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Preface

Scientific research is a systematic investigation, which establishes facts, and devel-
ops understanding in many sciences such as mathematics, physics, chemistry
and biology. In addition to these fundamental goals, scientific research can also
create development in engineering. During all systematic investigation, modelling
is essential in order to understand and to analyze the various steps of experimen-
tation, data analysis, process development, and engineering design. This book is
devoted to the development and use of the different types of mathematical models
which can be applied for processes and data analysis.
Modelling, simulation and similitude of chemical engineering processes has

attracted the attention of scientists and engineers for many decades and is still
today a subject of major importance for the knowledge of unitary processes of
transport and kinetics as well as a fundamental key in design and scale-up. A fun-
damental knowledge of the mathematics of modelling as well as its theoretical
basis and software practice are essential for its correct application, not only in
chemical engineering but also in many other domains like materials science,
bioengineering, chemistry, physics, etc. In so far as modelling simulation and
similitude are essential in the development of chemical engineering processes, it
will continue to progress in parallel with new processes such as micro-fluidics,
nanotechnologies, environmentally-friendly chemistry processes and devices for
non-conventional energy production such as fuel cells. Indeed, this subject will
keep on attracting substantial worldwide research and development efforts.
This book is completely dedicated to the topic of modelling, simulation and

similitude in chemical engineering. It first introduces the topic, and then aims to
give the fundamentals of mathematics as well as the different approaches of mod-
elling in order to be used as a reference manual by a wide audience of scientists
and engineers.
The book is divided into six chapters, each covering a different aspect of the

topic. Chapter 1 provides a short introduction to the key concepts and some perti-
nent basic concepts and definitions, including processes and process modelling
definitions, division of processes and models into basic steps or components, as
well as a general methodology for modelling and simulation including the modes
of model use for all the stages of the life-cycle processes: simulation, design, para-
meter estimation and optimization. Chapter 2 is dedicated to the difficult task of
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classifying the numerous types of models used in chemical engineering. This
classification is made in terms of the theoretical base used for the development or
the mathematical complexity of the process model. In this chapter, in addition to
the traditional modelling procedures or computer-aided process engineering,
other modelling and simulation fields have also been introduced. They include
molecular modelling and computational chemistry, computational fluid
dynamics, artificial intelligence and neural networks etc.
Chapter 3 concerns the topic of mathematical models based on transport phe-

nomena. The particularizations of the property conservation equation for mass,
energy and physical species are developed. They include the usual flow, heat and
species transport equations, which give the basic mathematical relations of these
models. Then, the general methodology to establish a process model is described
step by step – from the division of the descriptive model into basic parts to its
numerical development. In this chapter, other models are also described, includ-
ing chemical engineering flow models, the distribution function and dispersion
flow models as well as the application of computational fluid dynamics. The iden-
tification of parameters is approached through various methods such as the
Lagrange multiplicators, the gradient and Gauss-Newton, the maximum likeli-
hood and the Kalman Filter Equations. These methods are explained with several
examples including batch adsorption, stirred and plug flow reactors, filtration of
liquids and gas permeation with membranes, zone refining, heat transfer in a
composite medium etc.
Chapter 4 is devoted to the description of stochastic mathematical modelling

and the methods used to solve these models such as analytical, asymptotic or
numerical methods. The evolution of processes is then analyzed by using differ-
ent concepts, theories and methods. The concept of Markov chains or of complete
connected chains, probability balance, the similarity between the Fokker–Plank–
Kolmogorov equation and the property transport equation, and the stochastic dif-
ferential equation systems are presented as the basic elements of stochastic pro-
cess modelling. Mathematical models of the application of continuous and dis-
crete polystochastic processes to chemical engineering processes are discussed.
They include liquid and gas flow in a column with a mobile packed bed, mechani-
cal stirring of a liquid in a tank, solid motion in a liquid fluidized bed, species
movement and transfer in a porous media. Deep bed filtration and heat exchanger
dynamics are also analyzed.
In Chapter 5, a survey of statistical models in chemical engineering is pre-

sented, including the characteristics of the statistical selection, the distribution of
frequently used random variables as well as the intervals and limits for confidence
methods such as linear, multiple linear, parabolic and transcendental regression,
etc. A large part of this chapter is devoted to experimental design methods and
their geometric interpretation. Starting with a discussion on the investigation of
the great curvature domain of a process response surface, we introduce sequential
experimental planning, the second order orthogonal or complete plan and the use
of the simplex regular plan for experimental research as well as the analysis of
variances and interaction of factors. In the last part of this chapter, a short review
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of the application in the chemical engineering field of artificial neural networks is
given. Throughout this chapter, the discussion is illustrated by some numerical
applications, which include the relationships between the reactant conversion and
the input concentration for a continuously stirred reactor and liquid–solid extrac-
tion in a batch reactor.
Chapter 6 presents dimensional analysis in chemical engineering. The Vaschy–

Buckingham Pi theorem is described here and a methodology for the identifica-
tion and determination of Pi groups is discussed. After this introduction, the
dimensional analysis is particularized for chemical engineering problems and il-
lustrated by two examples: mass transfer by natural convection in a finite space
and the mixing of liquids in a stirred vessel. This chapter also explains how the
selection of variables is imposed in a system by its geometry, the properties of the
materials and the dynamic internal and external effects. The dimensional analysis
is completed with a synthetic presentation of the dimensionless groups com-
monly used in chemical engineering, their physical significance and their rela-
tionships. This chapter finishes with a discussion of physical models, similitude
and design aspects. Throughout this chapter, some examples exemplify the analy-
sis carried out; they include heat transfer by natural convection from a plate to an
infinite medium, a catalytic membrane reactor and the heat loss in a rectification
column.
We would like to acknowledge Anne Marie Llabador from the Universit� de

Montpellier II for her help with our English. Jos� Sanchez Marcano and Tanase
Dobre gratefully acknowledge the ongoing support of the Centre National de la
Recherche Scientifique, the Ecole Nationale Sup�rieure de Chimie de Montpellier,
Universit� de Montpellier II and Politehnica University of Bucharest.

February 2007 Tanase G. Dobre
Jos� G. Sanchez Marcano
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1

1
Why Modelling?

Analysis of the cognition methods which have been used since early times reveals
that the general methods created in order to investigate life phenomena could be
divided into two groups: (i) the application of similitude, modelling and simula-
tion, (ii) experimental research which also uses physical models. These methods
have always been applied to all branches of human activity all around the world
and consequently belong to the universal patrimony of human knowledge. The
two short stories told below aim to explain the fundamental characteristics of
these cognition methods.

First story. When, by chance, men were confronted by natural fire, its heat may
have strongly affected them. As a result of these ancient repeated encounters on
cold days, men began to feel the agreeable effect of fire and then wondered how
they could proceed to carry this fire into their cold caves where they spent their
nights. The precise answer to this question is not known, but it is true that fire
has been taken into men’s houses. Nevertheless, it is clear that men tried to elabo-
rate a scheme to transport this natural fire from outside into their caves. We there-
fore realize that during the old times men began to exercise their minds in order
to plan a specific action. This cognition process can be considered as one of the
oldest examples of the use of modelling research on life.

So we can hold in mind that the use of modelling research on life is a method
used to analyze a phenomenon based on qualitative and quantitative cognition
where only mental exercises are used.

Second Story. The invention of the bow resulted in a new lifestyle because it led
to an increase in men’s hunting capacity. After using the bow for the first time,
men began to wonder how they could make it stronger and more efficient. Such
improvements were repeated continually until the effect of these changes began
to be analysed. This example of human progress illustrates a cognition process
based on experimentation in which a physical model (the bow) was used.

In accordance with the example described above, we can deduce that research
based on a physical model results from linking the causes and effects that charac-
terize an investigated phenomenon. With reference to the relationships existing
between different investigation methods, we can conclude that, before modifying
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the physical model used, modelling research has to be carried out. The modelling
can then suggest various strategies but a single one has to be chosen. At the same
time, the physical model used determines the conditions required to measure the
effect of the adopted strategy. Further improvement of the physical model may
also imply additional investigation.

If we investigate the scientific and technical evolution for a random selected
domain, we can see that research by modelling or experimentation is fundamen-
tal. The evolution of research by modelling and/or experimentation (i.e. based on
a physical model) has known an important particularization in each basic domain
of science and techniques. Research by modelling, by simulation and similitude
as well as experimental research, have become fundamental methods in each ba-
sic scientific domain (such as, in this book, chemical engineering). However, they
tend to be considered as interdisciplinary activities. In the case of modelling simu-
lation and similitude in chemical engineering, the interdisciplinary state is shown
by coupling the phenomena studied with mathematics and computing science.

1.1
Process and Process Modelling

In chemical engineering, as well as in other scientific and technical domains,
where one or more materials are physically or chemically transformed, a process
is represented in its abstract form as in Fig. 1.1(a). The global process could be
characterized by considering the inputs and outputs. As input variables (also
called “independent process variables”, “process command variables”, “process
factors” or “simple factors”), we have deterministic and random components.
From a physical viewpoint, these variables concern materials, energy and state pa-
rameters, and of these, the most commonly used are pressure and temperature.
The deterministic process input variables, contain all the process variables that
strongly influence the process exits and that can be measured and controlled so as
to obtain a designed process output.

The random process input variables represent those variables that influence the
process evolution, but they can hardly be influenced by any external action. Fre-
quently, the random input variables are associated with deterministic input vari-
ables when the latter are considered to be in fact normal randomly distributed
variables with mean �xxj; j ¼ 1;N (“mean” expresses the deterministic behaviour of
variable xj) and variance rxj; j ¼ 1;N. So the probability distribution function of
the xj variable can be expressed by the following equation:

f ðxjÞ ¼
1
ffiffiffiffiffiffi

2p
p

rxj

exp �
ðxj � �xxjÞ2

2r2
xj

 !

(1.1)

The values of �xxj; j ¼ 1;N and rxj; j ¼ 1;N can be obtained by the observation of
each xj when the investigated process presents a steady state evolution.
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Figure 1.1 The abstract (a) and concrete (b) drawing of a tangential filtration unit.

The exit variables that present an indirect relation with the particularities of the
process evolution, denoted here by cl; l ¼ 1;Q, are recognized as intermediary
variables or as exit control variables. The exit process variables that depend
strongly on the values of the independent process variables are recognized as de-
pendent process variables or as process responses. These are denoted by
yi; i ¼ 1;P. When we have random inputs in a process, each yi exit presents a
distribution around a characteristic mean value, which is primordially determined
by the state of all independent process variables �xxj; j ¼ 1;N. Figure 1.1 (b), shows
an abstract scheme of a tangential filtration unit as well as an actual or concrete
picture.

Here F filters a suspension and produces a clear filtrate as well as a concen-
trated suspension which is pumped into and out of reservoir RZ. During the pro-
cess a fraction of the concentrated suspension is eliminated. In order to have a
continuous process it is advisable to have working state values close to steady state
values. The exit or output control variables (D and CD registered) are connected to
a data acquisition system (DAS), which gives the computer (PC) the values of the
filtrate flow rate and of the solid concentration for the suspension transported.
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The decisions made by the computer concerning the pressure of the pump-flow
rate dependence and of the flow rate of the fresh suspension, are controlled by the
micro-device of the execution system (ES). It is important to observe that the
majority of the input process variables are not easily and directly observable. As a
consequence, a good technological knowledge is needed for this purpose. If we
look attentively at the x1 � x5 input process variables, we can see that their values
present a random deviation from the mean values. Other variables such as pump
exit pressure and flow rate (x6; x7) can be changed with time in accordance with
technological considerations.

Now we are going to introduce an automatic operation controlled by a comput-
er, which means that we already know the entire process. Indeed, the values of y1

and y3 have been measured and the computer must be programmed with a math-
ematical model of the process or an experimental table of data showing the links
between dependent and independent process variables. Considering each of the
unit devices, we can see that each device is individually characterised by inputs,
outputs and by major phenomena, such as the flow and filtration in the filter
unit, the mixing in the suspension reservoir and the transport and flow through
the pump. Consequently, as part of the unit, each device has its own mathematical
model. The global model of the plant is then the result of an assembly of models
of different devices in accordance with the technological description.

In spite of the description above, in this example we have given no data related
to the dimensions or to the performance of the equipment. The physical proper-
ties of all the materials used have not been given either. These data are recognized
by the theory of process modelling or of experimental process investigation as pro-
cess parameters. A parameter is defined by the fact that it cannot determine the
phenomena that characterize the evolution in a considered entity, but it can influ-
ence the intensity of the phenomena [1.1, 1.2].

As regards the parameters defined above, we have two possibilities of treatment:
first the parameters are associated with the list of independent process variables:
we will then consequently use a global mathematical model for the unit by means
of the formal expression (1.2). Secondly, the parameters can be considered as par-
ticular variables that influence the process and then they must, consequently, be
included individually in the mathematical model of each device of the unit. The
formal expression (1.3) introduces this second mathematical model case:

yi ¼ Fðx1; x2:::::; xN; z1; z2:::::; zSÞ i ¼ 1; ::::::P (1.2)

yi ¼ Fðx1; x2:::::; xN; z1; z2:::::; zS; p1; p2; :::; prÞ i ¼ 1; ::::::P (1.3)

We can observe that the equipment is characterized by the process parameters of
first order whereas process parameters of second order characterize the processed
materials. The first order and second order parameters are respectively called
“process parameters” and “non-process parameters”.
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Figure 1.2 Process and model parts (extension of the case shown in Fig. 1.1(b)).

Figure 1.2 shows a scheme of the physical space of the filtration unit and of its
associated model space. The model space presents a basic level which includes
the model of each device (filter, reservoir and pump) and the global model which
results from the assembly of the different models of the devices.

If we establish a relation between Fig. 1.2 and the computer software that
assists the operation of the filtration plant, then we can say that this software can
be the result of an assembly of mathematical models of different components or/
and an assembly of experimentally characterized components.

It is important to note that the process control could be described by a simple or
very complex assembly of relations of type (1.2) or (1.3). When a model of one
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1 Why Modelling?

component is experimentally characterized in an assembly, it is important to cor-
rect the experimental relationships for scaling-up because these are generally
obtained by using small laboratory research devices. This problem can be solved
by dimensional analysis and similitude theory. From Fig. 1.2 we can deduce that
the first step for process modelling is represented by the splitting up of the pro-
cess into different elementary units (such as component devices, see Fig. (1.1b)).
As far as one global process is concerned, each phenomenon is characterized by
its own model and each unit (part) by the model of an assembly of phenomena.

A model is a representation or a description of the physical phenomenon to be
modelled. The physical model (empirical by laboratory experiments) or conceptual
model (assembly of theoretical mathematical equations) can be used to describe
the physical phenomenon. Here the word “model” refers to a mathematical
model. A (mathematical) model as a representation or as a description of a phe-
nomenon (in the physical space) is a systematic collection of empirical and theo-
retical equations. In a model (at least in a good model) both approaches explain
and predict the phenomenon. The phenomena can be predicted either mechanis-
tically (theoretically) or statistically (empirically).

A process model is a mathematical representation of an existing or proposed
industrial (physical or/and chemical) process. Process models normally include
descriptions of mass, energy and fluid flow, governed by known physical laws and
principles. In process engineering, the focus is on processes and on the phenom-
ena of the processes and thus we can affirm that a process model is a representa-
tion of a process. The relation of a process model and its structure to the physical
process and its structure can be given as is shown in Fig. 1.2 [1.1–1.3].

