’ 0.5

2.5, Stationary solutions. If at £— 0 a beam of electrons and/or
photons is incident with an energy distribution in the form of a power law,
dN = const(dEy/E,*), this distribution in energy will retain its form as long
as E > ¢, yielding solutions of the form #(E,t)dE or

dE

VEE = [a(s)eniot 1 bs)ehst] 4
For large ¢ the total number of particles decreases exponentially with ¢ if
s > 1, increases if s << 1. Details will be found in Ref. 20.

2.6. Lateral and angular spread of showers. The only explicit
calculation of lateral and angular distribution of shower particles is due to
Moliere (Ref. 13), where results are given mn graphical form. The lateral
distribution function gives the fraction dF of all shower particles which are at
distances between 7 and 7 - dr from the shower axis, averaged over the
shower. An analytic approximation for Moliere’s calculation of this fraction,
adequate for 7/r, < 1, is

dF:2.85(1 +4i) exp [;4(’;)2/3]ﬂ (1)
7y 1 7y
where 7, = (Ey/e).X,, and E; = 21 Mev (see § 1.9).

The mean-square lateral spread and mean-square angular spread for
shower particles, averaged over the shower, are given for all energies in
Ref. 19. Their values for particles of energy £ > ¢ are

electyons photons

{Pav 064( )X2 113('3))(2

E\? E\®
(O%ay 055(?) 0.18(5)
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These results are valid only for E << E,; they therefore apply equally
to showers initiated by either electrons or photons.

3. Nuclear Interactions

3.1. Nuclear radius and transparency. The geometrical cross
section of a nucleus of mass number A4 is

0, = w2 = w2423, (rg~ 1.38 x 10713 cm) (N

If the average cross section for a nucleon-nucleon interaction of a given
type is &, the assumption that the particles in the nucleus are independent
leads to the following cross section for this type of collision of the particle

with a nucleus, if V/ 5/71 is small compared with 7,

[

where [, = $(m7,3/AG), and the transparency

lc _ 102 —27, /1 Tn —2r,. /1
t(a)—zirnz[l_e "0——‘276 nive (3)

c
3.2. Altitude variation of nuclear interactions: Gross trans-
formation. An isotropic flux of particles of intensity per unit solid angle
Jo is incident on a semi-infinite slab (e.g., the atmosphere). If the particles
are absorbed exponentially with a mean free path L, the intensity at a depth «,
integrated over angle, is

]
" Jw By = 27 1 ], [e_m n %E(_%)] "
see § 2.2 for E(—1).

4. Meson Production

4.1. Threshold energies. A nucleus (or other system) of mass M,
initially at rest, is bombarded by a particle of mass m. All masses are ‘ rest
masses ' (§ 1.1). In order to create a new particle of mass u, the bombarding
particle must have at least a kinetic energy

2M,

E

where XM, is the sum of all masses present (except p) after the collision.
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. 4.2. Relativity transformations. The maximum energy in the
center-of-mass system, when a particle of energy F bombards a particle
initially at rest, is the quantity pc? in the equation of (§4.1) (it is assumed
that the projectile and target particles are left at rest in the center-of-mass
system).

The velocity of the center of mass, in this collision, is

eV E? - 2mc®E
O ay Py Y A

Let ® be the angle between this velocity and the trajectory of an ejected
meson in the laboratory system, @* and S*c the corresponding angle and the
velocity of the meson in the center-cf-mass system ; then

tan@z'cosglilw'\/l—ﬁcg (3)

In the extreme relativistic approximation /1 —B2< 1 and V1 —f*2< 1
this becomes

2

tan ® = mtan %f (4)

If the angular distribution of mesons in the center-of-mass system is
F(®*)dw*, the corresponding angular distribution in the laboratory system
(with the additional restriction & < 1) is

G(O)dw — FIO(@)] L =B 4, (5)
(T—BF+ o
General formulas for the transformation of both angular and energy dis-
tributions are given in Ref. 3.

5. Meson Decay

5.1. Distance of flight. If 7 is the mean life of the meson at rest, the
mean distance traversed before decay, when the meson has constant momen-
tum p, is L = pr/m.

In a real medium p is a function of the thickness traversed, x g cm=2. The
density of the material, p, may be a function of x (e.g., x/p = constant in an
isothermal static atmosphere). The probability that the meson has not
decayed before reaching x,, if it existed at x, is

w(x,;,%,) = €xp [_ fxz mdx ]

. TP(P) M
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5.2. Energy distribution of decay products. Let a particle of
mass m, disintegrate into particles of masses m, and ms. Then the total
energy of one of the products, U,* (the star designates the center-of-mass
system) is

. (my® - om? —mg?
Ut = (P g ) (1)

If the original particle had total energy U, and momentum of magnitude
¢ (as seen from the laboratory system) the differential energy distribution
of a product particle has the constant value

1

F(U,)dU, = 5 PIPZ dUz o
for QJ% b1pe" 2% < U, < U Uz 4+ Pipe* j
myC m,y my

and is zero otherwise.
If the original particle disintegrates into more than two particles, and U,*
designates the total energy of one of them in the center-of-mass system, then

Uy¥, = (m12+m22_(2'fn‘°;+m4+"')2)62 3)
U, %
and <U2>av - mlc.z <U2 >av (4)

5.3. Angular distribution in two-photon decay. The equations
of §5.2 may be applied to a simple case of physical interest, the neutral
m-meson (mass m,) which decays into two gamma rays. If (in the laboratory
system) the gamma rays have energies E, and E,, and the angle included
between their trajectories is ¢, then sin (¢/2) = m;c%/24/EE;.  The distribu-
tion in the angle ¢, in terms of U, = E, 4 Ej, and p,, is

, myc cos (¢/2)dd .
T = Wi G [(Ofmgepsin @) — 1
1

The distribution function goes to infinity at the minimum angle,

Bimin = 2 sin~Y(m,? Uy)

6. Geomagnetic Effects

6.1. Motion in static magnetic fields. The equation of motion in a
static magnetic field for a particle of charge ze,mass m is (dp/dt)= (ze/c)v X B,
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where p = mp//1 — 82 is the momentum of the particle, sometimes
called the kinetic momentum to distinguish it from the variable
[mv,/A/1 — B% - (2¢/c)4,] which is canonically conjugate to the coordi-
nate x. Since ds/dt, the magnitude of v, is constant, we have as the equation
for the trajectory

g: jTi tx B (1)
where 7 is the unit tangent vector defined in § 6.9 of Chapter 1.

If Bis uniform, the path is a helix, the angle a between p and B is constant,
and the radius of the projection of the path on a plane perpendicular to B is
R = (pc sin ofzeB). If Bis measured in gausses, R in cm, and pc/ze in volts,
(pc sin afze) = 300 BR. 'The quantity pe/ze is called the magnetic rigidity
of the particle; for ¥ =1 it is numerically equal, when expressed in volts,
to the momentum in units of ev/c.

6.2. Flux of particles in static magnetic fields. Let the directional
intensity of a flux of noninteracting charged particles be I(r,p’dp dw do = the
number of particles, observed at point r, having momentum p in dp dw,
crossing area do perpendicular to p. Then I(r,p) is constant along any
particle trajectory. If one assumes that the flux of particles at great distances
from the earth is isotropic, the problem of the influence of the earth’s magne-
tic field on cosmic-ray intensities at the earth’s surface is therefore reduced
to the investigation of classes of allowed trajectories.

6.3. Limiting momenta on the earth’s surface. Let the earth’s
magnetic field be represented by a dipole of moment M, the earth’s radius by
7, and an observation point on the earth’s surface by the geomagnetic
latitude A. A particle of rigidity pc/ze can arrive (from outer space) at any
point, in any direction, if pe/ze > M/ry2 &~ 60 x 10° volts. The particle
cannot arrive at all, at a particular point, if

pe M costh
ze  rg®  [(1 4 cos3 Q)24 1]2

Let the angle between the direction of arrival of the particle and the tangent
to the circle of latitude be ¢, and let & = 0 correspond to arrival from the
west for positive particles. (Then for negative particles & must be redefined
so that & = 0 corresponds to arrival from the east. Note that 2 and e are
positive magnitudes, so that no question of sign arises in the equations).
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If we observe in the direction ¢, at latitude A, no particle can arrive from outer

space 1if
pc M cost A

ze = o2 [(1 4 cos P cos3 A)1/2 |- 1]

Thus more positive particles will come from the west than from the east.

The cone of semivertex angle &, for a fixed pc/ze, is called the Stérmer
cone. The equation is correct for any dipole field if 7, is the distance to the
point of observation.

Not all momenta above the limit set by this equation are allowed, when
one considers observations on the real earth. For a certain range of mo-
menta above this lower limit the trajectories are so tortuous that certain
classes of them intersect the earth (at some other point) before arriving
at the observation point. This “ shadovr effect ”” of the earth is unimportant
at higher latitudes (say, / A/ > 40°), except for some nearly horizontal
directions of approach. Near the equator the shadow effect is very small
in the vertical direction, and raises the lower limit, at 45° zenith angle, by
a few per cent for east and west azimuths, and perhaps 15 per cent for
north and south azimuths. Intermediate latitudes are particularly complex;
details and further references will be found in Ref. 28.
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1. General Description and Classification of High-Energy
Particle Accelerators

1.1. General description. High-energy particle accelerators are devices
employed to accelerate atomic or subatomic particles (electrons, protons,
deuterons, alpha particles, etc.) to high energies. “ High energies” is
generally interpreted to mean energies greater than a few hundred kilovolts.
Existing accelerators of various types are adapted to accelerate particles to
energies in the range from a few hundred kilovolts to about 400 million
volts, but higher energy accelerators are under construction. The high-
energy particles produced are employed principally to study the properties
of nuclei of atoms and nuclear transformations or reactions, and also to
study the properties of the fundamental particles themselves. They are
also used in medical applications.

1.2. Classification according to particle accelerated. Accelerators
may be first classified according to the type of particle they have been designed
to accelerate. The two principal types according to this classification are
electron accelerators employed to accelerate electrons, and which, by allowing
the electrons to strike a target, can also be used as a source of high-energy
x rays; and heavy-particle accelerators employed to accelerate protons,
deuterons, alpha particles, and in some cases nuclei of heavier atoms. Be-
cause of the great difference in mass between the electron and the heavier
particles, there are (except in the case of electrostatic accelerators) great
differences in the problems to be met in the two cases ; consequently electron
accelerators differ considerably from heavy-particle accelerators both in
design and often in principle of operation. Usually the same principle
of operation can be used for the acceleration of protons, deuterons, and
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alpha particles, and some machines can easily be adapted to accelerate any
of these particles.

The principal types of electron accelerators employed at present are
Cockcroft-Walton machines, electrostatic generators, linear electron acce-
lerators, betatrons, and synchrotrons. The principal types of heavy-
particle accelerators employed at present are Cockcroft-Walton machines,
electrostatic generators, linear accelerators for heavy particles, cyclotrons,
and synchrocyclotrons. Under construction at the present time are heavy-
particle accelerators for the very high-energy range employing combinations
of the cyclotron, betatron, and synchrotron principles. The principal dif-
ferences in design and principle of operation of electron and heavy-particle
accelerators stem from the fact that the electron mass varies greatly during
the acceleration process because of relativistic effects, while the mass of
heavy particles varies only by a relatively small amount during acceleration
in present-day machines.

1.3. Classification according to particle trajectories. Accelerators
may also be classified according to the spatial region occupied by the trajec-
tories of the particles being accelerated. Two broad classifications occur :
linear accelerators in which the trajectories are essentially straight lines, and
circular accelerators in which the trajectories are confined to a circular
region. To the first class belong Cockcroft-Walton machines, electrostatic
generators, and number of different types of so-called linear accelerators.
Circular accelerators may further be divided into accelerators in which the
trajectories are essentially spirals extending from the center to the edge of
a circular region (of which cyclotrons and synchrocyclotrons are examples),
and accelerators in which the trajectories are confined to an annular region
of relatively small radial breadth (of which the betatron and synchrotron are
the principal examples).

1.4. Designation of accelerators. Accelerators are usually designated
by the maximum energy to which they are designed to accelerate particles.
In the case of cyclotrons and synchrocyclotrons, which can be used for
different heavy particles and for which the maximum energies depend on the
particle being accelerated, the machine is often designated in terms of the
diameter of the pole piece of the magnet employed to confine the particle
trajectories in the acceleration region.

1.5. Basic components. Almost all high-energy accelerators have
certain basic features and components in common although the physical form
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of these may vary greatly from one type of accelerator to another. These
basic components are :

a.  An acceleration chamber within which the trajectories of the acceler-
ated particles are confined. In linear accelerators, the chamber defines a
linear region along which the particles travel in essentially straight lines. In
circular accelerators the chamber defines a disk-shaped or annular region
depending on whether the trajectories are essentially spirals or circles. In all
accelerators the acceleration chamber must be evacuated to a high vacuum
in order to prevent undue scattering of the accelerated particles by molecules
of gas.

b. In a circular accelerator a magnetic field must be employed to cause
the accelerated particles to move in circles. In some accelerators the
magnetic guide field is a static field, in others it varies with time.

¢. A means of supplying energy to the particles in order to accelerate
them must be provided. In all machines the acceleration is performed by
electric fields, but the manner in which the electric fields are provided varies
greatly. It may consist of an electrostatic or quasi-electrostatic field
(Cockeroft-Walton machines and electrostatic generators), an electric field
produced by magnetic induction (betatron), the electric field in a standing
or traveling electromagnetic wave (linear accelerators), or the acceleration
may occur by having the particle pass at appropriate times through a gap
across which an alternating voltage is established (cyclotron, synchrocyclo-
tron, and synchrotron). In some machines (Cockcroft-Walton, electrostatic
generator, betatron, and traveling wave linear accelerators) the particles may
be continuously accelerated; in others (cyclotron, synchrocyclotron, syn-
chrotron, and standing wave linear accelerators) the acceleration process
may take place in steps by a series of impulses.

d. In some machines, some ‘focusing” of the beam of accelerated
particles must be provided in order that motion of the particles along the
desired trajectories shall be stable. In circular machines some focusing can
easily be provided by an appropriate radial variation of the magnetic guiding
field. In linear accelerators the problem of providing focusing may be
much more critical.

e. Other components generally required, but which we shall not discuss,
are electron guns or ion sources to supply the particles to be accelerated,
vacuum pumps and associated equipment, electronic equipment to provide
the radio frequency accelerating fields where these are necessary, etc.
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2. Dynamic Relations for Accelerated Particles

2.1. Fundamental relativistic relations. If the mass of a particle at
rest is m, and if ¢ represents the velocity of light, then when the particle is
moving with a velocity o

Momentum : p = mgof(1 — v2[cR)2 (1)
Total energy : E = my¥(1 — v¥c?)Le 2)
Kinetic energy : T = E —my? (3)
Relativistic mass : m = myf(1 — %22 4)
Rest energy : E, = my? (5)

2.2. Derived relations. The relations in 2.1 lead to the following
derived relations.

E— mc® = (mgc* + cip?)ti2 T
p = [(Elc)} — mg* ]2 2)
v = ¢p[E = [l — (m*/E)']** = pjmy? + (plc)*]** (3)
m = Efc* = [my® +- (p/c)?] (4)

2.3. Nonrelativistic relations. When o<€c¢ or p<my, the
relations in 2.1 and 2.2 take the forms

p = mg (1)
E = my® + dmg? = myc® -+ p*2m, (2)
T = {mgv? = p*[2m, 3)

2.4. Units. The above equations hold when all quantities are measured
in absolute units (e.g., m, and m in grams, E and T in ergs, v and ¢ in cm/sec,
p in gm-cm/sec). The velocity of light ¢= 2.998 x 10 cm/sec.

The energies of accelerated particles are often expressed in ““ million-
electron-volts ” (Mev). The energy unit 1 Mev is defined as the energy
gained by a particle bearing one elementary charge (e —4.802 X 100 esu)
in falling through a potential difference of one million volts.

(1 Mev = 1.602 X 107 erg)

In all the equations which follow, the quantity e is presumed to be meas-
ured in electrostatic units. Furthermore, all electric field strengths and
potential differences are to be measured in absolute electrostatic units and all
magnetic field strengths in absolute electromagnetic units (gausses or oer-
steds).
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3. Magnetic Guiding Fields

3.1. Specification of magnetic guiding fields. Magnetic guiding
fields, whether static or time-dependent, generally have cylindrical symmetry,
so that polar coordinates (r,8,2) are used to specify the field with the z axis
chosen along the axis of symmetry. Ideally, in the regions in which the
accelerated particles move, the fields have the following properties.

a. There exists a median plane normal to the axis of the field in which
the magnetic field has only a 2 component. In this median plane which
is generally taken to be the plane # = 0, H, is a function only of 7 and possibly
of the time z.

b. The magnetic field has no azimuthal component Hy,.
c. The magnetic field is symmetrical about the median plane.
H (r,z30) = H(r,—=z;t), H/(rz;t)=— H[(r,—z;t) (1)

J

d. TIf the active region of the field includes points on the axis (» = 0),
then H, can be written as a power series.

H(r,z5t) = Hy 2, ) '™ = Ho(1 + hoya? + hog® + hyyp®22 L ) (2)

< & 2mh
H,(r,z;t) = — H, ngdladd L IESYE TSN 1
’ 1=0 mzzi ! +2 (3)
= — Hy(hoyyrs + %@1"32 + ) J
The following relations hold among the coeflicients.
hOO = 1’ hlm =0 (4)

While in the general case the coefficients A;, may be time-dependent,
usually they are essentially constant, and only Hj, is a function of the time.

e. The field described by the equations in (d.) can be derived from a
vector potential A (H = curl A4) having only an azimuthal component
(4, = 4,=0) given by

P

=0 m

i ,hlm yllgam (5)

R

2
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f. The field exponent n(r;t) is defined by the equation

71(7’;1) = 71 _ aHz(rao ;t) - oln Hz(r’o;t)

H,(r,O ;t)- or dlnr (6)

and plays an important role in determining the stability of particle motion
(see below).

It is often convenient, especially when the active region of the magnetic
field does not include points on the axis (annular field) to specify the variation
of the field in the median plane over a small annular region about a radius 7,
in the form

¥ n{r,;t)
H(r,0;t) = Hz(ro,O;t)(r—) (7)
0

For the field specified in (d.), the field exponent is given by the expression

i IRyt
l=2

Dhggr® 4 Bhggr® + ...

= 8
hoo 4+ hzor + h301’3 + ... ( )

3.2, Force on a charged particle in a magnetic field. A charged
particle with charge Ze moving with a velocity v in a static magnetic field H
is subjected to a force at right angles to both the field and the direction of
motion given by

F:%va (1)

If the magnetic field is changing with time, the associated induced electric
field will give rise to an additional force having a component in the direction
of motion of the particle.

The radius of curvature p of the orbit of a charged particle of momentum
p moving perpendicularly to a magnetic field is given by

p

3.3. Equations of motion of a charged particle in a magnetic
guiding field. If », &, and » represent the cylindrical coordinates of a
particle of charge Ze moving in a magnetic guiding field of the type described
in Sec. 3.1 and Ay(r,z;¢) represents the vector potential from which the
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magnetic field is derived, then the equations of motion of the particle are
given by

d mo : ZerdoA (r,2;1)

— == - ZedAy(r,z3t) + P = f,
e R R oW
d mr2d .

E[;/i imé - Z”Aa(r,z,i)] =fs (2)
d my% } ZerdoA(r,z;t)

— | = -+ =1, 3
dt [\/1 — v¥c? oz / )

where dots denote time differentiation, f,, f;, and f, represent the radial,
azimuthal, and vertical components of any forces acting on the particle other
than those due to the field A, and

o2 = 7% ;202 | g2 4)

3.4. Equilibrium orbit. A charged particle (charge Ze) with momen-
tum p and energy £ moving in a static cylindrical guide field of the type
described in §3.1 has as a possible orbit,a motion in a circle concentric with
the axis of the field and lying in the median plane. The radius of this
circular orbit is determined by the solution for 7, of the following equation.

p = | Zl ereHz(re’O) (1)

This orbit is called the equilibrium orbit for the particle, and the radius 7,
is called the equilibrium radius.
The angular frequency of revolution of the particle in its equilibrium
orbit (the so-called ¢ cyclotron frequency ) is given by
we:|Z|eHg:|Z|l;cHe @)

mc

where H,= H (r,0).
The period of revolution in this orbit is therefore given by
__  2nE
* | Z|ecH,

If the momentum of the particle and the magnetic field vary sufficiently
slowly with time (adiabatically), the equilibrium orbit radius and cyclotron
frequency are defined at each instant by the above equations and may be
considered also to vary adiabatically with the time. The physical importance
of the equilibrium orbit lies in the fact that in all circular accelerators, the
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acceleration process involves an approximately adiabatic variation of the
parameters, defining the equilibrium orbit, and the general motion of an
accelerated particle can be described in terms of oscillations about an adia-
batically varying equilibrium orbit. ’

3.5. Stability of motion in the equilibrium orbit. Motion of a
particle in its equilibrium orbit is stable against small disturbances of this
motion if and only if

0 <n(r,t) <1 (1)

where n(r,) 1s the field exponent defined in (§ 3.1f) evaluated at the equilib-
rium radius.

3.6. Oscillations about the equilibrium orbit. Small disturbances
of the motion of a particle in its equilibrium orbit, or a small non-adiabatic
variation of the parameters defining this orbit, will give rise to small vertical
(2) and radial (») oscillations of the particle about the equilibriom orbit.
The angular frequency of free oscillations of this character are given by
the equations

w, = [1 —n(r, )], (1)
W, = [”(7e)t)]1/2we (2)

3.7. Coupling of oscillations about the equilibrium orbit. The
presence of high-order nonlinear terms in the equations of motion describing
radial and vertical oscillations leads to coupling of these oscillations with each
other and with the rotational motion. For certain values of the field expo-
nent 7, leading to commensurability of harmonics of the frequencies of
oscillation and of the frequency of rotation (cyclotron frequency), resonance
may occur between oscillations, leading to increases in the amplitude of
a mode of oscillation to a degree where the particles may strike the walls
of the accelerating chamber. The principal case where such resonance may
occur (corresponding to n values which are generally to be avoided) are :

(@) If \/n/(l —mn) or \/(1 —mn)/n is an integer N (or lies close to an
integer), resonance between radial and vertical oscillations may take place.

(8) If 1/Vn or 1/V/1 —n is an integer N, resonance between rotational
motion and radial and vertical oscillations, respectively, may take place.
This can be especially serious if the acceleration process takes place impul-
sively with a frequency which is a harmonic of the rotation frequency (as is
often actually the case) or if azimuthal inhomogeneities are present in the
magnetic guide field.
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If n varies with time, the seriousness of these resonances will depend on N
and on how long a time n spends in the neighborhood of a critical value
defined in (a) and (b) alone. Resonances are more serious, the smaller the
value of N.

3.8. Damping of radial and vertical oscillations. If the parameters
defining the equilibrium orbit are varied adiabatically, the amplitude of
the free radial and vertical oscillations about the equilibrium orbit will be
damped (either positively or negatively). The principle of adiabatic inva-
riance of the action applied to these oscillations leads to the result that the
amplitude of free vertical oscillations will vary as w, /2 as w, varies adiabatic-
ally, and the amplitude of free radial oscillations will vary as w, /2 as W,
varies adiabatically. In case n does not vary with time, the amplitudes of
both oscillations will vary as (E/H )2

4. Particle Acceleration

The agency for accelerating particles in all types of accelerators consists
of properly applied electric fields. The electric fields employed may be
either static, quasi-static, or time-varying. Acceleration processes may be
divided into two classes according to whether the particle is continuously
accelerated or whether the accelerating takes place in discrete steps of an
impulsive character. The former is employed in linear accelerators of the
Cockeroft-Walton, Van de Graaff, and traveling-wave types, and in the
betatron, while the latter is employed in the cyclotron, synchrocyclotron,
synchrotron, and their variants, as well as in linear accelerators employing
drift tubes.

4.1. Electrostatic and quasi-electrostatic acceleration. In the
Van de Graaff accelerator, the charged particles are accelerated by falling
through an electrostatic potential difference of magnitude corresponding to
the final energy of the particles. This method requires the establishment
over some linear region of very high potential differences. The same type
of acceleration process is used in Cockcroft-Walton machines except that the
potential difference is an alternating one of such low frequency that the
particles undergo the complete acceleration process before the potential has
changed sign. The practical difficulties of establishing and maintaining
large potential differences limits present application of these methods to
energies up to about 5 Mev.

4.2. Induction acceleration. In this type of acceleration, which is
used in the betatron, the electric fields are azimuthal and are produced by



572 PARTICLE ACCELERATORS §4.3

electromagnetic induction by varying the magnetic flux through the area
spanned by the orbit of the accelerated particles. If the particle orbit is a
circle, the gain in energy of the particle per revolution (in electron yolts) is
given by the electromotive force about the particle orbit. The particles make
many revolutions during the acceleration cycle, so that the electromotive
force around the orbit is generally a small fraction of the final energy of the
accelerated particles. Hence while the acceleration process is continuous
the electromotive forces present at any instant of time are much smaller
than the corresponding potential differences in electrostatic acceleration to
the same final energy. The energy gain of the accelerated particle per
revolution in a betatron is given by

AE = 2ar,| Z | edF Jdt

where F, is the magnetic flux through a circle of radius 7, concentric with
the field and lying in the median plane.

4.3, Traveling wave acceleration. In this type of acceleration, the
electric field employed for acceleration consists of the longitudinal electric
field of an electromagnetic wave traveling through a wave guide. Accelera-
tion takes place by having the particles travel in groups down the wave guide
with a velocity closely equal to that of the wave. By having the groups of
particles enter the wave guide at the proper phase of the electromagnetic
field, the particles will be continuously accelerated down the guide by the
co-moving electric field.  Since the particle velocity is always less than that of
light and increases during the accelerating process, it is necessary to “ load ”
the wave guide with irises or other structures to reduce the phase velocity
of the electromagnetic field to a value smaller than the velocity of light.
By variation of the loading along the guide, the phase velocity of the wave
may be varied to keep pace with the change in velocity of the particles.

Since at any instant, both accelerating and decelerating regions of the
traveling electromagnetic field are accessible to the particles being accelerated,
it is necessary that certain ‘* phase stability ” conditions be met in order that
the particles be eventually accelerated to high energies, or the acceleration
process must be terminated before the particles enter decelerating phases.
The phase stability conditions require that if a particle finds itself in a region
of phase unfavorable to its continued acceleration, its subsequent acceleration
or deceleration be such as to return it to a favorable phase relative to the
electromagnetic field.

4.4. Impulsive acceleration. When acceleration of particles is
obtained by allowing them to pass once or repeatedly through one or more
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regions in which alternating electric fields are established, one has a process
of impulsive acceleration. This type of acceleration is used both in circular
accelerators and in linear accelerators. As in traveling wave acceleration,
it is possible for the particles to pass through the alternating fields at such
times as to be decelerated rather than accelerated. Again certain conditions
of ¢ phase stability ” must be met in order that particles be eventually
accelerated to high energies, or the acceleration process must be terminated
before the particles reach decelerating phases. In general, all employed types
of impulsive acceleration can, to a good approximation for theoretical study
of the phase stability problem, be replaced by an equivalent traveling wave
acceleration in which the successive impulsive accelerations are smoothed
out into an equivalent continuous acceleration.

5. Phase Stability and Phase Oscillations

5.1. Phase stability. As mentioned in the previous section, the success-
ful operation of accelerators employing traveling-wave or impulsive accelera-
tion requires a condition of phase stability to be met. The exact formulation
of this condition depends generally on the detailed construction of the acce-
lerator concerned, but provided certain quantities are appropriately defined
in each case, the pertinent equations may be made to take analogous
forms.

The first of these quantities is the phase of the particle relative to alter-
nating electric field. In all cases we shall define the phase ¢ as the phase
of the electric field at the time which the particle traverses it relative to the
last time that the electric field has passed through the value zero from a
decelerating to an acceleraling value at that point.

The second quantity is the effective amplitude & of the accelerating
electric field. For a traveling wave accelerator we shall define it as the
amplitude of the electric field component in the direction of motion of the
particle of the traveling electromagnetic wave. For impulsive acceleration,
we shall define it as the corresponding amplitude of the equivalent traveling
wave, where the equivalent traveling wave is one leading to the same average
acceleration of the particle over several impulsive accelerations.

It is further helpful to define what is meant by synchronous motion of
the particle. In a circular accelerator, this is defined to be motion in which
the angular velocity of the particle is effectively at each instant equal to
the angular frequency of the accelerating alternating electric field. In a
linear accelerator, this is defined to be a motion in which the linear velocity
of the particle is effectively at each point equal to the phase velocity of the
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accelerating traveling wave or the phase velocity of the equivalent accelerating
traveling wave at that point.

5.2. Phase oscillations in circular accelerators. When alternating
electric fields are employed in circular accelerators, the motion of an accele-
rated particle may be most easily described in terms of the deviation of its
motion from a special synchronous motion in which the frequency of revo-
lution of the particle is at each instant equal to the frequency of the applied
electric fields. Let

wy(f) = the angular {requency of the applied electric fields at time ¢ (1)

74(t) = the value of the equilibrium radius 7 (¢) for which w(2) = w(z)

at each instant ¢ )
H{(1) = H(r,,02) 3)
E(t) = | Z | ecH Jw, (4)
t
(1) = [ wvat 5)
27 dE,
AE, = w, dt )
E = V2mr, 7
dn | Z %2 ( E; \* . .
L, = 3 7;T(moscz ) = energy loss of particle per revolution } (8)
due to radiation
€, = tangential component of induced electric field at the syn- 9
chronous radius 7(¢) due to changing magnetic flux ! ©)
Then the synchronous phase ¢(#) is defined by the equation
| Z | eV sing, = AE, + L, —2mr, | Z | ee, (10)

When the accelerating particle is not following the synchronous orbit,
(but follows an adiabatically varying equilibrium orbit) let its energy at
time ¢ be E(t) and the corresponding equilibrium radius be 7 (¢); also let

He(t) - Hz(re)o;t) (11)
w,(t)y=|Z|eH,E, (12)
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If the azimuth of the particle at time ¢ is & ,(¢), then
w,(t) = dit,[dt (13)
The phase ¢(#) of the particle is then defined by
p==0,—% +a (14)

where « is a constant. The constant o may always be so chosen that the
energy gain per revolution of the particle due to the alternating electric
fields can be written as

| Z | eV sing (15)

where | Z| eV is the maximum energy gain per revolution.
Then the following relations hold.

d

ar = Pe T @ (16)
d ES d(],’) L/SCQ dqs [ZleV B lZleV
dt Lust E.] ol i dt T e SMT Ty sind (1)
where

L'y=0oLjor, n,= n(rg;t), K,=1-+ = (18)

I— ng ;752;_0?

Equation (17) is the fundamental equation governing the variation of the
phase of the particle with time. Once the phase of the particle is known,
its equilibrium angular frequency is determined by Eq. (16); its equilibrium
energy is given by

E ()= Es(t)[l — Kslws giﬂ (19)

and its equilibrium radius can then be determined from Eq. (12).

A first integral of Eq. (17) can be easily obtained when the slow variation of
Ejw 2K, ¢, and possibly 17 with time is neglected together with the radiation
loss term. The first integral is then

(28} = L2 T g — v (20)
where U(p) = — [cos b + ¢ sing,]

and ¢, is a constant of integration determined by the initial conditions for
the motion and representing the maximum value of the phase of the particle.

The condition for phase-stable motion (motion in which the phase of the
particle performs stable oscillations about the synchronous phase, the equi-


file:///Z/eV
file:///Z/eV
file:///Z/eV

576 PARTICLE ACCELERATORS §5.3

librium energy of the particle performs stable oscillations about the synchro-
nous energy, and the equilibrium radius performs stable oscillations about
the synchronous radius) is

by <S¢ <7 —, e

The corresponding initial conditions are that the initial phase ¢, and the
initial (d¢/dt), lie within closed curve in the (¢, dp/dt) plane obtained by
plotting Eq. (20) with ¢,, equal to = —d,.

The frequency of small phase oscillations about the synchronous orbit is

given by
Z | eVK, cose|1/2
wg = [[ | 2,-,?‘—%] w; (22)

When E,, w,, ¥, and K, vary adiabatically, the corresponding variations in
the amplitude of small oscillation of ¢, E,, and r, are given by

(¢ —d)max ¢ [Kw 2/ VE, cos$]*/* (23)
(E, — EJmax o [VEw? cos ¢,/ K]/ (24)

1

1/
(re — 79)max [m_—ns)(V cos ¢s/IE53sz32)] (25)
Radiation losses by the accelerated particle can lead to further damping of

the oscillations.

5.3. Phase motion in linear accelerators. The motion of an acce-
lerated particle in a linear accelerator employing traveling wave acceleration
or its equivalent is most easily described in terms of the deviation of the motion
from a special synchronous motion in which the velocity of the particle is at
each point equal to the phase velocity of the traveling wave at that point. Let

v(x) = phase velocity of the traveling wave at a distance x along

the accelerator (1)
w = angular frequency of the traveling wave (2)
x
ty(x) = " dafo,(x) 3)
E(x) = my¥[1 —o2/ct] 18 0

and define ¢, by | Z | e€sing, = dE,/dx (5)
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For an accelerating particle not following the synchronous motion, let

t(x) = time at which particle reaches the point x (6)
o(#) = 1/[dt(x)/ds] @)
E(x) = myc?[1 — v¥c?] 112 (8)
$(%) = w[t(x) — t(x)] + « 9)
where the constant « can always be chosen so that
dEldx = | Z | eEsing (10)
with € = electric field amplitude of the (equivalent) traveling wave. Then
d 1 1
2=olv—al b
- ¢ c dg{))—z -1/2

The fundamental equation governing the motion of the phase is

d o ((; c dp\ 2 ~1/z ) w2 \ 12
myc {1 \Z+ o dn —myc?| 1 — 2 (13)

dx|
=|Z|efsing — | Z|eEsing,

Special cases

Case 1. v,<< ¢ (heavy-particle accelerators). In this case the phase
equation reduces to

%[(%)3( E, )ziE_s.j_‘i] L Z|cEsing = | Z|eEsing,  (14)

c ] \my w

In case the slow variation of v, E,, and (possibly) € with x is neglected, a
first integral of this equation is

g\ 2| Z|ebw B
(dx) N CES(WS/C)3(E;/mocz)2[U@m) U(¢)] (15)

where U and ¢, have the same meaning as in § 5.2.
The condition for phase-stable motion is again

¢ <@, <m—d, (16)
and the corresponding initial conditions are the same againas in §5.2. The
frequency of small phase oscillations about the synchronous orbit is given by

g = [M]”L a7)

wBo(Eyfmgc?)?
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When v, E,, and € vary adiabatically, the corresponding variation in the
amplitude of oscillation of ¢ is given by

(¢ —$s)max o (2EE Ecos )/t o (18)
Casell. v,=c¢, (c —v)<<c. Inthiscased, = 0and the phase equation
reduces to
1/2 d¢ -3/2 d2¢
2
mc(zc) (dx) P9 2] Z]eEsing=0 (19)

If € does not vary along the accelerator, a first integral of this equation is

mocz(zc) [(‘jﬁ)”z (%):/2]:|Z|e€(cos¢—cos¢o) (20)

where (d/dx), and ¢, are the initial values of d/dx and ¢, respectively.
Expressed in terms of energies the first integral is

2| Z|cCh, os<f>-—cos¢>0} 1)

m23

E=E, [1—!»

where E, is the initial energy.

6. Injection and Focusing

The considerations involved in providing appropriate particle injection
and adequate focusing vary so greatly among different types of accelerators
that no adequate summary in a brief space is possible. Reference should be
made to the literature for information on these questions.

7. Additional Remarks about Special Accelerators

7.1. The conventional cyclotron. This is a circular accelerator for
heavy particles with spiral particle trajectories, employing a time constant
magnetic field and impulsive acceleration at constant frequency. The
phase-stability principle is not eémployed but the acceleration process is
terminated before decelerating phases are reached. This limits attainable
energies except by the use of excessive accelerating voltages. The starting
phase of the particles is effectively 90°. The output is practically continuous.

7.2. The betatron. This is a circular accelerator for electrons with
particle trajectories confined to an annular region and employing induction
acceleration only. The same time-varying magnetic field is commonly
employed to provide both the magnetic guiding field and the induction
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acceleration. 'To maintain the equilibrium radius constant, the following
well-known ¢ fwo-to-one V' condition must be met.

daF, , aH,

@ M)
where F, is the magnetic flux through the equilibrium orbit and H, is the
magnetic field at the equilibrium radius 7, The attainable energies are
limited by energy loss of the accelerating electrons due to radiation. The

betatron is most commonly used to produce a pulsed output of x rays.

7.3. The synchrotron. This is a circular accelerator, at present
employed for accelerating electrons (although construction of proton syn-
chrotrons is underway) with particle trajectories confined to an annular
region and employing a combination of induction and impulsive electric
acceleration, A time-varying magnetic field is used, together with constant
or time-varying radio frequency accelerating electric fields. The principle
of phase stability is employed, allowing very high energies to be attained,
although the ultimate attainable electron energies will probably be limited
by inability to compensate radiation losses. The synchrotron is at present
mainly used for the production of a pulsed output of high energy x rays.