A plant model is a complex mathematical relationship between the dependent
and independent variables of the process in a real unit. These are obtained by the
assembly of one or more process models.

1.2
Observations on Some General Aspects of Modelling Methodology

The first objective of modelling is to develop a software that can be used for the
investigation of the problem. In this context, it is important to have more data
about the modelling methodology. Such a methodology includes: (i) the splitting
up of the models and the definition of the elementary modelling steps (which will
then be combined to form a consistent expression of the chemical process); (ii)
the existence of a generic modelling procedure which can derive the models from
scratch or/and re-use existing models by modifying them in order to meet the
requirements of a new context.

If we consider a model as a creation that shows the modelled technical device
itself, the modelling process, can be considered as a kind of design activity [1.4,
1.5]. Consequently the concepts that characterize the design theory or those
related to solving the problems of general systems [1.6, 1.7] represent a useful
starting base for the evolution of the modelling methodology. Modelling can be
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1.2 Observations on Some General Aspects of Modelling Methodology

used to create a unit in which one or more operations are carried out, or to analyse
an existing plant. In some cases we, a priori, accept a split into different compo-
nents or parts. Considering one component, we begin the modelling methodology
with its descriptive model (this will also be described in Chapter 3). This descrip-
tive model is in fact a splitting up procedure, which thoroughly studies the basic
phenomena. Figure 1.3 gives an example of this procedure in the case of a liquid–
solid extraction of oil from vegetable seeds by a percolation process. In the
descriptive model of the extraction unit, we introduce entities which are endowed
with their own attributes. Considering the seeds which are placed in the packed
bed through which the extraction solvent is flushed, we introduce the “packed bed
and mono-phase flow” entity. It is characterized by different attributes such as:
(i) dynamic and static liquid hold-up, (ii) flow permeability and (iii) flow disper-
sion. The descriptive model can be completed by assuming that the oil from the
seeds is transported and transferred to the flowing solvent. This assumption intro-
duces two more entities: (i) the oil seed transport, which can be characterized by
one of the following attributes: core model transport or porous integral diffusion
model transport, and (ii) the liquid flow over a body, that can be characterized by
other various attributes. It is important to observe that the attributes associated to
an entity are the basis for formulation of the equations, which express the evolu-
tion or model of the entity.

The splitting up of the process to be modelled and its associated mathematical
parts are not unique and the limitation is only given by the researcher’s knowl-
edge. For example, in Fig. 1.3, we can thoroughly analyse the splitting up of the
porous seeds by introducing the model of a porous network and/or a simpler po-
rous model. Otherwise we have the possibility to simplify the seed model (core
diffusion model or pure diffusion model) into a model of the transport controlled
by the external diffusion of the species (oil). It is important to remember that
sometimes we can have a case when the researcher does not give any limit to the
number of splits. This happens when we cannot extend the splitting because we
do not have any coherent mathematical expressions for the associated attributes.
The molecular scale movement is a good example of this assertion. In fact we can-
not model this type of complex process by using the classical transport phenom-
ena equations. Related to this aspect, we can say that the development of complex
models for this type of process is one of the major objectives of chemical engineer-
ing research (see Section 1.4).

Concerning the general aspects of the modelling procedure, the definition of
the modelling objectives seems largely to be determined by the researcher’s prag-
matism and experience. However, it seems to be useful in the development and
the resulting practical use of the model in accordance with the general principles
of scientific ontology [1.8, 1.9] and the general system theory [1.10]. If a model is
developed by using the system theory principles, then we can observe its structure
and behaviour as well as its capacity to describe an experiment such as a real
experimental model.

Concerning the entities defined above (each entity together with its attributes)
we introduce here the notion of basic devices with various types of connections.
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1.2 Observations on Some General Aspects of Modelling Methodology

One of the characteristics of basic devices is that they cannot be split up into parts.
A basic device can also be a signal transformer (a function which transforms the
input into output, such as the thermocouple that transforms the input tempera-
ture into an electrical tension). The process phases are connected and character-
ized quantitatively, from the viewpoint of characteristic relations (equations), as in
Fig. 1.4 [1.11–1.13]. This structured mathematical modelling development corre-
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sponds to the case of a modelling based on transport phenomena, which are ana-
lysed in Chapter 3. Now, we shall give some explanation concerning some aspects
of the basic chemical engineering introduced in Fig. 1.4. With respect to the gen-
eralized fluxes and their refinements, it is known that they directly correspond to
the physicochemical phenomena occurring in a phase or at its boundary accord-
ing to the phase properties. Otherwise, any process quantity assigned to a particu-
lar phase may depend on one or several coordinates such as time and spatial di-
mensions.

Various laws restrict the values of the process quantities. These laws may repre-
sent either fundamental, empirical physicochemical relationships or experimen-
tally identified equations (from statistical modelling or from dimensional analysis
particularizations). In contrast to statistical or dimensional analysis based models
[1.14], which are used to fix the behaviour of signal transformers, the models of
transport phenomena are used to represent generalized phases and elementary
phase connections. Here, the model equations reveal all the characterizing attri-
butes given in the description of a structure. They include balance equations, consti-
tutive equations and constraints.

The last introduced notions show that the modelling methodology tends to a
scientific synthetic working procedure, where the use of an abstract language is
needed to unify the very high diversity of cases that require an analysis made by
mathematical modelling. At the same time the problem discussed here has shown
that the creation of models could be considered as a special problem of design
and modelling, i.e.could be considered as an art rather than a science [1.15],
emphasizing a modeller’s creativity and intuition rather than a scientific method-
ology.

1.3
The Life-cycle of a Process and Modelling

The life-cycle of a chemical compound production or of a chemical process devel-
opment starts when a new and original idea is advanced taking into account its
practical implementation. The former concept with respect to the process life-
cycle, which imposed a rigid development from research and development to pro-
cess operation, has been renewed [1.16–1.18]. It is well known that the most
important stages of the life-cycle of a process are research and development, con-
ceptual design, detailed engineering, piloting and operation. These different steps
partially overlap and there is some feedback between them as shown in Fig. 1.5.
For example, plant operation models can be the origin of valuable tips and poten-
tial research topics, obviously these topics directly concern the research and devel-
opment steps (R&D). The same models, with some changes, are preferably uti-
lized in all the steps. The good transfer of information, knowledge and ideas is
important for successfully completion of the development of all the process
phases. For this purpose, it is important to have a proper documentation of under-
lying theories and assumptions about the model (models). This acts as a check list
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1.3 The Life-cycle of a Process and Modelling

when a problem occurs and ensures that knowledge is transferred to the people
concerned. The models are an explicit way of describing the knowledge of the pro-
cess and related phenomena. They provide a systematic approach to the problems
in all the stages of the process life-cycle. In addition, the process of writing the
theory as mathematical expressions and codes, reveals the deficiencies with
respect to the form and content.
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Figure 1.5 The stages of the process life-cycle and their main relationships.

Among the factors that influence the amount of work required to develop a
model, we can retain the complexity, the novelty and the particular knowledge
related to the process in modelling. Otherwise, commercial modelling software
packages are frequently used as an excellent platform. In the following sections
we detail some particularities of the models used in the process life-cycle.

1.3.1
Modelling and Research and Development Stage

The models in the R&D stage can first be simple, and then become more detailed
as work proceeds. At this stage, attention has to be focused on the phenomena of
phase equilibrium, on the physical properties of the materials, on chemical
kinetics as well as on the kinetics of mass and heat transfer. As previously shown
(see Figs 1.2 and 1.3), the decomposition of the process into different elementary
units is one of the first activities. This action requires careful attention especially
because, at this life-cycle stage, the process could be nothing but an idea. The
work starts with the physical properties, as they act as an input to all other compo-
nents. The guidelines to choose physical properties, phase equilibrium data, char-
acteristic state equations etc. can be found in the usual literature. For each studied
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case, we can choose the level of detail such as the complexity of the equations and
the number of parameters. If the literature information on the physical properties
is restricted an additional experimental step could be necessary. As far as indus-
trial applications are concerned, the estimation of the reaction kinetics is usually
semi-empirical. Therefore, a full and detailed form of kinetics equations is not
expected for the majority of the investigated cases. Some physical phenomena
along with their effects can require special attention. Conventional engineering
correlations may not apply, and, consequently, the research must be directed to
study of these problems.

The ideal modelling and experimental work have to be realized simultaneously
and are strongly related. Models provide a basis to choose, both qualitatively and
quantitatively, appropriate experimental conditions. The data obtained from
experimental work are used to confirm or reject the theories or the form of equa-
tions if an empirical model is being applied. Otherwise, these data are used to
estimate the model parameters. This work is sequential in the sense that starting
from an initial guess, the knowledge of the system grows and models get more
and more accurate and detailed as the work proceeds. With a proper experimental
design, the models can be used to evaluate and to rank competitive theories.
Since, at the research and development (R&D) stage, models are still in the build-
ing phase, they can mainly be used for experimental design.

When the R&D steps are almost completed, the models related to the phenom-
ena are combined into process unit models. Bench scale tests are used to check
separate process ideas. The estimation of the equipment parameters can be seen
as R&D work, especially if the equipment is in some way new, such as a new inno-
vation or a new application. Based on a good knowledge of the phenomena, valu-
able tips concerning optimal operating parameters (such as temperature and pres-
sure range as well as restricting phenomena) can be given to the next stages. In
this stage we can meet several important sub-problems to select the appropriate
models. There are often competitive theories to describe the relevant phenomena.
A choice has also to be made between mechanistic and empirical approaches. The
former should be favoured but an integrated solution is usually more beneficial.
Then, the degree of detail has to be chosen in order to serve the model usefully.
Practically, the best solution is to describe the most relevant phenomena in a de-
tailed way, whereas the less important ones will be left approximate or in an
empirical state.

1.3.2
Modelling and Conceptual Design Stage

The establishing of the optimal process structure and the best operating condi-
tions characterizes the process development at this stage. Firstly, attention must
be focused on the synthesis of the proceess. The extent to which models can be
used in this phase varies. If we have a new process, information from similar
cases may not be available at this stage. In the opposite situation, when the chem-
ical components are well known, which usually means that their properties and
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all related parameters can be found in databanks, the models can be used to
quickly check new process ideas. For example, at this stage, for a multiple-compo-
nent distillation problem, models are used to identify key and non-key compo-
nents, optimum distillation sequence, the number of ideal stages, the position of
feed, etc. At this stage also, we always focus on the full-scale plant. Another ques-
tion is how the concept will be carried out in the pilot phase. It is known that for
this (piloting) stage, the equipment does not have to be a miniature of the full
scale. Practice has shown that the choices made here affect both investment and
operating costs later on. An image of the full-scale plant should also be obtained.
The researchers who work at this level will propose some design computations
which are needed by the piloting stage of process life-cycle. Their flow-sheet is the
basis of the pilot design or development.

1.3.3
Modelling and Pilot Stage

The whole process concept is generally improved in the pilot plant. We can trans-
form this stage into a process analysis made of models if enough experimental
data and knowledge about the process exist (for example when we reuse some old
processes). For reference, we should mention that other situations are important,
such as, for example, knowing that a pilot plant provides relatively easy access to
the actual conditions of the process. Some by-pass or small streams could be taken
off from the pilot unit and be used in the operation of apparatuses specially de-
signed for the experimental work. Now the models should be ready, except for the
correct values of the parameters related to the equipment. A special pilot stage
feature consists in adding the equations describing the non-ideal process hard-
ware to the model in order to compute efficiency (tray efficiency, heat exchanger
efficiency, non-ideality numbers, etc). This stage is strongly limited in time, so, to
be efficient, researchers must prepare a careful experimental program. It may be
impossible to foresee all the details, since the experimentation related to the esti-
mation of parameters is often carried out in sequences, but still, a systematic
preparation and organization of the work to be done remains useful. Since a pilot
plant is rigid as far as its manœuvrability is concerned, full advantage should be
taken of all the data acquired with its help. Data loggers are recommended to col-
lect and store process data and also to provide customized data reports for model-
ling. If we link the process data logger with the laboratory information system,
then there is a good possibility of getting a full image of the state of the process at
a precise time. It is important to remember, that the goal of the pilot stage in
terms of modelling is to get a valid mass and energy balance model and to validate
the home-made models.
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1.3.4
Modelling and Detailed Engineering Stage

In this stage, models are used for the purpose for which they have been created:
the design and development of a full scale plant which is described in the detailed
engineering stage. On the basis of what has been learned before, the equipment
can be scaled-up, taking into consideration pilot phase and related data, as well as
the concepts of similitude. Special attention should be paid to the detailed engi-
neering of the possible technical solutions. Depending on their nature, the mod-
els can either provide a description of how the system behaves in certain condi-
tions or be used to calculate the detailed geometric measures of the equipment.
For example, we show that all the dimensions of a distillation column can be cal-
culated when we definitively establish the separation requirements. Special con-
sideration should be given to the process of scaling-up, because here we must
appreciate whether the same phenomena occur identically occur on both scales
(see Chapter 6 for similitude laws). Similarly, when equipment is being scaled up,
attention should be paid to its parameters, because they can be a function of the
size. When dealing with empirical models where the origin of the effects is
unknown, the uncertainty of the model validity must be considered.

It is useful to have detailed documentation concerning all the assumptions and
theories used in the model. The yield and energy consumption of a process are
easily optimised using fine-tuned models to design a new unit or process.
Depending on the process integration, pinch analysis and other similar analysis
procedures can be used to find a solution of heat integration. Various data on
streams and energy consumption, which are easily developed from simulation
results, can be used to sustain the adopted technical solutions.

1.3.5
Modelling and Operating Stage

At this stage of the process life-cycle, the models must include all relevant physi-
cal, chemical and mechanical aspects that characterize the process. The model
predictions are compared to actual plant measurements and are further tuned to
improve the accuracy of the predictions. This consideration is valuable, especially
for the finally adjusted models that create the conditions of use to meet the
demand of this operating stage so as to guarantee optimal production. Models can
also be used in many ways in order to reduce the operating costs. In the mode of
parameter estimation, the model is provided with the process measurement data
reflecting the current state of the process, which makes it possible, for example, to
monitor the fouling of a plant heat exchanger. Once the heat transfer coefficient
falls under a preset limit, it is time for maintenance work. In this way a virtual
process can be kept up to date.

In simulation mode, the performance of the process can be followed. Discre-
pancies between the model and the process may reveal instrumentation malfunc-
tion, problems of maintenance etc. Verified flow-sheet models can be used to
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further analyse the process operation. In the optimising mode, the models are
especially used when different grades of the product are manufactured with the
process. At this point we criticize the old practices that rely on the tacit knowledge
of an experimented operator and consider the models as an artificial creation,
which cannot attain the operator’s performance.

The importance of storing process data has been emphasized here. After all, the
data are an important link in the creation cycle of the process knowledge. Future
applications concerning the gathering of new data will provide a powerful tool in
the use of the stored data or process memory. It is important to keep in mind that,
at this stage, the process could be further improved as new ideas, capacity increas-
ing spin-off projects, R&D projects, etc. are developed. These developments fre-
quently require a partial implementation of the methodology described above.
Therefore, the models of the existing process could act as a tool in further develop-
ments.

In practice, models are often tailor-made and their use requires expertise. Build-
ing interfaces, which take into account the special demands arising from man–
computer interaction, can greatly expand the use of the models.

Table 1.1 summarizes the discussions on the modes under which the models
are used, which are explained in Sections 1.1–1.3.

Table 1.1 The modes of model use for all the stages in the life-cycle process.

Mode Input models data Computed (exit) models data

Simulation values of input process variables
values of process parameters
values of non-process parameters

values for exit process variables

Design values of input process variables
values of exit process variables
values of non-process parameters

values of process parameter (those
that show the equipment size)

Parameter estimation values of input process variables
values of exit process variables
values of process parameters

values of non-process parameters

Optimization all fixed input process variables
– all fixed exit process variable
– all process non-parameters
– some fixed process parameters
– optimization expressions

optimal non-fixed inputs
optimal non-fixed exits
– optimal non fixed parameters
– values of optimized functions

Concerning the question Why modelling?, which is also the title of this chapter,
we can assert that the use of models is important because these have the capacity
to assist the solution of many important and fundamental problems in chemical
engineering.
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We can especially mention that modelling can be successfully used to:
. reduce manufacturing costs
. reduce time and costs in all stages of the process life-cycle
. increase process efficiency
. allow a better and deeper understanding of the process and its

operation
. be used as support for the solutions adopted during the process

development and exploitation
. ensure an easy technological transfer of the process
. increase the quality of process management
. reveal abilities to handle complex problems
. contribute to reducing pollution
. improve the safety of the plants
. market new products faster
. reduce waste emission while the process is being developed
. improve the quality of the products
. ensure a high quality of training of the operators.

1.4
Actual Objectives for Chemical Engineering Research

In the past, the scope of chemical engineering research ranged from process engi-
neering to product engineering. It was firstly defined as the capacity to produce
one chemical product with complex designed properties. It was occasioned by the
necessity to produce one profound transformation of the existing chemical pro-
duction systems. The objective then was to produce the state displacement in the
vicinity of its thermodynamic efficiency [1.19, 1.20]. Many theoreticians and prac-
titioners accept that if the researcher wants to obey all the statements described
above, changes in many of the classical research procedures are required [1.21,
1.22].

Trying to discover the basic concepts that will be the keys to successful applica-
tions in the future, more and more scientists consider that the chemical engineer-
ing design and research must meet five major objectives [1.23–1.26]:

1. The first objective is represented by the need to increase the
productivity and selectivity of both existing and new pro-
cesses through intelligent operations and multiscale control
of processes. This objective is sustained by the important
results obtained thanks to the synthesis of a new class of
engineered porous supports and catalysts. So the catalytic
reactions and separation processes that use these materials
can be efficiently controlled.

Microtechnology makes it possible to produce these mate-
rials in series. Other materials with a controlled structure
begin to be developed for chiral technologies.
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Such approaches imply that chemical engineers should go
down to the nanoscale to control events at the molecular
level. At this level, manipulating supramolecular building
blocks can create new functions in interacting species such
as self-organization, regulation, replication and communica-
tion. Consequently a new mathematical characterisation
must be produced and used to describe these discrete func-
tions.

At the microscale level, detailed local temperature and
composition control through the staged feed and supply of
reactants or the removal of products would result in a higher
selectivity and productivity than would the conventional
approach. Indeed, this conventional approach imposes
boundary conditions and lets a system operate under sponta-
neous reaction and transfer. To produce a local energy sup-
ply, microwave and ultrasound can be used instead of heat.
To operate the relevant models on these energies, local sen-
sors and actuators as well as close computer control will
absolutely be needed.

On the other hand, on-line information on the process
state and on the quality of the products should not be limited
to such usual parameters as pressure, temperature, pH and
composition, but should extend to more sophisticated char-
acteristics such as colour, smoothness, odour, etc. To produce
and to introduce these parameters into the current produc-
tion in progress, modelling and experimental research must
be combined.

2. The second objective is represented by the need to design novel
equipment based on scientific principles corresponding to
novel modes of production.

We cannot begin a short discussion about this objective
without observing that despite new technological and mate-
rial developments, most of the equipment used in chemical
plants is based on 100-year old principles. On the other
hand, past research in chemical engineering has led to a
better understanding of the elementary phenomena and now
we can conceive novel equipment based on these scientific
principles.

Apparently, it is not difficult to imagine coupling a chemi-
cal reaction with separation or heat transfer to obtain a con-
cept of multifunctional reactors which frequently result in
higher productivity.

The scientific design of the novel equipment and of the
new modes of production is also sustained by new operating
modes used on the laboratory scale, such as reversed flow,
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cyclic processes, unsteady state operation, extreme operating
conditions (very high pressure and temperature) as well as
supercritical media processing. These new modes of produc-
tion have proved their efficiency and capacity to be modelled
and controlled.

Current production modes may also be challenged by min-
iaturization, modularisation, and decentralization. Recently
developed microtechnologies using microreactors, microsep-
arators and very small microanalysers show new possible
ways to accurately control reaction conditions with respect to
mixing, quenching and temperature profiles. These micro-
technologies show that the scientific design of novel equip-
ment begins to be a reality. Such innovative systems can be
applied if these novel technologies prove to be robust, reli-
able, safe, cheap, easy to control, and if they provide signifi-
cant gains over existing processes.

3. The third objective is the need to manufacture chemical prod-
ucts with imposed end-use properties. The consideration of
this objective is given by the present and prospective market
demand.

There is indeed a growing market demand for sophisti-
cated products combining several functions and properties.
As examples, we can mention coatings, cosmetics, deter-
gents, inks, lubricants, surfactants, plastics, food, agrochem-
icals, and many more products the basic function of which
has been excluded while two or more characterizing func-
tions have been identified. In the past, most formulation
recipes have resulted from experiments and empirical tests.
A good knowledge of the characteristics of such complex
media as non-Newtonian liquids, gels, foams, hydrosoluble
polymers, dispersions and suspensions can be the key to
revolutionizing the design of such products. At the same
time, rheology and interfacial phenomena can play a major
role in this design.

The prospective market shows signs indicating a great
demand for special solids which can act as vehicles convey-
ing condensed matter: this particular property is one of the
most frequently demanded. These products can open the
way to solvent-less processes. These so-called intelligent sol-
ids, presenting controlled reactivity or programmed release
of active components, may be obtained through multiple
coating on a base solid. All the operations that are related to
the manufacture of these products must be reanalysed and
reconsidered with respect to the micro- and nanoscale
evolution. Particle-size distribution and morphology control
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are the central concerns in such operations as precipitation,
crystallization, prilling, generation of aerosols, and nanopar-
ticles. Agglomeration, granulation, calcination, and compac-
tion as final shaping operations need better understanding
and control.

Several questions are raised by the overall problem of
manufacturing chemicals with multifunctional properties:
how can the operations be scaled-up from the laboratory
model to an actual plant? Will the same product be obtained
and its properties preserved? What is the role of equipment
design in determining the properties of the products? These
questions are strongly sustained by the fact that the existing
scaling-up procedures cannot show how such end-use prop-
erties such as colour, flowability, sinterability, biocompatibil-
ity and many others can be controlled.

4. The fourth objective includes the need to use multiscale com-
putational chemical engineering in real-life situations.

The computer applications of molecular modelling using
the principles of statistics and quantum mechanics have
been developed successfully. They are a new domain for
chemical engineering research. Some basic characteristics of
the materials’ interaction can be calculated by molecular
modelling based on information from data banks.

Dynamic process modelling is being developed to be used
on the macroscopic scale. Full complex plant models may
involve up to 5.0 � 104 variables, 2.0 � 105 equations and over
1.0 � 105 optimisation variables.

It is important to avoid confusion between modelling and
numerical simulation. Modelling is an intellectual activity
requiring experience, skills, judgment and the knowledge of
scientific facts. For example, the main obstacle to developing
good models of multiphase and complex systems consists
more in understanding the physics and chemistry of all in-
teractions than refining the numerical codes of calculations.

Actually, a model could be divided into smaller units. For
example, a global production unit could be divided into cata-
lyst particles, droplets, bubbles, etc, and this could even be
extended up to discrete molecular processes.

5. The fifth objective concerns the need to preserve the environ-
ment. This objective requires the use of non-polluting tech-
nologies, the reduction of harmful emissions from existing
chemical sites and the development of more efficient and
specialized pollutant treatment plants.
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We can see that the above-mentioned objectives clearly show that, when one
research problem has been fixed, the solution has to be reached taking into con-
sideration the strong relation between the modelling and the experimental
research. First both modelling and simulation must indicate the type of experi-
ment needed for a thorough knowledge of the phenomenon. Then, the modelling
must identify the best conditions for the evolution of the process phenomena.
Complex models with a high hierarchy and complex part connections followed by
more and more simulations can contribute to the success of this modern type of
chemical engineering research.

1.5
Considerations About the Process Simulation

From the sections above, the reader can observe that the notion of a chemical pro-
cess can be quite complex. The chemical reactions that take place over a broad
range of temperatures and pressures are extraordinarily diverse. From the model-
ling viewpoint, this complexity results in a considerable number of process and
non-process parameters with an appreciable quantity of internal links, as well as
in very complex equations describing the process state (the relationships between
input and output process variables).

When we build a model, some phenomena are simplified and consequently
some parameters are disregarded or distorted in comparison with their reality. In
addition, some of the relationships between the parameters could be neglected.
Two ways of controlling the output or input of information are available in model
building: (i) the convergence way which accepts the input or output information only
if it preserves or accentuates the direction of the evolution with respect to the real
modelled case; (ii) the divergence way in which we refuse the input or output of infor-
mation because it results in a bad model response. To identify the direction of the
model response to an input or output of information, we need to realize partial model
simulations adding or eliminating mathematical relations from the original model
architecture. In Table 1.1 we can see a final process model which is used for the exploi-
tation of the process in the simulation or optimisation mode for an actual case.

One of the answers to the question Why modelling? could therefore be the estab-
lishment of a set of simulation process analyses. In addition to the mathematical
simulation of processes described above, we have the simulation of a physical pro-
cess, which, in fact, is a small-scale experimental process investigation. In other
words, to simulate a process at laboratory-scale, we use the analysis of a more
affordable process which is similar to experimental investigation.

1.5.1
The Simulation of a Physical Process and Analogous Computers

The simulation of a physical process consists in analysing the phenomena of the
whole process or of a part of it. This is based on the use of a reduced-scale plant,
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which allows a selected variability of all input variables. We have to focus this anal-
ysis on the physical particularities and on the increase in the dimensions of the
plant. We then treat the obtained experimental data in accordance with dimen-
sional analysis and similitude theory (for instance, see Chapter 6). The dimen-
sionless data arrangement, imposed by this theory, creates the necessary condi-
tions to particularize the general similitude relationships to the analysed – physi-
cally simulated – case. As expected, these physical simulations are able to repro-
duce the constant values of dimensionless similitude criteria in order to scale-up
an experimental plant into a larger one. Then, it makes it possible to scale-up the
plant by simply modifying the characteristic dimensions of each device of the
experimental plant.

At the same time, when we impose the dimensions of the plant, we can focus
on obtaining one or more of the optimal solutions (maximum degree of species
transformation, minimum chemical consumption, maximum degree of species
transformation with minimum chemical consumption etc.) For this purpose, it is
recommended to use both mathematical and physical simulations.

For physical process simulation, as well as for mathematical model develop-
ment, we can use the isomorphism principle. This is based on the formal analogy
of the mathematical and physical descriptions of different phenomena. We can
detail this principle by considering the conductive flux transport of various proper-
ties, which can be written as follows:

for momentum transport syx ¼ �g
dwy

dx
(1.4)

for heat transport: qx ¼ �k
dt
dx

(1.5)

for species A transport: NAx ¼ �DA
dcA

dx
(1.6)

for electric current transport: ix ¼ �
1
r

dU
dx

(1.7)

It is not difficult to observe that in all of these expressions we have a multiplica-
tion between the property gradient and a constant that characterizes the medium
in which the transport occurs. As a consequence, with the introduction of a trans-
formation coefficient we can simulate, for example, the momentum flow, the heat
flow or species flow by measuring only the electric current flow. So, when we have
the solution of one precise transport property, we can extend it to all the cases that
present an analogous physical and mathematical description. Analogous comput-
ers [1.27] have been developed on this principle. The analogous computers, able to
simulate mechanical, hydraulic and electric micro-laboratory plants, have been
experimented with and used successfully to simulate heat [1.28] and mass [1.29]
transport.
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2
On the Classification of Models

The advances in basic knowledge and model-based process engineering methodol-
ogies will certainly result in an increasing demand for models. In addition, com-
puter assistance to support the development and implementation of adequate and
clear models will be increasingly used, especially in order to minimize the finan-
cial support for industrial production by optimizing global production processes.
The classification of models depending on their methodology, mathematical devel-
opment, objectives etc. will be a useful tool for beginners in modelling in order to
help them in their search for the particular model able to solve the different and
variable products synthesis.

Highly-diversified models are used in chemical engineering, consequently, it is
not simple to propose a class grouping for models. The different grouping
attempts given here are strongly related to the modeled phenomena. In the case
of a device model or plant model, the assembly of the model parts creates an
important number of cases that do not present any interest for class grouping pur-
poses. In accordance with the qualitative process theory to produce the class
grouping of one phenomenon or event, it is important to select a clear character-
ization criterion which can assist the grouping procedure. When this criterion is
represented by the theoretical base used for the development of models, the fol-
lowing classification is obtained:
. mathematical models based on the laws of transport phenomena
. mathematical models based on the stochastic evolution laws
. mathematical models based on statistical regression theory
. mathematical models resulting from the particularization of simi-

litude and dimensional analysis.

When the grouping criterion is given by the mathematical complexity of the pro-
cess model (models), we can distinguish:
. mathematical models expressed by systems of equations with

complex derivatives
. mathematical models containing one equation with complex

derivatives and one (or more) ordinary system(s) of differential
equations
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. mathematical models promoted by a group of ordinary systems
of differential equations

. mathematical models with one set of ordinary differential
equations complete with algebraic parameters and relationships
between variables

. mathematical models given by algebraic equations relating the
variables of the process.

For the mathematical models based on transport phenomena as well as for the
stochastic mathematical models, we can introduce new grouping criteria. When
the basic process variables (species conversion, species concentration, tempera-
ture, pressure and some non-process parameters) modify their values, with the
time and spatial position inside their evolution space, the models that describe
the process are recognized as models with distributed parameters. From a mathema-
tical viewpoint, these models are represented by an assembly of relations which
contain partial differential equations The models, in which the basic process vari-
ables evolve either with time or in one particular spatial direction, are called mod-
els with concentrated parameters.

When one or more input process variable and some process and non-process
parameters are characterized by means of a random distribution (frequently nor-
mal distributions), the class of non-deterministic models or of models with random
parameters is introduced. Many models with distributed parameters present the
state of models with random parameters at the same time.

The models associated to a process with no randomly distributed input variables
or parameters are called rigid models. If we consider only the mean values of the
parameters and variables of one model with randomly distributed parameters or
input variables, then we transform a non-deterministic model into a rigid model.

The stochastic process models can be transformed by the use of specific theo-
rems as well as various stochastic deformed models, more commonly called diffu-
sion models (for more details see Chapter 4). In the case of statistical models, we
can introduce other grouping criteria. We have a detailed discussion of this prob-
lem in Chapter 5.

In our opinion, one important grouping criterion is the chemical engineering
domain that promotes the model. In the next section, modeling and simulation
have been coupled and a summary of this classification is given.