7.4. The synchrocyclotron or frequency modulated cyclotron.
This is a circular accelerator for heavy particles with spiral (synchronous)
particle trajectories employing varying frequency impulsive electric acce-
leration in a time constant magnetic guide field. The principle of phase
stability is employed to attain high energies limited at present only by practical
considerations. The output is pulsed and has an average value considerably
smaller than that of a conventional cyclotron. The accelerated particles are
also much more difficult to remove from the machine than in the conventional
cyclotron.

7.5. Linear accelerators. Linear accelerators employing impulsive
electric or traveling-wave acceleration are employed for accelerating both
electrons and heavy particles. Individual designs vary considerably.
Present attainable energies for linear heavy particle accelerators are limited
by electric defocusing or by the devices (grids) employed to avoid the
defocusing.
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Chapter 25
SOLID STATE

By ConvyErRs HERRING
Bell Telephone Laboratories

Introduction

This chapter attempts to cover the fields that are of most interest in con-
nection with contemporary basic research in solid-state physics, omitting,
however, fields such as electron emission, optics, and ferromagnetism, which
fall naturally in the domain of other chapters of the book. Since a major part
of our theoretical knowledge of solid state physics is based on approximate
models, the choice of formulas for inclusion had to be based on the author’s
guesses of the durability of present concepts and of their utility to research
workers while they last. Such considerations, for example, prompted
omission of much of the detailed lore of the electron theory of metals,
but inclusion of similar material relating to semiconductors. The sections
are arranged as follows : Section 1 introduces some mathematical concepts that
are used in a number of places later in the chapter; Sections 2 through 5 deal
with formulas in which a solid is treated as a continuum ; Sections 6 through
8 deal with formulas involving the atomic but not the electronic structure
of solids; Sections 9 and 10 deal with free electrons; Section 11 contains
miscellaneous isolated formulas from all these areas. Most of the subsections
contain references to publications where derivations and more detailed
expositions of the formulas can be found; these of course do not usually
represent the original source of the formulks, but have been selected as
sources most likely to be accessible and convenient for the reader. The
formulas presented here are not always identical with those in the references,
however, since it sometimes seemed expedient to introduce minor generaliza-
tions and refinements.

1. Crystal Mathematics

1.1. Translations. In any crystal there exists a set of translations ¢;
such that the environment of any point r in the crystal is identical with that

581
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of the point »+ £, These translations form an additive group of infinite

order called the translation group of the crystal. There always exists a set

of three translation vectors #;, #,, #; (not necessarily unique, however) such

that for any ¢, ‘
t,=1t, +mgty + nty, (I;, m, n; integers)

These are called fundamental translations.

1.2. The unit cell and the s sphere. A wunit cell is defined as any
region of space R with the two properties :

a. Region R does not overlap any of the regions resulting from displace-
ment of it by a translation vector ¢,.

b. Region R and these translated regions fill all space. There are many
possible shapes for a unit cell; one of the most convenient ways of construct-
ing a unit cell is to let R consist of all the points reachable from the origin
without crossing any of the planes which are perpendicular bisectors of the
various ¢;. 'The volume Q of a unit cell is always that of the parallelepiped
formed by any three fundamental translations.

Q=1tt, X t; )

For crystals whose atoms all occupy equivalent positions a concept useful
in some types of theoretical work 1s that of the s-sphere, defined as a sphere
centered on an atom and having a volume equal to the volume per atom of the
crystal.

The following table gives, for some of the commoner crystal structures,
values of the volume € of the unit cell, the number S of atoms per unit cell,
the radius 7, of the s-sphere, and the half-distance 7, between nearest
neighbor atoms.

i
Lattice type Parameters Q S i s Pmin
Body-centered | Cube-side d & i | ¥ G8md W/34)d
cubic = 0.49237d = 0.433014
Face-centered | Cube-side d a4 1 1 @/16md W 2/4)d
cubic = 0.390804 = 0.35355d
Diamond type | Cube-side d 24 2 | V(@332 W3s)d
= 0.310174d = 0.21651d
1 /3 cg? &/ (3312 Va2 ; \/ 8/3.
Close-packed | Fundamental 2\/3 ca® 2 VA(3?16m)Vca? | af2if cla >V 8/3,
hexagonal translations — 0.46932aV cla |3V @3 + 24
a in basal plane, if cla & \/%
¢ along hexag-
onal axis N !
Ideal case of | Same with \/2413 2 \3/(3/25/277)51 a2
close-packed| (/g = \/§/3 = 0.55267a
hexagonal
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1.3. The reciprocal lattice. If #,, #,, t; are any three fundamental
translation vectors of a given crystal lattice, the vectors g;, g,, g5 defined by
t, X t, t, Xt Xt

B e B e B raxn M

tot, Xty Lot Xty
are called fundamental translations of the corresponding reciprocal lattice,
and the reciprocal lattice itself is defined as the set of all vectors of the form

g = ligi + mgy + nigs, (L, my, m; integers) (2)
If ¢; is any translation vector of the original lattice, f,+g; is an integer
for any g;.
Any function of position which has the same periodicity properties as
the original lattice can be written in the form of a Fourier series

2 a; exp (2mig; * r)

7

and conversely any such series has the periodicity of the original lattice.
The unit cell contained within the perpendicular bisectors of the vectors
2mg; is called the first Brillouin zone (see also § 10.7).

1.4. Periodic boundary conditions. In problems involving wave
motion, potentials, vibrations, etc., in crystals, the size of the region which
must be studied is sometimes reduced to finite dimensions by imposition of
periodic boundary conditions, a device which avoids the introduction of
boundary surfaces where physical conditions differ from those in the rest of
the crystal. This device consists in requiring that in an infinite crystal all
physical properties be trebly periodic with the periods G,#,, Goty, Gst5, Where
t;, ty, t; are fundamental translations of the crystal lattice, and Gy, Gy, G,
are three very large integers. Thus specification of physical conditions over
the volume v of the parallelepiped formed by G.t;, G,t,, Gst;—called the
Jfundamental volume—specifies conditions throughout all space.

Any function of position satisfying the periodic boundary conditions can be
expanded into a Fourier series of the form X, 4, exp (ik, * r), where the
vectors k, run over a closely spaced lattice of points in the space of the
reciprocal lattice, the allowed values of the k, being simply 27 times the
vectors of the lattice reciprocal to that of Gy#,, G,t,, G5t;.  The number of k,
per unit volume Ak Ak Ak, of k-space is

P g M
and the number lying within the first Brillouin zone (see §1.3)is N = 9/Q,
the number of unit cells in the fundamental volume.
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2. Elastic Constants

2.1, Stress and strain components. The components of the stress-
tensor p,, and the symmetrical part of the strain-tensor u,, can each be
designated by a single suffix running from 1 to 6, thus :

P }wa’ P2 p@/w P3 pzz’ P4 Pw Pzw pa pa:z Pz:w Po Pcw ch:
Uy = Ugg, Uy == Uy, Uy == Uyp, Uy == Uy | Uy, Ug = Ugy + Upg, Ug = Ugy + Uyg

We shall use the sign convention that p_, is positive for a tensile stress.

Since relations involving the p’s and #’s depend on the orientation of the
coordinate axes relative to the crystal lattice, it is customary in elasticity and
piezoelectricity to use ‘‘natural” crystallographic axes, conventions for
which have been laid down by the Piezoelectric Crystals Committee of the
IRE (Ref. 11). According to these conventions, the #, y, and 2 axes always
form a right-handed system. For crystals of the cubic system these axes
are to be chosen parallel to axes of fourfold symmetry, or if such are lacking,
to axes of twofold symmetry. For crystals of the trigonal and hexagonal
systems the z axis is to be chosen along the three- or sixfold axis, the x axis
along a twofold axis or perpendicular to a plane of symmetry if either exists;
when the latter criterion does not suffice to locate the x direction uniquely in
any 60° sector, it is to be chosen in thedirection of one of the shortest funda-
mental translations. For crystals of lower symmetry, Ref. 11 should be
consulted.

2.2. Elastic constants and moduli. The elastic comstants c;; are

defined by
6
= 2 €ty (1)
i=3

in any elastic deformation. The numerical values of the ¢;; may depend on
the nature of the auxiliary constraints under which the elastic deformation is
carried out (e.g., adiabatic or isothermal conditions, etc.). Energetic con-
siderations require the matrix ¢;; to be symmetrical (= ¢;;) and positive
definite (see § 2.5 for analytical expressions of this criterion).

The elastic moduli or compliance coefficients s;; are the components of the
matrix reciprocal to that of the elastic constants, so that

u; = é $iP; @

g=1

The matrix s;; is also symmetrical and positive definite.
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2.3. Forms of ¢;; or s;; for some common crystal classes (Refs. 14
and 27). With the ¢ natural ”” crystallographic axes described in §2.1, the
restrictions imposed by crystal symmetry enable the values of ¢;; for arbitrary
indexes, 7 and j to be expressed in terms of a small number of independent
components, thus :

Cubic system Hexagonal system
iJ iJ
€y €p ¢z O 0 0 €1 €2 €3 O 0 0
¢y 6 0 0 O c; 63 0 0 O
¢, 0 0 0 Gz 0 0 0
e 0 O ce 0 O
e O ¢ O
Cuy $ey — €1
Isotropic body
iJ
A+2u A A 000
A4 2p A 0 00
A4+22 0 0 O
x 00
uw 0
n

For the corresponding matrices for crystals of lower symmetry see Refs. 14
and 27. The corresponding matrices of the elastic moduli for cubic and
hexagonal crystals are obtained by simply substituting s’s for ¢’s in the above,
except that the coeflicient of (s;; — s;,) in the 66 position for hexagonal
crystals is 2 instead of 1.

2.4. Relation of elastic constants and moduli. For cubic crystals

S+ S1a oo — — 512 Cq = 1 )
(S11 = $12) ($10 -+ 2549) 12 (511 — $12) (S11 + 2835)’ Saa

For hexagonal crystals, with D = (s;; + $19)35 — 25155

1=

ol = 11833 — S15° Con — S15° — S12533
11 D(s11 — $19)’ 2 D(s11 — $12) 2)
— 13 _ S S !

Ciq = —" = Caqg == —
13 ’ 33 ’ 44
D D S44

All these equations remain valid if §’s and ¢’s are interchanged.
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2.5. Forms taken by the condition of positive definiteness, for
some comimon crystal classes. For cubic crystals,
€y >0, 3 >|epl, e3+26,>0
For hexagonal crystals,
>0, ¢y > e, (o + €10)e53 > 205
The elastic moduli s;; satisfy identical inequalities.

2.6. Relation of ¢;; and s;; to other elastic constants (Ref. 14). The
volume compressibility «, is given by

= 2 1)
ij=

For a specimen of a cubic substance whose long axis has direction cosines
a, B, y, with respect to the crystal axes, Young’s modulus E is given by

E = (s, — 2sD)2 )
where §== 5y — S35 — 454, I = o?B% -+ aPy? | B2
The longitudinal linear compressibility is
oW = 5y + 2515 = x[3 (3

If such a specimen has a circular cross section, the mean shear modulus,
as measured for example in simple torsion, is

G = (544 + 4sI)? 4)
For a specimen of a hexagonal substance whose long axis makes an angle 6
with the hexagonal axis, Young’s modulus is
E =[5, sin% § + 535 cos® 6 + (25,5 -+ 544) cos? G sin2 G} (5)
and the longitudinal linear compressibility is
KV = 513 + §15 + S35 — (S — Sa3 + $12 — 515) cos® 0 (6)
If the cross section is circular, the mean shear modulus is

G = [saa-t (S11 — S12 — §544) sin® 0 o)
+ 2557 -+ S35 — 2535 — Syq) cos? § sin? ]2

2.7. Thermodynamic relations (Refs. 16 and 27). Let the super-
scripts ad and s denote, respectively, adiabatic and isothermal coefficients,
let T be the absolute temperature, let #,(f = 1 to 6) be the strain components
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as defined in §2.1, and let o, = ou,/0T at zero stress be a generalized
expansion coefficient. Then
6 is) (is)
(ad) __ (is) Cir €js ot T (ad) __ (is) aga; T
€y =€y T 2 . Sii = 54 - C. (1
7,8=1 v 4

where v is the volume and C, and C, the constant volume and constant
pressure heat capacities, respectively, of a standard amount of the cryctalline
material (e.g., | mole). For cubic crystals the adiabatic and isothermal shear
constants are identical, while the volume compressibilities « satisfy

9voT
»

where o ==, is the linear expansion coeflicient.

led) — glis)

)

3. Dielectrics and Piezoelectricity

3.1. Piezoelectric constants (Refs. 5 and 16). Let p;, u,(f=1 to 6)
be, respectively, the stress and strain components as defined in §2.1. Let
E,, P, (a=1to 3) be the components of electric field and electric polariza-
tion, respectively. 'The piezoelectric constants or stress coefficients e,; and
the piezoeleciric moduli or strain coefficients d ; are defined by

N AYENE?
fai = (au. )E‘ - (EE“ )u M

T/

oP.\  ( ou,
Aui = (api )E - (aEm ) @

If the temperature is held constant in the differentiations just written, these
equations define the dsothermal constants and moduli; if the entropy is kept
constant, they define the adiabatic quantities. In either case

6
d,:= E Sii€ajy  €oj = 2 Cijllyi (3)

G=1 =1
where ¢,;, s;; are the elastic constants and moduli, respectively (see §2.2),
defined for the case E = 0, and isothermal or adiabatic according to whether
the piezoelectric quantities are isothermal or adiabatic, respectively.

The equalities of the partial derivatives used in the above definitions
of e,; and d,; are exact when the initial state of the crystal is one with
P = E =0, asisnormally the case in work with crystals without a permanent
polarization ; for this case the stresses p, represent simply the stresses imposed
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on the crystal by external tractions or inertial reactions. When the deriva-
tives are evaluated for states with finite fields, as is the case for crystals with a
permanent moment, the equations as written are not exactly correct, although
usually only a negligible error is involved in using them, with the p, inter-
preted in the manner just mentioned. The equations can be made
exactly correct for this case by replacing (8P,/0u;)y and (0P,/0p,)r by
(1/v)[o(vP,)/ou]g and (1fv)[o(vP,)/0p,]g, respectively, where v is the volume
of the crystal, and interpreting the stresses p; as the set whose surface trac-
tions and body forces equal the difference of the mechanically imposed forces
and the tractions and body forces due to the Maxwellian field-stress tensor

n_ Dy B0y

of T 4n 8 “)

Many other equally valid sets of definitions and formulas can of course be
given.

3.2. Dielectric constants (Refs. 5 and 16). The dielectric constant
tensor €, and the susceptibility tensor 7, are ordinarily defined as

op,
Vo = 2E, (1)

eD,
€45 = Oqp + 410 = 3K, (2)

For piezoelectric crystals different susceptibilities and dielectric constants
result according to whether the derivatives are evaluated at constant strain
(clamped crystal) or at constant stress (free crystal), and for pyroelectric
crystals the isothermal and adiabatic values are different (see § 3.5). These
different kinds of susceptibilities and dielectric constants will be denoted by
superscripts designating which of the quantities # (strain) and p (stress) are
to be kept constant, and ad or is for adiabatic or isothermal conditions.

Relations exactly valid for crystals without a permanent polarization
(derivatives evaluated at E = P = 0) and approximately valid even for those
with a permanent moment are

€48 = €g» Mg = Mpa» (fOr any set of conditions)

() (u) : (3)
ea’; = ed';g + 4 2 eilps
i=1

the last equation being valid when either isothermal or adiabatic quantities
are used throughout,
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For crystals with a permanent polarization 7];%) is not in general exactly
equal to ng’;), though the difference is usually small. However, if we define

1 [o(vP,)
o) 1 | <3
T]uﬁi v [ aEﬂ ]p/s (4)
we have
6
77;(,;)) = 7):3(:) = ’7::9) + 2 eaidﬂi (5)
i=1
exactly.

3.3. Pyroelectricity and the electrocaloric effect (Ref. 5). The
temperature derivatives (0P,/0T)g ', of the components of the polarization
vector P at constant (usually zero) field and stress are called pyroelectric
coefficients. They are related to the electrocaloric effect : adiabatic applica-
tion of an electric field E causes the temperature of a ‘pyroelectric crystal to
change by an amount measured by

( oT ) — T[a(‘vmpa)/aT]Ew’sm _ T'vm(apa/aT)Ew/s (1)
Sps

oE, e C(pE)

where v, is the volume of a standard amount of material (e.g., a gram or a
mole) and C§ is the specific heat associated with the same amount of
material, at constant stress and constant field E. Here as in § 3.1 the stresses
p; are for all practical purposes to be identified with the stresses applied by
purely mechanical external forces, although rigorously they differ from these
by small terms due to the Maxwell stresses.

3.4. Elastic constants of piezoelectric crystals (Ref. 5).  The elastic
constants ¢;; and moduli s;; of a piezoelectric crystal are defined, just as for
ordinary crystals (see §2.2), by

(o) _ _ (0w
Coyy = (%)—Cm Sij =— (ij)*sji (1)

where p;, u; represent respectively the stress and strain components as defined
in §2.1. 'This definition leads to several different elastic constants according
to whether the differentiation is carried out under isothermal or adiabatic
conditions and according to which of the electric field quantities E, D, P is
held constant. These different elastic constants will be denoted by attaching
as superscripts the symbols of the quantities to be held constant.

The relation of isothermal to adiabatic constants is as given in § 3.5. For
either isothermal or adiabatic constants we have the relations, exactly true
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for materials without permanent polarization, and usually true to within a
negligible error for permanently polarized substances,
3
(D) __ B .
¢y =€y T 4w 2 €5 €™ palas
o,f=1

3
(D) (E) 2 _
Sij =Sij '_477 dﬁz(e l)ﬂmdaj
,f=1

(2)

3
(P) (E) —
Cij = Cij + 2 eﬂi(n 1)49416011'

3

(P) _ [(E) . -
Sij - Si]' - 2( dﬁz(n I)ledo'.j

a,f=1 )
where (e71)g,, (17)4, are the matrices reciprocal, respectively, to those of the
dielectric constant €,5, and the susceptibilities 7,4, and e,;, dg; are the
piezoelectric constants and moduli as defined in §3.1. The small errors in
these equations for permanently polarized media are of the same order as the
ambiguities introduced into the definitions of the elastic constants by the

Maxwell stresses, i.¢., by forces of electrostatic origin.

3.5. Relations of adiabatic and isothermal piezoelectric and di-
electric constants (Ref. 16). For pyroelectric crystals there is a difference
between the adiabatic and isothermal values of the piezoelectric and dielectric
constants, as defined in §3.1 and §3.2, respectively. Using the super-
scripts ad and s to denote, respectively, adiabatic (constant entropy) and
isothermal quantities, we have

o [Aw.P)] - T(oufoT)g,,
(ad) __ glis) m- al i JEvp‘s
daz' - dou' [ oT :]E,p’s ;E) (1)

where v,, is the volume of a standard amount of material (e.g., a gram or a
mole), CI(,E) is the specific heat associated with the same amount of material
at constant stress and field, #, is a strain component as defined in §2.1, so
that (9u,/0T)g ', 1s a generalized expansion coefficient, and the quantity in
square brackets can usually be closely approximated by w,, times the pyro-
electric coeficient (9P,/0T)g ;. For the dielectric constants the relation

(pad) _ (myis) 4nTv,, Bpj) ( ﬁ)ﬁ (2)
aT T Ep’s orT )Em’s

€up " €up C;E?

is ordinarily a very close approximation to the truth.
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4. Conduction and Thermoelectricity

4.1. Conductivity tensor of a crystal. When Ohm’s law is obeyed,
the electric field E and current density j in a homogeneous crystal at constant
temperature are related by

. -
Ja= %/UaﬁEﬁ (1

Similarly the heat flux g and the gradient of temperature T are related, in the
absence of electric currents, by

oT
9o = Zﬂ} Kaﬁ'ax—; 2)

The conductivity tensors have the symmetry of the crystal, and in the absence
of magnetic fields Onsager’s principle of microscopic reversibility requires
that they satisfy in addition (Ref. 6)

Oop = Ogay  Kyp == Kpgy (3)

4.2. Matthiessen’s rule. The presence of any sort of impurities or
lattice imperfections usually increases the resistivity p of a metal above the
value p©@ characteristic of a perfect crystal. In most cases it is found that
over a considerable temperature range

p — p'® = constant independent of temperature (1)

This is called Matthiessens’s rule.

4.3, Thomson effect, When a current of density j (in direction of
equivalent flows of positive charge) flows in homogeneous material in the
presence of a temperature gradient, the rate ¢ at which heat is developed
per unit volume contains a term linear in jand VT.

g=pj?—1 - VT 1

where p is the resistivity and 7 is called the Thomson coefficient. For crystals
of lower than cubic symmetry, 7, like p, must be replaced by a tensor.

4.4. Seebeck effect. The absolute thermoelectric power € of any elec-
tronic conductor measures the emf set up by the presence of a temperature
gradient in a homogeneous material, when the current density j vanishes.
Explicitly, for a cubic or isotropic substance (Ref. 10),

ce — (%‘T_) (n

/3=0
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where e is the magnitude of the electronic charge and j is the electrochemical
potential or partial molar free energy per electron, which for metals (as
opposed to semiconductors) is for all practical purposes a constant minus
e®, where @ is the electrostatic potential. For metals the quantity ¢ obeys
the thermodynamic relation (Refs. 7 and 10)
T
e= [, dT’ @)

where 7 is the Thomson coefficient (see §4.3). In metals of lower than
cubic symmetry this integral may be used as a definition of ¢, with € and 7
replaced by tensors. For non-cubic semiconductors the e-tensor is best
defined by (1) and (2) of §4.6

A thermocouple made of two electronic conductors A, B, with junctions at
temperatures T, T, develops an emf (Seebeck effect)

emf — | T (ea— ep)dT’ 3)

If either conductor is of lower than cubic symmetry, the thermoelectric emf
is in general dependent on the shape and orientation of the conductor; for a
filamentary shape the expression just written can be used if each e is inter-
preted as ¢,,, where the « direction is along the filament.

4.5, Peltier effect. The Peltier coefficient 1l 4j5= —1Ilg, between two
electronic conductors 4, B, is defined as the heat developed at the junction
of A and B per unit current (positive charge) flowing from B to 4. It is

given by (Ref. 7)
yp= T(ep —€a) (1)

where T is the absolute temperature of the junction and the €’s are thermo-
electric powers as defined in §4.4. In crystals of lower than cubic symmetry
the €’s are of course tensors, and the heat developed per unit area is

3
T 2, [(e8),i), — (€a),slia), s 2)
o,f=1

where j,, jp are the current densities in the two conductors, and 7 is the
unit normal to the surface. X

4.6. Entropy flow and Bridgman effect (Refs. 4 and 10). If ¢, is
the absolute thermoelectric power tensor (see § 4.4) and j the electric current
density (equivalent current of positive charge) in any conductor, the flow of
current is accompanied by a reversible flux of entropy whose direction and
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magnitude (entropy per unit area per unit time) are given by the vector with
components
3

Te = D <pals (1)

=1
In an isothermal specimen

1 i
n— o (W+Z) @
where W is the energy flux vector, g the electrochemical potential per
electron, and e the magnitude of the electronic charge. Thus when the
direction of j changes during passage of current through a crystal of lower

than cubic symmetry, a beating or cooling analogous to the Peltier effect
occurs, and is called the Bridgman effect.

4.7. Galvanomagnetic and thermomagnetic effects. Let j, g be
the vector densities of electric current and heat current, respectively, and
let H be the magnetic field strength. Let E,, V,T be the projections of the
electric field vector and the temperature gradient, respectively, on the plane
normal to j or ¢, whichever is nonvanishing. Then the Hall coefficient R,
the Nernst coeflicient O, the Ettingshausen coefficient P, and the Righi-
Leduc coefficient .S are defined, respectively, by

Hall: E,=—Rj X H
Nernst :  E, = QVT X Hunder condition j = 0
Ettingshausen : V,T = Pj x H under condition j+VT'=0, g=0
Righi-Leduc: V¥,7 = SH X VT under condition j= 0
These definitions may be used for large H or for substances of lower than
cubic symmetry if E,, ¥,T are interpreted as the parts of these quantities

which are odd in the magnetic field. For such cases R, Q, P, S are in genera
functions of the directions of Hand j org. Thermodynamics requires (Ref. 4

P = TQJx )

where « is the thermal conductivity,

5. Superconductivity

5.1. The London equations (Ref. 13). According to F. and H. London
the charge density p and current density j in superconducting matter can each
be written as a sum of a *“ normal part (superscript#) and a “ superconduct-
ing ”’ part (superscript s), in such a way that

@P(n)
ot

. i) o' <9 =0 1
+ V=0, T4V (1)
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and at the same time

8(Aj(s)) -

B
il et yis)y — —
5= E VX (AjO)=—7 @

j(n) - g E)
where E, B are, respectively, the electric field in esu and the magnetic
induction in emu, ¢ is the velocity of light, A is a temperature-dependent
constant of the material with dimensions (time) 2, and o is a conductivity
which is finite at all temperatures. In addition we have the Maxwell
equations (see also Chapter 13),

7(8) 1(n)
v X E:7L.a—li) VxH:L-Q—{—%r(-’ +J")
¢ ot c ot c 3)
V'D=4mp, V-B=0
It is customary to assume further that D = ¢E, B = pH, where ¢ and p are
practically unity.

5.2. Field distribution in a steady state (Ref. 13). When all field
quantities are independent of time, the equations of § 5.1 lead to

E=0, p=p™+p®=0 (1)

When in addition the superconducting matter is homogeneous, so that A is
constant, the vectors B, H, and j—= j® all obey the differential equation

V2F = Fx )

where A= ¢V A/4'rr 18 a temperature-dependent length known as the
penetration depth. In a superconducting specimen of dimensions > A
all these field quantities become practically zero in the deep interior, and near
the surface are of the form
F = tangential vector X e~#/*

where z is the depth beneath the surface.

Any steady-state solution of the equations of § 5.1 is uniquely determined
within a superconducting body by.the values, over the surface of the body,
of the tangential component of H or of the tangential component of j.

5.3. The energy equation (Ref. 13). In any isothermal process taking
place in a superconductor we have, in the notation of § 5.1,

&6 [E*D+H-B Aj®*
ot 8 + 2

The quantity in square brackets thus plays the role of a free-energy density.

]-{—UEZ—}—ZC’;V'(EXH):O (1)
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5.4. Critical field and its relation to entropy and specific heat
(Ref. 13). At any absolute temperature T there exists a critical value H,
of the magnetic field strength H, such that any region of a specimen of
dimensions > the penetration depth A of §5.2 loses its superconductivity
when the value of H at the boundary of this region exceeds H,. The value
of H.—0 as T — T, the temperature above which superconductivity
disappears in the absence of a field, while as 7 — 0, dH,/dT — 0.

At any temperature 7' <C T, the transition from the superconducting to
the normal state in the presence of a magnetic field H(7) has a latent heat
given by

n _—Tv dH,

Q=T(S" =8 = ——H, - (1)
where S, S are the entropies in the normal and superconducting phases,
respectively, of any standard amount of the material, e.g., a mole, and v is
the volume of this same amount. As in §5.1, the field H, is supposed
measured in absolute electromagnetic units. 'The specific heats of the two
phases, referred to this same amount of material, differ by

—oT[(dH, \? d2H,
e = = [(Tﬁ") +H de] )
We have also
0= %’7; HE | TG — CdT (3)

5.5, Equilibrium of normal and superconducting phases for
systetns of small dimensions (Ref. 13). The condition H= H, was
given in § 5.4 for equilibrium of a large-scale superconducting region with a
neighboring nonsuperconducting region. This is a special case of a more
general condition which, for regions separated by a plane boundary but not
necessarily thick compared with the penetration depth A of § 5.2, takes the
form

2

Do e m)
where A is the fundamental constant of § 5.1, related to the penetration
depth in § 5.2, and ;& is the component of superconducting current density
tangential to the interface between normal and superconducting regions. If
the boundary between the two regions is not plane, a term roughly of the
form y,(C; -+ Cp) must be added to this equation, where y,,, is the surface
tension of the interface between the two phases, and C;, C, are the two
principal curvatures of the interface.



596 SOLID STATE §5.6

For a thin film of thickness d in a tangential field the completely non-
superconducting state is thermodynamically more stable than the super-
conducting state when

14 Ay - 16n/Hd
H>H, \/1 ~(2Nd) tanh (d2V)

where A is the penetration depth of § 5.2 and Ay is the average, over top and
bottom faces of the film, of the specific surface free energy of the normal
_phase minus that of the superconducting phase.

5.6. Multiply connected superconductors (Ref. 13). Let C be any
closed curve lying entirely within superconducting matter, S any finite
surface bounded by C, and n the local unit normal to S.  With the convention
that the direction of integration around C be related by the right-hand rule
to the direction of #, and with the notation of § 5.1, the quantity

<1>C=”Sn-3ds+c§czxj<s>-ds (1)

is called the fluxoid through C; it has the properties

a. d®y/dt = 0 in any thermal or electromagnetic change of the system,
as long as the neighborhood of C remains at all times superconducting.

b. @y= D for any two curves which can be deformed continuously
into each other without passing out of superconducting matter. Thus in a
simply connected superconductor every ®, = 0, but in multiply connected
ones a finite number of nonzero values are possible.

For a multiply connected superconductor whose dimensions (including
the dimensions of the holes) are > the penetration depth A of §5.2, the
magnetic flux through any hole is, to a good approximation, constant in time
during any thermal or electromagnetic changes, i.e.,

%ffsn-BdSNO 2)

where S is any surface lying in the nonsuperconducting region and bounded
by the hole in question.

Under steady-state conditions the distribution of current and field in and
around any multiply connected superconductor is uniquely determined by (1)
the distribution of external currents and (2) either the fluxoids @y, ..., @, for
the different classes of closed curves within the superconductor, or the
currents 7, ..., 7, in the p circuits of which the multiply connected super-
conductor is composed.
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5.7. General properties of time-dependent disturbances in super-
conductors (Ref. 13). Let g represent any of the quantities B, E,
J@, or j™, in the notation of §5.1. Within any homogeneous supercon-
ducting region all these quantities obey the differential equation

4 d o?
c?Vig = il q+4ﬂo??—+—q (1

A o2
In actual superconducting metals the last term on the right, which represents
the effect of displacement current, is negligible compared to the others at all
frequencies at which the theory is usable; the second term on the right is
usually sizable only at frequencies in the microwave range and above.

In the absence of charges mechanically introduced from the outside, the
volume density p of electric charge vanishes at all times in a superconductor.

5.8. A-c resistance of superconductors (Ref. 13). Let a super-
conducting body of dimensions > the penetration depth A of § 5.2 be sub-
jected to an alternating field containing the time factor ¢*“f. Let R, be the
resistance, at the same frequency, of a normal conductor of the same geometry
and having a conductivity o, large enough to make the skin depth < the
dimensions of the specimen. Then the resistance of the superconducting
specimen is

R— Rc(&)llzi[__i\/wwayx—qm (1)

] S| T

where o is the actual conductivity of the superconducting material as defined
in §5.1 and 8 = ¢/(4dmow)!’? is the skin depth which one would compute for
a normal conductor of this conductivity. In the superconductor the field
and current vary with depth z beneath the surface according to e=%%, where

1 x\2]ae
K==+ =
- [1 + z( S ) ] 2)
These relations are based on the assumption of a homogeneous con-
ductivity o, and do not take account of the fact that even in normal conductors

the effective conductivity is altered when the skin depth becomes comparable
with or less than the mean free path of the conduction electrons.

5.9. Optical constants of superconductors. For wavelengths suffi-
ciently far in the infrared one may reasonably expect the equation of §5.7
to predict the optical constants correctly. The optical constants, n, & are
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defined so that a plane wave of angular frequency w progressing in the
z direction has an amplitude proportional to

iwnz kwz'
exp |iwt ———— — ——
¢ c

The values given by the equation of § 5.7 are, with neglect of the
displacement current term,

= Z) e vm] M

] e

where A, o, have the meanings defined in §5.1. If woA > 1 these reduce
to the expressions characterizing a normal conductor (see § 10.12).

6. Electrostatics of Ionic Lattices

6.1. Potential at a general point of space, by the method of Ewald
(Ref. 3). Consider first the potential due to a continuous distribution of
charge whose density p(r) is arbitrary except for the requirement of over-all
electrical neutrality and the periodicity condition p(r 4 f) = p(r) where ¢
is any translation of the crystal lattice (see § 1.1). The potential V(r) which
satisfies Poisson’s equation and the periodicity condition and has mean value
zero is given by

V() = V'(r,e) -+ V"(r,€) (1)

where ¢ is a positive number with the dimensions of reciprocal length, which
may be chosen at will anywhere in the range 0 < ¢ <<=, and where V'
and V"' are, respectively, a sum over the points of the reciprocal lattice of the
crystal, and an integral over ordinary space. Explicity, if K is 27 times a
general vector of the reciprocal lattice (see §1.3) and if the Fourier coeffi-
cients pg are defined by

p(r) = % pger
K

we have
V'(re) = 4m ,I)?; exp ( Iiz +1K- r) (2)
K#9
—_Erf(e| ¢ —
v = [, o F = 3
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where Erf is the error function
NI
PRV w)fo e dx

Since the sum for ¥’ converges the more rapidly the smaller €, while the
integral for "' converges the more rapidly the larger ¢, a choice € ~ (inter-
atomic spacing)~! or a little more is usually best for computation.

For a lattice whose unit cell consists of p point charges of magnitudes e, at

positions r,, with
v
2 e, =0

=1

the preceding expressions specialize to

V'ire) = i eah'(r — rne), V'(re)= i edh’'(r — rye) (3)

i=1 =1

_ 2 2 T K .
it P =73, R K K )

Q K®

. _ 1—Erf(e|t—r|)
prne =~ 2Q+2 [t—r]

where ( is the volume of the unit cell of the crystal (see § 1.2) and where
the vector ¢ runs over all the translations of the crystal lattice. 'The function
Y(r) = J'(r,€) + "(r,€) represents the potential resulting from a lattice
of unit positive point charges combined with an equal amount of negative
charge uniformly distributed throughout space; it is therefore sometimes
called the neutralized potential of the lattice of positive charges.

6.2. Potential acting on an ion, by the method of Ewald (Ref. 3).
Consider a crystal lattice whose unit cell contains a point charge e; at position
r;, plus other charges continuously or discretely distributed, the total charge
density being p(r). The work required to remove a single one of the charges
of type 7 to a place of zero potential (defined as the space average of the poten-
tial in the lattice) 1s —e,;V/,, where

V= lim [V(r) —e;f7] (1)
We have V; = V;/(e) + V() where, in the notation of § 6.1,
o 2eE K2 e
Vie)= Ve + 4n P K2 exp (— 1z Tk ri’) (2)
" , o | 1 — Erf r—r;
Vil = Jall [p(r) — ed(r")] [ | r(e | "] D] 3)

space
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For the special case where the lattice consists exclusively of point charges,
these reduce to

Vi(e) = 2e € Kz;) Zle exp[— K2/4€2K—i— iK<(r;—r)] (4)
’ — N, 7512_ J— I € —— .
Vi) R% TRl —Erfe| R—r:])] (5)

where R = r; -+ ¢ runs over the position vectors of all ions of the crystal
except theone j=1i, 1 =0, and ez = ¢; is the charge of the ion at R.

6.3. Potential due to an infinite linear array, by the method of
Madelung (Ref. 3). Let an infinite line array of charges consist of p
kinds of charges e;, the jth kind being located at positions x;, x; -+ ¢, x; 4- 2¢,
etc., along a line, and let the array be neutral, so that

zp;ej: 0
i=1

Then we have for the potential at a point whose coordinate along the line
is x and whose distance from the line is 7,

Vi) — % 2 2 (277117) S[ 27m(xt— %)) ] 0

where K(2) = (mif2)H V(i) is the modified Bessel function of the second
kind.

6.4. Potential acting on an ion in a linear array, by the method
of Madelung (Ref. 2). For the array of § 6.3 the potential produced at the
position of one of the charges of type 7 by all the other charges is

B e L

FES)

where ¥(z) = dlogI'(z)/dz, and y = 0.5772 is Euler’s constant.

6.5. Potential due to a plane array, by the method of Madelung
(Ref. 2). Let ), t, be the fundamental translations of a two-dimensional
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lattice in the x-y plane, and let the unit parallelogram of this lattice contain
charges e, at positions rf{j = 1top) with

D

Ee,-ZO

=1
Then the potential at any point r = (x,y,2) is

Qar eje—Klz lgiKe(r—r))

V(xry’z) K - (1)

] SIRS t2| i K#0
where K/27 runs over the lattice of vectors in the x-y plane reciprocal to that
generated by #, £y, i.e., K *1,/27 = integer, K +1,/27 — integer.