2.1
Fields of Modelling and Simulation in Chemical Engineering

Some important chemical engineering modelling and simulation fields as well as
related activities are briefly presented here. First, we can see that the traditional
modelling procedures or computer-aided process engineering cover a much narrower
range of modelling tools than those mentioned here. A broader spectrum of
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chemical engineering modelling and simulation fields is developed and illustrated
elsewhere in this book.

2.1.1
Steady-state Flowsheet Modelling and Simulation

Process design for continuous processes is carried out mostly using steady-state
simulators. In steady-state process simulation, individual process units or entire
flowsheets are calculated, such that there are no time deviations of variables and
parameters. Most of the steady-state flowsheet simulators use a sequential modu-
lar approach in which the flowsheet is broken into small units. Since each unit is
solved separately, the flowsheet is worked through sequentially and iteration is
continued until the entire flowsheet is converged. Another way to solve the flow-
sheet is to use the equation oriented approach, where the flowsheet is handled as
a large set of equations, which are solved simultaneously.

Flowsheet simulators consist of unit operation models, physical and thermody-
namic calculation models and databanks. Consequently, the simulation results
are only as good as the underlying physical properties and engineering models.
Many steady-state commercial simulators [2.1, 2.2] have some dynamic (batch)
models included, which can be used in steady-state simulations with intermediate
storage buffer tanks.

2.1.2
Unsteady-state Process Modelling and Simulation

Unsteady-state or dynamic simulation accounts for process transients, from an
initial state to a final state. Dynamic models for complex chemical processes typi-
cally consist of large systems of ordinary differential equations and algebraic equa-
tions. Therefore, dynamic process simulation is computationally intensive.
Dynamic simulators typically contain three units: (i) thermodynamic and physical
properties packages, (ii) unit operation models, (iii) numerical solvers. Dynamic
simulation is used for: batch process design and development, control strategy de-
velopment, control system check-out, the optimization of plant operations, pro-
cess reliability/availability/safety studies, process improvement, process start-up
and shutdown. There are countless dynamic process simulators available on the
market. One of them has the commercial name Hysis [2.3].

2.1.3
Molecular Modelling and Computational Chemistry

Molecular modelling is mainly devoted to the study of molecular structure. Com-
putational chemistry is the application of all kinds of calculations, mainly numer-
ical, to the study of molecular structure. It can be considered as a subset of the
more general field of molecular modelling because its computations occur as a
result of the application of the models.

252.1 Fields of Modelling and Simulation in Chemical Engineering
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In contrast to computational chemistry, molecular modelling in the sense of
spatial molecular arrangement may not involve any computations [2.4]. Today mo-
lecular modelling is being used in an increasingly broad range of chemical sys-
tems and by an increasing number of scientists. This is due to the progress made
in computer hardware and software, which now allows fundamental and complex
calculations on a desktop computer. Computational chemistry is rapidly becoming
an essential tool in all branches of chemistry as well as related fields such as bio-
chemistry, biology, pharmacology, chemical engineering and materials science. In
some cases, computational chemistry can be used to calculate such compound
properties as: shapes – structure and geometry; binding energies – strengths of
bonds; charge distributions – dipole, quadrapole, octapole moments; spectra –
UV, IR, NMR; thermodynamic properties – energy, entropy, radial distribution
functions, structural and dynamic properties – viscosity, surface tension, potential
energy surfaces; reaction pathways and energy barriers; product energy distribu-
tions and reaction probabilities.

2.1.4
Computational Fluid Dynamics

Computational fluid dynamics (CFD) is the science of determining a numerical
solution to governing equations of fluid flow while the solution through space or
time is under progress. This solution allows one to obtain a numerical description
of the complete flow field of interest. Computational fluid dynamics obtains solu-
tions for the governing Navier–Stokes equations and, depending upon the particu-
lar application under study, it solves additional equations involving multiphase,
turbulence, heat transfer and other relevant processes [2.5, 2.6]. The partial differ-
ential Navier–Stokes and associated equations are converted into algebraic form
(numerically solvable by computing) on a mesh that defines the geometry and
flow domain of interest. Appropriate boundary and initial conditions are applied
to the mesh, and the distributions of quantities such as velocity, pressure, turbu-
lence, temperature and concentration are determined iteratively at every point in
space and time within the domain. CFD analysis typically requires the use of com-
puters with a high capacity to perform the mathematical calculations. CFD has
shown capability in predicting the detailed flow behaviour for a wide-range of
engineering applications, typically leading to improved equipment or process
design. CFD is used for the early conceptual studies of new designs, detailed
equipment design, scaling-up, troubleshooting and retrofitting systems. Examples
in chemical and process engineering include separators, mixers, reactors, pumps,
pipes, fans, seals, valves, fluidised beds, bubble columns, furnaces, filters and
heat exchangers [2.7, 2.8].
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2.1.5
Optimisation and Some Associated Algorithms and Methods

In an optimisation problem, the researcher tries to minimise or maximise a global
characteristic of a decision process such as elapsed time or cost, by exploiting cer-
tain available degrees of freedom under a set of constraints. Optimisation prob-
lems arise in almost all branches of industrial activity: product and process design,
production, logistics, short planning and strategic planning. Other areas in the
process industry suitable for optimisation are process integration, process synthe-
sis and multi-component blended-flow problems.

Optimisation modelling is a branch of mathematical modelling, which is con-
cerned with finding the best solution to a problem. First, the problem must be
represented as a series of mathematical relationships. The best solution to a math-
ematical model is then found using appropriate optimisation software (solver). If
the model has been built correctly, the solution can be applied back to the actual
problem. A mathematical model in optimisation usually consists of four key
objects [2.9]: data (costs or demands, fixed operation conditions of a reactor or of a
fundamental unit, capacities etc.); variables (continuous, semi-continuous, and
non-frequently binary and integer); constraints (equalities, inequalities); objective
function. The process of building mathematical models for optimisation usually
leads to structured problems such as: linear programming, mixed integer linear
programming, nonlinear programming and mixed integer nonlinear program-
ming [2.10]. In addition, a solver, i.e. a software including a set of algorithms capa-
ble of solving problems, is needed to build a model as well as to categorize the
problem. To this end, a specific software can be created but some commercial
ones also exist.

Heuristic methods are able to find feasible points of optimisation problems.
However, the optimisation of these points can only be proved when used in com-
bination with exact mathematical optimisation methods. For this reason, these
methods could not be considered as optimisation methods in the strict meaning
of the term. Such heuristic methods include simulated annealing, evolution strat-
egy, constraint programming, neural networks and genetic algorithms. The
hybrid approaches combine elements from mathematical optimisation and heur-
istic methods. They should have great impact on supply chain and scheduling
problems in the future.

2.1.6
Artificial Intelligence and Neural Networks

Artificial intelligence is a field of study concerned with the development and use
of computer systems that bear some resemblance to human intelligence, includ-
ing such operations as natural-language recognition and use, problem solving,
selection from alternatives, pattern recognition, generalisation based on experi-
ence and analysis of novel situations, whereas human intelligence also involves
knowledge, deductive reasoning and learning from experience. Engineering and
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industrial applications of artificial intelligence include [2.11]: the development of
more effective control strategies, better design, the explanation of past decisions,
the identification of future risks as well as the manufacturing response to changes
in demands and supplies. Neural networks are a rather new and advanced artifi-
cial intelligence technology that mimic the brain’s learning and decision-making
process. A neural network consists of a number of connected nodes which include
neurons. When a training process is being conducted, the neural network learns
from the input data and gradually adjusts its neurons to reflect the desired out-
puts.

Fuzzy logic is used to deal with concepts that are vague. Many real-world prob-
lems are better handled by fuzzy logic than by systems requiring definite true/
false distinctions. In the chemical and process industry, the main application of
fuzzy logic is the automatic control of complex systems. Neural networks, fuzzy
logic and genetic algorithms are also called soft computing methods when used
in artificial intelligence.

2.1.7
Environment, Health, Safety and Quality Models

Special models and programs are developed for such purposes as health and
safety management and assessment, risk analysis and assessment, emission con-
trol and detection and quality control. Such a program may, for example, help the
user to keep records regarding training, chemical inventories, emergency
response plans, material safety data, sheet expiry dates and so on.

2.1.8
Detailed Design Models and Programs

Certain models and programs are available for the detailed design of processes
and process equipment. For example, the process equipment manufacturers often
have detailed design and performance models for their products. Engineering
design involves a lot of detailed design models.

2.1.9
Process Control

Process control is a general term used to describe many methods of regulating
industrial processes. The process being controlled is monitored for changes by
means of sensor devices. These sensor devices provide information about the state
of the system. The information provided by the sensor devices is used to calculate
some type of feedback to manipulate control valves or other control devices. This
provides the process with computerized automatic regulation. The essential
operations are measurement, evaluation and adjustment, which form the process
control loop. Process control systems operate in real-time since they must quickly
respond to the changes occurring in the process they are monitoring.
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2.1.10
Estimation of Parameters

Parameter estimation for a given model deals with optimising some parameters
or their evaluation from experimental data. It is based on setting the best values
for the parameters using experimental data. Parameter estimation is the calcula-
tion of the non-process parameters, i.e. the parameters that are not specific to the
process. Physical and chemical properties are examples of such non-process pa-
rameters. Typical stages of the parameter estimation procedure are: (i) the choice
of the experimental points, (ii) the experimental work, i.e. the measurement of
the values, (iii) the estimation of the parameters and analysis of the accuracy of
the results, (iv) if the results are not accurate enough, additional experiments are
carried out and the procedure is restarted from stage (i).

In parameter estimation, the parameters are optimised, and the variables are
given fixed values. Optimality in parameter estimation consists in establishing the
best match between the experimental data and the values calculated by the model.
All the procedures for the identification of parameters comply with the optimality
requirements [2.12].

2.1.11
Experimental Design

Experimental design (also called “optimal design of experiments” or “experimental
planning”) consists in finding the optimal set of experiments and measured pa-
rameters. A poorly planned experiment cannot be rescued by a more sophisticated
analysis of the data. Experimental design is used to maximize the likelihood of
finding the effects that are wanted. Experimental design is used to identify or
scan the important factors affecting a process and to develop empirical models of
processes. These techniques enable one to obtain a maximum amount of informa-
tion by running a series of experiments in a minimum number of runs. In experi-
mental design, the variables (measurement points) are optimised with fixed pa-
rameters.

2.1.12
Process Integration

Process integration is the common term used for the application of system-orient-
ed methodologies and integrated approaches to industrial process plant design for
both new and retrofit applications. Such methodologies can be mathematical,
thermodynamic and economic models, methods and techniques. Examples of
these methods include artificial intelligence, hierarchical analysis, pinch analysis
and mathematical programming. Process integration refers to optimal design;
examples of these aspects are capital investment, energy efficiency, emissions
levels, operability, flexibility, controllability, safety, sustainable development and
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yields. Process integration also refers to some aspects of operation and mainte-
nance.

Process integration combines processes or units in order to minimise, for exam-
ple, total energy consumption (pinch analysis). Pinch analysis has been success-
fully used worldwide for the integrated design of chemical production processes
for over ten years. More recent techniques address efficient use of raw materials,
waste minimisation, design of advanced separation processes, automated design
techniques, effluent minimisation, power plant design and refinery processing
[2.13, 2.14]. Responding to their basic principles, the classification of the process
integration methods can be given as follows: artificial intelligence / knowledge-
based systems; hierarchical analysis / heuristic rules; thermodynamic methods
(pinch analysis and energy analysis); optimisation (mathematical programming,
simulated annealing, genetic algorithms).

2.1.13
Process Synthesis

Process synthesis tries to find the flowsheet and equipment for specified feed and
product streams. We define process synthesis as the activity allowing one to
assume which process units should be used, how those units will be intercon-
nected and what temperatures, pressures and flow rates will be required [2.15,
2.16].

Process flowsheet generation is an important part of process synthesis. The fol-
lowing tasks have been established for process flowsheet generation [2.17]: (i) the
generation of alternative processing routes, {ii) the identification of the necessary
unit operations, (iii) the sequencing of unit operations into an optimal flowsheet.

2.1.14
Data Reconciliation

The main assumption in data reconciliation is that measurement values corre-
spond to the steady state. However, process plants are rarely at steady state. Data
reconciliation is used to “manipulate” the measured plant data to satisfy the
steady-state assumption. Data reconciliation is used to detect instrument errors
and leaks and to get “smoother” data for design calculations.

2.1.15
Mathematical Computing Software

They are the mathematical computing programs that offer tools for symbolic and/
or numeric computation, advanced graphics and visualisation with easy-to-use
programming language. These programs can be used, for example, in data analy-
sis and visualisation, numeric and symbolic computation, engineering and scien-
tific graphics, modelling and simulation. Examples are Matlab� and Mathema-
tica�.
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2.1.16
Chemometrics

Chemometrics is the discipline concerned with the application of statistical and
mathematical methods to chemical data [2.18]. Multiple linear regression, partial
least squares regression and the analysis of the main components are the meth-
ods that can be used to design or select optimal measurement procedures and
experiments, or to provide maximum relevant chemical information from chemi-
cal data analysis. Common areas addressed by chemometrics include multivariate
calibration, visualisation of data and pattern recognition. Biometrics is concerned
with the application of statistical and mathematical methods to biological or bio-
chemical data.

2.2
Some Observations on the Practical Use of Modelling and Simulation

The observations given here are in fact commentaries and considerations about
some aspects from the following topics:
. reliability of models and simulations
. role of the industry as final user of modelling and simulation

research
. role of modelling and simulation in innovations
. role of modelling in technology transfer and knowledge manage-

ment
. role of the universities in modelling and simulation development

2.2.1
Reliability of Models and Simulations

Correctness, reliability and applicability of models are very important. For most
engineering purposes, the models must have a broad range of applicability and
they must be validated. If the models are not based on these principles, their
range of applicability is usually very narrow, and they cannot be extrapolated. In
many modelling and simulation applications in the process industry, kinetic data
and thermodynamic property methods are the most likely sources of error. Errors
often occur when and because the models are used outside the scope of their
applicability. With the advent and availability of cheap computer power, process
modelling has increased in sophistication, and has, at the same time, come within
the reach of people who previously were deterred by complex mathematics and
computer programming. Simulators are usually made of a huge number of mod-
els, and the user has to choose the right ones for the desired purpose. Making
correct calculations is not usually trivial and requires a certain amount of exper-
tise, training, process engineering background and knowledge of sometimes very
complex phenomena.
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The problem with commercial simulators is that, since the simulations can be
carried out fairly easily, choosing the wrong models can also be quite easy. Choos-
ing a bad model can result in totally incorrect results. Moreover, with commercial
simulators, there is no access to the source code and the user cannot be sure that
the calculations are made correctly. The existing commercial flowsheeting
packages are very comprehensive and efficient, but the possibility of misuse and
misinterpretation of simulation results is high. In CFD and molecular modelling,
the results are often only qualitative. The methods can still be useful, since the
results are applied to pre-screen the possible experiments, the synthesis routes
and to visualise a particular phenomenon.

2.2.2
The Role of Industry as Final User of Modelling and Simulation

This role is not clear, except in the cases of big companies which have their own
research and development divisions. In this case, the R&D company division has
specialized teams for modelling and simulation implementation. The properly de-
veloped models and simulators are then frequently used, as we have already
shown, during the life-cycle of all the particular processes or fabrications that give
the company its profile. At the same time, each big company’s R&D division can
be an important vendor of professional software. The small companies that are
highly specialized in modelling and simulation, operate as independent software
creators and vendors for one or more company’s R&D division. The use of model-
ling and simulation in small and medium size manufacturing companies is quite
limited. Since small manufacturing companies and university researchers do not
cooperate much, awareness and knowledge about modern Computer Aided Pro-
cess Engineering tools are also limited. There are of course exceptions among
manufacturing companies. Some small and medium size engineering and con-
sulting companies are active users of modelling and simulation tools, which
allows them to better justify the solutions they propose to their clients.