7. Thermal Vibrations

7.1. Normal modes of a crystal (Ref. 20). Let ¢! be the position
vector of the jth atom 1n the /th unit cell of a crystal in equilibrium, where 7
runs from 1 to s, where s is the number of atoms per unit cell; let #% be the
displacement of this atom from its equilibrium position. If the atoms are
bound to each other by harmonic forces and if they are subjected to periodic
boundary conditions (see § 1.4) at the edges of the crystal the normal modes
of vibration have displacements %/,’( = 1 to 3) proportional to

u,(k,n) = Re{ A}(q,n) exp [i(q* ¥'' —weit)] } (1)

where Re means * real part of,”” the vector ¢ and the index 7 label the various
normal modes, w,, is the aggular frequency of the normal mode in question,
and the 3s quantities 4 (g,n) are determined to within a constant factor by a
secular equation involving the atomic masses and the interatomic force
constants. The allowed values of g are distributed almost continuously over
the first Brillouin zone (see § 1.3) in reciprocal lattice space, with the density
2/8n%, where v is the volume of the crystal. 'The index n takes on 3s values,
corresponding to 3s bands or branches of the vibrational spectrum. For
three of these, which may be designated by » = 1,2, 3, and for any given
direction of ¢,

wyg, — constantg as ¢—0, (n=1to3) (2)
and Al’;(q,n) ~ Al’;(q,n), (for all 7, j) 3)

These are called the acoustical branches. For the other branches wg > finite
limit as g — 0 (# > 3), and the A{‘ for different j may remain different;
these are often called the optical branches.
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For small ¢ the asymptotic frequencies and A{t of the acoustical branches
can be expressed in terms of the elastic constants of the crystal. The secular
equation determining the limiting ratios w,,/q is (Ref. 3)

3
2
; €oarpluls — prSM { =0 (4)

|
|
| 1
1

ox%

where p and v label the rows and columns of the determinant, p is the density
of the crystal, and ¢, is the elastic constant tensor defined by the equation

Pﬂa: 2 Cuavﬁuvﬂ (5)

3,
v,f=1

relating the stress tensor p , to the strain tensor u,;.  For cubic crystals the
only nonvanishing components of c,,,, are, relative to the ‘‘ natural”
axes of § 2.1, €,p00 = €115 Caupp = €12+ Caupup = Cappa = Caa» Where o and f
take on any values from 1 to 3 (« > ) and where the c;; are the usual elastic
constants as defined in § 2.2.

7.2. Thermodynamic functions, general case (Ref. 22). At any
absolute temperature T the energy U, free energy F, and entropy S of a
crystal whose atoms are bound by harmonic forces can be expressed as sums
of terms involving the frequencies wg, of the various normal modes, as follows

- o hwy,
U="Us+ g« exp (R T) — 1 1)

F= U+ kT Y, In[1 — exp (— ficwgo/kT)] (2)

an

S==k E § —In [l — exp (—fiw, /R T)] + exp Ezzznﬁ% —1 % )

q

where /i is Planck’s constant divided by 2, % is Boltzmann’s constant, and U,
is the energy of the crystal at the absolute zero, including the zero point

1
3 2 Fias
an

The molar specific heat C, is given by
(A 4| R T)? exp (Aew 4R T)
[exp(ﬁqukT) - 1]2 av on gq,n

energy

C,= 3sR (4)

where R is the gas constant.
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7.3. Thermodynamic functions at high temperatures (Refs. 9
and 24). If AT < Fiwmax/2m, where wpay is the highest frequency occurring
for any of the normal modes, the energy and specific heat of the crystals
of §7.2 can be expanded into convergent series in powers of 1/7. For a
crystal containing N unit cells of s atoms each, the series for the energy is

— 2o {(Aw)* Doy
U= U, + 3Ns [kT Lhwday + 2 2;@?),271, (1)
where {((hw)?P>qy is the average over all normal modes &, n of (fw,,)??,
and where B,, are the Bernoulli numbers B, =}, B,= — 4, B;= 2=
By = — 4, Byg= &%, ...- The molar specific heat can be obtained from

this by differentiation, since for the case Nk= R, C,= o0U/6T. The
corresponding series for the entropy is

- ] *® w)®>ay
= =k inhaD) 3Nk 14 B B ]

7.4. Thermodynamic functions at low temperatures (Ref. 9). At
sufficiently low temperatures the only normal modes to be appreciably
excited will be those for which w,, is practically proportional to ¢ and
calculable in terms of the elastic constants by means of the secular equation
given in § 7.1. In this low frequency region the number of normal modes
with angular frequencies in the range w to w + dw 1is

Aw)dew = %<*I;;>avw2dw = 9NS(ZZ—® )3w2dw (1)

where v is the volume of the crystal containing N unit cells of 5 atoms each,
V is the velocity w,,/q of a sound wave, the average being taken over all
directions of propagation and over the three states of polarization, and
where © is an effective Debye temperature (see § 7.5) defined by

1/3

k®_h(< 62> ‘Ns) 2
V3

In terms of these quantities the asymptotic values of the energy, free energy,
entropy, and molar specific heat of the crystal are, respectively

(kh];)4 U, + 375’ ( ®) Nsk@® 3)

2 1
UNUO+F)W< V3

av

T
FNUO_TO1)<% av h3

®T) g, 154—(%)41%@ 4)
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4z 1274 T\?
SN.S-(@)Nk Com g ((9,) —-2338(0) sR &)

7.5. Debye approximation (Refs. 3, 9, and 22). A useful approxima-
tion to the distribution of normal modes in frequency is to take for the num-
ber of modes in the range w to w + dw of angular frequencies

kO
—~0 (for hiw > kOp)

where N is the number of unit cells in the crystal, s is the number of atoms
per cell, and @p is a parameter called the Debye temperature which is to be
chosen empirically. This gives for the energy, free energy, entropy, and
molar specific heat, respectively,

flew)der = 9Ns( ,,) wdw,~(for hw < kOp) } M

U=U,+ 3NskTD(®TD) 2
F=U,+ NskT[3 In (1 — e 9D/T) —D(%{Z)] 3)

S — Nsk [41)(@—]?) —3la(l— e—OD/T)] @)
C,— 3R [4D(®D) _g@?g/_T 1 ] 5)

where the function D(x) is defined by
= £
Dix) = x3 0ef—1
so that D(0) = 1, D(«) =
The asymptotic values of these expressions for U, F, S, and C, at low

temperatures are given by the formulas of §7.4 with ® substituted for ®.
At temperatures above ® /27,

oF)=1-5 PRl F) o

while at any temperature

o) 5(&T +moren

N

-

-9 i [(T/Op)p? + AT/Op)2p + 2(T/Op)?le—*DIT [ ™
=1 ¢
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The zero point energy of the normal modes in the present approximation is

13 horg, = NSO (8)
a,n

7.6. Equation of state for a crystal (Ref. 22). If the interatomic forces
were strictly harmonic, as has been assumed in the preceding sections, a
crystal would show no thermal expansion, and in the equation of state the
pressure would be a function of the volume but not of the temperature.
The slight departures from harmonicity which actually occur do not, how-
ever, necessitate abandoning the formalism of the harmonic approximation;
for many purposes they can be taken adequately into account by retaining
the preceding expressions for energy, etc., but allowing the frequencies of
the normal modes to depend on volume and state of strain. 'This gives for

the pressure corresponding to any volume v,

_ dUO anhqu
?= T E Y exp (o B T) — 1 M

where, as before, U, is the energy in the absence of thermal vibrations but
including zero point energy, and

_ dlnwg,
Yan = — dln o (2)

A common approximation is to assume that ¢, has the same value y for
all normal modes. For this case we have the Mie-Griineisen equation of state

a’ U—-U,
po U, (=0 )
and the linear thermal expansion coefficient is
1/ 0v Ky
37)( ) 3v., o @

where « is the volume compressibility, v,, the molar volume, and C, the
molar specific heat at constant volume. If the Debye approximation is
used, y=—dIn0®/dIno.

7.1. Long wavelength optical modes of polar crystals (Ref. 15).
Consider first a crystal of cubic symmetry containing two ions per unit cell.
The normal vibrations of the optical branches (see §7.1) can then, in the
limit of long wavelengths, be characterized as longitudinal (one branch with
atomic displacements parallel to the wave vector g) or transverse (two bran-
ches with displacements perpendicular to ¢). As g = 2m/wavelength — 0,
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let the angular frequency of the longitudinal branch approach w;, that of the
transverse branches w;. Then if «, x, represent, respectively, the static
dielectric constant and the dielectric constant at frequencies > w; and w,,
but < the frequencies of electronic transitions, !

== )

Let M,, M, be the masses of the two kinds of ions and p = (1/M; + 1/8,)71
the reduced mass. Let eesr be the effective charge on an ion, defined by the
equation

Force = — eeffE

for the force which would have to be applied to each ion to hold it in its
original position in the presence of a uniform macroscopic electric field E.
Then if Q is the volume of the unit cell, i.e., the volume per ion pair

2 47T€%ff
Hes = Ok — Ky) @

The preceding formulas can be applied to noncubic diatomic crystals if the
atomic displacements for the two modes considered lie along a symmetry
axis, so that for the longitudinal mode ¢ lies along this axis, for the transverse
mode at right angles to it. For this case « and x, must be interpreted as
the dielectric constants in the direction of the atomic displacement.

These formulas can also be applied to those polyatomic binary compounds,
e.g., those with the fluorite structure, whose crystal symmetry requires all
atoms of each element to have the same displacement in an optical mode of
infinite wavelength. In such cases M,, M,, ecsr are to be replaced by the
sums of the masses or effective charges, respectively, of all ions of the same
element in a unit cell.

7.8. Residual rays (Ref. 8). The reflection coefficient of an ionic
crystal for infrared radiation at normal incidence possesses a maximum at a
wavelength Ag, called the residual ray wavelength, somewhat shorter than
the wavelength A, = 2mc/w, which resonates with the transverse optical
normal mode defined in § 7.7.  If the optical constants in the frequency range
under consideration can be represented as arising from slightly damped
normal vibrations of the transverse optical branch, we have for diatomic
cubic crystals
N2y p

2 __ 2
WA= % = 54, Ay ()
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where N is Avogadro’s number, eeps is the effective charge on an ion as
defined in § 7.7, p is the density, ¢ is the velocity of light, 4, and A, are the
atomic weights of the two kinds of ions, and «, is the dielectric constant at
frequencies > w, but < the frequencies of electronic transitions.

This formula can be applied to noncubic and polyatomic binary crystals
under the conditions described in § 7.7; for the polyatomic case 4y, A,, eerr
must be replaced by sums of these quantities over all ions of a given element
in a unit cell.

8. Dislocation Theory

8.1. Characterization of dislocations (Ref. 18). A dislocation in a
crystal lattice is a region of departure from the normal lattice arrangement,
localized in the neighborhood of an endless line or curve, called the dislocation
line, and with the properties : (1) the atomic arrangement in the regions
well away from the dislocation line agrees with that in a perfect crystal
lattice except for a small elastic distortion, so that each vector ¢ from an
atom to one of its near neighbors can be placed in unambiguous correspon-
dence with a vector 9 of the perfect lattice; (2) if we select any sequence
of atomic positions lying along a closed path avoiding the neighborhood of
the dislocation line but enclosing this line, then for the sum of the vectors
associated with successive pairs of neighboring atoms along this path we

have
Zt=0 bydefinition, but X#®=1¢ 520

where t', a translation vector of the undistorted lattice, is the same for all
paths encircling the dislocation line in the same sense (paths encircling it in
the opposite direction merely give X#® = —¢'), and is called the skp
vector, or Burgers vector, of the dislocation.

8.2. Force on a dislocation (Ref. 17). Consider any dislocation line
and let ¢, » be, respectively, the slip vector of the dislocation and the unit
vector along the dislocation line, the directions of these vectors being so
specified that, in the notation of §8.1, X#!® = ¢ {for circuits taken in the
right-hand sense with respect to the direction of ». The force dF on each
element of length of the dislocation is defined by setting the change in elastic
energy or free energy, which would accompany any virtual shift of the
dislocation line, equal to — [8r - dF, where 3r is the arbitrary virtual
displacement of any point of the dislocation line and the integration is over
all elements ds along the length of the dislocation line. It is given by

dF=v x T® |¢t|ds (1)
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where T'9 is the traction exerted across a plane normal to the slip vector ¢
by that portion of the stress field due to sources other than the immediately
neighboring parts of the dislocation being considered ; explicitly,

T |t = 2 2Ppe @
5

where if r is a vector measured from a point on the dislocation line and py,
is the total stress tensor in the crystal lattice (with the sign convention of § 2.1,
which makes tensile stresses positive),

B = im }[p5 1) + ol )] 3)

The limit is independent of the direction of  provided r is interpreted in the
macroscopic sense, i.e., r > atomic dimensions, an interpretation which is
in fact necessary if the stress is to be treated as a smoothly varying function
of position.

8.3. Elastic field of a dislocation in an isotropic medium.
Consider a dislocation line lying along the z axis in an elastically isotropic
crystal, and let its slip vector ¢ (defined by the equation of 8.1 for a right-
hand circuit about the positive = direction) have components #,, 0, £,. In
terms of the shear modulus G (equals the u of § 2.3) and Poisson’s ratio o the
stress tensor (defined as in § 2.1 so that tensions are positive) is, at points
sufficiently far from the dislocation line for elasticity theory to be applicable,

. G t,¥(3x% 4 %)
Poe = 50y (w2 1 19

G ny(yr—ah)
Pml - 277,(1 —0’) (x2 +y2)2

pz::()

G t,x (1)
R Z R )

_G ty
pzz_ 277_ (x2 +y2)

__ G th(yz_x2)
Pov = 2n(T—a) (@ + 52
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The elastic displacement # of the medium from its unstrained state has the
components

_ la Yy Iz xy
o= T arctan 4a(1 — o) (22 -+ 32)
(1 20')tm ) _ x2
_ A
U, — . arc tan v

These are of course multivalued, since # must change by ¢ in going around
the dislocation. The dilatation is

ou, 8_u,=i+ ou, (1—20) t,y

x 3y | 0z 2m(l —o) (2437 3)

9. Semiconductors

9.1. Bands and effective masses. Let some reference state for a
single electron be chosen, e.g., the state of rest outside the crystal, and assigned
the energy zero. Relative to this reference state the energy ¢, of the bottom
of the conduction band may then be defined for any nonmetallic crystal as the
least energy required to take an electron from the reference state and place
it in a region of the crystal where there are no lattice imperfections. The
energy €, of the top of the valence band is similarly defined as the negative of the
least energy required to remove an electron from a perfect region of this
type and place it in the reference state. 'The latter process creates an electron
deficiency or hole in the crystal. In both cases the extra electron or hole
with the least possible energy in the crystal always has zero mean velocity.
The minimum energy of creation of an electron or hole with a given infinite-
simal mean velocity ¥ is, respectively,

& + g3+ O(@Y) or —e,+ jma+ O

where m} or mj, is called the effective mass of the electron or hole, respect-
ively. The effective mass is usually assumed independent of the direction
of motion, but may depend on this direction if the crystal is of lower than
cubic symmetry or if the band in question is degenerate, i.e., if there exist
two or more orthogonal quantum states for the electron or hole having the
same energy, the same spin, and zero mean velocity.
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9.2. Density of states (Refs. 20 and 21). If the conduction band is
nondegenerate (see §9.1) a crystal of volume €y contains v(e)de quantum
states for an extra or conduction electron having energies in the range ¢, + €
to €, + ¢ + de, where for small e the asymptotic form of »(e) is ‘

7/2 *3/2,
2Tmm, QN g

V(€) = }3
ey
* \38/2 1/2
’é;) = 6.814 x 1021(%) (%}) per cm?

per electron volt, where % is Planck’s constant and m the true mass of the
electron. Half of these states have one direction of spin, half the other.
An analogous expression applies for holes.

9.3. Traps, donors, and acceptors. Associated with impurities and
other imperfections in the crystal lattice there may be localized discrete
energy levels for an electron. If the work €, required to take an electron
from the reference state of zero energy and place it at the imperfection satis-
fies ¢, < €, < €, the imperfection is called an electron trap ; if the work —e¢,
required to remove an electron from the imperfection into the reference state
satisfies €, << €; <€, it is called a hole trap. Of course, electron
trap - electron — hole trap, hole trap -+ hole — electron trap. A trap
which is electrically neutral when it is a hole trap, hence positively charged
when it is electron trap, is called a donor center ; one which is negative when a
hole trap and neutral when an electron trap is called an acceptor center.

9.4. The Fermi-Dirac distribution (Ref.21). Let 7 label the members
of a set of quantum states for an electron, and let N, = 0 or 1 be the number
of electrons in the 7th state. Suppose first that all combinations of values of
the N, are statistically possible, and that the dependence of the total energy £
of the system on the N, is given by E = constant -+ X N,e;, where ¢, is the
energy of the ith state. Then in thermal equilibrium at absolute tempera-
ture T the fraction of the time that state 7 is occupied is

1
{N>av= fleser) = exp [(e; — EF)/XT] +1

where % is Boltzmann’s constant and ¢z is a quantity known as the Fermi
level and dependent on the mean total number of electrons in the system.
The function fis called the Fermi-Dirac distribution function. The quantity
€p 1s In the present case identical with the thermodynamically defined

(1)
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electrochemical potential of the electrons, and must have the same value in any
two systems or regions which are in thermal equilibrium with each other.
Its value in any large homogeneous region is determined by the requirement
that the total number of electrons in all states must be such as to make the
region electrically neutral.

The assumptions of the preceding paragraph, though approximately correct
for the free electron and hole states enumerated in § 9.2, are not fulfilled by
the trap states defined in §9.3. For example, a donor center of energy ¢,
may correspond to two quantum states with different spin directions, yet
if both of these states were occupied the energy would be > 2e,; because of
the electrostatic interaction of the two electrons. To generalize the Fermi
distribution to include cases like this let g) be the statistical weight of a par-
ticular trap ¢ when the trap is empty, let g; be the statistical weight when
there is one electron in the trap, and suppose for simplicity that other values
of the charge on the trap are so improbable statistically that they can be
neglected. Then if ¢, 1s the work required to take an electron from the state
of zero energy and put it in the initially empty trap, the fraction of the time
the trap is occupied under thermal equilibrium conditions is

1

(g0/81) exp [(e, — ep)/kT] + 1 )

<Nr,>av -

9.5. Density of mobile charges (Refs. 20 and 21). When the conduc-
tion band is nondegenerate and the density of conduction electrons is suffi-
ciently low so that their mutual interactions can be neglected, the value of
this density in thermal equilibrium at any absolute temperature 7' can be
obtained by integrating §9.2 over the Fermi-Dirac distribution. If e is
the Fermi level and if €, — ¢z > &T, where k& is Boltzmann’s constant,
this equilibrium density of conduction electrons is well approximated by

C 2QmmRTEE e,
SCOY ~ B & (7’]‘77 (
(3)

* 3/2 —
= 1.4843 x 1020(%&— . 10%)) exp (ekaT—ef) per cm?® 5

With corresponding assumptions the equilibrium density of holes, #,, is
given by the same expression with mj substituted for m} and ¢, — ¢5 for

€p — €.
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9.6. Fermi level and density of mobile charges, intrinsic case
(Ref. 21). If the number of traps per unit volume is < #, as given by §9.5
with €, — e = (e, — €,)/2, the energy e of the Fermi level and the densities
of electrons and holes become independent of the number and nature of 'the
traps and the conduction is called intrinsic.  Explicitly, for this case and when
the other conditions of § 9.5 are fulfilled,

6F:£c+€’v+3k_T1 (4)
m*
22m/ mimi kT3 ) )
e M (M/hf*h ! CXP[ (ecsze)]
(5)

mpy

* * \3/4 3/2
= 1.4843 x 1020(%—-7) (%)) exp[ (e csz ] per cm?®

9.7. Fermi level and density of mobile charges, extrinsic case.
When the condition of §9.6 is not fulfilled, the position of the Fermi level
depends on the densities of the various kinds of traps present and their ener-
gies. In the lower parts of the temperature range either the density of
mobile electrons will be many times that of mobile holes or the reverse, and
the conduction is called extrinsic. If electrons predominate, the material
is said to be n-1ype, if holes, p-iype. In all cases, however, the product nz,
of electron and hole densities equals the square of the expression in § 9.6,
provided the conditions of §9.5 are fulfilled.

While no simple analytical expression can be given for the density of
mobile charges in the most general case, there is a case which can be treated
fairly simply and which is still sufficiently broad to include many actual
semiconductors. For an n-type specimen this case is one in which : (1) only

a single kind of donor center is present; (2) the acceptor centers, present in
smaller concentration, all have energies sufficiently low so that throughout
the temperature range of interest the number of holes trapped at the accep-
tors can be neglected; (3) the conditions of §9.5 are fulfilled. An exactly
similar case of course occurs for a p-type specimen when the roles of donors
and electrons are interchanged with those of acceptors and holes, respectively.
For an #n-type specimen satisfying the conditions just mentioned let #n,, 7,
and e, be, respectively, the density of acceptor centers, the density of donor
centers, and the energy of an electron in a donor center, and let gy4/g,, be
the ratio of the statistical weights of empty and occupied donor centers.
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Define

_22nm AT gy (e — €a)
d D =" g P T A

_ 20 m, AR /7] _(ee—€d)
= 1.4843 x 10 (m 1000) 71, exp BT

Then the actual density of mobile electrons at any temperature is

1 dnyo(ng —n,) 1/2_ \
e 2““ (Mo + 7 ] !

For a p-type specimen satisfying the analogous conditions let €, be the

(7e + 7a) (1

energy of an electron in an acceptor level, and let gg,/g;, be defined as the
ratio of the statistical weight of an acceptor center when negatively charged
to that when neutral. Define

202mm kTR g, L—e,

y 3/2 o
= 1.4843 x 1020(1:1’” i) Loa exp [_ (%7%)]

Then the density of mobile holes is
1 [1 4 4ngp(ng — 1q) ]1/2 1

"= (non, + n4)?

la

(o + 14) 2)

2

9.8. Mobility, conductivity, and diffusion (Ref. 21). In the presence
of an electric field E an electron in the conduction band will migrate with a
time average velocity <{v,>sv which is to a good approximation proportional
to the field if E is not too large. Holes in the filled band behave similarly,
with a drift velocity <v,)sy. The wmobilities of electrons and holes are
designated, respectively, by u, and wu,, and defined by

Wepav = —pl, (Opav =k
In a cubic crystal u, and u, are scalars, but in crystals of lower symmetry
the equations just written take the form of linear relations between compo-
nents of vectors, with the mobilities represented by symmetric tensors.
For simplicity, cubic symmetry will be assumed henceforth. The electric
conductivity o or resistivity p of a specimen containing n, mobile electrons
and #n, mobile holes per unit volume is given by

o= 1/p = e(nyr, + nps) (n
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If the p’s are measured in cm?/volt sec and the #’s in cm~3,

\

o= 1.6020 x 10~3(1-’6§é Het 7ot p,,,,) ohm™* cm~! )

The variation of the concentration n, of mobile electrons with position
and time obeys the generalized diffusion equation

8n

— V(D) + V- (n,,E) — 3)

where D, == (kT/e)p,e is the diffusion coefficient for electrons and where s is
the rate of disappearance of electrons from the conduction band, per unit
volume, because of recombination or trapping, minus the rate of creation
of new free electrons by thermal action, light, etc. An analogous equation
applies for holes with E replaced by —E.

9.9. Hall effect (Ref. 21). When no holes are present and when the
density of mobile electrons is not too high, the Hall coefficient R, (see §4.7)
at any given temperature varies inversely as the electron concentration z,,
i.e., n,R, is a function of T independent of the position of the Fermi level.
Similarly the Hall coeflicient R;, for holes when no electrons are present varies
inversely as the hole concentration n,. When both electrons and holes
contribute to the conduction the measured Hall coefficient for a homogeneous
specimen is
(Rea'c)o'e + (Rho'h)a'h (1)

(Ge + Gh)z
where o, =enu, and o, = enyu; are the respective contributions of
electrons and holes to the conductivity o, and where the grouping of factors in
the numerator is to emphasize the fact that R0, and R,0, are independent
of n, and 7, at any given temperature. Formulas for these quantities are
given in §9.11; normally R, <0, R, > 0.

R=

9.10. Thermoelectric effects. The thermoelectric power Q, defined as €
in § 4.4, measures the change in height of the Fermi level with temperature
in an inhomogeneously heated specimen when no current is flowing :

Ver = eQVT, (j—0) (1)

When both holes and electrons contribute to the conduction, Q is an average
of electron and hole contributions.
Q Qege + Qhah (2)
O, + T

where o,, o, are the contributions of electrons and holes, respectively, to the
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conductivity, as defined in §9.9, and Q,, O, are, respectively, the thermo-
electric power which the mobile electrons would have in the absence of holes,
and that which the holes would have in the absence of electrons. Formulas
for Q,, O, are given in §9.11; normally Q, < 0,Q, > 0.

9.11. Mean free time and mean free path (Ref. 21). Let it be
assumed that over the energy range of interest the effective mass of an
electron or hole (see §9.1) is independent of its direction of motion, and that
the scattering processes which act to randomize the velocities of the mobile
charges are such that (1) the energy change suffered by a charge in the course
of being scattered through a sizable angle is usually only a small part of the
origiﬁal energy e relative to the band edge, and (2) the probability W(8) of
being scattered in unit time into unit solid angle in a direction making angle 8
with the initial direction of motion is independent of this original direction.
Then quantities such as mobility, Hall coefficient, etc., can be expressed as
integrals over energy involving the energy-dependent mean free time 7,
defined by

?(15: f W(f,¢) (1 — cos 6)dw (H

where dw ranges over all elements of solid angle. If desired, + may be
eliminated in terms of the mean free path /, defined by

e) = v(e)r(e) )

where o(e) = (2¢/m*)!/2 is the speed of an electron or hole of energy e
relative to the band edge.

Assume the velocity distribution to be Maxwellian (Fermi level well away
from allowed band of energies) and let f;,(T,e)de, be the fraction of the
charges whose energies lie in the range € to €+ de, with [ fyde = 1. De-
noting the Maxwellian average of any quantity ¥ by

CFy = |7 Ffade

we have at any absolute temperature T'

Mobility
o ry e 4el_1
R=C" 3kT = mr 2T 32amkTyR
(3)
N m \'2(100\'2 I, g
== 24036(';1':) (—7;‘) 1—A—Cm /VOlt sec

where 7, [; are averages of 7, [ with weights proportional to ¢2 and v, respect-
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ively. Similarly the Hall coefficient, defined as in §4.7 with E and j in
absolute electrostatic units, H in absolute electromagnetic units, is
RIRCAIRC D

Rabs = & nec  {v?r)?

4
where 7 is the number mobile charges per unit volume, ¢ is the velocity of
light, and + is - for holes, — for electrons. Also, if T is high enough,
Aeg + {(2r)[{eT> (5
eT )
where Aeg is the distance ez —¢, or €, — ez of the Fermi level from the
band edge, and where as before + is 4 for holes, — for electrons.
When [/ is independent of energy, as is the case for scattering by lattice
vibrations of the acoustic branch, the formulas reduce to

thermoelectric power Q = -+ [

18 -3
Raps— £ 7 or R= + 7.3540(10—““) cm?¥/coulomb
8nec n
Aep 2k (©)
_ RKep i
0— + [ T e]

while when 7 is independent of energy, as is sometimes the case for scattering
by lattice vibrations of the optical branch in a polar crystal,

18 o3
Rans = + L or R= =+ 62422(u) cm?/coulomb )
nec \ n

9.12. The space charge layer near a surface (Ref. 25). Both the
free surface of a semiconductor and the interface between a semiconductor
and a metal usually carry surface-bound charges, which are compensated by a
volume distribution of charge in the regions of the semiconductor immediately
beneath surface. This volume charge causes the electrostatic potential ¢ to
vary with position.

A case of common occurrence is where the following two conditions are
fulfilled : (1) the surface charge density ¢ is negative and the semiconductor
is n type; (2) either practically all donors are ionized and the change in e
between the deep interior and a point just inside the surface is > kT, or
the change in e is > the ionization energy of the donors. A symmetrically
related case is one where ¢ is positive, the semiconductor p type, and con-
ditions analogous to (1) and (2) are satisfied. For both these cases the volume
charge density is nearly constant over the range x, of depths x over which
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most of the change of ¢ takes place, at least if the centers are uniformly
distributed. We then have, if n, is the density of donor centers, n, the
densiy of acceptor centers (assumed all occupied), « the dielectric constant,
and the surface is taken as x — 0,

O e = I

X

with V, = 2ng*e(ng — n,)x,

xg = gle(ng —n,) = \/KVb/sz(”d — 7g)

= 1050 \/ «Vyvolts angstroms

(ng—n,)/10% cm=3

These equations apply whether or not an external potential bias has been
applied to the contact.

9.13. Contact rectification (Ref. 25). A metal-semiconductor contact
will show rectification if the change of potential in the space charge layer is
in the direction postulated in §9.12. Let such a contact be assumed plane
and the potential a function only of the distance from this plane interface,
and let tunneling of charges through the barrier be negligible. Assume that
the field E at the contact (= 4mg/x in the notation of §9.12) and the mean free
path [ of the electrons or holes satisfy either | eEl| > kT (diode case) or
| eEl | < kT (diffusion case). Assume finally that the current across the
interface region is carried predominantly by majority carriers, i.e., by elec-
trons if the semiconductor is # type or by holes if it is p type. Then the
relation of current density j to voltage V applied across the contact, i.e.,
across the space charge region, is

J = jo(E)lexp (eV/kT) — 1] (B

where jand V are measured positive in the forward (low resistance) direction
and where if V is in the forward direction it must be restricted to values
appreciably below that necessary to wipe out the space charge barrier. Note
that E is in general dependent on V. The dependence of j, on E is different
for the diode case and the diffusion case. For the diode case,

)= A" 11 R exp (= ) @

2
where A= éhth?’ke = 120 amp/cm? deg?
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is Richardson’s thermionic constant, m*/m is the ratio of the effective mass
of the carriers (see §9.1) to the true electron mass, 7 is the mean reflection
coefficient for charges energetically capable of crossing the metal-semi-
conductor boundary, and e¢ is the barrier height, defined as the difference
between the Fermi level of the metal and the bottom of the conduction band
(for n type material) or top of the filled band (for p type) at the peak of the
space charge barrier. For the diffusion case,

Jo(E) ~ ool E| exp (—|V,|/kT) ()

where o, is the conductivity of the semiconductor in its deep interior and
V, is the change in electrostatic potential between the inner boundary of
the space region and the peak of the space charge barrier. The formula for
the diffusion case is written as an approximation because it is based on the
assumption that the energy of the band edge varies linearly with position
until it differs from its value at the surface by several times k7.

In the formula for the dicde case the dependence of j, on E occurs only
by virtue of the dependence of V; on E due to the Schottky image effect;
treating the semiconductor as a continuum of dielectric constant « gives

el .
Vy(E)= V,(0)— B Vy(0) —3.79 X 10~4(Eyjem/x) 2 volts  (4)
Fo make a similar allowance for the image effect in the diffusion case one
must abandon the assumed linear variation of band edge energy with depth;
however, the principal modification of the formula given above is the replace-
ment of V', by the field-dependent value just given.

For some contacts the current across the contact is carried largely by
minority carriers, i.e., by holes if the semiconductor is 7 type, or by electrons
if it is p type (Ref. 1). For such contacts the preceding formulas do not
apply, and in most cases a three-dimensional rather than one-dimensional
approach must be used.

9.14. Differential capacity of a metal-semiconductor contact.
When a small alternating potential is applied to a rectifying contact of the
sort described in §9.12 and §9.13, the contact behaves like a capacitor in
parallel with a resistor, the latter being of course derivable from ‘the d-c
current-voltage characteristic by differentiation. If the impurity centers are
uniformly distributed and if the potential in the semiconductor can be taken
to be a function only of distance from an essentially plane metal interface

capacity per unit area = | p,/E | 1
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where E is the electric field strength in the semiconductor just inside the
metal boundary and p, is the charge density in this region. If, as is often
the case, the donor centers are all 1onized at the boundary and the acceptor
centers all filled, p, = e(ng; — n,), where n,, n, are the densities of donor and
acceptor centers, respectively.

Alternatively, if the charge density at each point throughout the space
charge layer can be assumed unaffected by a small change of potential, then
whether or not the charge density is uniform we have, if the one-dimensional
treatment is applicable,

capacity per unit area = x4, 2)

where  is the dielectric constant and x; is the thickness of the space charge
layer. When in addition the assumptions of §9.12 are satisfied

eeln . — n.)
capacity per unit area= ,\/ ’{6(7;3?771/%)
b

— e _Ma—ra \ME( 1V 2
84224 ( 106 oo ) 7, ppffem

(3)

where V, is the potential change across the space charge layer, equal to the
sum of the potential change in equilibrium and the applied bias potential.

9.15. D-c behavior of p-n junctions (Ref. 21). If the relative con-
centrations of donor and acceptor centers (see §9.3) vary with position in a
semiconducting specimen it is possible for regions of # and p type conductivity
(see §9.7) to coexist in it, separated by a region of low conductivity called a
p-n junction. Such a junction manifests a nonlinear resistance and capaci-
tance similar to those of metal-semiconductor contacts. The following
assumptions, often realized in practice, will be made : Let the semiconductor
be divisible into an # region of uniform impurity concentration, a plane-
parallel transition region, and a p region of uniform impurity concentration.
At points well away from the junction, let the equilibrium hole density n,(n)
in the » region and the equilibrium electron density #,{p) in the p region
satisfy

nh(”) < ne(")’ ”e(P) < nh(p)

Let the quantity s, introduced in § 9.8 as the difference between the rates of
annihilation and creation of mobile charges per unit volume, be describable
in terms of so-called recombination lifetimes, thus :
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— na{
Sy = niq-n,.\ni)’ (for holes in the z region) l
)
(1)
5, = @(P—), (for electrons in the p region) J '

e
Let the thickness of the transition region be < L; and < L,, where, if D, D,
are the diffusion coeflicients for holes and electrons respectively,

Lh = \/%, Le - me
are the so-called diffusion lengths for holes and electrons, respectively.
Assume the transition region to have values of s comparable with or smaller
than those in the # and p regions.

Let two planes be given, one on the p side of the junction and at a distance
d, > L, from it, the other on the n side at a distance d, > L,, yet neither
so far away that the ohmic resistance of p material of thickness d, and »
material of thickness d,, is comparable with the junction resistance as given
below. Let a direct voltage V, measured positive in the forward direction,
be applied between these two planes, and designated as the ¢ voltage across
the junction.” The resulting current per unit area will then be, to a good
approximation

j: e[DhZ};(n) + DeZe(p):l (egV/kT_ 1)

€

2

bt (1 1 RT
=t oot opLe) [7(" A 1)]
where b = p,ju, = D,/D;, o, is the conductivity which the semiconductor
would have in the intrinsic state (see § 9.6}, and o, and o, are the conductivi-
ties of the n and p regions, respectively. The quantity in square brackets
is an effective voltage, the quantity multiplying is an effective conductance
per unit area.

9.16. A-c behavior of p-n junctions. Leta p-n junction satisfying the
conditions of §9.15 be subjected to a d-c bias V,, measured positive in the
forward direction, and to a small alternating voltage V¢**. The alternating
part of the current per unit area will then be AV ¢!, where the complex
admittance A4 per unit area is given by

A = (1 +iwry) PGhoeVo*T + (1 +- it )G ooV o*T + itwCrp ¢y
where in the notation of §9.15
bo?

(0 F 0oLy

2
bo?

Gho (1 + b)%0,L,

Geo - (2)
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and where (' is a capacitance associated with the transition region and des-
cribed below for special cases.

Let « be the dielectric constant and n, the density of holes or electrons
in intrinsic material (see §9.6), and let L, = («kT/8me?n,)'* be the cor-
responding Debye length. If most of the change in potential in the transi-
tion region occurs in a region within which the densities 7; of donors and =,
of acceptors satisfy

ng — Mg = ax

where x is distance normal to the plane of the junction, and if @ > n,/L,,

then /
8mea i3
LS [7] 3

"N 8 | 3o — T) @)

where i, is a positive quantity equal to the difference in electrostatic potential
between the two sides of the junction when no bias is applied. If, on the
other hand, most of the change in potential in the transition region occurs
in the regions of uniform impurity concentration, as may happen for large

reverse bias,
1/2

Ken (mm(p)
8m[n(n) + n4(P)]ho — Vo)
where n,(n), n,(p) are the equilibrium densities of electrons in the » region
and holes in the p region, respectively.