2.2.3
Modelling and Simulation in Innovations

Modelling and simulation are usually regarded as support tools in innovative
work. They allow fast and easy testing of innovations. The use of simulators also
builds a good basis for understanding complex phenomena and their interactions.
In addition, it also builds a good basis for innovative thinking. It is indeed quite
important to understand what the simulators really do and what the limitations of
the models are. As a consequence, access to source codes is the key to the innova-
tive use of models and simulators.

Many commercial programs are usually stuck in old thinking and well-estab-
lished models, and then, the in-house-made simulators are quite often better
innovative tools. Molecular modelling can be used, for example, in screening
potential drug molecules or synthesis methods in order to reduce their number.
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2.2 Some Observations on the Practical Use of Modelling and Simulation

The existing molecular modelling technology is already so good that there are real
benefits in using it. Molecular modelling can be a very efficient and invaluable
innovative tool for the industry. The terms “artificial intelligence” and “expert sys-
tems” are based on existing knowledge. The computers are not creative, which
means that these tools cannot be innovative. However, they can be used as tools in
innovative development work. While most of the modelling and simulation meth-
ods are just tools, in innovative work, process synthesis can be regarded as an
innovation generator, i.e. it can find novel solutions by itself.

2.2.4
Role of Modelling in Technology Transfer and Knowledge Management

Models are not only made for specific problem solving. They are also important as
databases and knowledge management or technology transfer tools. For example,
an in-house-made flowsheet simulator is typically a huge set of models containing
the most important unit operation models, reactor models, physical property
models, thermodynamics models and solver models from the literature as well as
the models developed in the company over the years or even decades. Ideally, a in-
house-made simulator is a well-organized and well-documented historical data-
base of models and data. A model is also a technology transfer tool through pro-
cess development and process life cycle (see for instance Fig. 1.5, in Chapter 1).
The problem is that the models developed in earlier stages are no longer used in
manufacturing. The people in charge of control write simple models for control
purposes and the useful models from earlier stages are simply forgotten. Ideally,
the models developed in earlier stages should be used and evaluated in manufac-
toring, and they should provide information to the research stage conceptual
design stage and detailed design stage. One reason for “forgetting” the model dur-
ing the process life cycle is that the simulators are not integrated. Different tools
are used in each process life cycle stage. However, simulators with integrated
steady-state simulation, dynamic simulation and control and operator-training
tools are already being developed. The problem is that the manufactoring people
are not always willing to use the models, even though the advantages are clear
and the models are made very easy to use.

2.2.5
Role of the Universities in Modelling and Simulation Development

The importance of modelling and simulation for industrial use is generally pro-
moted, in each factory, by the youngest engineers. The importance of computer-
aided tools to the factory level is best understood when the application of model-
ling and simulation has a history. The importance of modelling and simulation is
not understood so well in the sectors that do not using computer-aided tools.

Technical universities have a key role in the education of engineers (so that they
can work on modelling and simulation) as well as in research and development.
In fact, the universities’ education role is absolutely fundamental for the future
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2 On the Classification of Models

development of the industry. Indeed, in the future, the work of a process engineer
will be more and more concerned with modelling and computation. Moreover, the
work will be all the more demanding so that process engineers will need to have
an enormous amount of knowledge not only of physics and chemistry, but also of
numerical computation, modelling and programming.
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3
Mathematical Modelling Based on Transport Phenomena

The transport phenomena of mass, heat or momentum, are characterized by an
assembly of general equations which can be easily particularized. Each particular-
ization of these equations to an actual example defines the mathematical model of
the example.

We consider that the notion introduced with the term transfer of property
makes reference to the exchange between two fluids, which are separated by a
thin wall (interface or membrane). We observe that the transfer includes the
motion of the property in each fluid – a process frequently called transport (trans-
port of property) as well as the transfer of the property through the wall.

In the case of momentum transfer, we have a particular situation where the
property transport occurs towards the walls and its transformation is controlled by
the geometry of the wall.

The problems of mathematical modelling based on transport phenomena
always begin with the establishment of equations which are all based on the gen-
eral equation for the conservation of properties [3.1–3.5].

The general equation of property conservation. For a phase defined by volume V
and surface A, we consider a property which crosses the volume in the direction
of a vector frequently named the transport flux~JJt. Inside the volume of control,
the property is uniformly generated with a generation rate Jv. On the surface of
the volume of control, a second generation of the property occurs due to the sur-
face vector named the surface property flux ~JJSA. Figure 3.1 illustrates this and
shows a cylindrical microvolume (dV) that penetrates the volume and has a micro-
surface dA.

Inside this microvolume and through its microsurface, the property is gener-
ated and transported as in the surface A and control volume V.

In volume V and for a small time interval ds when the property concentration
(C ¼ P=V, where P is the property quantity) changes by accumulation (from C to
Cþ dC), the values of the components that explain the property conservation are
defined as follows:
. quantity of the generated property (PG):

PG ¼ ð
RRR

V JVdVÞdsþ ð
RR

A JSA~nndA
*

Þds (3.1)

Chemical Engineering. Tanase G. Dobre and Jos� G. Sanchez Marcano
Copyright � 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-30607-7



Jv

Jt

dV

Input  dA

Jt

V

A

JSA

n

Figure 3.1 Introductory scheme for the equation of a general property balance.

. quantity of the accumulated property (PA):

PA ¼
RRR

V Cþ dC

ds
ds� C

� �

dV ¼
RRR

V

dC

ds
dV

� �

ds (3.2)

. surplus (excess) PV of the transported property, output quantity of
the property – input quantity of the property):

PV ¼ ð
RR

A Jtn
*

d~AAÞds (3.3)

Based on the law of property conservation that asserts the equality between the
difference of the generated and accumulated quantities and the surplus of the
transported quantity, we have:

PG – PA = PV (3.4)

Now we can obtain the relation (3.5) that is recognized as the integral law of the
conservation of a property.

RR

A J
*

td~AAþ
RRR

V

¶C

¶s
dV ¼

RR

A
~JJSAd~AAþ

RRR

V JVdV (3.5)

This relation can be transformed into its differential form if we make a random
selection of the control volume V:

¶C

¶s
þ div~JJt ¼ div~JJSA þ JV (3.6)
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This equation is similar to the relation obtained when making the property bal-
ance with respect to the microvolume dV. For a small interval of time we can write
the following relations for the different classes of balance of quantity:
. quantity of the generated property (PG):

PG ¼ ðJVdVÞdsþ ðJSAdAÞsrtds� ðJSAdAÞentds (3.7)

. quantity of the accumulated property (PA):

PA ¼
¶C

¶s
dV

� �

ds (3.8)

. net quantity of the transported property (PV)

PV ¼ ðJtdAÞsrtds� ðJtdAÞentds (3.9)

By coupling relations (3.7)–(3.9) with (3.4) we obtain:

JV þ
½ðJSAÞsrt � ðJSAÞent�dA

lndA
� ¶C

¶s
¼ ½ðJtÞsrt � ðJtÞent�dA

lndA
(3.10)

where lndA is the measure of the microvolume dV and ln is the normal length of
the microcylinder that defines the balance space.

Due to the random selection and random dimension of the control volume, we
can assume that it is very small and so ln approaches zero. Consequently, we can
now write relation (3.11). This is identical to Eq. (3.6) that is recognized as the
differential form of the property conservation law

¶C

¶s
þ div~JJt ¼ div~JJSA þ JV (3.11)

All the terms of relations (3.5) and (3.6) are important but special attention must
be given to the transport flux vector.

Generally, this vector contains three components, which correspond to the
mechanisms characterizing the behavior of the property carriers during their
movement. The molecular, convective and turbulent moving mechanisms can to-
gether contribute to the vector flux formation [3.6]. In the relation below (3.12),
DC is the ordinary diffusion coefficient of the property.DCt represents the diffu-
sion coefficient of the turbulences and ~ww is the velocity flow vector, then the gen-
eral relation of the transport flux of the property is:

~JJt ¼ �DCgrad
��!

Cþ w!C� DCtgrad
��!

C (3.12)

With Eqs. (3.12) and (3.6) we obtain the relation (3.13). It is recognized as the
equation field of the property concentration. In fact, it represents the property
conservation law for a random point from a homogeneous medium:

¶C

¶s
þ divðw!CÞ ¼ div½ðDC þ DCtÞgradC

���!� þ divJSA
�!þ JV (3.13)
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3 Mathematical Modelling Based on Transport Phenomena

Frequently the integral form of the conservation law of the property is particular-
ized as total and partial mass balance and also as energy or thermal balance [3.7].
For each particularization, a control volume must be selected in order to have a
form capable of permitting the computation of each integral from the relation
(3.5). As an initial condition, we have to declare the property, the transport vector
and the property generation rate. Figure 3.2 presents the way to obtain the equa-
tions of the differential balance of total mass, mass species and energy (heat). The
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Figure 3.2 Particularization of the integral balance equation
of the property (3.5) for mass and energy conservation.



3 Mathematical Modelling Based on Transport Phenomena

symbols used in Fig. 3.2 have the following meanings: q1, q2 – densities; w1, w2 –
flow velocity for the flow area A1, A2; Gm1, Gm2 – mass flow rate; xk1, xk2 – mass
concentrations (fractions) for k species (component); u1, u2 – specific internal
fluid energy; p1, p2 – pressure values; t1, t2 – value of the flowing fluid specific
volume; z1, z2 – positions that characterize the local potential energy; h1, h2 –
enthalpy for the flowing fluid; g – gravitational acceleration.

We observe from Fig. 3.2 that these transformations of integral equations of the
property conservation have been obtained taking into consideration a very simple
apparatus, here represented by a frustum conical pipe with flow input at the larger
base and output at the smaller base.

Now we can see how the differential form of the property conservation law can
generate the equations of the velocity distribution for a flowing fluid (Navier-
Stokes equations), the temperature or the enthalpy distribution (Fourier second
law) and the species concentration distribution inside the fluid (second Fick’s
law).

In all these particularization cases, we use the molecular and convective partici-
pations in the composition of the vector of transport.

The equation for the momentum transport in vectorial form, gives (by particu-
larization) the famous Navier-Stokes equation. This equation is obtained consider-
ing the conservation law of the property of movement quantity in the differential
form: ~PP ¼ m~ww. At the same time, if we consider the expression of the transport
vector:~JJt ¼~ssþ ~wwðr~wwÞ and that the molecular momentum generation rate is given
with the help of one external force~FF, which is active in the balance point, the par-

ticularization becomes:
¶ðr~wwÞ
¶s
þ div½~ssþ ~wwðr~wwÞ� ¼ divð�p~nnÞ þ r~FF, where p is

defined as the local hydrodynamic pressure. The flux of the momentum quantity
can be interpreted as a tension that characterizes the fluid deformation. Indeed, it
is a tensor. When the conservable property is the mass from an infinitesimal con-
trol volume (P ¼ m;C ¼ m=V ¼ r) where the convective flux is dominant, then
the particularization of the differential form of the property conservation law

becomes the flow continuity equation:
¶r
¶s
þ divðr~wwÞ ¼ 0.

The Navier-Stokes equations and the flow continuity equation together give the
general flow model; other cases associate various forms of the energy conservation
equation to this model.

For the particularization of the differential conservation law to the heat trans-
port, we consider first that the transported property is the sensible heat
(P ¼ mcpt,C ¼ rcpt) and secondly that it is carried out by molecular and convec-
tive mechanisms (~JJt ¼~qqm þ ~wwrcpt).

When the conservable property is represented by the local quantity of the spe-
cies A (P ¼ nmA;C ¼ nmA=V ¼ cA) transported by molecular and convective
mechanisms, relation (3.6) becomes the equation of field of the species concentra-
tion. Figure 3.3 gives the three particularizations of the differential form of the
property conservation law. Here we present the basic equations of momentum,
heat and mass transport using their vectors and Cartesian expressions. However,
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these equations, which characterize the fundamental properties of transport, can-
not be used when we have conjugated actions. For example, if in a homogeneous
system we simultaneously have gradients of species A concentration, temperature
and pressure, then the molecular flux for the species A transport contains all par-
ticipations and is written as follows:
~JJmA ¼ �D½~��cA þ kt

~�� lnðTÞ þ kp
~�� lnðpÞ�, where DAkt and DAkp are, respectively,

the thermal-diffusion coefficient and pressure-diffusion coefficient of species A.
When we use the updated transport flux of species in the particularization of the
balance of the differential property (Eq. (3.6)) a new expression of the field of the
species concentration is obtained. The turbulence has to be considered when we
have an important convective transport, which in many cases is the dominant
transport mechanism. The contribution of this mechanism to the transport capac-
ity of the medium is introduced in relation (3.3) by the addition of the coefficient
of turbulent diffusion of the property.

When the transport is considered without turbulence we have, in general, DC; t

is the cinematic viscosity for the momentum transport; a ¼ k=ðrcpÞ is the thermal
diffusivity and DA is the diffusion coefficient of species A. Whereas with turbu-
lence we have, in general, DCt; tt is the cinematic turbulence viscosity for the
momentum transport; at ¼ kt=ðrcpÞ is the thermal turbulence diffusivity and DAt

is the coefficient of turbulent diffusion of species A; frequently tt ¼ at ¼ DAt due
to the hydrodynamic origin of the turbulence.

Indeed, this is a very simplistic treatment for the general flow mechanism, so, it
is important to note here that the turbulence is in fact a vast scientific domain
where interdisciplinary characterization methods are frequently needed.

Chemical engineers have developed very powerful methods for the hydrody-
namic characterization of flows in different regimes by using specific apparatus;
this methodology allows one to model the turbulent flow in industrial or laborato-
ry devices.

We cannot finish this short introduction on the property transport problems
without some observations and commentaries about the content of Figs. 3.2 and
3.3. First, we have to note that, for the generalization of the equations, only vector-
ial expressions can be accepted. Indeed, considering the equations given in the
figures above, some particular situations have been omitted. For example, we
show the case of the vector of molecular transport of the momentum that in Fig.
3.3 has been used in a simplified form by eliminating the viscous dissipation. So,
in order to generalize this vector, we must complete the sij expression with consid-
eration of the difference between the molecular and volume viscosities g� gv:

sij ¼ �
1
2

t
¶ðrwiÞ
¶xj

þ
¶ðrwjÞ
¶xi

 !

þ 2
3
ðg� gvÞdivðw!Þdij.

However, we remark here that the simplifications of the expressions in the Carte-
sian coordinates system have been accepted as in the case of an isotropic and non-
property dependent diffusion coefficient of a property. Indeed, the independence
of the general diffusion coefficient with respect to the all-internal or external soli-
citations of the transport medium appears unrealistic in some situations.
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For actual cases, the equations from these tables have to be particularized to the
geometry of the device used and to all conditions of the process including the con-
ditions that show the process state at the wall and interphases.

Interphase transfer kinetics. At this point, we need to characterize the process that
leads to the transfer of the property through the interphase. The transport of the
momentum from one phase to another is spectacular when the contacting phases
are deformable. Sometimes in these situations we can neglect the friction and the
momentum transfer generates the formation of bubbles, drops, jets, etc. The char-
acterization of these flow cases requires some additions to the momentum equa-
tions and energy transfer equations.