(4)

TR

10. Electron Theory of Metals
10.1. The Fermi-Dirac distribution (Ref. 20). Let there be =

electrons per unit volume in a metal, and assume that the total energy of
the metal can be represented as a constant plus a sum of energies ¢; of the
individual electrons. Then if 7 designates any quantum state, i.e., set of
orbital and spin quantum numbers, the fraction of the time this state is
occupied in thermal equilibrium at temperature T is the Fermi function
fleser) of §9.4. For metals, as distinguished from semiconductors, the
Fermi level ¢ lies in a region of energies where there is a continuous distri-
bution of quantum states, and usually does not vary much with temperature.
If a metal specimen of volume Q; contains nQy electrons and »(e)de quan-
tum states, the Fermi level at temperature T is

(1) = ex(0) — LY ) e ol + O(TY) (1)

where % is Boltzmann’s constant and €{0) is determined by

fEF(O) v(e)de = nQly
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If the energies of the various quantum states are the same as those of free
electrons of mass m*, v(e) is given by the formula of §9.2. When electrons
of both spins are present equally we have, if the atomic volume Q = (47/3)3
contains Z electrons, ‘

B2 [ 3y \ 2/3 N 2
sF(O)zﬁ(:?) — 3.686722/3(“#) (%) rydberg units ]

& s
- (2)
= 3.6458 x 10~ 15(——) (n,,—3)?% volts J

o (RT)

1)~ el0) ~ T3 ¢ o5

where % is Planck’s constant, m the normal electron mass, and a; the Bohr
radius. For this case the maximum wave vector &, (see § 10.5) defined by
R2RE [2m* = €(0), has the value

3n \'®  1.9202Z13
b () - PR ()

rS

10.2. Averages of functions of the energy (Ref. 23). If F(¢) is any
function of the energy of an electron, the sum of F over all electrons in the
Fermi distribution is, in the notation of §10.1,

EF(Q Npw= 2, Fle)+ ¢ 2 (df)o(kT)2+O(T4) o)

&; <5F(0)

where the subscript 0 implies that v and dF]de are to be evaluated at €(0).
Note that v, being the density of quantum states, is, in an unmagnetized
metal, twice the density of orbital states.

10.3. Energy and electronic specific heat (Ref. 20). For the model
described in § 10.1 the electronic contribution to the molar specific heat is

77kT

¢t = L, (e)+ O(T?) (1)
where v, is the density in energy of electronic states of both spins, for one
mole of material. The term O(T3) is negligible if £7(dln v/de)eer < 1.

If the energies of the various quantum states are the same as those of free
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electrons of mass m* and if there are Z such electrons per atom of a monatomic
substance,

o~ ()22 )
v 2 . €F

— 2317 x 1011(’"—*) z
m J(n

cm‘a)Z/3

T cal mol-tdeg?! > (2)

ry \2{ m*
= 1.694 X 10—521/3(—3—) ( )T cal mol-1 deg!

arr / m
where R is the gas constant and the other symbols have the meanings explained
in §10.1. For this case of quasi-free electrons the average energy of the

occupied levels at the absolute zero is
cay = §ei(0) 3)

10.4. Spin paramagnetism (Ref. 20). In the presence of a magnetic

" field a nonferromagnetic metal will have an equilibrium state in which the

numbers of electrons with spins parallel and antiparallel to the field are

slightly different. The contribution of these unbalanced spins to the molar
magnetic susceptibility is, for the model described in § 10.1,

X = B, (ex) + O(T?) )

where f8 = efif2mc is the Bohr magneton, and v, is the total number of
electronic states of both spins per unit energy range, for one mole of material.
The term O(T?) is negligible if

kT(dIn vide),-,, <1
If the energies of the various quantum states are the same as those of free

electrons of mass m™ and if there are Z such electrons per atom of a monatomic
substance

2 / *
MO NoZB* _ | g8 10—621/3(;)2 3(’” )

m 2 € m

. (2
— 0.9685 X 10—621/3(L)2(m )

(2523 m/

where N, is Avogadro’s number, 4 the atomic weight, p the density, ay the
Bohr radius, and 7, the radius of the atomic s-sphere (see §§ 1.2, 10.1).
For the orbital contribution to the susceptibility see § 10.11.
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10.5. Bloch waves. Consider the Schrodinger wave equation for a
single electron in a potential field possessing the periodicity of a crystal
lattice. 'The solutions satisfying periodic boundary conditions (see §14)
may be taken in the form

i = € Tuy(r) (D
where the function w; possesses the periodicity of the lattice, i.e.,
u(r + t) = u,(r) for all lattice translations £. The wave vector k must
terminate on one of the closely spaced lattices of points in k-space defined
in § 1.4; it may, if desired, be specified to lie within the first Brillouin zone
(see § 1.3), since if g is any vector of the reciprocal lattice (see § 1.3) the quan-
tity ¢*'" in the above equation can be replaced by ¢ *+2™® " with substitu-
tion of a new periodic function for #,. If k is thus specified to lie in the
first Brillouin zone, it is called the reduced wave vector of . The set of
energies ¢, going with a particular reduced wave vector k is discrete, but
the variation of each of these ¢,’s with changes in k is continuous. Explicitly,
if s, is the only eigenfunction of reduced wave vector k and energy e,

% B iV @

10.6. Velocity and acceleration. The mean velocity of an electron
in a2 Bloch wave state ;, of energy ¢, is, if no other state has the same reduced
wave vector and the same energy, '
1 Oe

o ()
ok
Application of a spatially uniform force F to an electron in such a state causes
the wave function and energy to change with time, in a manner which for
nearly all practical purposes can be described by saying that the wave vector
changes uniformly at the rate

Uy =

dk F
FF @)
10.7. Energy levels of almost free electrons (Ref. 23). For perfectly
free electrons €{® = A%k%2m varies continuously with % as k goes from
0 to . If the periodic potential field of a crystal is treated as a small pertur-
bation on these free electron levels, €, acquires discontinuities on certain
planes in k-space, viz., when for any vector g of the reciprocal lattice (see §1.3)

g k—mg)=0

The nth Brillouin zone is defined as that region of k-space which can be
reached from the origin by crossing (n — 1) of these planes in the outward
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direction. Each point of the first Brillouin zone occurs once and only once
among the reduced wave vectors (see § 10.5) of all points in the nth zone.

If k is a point rather closer to the discontinuity plane going with the reci-
procal lattice vector g than to any other such plane, the value of €, given by the
present perturbation treatment is approximately

€ = ;CO) + E;cmzny =+ \/( ¥ E;cm.‘z:w) + 4 l V, , (1)

1

where V,= as
N

fﬂ eZm’g.rV(r)d,r

N
is a Fourier coefficient of the potential energy function V, Qy being the
volume of the specimen, the ‘ fundamental volume” of §1.4. Let
k = ng 4+ k) + k, wherek is parallel to the discontinuity plane, k | normal
to it. Then since e;i = h2k2[2m we have, if k| < m |V, |[nh?g,

Wrg?
2m

Ry v s e(ETE ) o
wn T T |V, g (S )
where V, is the space average of the perturbing potential, and where it is
custornary to use the upper sign if £ | points away from the origin, the lower
if toward it. When k| >m |V, |/mh%,
72k? m|V,|?
“~ 2 T Vot oy k) 3)

10.8. Coulomb energy (Ref. 20). Since a unit cell of a metal is electri-
cally neutral, a convenient step in calculating electrostatic energies is to
calculate the energy of a single unit cell by itself. If the unit cell does not
differ too much in shape from the s-sphere (see § 1.2) of equal volume and if
the charge of Z conduction electrons 1s uniformly distributed over the cell,
the electrostatic potential due to this distribution of electrons will be appro-
ximately the same as that due to a uniform distribution of electrons over an

s-sphere, viz., Jor?
3Ze er
Ulr) = — > T o (1)

where 7, is the radius of the s-sphere. The contribution to the potential
energy of an electron is of course —eU. The self-energy of this distribution
of electrons over an s-sphere is

3722

- %Z9<U>av =5 2)
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10.9. Exchange energy (Ref. 20). Let the ground state wave function
for an assembly of NV free electrons be approximated by a determinant of
plane wave functions, half with one spin and half with the other. The
total energy will then be the sum of the kinetic energies of the various elec-
trons, the energy of interaction of the electrons with whatever positive charges
are present, the Coulomb self-energy of the mean charge density of the
electrons, and an exchange term given by

34/3 35/3 Z1/3€ ZI/SEA
— Z;Tllg ezi’ll‘/'3 N N = — 55/%—2/3 r N— — 0 458 s

N )

where n = N/{y is the number of electrons per unit volume and Z is the
number of electrons in a volume 4m#¥3. The change in energy caused by
removing an electron from a state with wave vector k is, in the present
determinantal approximation, equal to the negative of the kinetic and
electrostatic energies of this electron, plus the exchange term

.
Chy [ B KRR,
A=y (2+ Kk, " ktk }) f
7Bk Y14 Rk @
_ el 1 _ "~ + m\
=l [ 41e(1 km)l ‘l—k/k
/

where &, is the maximum % occurring in the Fermi distribution. The
quantity in square brackets has the value 1 at k=0, 4 at k= k,,, and 0 at
k = . Its derivative with respect to kis Q at k = 0, —w at k = &,,,.

10.10. Electrical and thermal conduction (Ref. 20). Let the con-
duction electrons of a metal be assumed to occupy states of the Bloch type
(see §10.5) and to be scattered by lattice vibrations but not by each other.
Suppose further that 7' > ®, where ® is the Debye temperature of the
lattice (see § 7.5), but that at the same time the electron distribution is highly
degenerate, i.e., kTdInv/de < 1, where v is the number of electronic states
per unit energy. 'Then the electric conductivity o and the thermal conduct-
ivity « must be related by the Wiedemann-Franz law

2 2
(TK]: = %(é) = 2.45 X 1078 watt-ohm/deg? 1)

The Hall constant R, as defined in §4.7, can be simply related to the
electron density only if some special assumptions are made regarding the
variation of energy with wave vector and the angular dependence of the
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scattering probability. The simplest case is that where ¢, o A% + constant,
degeneracy is complete, and scattering is isotropic; for this case

18 -3
Raps— ——— or R= —62422- (10&) c¥jcoulomb  (2)
nec n

where 7 is the number of electrons per unit volume, ¢ is the velocity of light,
and Raps 1s defined with E and j in absolute electrostatic units, H in absolute
electromagnetic units. 'The same formula applies, with a positive instead
of negative sign, to the case where there are # holes per unit volume in a
band and the energies of these empty levels satisfy € cc constant — (k — k)2

10.11. Orbital diamagnetism (Ref. 20). When a magnetic field is
applied to a metal the conduction electrons not only change their spin
distribution but also suffer an alteration of their orbital wave functions.
The latter effect causes a contribution ¥ to the molar susceptibility, which
must be added to the spin contribution x& of §10.4. For perfectly free
electrons at temperatures approaching the absolute zero

W= X (1
A band containing a number Az per unit volume of electrons or holes with a
small effective mass m* contributes a rather larger amount to x(’, given
approximately by
1 m \2 drmBR( 3An\1B{ m "
() (s)
xm:—§X2(m*):—W(“T) m)vm (2)

where f = efif2mc is the Bohr magneton and v, is the molar volume.
The second part of this formula may be applied to cases where the effective
masses 7, along and m,, m,, transverse to the magnetic field are different, by
setting m” — (m2m;2/m,)"/3. All these formulas refer to the susceptibility
at zero field; when the magnetic field H becomes of the order of 2T/8, the
susceptibility becomes field-dependent.

10.12. Optical constants (Ref. 20). In any homogeneous isotropic
medium the amplitude of a plane electromagnetic wave of angular frequency

w will vary as ]
e_kww/c (SIH ) [w (ﬂ B t) :I
cos | c

where ¢ is the velocity of light, ¢ the time, x the coordinate in the direction
of propagation, and & and # are optical constants which are in general func-
tions of w. Consider the case where the medium consists of an assembly
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of classical free electrons, of mass m, charge ¢, and density # per unit volume.
Assume the motion of each electron to be damped by a frictional force equal
to —mw, times its velocity. For this case

2

2
MY I W S g } (1)

w? +Z’ 2w{w? + w?)
where
47rne?

2 __
Wy =

n 12
or wy= 1.7841 X 1016(— ) sec™?

10% ¢cm—3

The quantity w, is related to the d-c conductivity o, of this model by

2 6 —1 —1
0, = 1o — 28185 1013( ” ) (-—10 ohm™ em )sec—l

Go 10% cm—2 og )

When this model is used as an approximation to actual metals it turns
out that w, < w,. When this is fulfilled and w < w,, the above formulas

reduce to 5 s A\ s
~ ke 2T = A %
n~ka ( ° ) 54.75( ™ ) ( [0°ohm T om T ) (2)

This leads to the Hagen-Rubens relation for the reflection coefficient R of a
metal surface in the infrared.
w \1/2
R=1— 2(7*) 3)

270,

\

When w, < w, on the other hand, nk ~ 0, soif w <,
2

\1/2
n a0, k%(‘ig—l)
w

and if w > w,,

2y 1/2
nm(l—aﬂ) , ka0 4)

w?

11. Miscellaneous

11.1. Specific heats at constant stress and strain (Ref. 27). Let
C, be the heat capacity of some given amount of crystalline material at
constant stress p, and C, that at constant volume and state of strain. Let
v be the volume of this same amount of material. Then if T is the absolute
temperature and #; ( = 1 to 6) the strain components as defined in § 2.1,
so that (du,/9T), are generalized expansion coeflicients,

J u;\ (o,
Cy—Co=To Y, (8_T) (a_T.) (1)
3 D b4

7,5=1



§11.2 SOLID STATE 629

where the ¢;; are the elastic constants as defined in §2.2. For cubic or
isotropic material this reduces to

2
C,,—C’,,:9Tm )

K

where o = (ou,/0T), is the linear expansion coefficient and
x = —(1/v) (0v/op)y is the 1sothermal volume compressibility.

11.2. Magnetocaloric effect and magnetic cooling (Ref. 19). Let M
be the magnetic moment of a specimen of matter subjected to a magnetic
field H due to external sources. If H is changed in such way that the en-
tropy S of the specimen remains constant, and if the state of the specimen is
always one of thermal equilibrium in the field H, the absolute temperature T
of the specimen will change according to

()~ () "
oH ) g CHN\ oT | o
where C¥D = T(8S/0T)g is the heat capacity of the specimen at constant H.

The equation is valid if all derivatives are taken at constant pressure, or all
at constant volume.

11.3. The Cauchy relations (Ref. 3). Let the atoms of a crystal be
assumed to interact in pairs, with the interaction energy of each pair a
function of radial distance only. Let the crystal, initially in equilibrium at
zero stress and the absolute zero of temperature, be subjected to an infini-
tesimal homogeneous strain described by the tensor u,,, with resultant
stress tensor p,, (as used in §2.1). Let the symmetry of the lattice be such
that the displacement of any atom, originally at position R, is simply

3 .
2 u R(z)
uy v
y=1

This condition is satisfied, for example, if each atom is a center of symmetry.

Then the elastic constant tensor ¢,,,;, defined by
3
Ppa = 21 C;.avﬁuvﬁ (1)
v,f=1

(as used in § 7.1), must be symmetrical with respect to all interchanges of the
indices u, o, », 8. The identities which result from this fact go beyond those
always required by the symmetry of ¢,,,5 in p 2 o, v == Band u, a2, B,
and are called the Cauchy relations.
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In the notation of §2.2 these are

Ca3 = Ly Cs6 = C1g
C31 = Cs5 Coq = Ca5 (2)
C12 = Ceg Cas = C36
For cubic crystals these degenerate into the single relation
Cig = Cyy (3)

11.4. The Brillouin and Langevin functions (Ref. 26). Let
B = ehi[2mc Dbe the Bohr magneton and let g be the Landé factor for an atom
of total angular momentum quantum number [, so that the eigenvalues of
the 2 component of magnetic moment run from g ] to —gB], in steps of gB.
When such an atom is in thermal equilibrium at absolute temperature T in
the presence of a magnetic field H, and in the absence of other orienting
influences, its mean magnetic moment is
Moe = 18 S0 1)
where % is Boltzmann’s constant and
B(y)— (2]27 1) coth 2/ ;} Dy _ 71]— coth g]— 2)
is called the Brillouin function. 1If Jis > 1 but gBH/RT < 1, M,y approaches
the value given by the classical statistics, viz., the value obtained by substi-
tuting for the function B; the Largevin function

L(y)=cothy _yi (3)

of the same argument. Seec also, Chapter 26.

11.5. Relation of thermal release to capture of mobile charges
by traps. In an insulator or semiconductor let €, be the energy of the
bottom of the conduction band (see §9.1), ¢, the energy required to take an
electron from the state of zero energy and place it in an electron trap (see
§9.3). Assume the energy level at the bottom of the conduction band to be
nondegenerate, and let m be the effective mass associated with this band
(see §9.1). Let o be the cross section for capture of a free electron by the
trap, averaged over spin orientations and assumed independent of electron
energy. Then the mean lifetime 7 of an electron in the trap, defined by rate
of thermal release = (1/7) X number in traps, is given by

h*(81/80) € — &
T 16mmy(k T T ( kT ) )

, . (L
2 16 2 .
_ 3332 10712(%1_)(1@) (é) (,lm)exp( RT;) Secj

* T Zo o
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where £ is Planck’s constant, # Boltzmann’s constant, 7 the normal electron
mass, 7T the absolute temperature, and gy, g, are the statistical weights of
full and empty traps, respectively.

The same formula applies, under analogous assumptions, to release of
holes from hole traps (see § 9.3); for this case m} is replaced by the effective
mass mj, of holes, g, and g, refer to states respectively with and without a
trapped hole, and €, — ¢, is replaced by €; — ¢,, the energy required to take
an electron from the top of the valence band and place it in a trap which has
previously captured a hole.

The same formula can be applied to cases where the capture cross section
is inversely proportional to the energy of the mobile charge relative to the
band edge, if for o is set the cross section for an energy A7. Similarly it can
be applied when the capture cross section is inversely proportional to the
velocity, if for o 1s set the cross section for a charge with the arithmetic mean
thermal speed o= (2813712} (RT/m*)}/2.
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Chapter 26

'THE THEORY OF MAGNETISM

By J. HH Vanx VLECK

Hollis Professor of Mathematical Physics and Natural Philosophy,
Dean of Applied Science, Harvard University

The following brief summary comprises some of the major formulas of
the atomic theory of magnetism. They have been selected to provide the
reader with basic relations and ones most likely to be useful for the research
student. It is hoped that the explanatory text will fill in the background
necessary for the understanding of the fundamentals. The emphasis is
entirely on the atomic or molecular viewpoint, and no attempt is made to
include domain theory, or so-called phenomena of “ technical magnetiza-
tion,” such as remanence, hysteresis, etc.

1. Paramagnetism

1.1.-Classical theory. Langevin’s formula for the magnetic moment M
per unit volume in a field of arbitrary strength H is

M — NuL(uHJRT) (1)

where N is the number of atoms or molecules per unit volume, p is the
magnetic dipole moment of the atom or molecule, and L(x) is the Langevin
function

L(x) = cothx — l/x @

In weak fields (i.e., uH/kT < 1), the Langevin formula reduces to the
following expression for the susceptibility :

X = MJH = Nu*3kT 3)

The proportionality of the paramagnetic susceptibility to the reciprocal of
the temperature constitutes Curie’s law. The proportionality factor is
known as the Curie constant. According to the Langevin formula, the
Curie constant is Nu?3k.

633
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1.2. Quantum theory. In quantum mechanics, Curie’s law is valid
if the matrix elements of the magnetic moment exist only between states
whose separation is small compared with kT, and if there is a permanent
magnetic moment u. A permanent magnetic moment signifies that the
square of the magnetic moment has the same expectation value for all states
that possess an appreciable Boltzmann factor. If in addition matrix ele-
ments exist connecting states widely spaced compared with &7, the suscep-
tibility will contain a term independent of temperature, i.e.,

x = Nu2/3kT + Nu

If there are matrix elements joining states separated by intervals comparable
to kT, deviations from Curie’s law will occur.

a. Free atoms with multiplets wide compared with kT. In a field of
arbitrary strength, the moment is

v = Njgp( 2T + oot (1)

Here ] is the atom’s inner quantum number, g is the Landé factor,
B is the Bohr magneton hAe/dmme = 0.927 X 10~ erg - gauss™, and B,
1s the Brillouin function.

7
MeMuld

M=—J
By(y) = 7

] 2 eMulJ (2)

T M=-J

2/ +1 2y+yy 1 y

772] coth( 77 )—2—]coth7]— ).

The last member No,H of Eq. (1) is a correction term for the effect of the

matrix elements of the magnetic moment which are nondiagonal in J. It

is assumed that the Zeeman separations are small compared with the multi-

plet intervals Av{J’, J), and that the latter are large compared with k7. The
explicit formula for o is

S RS - 0] J )

oy —

S 62+ [(J L)) m( 1)

where
1

F(J) = 7 (SHL+1P=TIP—=(S—L)]
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In weak fields ( JgBH < kT), the susceptibility is

x— SR e, 4

‘The following formulas (5) to (8) are given only for the case of weak fields,
i.e., with neglect of saturation effects.
b. Free atoms with multiplets small compared with kT.
N2
X7 3kT

[45(S + 1)+ L + 1)] (5
c. Free atoms with multiplet separations comparable to kT

8 [ eI+ aj}—ww

s 3kRT
X=! T S o EiET (6)

Here the E; are the energies of the various multiplet components of the
atom in the absence of a magnetic field. The subscript [ is attached to the
g-factor to indicate that it depends on J.

d. Free molecules. Practically all free molecules except NO have sus-
ceptibilities conforming to the “ spin-only ” formula

~ 4ANBESIS + 1)
= T ~ 4 Na (7

Here No is a small correction term, independent of temperature, arising
from the orbital magnetic moment, which is highly nondiagonal.

Nitric oxide is the standard example of a molecule that deviates from
Curie’s law because the multiplets interval Ay is comparable with #7. Here

 4NBE[1 —e* + ge?
X= 3T t (L1 e ] + No ®
. kA 173
whnere 2= kT = —]_r

e. Solids of high magnetic dilution. In such solutions the paramagnetic
ions are widely separated. 'They are usually highly hydrated salts. Such
materials can be treated by means of a one-atom model, based on the idea
that an ion is subject to a crystalline potential ¥(x,y,2) which represents the
effect of the interatomic forces. Let E, be the energy of a quantum-
mechanical state, including both the Stark energy arising from the crystalline
field, and the Zeeman energy caused by the applied magnetic field. The
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quantum-mechanical formula for the expectation value of the magnetic
moment of an arbitrary state » is in general,

(M,>ay = — OF,J0H 9
The magnetic moment per unit volume is thus

| EelOE oH)e FT

M= ¥, e EnlT

(10)

In case the energy E, can be developed as a Taylor’s series in H, viz.,
E,=E\W - EWH -+ E @H? | ..

the expression for the susceptibility in weak fields is

N Z,[(E,RT — 2E, @] EVET
X= Y, e-E0 /T (11)

In salts of the iron group, the crystalline potential largely quenches the
orbital moment, and the spin-only formula [Fq. (7) of § 1.2] is often a fairly
good approximation. Rare-earth salts at room temperatures can usually
be treated as having free atoms [Eq. (4) or (6) of § 1.2].

f. Magnetically compact solids. These require inclusion of exchange
coupling between atoms and cannot be treated on the basis of the one-atom
model. Oftentimes the exchange coupling can be approximately repre-
sented by means of a Weiss molecular field [see Eq. (1) of § 2.1].

g. Nuclear effects. Nuclear effects on the paramagnetic susceptibility
are negligible as long as the hyperfine structure is small compared with &7,

b.  Spectroscopic stability. In general any interaction producing a fine
structure small compared with 2T does not influence the susceptibility, which
is thus the same as if the interaction were completely absent.

2. Ferromagnetism

2.1. Classical theory. The standard model, semitheoretical, semi-
phenomenological, of ferromagnetism in classical theory is that of Weiss,
wherein the field in the argument of the Langevin-function involved in
Eq. (1) of §1.1 1s taken to be not the applied field, but rather the field aug-
mented by a  Weiss molecular field " proportional to the intensity of
magnetization. The total effective field is then

Heff': H—}—qM (1)
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and in place of Eq. (1) of § 1.1, one has
HA4¢M
M = N M 0] @

The Curie temperature 7', is that below which spontaneous magnetization is
possible, i.e., below which Eq. (2) admits a solution with H=10. Itis

T, = Ny%q/3 3)

For T > T,, the susceptibility, apart from saturation corrections, has the
form

x = Np?3K(T —T) (4)

2.2, Quantum theory. a. Heisenberg model. Heisenberg showed
that the origin of the Weiss molecular field is to be found in exchange
coupling. In his model each atom contains one or more uncompensated
electron spins (Heitler-London model of valence). The exchange effects
introduce an interatomic potential of the form

V=-=2 Zj)z'j',-jsi'sg' (l)

where S is the spin-vector of atom ¢, and ¥,; is the exchange integral joining
atoms 7 and j.  Usually 7,; is assumed, for simplicity, to have a nonvanishing
value 7 only between adjacent atoms.

Even with this simplification, an exact analytical expression for the moment
is obtainable only in the vicinity of the absolute zero, where the so-called
Bloch spin waves can be used. In the region, i.e., /T < 1, one has for
the special case S =3,

LT\3/2
e[t =(5)"] @
where 4 is a constant, which assumes the value 0.1174 for a simple cubic
lattice.

At higher temperatures, great simplification follows from the use of the
so-called first approximation of the Heisenberg theory, wherein it is assumed
that all states of the same resultant spin for the whole crystal have the same
energy. This approximation is questionable from a mathematical stand-
point but seems to work fairly well and gives results remarkably similar to
those of the Weiss theory. In place of Egs. (2) and (3) of §2.1 one has

M — gNSBBs {gS,l;(hlfe;—q—M)] 3)
with ¢ =2z /g2NB2.

7, 20585 +1) @

3k
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Here Bg(y) is defined as in Eq. (2) of § 1.2, and 2 denotes the number of
nearest neighbors possessed by an atom. Eq. (4) of § 2.1 is applicable with

pE— gB2S(S + 1) )

More accurate analysis gives a somewhat different formula than Eq. (4)

for T,. An accurate development of the reciprocal of the susceptibility

above the Curie point takes the form

1 3k ' a b ¢

s T\ T A T ot ) (©)

The most extensive calculations of the series (6) have been made by

Luttinger and Brown, Domb and Sykes, and by Rushbrook and Wood.

b. Stoner’s model of ‘ collective electron ferromagnetism.” 'The Stoner
model is the analogue of the Hund-Mulliken theory of valence, and assumes
that electrons wander from atom to atom, instead of being bound to a given
atom. Besides the intensity of the exchange coupling or molecular field,
the conduction band width enters as a disposable constant.

The free energy F, specific heat C,, and moment M are computed as
follows from a characteristic function I

or ol
— 2 —
F= NrT —RTT, C,= 3 {kT (aT) ] M= kT(aH) (7)

The Stoner expression for I is

r— f " v(e) In [1 4 en-te-aMi- AT )

- (8)
+ f ) In [1 | en—(e+aMpsHE) kT]de j

Here v(e) is the number of states in the interval ¢, € - de. The constant 7
is given in terms of the number of atoms N per unit volume by the relation

= (@L/om)r ©)

2.3, Anisotropic effects. These effects, and phenomena such as
hysteresis, remanence, etc., are not included in the Heisenberg or Stoner
models. Most of these subjects belong to the domain theory of magnetism.
The phenomenological energy of anisotropy for a cubic crystal has the from

Esanisotropy = Ki(og®an® + on?as® + a5’ep?) + Koy Porp%ry?) 1

where o, oy, a5 are the direction cosines of the intensity of magnetism relative
to the principal cubic axes. The anisotropy constants K,, K, have their
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origin presumably in spin-orbit interaction, but their theory is at present
none too satisfactory.

2.4. Antiferromagnetics. For ferromagnetism it is necessary that the
exchange integral 7 be positive. If instead it is negative and sufficiently
great in magnitude, antiferromagnetism can occur. This is substantially
a form of paramagnetism rather than of ferromagnetism, since the suscep-
tibility is relatively small and depends little on field strength. There is a
Curie point T, at which the susceptibility is a maximum. Below this Curie
temperature there is an antiparallel or staggered ordering of the spins, whence
the name antiferromagnetism arises. With simple models, the susceptibility
at T = 0 is two-thirds of that at the Curie point

XT-0 = §X1-T, (1)
If approximations analogous to those of the Weiss field are employed, the
formula for the susceptibility above the Curie point is

SNBSS + 1) o

(T + cT,)

The value of the constant ¢ is 1 if one includes only coupling between nearest
atomic neighbors, but Néel and Anderson showed that with other, more
complicated models, which come closer to reality, ¢ can be as high as 5.

3. Diamagnetism and Feeble Paramagnetism

3.1. Classical theory of diamagnetism. The Langevin-Pauli formula
for the diamagnetic susceptibility of an atom is
Ne?  —
X= —67’1?2'2%7’12 (1)
where the bars denote the time average and the summation is over all the
electrons in the atom.

3.2. Quantum theory of diamagnetism. a. Atoms. Equation (1)
of §3.1 still holds as long as one is dealing with isolated atoms, e.g., a mon-
atomic gas.

b. Molecules. For a nonmonatomic molecule, the expression for the
diamagnetic susceptibility is

Ne? — Ansn’) |2
X:—amczzﬂ-”m;% M)

Here pz(n;n’) is an off-diagonal matrix element of the molecule’s magnetic
moment along the 2 axis, which we take as the direction of the applied field.
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The summation over " in Eq. (1) is over all the excited states of the molecule.
We have supposed the ground state to be nondegenerate. If there is
degeneracy, Eq. (1) should be averaged over the different states  associated
with the degeneracy. ‘

c. Free electrons. Landau’s formula for the diamagnetism of free con-

duction electrons is
4mp? [ N2\ 113
X=- T( *9*) @

Classical theory would give instead y = O.

3.3. Feeble paramagnetism. A common kind of magnetic behavior
may be termed feeble paramagnetism, wherein the susceptibility is con-
siderably smaller than that given by Langevin’s formula and substantially
independent of temperature. Feeble paramagnetism can be due to one of
three causes.

a. Atoms or tons with matrix elements of magnetic moment existing between,
and only between, states whose separation is large compared with kT. This
represents simply a preponderance of the second or paramagnetic part of
Eq. (1) of § 3.2 compared with the first term, so that the expression is positive.

b. Inhibition of the alignment of the spin of conduction electrons by the
Fermi-Dirac statistics. According to Boltzmann statistics, free conduction
electrons would have a strong paramagnetism because of their spin. Pauli
showed that with the actual or Fermi-Dirac statistics, the resulting para-
magnetism is, except for sign, three times the expression (2) of § 3.2, i.e.,

_ 12mB? [ Nm?\1/3 |
The total susceptibility hence has a value two-thirds as great as that given
in Eq. (1).

c. Antiferromagnetism. The susceptibility of an antiferromagnetic is

small and sensibly independent of T if T, > T in Eq. (2) of § 2.4.
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Chapter 27
PHYSICAL CHEMISTRY

By Ricearp E. PowEeELL

Professor of Chemistry
University of California
1. Chemical Equilibrium

1.1. Equilibrium constant or “ mass action law.” If the chemical
reaction

aA + B+ ...=mM 4+ nN + ...

is at equilibrium, then

(Py)™Pr)™ ...
PP . K M
(2pp)™(En)" oo

{(xa)(xp)® ... Ke @
(Cy™Cr) ...

(Cai(Cr)y . )

where K, is the equilibrium constant in pressure units; P; is the partial
pressure of the substance 7, in atmospheres; K, is the equilibrium constant
in mole fraction units; x; is the mole fraction of substance ¢; K, is the equi-
librium constant in concentration units ; C; is the concentration of substance 7,
in moles per liter. Pressure units are customarily used for equilibrium
constants involving gases, though it is possible to use mole fractions or
concentrations for gases. FEither mole fractions or concentrations may be
used for reactions in solution; for reactions in aqueous solution, concentra-
tions are usually used. For a reaction involving both gases and sclutions,
both pressure units and concentration units may be used in the same equili-
brium constant. The concentration of pure solids and pure liquids is taken
as unity, and the corresponding factors omitted from the equilibrium con-
stants.

641



642 PHYSICAL CHEMISTRY §1.2

The constants K, K, and K, are approximately independent of con-
centrations. See also Chapters.10 and 11.

1.2. Equilibrium constant from calorimetric data.
K — o-AF°IRT _. (AS°IR p~AH°IRT 1)

where AFo© is the standard free energy change of the reaction, i.e., the free
energy change for all reactants at one atmosphere partial pressure (for K,),
or unit mole fraction (for K,), or one mole per liter (for K,); AS° is the
corresponding standard entropy change; AHO is the standard enthalpy
change. When AFo° is in calories per mole, R is 1.9865 calories per mole
degree.

Since AHP? is the heat absorbed by the reaction at constant pressure, it can
be measured calorimetrically. Alternatively, AH® can be obtained by alge-
braic addition of heats of combustion of the several reactants, or of their
heats of formation from the elements.

Here AS° can be computed from the tabulated standard entropies of the
several reactants,

AS®— 8% 4+ 8%+ . — 8% 8% ..
The individual standard entropies are obtained from
T AH,,
SOZJOCPdInT—I—E~7,7 (2)

where €, is the heat capacity at constant pressure, and AH,, is the heat of a
phase transition occurring at temperature T%,.

If the quantities AF°, AH°, and AS© are known at one temperature and
pressure, but required at another temperature or pressure, they can be cal-
culated with the thermodynamic relations,

OAF OAF N
(W)P =45, (W) A

OAH oAH oAV
(TT )P:Ac,,, (TP )T:AV—T(—aT—)P Y 3)

6AS\ _ AC, AS\ aAl)
oT )P_ T’ ap |, ~\aT )p
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1.3. Equilibrium constant from electric cell voltages. The relation
between the voltage of a cell and the free energy of the cell reaction is
_AFO _ RT In (Corym)™(CnyN)™

nef  n.J  (Caya)(Cgys)®
where n, is the number of electrons flowing when the chemical reaction

proceeds as written, and J is Faraday’s constant, 23,059 calories per electron
volt. When all reactants are in their standard states, the last term vanishes

(1

€ —

and

AFe
— Wi
where €° is the “ standard potential >’ of the cell. The equilibrium constant
is given by

€0 =

2

K = eneF ¢ IRT 3)
At 250 C, this becomes
log K = n,€°/0.0591 4)
1.4. Pressure dependence of the equilibrium constant
Kp, _ —AV(P,—P,)|RT
B ¢ T ; ey

i

where AV is the molal volume change of the reaction, not including the
volume of any gases consumed or produced. If AV is in cubic centimeters and
P, — P, is in atmospheres, R is 82.07 cc atm per deg. Because AV is
usually small, the pressure dependence of most equilibrium constants is small.

1.5. Temperature dependence of the equilibrium constant
K — ¢AS°/R-AH°/RT (1)

Since AS° and AH© are only slowly varying functions of temperature, they
may be treated as constant over a moderate temperature interval. The form

ASe  AHo

n K= —RT )

shows that a graph of In K against 1/T will be almost a straight line. Equi-
valent expressions are

oK) _ Ame
( oT )~ RI®

(8 In K) AHe G)

EC)
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If the equilibrium constant is K, at T and K, at T, then the average values
of AH? and AS® in this temperature interval are

AHo — 4.57T,T,log (K,/K;)
T,— T, | "
.
ASo 4.57(T,log K, — T, log K;) )
T,—T

A graph of the left-hand side of the following equation against 1/T gives a
perfectly straight line, whose slope is AHO. /R.

1 (7 1 ¢r AS°r, AH‘,
1nK~§fT0Acpd1nT+ﬁjToAcpdT:erv e (9

2. Activity Coefficients

b4

2.1. The ¢ thermodynamic >’ equilibrium constant. The equili-
brium constants K, K,, or K, actually vary somewhat with concentration.
To keep them truly constant, we can use ‘ activities >’ instead of concentra-
tions, each activity being a concentration multiplied by an ““ activity coef-
ficient,” y.

(Prym)"(PaynN)" -+ _ g

(Paya)*(Ppys)® ... » ()
(epyn)™(Fnyn)™ oo

(xaya)¥(xgys)® ... K, (2)
(Caya)(Cpyn)t ... K. (3)

Such equilibrium constants are called “ thermodynamic” or “ activity ”
equilibrium constants, and sometimes written K,. The y’s are functions of
concentration, which vary so as to keep the K’s exactly constant.

2.2. Thermodynamic interpretation of the activity coefficient

y = eFrea—Fiou) IRT — (AFEIRT (1)

The activity coefficient can be calculated from the difference between the
free energy of the actual substance and that of an ideal substance at the
same concentration. This is sometimes called the ““ excess” free energy,

AFE,
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2.3. Activity coefficients of gases. The ideal gas is taken to be one
which obeys the law PV = RT. The activity coefficient of a real gas is

P
— efo '%_ I)L: )

The integral can be evaluated graphically from the P-V-T data for a gas.
Alternatively, the integral can be evaluated analytically, with the aid of an
empirical equation of state for the gas. Some of these are listed below.

a. van der Waals, 1873 :

a
b. Dueterici, 1899 .
PesRTV(Y — by = RT (2)
c. Berthelot, 1907 :
(P+ TVZ) (V—b)=RT (3)
PV _PT, T2 .

d. Kamerlingh Onnes, 1901 :

U )
or ;1—1+B(P)+(C B, (RPT)Z ]
L (6
+ (D —3BC + 2B%) (‘]%)3+ ) ©
e. Keyes, 1917 :
[P-{— = f)z] (V —be—/V)= RT (7

f. Beattie and Bridgeman, 1927-1928 :

A4 RT \ bB
Pr(-5) =l (rre-F)  ®
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g. Benedict, Webb, and Rubin, 1940 :

PV C
RT—1+ (RTB A— T) 9)
h B—B b
where = 0—}-7
ao
A= A0+V 7T

C=C, —5(1 + %)e—vlw

The activity coefficient calculated from the Kamerlingh Onnes equation of
state (“ virial equation ’) is

iny— 2 @TBQ(RT)Q%ZE)(%})Z... (10)

2.4. Activity coefficient from the ¢ law of corresponding states.”
The law of corresponding states, which is obeyed fairly well by most gases,
says that V[V, is a universal function of P/P,and T/T,, where V,, P,, T, are
the critical volume, pressure, and temperature. For gases which obey this
law, y likewise is a universal function of P/P, and T/T,. Consequently, a
single graph can be prepared, giving y as a function of P/P,, for various values
of T/T, (e.g., Newton, 1935). This is an extremely convenient method
for evaluating ¢ for any gas whose critical constants are known.

2.5. Activity coefficients of nonelectrolytes in solution. If the
pure liquid is taken as the standard state, an ideal solution is one whose
components obey Raoult’s law,

by
po ~ M
?

(1)

. . 0 -
where P; is the vapor pressure of substance 7, P; its vapor pressure when

pure, and x, its mole fraction. The activity coeflicient of component 7 in a

real solution is given by
P,
Po Vi 2)

The partial pressures P, and P} should also be multiplied by the appropriate
activity coefficients for the gases, but this is usually a negligible correction.
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Sometimes the infinitely dilute solution of component 7 is taken as its
standard state; in this case, an ideal solution is one which obeys Henry’s law,
P; = kyx; (3)

where kg is “ Henry’s-law constant” for that component. (Henry’s law
can also be written for various other concentration units.) The activity
coefficient is then given bv

P, = kH’)/z'xi 4
where ky = limO(P i/%;)

2.6. The Gibbs-Duhem equation. The activity coefficient of a non-
volatile component can be computed, if the activity coeflicient of the volatile
solvent is known over the whole concentration range, by integrating the
relation

2 x2dIn (yx;) =0 (1)

(Gibbs 1876, Duhem 1886, Margules 1895, Lehfelt 1895). For a two-

component system this becomes

—ln‘yAz v[&xBxinlﬂ'yB (2)

Y l—xB

2.7. The enthalpy of nonideal solutions. For an ideal solution, there
is no heat of mixing, and AHE is zero for all components. For nonideal
solutions, the heat of mixing is given approximately by the van Laar (1906),
Hildebrand (1927), Scatchard (1931) equation,

AHF = (83 — 81)%(2, V' + %3V o)h1s (1

where 6 is a quantity called the * solubility parameter,” x is the mole frac-
tion, ¥ the molal volume, and ¢ the volume fraction of the substance in
question. The excess enthalpy for an individual component, AAY, is

AHf = (82 - 81)2 V1¢22 (2)

and AHT is given by the same equation with subscripts interchanged. For
many solutions, called ““ regular * solutions, the entropy of solution is ideal,
and for these the activity coeflicient is

V= e[(dz—dl)gvl/Rquﬂf (3)

for component 1, the subscripts being interchanged for component 2.
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The solubility parameter, 8, for a substance is given by
82 - AEvap/V (4)

where AEyyp is the energy change of vaporization of the pure liquid at the
temperature in question, and ¥ is the molal volume of the liquid. Solubility
parameters for a number of liquids have been tabulated by Hildebrand and
Scott (1950).

2.8. The entropy of nonideal solutions. For ideal solutions, the
entropy change of mixing is

AS
-—T:xllnxl—{—lenx2 (1)
For solutions of molecules of different molal volume, the entropy change
of mixing is given approximately by the Flory (1941, Huggins (1941)
equation,

AS
_T:x11n¢1+len¢2 (2)
For an individual component, the entropy of mixing is
AS 3
— St =g+l — Vy/V3) ©)
and the excess entropy is
ASE | \
— 5 = ¢l = Vy/Vy) +In[1 —¢y(1 — V/V})] 4)
R
For a solution with no heat of mixing, the activity coefficient is
y1 = [1 —¢a(1 — V[ V,)]et21=V1/V) (5
The same equations, with subscripts interchanged, hold for the other com-

ponent.
These equations were first derived to apply to solutions of high polymers,
where the difference in molal volumes of solvent and solute are very great.
If the components have different molal volumes, and there is also a heat
of mixing, the Flory-Huggins and the van Laar-Hildebrand-Scatchard
equations are combined.

2.9. The activity coefficients of aqueous electrolytes. These are
usually obtained by applying the Gibbs-Duhem equation (§2.6) to the activity
coefficient of the water. The latter can be measured through its vapor pres-
sure, or its freezing point or boiling point. To obtain activity coeflicients
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from freezing points, we first define the  freezing point depression constant,”

kFr by .
ke = lim (AT)C)

where AT is the freezing point depression and C the molal concentration
of solute. Then the expected freezing point depression for any concentration
is kzC. We define j as the fractional amount by which the expected freezing
point depression exceeds the actual depression, j= (kzC — AT)/kC.
Then the activity coefficient of the solute is

. C .
—lny:]+'[0]d1nc (D

The activity coefficient of an electrolyte can also be determined from the
voltage of an electrical cell.

_AFO, — RT In (Crym)™(Cnyn” - (2)
ne‘F nef (CA‘}’A)a(CB'yB)b o
Here AF° is evaluated by a suitable extrapolation of the cell voltage to infi-
nite dilution, where all y’s become unity.
The activity coefficient of a single ion cannot be measured ; what is actually
measured is the “ mean activity coefficient ” which is often written y_ to

emphazise this fact.

€ —

Y = Zvyf2v; (3)
where v; is the number of ions of species 7, whose true activity coefficient
is ;.

2.10. The Debye-Hiickel equation. The activity coeflicient of a
single ion is given approximately by the equation due to Debye and Hiickel

(1923),
e 2aN | ,
—lny,= [(DkT)”/z \/ 1000 ] 2V (1)

where w= J—-E C].zjz

Here e is the charge of the electron, D the dielectric constant of water, %
Boltzmann’s constant, N Avogadro’s number, and 2 the charge of the ion.
The quantity p is called the * ionic strength.” At 250C, the activity
coefficient of a single ion is

—log y, = 0.509z2v/p (2)
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and the mean activity coefficient is
Sv.z?
—logy. =O.5092Lf’\/ﬁ (3)

The corresponding mean excess free energy, excess enthalpy, and excess
entropy of an ion are, at 25° C,

AFY FE = 695 sz Vz Vi calories per mole

2

AHE = 35922:: LBV w calories per mole 4
ASE = — 11225 caloni led
L= s, Vi calories per mole degree

The Debye-Hiickel equation is applicable only to very dilute solutions.
An extended equation, good to somewhat higher concentrations, is

0.509(Z v,z2/Z v,
—logy,=" E_CW-FBM (5)

where 4 and B are adjustable parameters.

3. Changes of State

3.1. Phase rule. If p is the number of phases in a system at equili-
brium, ¢ the number of components, and f the number of degrees of freedom,
Gibbs’ “ phase rule ” is

p+f=c+2 (1)
3.2. One component, solid-solid and solid-liquid transitions.

Solid phase tramsitions and melting occur sharply at a temperature Ty,
which can be evaluated from thermal data :

Ttr = AHtr/AStr (1)

The dependence of the transition temperature on pressure is given by the
Clausius-Clapeyron equation,

dT AV
2P AS &)

where AV is the volume change of the transition, and AS its entropy change.
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3.3. One component, solid-gas and liquid-gas transitions. The
partial vapor pressure of a pure liquid or solid is

P = eAS°/R—AH°/RT (1)
where AS° is the standard entropy change and AH® the standard enthalpy

change of the process. Since AS° and AH° are only slowly varying functions
of temperature, the vapor pressure is given approximately by

B

logP=4— 7 2
and to a somewhat better approximation by
logP:A——%qLClogT 3

The partial pressure P in these equations ought to be multiplied by the
activity coefficient of the gas, but this is usually a negligible correction.
The dependence of vapor pressure on total pressure is

P
at total pressure P, — p(Py—PV;;/RT

4

Pat total pressure P

where Viiq is the molal volume of the liquid.

3.4. Two components, solid-liquid transition. The general equa-
tion for the solubility of a solid in a solution, or, what amounts to the same
process, the freezing of one component out of a solution, is

xA?’A = eASoA/R—AHOA/RT (1)

where x, is the mole fraction in solution of that substance which is also
present as solid, y, its activity coefficient in the solution, ASj its entropy
of fusion and AHj its enthalpy of fusion.

For dilute solutions, the freezing-point law takes the approximate form

_ RT,?
AT—- -AT{F XB
AT = % MAC = kC @
o = AH,01000 B "B

where T’y is the melting point of the solvent, AHZ its molal heat of fusion,
and M, its molecular weight; xp is the mole fraction of solute, and Cy the
molal concentration of solute.

The eutectic temperature, which is the temperature at which both solids
coexist with solution, can be calculated from the general solubility equations
for both components, and the additional condition that x, -+ xp = 1.
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The solubility of an electrolyte, which on dissolving gives 4 ions A and &
ions B, is given by

(Ca)*(Cp)*(y )™+ = K 3)

3.5. Two components, liquid-vapor transition. The partial pressure
of each component of a solution is given by

— PX — ¢AS°4\/R-AH°,|RT (1)

where y, Is its activity coefficient in the solution, and AS X and AHX its
entropy of vaporization and enthalpy of vaporization, respectively.

The boiling point of a solution is the temperature at which P, + Py = 1.
‘The boiling point of a mixture of two mutually insoluble liquids is the tem-
perature at which P, + Pg= 1. The vapor composition at the boiling
point is x, = P,, xg= Py.

If a nonvolatile solute is dissolved in a volatile solvent, the approximate
boiling-point elevation in dilute solution is

2
AT= “Af6*m
AT = BINMa (D
or ~ TAH,o 1000 BT BB

where T, is the boiling point of the solvent, AH,, its molal heat of vaporiza-
tion, and M, its molecular weight; xg is the mole fraction of solute, Cj its
molal concentration.

If x is the mole fraction of one component in the solution, and y the mole
fraction of that componeat in the vapor phase, then Rayleigh’s equation
(1902) for differential distillation is

mf:f

where f is the fraction of the liquid remaining unvaporized when the solution
composition has gone from x, to x.

x  dX

XY — X

(3)

3.6. Liquid-liquid transition. If there are two liquid phases, the
general condition for equilibrium is that the activity of any component must
be the same in both phases.

xaya = %a"yA’ l

xgyp = xp'yp’ !

(1)
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The temperature at which a binary solution separates into two liquid
layers, the ‘ consolute temperature,” is given approximately by

2RT, = V(3, — &) 2

where &, and 8, are the solubility parameters of the two pure components
(see §2.7).

3.7. Osmotic pressure, The general expression for osmotic pressure is
xyyy = e IVRT (1)

where I1 is the osmotic pressure, x; the mole fraction of solvent in the solu-
tion and y, its activity coefficient there, and ¥V, its molal volume. (The
effect of pressure on the molal volume has been disregarded.) If II is in
atmospheres and ¥V, in cubic centimeters, R is 82.07.
For very dilute solutions, the osmotic pressure law takes the approximate
form (van’t Hoff’s law)
IIV; = x,RT (2)

3.8. Gibbs-Donnan membrane equilibrium. Two solutions are
separated by a semipermeable membrane; in one of them is a concentration
Cp of an ionic salt AR, the ion R being unable to penetrate the membrane;
the solutions also contain a total concentration Cy of a freely diffusible
ionic salt AB. If we denote by Cy’ the concentration of diffusible salt which
at equilibrium is in the solution containing AR, and by Cg" the concentration
of diffusible salt in the other solution, the equilibrium condition is

(Ce'NCs' + CR)y2 ')

YL 1 1
(G Py W
For the special case where the activity coefficients are unity, this becomes
Cg" Cg+Cr
- @
19} Cs

4, Surface Phenomena

4.1. Surface tension. The surface tension, v, is defined as the free
energy of formation of unit surface area,

dF = v do 1)

It is usually measured in ergs per square centimeter (dynes per centimeter).
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4.2, Experimental measurement of surface tension
a. Capillary rise
y = gh(p — po)/cos 0

where g is the acceleration of gravity, A the capillary rise, p the liquid
density, p, the density of the vapor above it, and § the contact angle. For
a liquid which wets the capillary wall, the contact angle is zero.

b. Bubble pressure. The pressure increment across a curved surface,
of radius of curvature 7, is
The maximum pressure sustained by a bubble forming at depth 4 in a liquid
18

AP = 2y[r + gh(p — po) 3)
The differential pressure in a * soap bubble,” which has two surfaces, is
AP = 4y @

c. Ring tensimeter
y = Fffamr (5)

where f is the force sustained by the ring, whose radius is 7, and F is a cor-
rection factor which lies between 0.75 and 1.02 (Harkins and Jordan, 1930).

d. Drop weight
y = Fmgl4r (6)

where m is the mass of a drop, # the outer radius of the tube from which it
falls, and F’ a correction factor which is approximately unity, but is a function
of V/r® (Harkins and Brown, 1919).

e. Hanging drop. 'The shape of the drop is measured photographically,
and

v = &lp —po)(d.)*H ™)

where d, is the diameter of the drop at its equator, and H is a factor which

is a function only of the ratio of 4, to the drop diameter at a distance d, from
its bottom (H has been tabulated by Andreas, Hauser, and Tucker, 1938).

4.3, Kelvin equation. The vapor pressure P of a drop of liquid of

radius 7 is
p 2y ¥V
g =% RT M

where Po is the vapor pressure of the liquid in bulk, and V is its molal volume.
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4.4. Temperature dependence of surface tension. Since surface
tension is a free energy change, it can be expressed in terms of the corre-
sponding enthalpy and entropy changes,

y=Ah — T As (1)

where Ak is the enthalpy of surface formation per unit area, and As the
entropy of surface formation per unit area. These are slowly varying
functions of temperature, so surface tension is approximately a linear function
of temperature.

Empirical equations which reproduce the surface tension over a wide
range of temperature include

wWV)E3=212(T,— T —6) 2

where I/ is the molal volume and T, the critical temperature (EStvds 1886,
Ramsay and Shields 1893).

y = elp — po)* (3)

y =yl = T/T,) 4
where » is approximately 1.21 and vy, approximately 4.4 T,/V 2/® (Guggen-
heim, 1945).

(McLeod, 1923.)

4.5, Insoluble films on liquids. If the ¢ surface pressure,” =, is
¥ pure liquid — ¥, and the surface area per molecule (i.e., total area divided by
number of molecules) is o, then the equation of state for a very dilute or
“ gaseous ”’ layer is

mo = kT N
where % is Boltzmann’s constant. For a “ condensed ” layer,
g=a—brm 2)

approximately, where a and b are suitable constants.

4.6. Adsorption on solids. a. Langmuir isotherm (1916) :

Vv  KP |

Vi 1+ KP M)
where V' is the volume (at standard conditions) of gas adsorbed per unit
amount of solid, ¥, the volume adsorbed at saturation, P the partial pressure
of adsorbate, and K a suitable constant. The Langmuir isotherm can be
derived on the assumption that the adsorbed substance occupies a mono-
layer, and that the surface is energetically uniform.
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b. Brunauer-Emmett-Teller isotherm (1938) :
vV KPjP,
Vi~ (1 BJP) (1 — PPy + KPIP, @
where P, is the vapor pressure of the adsorbate in the liquid state. The

B-E-T isotherm can be derived on the assumption that the adsorbed sub-
stance builds up multilayers, the surface being energetically uniform.

c. Harkins- Jura isotherm (1946) :
1/V2=A—~BlnP 3)

where A and B are suitable constants. The Harkins-Jura isotherm can
be derived on the assumption that the adsorbed substance is a *“ condensed
monolayer.”

d. Freundlich isotherm (1909) :

V n
7= kP (4)
which has been extended by Sips (1949) :
v KP \n
Vo (T;‘zao) )

The Freundlich-Sips isotherm can be derived from the assumption of mono-
layer adsorption on a nonuniform surface characterized by an exponential
distribution of adsorption energies. As written here, these adsorption iso-
therms apply to the adsorption of gases. Equations of the same form, using
concentrations instead of pressures, apply to adsorption from solution.

4.7. Excess concentration at the surface. The Gibbs adsorption
equation (1878) gives

_RTT,= . %

dln x,

(1)
where I, is the excess concentration of solute at the surface.

4.8. Surface tension of aqueous electrolytes. For a one-one
electrolyte of molal concentration C in water at 25° C, the surface tension

is approximately

1.467
y = yu,0 + 1.0124C log " (1)

(Onsager and Samaras, 1934).
4.9. Surface tension of binary solutions. According to a theoretical

treatment which regards the surface as a monolayer (Schuchowitzky 1944,
Belton and Evans 1945, Guggenheim 1945),
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e voikT — xle—Vl"/kT + x2e—1’z°/"T (])
x e—yla/kT
1
and o = 2
VT e o T g vialeT (2)

where x; and x, are mole fractions in the bulk solution, x," and x," are surface
mole fractions, and y, and vy, are the surface tensions of the pure liquids;
o is the cross-sectional area of a molecule (taken as identical for the two
species). All activity coefficients have here been assumed to be unity.

5. Reaction Kinetics

5.1. The rate law of a reaction. The rate of a chemical reaction, as
measured by the rate of disappearance of one of its reactants or appearance
of one of its products, is in general proportional to the concentration of one
or more of its reactants.

dc
— —dié = k,CaCxCc ... (1)

‘

This expression is called the “ rate law ” for the reaction, and k, is the
‘ specific rate ” or “ rate constant.” The concentration of a substance may,
of course, appear in the rate law to a higher power than the first. The
substances whose concentrations appear in the rate law are not, in general,
exactly identical with those which appear in the balanced equation for the
reaction, so it is necessary to determine the rate law by experiment.

5.2. Integrated forms of the rate law. For rate laws involving only a
single substance, the integrated forms of some of the simple rate laws are:

dc C kot
Zero order — = Ry o =1 _?'0
1 L, o C Bty
gorder | i = R G ' acn
dac C
First order ——Z =KC B 1"
dt C,
dc c 1
3 — f2 -
d — = ky,C? —— =
o order dr 3/2 c, ( Cullzkslzt)z
2
Second order _ fg = hyC? (o) _ 1
Cy 1 4 Cokst
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5.3. Half-lives. For rate laws involving only a single substance, the
time to half reaction is

Zero order : ty o = Cf2k,

Lorder: ta= (2 —2VA)C4 2Ry
First order : ty e = (In 2)/Ry

3 order : tye = (82 —2)/Cy 1%hy
Second order : tye = 1/Coky

5.4. Integrated form of rate law with several factors. If the rate
law 1s —dC,/dt = k,C,CgC( ... and the chemical reaction is such that it
consumes a molecules of A for b molecules of B for ¢ molecules of C, etc.,
we write x for the fractional extent of reaction of A, and obtain

x adx
f() (CoA —ax) (COB ——bx) (COC —cx) =kt (1)

where the integral can readily be evaluated by partial fractions.

If the concentration of one substance in a reaction mixture is much smaller
than all other concentrations, the others may be taken as constant in inte-
grating the rate law. This is the basis of the experimental technique known
as ““ isolation ” or “ flooding.”

5.5. Consecutive reactions. If a reaction proceeds in two successive
steps,
A—-B—>C

the first reaction being kinetically first-order with specific rate &, and the
second reaction kinetically first-order with specific rate k,, and the initial
concentration of A is (4, the initial concentration of B and C being zero,
then the integration of the rate laws gives

Ca gt
—= €
Coa
&_, kl_ —kyt __ p—kyt
CoAikz—kl(e ' ¢ 2) (1)
Co _ kol —etat) — Ry(1 —e~hst)
CoA kz —k

If either or both of the reaction steps is kinetically second-order, the rate
laws can also be integrated (Chien, 1948).
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5.6. Multiple-hit processes. The destruction of bacteria by a chemical
agent is kinetically first-order (*logarithmic order of death”), but for
higher organisms the destruction of more than a single vital spot or cell is
supposedly necessary to kill them. If N hits are necessary, each individual
offering just NV targets, then the fraction of individuals surviving at time ¢ is

1 —(1—e*)N (D
If N hits are necessary, each individual offering an infinite number of targets,
the fraction of individuals surviving at time ¢ is

k2t2 k313 (kt)N— ]

In these equations £ is the first-order spemﬁc rate for a single hit.

5.7. Reversible reactions. If the rate of a reaction in one direction
is written as £4C}), where the notation (C;) is understood to indicate the
product of concentrations which is the rate law for that reaction, and the rate
of the reverse reaction is similarly %,(C,), then

k
BK 0
(Cﬁz 1
and (C) & (2)

where K is the numerical value of the equilibrium constant for the reaction,
and (K) is the ratio of concentrations which is the equilibrium constant
expression.

5.8. The specific rate: collision theory (Arrhenius, 1889). The
specific rate for a bimolecular gas reaction is

k, — Ze-EIRT (1)

where Z is the “ collision number ” or “ frequency factor,” and E is the
‘“ activation energy.” A graph of log &, against 1/T gives a nearly straight
line.

From the kinetic theory of gases, the collision number for two molecules
of mass m and diameter o is

Z— 2 (A7 ) "1015 mole liter! sec-1 atm-? @
= NiT \mkT ole liter ' secla )

If the molecules are of diameters o, and g,, o is taken to be (o; + 0,)/2; if
the molecules have masses m; and m,, the effective mass is

m = (3) (1/my + 1jmg)™
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5.9. The specific rate : activated complex theory (Eyring, 1935).
The specific rate for any reaction is

b, = % eASFIRo—AHFRT (1

where % is Boltzmann’s constant, % is Planck’s constant, and AS¥ and AH¥*
are the standard entropy and enthalpy of forming the ‘‘ activated complex
from the original reactants. At 25¢ C, the factor £T/h is 6.21 x 10'2 sec™.
The entropy of activation, AS¥, can sometimes be computed a priori by
the methods of statistical mechanics, and it can often be estimated approxi-
mately by analogy with the entropies of known molecules.

For a unimolecular decomposition, the entropy of activation is near zero,
so the frequency factor is expected to be of the order of 10*® sec~!. For a
bimolecular gas reaction, the activated complex theory can be shown to
lead to just the same equation the collision theory does.

5.10. Activity coefficients in reaction kinetics. The relation
between the observed specific rate k, and the specific rate & for an ideal
solution is (Bransted 1922, 1925, Bjerrum 1924)

r T
.},=f=

For the reaction of an ion of charge z, with another ion of charge zg, the
Debye-Hiickel equation for activity coeflicients leads to

k, — KVAYBYC - (1)

log k= log &) + zazzVp (2)
at 25¢ C, for dilute solutions.

If two neutral reactants combine to form an activated complex of radius 7
and dipole moment p*, a formula of Kirkwood (1934) for the activity coef-
ficient of a dipole in an electrolyte of ionic strength p is

47 Net uFe
10000282 T2 7 M 3)

For water at 25° C, r measured in Angstrem units and ¥ in Debye units,

_ln,}f#:

=2
log k, = log 7 + 0.00238"— )

For the reaction of an ion of charge 2, with one of charge 2, the depen-
dence of the specific rate (extrapolated to zero ionic strength) upon dielectric
constant is approximately
e2zp2p (5)
DrkT

In £, = constant —
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5.11. Heterogeneous catalysis. The rate of a surface-catalyzed
reaction, per unit surface area, is often described satisfactorily by

a. A semi-empirical equation of the Freundlich type,
Rate = kT(PA)u(PB)ﬂ... (1)
where the exponents « and 8 are arbitrarily chosen to fit the data; or

b. An equation of the Langmuir type,

kAPa)(Pg)(Pc) ...

o R(P(PRI(PO) o)
1 4 Ka(Pa) + Kp(Pg) + ...

where the product in the numerator includes the concentrations of those

substances which make up the activated complex, and the summation in the

denominator extends over all those substances which are adsorbed on the

surface.

5.12. Enzymatic reactions. An enzyme and its substrate often com-
bine to form a relatively stable intermediate (““ Michaelis complex,” Michaelis
and Menten, 1913) previous to the enzymatic reaction itself. The corre-
sponding rate law is

__ d (substrate)
dt

substrate)

= k, (enzyme _ (substrate) 1
- (enzyme) 1 + K,, (substrate) D
where K, is the equilibrium constant for the formation of the Michaelis
complex. Many enzymes can be reversibly denatured into forms which
are catalytically inactive; if K; is the equilibrium constant for the dena-
turation reaction,

kO
k.= o (2
1K, )
and the temperature dependence of the rate is given by
ET/h)eASFR-AH=RT
, = IR (3)

1 4 eASSIR-AHORT

As this equation indicates, the rate of an enzymatic reaction normally in-
creases with temperature at low temperatures, passes through a maximum,
and decreases with temperature at high temperatures.

5.13. Photochemistry. The law of photochemical equivalence (Stark
1908, Einstein 1912) states that one quantum of active light is absorbed per
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molecule of substance which disappears. The rate of the photochemical
primary process is, accordingly, proportional to the intensity of light absorbed.

rate = klyps (1)

The absorption of light can be measured by direct actinometry, or computed
from the Lambert-Beer law,

Taps = I (1 — e—aC:c) (2)

5.14. Photochemistry in intermittent light. If a reactant is photo-
dissociated into two radicals, which can recombine by a bimolecular process
to form the original reactant

A—>R+R (1)

and it is possible to measure the average concentration of R within a constant
factor (e.g. by a chemical reaction of R), the use of intermittent light permits
the determination of the mean lifetime of a radical R. Write p for the ratio
of dark period to light period, and ¢ for the ratio of light period to mean life
of R under steady illumination. Then the ratio of the average concentration
of R under intermittent illumination to the concentration of R under steady
illumination is (Dickinson, 1941)

L
p+1

pt —
2(pt + tanh ¢)/(pt tanhz)
1 + /1 F 4/(pt tanh t) -+ 4/(p%2)

! 1
Sl—f—Tln 1+ 2)

6. Transport Phenomena in the Liquid Phase

6.1. Viscosity : definition and measurement. The viscosity 7 is
defined as the shear stress per unit shear rate,

= dxj/‘dt (1)
Methods for its measurement include :
a. Concentric-cylinder viscometer
n = (Lj4mwh) (1/r* — 1/75?) 2

where L is the measured torque, w is the angular velocity of the rotating
cylinder, % the height of the cylinders, and 7; and 7, their respective radii.
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b. Capillary flow
pillary f o Prrt

1= 10 3)

where U is the volume rate of flow of liquid through the capillary, / its length,
7 its radius, and P the pressure difference (Poiseuille, 1844).

c. Falling ball

20r2Ao
- @

where v is the terminal velocity of the sphere falling through the liquid, g the
acceleration of gravity, » the radius of the sphere, and Ap the difference in
density between sphere and liquid (Stokes, 1856).

d. Fiber method (used for glass)

mg
1= 32y )

where V is the fractional rate of extension of a fiber, of radius r, which is
loaded by the mass m.

6.2. Diffusion : definition and measurement. The diffusion coef-
ficient °D is defined as the quantity of solute diffusing across unit area in unit
time per unit concentration gradient (Fick, [855).

onfot

®:_Aac/6x M

Methods for its measurement include :

a. Diaphragm cell method. Two stirred solutions are separated by a
porous diaphragm; the initial concentration difference is AC,, and after
time ¢ the concentration difference is AC,.

1. AC,

D= ——In

ot AC, )

where « 1s a cell factor.

b. Sheared boundary method. At zero time, a solution of concentration
C; and a solution of concentration C, are brought into contact along a plane
boundary. The differential equation governing the one-dimensional dif-
fusion (Fick’s second law) is

oC a*C
=P G)
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whose approximate solution for the stated boundary conditions is

4G Copnn ®

dx 22/ 7Dt

6.3. Equivalent conductivity : definition and measurement. The
equivalént conductivity of an electrolyte is defined as

A== (1)

4

where k is the specific conductance in mho per centimeter, and ¢ is the con-
centration of electrolyte in equivalents per cubic centimeter. The equi-
valent conductivity of a salt is the sum of the equivalent conductivities of its
individual ions (Kohlrausch’s * law of the independent migration of ions ),

A=A, +A 2)

The fraction of the current carried by the ions of one kind, the * transference
number,” is defined as

A A_
Iy = Zr oor = -
A A
Methods for the experimental determination of transference numbers
include :

ot to—1 3)

a. Hittorf method. After electrolysis, the cathode compartment and the
anode compartment are analyzed, and a correction applied for the amount
of electrolyte which was consumed by electrolysis. If Az, is the excess loss
of electrolyte at the anode, due to migration, and An, is the excess loss of
electrolyte at the cathode, in equivalents per faraday, then approximately

t, = An,, i_=An, 4)

b. Moving boundary method. The velocity of travel of one kind of ion
permits the computation of its “ ionic mobility 7 /, the velocity per unit
potential gradient in cm? sec™ volt=. Then

Ar=Fl, or A_=Fi (5)
where F is Faraday’s constant, 96,494.

c. Concentration cell with liquid junction. 'This is a cell consisting of two
solutions, one of concentration C; and the other C,, the solutions being in
direct contact, and each containing one electrode reversible to (say) the cation.
The corresponding concentration cell without liquid junction comprises two
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solutions of concentrations (; and C,, each containing two electrodes-—one
reversible to the cation and the other to the anion—and connected so their
polarities oppose one another. If the voltage of the cell without liquid
junction is €, and the voltage of the cell with liquid junction is €;, then

=% ©)

€

The transference number obtained is that for the ion to which the electrode
is not reversible.

6.4. Viscosity of mixtures. The viscosity of a solution of normal
liquids is represented fairly closely by the semi-empirical relation

log 77 = % log 7, + x, log 7, 1)

where x; may be mole fraction, weight fraction, or volume fraction (Kendall,
1913).
The viscosity of a dilute suspension of spheres is

D — 14+ 2.5py+ ... (2)

Mo
where 7, is the viscosity of the pure liquid and ¢, is the volume fraction of

spheres (Einstein, 1906, 1911).
The viscosity of a solution of linear high polymers is

A — 1+ KM=C 3)
Mo
where C is the concentration (usually in grams per 100 cc) of polymer, M its
molecular weight, K a constant characteristic of a given type of polymer, and
« a constant usually falling between 0.6 and 0.8 (Houwink 1940, Flory 1943).
The viscosity of an aqueous electrolyte is given approximately by

nl = 1+ 0.003u (4)
0

where . is the ionic strength and 7 is the mean radius of an ion, in Angstrom
units (approximate form of an equation due to Falkenhagen, 1929). An
empirical equation of the form

A1 — 14 4T+ BC (5)

Tlo

holds over a wider range of concentration.
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6.5. Diffusion coefficient of mixtures. The diffusion coefficient of a
liquid solution varies with composition, approximately obeying the law

dlna
Dy = (Dn)av [M]

(1)
where (‘Dn)av can be the arithmetic mean value, and @, = xyy, is the activity
of component 1. The quantity in brackets, which can be computed from the
activity-coefficient data for the liquid system, corrects for the fact that
activity rather than concentration is the driving force for diffusion.

The diffusion coeflicient of a number of electrolytes is represented, within
the experimental error, by

1 1 dlny_|n
_ —10 _ =3 1]
‘D=17.86 10 T( i i )¢H20[1 + it C] " (2)

A TAC
(Gordon, 1937).
The diffusion coeflicient of a large spherical molecule is given by Stokes’
law,

_ kT
T 6mr

Dy

where % is Boltzmann’s constant and r is the molecular radius. For mole-
cules of the same size as the solvent,

Dn =~ (4)
where A is of the order of a molecular dimension (Eyring, 1936).

6.6. Dependence of conductivity on concentration. The conduc-
tivity of a partially ionized substance is given approximately by

A
x=° (1)

where o is the degree of dissociation and A, is the conductivity at infinite
dilution. More exactly, the relation is

A
e @
(Onsager)
where A onsager) 18 the limiting ionic conductivity, corrected approximately

for ““ionic atmosphere ” effects (Onsager and Fuoss, 1932).
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At 250 C, A onsager) for various types of electrolytes is

1-1 Ay —+/C(59.86 + 0.2277A,)
22 Ap—VC(239.4 + 1.822A,)

3-3 Ay —VC(538.7 + 6.148A,)

— 1.796A
2-1 A,—VC|155.6 0 t) (3)
oV ( +(1+t1)+0.816\/1+tl
-/ 4.280A,
3-1 Ay—+/C(293.3+ — 0 7*)
oV ( +(1—|—2m+0.866\/1+2t1
- 11.88A
32 A, — 0(634.5+_f 0 _7,)
oV (1 +0.5t) +0.775v/1 + 0.5¢,

where ¢, is the transference number of the -valent ion.

6.7. Temperature dependence of viscosity, diffusion, and con-
ductivity. Approximately,

= Ai/e+E17/RT (1)
D — ApeEyRT @)
A = Ape EART (3)

where the A’s and E’s are suitable constants. A graph of log 7 against 1/T
gives an almost straight line, and similarly for the other properties.
According to one theory of these phenomena (Eyring, 1936)

h
n=5F e—ASyFIRAH, *RT (4)
D=)2 kTT eASp*F/R,—AHpF[RT (5)
T2
Ay = 72_2"’ ¢ASAF [Rg—AHAF |RT (6)

where A is a distance of the order of molecular dimensions, % is Planck’s
constant, k is Boltzmann’s constant,and AS¥* and AH¥ are the entropy of
activation and enthalpy of activation for the respective processes. Since the
unit processes are not quite identical in the three cases, the values of AS¥*
and AH* may be slightly different. For normal liquids, AS¥ is small and
AHT is about one-third or one-fourth the heat of vaporization.



Chapter 28
BASIC FORMULAS OF ASTROPHYSICS

By LAwrReENCE H. ALLER
University of Michigan Qbservatory

Astrophysics is the borderline field between astronomy and physics.
Much of astrophysics is related to the interpretation of atomic spectra.
Hence, useful formulas will also appear in Chapters 19, 20, and 21, and the
sections on thermodynamics and statistical mechanics also have a relationship
to the subject, as has the more specialized chapter on physical chemistry.

1. Formulas Derived from Statistical Mechanics

1.1. Boltzmann formula (Ref. |, Chap. 4). Let there be N, atoms in
level n of excitation potential y,, and [V, atoms in level ' of excitation poten-
tial x,,7.  Let the statistical weights of level n and n’ be &,, and &, respectively.
Under conditions of thermal equilibrium

N, n o [Dn

NS &)
where x = x, — Xo’» 1 is the temperature in absolute degrees, and £ is
Boltzmann’s constant. If the total number of atoms in all levels of excitation
is N, then

e 1kT (1)

No _ G
N ~ B(T)

B(T) = @, + @pe=%/*T - @gexe/*T 4 ||| = 2 e 1:*T

?

e—x/kT (2)

where

is called the partition function. Here y is the excitation potential above the
ground level.

1.2, Ionization formula (Ref. 1, Chap. 4). Let there be N,, N,,,
atoms in the rth and (» + 1)st stages of ionization per cm3. Let the electron
density be N, and the temperature be 7. If y, is the ionization potential
from the ground level of the atom in the rth stage of ionization, then

NpaNe (2"ka)3/2 2B,4,(T) T3(20-1,/6T (1)
N, z BL(T)
668
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where B, and B, represent the partition functions for the rth and (r 4 D)st
stages of ionization. If we use the electron pressure

P,= NkT
and substitute numerical values we find

og Norp,— S0, 5 25T

N, T log T + log
where P, is expressed in dynes cm? and y, is expressed in electron volts.

—048  (2)

1.3. Combined ionization and Boltzmann formula (Ref. 1, Chap. 4).
If N,,, is the number of atoms/cm? in the sth level of the rth stage of ioniza-
tion, N,,, may be expressed in terms of the number of atoms in the (r -+ 1)st
stage of ionization, viz.,
N, P 5040 5 2B,.(T)
= — — —_ T —_—" — .

N 7 (Xr—Xs) + 5 log T+ log &, 048 (1)
where y, is the excitation potential of the level s of statistical weight &, in
volts.

log

1.4, Dissociation equation for diatomic molecules (Ref. 1, Chap. 4).
Let two elements X and Y combine to form the diatomic molecule XY, viz.,

X+Y=XY

Then the concentration of the atoms X, Y, and the molecule XY will be
governed by an equation of the form

Nxy axy \ A

ool 32 p2
NxNy wxwy( 27TM) 8_:é](kT)1/2 (1 — e WWIET)e-DET (1)

Here @y, @y, and @&xy denote the statistical weights of the ground levels
of atoms X, Y, and molecule XY.

MxMy ,
m* reduced mass

>

M= expressed in grams.