Boundary layers appear in flow situations near the walls or other non-deform-
able structures that exist in the flow field [3.8]. Their formation and development,
stability and local thickness are of great interest to engineers and researchers
because all the gradients of property concentration are concentrated here. Conse-
quently, we can write a very simple expression for the flux of the property.

In a general case, when a property crosses the interphase, we must consider
that the property flux is identical between both contacted phases. Indeed, we con-
sider ideal behaviour of the interphase or, in other words, we must accept the
interphase to be not resistive to the transfer. We can criticize this fact but fre-
quently it is accepted as a datum.

So when we accept the ideality of the interphase and when it is positioned to
the coordinate xi we can write:

Jt1 ¼ �DC1
dC

dx

� �

x¼xi

¼ Jt2 ¼ �DC2
dC2

dx

� �

x¼xi

¼ Jt (3.14)

Now we have to take into account the boundary layers at the left and right sides of
the interphase where we have already shown the gradient of concentration of the
property of the phase. With this last consideration, we can write a set of relations
(3.15) that introduce the notion of the partial coefficient of the transfer of property
(3.16):

�DC1
dC1

dx

� �

x¼xi

¼ �DC2
dC2

dx

� �

x¼xi

¼ Jt ¼

�DC1
dC1

dx

� �

x¼xi

ðC1¥ � Cx¼xi
Þ ðC1¥ � Cx¼xi

Þ ¼ kC1ðC1¥ � Cx¼xi
Þ ¼ kC2ðCx¼xI

� C2¥Þ (3.15)

kC1 ¼
�DC1

dC1

dx

� �

x¼xi

ðC1¥ � Cx¼xi
Þ ; kC2 ¼

�DC2
dC2

dx

� �

x¼xi

ðCx¼xi
� C2¥Þ

(3.16)

It is of interest that, for the computation of the transfer coefficients, various proce-
dures have been advanced and in the past an immense quantity of data and refer-
ence materials have been collected on this subject.
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3.1
Algorithm for the Development of a Mathematical Model of a Process

The relationships among the variables for a concrete process can be known
through the particularization of the processes of transport phenomena. The math-
ematical model has to describe the state and evolution of the process while knowl-
edge of the previous description of the operating conditions of the studied case is
necessary. Indeed, terms such as flow, heat, diffusion and reaction clearly show
that the transport phenomena are not absent from the investigated process. The
verbal or written description must be clear and decisive with regard to identifying
the effect of the independent variables on the exits of the process (dependent vari-
ables). At the same time, this description must correctly show how the dominant
transport phenomena between all the unitary steps occur while the concrete pro-
cess takes place. The observation spirit, a good engineering background, a good
knowledge of the case and a fluent engineering language must be associated with
the researcher’s acute sense of responsibility in describing the process.

Indeed, the description of the process is recognized as the first step in the build-
ing of the mathematical modelling of a process. The result obtained here is recog-
nized as a descriptive model or model by words. During this step, dependent and in-
dependent process variables resulting from the identification of the actions and
interactions of the elementary phenomena that compose the state and evolution
of the investigated process will be listed. At the same time, the effect of each inde-
pendent variable on each dependent variable must be described.

The second step begins with a verbal or written analysis showing the coupling of
the flow phenomena, heat and mass transfer, chemical reaction thermodynamics
and kinetics. Here, a fraction of the factors of the process (independent variables
of the process) selected by the first step will be eliminated, whereas a new limited
number of factors will be added to the list. This step concerns one of the most
delicate problems in mathematical modelling: the identification or creation of the
mathematical clothes of the process by summation from the elementary models
of the phenomena involved in the process. To finish this step, a mathematical
form that characterizes the operating process is definitively established. This
mathematical form is recognized as the general mathematical model of the process.
Indeed, if the general descriptive models have been correctly decomposed into
parts, then, each one of the parts will be characterized by its own general mathe-
matical model.

The coupling of the general mathematical model with the evolution of the mate-
rial and spatial conditions is given by its association with the investigated condi-
tions of univocity of the process. This is the basis of the third step in the building
of the mathematical model of a process. At the end of this step, we will have a
particularized mathematical model. This step will be specified for each one of the
decomposed models of the parts; i.e. for each of the particular devices in a unit.
For this particularization, we use the following conditions of univocity:
. the geometric conditions establish the dimensions of the apparatus

where the process is carried out from the geometric viewpoint.
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Indeed, we made the choice of the coordinates system (cartesian,
cylindrical or spherical) which will be used for our actual case and
the model equation will be transformed for the selected coordi-
nates system.

. the material conditions describe the physicochemical properties of
the medium where the process takes place as well as the variation
of these properties with temperature, pressure and composition
using numerical values or analytic relations. Here we select the
values or relations for the density, viscosity, thermal coefficient ca-
pacity, thermal conductivity, and diffusion coefficient of each
component.

. the dynamic conditions give the initial spatial distribution and its
evolution with time for each transported property. They also give
the flux for each geometrical frontier as well as for each line or
surface of symmetry of the system. Three major types of frontier
have been established for the dynamic conditions:
– the boundary conditions of type I: give the numerical values of

the transported property or the function describing the varia-
tion of these values with time for each frontier of the system.

– the boundary conditions of type II: give the flux values of the
transported property to each frontier and to each symmetry
line and surface of the system. Each flux can be described by a
constant value or is dependent on time.

– the boundary conditions of type III: give the values of the prop-
erty state but here these values are out of the frontiers. At the
same time, these conditions give the values or calculus rela-
tions for the coefficients of transfer at the interphase. With
these data and using relation (3.15), we can compute the flux
of the property at the frontiers. If we denote by C1¥ the prop-
erty concentration for phase 1 and we assume a non-resistive
interphase (the phases are in equilibrium with kd, as distribu-
tion coefficient of the property) then, relation (3.15) becomes:

kC1 C1¥ �
C2 x¼xint

kd

� �

¼ �DC2
dC2

dx

� �

x¼xint

For all the situations, the dynamic conditions for the symmetry lines
and surfaces of the system contain the specification that the prop-
erty flux is zero. From the viewpoint of the property concentra-
tion, this fact shows that here it has a maximal or a minimal
value.
– the tendency conditions show the state of a dynamic process

after a very long time. If a stationary state is possible for the
process, then the tendency conditions show the transition
from a dynamic process model to a stationary process model
(steady state).
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In the fourth step of the building of a mathematical model of a process the
assemblage of the parts (if any) is carried out in order to obtain the complete math-
ematical model of the process. Now the model dimension can be appreciated and
a frontal analysis can be made in order to know whether analytical solutions are
possible.

         Case and processes descriptions

      The concrete case and its characteristic

      component processes

       - Involved transport phenomena

       - Equations with adaptability power

- Fundamental part of the variables of the processes (inputs and

exits)

        General mathematical model

            -  Model reduction to basic functional state

            - Univocity conditions attachment

       Particularized mathematical model

                     Numeric development

   Mathematical model in use (Simulator NV)

              Experimental validation

         Data for research strategy coverage or for process optimization.

   The decomposition into parts of the general descriptive model

Part 1 Part 2 Part 3 Part 4 Part 5

   The complete mathematical model

            Assemblage of parts

As a transfer functions
As complete differential

   equations

As equations for the

elementary processes

  Verified mathematical model (Simulator V)

         General case descriptive model

Figure 3.4 Steps in the building of a mathematical model for a concrete case.
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Considering that, in this last step, we have a complete mathematical model of
the process, we can now think about its valorization, by selecting the most conve-
nient and acceptable possible solution for the model transformation into a numer-
ical state. Indeed, the fifth step of this procedure results in a problem of computer
software creation. Then, we have to choose the numerical solutions for the model
integration as well as to select the input and output data state for the running of
the computer program. We also have to select the representation of the solutions
obtained with the output data processing. The final output of this step is a non-
verified simulator (Simulator NV). The degree of sophistication of the simulator
obviously depends on the model complexity. When we have some experimental
data characterizing the relationship between one or more dependent variables and
the independent process variables, then we can verify, after a normal calibration,
whether the model produces identical or very similar data. If the model results
match the experimental data, then we can affirm that we have a verified process
simulator (Simulator V). Figure 3.4 shows this gradual development schematically,
step by step, from the model establishment to simulator V. Here, we cannot logi-
cally separate the model creation part from the software creation part (numeric
model transposition). It is also clear that the sense of the presented scheme is to
show how we develop the model of one part of the general decomposed model.
When we recompose the parts, we use the principle of maximum coupling. So,
some parts will be introduced in the global model by their transfer functions,
other parts with the help of their governing differential equations assemblies.

This procedure for building a mathematical model for a concrete case has also
been mentioned in some scientific papers where the object is mathematical mod-
elling by the use of transport phenomena [3.9–3.13].

3.1.1
Some Observations about the Start of the Research

Young researchers’ first finished models are a source of great joy because they
show their creative power. Moreover, when the models developed are successfully
validated by experimentation, we can claim that the new researchers have actually
stepped into real research activity.

Concerning the situation of the models that fail the test of experimental valida-
tion, we generally have two cases. The first case concerns a model that is unable
to describe the whole project and which, normally, has to be rejected. The second
case concerns a model that reproduces the general trends of the process but
shows important differences with respect to the experimental data. This model
will be again subjected to the building procedure where, with small or large mod-
ifications, it will improve its performance.

A special case occurs when some material or transport parameters are still
unknown at the starting point and yet, at the same time, we have a lot of experi-
mental data for the model validation. In this situation, we consider both data and
model by formulating a parameter identification problem. The validation test for
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this type of model will be transformed into hypotheses concerning the identified
values of parameters.

Another special case occurs when the model is obtained by assembling different
parts, and when each part has been successfully validated. In this case, the global
validation is in fact a model calibration with the experimental data available.

In an actual research programme carried out with modelling coupled with
experimental work, we cannot work randomly, without a research plan. The plan-
ning research method, given in this book in Section 5.3.2, has the capacity to be
used for solving the most refined requirements. For this purpose, we must accept
a model simulation to be as good as an experiment. With this procedure, we can
derive an indirect but complex statistical model presenting a high interest for a
computer-guided process from a model of transport phenomena. In the same
way, we can use the model of transport phenomena as a database for a neural net-
work model. Therefore, the data produced by the real model will be used in the
learning procedure by the neural network model. Excellent behaviour of the
neural network model is expected because the learning data volume can be very
rich. We point out here that in the building of a model for a concrete chemical
fabrication in an industrial unit, more aspects may be considered, each requiring
qualified knowledge. Indeed, the procedures and methods coming from different
scientific branches have to be coupled to the basic process model.

It is evident that, in these situations, problems concerning coupling hierarchy be-
tween the different parts can appear. Generally, for a fabrication that involves a chemi-
cal reaction, the top of the hierarchy is occupied by the reactor and separator models.

Figure 3.5 shows the most important scientific branches of chemical engineer-
ing research, which have to be taken into account for the modelling. Indeed, the
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3 Mathematical Modelling Based on Transport Phenomena

mathematical model of a process must answer the specific questions of each area
division. In each case, the response comes as a result of the coupling of the com-
putation procedures characterizing each branch. This is a complex and high-level
research that gives consistency to a new scientific activity named Advanced Pro-
cesses Simulators.

3.1.2
The Limits of Modelling Based on Transport Phenomena

Since the start of Section 3.1 we have been presenting how the transport phenom-
ena equations are used for the mathematical modelling of a process and how we
transform this model into a process simulator.

Actually, research by modelling is more and more extensively used in many ap-
plications because complex devices’ models, composed of different elements, can
be made by assembling models the solutions of which are frequently available.
This behaviour presents an impressive growth and is sustained by the extraordin-
ary developments in numerical calculations and by the implementation of com-
monly used computers with a high capacity and calculus rate. Nevertheless, mod-
elling based on the equations of transport phenomena cannot be applied to every
system, because they can present some limitations, which are summarized here.

The first limit derives from the model construction and can be called the con-
structive limit. It is explained by the quantity of simplifications accepted for model
construction. The flow reduction by use of ideal models and the treatment of the
transfer processes in equilibrium by using abstract notions – as for example, theo-
retical plate in distillation – represent only two of countless similar examples.

The second limit is named the cognition limit and arises from the less controlled
assumptions concerning the complicated and ill acquainted phenomena involved
in the process. Considering the interface as an equilibrium Gibbs interface and
introducing the turbulent flow from the turbulent diffusion coefficient are two
famous examples which illustrate this class of cognition limits.

The third limit is represented by the validity limits of the transfer phenomena
equation. With respect to this last limitation, Fig. 3.6 shows the fixation of these
limits with regard to the process scale evolution.

At this time, only a small number of nanoscale processes are characterized with
transport phenomena equations. Therefore, if, for example, a chemical reaction
takes place in a nanoscale process, we cannot couple the elementary chemical
reaction act with the classical transport phenomena equations. However, research-
ers have found the keys to attaching the molecular process modelling to the chem-
ical engineering requirements. For example in the liquid–vapor equilibrium, the
solid surface adsorption and the properties of very fine porous ceramics computed
earlier using molecular modelling have been successfully integrated in modelling
based on transport phenomena [4.14]. In the same class of limits we can include
the validity limits of the transfer phenomena equations which are based on pa-
rameters of the thermodynamic state. It is known [3.15] that the flow equations
and, consequently, the heat and mass transport equations, are valid only for the
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domain where the Truesdell criterion stays below unity. The Truesdell number

given by Tr ¼ 2ge

p
, where g is the medium viscosity, e the molecular oscillation

frequency and p the medium pressure, is a combination of the Knudsen (Kd) and
Mach (Ma) criteria.

Therefore, gases with very small pressure and some very viscous liquids can
have a Truesdell number value over unity.

The fourth limit is the limit of contradiction. It takes place when sophisticated
and complex models produced by academic and specialized research are used in
industrial applications. Indeed, in industrial production, engineers can expect the
current exploitation problems but they do not have any time to face new prob-
lems.

In fact, this limit depends on the standard of teaching of modelling research in
technical universities. They have a key role in educating engineers capable of
working with modelling and simulation as well as in research and development.
The work of a process engineer in the future will be more and more concerned
with modelling and using computers. Indeed, process engineers must have a con-
siderable knowledge of physics and chemistry, as well as of processes, numerical
calculation, modelling, programming and of the use of commercial programs.

The skills of graduating students are generally not very good in the fields of
modelling and simulation. The goal of universities should be to produce more
modelling-oriented engineers with good engineering, chemistry, physics, pro-
gramming and mathematical skills.
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3.2
An Example: From a Written Description to a Simulator

In this section, we will show the process of the construction of a mathematical
model, step by step, in accordance with the procedure shown in Fig. 3.4. The case
studied has already been introduced in Figs. 1.1 and 1.2 of Chapter 1. These fig-
ures are concerned with a device for filtration with membranes, where the gradi-
ent is given by the transmembrane pressure between the tangential flow of the
suspension and the downstream flow. The interest here is to obtain data about the
critical situations that impose stopping of the filtration. At the same time, it is
important to, a priori, know the unit behaviour when some of the components of
the unit, such as, for example, the type of pump or the membrane surface, are
changed.