I = Mry? where r, is the separation of atoms X and Y in cm
W = fundamental vibration frequency of the molecule in units of sec!
D = dissociation energy from lowest vibrational level in cgs units

The right-hand side of the equation corresponds to the dissociation * con-
stant ”’ of ordinary chemical reaction formulas.
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2. Formulas Connected with Absorption and
Emission of Radiation

2.1. Definitions (Ref. 1, Chap. 5 and 8). If I (8,¢) is the specific
intensity of the radiation, the flux through a surface S is defined by

F= [ [ 1) cos 6sin 6 do dp W

where 8 is the angle between the ray direction and the normal to the
surface, and ¢ is the azimuthal angle. If I does not depend on ¢, and
we write u = cos 6, then

F=2m 7 M d )
The energy density is given by
u(T) =+ [ 16, $)de 3)
where the integration is carried out over all solid angle. For isotropic radia-
tion
u(1) =271 0

The radiation pressure is
p(T)= —l— f 1(8,¢) cos? B dw (5

For isotropic radiation
pT)= 3uT) (6)

2.2, Specific intensity (Ref. 1, Chaps. 5 and 8). The dependence
of intensity upon frequency for blackbody radiation is given by the Planck
formula

2 L]
1T ="5 mwr_j ("
or in wavelength units
2hc? 1
Iy = o ehelMRT ] 2)

From these relations are derived Wien’slaw and Stefan’s law (see Chapters
10 and 11).

2.3. Einstein’s coefficients (Ref. ], Chaps. 5 and 8). The atomic
coefficients of absorption and emission are defined in the following way.
If N, atoms are maintained in the vpper level of a transition of frequency
v(nn'), the number of spontancous downward transitions/cm3/sec will be

NpA
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where A, is the Einstein coeflicient of spontaneous emission. If radjation
of intensity I, is present there also will be induced emissions whose number
is given by

N, B Ly, percmdfsec

More correctly these induced emissions should be called negative absorptions
since the induced quantum is emitted in the same direction as the absorbed
quantum. The number of transitions from level #’ to n produced by the
absorption of quanta by the atoms in the lower level is

Nn'Bn'nIv(nn')
The relations between these coefficients are
‘T)ann’ = “N)n’Bn’n (1)
2hy3
Ann’ = Brm’ = (2)

2.4. Oscillator strength (Ref. |, Chaps. 5and 8). The relation between
the Einstein A coeflicient and the oscillator strength or Ladenberg f is
&, 8miet?

nn’ — En_ *mc—3 n’n (l)

or Arm' =3 %fn'n’)’(‘ (2)
Wy

where y, is the classical damping constant.

2.5. Absorption coefficients (Ref. |, Chaps. 5 and 8). The absorption
coefficient for a single atom at rest is
me? [ l
= e Lo o (T "
where I is the quantum mechanical damping constant. For pure radiation
. processes, we can usually write

where the summation is taken over all lower levels. If collisional broadening
also occurs, we can define a

P - FT + Feol (3)
where I'¢o1 represents the effects of collisions.
Pcol - 27770sz‘2) (4)

where 7, is the effective radius of the perturbing particles which number
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N, per em®.  The relative velocity of the radiating atom and the perturbing
atom is v.

The profiles of all lines are broadened by the Doppler effect. The shape
of the absorption coeflicient of a line broadened by Doppler effect only is

2
=2 f _E o letr—rg frgre)
me oV
Usually both types of broadening operate together and the absorption coef-
ficient given by the integral
a (t® e

ks _w32+(“—X/2

v "v—vo)c I
e () an

o, = 0ty

dy (6)

where

’
Ty v, Vs 47rvyo,
&, A3
ay = ="
07 &, 8o, Wl

Here v, is the most probable velocity of the atoms. The integral must be
evaluated numerically, and tables have been published by Mitchell and
Zemansky, Hjerting, and Daniel Harris. The arguments are usually a and u
and with the aid of the tables, a/ax, may be found at once. These formulas
do not hold for Stark broadening in hydrogen and helium.

2.6. Line strengths (Refs. 4 and 12). The A4 or f-value may be ex-
pressed in terms of the *“ strength ™ of the line. Thus, for an electric dipole
transition between 2 atomic levels ySL J and v'SL’J',

, 1 64nhs R
AlySLT'SLT) =57 “jes SAYSLT'SL'T) ()

where
S(ySL];y'SL']") = S(ySL];y’'SL' J')o¥nln'l')
and S is the relative strength.

\/412,_ f rR(n,)R(w'I')dr )

where [ is the azimuthal quantum number; R is the radial wave function.
For magnetic dipole radiation between two levels of the same configuration,

AT = 35,320(: ) Snllo]) (et 3)
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where S,,(/,]') is the magnetic dipole strength in atomic units eh2/16m2m2c2;
vp = frequency of Lyman limit (3.28 x 10 sec?). The electric quad-
rupole transition probability is

2 11

Here S,(J,]') is expressed in atomic units €%a* (a = radius of first Bohr
orbit) and may be written as

Sq(.]’],) = Cq(]’ ]’)qu("l’nl)

where S,=c, fo PRY(nl)dr

Aq(]’]l) = 2648 (]%\) ° M sec—l (4)

and ¢, == 2/5 for p electrons. The values of C (], ]’) have been tabulated by
Shortley and collaborators. If both magnetic dipole and electric quadrupole
radiation are permitted for a line

A=4d,+ 4y (5

2.1. Definition of f-values for the continuum (Ref. 7).

_me df (0

&, =
Y me dv

3. Relation Between Mass, Luminosity, Radii, and
Temperature of Stars

3.1. Absolute magnitude (Ref. 10). Relation between absolute magni-
tude M, apparent magnitude m, and distance 7 is

M=m45—Slogr N
The distance r is given in parsecs.
1 parsec = 3.084 x 10'® cm

which is 206,265 times the distance of the earth from the sun. If the star
is dimmed by A4 magnitudes due to space absorption, m must be replaced
by m — A.

3.2. Color index (Ref. 1, Chap. 6; Ref. 15, Chap. 6). The difference
between the photographic and photovisual magnitudes is called the color

index,
C = mprg — myis (1)
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If the star is undimmed by space absorption, color index and temperature

are related by 2200

T C+0.68 (2)

The difference between the observed color index and the true color index
appropriate to the spectral class and temperature of the star is called the
color excess.

E= Cops—C 3)
In most regions of the Milky Way one can take
A,,— 4E 4)

If Myis = absolute visual magnitude, R = radius in terms of the sun as 1.0,
T = temperature in absolute degrees,

log R = 5—7T°—° —0.05 — 0.2Myss )
For high-temperature stars this formula must be modified, viz.,
log R — 57%) — 0.05 — 0.2Myis + 0.5 log [1 — 10-1470/T]  (6)

The surface gravity is
M
8§=58o gz

where g, = 2.74 x 10* cm/sec? is the surface gravity of the sun, M and R
are the mass and radius, respectively, in terms of the corresponding quantities
for the sun. For main sequence stars, Russell has given the following
empirical formula dependence of surface gravity on temperature.

g _ 3250
1ogyo e 0.65 + =7 (8)
For the giants
g _ 11250
logs, = 0.76 — —= &)

3.3. Mass-luminosity law (Ref. 11). The empirical relation between
mass M and luminosity L (expressed in terms of the corresponding quantities
for the sun) is

log M = 0.26 log L 4 0.06 (1)

for stars which do not differ greatly in brightness from the sun.
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3.4. The equation of transfer for gray material (Ref. 2)
dl
po—1—J) M
where I{u,7) is the intensity; p = cos 0; § is the angle between the ray and
the outward directed normal. Here dr = kpdx where dx is the element of
geometrical depth, p = density, % = coefficient of continuous absorption.

+1 ©
Joy =} [ Hprdu= % [ Bt — D2t 2)
where E,(x) is the exponential integral

\ © el
B = [[ e

The solution of the equation of transfer is

10 — Y2 PG 3)

where /(0,) = intensity of emergent ray making an angle 6 with outward
directed normal, #F is the flux, and

Hp) =1+ JpH(p) [ (4)

This equation may be solved by an iteration procedure. For gray material
in thermal equilibrium the dependence of temperature in optical depth is
given by

H(x)

T* = 3T + o(T)] )

where 7', = effective temperature.

Here ¢(T) is a monotonic function increasing from 1/4/3 at =0 to
0.71045 at 7 = «=. In the Eddington approximation the dependence of T on
T was given as

T = 3747+ 3) (©)

An approximation of sufficient accuracy for most purposes has been given
by D. Labs.
T*—= 3T Y7+ B— Ae ™) (7

where 4 = 0.1331, B = 0.7104, o = 3.4488.

3.5. Non-gray material (Ref. 1, Chap. 7). Element of optical depth is
defined by
dr, = «k,pdx 0))]

where «, is continuous absorption coefficient.
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For large optical depths the mean absorption coefficient is the Rosseland
mean

[7 1B (pdw))av

[ ()14 (pds))dv

K =

where B, is the Planck function. Also, < may be defined by
_ 1 e
K= f . w, P, dv

where #F, is the monochromatic flux. Chandrasekhar suggests that at
small optical depths we employ the net monochromatic flux of radiation of
frequency v in a gray atmosphere. If

7= f;?pdx

the temperature dependence on 7 is assumed to be the same as in gray
atmosphere with 7 identified with 7.

3.6. Model atmosphere in hydrostatic equilibrium (Ref. 1, Chap. 7;
Ref. 13).
ar _ g (1
dr  « )

k(P,,T) can be expressed as «(P,,T) when P, is known as a function of P,, T.
This depends only on the chemical composition. Here g = surface gravity.
If the mechanical force exerted by radiation is important, Eq. (1) may

be written as
dP, _ & _
dr K c ¢

where P, is the gas pressure and o, is the Stefan-Boltzmann constant.

3.7. Formation of absorption lines (Ref. 2, p. 321; Ref. 1, Chap. 8).
The fundamental equation

cosH‘Z” =1,—7,t) (1

v

where dty = (x, + [,)d», «,= coefficient of continuous absorption at the
line, I, = coeflicient of line absorption.
1 + ey

7]11: P/K‘V) Av: 1+7]- (2)
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where € expresses the role of thermal processes in the line, € =1 for line
formed by thermal emission and absorption processes, €= 0 for pure
scattering.

]v(tz') = ABV(ZV) + (] - Av)](tv) (3)
oo di
== —t/p 27V
Then I(0,) f , e (4)
The intensity in the continuum is
© dr
¢ — —Tylu ¥
L0g) = [} BAT )= (5)
The residual intensity in the line
_ 1 ,,(O,M)
r, = I,,c(o,}ll) (6)

For » = constant and B,(t,) = B, + Byf, an exact solution is available.
For an arbitrary variation of » and B, the equation is solved by a process
of iteration (Strémgren) or trial and error (Pannekoek).

3.8. Curve of growth (Ref. 1, Chap. 8; Ref. 6; Ref. 14). If 7, is the
residual intensity at a point v in a line profile,

2
W,=[(1—r)dv and W,;= AT W, (1)
If we regard the lines as being formed in a reversing layer which overlies a
photosphere that radiates a continuous spectrum (Schuster-Schwarzschild

model, then to a good approximation

1
"7 F Na, @
where N = number of atoms above the photosphere, a, = atomic absorption
coefficient including both collisional, radiative, and Doppler broadening.
The relation between W, and the number of atoms is given by

WX Kb ) Xl (3)
A ¢ V2 ov3 T ¢
when Na, < 1. Here .
x,NTE s Lo @)
mc” Am oy,

When In X > 1,

w v 2 Tt )

_ 2 1/2 — R

x 27 (InXo) [1 2(In X, 384(in X8 J )
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When X, is very large,

W wl/4 1/2 [‘ 1/2
T:WT(%) (X"T) ()

A different set of curves is obtained for each different value of the ratio I'/v.

3.9. Equations governing the equilibrium of a star (Ref. 15, Chaps. 1
and 2; Ref. 3). Let M, be mass within a distance 7 of the center of the
star; L, be the total amount of energy developed in a sphere of radius 7.
The structure of the star is governed by the following equations.

4
P PET+ ,.‘l;’:,,)

u=ulp,T,eA4),  (molecular weight) 1
« = k(p,T, eA), (mean absorption coeflicient or opacity)

(gas + radiation pressure)

e = ¢e(p,T,cA), (energy generation)

Here A4 denotes the relative abundances of the elements or the chemical
composition.

dP M.p . ey

2T G A (hydrostatic equilibrium)

M, = [4mvpdr )
%ﬁ = 4mrep, (energy generation)

For the domain in radiative equilibrium

daT*)  3xp L

dr c 4mr? ()

For the domain in adiabatic equilibrium, we neglect radiation pressure and
have

P=Kp” 6]
‘The equations can then be reduced to the form
d(d¢ ,, oim , .
zé(d_t9 6 ) + 626" = 0, (Emden’s equation) (5
_ 1 e B S R 1Nl pas _
n—y__l, B_r[x—kn R47TGV« 7 Trl, T=¢T,

where T, = central temperature, and # is called the polytropic index.
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3.10. Boundary conditions (Ref. 15, Chaps. 1 and 2; Ref. 3).
r=0, M,=0, L,=0, (center of star) 1
r=R, M,=M, L =L, p=0, T=0, (surfaceof star)

3.11. Theoretical form of mass-luminosity law (Ref. 15, Chaps. 1

and 2; Ref. 3). .

e Wy M)

where = kgpT3+5, B = ratio of gas pressure to total pressure. This
equation must be solved in conjunction with the equation governing the

1
L = const — -
Ko

energy output.

e = ¢(e4)p™T", (energy generation law) (2)
L=4n f f e eA)pm 1 T2y 3)
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Chapter 29
CELESTIAL MECHANICS

By Epcar W. WooLAaRD
Naval Observatory, Washington, D. C.

The basic equations of celestial mechanics are essentially those of ordinary
classical mechanics. In the applications of these equations to the motions
of celestial bodies, however, the technique adopted by the astronomer
differs somewhat from that ordinarily employed by the physicist who is
working on the average problem of classical dynamics. The distinction in
general arises from the necessity, for astronomical purposes, of obtaining
solutions of the equations of motion that will represent the motions over very
long intervals of time with the high accuracy of precise astronomical obser-
vations, and in a form adapted to the practical numerical computation of the
motion as an explicit function of the time. The emphasis is principally
on indefinite integrals. Moreover, necessity demands that a solution which
meets the needs of astronomy be obtained regardless of the mathematical
difficulty or even impossibility of a general abstract solution in the current
state of mathematical knowledge.

These considerations have resulted in the characteristic methods used in
celestial mechanics, the more important of which are given in the following
summary of formulas for the different types of motion that must be treated.

1. Gravitational Forces *

At any point external to a body with mass M and principal moments of
inertia 4, B, C, the Newtonian gravitational attraction exerted by the body
is grad U, where to the second order inclusive in the ratio of the linear dimen-
sions of the body to the distance 7 of the point from the center of mass, the
Newtonian gravitational potential U is

A+ B4+ C—3I

M e
=Rk K o (1)

¥

U

* See also Chapter 5.

680
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in which 7 is the moment of inertia about 7, and &2 is the constant of gravita-
tion. In cgs units, k%= 6.673 X 108 cm3g~!sec 2

Fo. symmetrical distributions of mass, this expression for U is accurate to
the third order. For homogeneous or concentrically homogeneous spherical
distributions, the expression reduces to the first term A2M/r, as if the entire
mass M were concentrated in a particle at the center of mass. For any body
for which A4 == B, e.g., a concentrically homogeneous oblate spheroid of
revolution, the value of I'is 4 ++ (C — A) sin® d, where d is the angle between
7 and the plane of the principal axes of 4 and B, and

M, ,,C—4
— B2 2
R

(1 —3sin*d) 2

On every element of mass dm of another body, the body M exerts a force
for which the force function is Udm. When m is a rigid body, the action
of this system of forces is the same as if the resultant F of the forces, which
has a force function [,, Udm, were applied to a particle of mass m at the
center of mass, and a couple, with a moment equal to the resultant G of the
moments of the forces about the center of mass, were applied to the body.
The consequent motion of 7 under the action of M is a translation at velocity
V in which the rate of change of the linear momentum is

av

m—d—t-:F (3)

and a rotation around an axis through the center of mass in which the rate
of change of the angular momentum H about the center of mass is

dH
= C @
When both M and m are homogeneous or concentrically homogeneous
spherical bodies, or when the distance » from M to m is so great that higher

powers of 1/r may be neglected,

f Udm — k? ]@ (5)
a function of » only, and hence the force exerted on m by M is
F— — k2 @ (6)
r

directed toward M ; an equal and oppositely directed force is exerted on M~
by m, and the resultant couples vanish.

Under these conditions, relative to an inertial rectangular coordinate system
with arbitrary origin, in which the coordinates of the center of mass of m are
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%', y', 2/, and those of M are X', Y', Z’, the motion of the center of mass of
m is represented by

d3x’ x — X'

Likewise, M under the action of m moves in accordance with the equations

azx’ ® — X'
— 2

ﬁ = + k*m T, e (8)

Consequently, in a rectangular system with origin at M and axes in fixed

directions in space, in which the position of m relative to M is represented by

the coordinates x = x' — X', ..., the equations of motion are
d?x x
_dt_2:—k2(M+m)r—3, 9)

The integration of this system of equations gives the motion of m relative o
M ; the coordinate system is noninertial.

2. Undisturbed Motion

Each of two homogeneous or concentrically homogeneous spherical
masses, M and m, under the action of their mutual Newtonian gravitational
attractions, undisturbed by any other forces, moves about their common
center of mass in an orbit which has the form of a conic section with one
focus at this center of mass. The orbit of either body relative to the other
is likewise a conic section with one focus at the center of mass of this other
body. This is the general form of Kepler’s first law of planetary motion ;
only for undisturbed motion are Kepler’s laws valid.

The form, size, and orientation in space of an undisturbed Newtonian
gravitational orbit are fixed by the position and velocity of the body at any
one instant, and are invariable. The orbit of m relative to M is an ellipse,
a parabola, or a hyperbola according as

V2= e 2
= 4
where I/ is the linear speed relative o M at distance 7, and p is the sum of the
masses, M + m.

The exact form of the orbit is specified by the eccentricity e, which, for a
given initial speed and distance, depends on the initial direction of motion.
The size of the orbit is specified by the semimajor axis a (or, for a parabola,
by the minimum value ¢ of #) which, for a given initial direction of motion at
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a given distance, depends on the initial speed in accordance with the relation

pe (2 1) o

hence a =3 according as the orbit is an ellipse, a parabola, or a hyperbola.

The position of the orbital plane in space is determined by the initial posi-
tion and direction of motion; it is usually specified by its inclination 7 to
the plane of the ecliptic and the longitude §} of its ascending node on the
ecliptic reckoned from the vernal equinox. The orientation of the orbit
in this plane is specified by the longitude & of the extremity of the major
axis that is the nearer to the central mass M, defined as the sum of the
angle § along the ecliptic and the arc of the orbit from the node to the
apse; & therefore lies in two different planes. The major axis is known as
the line of apsides.*

The five constants e, a (or ¢), 7, §b, &, fix the orbit of m; the position of m
in its orbit is fixed by the position at any one instant, e.g., by the time T of
passage through the apse nearer to M. These six quantities are called the
elements of the orbit; their numerical values must be determined from obser-
vation, and their determination is equivalent to the evaluation of the con-
stants of integration in the solution of the differential equations of motion.+

The position of m in its orbit at any instant ¢ is represented by the radius
vector » from M, and the angle f at M between r and the line of apsides,
reckoned in the direction of motion from the apse nearer M. This angle f
is known as the true anomaly ; the value which it would have were m to move
around M at a uniform angular rate n equal to the mean value of df/dt is
called the mean anomaly g.

The motion of m in its orbit is in accordance with the law of areas for the
rate at which the radius vector sweeps out the area of a sector in the orbital

plane. 1, df
2 dt

= %k'\/,u_p, (a constant) (2

(Kepler’s second law), where p is the semilatus rectum of the conic.

* For applications to the trajectories of projectiles, see Am. ¥. Phys., 13, 253 (1945)
and 19, 52 (1951). On interplanetary trajectories : Astronomical Society of the
Pacific, Leaflets 168 (1943) and 201 (1945); Navigation 2, 259 (1950); ¥. Brit. Inter-
planetary Soc., 11, 205 (1952).

+ For the integration of the equations of motion, and the expressions for the orbital
elements in terms of the constants of integration and the initial conditions, see
Mourton, F. R., Celestial Mechanics, 2d ed., The Macmillan Company, New York,
1914, pp. 140-149. For the general principles of -the determination of the elements
of an undisturbed orbit from observation, see Woorarp, E. W., Nat. Math. Mag.,
14, 1-11 (1940); and for the detailed practical procedures, see Herger, P., The Com-~
putation of Orbils, published by the author, 1948. A nomogram for the graphical
solution of problems depending upon Kepler’s Laws is given in Skv and Tel., 17, 572
(1958).
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2.1. Elliptic motion

Period of revolution :

2mad/?
— = (M
| Wi
Mean motion :
k
n=2m/P= 7‘3{’; (2)
Kepler’s third law :
n%® = k% (a constant) (3)

Kepler’s third law is the basis for the definition of the fundamental astro-
nomical unit of length. The astronomical unit is the unit of distance in
terms of which, in Kepler’s third law, the semimajor axis @ of an elliptic orbit
must be expressed in order that, with # in radians, the numerical value of %
may be exactly 0.01720209895 when the unit of mass is the mass of the Sun
and the unit of time is the mean solar day. In these units, & is known as the
Gaussian constant; and 42 = 0.00029591221. With z in seconds of arc
per mean solar day, k = 3548.1876069651.

Mean anomaly : g=n(t—T)
or more generally, g = go -+ n(t —¢,) where g, is the mean anomaly at any
arbitrary epoch t,. The quantity f-—g is called the equation of the center.

Kepler's equation : In an elliptic orbit, the angle E in the usual parametric
equations of the ellipse (x = acos F, y = bsin E) is called the eccentric
anomaly. It is related to the mean anomaly by Kepler’s equation,

g=F—esnkE

and its value at any time ¢ may be found from g by solving this equation;
for practical methods of solution see Herget, P., op. cit., p. 33, and Bau-
schinger-Stracke, Tafeln zur theoretischen Astronomie, 2d ed.

Posttion in the orbit
Finite formulas :

tan 1f= x/} _Ztan%E

a(l — )

1+ecosf )

r=a(l —ecos E)=

g=a(l —e)

rsin f = av/1 —e?sin E, 7 cos f= a(cos E — ¢)
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Series developments :

FiaRRE
_ _‘2(%) _3(%)3 + J cos g )
_ 2(?) _g(f) + ] cos 2¢ 6)
_ 3(7)_] cos 3¢ (7)
_ g(j)_ ] cos 4g (8)
r=et [4(%) —2(5) + - | sine ©
H[s(5) -25) | sin 2 (10)
n 2_36(7)_] sin 3¢ (11)
n [1%3(7) . ] sin 4g (12)

For tables of elliptic motion, see Bauschinger-Stracke, op. cit., p. 5.*

The semimajor axis « is usually called the mean distance; but it is the mean
value of » with respect to E, not with respect to the time

1 27
a= o[ "rdE (13)
The average in time is a(1 + Ze?).

* For the calculation of the heliocentric coordinates of a planet or comet from 7, v,
and the orbital elements, and the computation of the position on the celestial sphere
as seen from the Earth, see Smart, W, M., Spherical Astronomy, Cambridge Univer-
sity Press, London, 1931, pp. 122-129; also Moulton, F. R., op. cit., pp. 182-189.
On the characteristics of the apparent path on the sphere, see Herget, P., Popular
Astronomy, June-July, 1939; also Herget, P., op. cit., pp. 37-39.
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The quantity L = & + g 1s called the mean orbital longitude ; substituting
the expression for g gives the form

L=nt+ ¢

where the constant e is the mean longitude at the epoch # = 0 from which
the time is reckoned, and is often used instead of T or g, as the element
which fixes the position of m in its orbit.

2.2, Parabolic motion

Wu(t—T
an -+ Jrane gy WD) 0

Solution for f with auxiliaries s and w :

sl2 gal2
3RV t — T’

For solution by successive approximation, see Herget, P., op. cit., p. 32; for
tables, see Bauschinger-Stracke, op. cit.

tan s =

g
tanw = Vtan Ls, tan}f=2cot2w (2)

r=gsec® L f

2.3. Hyperbolic and nearly parabolic motion. See Herget, P,
op. cit., pp. 34-37; Bauschinger-Stracke, op. cit.

In the cases to which the foregoing equations of undisturbed motion are
applied in practice (especially for parabolic and hyperbolic motion), M is
usually unity and m is commonly neglected, whence p = 1. The unit of
time is often taken to be 1/& mean solar days; % then does not appear explicitly
in the equations.

2.4. Relativity correction. The only observable effect on the motion
of m from the correction to the Newtonian law of gravitation that is required
by the general theory of relativity is a rotation of the orbit within its plane,
which causes a variation of @. The rate of rotation, in radians per revolution

of m, is ,
a
M e —e) M

in which ¢ is the velocity of light.*

* See CLEMENCE, G. M., Revs. Modern Phys., 19, 361 (1947); also DuNcomsE, R. L.,
Astr, ¥., 61, 174 (1956).
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3. Disturbed Motion

The actual motion of any celestial body is determined by the gravitational
attractions of all the other bodies in the system of which it is a part, and in
general conforms only more or less approximately to the foregoing equations
of undisturbed motion. In the solar system, the motions of the planets,
although dominated by the action of the Sun, are each disturbed by the attrac-
tions of the other planets; and the motions of the Moon and many other
satellites are appreciably affected by the oblateness of the planets around
which they revolve, and by the disturbing attraction of the Sun. The orbits
are therefore complex and ever varying curves ; however, with few exceptions,
the motions do not depart widely from undisturbed elliptic motion, and it is
advantageous for many purposes to represent the actual motion mathematic-
ally in terms of its departures, or perturbations, from an undisturbed elliptic
motion which approximates it.

3.1. The disturbing function. When the motion of m around M is
disturbed by the action of a third mass m’, the vector difference between the
attractions of this disturbing mass on m and M produces a motion of m
relative to M additional to the motion produced by the action of M, and
causes a departure from the elliptic motion that would occur relative to M
under the attraction of M alone. When all three bodies may be considered
as concentrically homogeneous spheres, the force function for this disturbing
force on m that is added to the attraction of M is

A1 , :
R=Fm {K—ri,zcos (ryr )] N

where A is the distance of m' from m, and 7, #/, are, respectively, the radii
vectores of m, m’, from M.

When the central mass M is not a concentrically homogeneous sphere, a
disturbing force likewise acts, equal to the vector difference between the
actual attraction and the attraction that a particle of the same mass M at the
center of mass would exert. When M is an oblate ellipsoid of revolution,
with equatorial and polar radii 4, and ¢, and flattening f= (a, — ¢,)/a,, for
which the surface is in equilibrium with gravity (no hypothesis about the
interior is then necessary), we have C — A4 = ZMaf—3«x), where «
is the ratio of the centripetal acceleration of rotation at the equator to gravity
on M ; and the force function for the disturbing force, to the first order in f
and the second order in gz, is

2
R’ = BM(f — x) ‘% 1 —sin? ) )

in which d is the angle between 7 and the equatorial plane of M.
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In a rectangular coordinate system with origin at M and axes in fixed
directions in space, the equations of motion of m relative to M are

a0 ,
t2+k2(M+ m = oo, 3)

where Q is the sum of the disturbing functions R and R’ for all the bodies
acting on m; the force function () is not a potential. When €) consists only
of the disturbing function R for a single mass m’, the motion of m is repre-
sented by

"

T R(M ) kzm'(i&,f—%), @)
The first term on the right (the principal, or direct, term) represents the
attraction of m’ on unit mass of 7, and the second term (indirect term) is the
attraction of 7’ on unit mass of M ; their difference imparts to m the accele-
ration additional to the acceleration which is imparted by the mutual attrac-
tions of m and M represented by the second term on the left, and which
alone would give undisturbed elliptic motion. See note p. 696,

dt2

3.2, Variations of the elements. Because of the acceleration from the
disturbing forces additional to the acceleration from the force that a single
particle of mass M would exert, the variations of the position and velocity of
m from one instant to another are different from the variations that would
maintain m in motion in a fixed ellipse. The position and velocity at any
particular instant mathematically determine an elliptic orbit in which, in
undisturbed motion around M, the elliptic position and velocity af this
tnstant would be the same as the actual position and velocity, but this orbit
is different at different instants, i.e., the orbital elements are variable instead
of being constants. The actual motion may be represented as elliptic
motion in an orbit which is continually changing form, size, and position
in space under the action of the disturbing forces; at each instant, the motion
is the resultant of elliptic motion in the instantaneous orbit and the further
motion due to the variations of the orbit.*

Under the action of the total disturbing force, with a disturbing function
Q, the rates of variation of the five elements that characterize the orbital
curve are

da_ 2 [a20

i~ FNu e ("

* For simple geometrical derivations of the qualitative effects of the disturbing
forces on the orbital elements, see HERSCHEL, Sir John, Outlines of Astronomy, Chaps.
12-14.
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de _ L\/*—ez o0 L\/,J:?z._e_.a_ﬂ X
dt ke pa 0@ Kk ua 141 —e e (2)
g I oL I —cost (QQ_ r i@) 3)
dt ksiniVua(l —e?) 85,  ksinivua(l — )\ 0@ e

s} I oQ

@®n_ 9 (4)
dt  ksinivua(l —e%) &

ds 1 1 —e* 9Q 1 —cosi L 0Q (5)
dt ke pa e ksinivVua(l —et) o

The elliptic position in the instantaneous orbit is fixed by the mean orbital
longitude L = nt 4 e. The rate of motion in mean longitude,
dL dn de
7_”+( dt+dt) )
is the result partly of the instantaneous elliptic motion #n the orbit at rate n,

and partly of the addition to this elliptic motion by the wariation of the orbit,
which causes variations of # and e.

dLﬁ __\/ e Vi—e o ?
® 3‘1 kv pa 14+41—¢ oe

I —cost? a0

ksiniVua(l —e?) o

where in the disturbing function () the quantities # and € appear explicitly
only in arguments of sines and cosines in the form nf 4 ¢, and in the dif-
ferentiations 7 is formally regarded as constant and independent of a.

In the integral of the right member, since it follows from Kepler’s third
law and the equation for da/dt that .

dn _ gnda_ 300 (8)
dt 2 g dt a’ Oe '

Jndt f3j Lﬁgdﬂ 9)

which represents the total amount of motion in the disturbed orbit, and is
equal to A where # is the mean value (1/¢) [ndt of the continually varying
rate of motion in the orbit.

we have
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Denote the integral of the remaining terms by ¢’. Then the mean lon-
gitude in disturbed motion may be expressed in the form :

L=at+¢€ (10)
instead of in terms of the instantaneous elliptic quantities 7 and ¢; and in Q

and its derivatives, 7 and € may be used in place of #» and € in all the
preceding equations for the variations of the elements.

3.3. Perturbations of the coordinates. In general, the elements have
periodic variations about a mean value that itself has a progressive secular
change. The coordinates in space or on the celestial sphere at any time may
be calculated from the instantaneous values of the elements by means of the
formulas for undisturbed elliptic motion; or they may be obtained by cal-
culating elliptic coordinates from arbitrarily adopted values of the elements,
and adding the variations produced in the coordinates by the variations of the
elements from these adopted values. In practice, short-period variations
of the elements are often represented by equivalent perturbations of the coor-
dinates, while secular and long-period perturbations are left expressed in the
form of variations of the orbital elements; the actual position is then repre-
sented in terms of its irregularly varying departure from the elliptic position
in a slowly changing orbit. See Clemence, G. M., Astro. J., 52, 89 (1946).

The elliptic orbit to which the actual irregular motion is referred is known
as the mean orbit, and its elements are called mean elements. 'This mean
reference orbit is defined mathematically; it is mathematically arbitrary,
and depends on the particular methods adopted for integrating the equations
of motion and evaluating the constants of integration from observation. It
is often defined differently in different theories; but in defining it for the
Moon or for a planet, the semimajor axis is calculated by Kepler’s third law
from the actually observed mean rate # of the disturbed motion.*

3.4. Mean orbit of the Earth. The observed mean motion of the
Earth, which in this section will be denoted simply by #, is the mean value
of the disturbed motion of the center of mass of the Earth-Moon system;
n = 3548 . 193 per mean solar day. The semimajor axis a of the mean
orbit is computed from this mean motion,and the total mass of the system, by
Kepler’s law

k2[1+E(1+%{)] — wad (1)

* The coordinates may also be obtained directly by numerical integration of the
equations of motion, without the intermediary of a mean orbit, See CLEMENCE, G. M.
and BROUWER, D., Sky and Telescope, 10, 83-86 (1951); also CLEMENCE, G. M., Astr.
7., 63, 403 (1958) and PortER, J. G., 4str. ¥., 63, 405 (1958).
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in which E is the mass of the Earth and M the mass of the Moon in terms of
the mass of the Sun as the unit.

This mean distance a is 1.0000 0003 astronomical units. To obtain its
equivalent in physical units of length, the value of the solar parallax is
required. The mean equatorial horizontal solar parallax p is the angle
subtended by the equatorial radius of the Earth 4, at a distance of one astro-
nomical unit : [ a.u. = a,/sin p.

In the expression for a obtained from Kepler's law, we may put
RE = p,*G, in which p, is the radius of the Earth at the latitude ¢, where
the gravitational attraction G, of the Earth is the same as if the entire mass E
were concentrated at the center; g, is very nearly sin™! \/%, and in terms of
gravity g, at this latitude

G, = (1 + K, cos 1) (2)

in which , is the ratio of the centripetal acceleration of rotation to gravity.
We then have from Kepler’s law,

a, [ E+M n%p; ]1/3 G

P T FE+ M) {1+  cos 9y) (1 + MIE)

where /] is the length of the seconds pendulum at latitude ¢;, and 7 must be
expressed in radians/second.
The solar parallax is related to the velocity of light ¢ by the expression for
the length of time 7 required for light to travel unit distance,
%

T= (4)

csinp

where 7 is called the equation of light. Hence p is also related to the aberra-
tion of light that is caused by the motion in the mean orbit; in terms of the
constant of aberration, which is defined as

na

Ot:c\/l—e2 (%)

agn
e (6)
acV/1—é?

In disturbed motion, the constant part or mean value 7 of the disturbed
radius vector is not equal to the mean distance a, because of variations of the

instantaneous eccentricity and line of apsides which change the average
distance without altering . In the mean orbit of the Earth

we have sinp =

7 = a + 0.0000 0020 (7
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3.5. Mean orbit of the Moon. The mean distance a of the Moon from
the Earth is defined in terms of the observed mean motion # of the Moon by
Kepler’s law.

n%a® = BPE(1 + M|E) )]
From the gravitational theory of the motion of the Mocn,
1 1
s (1 —0.0009068) 2)

where 1jr, is the constant term in the expression for the disturbed inverse
radius vector. The ratio of the equatorial radius of the Earth a4, to 7, is the
constant part or mean value of the sine of the equatorial horizontal lunar
parallax. At this distance 7, at which the lunar parallax has its mean value P,
we have, with n expressed in radians/second,

sin P = 1.0009076 ‘;—0 3
a 1 nzp 1/3

— 1.0009076 2| — ——. L ] 4

1 [1 + M/E (1 + xy cos ) *

= 3422".54 sin 1" (5
where P = 57°02".70, and r, = 60.2665 a,. Both 7, and a differ from the

average value 7 of the radius vector.

The solar and lunar parallaxes are related by

. np| EAM(na )]0

3.6. Mass of a planet from the mean orbit of a satellite, From the
observed apparent motion of a satellite relative to the planet around which
it revolves, a mean orbit for the satellite may be derived and its secular
variations determined. From the elements and their variations, the mass
and the flattening of the planet may be found. In particular, in terms of the
observed mean motion # of the satellite, and the semimajor axis a of its
orbit derived from the directly measured apparent mean angular distance
from the planet, the mass of the planet is

~ () = 04D v

in which a,, f, and k denote, respectively, the equatorial radius, flattening,
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and ratio of centripetal acceleration to gravity at the equator, of the planet,
and g is in astronomical units.*

4. The Rotation of the Earth

The motion of the Earth relative to its center of mass is the resultant of
three components. First, it rotates around an axis that always passes through
the center of mass. However, this axis does not coincide exactly with the
axis of figure. Second, the Earth is continually changing its position slightly
in space relative to the axis of rotation by a motion known as the Eulerian
nutation, which causes the axis of figure to describe an irregular variable
conical surface in space around the axis of rotation while the direction of
the axis of rotation remains sensibly constant in space. Hence the axis
of rotation lies in successively different positions on a conical surface within
the Earth. At the same time, under the gravitational attractions of the Sun
and Moon, the axis of rotation possesses a conical motion in space in which
the Earth as a whole participates without any change in its position relative
to the axis. All three motions are affected by elastic and plastic deformations
of the Earth, and by transfers of mass on and within the Earth in geophysical
phenomena; in particular the rate of rotation has secular, irregular, and
periodic variations.

4.1. Poisson’s equations. The lunisolar motion of the axis of rotation
in space is due to the inequalities of the principal moments of inertia of
the Earth. To a high degree of approximation, it is the same as if the Earth
were a rigid body.