Descriptive model and its division into parts. The first steps in the model construc-
tion are related to Fig. 3.7. The pump PA assures simultaneously the suspension
transport and the necessary transmembrane pressure. The excessive accumula-
tion of the solid in the retentate is controlled by its permanent removal as a con-
centrated suspension from the reservoir RZ. The clear liquid (permeate) flow rate
and the solid concentration in the exit suspension are permanently measured and
these values are transferred to the control and command computer CE. The
instantaneous values of the operation pressure and input rate of fresh suspension
are established by the computer (this works with software based on the mathema-
tical model of the process) and corrected with the command execution system
CSE.

PA

concentrated suspension

flow rate, pressure

C

 fresh suspension

VC

VC

RZ

CSE

SAD

filtrate

CE

D

Figure 3.7 Membrane filtration plant.
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If in stationary operation conditions, membrane clogging does not occur or is
negligible, then the modelling case becomes banal. Nevertheless, when surface
clogging cannot be eliminated by the tangential flow rate, we must introduce a
continuous increase in the hydrodynamic resistance of the membrane [3.16–3.18].
In this situation, if the pressure filtration stays unchanged, the filtrate rate will
decrease with time. When unacceptable values of the filtrate rate are reached, the
process must be stopped and the membrane cleaned or replaced. This mode of
operation is uneconomical. One solution to this problem is to increase the trans-
membrane pressure in order to maintain the flow rate but, in this case, the pump-
ing flow rate has to be reduced because pumps generally present a pre-established
and characteristic flow rate–pressure relation which is, a priori, unchangeable.
Consequently, when the pressure is continuously increased, the clogging rate will
increase faster than when a high tangential velocity is used in the unit.

The clogging effect can be considered as a reduction in the value of the surface
filtration constant for practical purposes. Indeed, when clogging takes place, the
surface filtration constant can be given by its initial value k0 multiplied by a
decreasing time function. This assumption is frequently used when the function
is obtained from experiments [3.19, 3.20]. In our example, if we do not consider
the friction (and heat transfer) we can note that only a concrete mass transfer
problem can be associated with the membrane separation process. The first step
before starting to build the general mathematical model, concerns the division of
the system into different elementary sections. Indeed, we have a model for the
filtration device (i.e. the membrane and its envelope), for the pump (P) and for
the reservoir of concentrated suspension (RZ) (Fig. 3.7).

General mathematical model. Considering that all we have is a mass transfer phe-
nomenon, then, in such a system, the solid concentration changes in each plant
device. With the considered coordinates system and after the notations given in
Fig. 3.8, we can write the mathematical model of the filter unit as a particulariza-
tion of the flow equations and the solid transport equation:

The Navier-Stokes equation in the x direction:

¶wx

¶s
þ wx

¶wx

¶s
¼ � 1

r
¶p
¶x
þ gsp

¶2wx

¶x2
þ ¶2wx

¶y2
þ ¶2wx

¶z2

 !

(3.17)

The Bernoulli equation with respect to an elementary local length dx:

¶p
¶x
¼ � 1

2
rsusp¶x

¶�wwx

¶x

� �2

� k

de

�ww2
x

2
rsusp (3.18)

The formula of the definition of the suspension mean flow velocity:

�wwx ¼
1
hl

R

h

0

R

l

0
wxðz; yÞdzdy (3.19)

The total mass balance equation with respect to the elementary local length dx:
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dGpr

dx
¼ rf lh

¶wx

¶x
(3.20)

The transfer equation for the permeate given by the use of its flux expression
through the membrane surface:

dGpr

dx
¼ k0lðpx � p0Þf ðcsrs; sÞ (3.21)

The simplified solid concentration field equation:

¶cs

¶s
þ wx

¶cs

¶x
¼ 0 (3.22)
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Figure 3.8 Decomposition of the filtration unit into sections
and their corresponding description with relationships of the
basic variables.
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It is important to note that, except for the heat transfer problems, which have
not been considered here, the model contains, in a particular form, all the trans-
port phenomena relationships given at the start of this chapter. From the mathe-
matical viewpoint, we have an assembly of differential and partly differential equa-
tions, which show the complexity of this example. However, this relative mathe-
matical complexity can be matched with the simplicity of the descriptive model.
Indeed, it will be convenient to simplify general mathematical models in order to
comply with the descriptive model. Two variants can be selected to simplify the
flow characterization in the membrane filtration unit.

The first variant considers that the model suspension flow corresponds to a plug
flow model. In this case, the velocity wx is a function of the coordinate x only. Its
value is obtained from the ratio between the local suspension flow rate and the
flow section [3.21]. With this assumption, the general mathematical model of the
filter becomes:

w0 ¼
Gvp

lh
, wx ¼

Gvx

lh
(3.22)

px ¼ px�dx �
k

de

ðw0 þ wxÞ
2

8
rsuspdx (3.23)

dGpr

dx
¼ k0lðpx � paÞf ðcs; px; sÞ (3.24)

Gvx ¼ Gvp �Gpr
rf

rsusp
(3.25)

¶cs

¶s
þ wx

¶cs

¶x
¼ 0 (3.26)

In the second variant, the plug flow model is considered as a series of tanks with
perfect mixing flow [3.22, 3.23]. In this case, the real filter will be supposedly
replaced by a series of some small filters (three in this analysis) with perfect mix-
ing flow. Figure 3.9 shows the scheme, relations and notations used. The filtrate
transfer equation has been used for the mathematical characterization of each
small filter for the total material balance equation and non-steady-state solid bal-
ance equation:
. first small filter:

Gpr1 ¼ k0A1ðp1 � paÞf ðcs1; p1; sÞ (3.27)

Gv1 ¼ Gvp �Gpr1
rf

rsusp
(3.28)

dcs1

ds
¼

Gvp

V1
csrz �

Gv1

V1
cs1 (3.29)
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. second small filter:

Gpr2 ¼ k0A2ðp2 � paÞf ðcs2; p2; sÞ (3.30)

Gv2 ¼ Gv1 �Gpr2
rf

rsusp
(3.31)

dcs2

ds
¼ Gv1

V2
cs1 �

Gv2

V2
cs2 (3.32)

. third small filter:

Gpr3 ¼ k0A3ðp3 � paÞf ðcs3; p3; sÞ (3.33)

Gv3 ¼ Gv2 �Gpr3
rf

rsusp
(3.34)

dcs3

ds
¼ Gv2

V3
cs2 �

Gv3

V3
cs3 (3.35)

Gv3 ¼ Gvf ; cs3 ¼ csf (3.36)

The general mathematical process model has to be completed with the models for
the recycled suspension reservoir and for the pump. The suspension reservoir is a
classical perfect mixing unit (see Fig. 3.8) so its model includes the unsteady total
and solid balances. These balances are given below by relations (3.37) and (3.38).
After Fig. 3.8, the mathematical model of the pump gives the relationship be-
tween the pump exit flow rate and its pressure (relation (3.39)):

dVrz

ds
¼ Gv0

rs0

rsusp
þGvf �Gvp �Gve (3.37)
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dcsrz

ds
¼ Gvf

Vrz
csf þ

Gv0

Vrz
�
ðGvp þGveÞ

Vrz
csrz (3.38)

Gvp ¼ a� bp2
r (3.39)

For the whole unit we have to complete the general mathematical model with con-
straints that can be given by the device construction and/or operating conditions:

For the correct pump operation, the suspension level in the recycled reservoir
must be within a range around a minimal value (Vrz min), which is lower than the
geometric volume (V0):

Vrz min � Vrz � V0 (3.40)

The pump cannot operate under a minimal flow rate value:

Gvp � Gvp min (3.41)

The ratio of solid concentration between the recycled and fresh suspension must
be limited in order to reach a good flow in the filter unit and a rational recycling;
this constraint can also be applied to flow rates Gv0 and Gvf:

1 � csrz

cs0
� b (3.42)

The filtrate rate or the working pressure must be limited to imposed selected con-
stant values. For a two-dimensional model (x; sÞ these constraints are given by
relations (3.43) and (3.44)

Gpr=x¼L ¼ Gprimp (3.43)

pr ¼ pr0 (3.44)

In the case of a mono-dimensional model (s), relations (3.45) and (3.46) comply
with the technological requirements

Gpr1 þGpr2 þGpr3 ¼ Gprimp (3.45)

pr ¼ pr0 (3.46)

Table 3.1 shows all general mathematical models resulting from the analysis of
the filtration plant operation. The equations include the parts assembly in the
model (Fig. 3.4) and an overall formula that shows the relationships that compose
each model.
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Table 3.1 Mathematical models for the filtration plant analysis.

Model

Two-dimensional x,s Monodimensional s

Constant filtrate
flow rate operation

Constant pressure
operation

Constant filtrate
flow rate operation

Constant pressure
operation

(3.22)–(3.26) +
(3.37)–(3.43)

(3.22)–(3.26) +
(3.37)–(3.42) and (3.44)

(3.27)–(3.36) +
(3.37)–(3.42) and (3.45)

(3.27)–(3.36) +
(3.37)–(3.42) and (3.46)

Particularized mathematical model. The univocity conditions given by the system
geometry, the material conditions and the initial and frontiers state of the process
variables have to be related with the models shown in Table 3.1:
. geometrical conditions: for the membrane and the two-dimensional

model: l = 0.15 m; L = 10 m; h= 0.075 m; for the membrane and
the monodimensional model: A1 = A2 = A3 = 0.5 m2; V1 = V2 = V3

= 0.04 m3 ; for the suspension reservoir : V0 = 1 m3, Vrz min =
0.15 m3.

. material conditions: liquid density rf ¼ 1000 kg/m3, solid density
rs ¼ 1500 kg/m3, liquid viscosity gf ¼ 10�3 kg/(m s), initial value
of the filtration constant k0 ¼ 6 � 10�4 m3/(m2 h Pa), solid con-
centration of the fresh suspension Cs0 = 10 kg/m3. The remaining
values of the material properties will be computed by use of suit-
able relations (see Fig. 3.10).

. initial and/or boundary conditions: for the two-dimensional model,
we attach the following initial and boundary conditions to the dif-
ferential and partly differential equations:

Eq. (3.24) : x = 0, Gprx = 0 (3.47)

Eq. (3.26) : 0 � x � L; s ¼ 0; cs ¼ cs0; x ¼ 0; s � 0; cs ¼ csrz (3.48)

Eq. (3.37) : s = 0, Vrz = 0.5 (3.49)

Eq. (3.38) : s = 0 , csf ¼ cs0 (3.50)

For the monodimensional model, only initial conditions are requested. The fol-
lowing data express the initial model conditions and definition functions for rela-
tions (3.49) and (3.50):

Eq. (3.39): Gvp ¼ 5 � 10�2 � 3 � 10�3p2
r (3.51)

s ¼ 0; pr ¼ pr0 ¼ 2 (3.52)
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Gvp min ¼ 6 � 10�3 (3.53)

Fðcs; p; sÞ ¼ exp �0:5
cs

100

� � p
pr0

� �

s

3600

� �

(3.54)

The complete model. The parts assemblage is already given in Table 3.1. Here the
result of the assembly of the models of the devices is an enumeration of the rela-
tions contained in each model.

The numerical model-Simulator NV-Simulator V. At this point, we must find the
more suitable variant for passing from the differential or partly differential model
equations to the numerical state. For the case of the monodimensional model, we
can select the simplest numerical method – the Euler method. In order to have a
stable integration, an acceptable value of the integration time increment is recom-
mended. In a general case, a differential equations system given by relations
(3.55)–(3.56) accepts a simple numerical integration expressed by the recurrent
relations (3.57):

dy1

dx
¼ F1ðy1; ::::::yN; xÞ:

:

:

8

>

>

>

<

>

>

>

:

dyN

dx
¼ FNðy1; ::::::yN; xÞ (3.55)

y1ðx0Þ ¼ y10; y2ðx0Þ ¼ y20; ::::; yNðx0Þ ¼ yN0 (3.56)

y1k ¼ y1k�1 þ F1ðy1k�1; y2k�1; ::::; yNk�1; xkÞ:
:

:

8

>

<

>

:

yNk ¼ yNk�1 þ FNðy1k�1; y2k�1; ::::; yNk�1; xkÞ (3.57)

Figure 3.10 shows the details of the numerical-solving algorithm for the monodi-
mensional. This numerical transposition has the capacity of being related with
any available software. In Fig. 3.10, we can note that only the case of constant fil-
trate rate has been presented. Otherwise, when we operate at constant pressure,
the filtrate rate decreases with the time due to the continuous clogging phenome-
non. To simulate a constant pressure filtration, some changes in the computing
program of Fig. 3.10 are necessary; these modifications are shown in Fig. 3.11. It
is easily observable that here the stop criterion has been completed with the
decreasing of the solid concentration in the recycled suspension.
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3
.   1.  Constants: A1,A2,A3,V1,V2,V3,V0,k0, f, s0, ,Gvp0,pr0,Gvpmin,

                                  Vrz min,V00, f, solid,pa,Gv0,Gprimp,rap

   2. Values:  A1=A2=A3=0.5;V1=V2=V3=0.04;k0=6*10^-4;cs0=10; f=1000; s0=1005;

            =10;Gvp0=38*10^-3;pr0=2;V0=1;Gvpmin=6*10-3; Vrzmin=0.1;V00=0.5;

      f=10^-3 ; solid=1500;pa=1; Gv0=3.8*10^-3;prmax=3.7; Gprimp=3.58*10^-

           3; rap=10

    3. Functions: ]
3600
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c
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   ;  +  fssusp )c(
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c
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25.0

solid

s

fssusp  

    4. Variables: n , k

    5. Sequences:

5.1      n=0

5.2  cs10=cs0; cs20=cs0 ; cs30=cs0 ; csrz0=cs0 ; cs30=csf ; Vrz0=V00 ; pr=pr0 ; Gvp=Gvp0

5.3      n=1

5.4     ])/)c([(04.0p
25.0

f1n1ssusp1 ηη=∆ 
−

5.5  ])/)c([(04.0p
25.0

f1n21ssusp2 ηη=∆ −

5.6   ])/)c([(04.0p
25.0

f1n3ssusp3 ηη=∆ 
−

5.7      p1=pr-∆p1 ; τ=n∆τ
5.8     Gpr1=k0A1(p1-pa)F(cs1n-1,p1,τ)

5.9      Gv1=Gvp-Gpr1 f/ρsusp(cs1 n-1)

5.10     cs1 n=cs1 n-1 +(Gvpcs rz n-1/V1-Gv1cs1n-1/V1)∆τ
5.11     p2=pr-∆p2 ;

5.12  Gpr2=k0A2(p2-pa)F(cs2n-1,p2,τ)

5.13    Gv2=Gv1-Gpr2ρf/ρsusp(cs2 n-1)

5.14  cs2 n=cs2 n-1 +(Gv1cs 1n-1/V2-Gv2cs2n-1/V2)∆τ
5.15  p3=pr-∆p3 ;        

5.16  Gpr3=k0A3(p3-pa)F(cs3n-1,p3,τ)

5.17    Gv3=Gv3-Gpr3ρf/ρsusp(cs3 n-1)

5.18    cs3 n=cs3 n-1 +(Gv2cs 2n-1/V3-Gv3cs3n-1/V3)∆τ
5.19    Gvf=Gv3 ; csf=cs3 n ; k=0

5.20  Gve=Gv0/rap

5.21  Vrzn=Vrz n-1+ [Gv0ρs0/ρsusp(csf n-1)+Gvf-Gvp-Gve]∆τ
5.22  csrz n=csrz n-1 +(Gvfcs f/Vrz+Gv0cs0/Vrz-(Gvp+Gve)csrz n-1/Vrz)∆τ
5.23  Write: p1,p2,p3,cs1n, cs2 n, cs3 n , Gpr1,Gpr2, Gpr3 , pr,Gve,Gvp,τ
5.24  For  Vrz≤Vrz min then k=1 and rap=rap+k

5.25  For Vrz≥V0  then  k=-1 and rap=rap+k

5.26  For  Vrz min≤ Vrz≤V0  then k=0 and  rap=rap+k

5.27  Gpr =Gpr1+Gpr2+Gpr3

5.28  For  pr≥prmax then  STOP

5.29  For  Gpr<Gpr imp then pr=pr+pr/30 ; Gvp=5*10^-2 – 3*10^-3pr
2;

            n=n+1 ; Jump to 5.4

ρ ρ ∆τ
η ρ

ρ ρ
∆τ

η ρ

τ τ
ρ = ρ

ρ
ρ− η = η + ρ

ρ

Figure 3.10 Numerical algorithm for the monodimensional
model of the membrane filtration unit. Plant operating case:
Constant filtrate flow rate Gpr ¼ Gpr imp.