As a result of the consequent motion of the plane of the equator, the incli-
nation  of the equator to the fixed ecliptic of an adopted epoch is continually
varying, and the ecliptic is intersected at a continually different point.
Neglecting the departures of the Earth from perfect rigidity, and assuming
the equatorial moments of inertia 4 and B to be equal, we find that the
variations of # and of the angular distance s of the intersection westward
from its position at the epoch ¢ = 0, caused by the action of the mass M’ of
the Sun or the Moon at distance » and declination &, are

a9 1 v dp 4

dt Cwsind o’ dt Cwsin 8 06 M

* On the general theory of disturbed motion, see BrRown, E. W. and SHook, C. A.,
Planetary Theory, Cambridge University Press, London (1933); and Brown, E. W.,
Introductory Treatise on the Lunar Theory, Cambridge University Press, London

(1896).
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in which  is the angular rate of rotation of the Earth, and

— k2 31”1(*0 —4) sin2 & 2)

V= 23

where C is the principal moment of inertia with respect to the axis of figure.
The variations depend upon (C — A)/C, called the dynamical flattening, not
upon the geometric figure of the Earth.*

The motion is the resultant of a steady progressive secular part, which
is called the lunisolar precession, and a large number of periodic components
that are collectively called the lunisolar nutation.

The actual motion of the equinoxes along the ecliptic, and the variation
of the obliquity of the ecliptic, are the result of both this lunisolar motion of
the equator and a slow secular motion of the ecliptic caused by the secular
perturbations of the orbital motion of the Earth. The westward motion of
the equinoxes along the ecliptic, called the general precession in longitude,
results from both the lunisolar precession and the planetary precession caused
by the motion of the ecliptic.+

4.2. The Eulerian nutation. Kinematically, the daily rotational
motion of the Earth, instead of being a simple rotation around a fixed dia-
meter, results from a conical surface within the Earth, with vertex at the
center of mass and axis along the axis of figure, rolling on another very
much smaller conical surface in space. 'The line of contact of the two cones
is the instantaneous axis of rotation; it describes the circumference of the
small cone each day, and after each circuit it is displaced within the Earth
along the circumference of the large cone by the length of the perimeter
of the small cone. This motion is a dynamical consequence of the lack of
coincidence of the axis of rotation with the axis of figure. It leaves the
position of the small cone in space unchanged; and the angular opening
of this cone is too small for the daily conical oscillation of the axis of rotation
in space to be observable. The Earth as a whole is therefore displaced in
space relative to the axis of rotation, while this axis is practically unchanged

* For the solution explicitly in terms of the masses and the orbita] elements of the
Sun and Moon, see TIsSERAND, F., Traité de mécanique céleste, Vol. 2, Gauthier-
Villars & Cie., Paris, 1891. See also HirtiL, G. W., Collected Mathematical Works,
Vol. 4, Carnegie Institution, Washington, 1907, p. I1.

* The principal term in the nutation is due to the action of the Moonj its coefficient
is called the constant of nutation. The coefficient of the principal term in the pre-
cession is the constant of precession. 'The expressions for these constants in terms
of the masses and orbital elements of the Earth and the Moon, and the dynamical
flattening, are given by HirL, G. W, loc. cit.; conversely, (C — A4)/C and M{(E + M)
may be expressed in terms of the constants of precession and nutation.
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in space and hence lies in a different position within the Earth; the displace-
ment of the Earth in space causes the axis of figure to describe a cone in
space around the axis of rotation.

Unlike the lunisolar precession and nutation, the Eulerian motion is
greatly affected by the departures of the Earth from perfect rigidity. Were
the Earth an invariable rigid body with 4 = B, the axis of rotation would
describe a slightly sinuous circular cone within the Farth around the axis
of figure, at a nearly uniform rate with a mean period of

T AT

the sinuosities are due to a daily oscillation with a variable amplitude that
may reach 0"".02, which is caused by the lunisolar forces. Actually, because
of deformations of the Earth, and the continual disturbances from meteorolo-
gical and other geophysical processes, the period is lengthened to an average
of about 14 months, and the motion is highly irregular and variable, with a
superimposed annual component. The consequent irregular motion of the
geographic poles over the surface of the Earth is confined within an area
about 50 feet in radius, and causes the phenomenon frequently termed
““ variation of latitude.”

T 303 days
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METEOROLOGY

By RicuarD A. CralIG
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Meteorology comprises the branch of geophysics that treats of the earth’s
atmosphere and its phenomena. However, meteorology, as presently con-
stituted, does not concern itself with the electromagnetic and photochemical
phenomena that are important in the upper 1 per cent by mass of the atmos-
phere. Some of the following formulas are not generally applicable to this
upper region.

The basic physical laws of atmospheric behavior derive from other branches
of physics. The first section below discusses the four basic equations that
govern the large-scale flow patterns in the atmosphere. The second section
presents certain auxiliary equations derived from these basic ones.

1. Basic Equations for Large-Scale Flow

1.1. The hydrodynamic equation of motion. The hydrodynamic
equation of motion is usually written for a frame of reference that is rotating
with the earth so that it takes the form

%:2—:’+V'Vv:—2§2xv—%Vp—V®+F (0
The terms on the left-hand side give the accelerations, where v is the average
velocity (the mode of averaging is discussed below) at a particular location,
and ¢ the time. The first term on the right is the so-called Coriolis force,
or deflecting force of the earth’s rotation. The vector € is directed north-
ward, parallel to the axis of rotation of the earth, and has the magnitude w,
the angular speed of rotation of the earth. This term arises because the
frame of reference is fixed to the earth; it cannot change the speed of an air
parcel, but only the direction of its motion relative to the earth. The second
term on the right is the pressure-gradient term, where p is the density and
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p the pressure. The third term is very nearly the gravitational force, with
@ the gravitational potential. (In meteorology, the relatively small cen-
trifugal force due to the earth’s rotation is included in this term.) This
force has a compohent in the vertical only, whose magnitude we usually
regard as a constant, g. At the earth’s surface, at the poles,
g = GM/a?

where G is the gravitational constant, M is the mass of the earth, and a is
the earth’s polar radius. The value of g is numerically smaller at the equator
than at the poles by about 0.5 percent. The vertical extent of the atmosphere
is so small relative to the earth’s radius that the vertical variation of g is
generally neglected in meteorology.

The last term on the right side, F, includes the molecular viscosity and
the eddy stresses. These latter are not always clearly defined. They arise
because the atmosphere is a turbulent fluid, whose rapidly varying motions
we can express only in terms of a time and space average. At any given
instant and point in the atmosphere, however, v will ordinarily differ from
the average value that is presumed to apply to that given instant and point.
The nonlinear terms in the expression v * ¥y then give rise to stresses that
depend on the correlations between the velocity components.

A meteorological observation, as usually reported, automatically involves an
average that depends on the instrumentation. 'The scale of the average is
typically a few minutes in time and a few hundred meters in space. The
stress terms that arise from this scale of averaging are assumed to be negligible
for the larger-scale motions and are treated in turbulence theory by a statis-
tical or phenomenological approach.

A second scale of averaging is fixed by the density and frequency of obser-
vations. This scale may involve a few hours, or a few hundred kilometers,
and the stresses that arise have never been subjected to a consistent study
because the relevant observations are not available.

Finally, the analyst may purposely introduce an averaging process on still
longer time or distance scales, in which case the consequent stresses must be
included in the term F.

1.2. Conservation of mass. Conservation of mass is expressed by the
equation of continuity : g_ft) 4 V=0 (1)

1.3. Equation of state. Air is a mixture of gases, each of which, to a
good degree of approximation, obeys the equation of state for an ideal gas.

R
p=p T (1)
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where R is the universal gas constant, 7 the molecular weight of the gas, and
T the absolute temperature. According to Dalton’s law, the sum of the
partial pressures of gases in a mixture is equal to the total pressure of the
mixture. Consequently, the equation of state for air has the same form as for
an ideal gas, as long as we define m in terms of the molecular weights of the
individual gases in the air. The appropriate value of m for air turns out to be
28.97, so that the equation of state is generally used in the form

p=pRT 2)
where R = Rjm = 2.87 x 10° cm? sec 2 deg!

In the strictest sense, this applies to dry air only. Water vapor is always
present in air to an extent that varies widely with time and space. To apply
the slight correction for the presence of water vapor, replace T by T*, the
virtual temperature, defined by

[ T -

(1 —0.379/p)

where e is the partial pressure of the water vapor and p is the total pressure
of the dry air and water vapor.

T*

1.4. First law of thermodynamics. The first law of thermodynamics
for unit mass of an ideal gas is

dq:c,,dT—%dp 1

where dg is the heat added te or taken from the unit mass, and ¢, is the specific
heat of the gas at constant pressure.

2. Derived Equations

Section 1 contains a set of four equations, two of hydrodynamic and two of
thermodynamic character, which describe the state of the atmosphere.
These equations involve five unknowns, namely, v, p, p, T, and ¢. In
principle, at least, one should be able to specify a fifth equation to define ¢,
in terms of heat absorbed directly from the sun, heat added to the atmosphere
from the earth’s surface by conduction or convection, and heat transferred
within the atmosphere by phase changes of water. Since we can describe the
boundary of the earth’s surface and specify the initial state of the atmosphere,
the equations are, in theory, soluble. However, in practice, the specification
of the heat exchange and the boundary conditions is so extremely complex,
and the mathematical difficulties inherent in nonlinear, partial differential
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equations are so great, that an exact analytical solution will probably never be
possible.

Consequently, meteorological theory tends toward the derivation of other
relationships from the four basic equations. One type of derivation has
involved the deletion of small terms from the four equations to obtain
descriptive formulas. These approximations characteristically ignore terms
that, while small in magnitude, are vital for the prediction of changes in the
atmosphere. A second type of derived equation transforms the original
equations into a form that might be suitable for purposes of prediction or that
might lend itself to physical interpretation.

These equations are given here in the coordinate system commonly used
in meteorology. This is a Cartesian system, rotating with the earth, with
its x-y plane tangential to the earth at the origin, and the z axis directed away
from the earth. The x axis is positive toward the east, the v axis is positive
toward the north. To simulate the Coriolis deflection, the x-y plane is
presumed to be rotating around the z axis with an angular velocity appropriate
to the latitude in question. This system achieves some mathematical
simplification, but is inappropriate when large areas of the earth’s surface
are under consideration. In this case, spherical coordinates with their
origin at the center of the earth are the natural system to use.

2.1. Geostrophic wind. The Coriolis force and the pressure-gradient
force are much larger in magnitude than the other terms in the horizontal
components of the equation of motion. The eastward speed, u, and the
northward speed, v, obtained by equating these terms, are

1 op

U— ————— =

2pwsing 0y
_ 1 o
~ 2pwsin g Ox

(1)

k4

where ¢ is the latitude. These so-called ““ geostrophic ” wind components
describe the actual wind field in the free atmosphere very accurately,
Near the surface, the wind has a sizable component toward low pressure
as a result of friction.

2.2, Hydrostatic equation. In the vertical component of the equation
of motion, the acceleration of gravity is balanced almost entirely by the pres-
sure gradient. Thus

op
i —Pg
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With the aid of the equation of state, this gives for the pressure at a distance
2 abeve a reference level with pressure p,,
. ex z g dz
P - P 0 p o R'T
This equation gives the vertical distribution of pressure in the atmosphere
within the accuracy of observation.

2.3. Adiabatic lapse rate. If an air parcel gains or loses no heat, its
temperature is related to its pressure by the adiabatic form of the first law
of thermodynamics,

1
¢, dT = s dp (1)
In particular, for vertical motion,
oT 1 op g
B% o op 5T e 2)
with the help of the hydrostatic equation, and because the density of the
parcel is not greatly different from that of its surroundings. This variation
of temperature in the vertical is observed in cases where air is heated from
below or is thoroughly mixed by turbulence, if the water in the air does not
change phase.

In the case where the water does change phase, as in clouds, the latent heat

released or used by the water reduces this lapse rate.

»

2.4. The circulation theorem. The circulation C around a closed
curve is defined as the line integral of the velocity component tangential to
the curve.

C= $(udx + vdy + wdz) (1

With the help of the equation of motion (without the stress terms), this
equation reduces to the form common in meteorology, namely,

aC _ rdp dA
T——f;— © T 2)

where 4 is the projected area of the closed curve on the equatorial plane.

This equation is valuable mainly because of the insight it affords into
atmospheric motions. The first term may be interpreted as the increase in
circulation caused by the angle between the isosteric (constant specific volume)
and isobaric (constant pressure) surfaces. For an autobarotropic atmosphere,
i.e., one wherein the spatial distribution of p is always the same function of p
only, this term vanishes. The second term represents the effect of the earth’s
rotation on the circulation.
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2.5. The vorticity theorem. As the area of the curve around which the
circulation is computed is reduced to zero, the circulation divided by the
area approaches the vorticity as a limit. The vorticity is the curl of the
velocity.

The “ vorticity theorem ” as commonly used in meteorology really con-
cerns only the vertical component of the vorticity. This equation is the
vertical component of the curl of the equation of motion. For horizontal
motion in an autobarotropic frictionless fluid, the theorem states that

%(Z+2w sin ) = — ({ + 2w sin q;)(g“ +§;) (1)
where { is the vertical component af vorticity for the motion of the air parcel
relative to the earth. Note that 2wsin ¢ is the vertical component of
vorticity resulting from the earth’s rotation.

This equation is practically the only one in meteorology that has shown
any prognostic value. The past few years have seen numerous attempts to
integrate this equation (and varianis of it) by numerical methods. These
experiments offer significant hope for improvement of weather forecasting.

2.6. The energy equation. The scalar product of the equation of
motion and the velocity is

d 1

Here K is the kinetic energy and W the potential energy of an air parcel.
This combines with the first law of thermodynamics to give the energy
equation,

d(lip) 1

‘Z FEAWAD T p=y = v Vv F (2)

where [ is the internal energy ¢, 7.

2.7. The tendency equation. To a close approximation, the pressure
at a level z is given by the weight of the overlying air column,

— [T gpds (1
Therefore the rate of pressure changes or pressure *‘ tendency,” is
. 6pu dpoy
(%) = = [ e+ %)= + (o, @)

since pw is assumed to vanish at the upper limit. This is called the tendency
equation.



§2.8 METEOROLOGY 703

The term under the integral sign, when the indicated differentiation is
accomplished, indicates two physical processes that might produce a pressure
change. 'These are advection of air of different density, and velocity diver-
gence. In addition the term outside the integral shows that the pressure at a
level may change as a result of a mass transport through the level. These
terms are always small in the atmosphere. Note that for horizontal, geo-
strophic motion, no pressure change would occur. Moreover, the mass
divergence in the atmosphere usually changes sign with elevation, so that the
net pressure change at the surface represents a slight unbalance among the
nearly compensating values of mass divergence at upper levels.

2.8. Atmospheric turbulence. Near the surface of the earth, the
variation of the wind with elevation depends largely on the term F in the
equation of motion. If the air flow were laminar, F would depend on the
molecular viscosity u, and would be given approximately by

1 o[ ov
F= " 5(# 5) (1
since the variation of y in the horizontal is small.

In the atmosphere, the motion is turbulent and the eddy stresses are far
larger than the viscous stresses. These eddy stresses are often represented

by a similar formula
1 9 av

F—;'a—z(ﬂeg) 2)
The eddy viscosity, u,, 1s a property of the flow and not of the fluid. Its
magnitude varies widely, depending principally on distance from the earth’s
surface, wind speed, and the variation of temperature in the vertical. With
a dry adiabatic lapse rate and average wind speed, u, seems to increase
approximately linearly from a value of zero near the ground to a maximum
value of about 10%-107 . a few hundred meters above the ground. When
temperature increases with height and the wind is light, 4, may not exceed
10%-10% i at any level.
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By Jou~n M. REINER

Director, Simon Baruch Research Laboratories
The Saratoga Spa

Introduction

Biophysics is the analysis of biological phenomena in physicomathernatical
terms. It includes all formal theories of the behavior of living organisms
and their parts, especially such theories as attempt a reduction of biological
to physical (including chemical) concepts. 'Thus this chapter embraces such
topics as enzyme kinetics, a molecular theory of cell forms and cell division,
and the mathematical theory of aggregates of cells or of organisms.

1. Energy Relations

A living system is a spatially circumscribed phase (or aggregate of such
phases) in contact with another phase or set of phases, the environment. It
is in constant communication with the environment; both maiter and energy
pass between the two. Living systems, while they display the character-
istics that mark them as living, are never in thermodynamic equilibrium.
To describe their energy relations requires a generalization of classical
thermodynamics. We divide substances found in living systems into two
groups : those that normally do not leave the cell (the * permanent ) con-
stituents) and those that circulate between cell and environment. Variables
pertaining to the two classes are distinguished by subscripts | and 2 re-
spectively.

We define a number of symbols.
m, = mass density of substance « in gm cm~3
m = total mass density (: > ma)
e o

V, = velocity of substance a

C, = concentration of substance a in moles gm~!
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M, = molecular weight of substance a
R, = chemical reaction rate of substance @ in gm cm—3 sec™?
P = stress tensor

F = external force

H = total energy per unit volume
q = vector of heat flow

p = hydrostatic pressure

All these quantities except the M, are functions of coordinates x, y, 2 of
points in the cell or its environment relative to any arbitrarily chosen coor-
dinate system, and of the time .

We define the mean velocity of the system at a point, relative to the coor-
dinate system, by

my= 2 m,V, (1)
The mean velocity of substances of class 1 is defined by

mV,= 2 m,V,, (arangesoversubstances of class 1) (2)

and similarly for V,, with m, = E m, over class 1, etc.
o®

The diffusion velocity of substance a is then U,= V,— V..

We define
R, = E R,, (xoverclassl)

Ry= 3 R, (i overclass?2)
b

J,=mC,U,
J=mU=3 M,J,
Here M, and C, are related by m, = mM,C,, and U= V — V,. The
internal energy per gram, ¢, is defined by
me = H—ml? 3)
The differential equation corresponding to the first law of thermodynamics

is then

m‘;_j:(fP-V)-V—V-q—zv-(paJaHeV-J @)
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where p, = 9¢/0C, and the operator d/dt is given by
d 0
Z=a TV

This operator gives the rate of change at a given point in the cell, moving

with velocity V.
Auxiliary equations are the diffusion and continuity equations,

dm dC, R, . .
E—:—mv I/I—V'J, m at —Ma—V Ja—i—CaV J (5)
and the hydrodynamic equations
Z;/_V P+ F—(J-V)V, mlddVl V-P,+F,—RV, (6)

The differential equation corresponding to the second law is

R
—(PV) i+ (P V) U+pV ¥, =D pa 3~V g

, ()
SVt (e+pv—2p«aca)V~J

where 7 is the entropy and § the absolute temperature.
Defining the Gibbs free energy as usual by

$=c—"bn

we have for this function the equation

o) me do
dt __F E PV V1+2Pa——2l"uv J

+ (Za}nacrpv)v : J]

Equations of the same form as the above hold for the environment (in
fact, one set holds for each phase if there are more than two phases). At
interfaces, we have boundary conditions of two sorts: those prescribing
the stress ‘P at the boundary, and those prescribing the diffusion flux. The
latter are of the form

(8)

J; = J;s, (i over class 2)

J,=0 (xoverclassl)
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The quantity J;g is generally given by
Jis = n(a,Cis —a',C';5)

the subscript .S denoting surface values, the primes denoting the “ external ”
or adjoining phase, and » being the unit external normal to the surface of the
phase.

The cell shape is related to the system as follows : if the equation of the
cell surface is S(x,y,2,t) = 0, then

das a5
W—WJer'VS:O (9)
This equation can be solved if ¥, the solution of the second hydrodynamical
equation, is obtained. Since ¥, depends on R, the cell shape is thus related
to its metabolism.

Of interest in connection with the problem of growth are the equations
for the total mass M and total volume I of any region (dr = element of
volume).

L?tl :%fmdfz—fV'JdT
av d (10)
#:d—tIde j‘V'Vld’T

For a region sufficiently small to be approximately homogeneous, those take
the simpler form

aM
M vy "
o vven,

See Refs. 3, 11, and 12.

2. Kinetics of Enzyme Catalyzed Reactions

2,1, Simple reactions (Refs. 4 and 5). The basic assumption of the
theory is that enzyme and substrate form a complex, which then reacts to
yield the product or products together with the free enzyme, which can now
enter another cycle. 'The simplest possible case has been described in
equations first derived by Victor Henri (frequently incorrectly attributed to
Michaelis and Menten).

Denote the substrate by S, product by P, free enzyme by E, enzyme-
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substrate complex by C, total enzyme by E,, (all expressed as concentrations,
e.g., in moles cm™3). The stoichiometric relations are

kl k2
S+E?C, C3ELP
1

We have, moreover,

E,=E+C

The further assumptions that the first reaction is in equilibrium and that
the overall reaction rate is determined by the transformation of C to E and
P give

S

V=kC= ks o= gFy (1)

where K = k',/k;.
Haldane’s modification of the theory assumes (instead of equilibrium of
the complex-forming reaction) a steady state for the complex. That is,

dCldt = 0

This yields for the reaction rate

V==rF S

2K L8 E, (2)
where K’ = K -+ ky/k;. The functional form is the same, but K’ no longer
has the significance of the dissociation constant of the complex, so that 1/K’
does not measure exclusively the affinity of enzyme for substrate.

2.2. Inhibitors (Refs. 1, 2, 7, 13). The effect of substances that inhibit
enzymatic reactions is due to their action on the free enzyme molecules, on
enzyme-substrate complex, or on both. Such reactions can be treated if
stoichiometric combination or its formal equivalent is assumed. 'The equa-
tions are

E-S2CS>P+E
E+I>E (1)

CHIag
where I is the free inhibitor, £} is the enzyme-inhibitor complex, C; is the
enzyme-substrate-inhibitor complex, and the other symbols are as before.
We have the conservation equations
In=1+E + C; |
(assuming combination in | : 1 proportions as above and representing total
inhibitor by I,).
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We take C in the steady state as before, and assume that reactions involving
inhibitor are in equilibrium (which is true for many but not necessarily for
all inhibitions). Thus we have

ES=K,C, El=K,E, CI=K,C, 3)
where K, = K yjky + kolky, Ky= Kk, Ky—= Kk,

This solution of this system gives for the inhibited reaction rate,

P T X (k ' \/772'777/@77
Vi=kC= ?[- \Z—A)ju (;—A) +4;E0] 4)
where k= K,/S+ 1, m=K,/SK, + 1/K,, A=E,—1,

It is also convenient to plot results of inhibition experiments in terms of
the fractional inhibition 7 or the fractional residual activity p, defined by

= B+ Gy
E,
p=ViV

where V' is the uninhibited rate as determined in the preceding section.
These quantities are related by 7+ p=1. The theoretical equations are

]

. k
IOZZE0+';A— 1 —% (5)
for the plot of I, against 7, and
I, k1
for the plot of E, against p, or e 1
I=(1—p)Ey+ - ——F (7

mop
for I, against p.

The theory demands in general an infinite value of I, for complete inhi-
bition, and an infinite value of E; for the complete absence of inhibition.

Some special cases of interest have been worked out in the past, and are
readily obtained from the above results. If the inhibitor reacts only with
free enzyme, we have what is usually called competitive inhibition, since it is
believed that substrate and inhibitor compete for the same grouping on the
enzyme. In this case /K, =0, k/m= Kyl + S/K;). If this is sub-
stituted in the Z, /; relation,

],,=iE0+K3(l + [‘{9)
1

]

T (8)

and the amount of inhibitor required to produce a given fractional inhibition
increases with the concentration of substrate.
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If inhibitor combines impartially with £ and C and has the same affinity
for both, K; = K,. In this case, k/m = K, and the relation of I to 7 is
independent of S. This sort of inhibition has been termed noncompetitive.

So-called ““ uncompetitive ” inhibition results if inhibitor combines only

with €. Then

I/Ky=0 9)
kR (K
The ¢, I, equation now reads
. K )
Iy = iEy+ K4(—si+‘)’i‘ri (11)

Increasing the substrate concentration now decreases the amount of inhi-
bitor required to produce a given degree of inhibition, as should be expected.

If the combination of inhibitor with £ and C is irreversible, we have
K; = K, = 0, and therefore k/m = 0. In this case, substitution in the i,
I, equation gives 7= Iy/E,.

Moreover, the relation of reaction rate to E, takes the special form of
a broken line. For 0 E << [, V, =0, while for £, > I,

ke
ViZI(Eo‘Io) (12)

>

This form of inhibition has been referred to as ** titration ” of the enzyme
by the inhibitor. The same result is obtained with competitive and non-
competitive inhibition if K3 = 0, and for uncompetitive inhibition if K, = 0.

3. The Cell

3.1. Metabolism and concentration distributions. The simplest
theoretical model of a living cell is based on the minimal set of characteristics
which all such cells have in common. Nutrient metabolites diffuse into the
cell from the environment, the chemical reactions that constitute metabolism
go on inside the cell, and products of metabolism diffuse out of the cell into
the environment.

The occurrence of these characteristics can be expressed by a modified
form of the classical partial differential equation of diffusion. For a sub-
stance undergoing no chemical reactions, this equation has the form

oC
ot

where C[= C(x,y,2,1)] is the concentration of the substance in gm c¢cm=3 (or

——V-J (1)
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moles cm~3) and J is the vector of diffusion flux in gm cm=2% sec™ (or moles
cm~2 sec!). When chemical reactions also occur, they are embodied in a
term for * sources ” and * sinks,”” and the equation is

ocC

e

where Q is the net rate of reaction producing the substance in gm cm=3 sec~!
{or moles cm~3 sec™). If the substance in the aggregate is removed by
reaction rather than supplied, O < 0. In gencral, one must consider groups
of substances which are related to one another by chemical transformations.
Thus, one would have simultaneous systems of equations like the foregoing
for a set of concentrations Cy, Cy, ..., C,. Moreover, Q will in this general
case be different in each equation, and each Q, will be a function
Q/(C,,Cy,...,C,) of several or all of the functions C;. However, much
information may be obtained even from the oversimplified case in which
each substance is treated independently, i.e., in which Q,=QJC)) or
Q,= constant= g,. (Such a situation may hold approximately for at least one
of a group of related substances if all the others are present in sufficient excess.)
To solve the diffusion equation, it is necessary to find an expression for
the flux vector J. In many cases a satisfactory form is given by Fick’s law,

J=—DVC

=—V-J+Q 2)

where D is a constant known as the diffusion coefficient, and is in general
different for each substance (and for each kind of cell or tissue). With this
relation, the diffusion equation becomes

E_pwvic+o 3)

As was indicated in Section 1, a separate equation holds for each distinct
phase (e.g., for the cell and for its environment). At the surface separating
the phases, boundary conditions hold. For the diffusion problem, these
express the condition that the flux into the surface from one side equals the
flux across the surface equals the flux away from the surface on the other
side. Thus for two phases, the interior of a cell and its environment,
denoting the corresponding C functions by C; and C,, and by 8/0v the normal

derivative (with respect to the external normal to the surface), we have
oC, oC,
—D; Eot D, - = Js (at the surface) (4)

The surface flux is generally of the form

]S - hzcz - hece
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where k; and %, are constants (for each substance and each cell). A simple
approximation to this, which is frequently used, occurs if &, ~ k,, so that

Js=HC;—C,)

and % is termed the permeability coefficient. In many cases, the solution
of the diffusion equation, C(x,y, 2, #), with increasing time approaches a
stationary value C{x, y, 2) which represents a solution of the equation

DV*C +Q =0

obtained from the more general equation by setting C/0¢ equal to zero.
To estimate the time required to reach practically this stationary state,
one can perform an approximate calculation which shows that the time-
dependent transient term of C(x,7y, 2, t) is proportional to e~P*% where
a is a measure of the linear dimensions of the cell. Since D for a number
of important metabolites is known to be ~ 10~7 cm? sec™!, for a cell of linear
dimensions ~ 103 cm, we have D/a®? ~ 10~ sec™!. In this case the transient
term will drop to 1/e of its initial value in 10 seconds, and become virtually
negligible after 1 minute. Thus many problems may be treated satis-
factorily in terms of the stationary diffusion equation.

A solution satisfying the boundary conditions is readily found if the cell
has a spherical shape. For the case where O is a constant g, the solution
is given by
L qre® 1

Ce:CO—T_ 3D7 .

(5)
: Ao 9 o e, T
Ci= Gt g+ gp, 10 =7 T 3p,

where the coordinate 7 is the radial distance from the center of the cell, 7, is
the radius of the cell, and C|, is the limiting concentration of the substance
at a great (strictly speaking, infinite) distance from the cell. For ¢ > 0,
the concentration distribution has a maximum at the center of the cell, and
decreases as one moves outward, with a discontinuity of ¢r,/3h at the surface.
For ¢ < 0, there is a minimum at the center of the cell and an increase as
one moves outward.

For nonspherical cells, the solution of the boundary value problem rapidly
becomes unmanageable, or at best so cumbersome as not to justify the effort
expended. Rashevsky introduced a method of approximation that permits
most problems to be handled with relative ease (Ref. 10). Consider a cell
of roughly oblong shape, with ‘“ half-width ”” 7, and ‘‘ half-length ” »,. Let
the mean concentration of metabolite, halfway between periphery and center,
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be ¢é. Let the average peripheral concentration inside the cell at the ends
be ¢,, at the “ sides ” be ¢,, when the corresponding values just outside the
cell are ¢’y and ¢’,.  Finally let 8 be a length, of the order of magnitude of the
cell dimensions, that distance from the cell in which the concentration changes
from ¢’y and ¢', to the limiting value ¢, The boundary conditions (two
sets, one for the ends and one for the sides) take the form

2Dy(¢ —¢1) = rih(e; —¢'y)
2D — ¢) = 13h(cy — o)

2D, . D, ,
7.1 (€ —ep)= _3"(51_00) (©)
2D1 = De '
’ ("“‘2):’3_(52_‘0) )
The (nonstationary) diffusion equation becomes the equation of continuity.
dc E—o¢ E—cy
3?—9_3Di( 72 +27) (7
With the help of the boundary conditions this takes the form
dc &—¢y
F=e— 3" ®)
where
Ao Tt (2D,D, -+ 28Dk + r1hD,) (2D,;D, + 28Dk + v,hD,)

3hD,D, * 22D,D,+ 28D+ rihD)r, + (2D,D, + 28Dk + r4hD)r,

is termed the total diffusion resistance of the cell.
The solution of the continuity equation is

&=c¢y+ Ag— CAet/A 9)
where C is a constant of integration. In the stationary state,
E=cq+ Ag

3.2. Diffusion forces and cell division (Refs. 10 and 15). The relation
of cell movements and cell division to metabolic activity is based on the
production of concentration gradients and differences by metabolism. All
concentrations become equal to ¢, if ¢ = 0, and the discontinuity ¢; — ¢, at
7 =1, likewise vanishes with g. The presence of gradients and surface
discontinuities for nonvanishing ¢ leads to volume forces and surface pressures
of “ osmotic " character. The surface pressure is given by

po="Tlei—c) (M)
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where ¢; and ¢, are evaluated at the cell surface; R is the gas constant, T the
absolute temperature, and M the molecular weight of the solute. The
volume force is derivable from a pressure which in the first instance is
given by

RT RT
p=gpe Fv=—7rVe )

A more refined calculation takes into account the modification of the distri-
bution ¢ by the molecule or particle subjected to this thermal bombardment
(e.g., an enzyme or protein molecule). Thus the next approximation gives

FVZ—%'%OLVVC 3)
for the force on a particle of volume V, where « is a constant ~ 1. The
dependence of ¢ on ¢ then leads to the general result that the volume and
surface forces are directed outward for ¢ > 0 and inward for ¢ < 0.

The possibility that these forces will cause division of the cell can be
analyzed by calculating the energy change AE which results when a spherical
cell of radius 7, divides into two equal spherical cells of radius r;, = 0.87,.
The calculation makes use of the well-known device of an imaginary expan-
sion of the cell to infinity followed by condensation to two half-cells. The
first component of the energy change is due to the surface tension, the second
to the surface pressure, and the third to the volume force on the enzyme
molecules, giving
7RTgry* 3 7RT oyLgry®

2Mh 20 DM

where y is the surface tension in ergs cm~2, D is an average of D; and D,, and
p is the relative volume occupied by the enzyme particles. For small 7,
AE > 0; for larger values AE << 0. There is thus a critical value 7,* of 7,
for which AE = 0, where the cell becomes unstable (if ¢ > 0). Then 7," is
the solution of the cubic equation

AE = AEg+ AE,, + AEy = 1.12myr)? — (4)

2
Ry v/ AT R ).7 A )
The exact solution is cumbersome, but two simple limiting cases are easily
studied. If % is very large,
3/7.5yDM
Y

ot = 6
o =4/ RTig (6)

[ 224ymn

Tt = A —

If D is very large,
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With plausible values of the constants (y~1; ap=1; ¢g= 10-% gm cm~3
sec’l; M= 100; and D =107 cm? sec!, A = o, or A= 10~% cm sec!,
D = «), we get 7," ~ 1073 cm, which corresponds well to average cell sizes.
Relatively large variations in the constants, however, result in relatively
much smaller changes in 7,*.

A more precise analysis of the stability of the cell uses as a criterion the
virtual work of small arbitrary deformations of the cell, taking into account
the redistribution of concentrations due to the deformation. The condition
of instability leads to more complex expressions for 7,*, but gives essentially
the same numerical values. The condition is (# an integer)

RT 2hgre® + D(n + L)gr,

T " DD + 1) + AD.(n + 1) + Dorg "V

2 RT [Din(n — 1) — D (n% — 1)]gr, 2n — 1) (n + 2)
T3 M " DyDn + 1) + WD(n + 1) + Dalry et
A novel result arises if ¢ <C 0, for now, if certain relations among the constants
hold, the condition of instability may be satisfied in a region between the
lower and the higher values of #;, Within this range an infinitesimal elon-
gation of the cell results in a decrease of energy. But we have seen that for
¢ < 0 the division of the cell gives an increase of energy. Thus the energy
cannot continue to decrease as the deformation goes on, and an intermediate,
nonspherical equilibrium shape must result. Neither of these calculations
is adequate to predict the entire course of deformation of a cell and its even-
tual division or stabilization in a nonspherical shape. This can be done by
applying the laws of plastic flow, in combination with the approximation
method for diffusion in nonspherical cells. A theorem of Betti, first applied
to the problem by G. Young (Ref. 15), gives for the average relative rate of
change of any dimension of a body of any shape the following sort of expres-
sion.

Y

%-‘%: ﬁ%f“[zz-g—(yyjuxxndl/ﬂt
2 v

_ (8)
$ )

where /, is the length of the body at time # in the direction of the z axis, X, ¥,
and Z are the components of the volume force in the x, y, and # directions,
and X,, Y,, and Z, are the components of the surface pressure, and the

integrals are extended over the volume ¥ and surface S, respectively, of the
body, whose viscosity is 7.
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For the volume force we use the previously cited expression,

3 RTap,
2

while the surface pressures on the ends and sides of the cell respectively are

F—=— Ve

RT ,
h= M (e, —¢')
9
RT , )
pe= M (ca—¢'5)
We put the z axis along the largest dimension of the cell, so that I, = r,.
Solving for the concentrations by means of the approximate method as before,
we obtain
1 dr, RT [3ou8k + (3o — 2)DJAD;D (1, — 75) (€ — Co)

r, dt  2My (2D,D,+ 28Dk + rikD,) (2D,D, + 28Djh + ryhD),) (10)

A more general relation is obtained if we take into account the effect of sur-
face tension, which produces at the “ends” of the cell a surface force
— 2yfr, and along the * sides ” a force —y(1/ry + 1/r,), which results in a
contribution to the relative rate of elongation of — (y/2n) (r; — 7r5)fryrs.
Introducing the approximate stationary value Ag for ¢ — ¢,, we get, finally,

1 dr RT [Bapdh + (Bap — 2)D,Jr 7o(ry — 72)q

7. dt  6Mn 2(2D,D,+ 28Dk + vhD,)r, + (2D;D, + 28D+ r.hD ),

_Y T
2n T1¥2 (1)
Since 7, — 7, > 0, then for ¢ > 0 one necessary condition for elongation
to occur (since usually 3o — 2 <C 0) is
2 —3au D,
T

Since & is of the order of the cell size (e.g., 8 = 7,), this means that elongation
will occur for sufficiently large cell sizes. As 7; increases, 7, decreases.
In fact, if the cell volume remains approximately constant during the elon-
gation, 7, can be expressed in terms of 7,(r, ~ 1/4/7;) by virtue of the approx-
imate expression for the cell volume.

8>

V= -‘3—‘717’2 (12)

Thus for very large values of 7, (where 8 ~ r,), dr,/dt varies as Ar;}'* — Br3/2
where 4 and B are constants. This expression will vanish for some suf-
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ficiently large value of 7, so that the elongation will proceed only to a finite
extent. However, Betti’s formula gives only the average rate of elongation.
In point of fact, the middle of the cell, which is subject to the maximum
force, will elongate and constrict more rapidly than the ends, and the process
may continue at the middle even when the average elongation has reached
its limit. 'The final stages of cell division may then be treated approximately
in terms of a dumbbell-shaped figure, essentially two spheres of radius r,”,
whose centers are separated by a distance »,”" and connected by a cylindrical
“ neck ” of radius 7. The spheres are pulled apart by diffusion forces, due
to metabolites produced in each sphere and acting on the other sphere,
giving the effect of a repulsion between the spheres. An approximate
expression for the total force is
RTmopg(ry”)
=" my o
This force is applied to the total surface of the end of the neck, =7, giving a
surface pressure F/mr®. 'The surface forces due to surface tension in the
neck are — 2y/r dynes cm—2 at the ends, and —9/r on the lateral surface.
Thus Betti’s theorem gives

1 di 1 F—ary

T a7 3m
Since for a viscous incompressible body the relative lateral constriction is

half the relative elongation,
1 dr 1 dl

(14)

vET T H (13)
Thus we have p 0
r
&=
_ Y _ RTopgry”’®
where P= 6y’ 0= 36mD,Mr,"’?
For constriction to occur, we must have always
Qfr > P
The differential equation has the solution
Q—Pr

P(r—7)+Qln

o—pr=PY (16)

where 7' is the initial value of ». From this it can be seen that 7 vanishes

and division is complete at a time 7 given by

PZT:QIHﬁ—PTI (17)
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It is easy to see that 7 is real and positive if Q — Pr’ > 0 and that 7 decreases
as QO — Pr' increases. Thus the time required to complete division is
smaller, among other things, as the metabolic rate ¢ increases. It is also
obvious that division will never occur if ¢ <0, for in this case dr/dt > 0
always.

3.3. Cell polarity and its maintenance (Ref. 10). A model for the
self-regulation of cell polarity depends on the effect of diffusion forces on a
negative catalyst. Consider a spherical cell whose hemispheres have mean
concentration &, and ¢, of some metabolite. The reaction rate is g. The
treatment of the problem is as usual, except that the internal flux
mroD(&; — &) must be taken into account. We get finally

- . ’OZ(ZD + 7h)(q1 — g2) 1)

AT 9T TT3DRD + 3rok)

which vanishes if ¢, = g,. 'The diffusion forces will act on colloidal particles
of mean concentration », volume ¥, and molecular weight M, to produce
a concentration ratio in the two hemispheres

e G- )

" e—%(c1—cy (2)
here _—3—-NV(X
wher *=2 M

Putting x = ¢, — &, and noting that n = (n, + n,)/2, we have
ny — ny = 2n tanh ($ax) 3)

Suppose the particles act as negative catalysts on the reaction rate, so that
for example,
g=qo—an

Then g1 — gy = a(ny —n,) 4)

A representation of an asymmetric distribution of the particles follows from
the elimination of the ¢’s and »’s from the above relations.

x = 2Aan tanh (4ax)

732D +-74h)
" 3D(2D + 3r )

Approximately, for small ax, this is

where A

x = Aanax(l — -1% aZx?)
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This has a root (besides x = 0),

_ \/3(Aano¢ —1)

- Aanx
which is real and positive if danx > 1.
This root corresponds to a stable configuration, so that the asymmetry will be
maintained against disturbances such as division of the cell. A similar
result holds for a cell with impermeable membrane, in which the metabolite

is produced at rate ¢ and consumed at rate bc, exeept that the constant 4 is

now given by
752
0

4= 7420 + 3D

3.4. Cell permeability (Ref. 12). An analysis of interface and mem-
brane permeability in terms of kinetic theory requires a calculation of the
velocity distribution in the presence of a concentration gradient. An
adaptation of a procedure used by Lorentz in the theory of conductivity was
used. If the Maxwell distribution of velocities ¢ is fi(c), the perturbed
distribution is approximated by

f="Jo+ uF(c) (1

where u is the component of ¢ in the direction of the gradient. The equation
of Boltzmann is used to evaluate the correction term, giving

Flo)=— (%)afo/ax @)

where L is the mean free path, and the x axis of a rectangular coordinate
system has been placed in the direction of the gradient. We can now
evaluate the diffusion current J.

J= fff ufdudvdw = — T (%)Uzan/@x (3)

where m is molecular mass, T absolute temperature, 7 is concentration at x,
and %k is Boltzmann’s constant. This is identical with Fick’s law if the
diffusion coeflicient D is )
L [8kT\/2
D=">FH{|—
3 ('n'm
At a phase boundary, the integral splits into two parts, since the parameters

of the distribution for molecules approaching from one phase are in general
different from those for molecules approaching from the other side. We
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denote values at the boundary in the “left” and “ right” phases by sub-
scripts | and 2 respectively.

If a field with potential V(%) acts inside a phase, it adds — MnrdV/ox to the
expression for J, where the mobility M = D/kT. At the boundary, ¥ may
undergo a finite change, and a potential barrier may also occur. Let the
potential in phase 1 at the boundary be ¥V}, in phase 2 V,, and the barrier V.
Then the potential jump going from 1 to 2is U; =V — V), and from 2
to 1is Uy=V —V, The lower limits of the velocity integrals for J all
given now by 3me®— U, and }mc® = U,. The diffusion current at the
boundary is therefore

Js = aym — any 4

with ay = ady[[1 — §(¢y + ¢2)]
ay = agy[1 — %(¢1 + )]
a = 3 2wkT|m)'/?
) = e UFT(1 4 U,JRT)
o= e"UIHT(1 4 U,JAT)

The constants a4, and a, are called the coefficients of permeability. It is
readily shown that values of the potentials can be chosen such that the
flow will have a sign opposite to that of #, —#, (*‘ anomalous > diffusion,
diffusion against a gradient).

In the case of a membrane of finite but small thickness d, we can apply the
foregoing results. The potential barriers at the two boundaries are I and
W, and the boundary potentials in the membrane are V,, and V. We
wiite Uy=V—V;, Uy=W—V,, Up =V—-V,, U, =W—-V,.
The diffusion current in the membrane is, to a good approximation,

D m(nm1 - nm2

Jo = P ) 3)

where D,, is the diffusion coefficient in the membrane. Noting that the
left and right boundary fluxes are equal to each other, to J,, and to Jg
(continuity of flux across the membrane),

. ]S1:]S.,,:]m:]s
we get, finally,

_ (ayfan)ny, — (a]an,)n,

o la,, -+ 1/an,+d/D,,

Js



722 BIOPHYSICS §4.1

) _ e o aby
B A 0 I R S C N
a. = % a, = 7‘1@”2**7

R A " L= (gt ) ©

by = e U1 + UykT), ¢y = e V(1 4 Uy/kT)

b, = e ImII(1 4 U, JRKT), ¢,,= e Uml*T(1 + U, JkT)

4. The Neurone and Behavior

4.1. Excitation and conduction in the neurone (Ref. 10). 'The
biophysical theory of nerve activity is a modification by Rashevsky of a
theory introduced by Blair. The central concept of the theory is that of a
pair of antagonistic *‘ factors,” referred to as ““ excitatory ” and “ inhibitory ”
and denoted by € and j, respectively. The nature of the factors is un-
specified, though the analogy of antagonistic ions is very suggestive.

If an exciting current [ is applied, it is assumed that both € and j increase
at a rate proportional to I, and decrease at a rate proportional to the excess of €
and j over their respective resting values ¢g and j,. Thus

= Kl—Ke—<), S=MI—m(j—jp) M

where K, M, k, and m are constants. The condition for excitation of the
nerve is € > j; hence, of course, ¢, < j,. If a constant current is applied
at £ = 0, the solution is

€= eo+£k1—(l — e7kt)
2
.. MI
7= ]o+7(1 —e~™)
Under the conditions

m<h M<k, XM K

M
ké;a ~ —

kR m
excitation will occur at the cathode only when the current is established, and

at the anode when it is broken, provided I is sufficiently great. The inten-
sity-time curve for excitation at the cathode at make (from e = j) is

_ jo — €
T= R (T =) — Mimy (1 — e 3)
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and at the anode at break, i
- Jo— % 4)
(M[m)e—™* — (K[k)e ¥
The threshold or rheobase values of the current at cathode and anode,
respectively (from € = j and de/dt = dj/dt), are

Jo — €

Re= (&I — GO — (Mjm)—— (R 52

Jo — €
Re = Ky — (RN MR (5b)

with the approximate value
Ry~ [(jo — €o)/ K]k, Ry~ [fo — <o)/ Mm
The solution for a slowly rising current, I = A¢, is

€—€o‘|‘[§;\§t—'};(l—8_“)§

(6)

.. Ma 1 i
]~]0+7\t—%(1—e )%
For sufficiently small A, no excitation occurs as long as K/k<< M/m. For
alternating current, I = I sinw, a solution obtained under the condition
K|k = M/m gives an empirically verifiable relationship between the threshold
value of I, and the frequency w.

1 ( w?\ ( m?
R‘:_\/ 1+k2)(1+w2) (7)
Jo—¢o
where R, = o Mk

This case has also been solved without the restriction K/k = M/m. Another
interesting relation derivable from the theory is that between the duration 7
of a constant current pulse and the threshold intensity I required to produce
anodic excitation at break

7 (1 — eTREyRIm—1) (o \1/I0/m)—1)
¢T (1 — emip/i=tm/] |

(8)

The theory of excitation is at present largely phenomenological, as is evident
from the foregoing. The theory of conduction of the excitation along the
rerve is a simple physical one, however, and is essentially the theory of a
core conductor. The nerve is pictured as a cylinder with a core of radius 7
and specific resistance p, surrounded by a sheath of thickness 8 and specific
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resistance p. Also 3 <7. To a first approximation, neglecting the distrib-
uted capacity of the fiber, the distribution of current is given at £ =0 by

i(x) = Ie—** 9)

where [ is the current at the initially excited region, x is distance from the
excited region to a point along the nerves, and

_ \/7 +1 2
o = — S =
y  8pr
where y is the ratio of resistance per unit length of the core to resistance per
unit length of the sheath.

The distribution is propagated along the nerve, so that at any later time
we have at any point a distribution,

#(S) = Ie=*S (10)

where S is the distance between the point considered and the excited region
at the moment ¢. If the velocity of propagation is v(¢), then at a point x, we
have

S=x,— f: o(t)dt = xy — u(t)

where £, is the time from application of current /I to occurrence of excitation
at the electrode, and is given by

c_Ll.. K
1T % OB KT ke,

where €, = €* — ¢, and €* is the value of € at the electrode when ¢ = j.
From t = 0 to #,, the current at x, is [e=**0,  After ¢, it varies according to

i(xo’l) == Je—ozotoull) (1 1)

Excitation at the point x, by the local current #(x,,t) obeys the differential
equations :

%:’Ki—k(e—eo)

(12)
G i i — i
2 = Mi—m(G—js

Solving, and putting e(x,,2) = j(x,,¢) for excitation, we finally obtain the
differential equation

dv
*ar

= —oa0? — (m+ k—gjﬁ I)cxv— (mk+

Jo — €

Mk—KmI)

13
Jo— € (13)



§4.2 BIOPHYSICS 725

If (as is probably the case, from available values of the constants),
A=4a*—4b>0

the right side of the differential equation has two real roots,

avy, = 2 a—\/A), AUy = 2(a+ \/A) (14)
where
—a:m—i—k——l.{?_MI, b:mk»{-M.k_ﬁnl
Jo — €0 Jo — €

The velocity =(¢) is given by
— Av,eVAt

_ U — 4%,
v | — AeVAt (15)

where

A — Vit (m + aw,) [jy(m + ov,) — MI]

(m + o) [fy(m + w,) — MI]
Jhi=J*=Jo

Att =1,
Uy <<V <Yy

‘With increasing ¢, v approaches v,, which is a stable value.

4.2. Behavior and the structure of the central nervous system
{Ref. 10). The biophysical theory of the behavior of organisms with a
central nervous system is based on what might be called the network postu-
late : that the units of the central nervous system follow the same simple laws
as isolated peripheral neurones, and that the complexities of behavior result
from the interaction of such units arranged in. networks of varying degrees
of complexity.

It is known that a continuous physiological stimulus produces a volley of
nerve impulses rather than a single impulse. The frequency v of the volley
increases with the intensity S of the stimulus. The intensity I of the im-
pulses is independent of S according to the * all-or-none law.”

We define the intensity of excitation of a fiber, E, by

E=1Iv (1)

and write as an approximate expression for the relation between v and S,
v=ofS —h)

where £ is the threshold of the fiber and « a constant of the fiber. Thus

E=al(S—h)=B(S—h) 2
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The neurcelement produces factors € and j according to the differential
equations J 5

€ _ dj _ Y

T AE — ae, 7 BE — bj (3)

The neuroelements may be divided into two classes, excitatory and inhibtory,
according as the asymptotic values of € exceed those of j or vice versa, which
depends on certain relations among the constants. A simplified version of
this classification occurs if the neuroelements produce only one factor,
either € or j alone; such neuroelements are termed purely excitatory or
purely inhibitory.

One further postulate is required to estabish the influence of the neuro-
elements in the network on one another. We consider the neuroelements as
linear (possibly with collateral branches). They are polar : one end receives
the stimulus, and this is propagated along the element to its other end.
This end may make a connection with the stimulus-receiving and of a second
neuron. Such connections may be multiple, i.e., more than one neuro-
element may enter or leave such a connection. We now postulate that at
any connection, if € > 7, then € — j acts as the stimulus intensity S for any
neuroelement leaving the connection. (It is understood that, if several
neuroclements enter the connection, their contributions to € and j are
additive.)

Space will permit only a few illustrations of the many applications of this
scheme which have been made.

a. Reaction time. Consider a network in which two elements I and III
converge in a connection to an element [I. Let1 be purely excitatory and III
be simply excitatory. Suppose a warning stimulus S, is applied to ITI at a
time £, units before .S; is applied to I.  Then the reaction time ¢, for response
to S; via I and II is related to ¢, by

t, =1, — :1]— log [M + J(e7Pste — e=%tw)] (4)
1
ah AqE.a
where M=1- 22 j=C878h
AEy A E,ay

and ¢, is the constant time due to conduction on the efferent side and delays
at the end organs.

b. Discrimination. Discrimination problems of various sorts are analyzed
in terms of networks with fundamentally similar characteristics : series of
excitatory neuroelements run parallel to one another, and send collateral
branches, both excitatory and inhibitory, to each other’s connections. A
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simple example consists of n elements I connecting with # elements IT at
connections ¢,(i = 1,...,n). A branch of each element i of I connects at c,
to a set of inhibitory elements III which join every connection c¢,(h+i).
Thus every c, receives an excitatory path from the periphery and n —1
inhibitors from other neuroelements. If all stimuli have the same intensity S,
we have for € — j at ¢, (asymptotically)

. {4, B, A; B;
i el R e o KO
with E, = o, [,(S—hy)
E,= 0‘313[P°‘111(S —hy) — h3]
4, B,
=2 %,

‘The subscripts e and j refer to excitatory and inhibitory parameters, the
subscripts | and 3 to element I and III. If

h1<S<h1+7ﬁ%
then E;=0and e —j > 0. Ifalso
hy
S>h+p 1

which is possible only if &, <C kg, then € — j > hy, and all II pathways are
excited. But if

hg
then, for sufficiently large n, e — j < 0; i.e., if
P ol S—h
PG WL PulS—h) —h,
where .
_ (4 _ B
0= (a:' b; )

In this case complete inhibition occurs at all ¢;. But if m <<z of the path-
ways are stimulated with S’ >>.S, then at the ¢/ connections of these m paths

(€ = j)m = PE'y —(m — 1)QE's — (n —m)QE;, (6)
while at the other » — m connections ¢,*~™,

(¢ = J)p-m = PE, —(n —m — )QE; — mQE’, (7N
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where
E' =0 (S"—FW), E;=ol(PE') —hy)

and the other symbols are as before. Now
(€ — Nn-m < PoyIy(S — by) — (n — 1)Qoglg[Poy I (S — hy) — ;] (8)

since 8’ > S. Thus (¢ —j)p—m <O for the same conditions as made
€ —j < 0 before. But (e — j}, > h, whenever
hy + Qasly[(n — m)f?%ﬂ(s —hy) — (n — Dhs]

Poy I[1 — (m — 1)Qosl]
Thus, if S’ is sufficiently greater than S, the m pathways will respond, while
the n — m fail to respond to S.

S >h+

c. Self-exciting circuits. Consider a closed circuit consisting of pure
excitatory elements I and II. The differential equations are
d d
% = AE, —ae,, % = AE, — ae, )
The approximate relation E = ol(S —#) leads to the physically absurd
result that E; and E, become infinite if the circuit is excited at all. The next
best approximation is

E— _I_[l _e—ocﬁ(S—h)'J

4

giving in this case

‘_ifl — ‘4_12 [1 — eafalea=td] — g¢;

dt 8, (10)
dey _ Al pe-npy_

F [l —e20ile=2)] — ge,

An analytic solution is not known. But a graphical analysis is readily carried
out in terms of €; and €, as Cartesian coordinates in a plane. Then, setting
de;/dt = 0 and de,/dt = 0, we derive two curves in this plane, which in
general intersect in two points. One of these points represents a stable
equilibrium and the other an unstable one, while a third stable point is
€, = €, —=10. There is a curve passing through the unstable point, which
divides the positive quadrant of the plane into two regions, such that, starting
at any point in one region, one passes to the origin, while from any point
in the second region one arrives at the stable nonzero equilibrium. Thus,
if the circuit is sufficiently excited by some external stimulus, it will arrive at
a stable excitatory equilibrium, in which it will remain unless externally
inhibited.
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d. Conditioned reflexes. Consider two pathways, one consisting of
elements I* and 1%, the other of elements I¢ and I1¢, with I-II connections
¢, and c,, respectively. Let I1* and II° converge at a connection ¢, which
leads by further paths to a response R. A collateral of I* leads to ¢,. Also
connected to ¢, is a self-exciting circuit C of the type just described; the
external excitation needed to start C is 2%, and the stable excitation value of C
is €. Pathway I° has threshold #,, while I1¢ has threshold 2. We use for
E, and E, the exponential expression of the preceding paragraph; the values
of the constants are such that the limiting values of £, and £, 7,/6, and 1,/6,,
satisfy

1 A, B I I
PLl<k, P=—t——¢ PX<h', P*<h
6, < . b’ 8" 8,
111 IC * ] !
but P(B_u+9:)>h’ Paf+eo>h

Now if .S, > A, is applied to I*, R results. But S, applied to I¢, no matter
how strong, does not give R.  But if S, and S, are applied simultaneously for
a sufficient time, € —j at ¢, will be P(F,, + F.); and for sufficiently large S,
and S, to bring F, and E, close to their limiting values /,/8, and /0., this
€ —j will exceed £#*. Now C is in an excited state with € = ¢, even when
external stimuli are removed. If .S, is now applied alone, € at ¢, is PF, + ¢,;
and by the last inequality, for sufficiently large S,, this will exceed %', and
elicit R,. This is a simple scheme which contains the essential features of
the conditioned reflex. Various modifications have been worked out which
account for the finer details of the phenomenon.

e. Learming. The biophysical theory of learning utilizes the properties
of the self-exciting circuit, contained in a larger cycle which has the property
that has been rather loosely compared with feedback in electronic networks.
If one of two alternatives is to be learned, as in many experimental setups in
psychology, consider a pair of parallel pathways, containing several elements
in series, one path originating in stimulus S, and terminating in response R,
(““ correct ” response to choice) the other going from S,, to R, (‘ wrong ”
response to choice). (The usual cross-inhibitory elements run from the
I-II connections ¢, and ¢,, to higher connections in the pathways.) Let R,
produce the event R,, and R, produce R,. Here R, (‘‘ reward ”’) acts as
stimulus to a pathway which includes a self-exciting circuit C, and terminates
with an excitatory element at ¢,; R, (“ punishment ”’) serves as stimulus to a
path which includes a self-exciting circuit ¢’ and terminates with an inhibi-
tory element at ¢,. (C and €’ actually consist of two large groups of circuits
arranged in parallel, and having a distribution of threshold values, so that they
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will not all be activated at once, but will be activated in increasing numbers
with repetition of the stimulus to them from R, and R,.) Now S, and S, are
presented simultaneously on many successive occasions. Response is
random at first, but € and C” are progressively activated, so that the strength
of response R, is reinforced and that of R, is weakened. The relation
between number of wrong responses @ and number of trials z is

B 2bek(eo—eou)
T kb—B) & Ybertcoror — (b — B) (1 — e—¥m)

Here €,, and ¢,,, are the initial values of € at C, and C,,, b is the increase in €
at ¢, per correct response, f is the decrease in « at ¢,, per wrong response,
and k& is a constant.

A generalization for N choices, with M associations to be learnt, with an
allowance for prompting by the experimenter in a fraction (I —f) of the
trials, and taking into account the effect of M on the parameter b, gives

(N — 1)esM N
w= Y log
7 e——nne’¢M+ N—A4
where A= Nf—f—Blb

(11)

w

(12)

and 7 and ¢ are constants.

The logical calculus of neural nets : the foregoing work on the biophysics
of behavior consists essentially in constructing networks and seeing what kind
of behavior they will give. An alternative treatment by McCulloch and
Pitts is capable of solving the inverse problem : for a given behavior pattern,
to determine the corresponding network. This treatment employs the
analogy between two-valued logic and the all-or-none character of nerve
activity. Numbering the neurones, we represent by ““ N;(¢) " the propo-
sition ““ Neurone #1 fires at time £.” In the same way we write * ~ N,(¢) "
for ““ Neurone #2 does not fire at time #,” the symbol ~ being the classical
negation sign of symbolic logic in the Russell-Whitehead notation. We
shall also use “ V', the classical disjunctive symbol (“ ... or ..., or both 7).
It is convenient to take the synaptic delay as the unit of time. It is also
convenient to assume that inhibition is absolute; i.e., if any inhibitory neurone
terminates on a second neurone, its firing will always inhibit the second
neurone. However, it can be shown that nothing would be essentially
altered in the results if one abandons this assumption, which merely simpli-
fies the symbolic manipulations. The threshold of a neurone, taken to be an
integer 6, is for simplicity identified with the number of terminal bulbs,
synapsing on it from other (excitatory) neurones, which must be excited
simultancously in order to stimulate it. This assumption facilitates dia-
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grammatic representation of networks, but is otherwise not essential ; there
is, however, some evidence for its reality. Consider now that neurone 1
terminates on neurone 2 with a number of terminal bulbs equal to 8 for #2.
The necessary and sufficient condition for #2 to fire at ¢ is simply that #1
fired at 2 — 1.

Ny(t). = .Ny(t —1) (13)

where = is the logical sign of equivalence ( if and only if ”’), and the dots
follow the dot punctuation conventions of Russell and Whitehead. If
0 = 2, and neurons 1 and 2 terminate on 3 with only one terminal bulb each,
both must fire at once

Ny(t). = Nyt — 1) - Ny't — 1) (14)

If 1 and 2 synapse on 3 with two bulbs each, and § = 2, the firing of either
will excite 3.
Ny(t). = Nyt — D)VN,(t — 1) (15)

If 1 synapses on 3 with 2 bulbs (8 = 2), and 2, an inhibitory neurone, synap-
ses on 3, then 1 must fire while 2 is not firing to excite 3.

Ny(t). = Ny(t — 1) - ~ Nyt — 1) (16)

These basic circuits are useful in constructing more complex ones, as will
be seen. It is convenient to introduce the functor (operator) *“ .S 7, defined
by

SN(t). = Nyt — 1)

so that a sentence like Nyf). = .N;(t — 1) becomes
Ny(2). = .SNy(2) (17)
Repetitions of the operation are represented by powers. Thus
S[SNy(1)]. = .S2N,(2) (18)

Obviously, the operator S commutes with . and V.

Any network can be represented by a number of equivalences, as just
illustrated, one for each neurone in the net except the initial ones (the periph-
eral afferents, defined by the fact that no neurone of the net terminates
on them). (We neglect nets containing cycles in this presentation, since
their theory is a far more elaborate one).  Anormal form is readily obtained.
If the equivalence for N,(t) contains on the right side N;, where j(+7) is not
a peripheral afferent, then N; can be eliminated by means of its own equiv-
alence. This elimination can be carried out consistently and with a unique
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result, until only the N’s of peripheral afferents appear on the right sides
(since no cycles occur in the nets). The resulting form, called a temporal
propositional expression, expresses each /N,(?) as a disjunction of conjunctions
of propositions of the form S?/NV,(t) and their negations, where # > 1 and %
is a peripheral afferent. No term in the disjunction can consist wholly of
negations.

To illustrate the application of the above, we treat the * illusion of heat
and cold.” If a cold object is touched briefly to the skin and removed, a
sensation of heat is felt; only cold is felt if the contact is more prolonged.
We number the cutaneous heat and cold receptor neurones | and 2, the
corresponding central neurones whose activity gives the heat and cold
sensations 3 and 4, respectively.

The phenomenon can then be expressed by

Ng(#): = :Ny(t — 1)+ V- Ny(t —3) - ~ Nyt —2) |
Ny(2). = Nyt —2) - Nyt — 1) )

where we have for simplicity assumed the required contact for cold sensation
to be two synaptic delays as against one for heat. These relations can be
rewritten with the aid of the operator S.

Ny(1). = S{NOVSISNyt) - ~ Ny(0)T} |
Ni(o). = S{ISNy0] - Ny(n)} |

The problem is to connect neurones I, 2, 3, 4, and introduce other neurones
if necessary, such that the normal forms for the network will contain the
above sentences. To do this, we construct nets for the partial expressions,
beginning with those included in the largest number of brackets and pro-
ceeding outward.

Introduce a neurone a, upon which two terminal bulbs from neurone 2
synapse (assume for simplicity 8§ = 2 for all neurones of the net). Then

N@). = SNy(t)

(19)

(20)

i

and we can substitute this expression above. Now let a single bulb from a
and a single bulb from 2 terminate on 4. Then

Ny(®). = SIN(2) - No(D)]. = S[(SNy(1)) - Np(?)]

Introduce neurone b, receiving an inhibitory terminal from 2 and two ex-
citatory terminals from a. Then

Ny(2). = -S[N(t) - ~ Nyf?)]

which is the square bracket in the expression for N,/¢).
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Now let neurones 1 and & each send two terminals to 3. Then
Nyt). = SIN(OVN(t)]. = .S{N(VS[(SNyft) - ~ Nt} (21)

This completes the solution of the problem, since our systematically con-
structed network leads to the desired expression for N4(f) and N(¢).

The nature of the logical formalism for cyclic nets may be briefly indicated.
If a self-exciting circuit is firing at time £, it is not true, as for simple neurones,
that it was stimulated at # — 1. One can only say that it must have been
stimulated at ¢ — 1 or some earlier moment. We introduce the logical
existential operator 3, which is such that (Ax)N(x) means, “ There is an x
for which N(x) holds.” With the aid of this operator, some simple examples
of cyclic nets may be given. Let neurone 1 terminate on neurone 2 with
terminals less than 6 in number. Let 1 also terminate on a self-exciting
circuit (with threshold number of terminals). Each neurone of the circuit
sends a branch to 2; the total number of terminals from this source equals
or exceeds §. This circuit is represented by

Nyft) = (@0)N(t —x— 1) (22)

Again, let neurone 1 have a branch to a self-exciting circuit, each neurone of
which sends a branch to 1. Then

Ny(t) = (F)N,(t —x — 2) (23)

Thus for cyclic nets we may have N, expressed in terms of N, which is never
true for noncyclic nets.

5. The Evolution and Interaction of Populations

5.1. The general laws of populations (Ref. 8). The elementary units
of a population may be of quite diverse sorts : molecules, as in chemical
kinetics; cells, as in embryology; or organisms, as in demography and
ecology. The general character of the laws is the same for all these cases.
The laws are differential or integrodifferential equations (or systems of
equations), of first order in the time. The dependent variables are quantities
which express the number of units, the total mass, or some such extensive
property of each species or type of units in the population. Thus we have
equations of the form

dX;
dt
where P represents a set of parameters (e.g., temperature, volume of space
available to the population, etc.). In most cases, the time ¢ does not appear

— F(X,, ..., X,; P) (1)
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explicitly in the ;. But the parameters P may vary with the time independ-
ently of the X, as in the case of long-range or seasonal climatic variations, or
diurnal variations of temperature; and these variations may not always be
neglected. For the moment, however, we ignore them.
These equations define certain steady states, which occur when all the
dX,/dt vanish, so that
Fi=F,=..=F,=0

These n equations in general determine one or more sets of values
X,=0, X,=0, .. X,=0C,

for which the system is at rest. Some of these solutions are stable, however,
and some unstable. It is convenient to introduce the new set of variables,

=X, —-C;
whence the system of equations becomes
dx;

If the functions f; can be expanded in Taylor series, the general solution of
the system can be written

x, = Gpeht - Gett + 4 Gyttt L Gy etht . 3)

where the G’s are constants, of which z are arbitrary and are fixed by the
initial conditions. The A; are roots of the characteristic equation

la;; — 8,4 =0 (4)

where the a;; are the coefficients of the linear terms in the Taylor series,
and §,; is the Kronecker delta,

81‘1‘ = l, 8“‘ =0 for ¢ #]

If all A; are real and negative, the steady state is stable. If some A; are
complex with negative real parts, damped oscillations occur, but the steady
state is eventually approached. Pure imaginary A; result in permanent
oscillations, however. The steady state is unstable if any A, is positive or has
a positive real part.

5.2. Equations of biological populations (Ref. 6). In a large number
of cases, biological populations are well represented by equations in which
the F; are quadratic in the X,
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Thus

X, .
i =4 Xy Xy — X, D hX, (i=1,..,n) (1)
J

The «; may represent immigration and emigration at constant rates. The
linear terms represent increase due to excess of births over deaths, and to
movements from one species to another. The quadratic terms represent
interactions between members of the same or different species; they may
be due to parasitism, predatory activity, metabolic products, physical con-
flict, competition for food, or the like. If we neglect transition between
groups, which might result from mutation, metamorphosis, etc., and confine
ourselves to closed populations, a useful and not too special case results.

d;f X(e,— EjhﬁX,.), =1, ..., n) )

The ¢;, termed coefficients of multiplication, may be interpreted as excess of
birth rate over death rate. There are 2" possible steady states. 'The simplest
is

¢,=0, G=0, ..., C,=0 (3)
This is stable only if all €; < 0, and so is not very significant. There are »
states of the type

Cr=5— C;=0 for i+k 4)
These are stable if
€ = 0, hklc > 0, €sh]clc < hsk‘eky (S * k)
There are n(n — 1)/2 states like

by — ek
C. — €1hgy — €shyy C, — 2 M2 oo,
T hyhgy —hyghy’ TP hyghay — hyshy ?

One can continue in this fashion, finally arriving at a steady state in which
none of the groups vanishes. This is given by the solutions C, of the linear

equations :
Eki,-c_,,-:e,-, (i: 1’ tey n) (6)
j

iy Co=0 (5

This is stable if all the roots of the secular equation are negative or have
negative real parts. The secular equation is of course

ac — ‘ - )

where OF;/6C; stands for oF;/0X; evaluated at X, = Cy, ..., X, = C,.
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Thus in the present case

oF;
t— e, —2h.C — C.= —h.C.
5C. = < — iC. Ema «Ci
®
oF; .
acj__-hijci’ (@ =*17)

5.3. Simple populations; effect of wastes, nutriment, and space
(Ref. 9). If p is the number of elements of a simple closed population,

p—=ep—hp? (1)
The solution is
G
Po+ (€ —pole*
where p, is the value of p at ¢ = 0, and C = ¢/h is the stationary value of p.
This is the so-called logistic law of growth. If A< ¢, C'is large, and

b = pett (3)

the Malthusian law of growth. If the accumulated metabolites are toxic,
we get

P @

b= ep—~hp*—cp [ K(t—m)p(r)dr (4)
Putting for simplicity
Ki—n=1
we get
p=ep—hp*—cpP (5)
t
where P(t) — j  pr)dr
The solution is obtained in parametric form.
S L er L LS Pp_ R
) N e I
;[P as
o J o F(S)

Now p = 0 for a finite value of P attained as t — =, But if p, < €/h, p in-
creases for small #.  Hence p has a maximum p,,, which is given by

€ ¢ C+eh—p0h2/ €
Pm~7;‘—71§108——c <y M
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We can find approximate representations of p.

~ PoPm o f ¢ h
p= Po+ (P — Do (<)
P (®)
o>, >ty
p I c(t tm) ( )

Space is one of the important limiting factors for a population. Suppose
the space occupied per unit volume by living or dead members is s, the
effective volume of a living member «, that of a dead member 8. The
birthrate is #, death rate m. Births are proportional to p and available free
space | —s, deaths to p and to s. Then

p = pn(l —s5) —nps — hp?

: )
5= pa+ mB jo pluys(u)du
The solution in parametric form is
_n_ P L
P =g TS, j 2z Flu)p(u) (19

where
F(Z) = ahZ? + Z(h — an — am + Bm) — (m + n)
Z ohu —an —am + fm
p(£) = JZ{) T TR du
and the parameter Z is defined by Z = (n — hp)/hs.
An interesting treatment in the case where nutriment is the only limiting
factor is that of Monod. He writes in general

ap _
" (1)

where C is the concentration of the limiting metabolite. He assumes

further
C

€)= €y~
E( ) €9 Kl + C
where €, and K, are constant. 'This expression, proposed by Monod as an
approximation to the solution of the differential equation

de
¥ ol B(l —¢) (12)

is interesting for its formal resemblance to the rate of an enzyme-catalyzed
reaction limited by substrate.
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The final relation needed is
ac dp

@ X (13)
which is an obvious assumption for the relation of food consumption to
growth rate. In integrated form,

C—Co= K(po—1)

it expresses the constancy of the  material efficiency of growth.” The
final solution, after C is eliminated, is

p ) _ Kpo
(1-|—P)1np~0—Pln (Q—PO)—eot+Pln C, (14)
K Co + Kp,
P = 1 , — 0 1 ™0
Cor Koy €7 Kpy
The asymptotic stationary value of p is
by = pOQ

The curve has an inflection point, with a p value of

Pi=pQ[l + P—+VP(1 + P)]

and in general is not symmetrical, as is the Verhulst logistic.

5.4. Interaction of two species (Refs. 8 and 14). The interaction of
groups in a population has been analyzed principally by Lotka and Volterra.
An interesting case is that in which all members of both groups compete for
some common necessity like food. “Let the effect of this competition on the
food supply be F(p,, p,). Then

d -,
%tl = piler — 71 (P1, Po)]

(1)
d;
% = pales — v (p1, Pz)]

where the constants y, and y, represent the effect of the food curtailment on
the growth of the two groups. An integral of this pair of equations is

Y2 .
j;l_v — Ce'vaer—vieat (2)
¥l

where C is a constant of integration. If y,¢; > y,¢,, the system approaches
a steady state where

P2=0, Fi(p,0)= efy,
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If yse; <'ys¢ , the steady state reverses the fates of p, and p,. If species 1
is the sole food of the predatory species 2 (neglecting for simplicity the
intragroup competition), we have

d
% = P1(€1 - h12P2)

(3)

d
dit? = Pz(‘ € + thl)

where the negative sign before ¢, takes cognizance of the fact that species 2
would die out in the absence of its prey. Integration yields (with C a con-
stant of integration)

plszpzsle—hzﬂ’rhml’z =C

This represents a family of nonintersecting closed curves. The system is
therefore periodic. If terms for intragroup competition are included,
however, the oscillations are damped, and the system spirals into a steady
state. In the above case, p, will never be completely wiped out by the
predator if its initial value is positive. But suppose a third group is present,
also a prey for group 2. Then

d;
'(% - P1(61 - h]2P2)

dpy
dt

d
% = P3(€3 - hszpz)

= po(— €3 + Py -+ hasps) 4)

Consider, for instance, in the neighborhood of the p, axis the approximate
relation

ap, Pix

dpy  Po(— €2 + hogps)
This is positive for sufficiently large ps.- The integral curve in that case has a
positive slope, and may therefore intersect the p, — p, plane; that is, p;
may become extinct. That the presence of an alternative prey may have
such an effect has been experimentally verified, and the mechanism is obvious
upon reflection.

5.5. Embryonic growth (Ref. 6). Consider a free embryo in the
presence of a limited supply of nutriment (yolk). Suppose that the rate at
which it consumes this is ap + bpn, where n is the nutriment at time 2.



740 BIOPHYSICS

Let the toxic effect of wastes be — ¢pP, where
P= f; pdt
The differential equations of the system are
‘;—f = 7(ap + bpn) — hp®> — cpP

D ap—b
dt_ ap Pn

The solution in parametric form is

n= (ot )=
b ,
p= 7%)—+ba) (e-—bP _ e*hP) . (Po _ ;—2)8_-"P + _h(iz_ _
_ [p.as
o J o F(S)

The function n vanishes when
1 nob
If the reserve n, is so inadequate that

(b + a) < poh

cP

= F(P)

/

§5.5

)

)

then dp/dt << 0 at ¢ = 0 and the embryo dies. If the converse inequality

It is reasonable to
If this

holds, p increases to a maximum before decreasing.

assume that the egg is mature and hatches at or near the maximum.
is also to correspond to the time of disappearance of #, we have a relation

between p, and #,.

1 ¢ abr b\ hr(nd + a) | ¢
PO_W[_(h_+h—b)(l+7) TTh—b Tk
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