3.2 An Example: From a Written Description to a Simulator

It is obvious that the application of the two-dimensional model will introduce a
supplementary mathematical diversity and complexity. Indeed, if we change the
order of the relations in a given algorithm or the network integration parameters
(Ds; Dx), the proposed integration procedure can rapidly produce integration
instabilities in this concrete case. The two-dimensional integration can be main-
tained in the stability area, taking into consideration some observations concern-
ing the physical meaning of the evolution of the solid concentration of the pro-
cessed suspension (cs). This model algorithm is presented in Fig. 3.12. When the
intention is to use this algorithm for simulation of a constant pressure filtration,
the changes given by Fig. 3.11 will be introduced. It is important to specify that
the geometric plant dimensions and the flow rate of the fresh suspension are
closely related. So, we cannot arbitrarily change any of these parameters indepen-
dently. Once all the steps of the building of the process model have been success-
fully completed, the results produced with the models and their associated com-
puter programs (software) can be presented.

Simulations and their results. It is not easy to assign the correct data to start the
software running. Some of these data can be measured, others can be selected
from practical design and others will be created. However, all these data must
comply with the real investigated process.

First, we show that three calculation aspects seem to be interesting and must
consequently be mentioned here: initially for the integration a small Ds value has
to be used (Ds ¼ 1 s); secondly we admit that a good stability with the integration
network parameters has been observed in the case of the two-dimensional model:
Ds ¼ 1 s and Dx ¼ 0:1 m. Finally, we consider that the clogging rate can be
selected by a careful modification of the argument of the exponential function
that characterizes this process (Fðcs; p; sÞ).

We have selected four examples with different operating conditions: (a) a con-
stant filtration flow rate with rapid clogging of the membrane; (b) a constant filtra-
tion flow rate with slow clogging of the membrane; (c) a constant pressure with
rapid clogging of the membrane; (d) a constant pressure with slow clogging of
the membrane. Each graphic representation of the simulations contains five
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5.28 For Gpr>0.5*Gv0 then n=n+1

Jump to 5.4

For Gpr<0.5*Gv0 and csrz n>5*cs0 then n=n+1

Jump to 5.4

5.29

For csrz n<4.95*cs0 then STOP

Figure 3.11 Changes to be introduced in the algorithm of Fig. 3.10 for the simulation
of a constant pressure filtration (constraint pr ¼ pr0 according to Eq. (3.46)).



3 Mathematical Modelling Based on Transport Phenomena

 1.   Constants: l , h , L , ∆x , ∆τ , λ0 ,V0 , k0 , ρf , ρs0 , ∆τ , Gvp0 , pr0 , Gvpmi n , Vrz min, V00 ,

ηf  , ρsolid , pa  , Gv0 , Gprimp  , rap

 2.   Values:  l=0.15; h=0.075 ; L=10 ; ∆x=0.1 ; ∆τ=1 ; λ0=0°024 ; k0=6*10^-4 ; cs0=10;

ρf=1000; ρs0=1005; ∆τ=10;Gvp0=38*10^-3;pr0=2;V0=1;Gvpmin=6*10-3; Vrzmin=0.1;

V00=0.5; ηf=10^-3;  ρsolid=1500;pa=1;Gv0=3.8*10^-3;  prmax=3.7;Gprimp=3.58*10^-3;

rap=10

3.  Functions:  F(cs,p,τ)=exp[-0.5(cs/100)(p/pr0)τ/3600)] ; ρsusp(cs)=ρf+cs(1-ρf/ρsolid) ;

ηsusp(cs)=ηf [1+2.5(cs/ρsolid)^0.25]      

 4.  Contours:  n , k

  5.  Sequences:

5.1    M=L/∆x
5.2   n=0 :  cs 0,0= cs 1,0= cs 2,0= cs 3,0= cs 4,0= cs 5,0= cs 6,0= cs 070= cs 8,0= cs 9,0= cs 10,0=cs0 ; cs rz=cs0

;  Gvp=Gvp0 ; pr=pr0 ; num=25 ; de=[lh/(l+h)]^0.5

5.3    n=1 :
            cs 0,1=cs0+0.5 ; p0=pr ; Gpr0=0 ; τ=n∆τ

5.4       m=1

5.4.1    w0=Gvp/(lh)
5.4.2   Gv m =Gvp-Gv0/num;

          w m=Gv m/(lh) ; λ=λ0[ηsusp(cs m-1 n)/ηf]^0.25;

          p m=p m-1-(λ/de)(((w0+w m)^2)/8 )ρsusp(cs m-1 n)∆x;
          Gpr m =Gpr m-1+k0l(p m –pa)F(cs m-1 n,p m,τ)∆x; G'

v m=Gv m-Gpr m ;  Ere=(G'
v m-Gv m)/Gv m

          For Ere≤0 and  ABS(Ere)≥0.01 then : k=-1 ; num =num+k; Jump to 5.42

          For  Ere≥0 and  Ere≥0.01 then : k=+1 ; num =num+k;  Jump to 5.42
          cs m n=cs m-1 n/(1-∆x/(w m∆τ)  ; Write : p m ,Gpr m , Gv m , cs m n 

          For  m≤M then :  m=m+1;  Jump to 5.4.1

5.5       csf n= cs M n ; Gve=Gv0/rap; Gvf=Gv M

5.6      Vrzn=Vrz n-1+ [Gv0ρs0/ρsusp(csf n-1)+Gvf-Gvp-Gve]∆τ

5.7       csrz n=csrz n-1 +(Gvfcs f/Vrz+Gv0cs0/Vrz-(Gvp+Gve)csrz n-1/Vrz)∆τ

5.8      Write : Gpr M , pr , cs M n , csrzn , Gve , Gvp ,τ
5.9      For Vrz≤Vrz min then : k=1 and  rap=rap+k ; For Vrz≥V0  then: k=-1 and  rap=rap+k

5.10     For  Vrz min≤ Vrz≤V0  then : k=0 and rap=rap+k

5.11     For  pr≥pr0  then  STOP

5.12     For Gpr≤Gpr imp then :  pr=pr+pr/10 ;  Gvp=5*10^-2 – 3*10^-3pr
2; Jump to 5.13

5.13     m=0

5.14     n=2
5.15.0     cs 0 n = csrz n  ; τ=n∆τ ; m=1

5.15.1     w0=Gvp/(lh)

5.15.2     Gv m =Gvp-Gv0/num ; w m=Gv m/(lh) ; λ=λ0[ηsusp(cs m-1 n)/ηf]^0.25 ;
               p m=p m-1-(λ/de)(((w0+w m)^2)/8 )ρsusp(cs m-1 n)∆x ;

               Gpr m =Gpr m-1+k0l(p m –pa)F(cs m-1 n,p m,τ)∆x;G'
v m=Gv m-Gpr m; Ere=(G'

v m-Gv m)/Gv m

               For Ere≤0 and ABS(Ere)≥0.01 then : k=-1 ; num =num+k ; Jump to 5.15.2
               For Ere≥0 and  Ere≥0.01 then : k=+1 ; num =num+k ; Jump to 5.15.2

                cs m n=cs m-1 n+∆x/(w m∆τ)(cs m n-1-cs m n-2)  ; Write : p m ,Gpr m , Gv m , cs m n

               For  m≤M then :  m=m+1 ; Jump to 5.15.1
5.16     csf n= cs M n;Gve=Gv0/rap;Gvf=Gv M;Vrzn=Vrz n-1+[Gv0ρs0/ρsusp(csf n-1)+Gvf-Gvp-Gve]∆τ

5.17     csrz n=csrz n-1 +(Gvfcs f/Vrz+Gv0cs0/Vrz-(Gvp+Gve)csrz n-1/Vrz)∆τ

5.18     Write : Gpr M, pr ,cs M n , csrzn ,Gve ,Gvp ,τ ; For Vrz≤Vrz min then k=1 and  rap=rap+k
5.19     For  Vrz≥V0  then k=-1 and  rap=rap+k ;  For  Vrz V0  then  k=-1 and   rap=rap+k

5.20     For  pr≥pr0 then STOP

5.21     For  Gpr≤Gpr imp then pr=pr+pr/10; Gvp=5*10^-2–3*10^-3pr
2;  n=n+1

5.22    Jump  to 5.15.0

Figure 3.12 Numerical algorithm for the two-dimensional
model of the membrane filtration plant. Plant operating case:
Constant filtrate rate Gpr = Gprimp.
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operation cases: F1: filtration type a where the concentrated suspension evacua-
tion is controlled by the suspension level of the reservoir RZ; F1S: the same filtra-
tion as F1 but here the evacuation of the concentrated suspension is controlled by
the instantaneous mass balance; F2/2, F2/1.8, F2/1.6: filtration type c with the
corresponding trans-membrane pressures of 2, 1.8 and 1.6 bar. The curves that
show an oscillatory state correspond to the simulations where the process control
requires some intervention on the pressure pump and/or on the control of the
suspension level in the recycling reservoir. Each intervention that increases and
decreases the pressure to maintain the filtrate flow at a fixed value is an oscillatory
process. This process is rapidly detected and processed by the model. Table 3.2
gives the oscillations that characterize the filtration with the control of the pres-
sure. These data give the limitations of the simulation cases. At the same time,
they do not reproduce reality because it is not possible to change the pressure of
the pump each second. This fact imposes a condition which has to be introduced
in the computation program: a change in the pressure can be produced after a
minimum 30 s time interval. This constraint has been used for the simulations
named F1, F1S, LF1 and LF1S.

The simulations shown in Figs. 3.10 and 3.12 were made for the following oper-
ating conditions: 1, for the monodimensional model, the filter was considered to
be composed of three identical membranes with a 0.5 m2 surface, the minimum
permeate flow was imposed at 3.8 � 10–4 m3/s, the initial value of the filtration
constant k0 = 33 � 10–4 m3/m2 bar; 2, in the second case, a 10 m long, 0.075 m
high and 0.15 m wide filter was analyzed with a constant permeate flow rate while
keeping the initial value of the filtration constant. A concentration of 10 kg/m3

was used for the fresh suspension.
It is important to specify here that complete clogging is reached between 3800

and 4200 s only in cases F1 and F1S. For the other cases – F2/2, F2/1.8 and
F2/1.6 – the total clogging occurs later, between 6800 and 7300 s. However, after
2500–3000 s the filtrate flow rate becomes too low and unacceptable, as shown in
Fig. 3.17 below.

As mentioned above, three factors are considered in the function which charac-
terizes clogging: first, the time factor, which is a consequence of the Poisson dis-
tribution of the pore surface that blocks evolution; then the pressure factor, which
accelerates the process of pore blocking; and finally the solid concentration factor.

The main difference between the operation at constant filtrate flow rate and at
constant pressure can be observed in Fig. 3.13. In the case of a constant filtrate
flow rate, the solid concentration inside the unit increases permanently, whereas,
at constant pressure, the solid concentration increases very quickly initially (up to
1200 s) and then decreases for all the remaining time. If we look at both Figs. 3.13
and 3.15 we can see that it is not possible to start with the considered conditions
with a 2 bar constant pressure because, in these conditions, a negative value of the
exit flow rate appears for the concentrated suspension (Fig. 3.15) and the solid
concentration increases tremendously from 10 to 120 kg/m3.
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Tab. 3.2 Data for the exit of some variables of filtration and their evolution with time.

s (s) p1(s) cs1(s) cs2(s) cs3(s) Gpr1(s) Gve(s) Gvp(s)

2500

Si
m

u
la

ti
on

ca
se

:
LF

1S

1.806 108.4 111.6 115.3 0.0012857 3.2289e-05 0.039674

2501 1.713 108.0 111.5 115.0 0.0011395 0.00038912 0.039674

2502 1.801 108.4 111.6 115.3 0.0012783 1.1126e-05 0.039725

2503 1.708 108.1 111.6 115.0 0.0011325 0.00040927 0.039725

2504 1.796 108.4 111.6 115.3 0.001271 9.9759e-006 0.039777

2505 1.704 108.1 111.6 115.0 0.0011256 0.00042937 0.039777

2506 1.792 108.5 111.6 115.3 0.0012637 3.1018e-005 0.039828

2507 1.700 108.1 111.6 114.9 0.0011186 0.00044941 0.039828

2508 1.787 108.5 111.6 115.3 0.0012564 5.2e-005 0.039879

2509 1.695 108.2 111.6 114.9 0.0011117 0.00046939 0.039879

2510 1.783 108.6 111.6 115.2 0.0012492 7.2924e-005 0.039929

2511 1.691 108.2 111.6 114.9 0.0011048 0.00048933 0.039929

2500

S
im

u
la

ti
on

ca
se

:
F

2/
2

1.950 107.3 110.4 113.7 0.0010906 0.00056126 0.038

2501 1.950 107.2 110.4 113.7 0.0010906 0.00056133 0.038

2502 1.950 107.2 110.3 113.6 0.0010905 0.00056141 0.038

2503 1.950 107.2 110.3 113.6 0.0010905 0.00056148 0.038

2504 1.950 107.1 110.3 113.6 0.0010905 0.00056155 0.038

2505 1.950 107.1 110.2 113.5 0.0010905 0.00056163 0.038

2506 1.950 107.0 110.2 113.5 0.0010904 0.0005617 0.038

2507 1.950 107.0 110.2 113.4 0.0010904 0.00056177 0.038

2508 1.950 107.0 110.1 113.4 0.0010904 0.00056185 0.038

2509 1.950 106.9 110.1 113.4 0.0010904 0.00056192 0.038

2510 1.950 106.9 110.0 113.3 0.0010904 0.00056199 0.038

2511 1.950 106.9 110.0 113.3 0.0010903 0.00056207 0.038

2500

S
im

u
la

ti
on

ca
se

:
F

1

2.217 95.2 98.5 102.3 0.0012667 0.00038 0.03459

2501 2.104 95.0 98.5 102.1 0.0011692 0.00038 0.03459

2502 2.211 95.2 98.5 102.2 0.0012615 0.00038 0.034667

2503 2.098 95.0 98.5 102.0 0.0011641 0.00038 0.034667

2504 2.206 95.3 98.5 102.2 0.0012563 0.00038 0.034744

2505 2.0933 95.0 98.5 102.0 0.001159 0.00038 0.034744

2506 2.200 95.3 98.5 102.2 0.0012512 0.00038 0.03482

2507 2.088 95.0 98.5 102.0 0.001154 0.00038 0.03482

2508 2.194 95.3 98.5 102.2 0.001246 0.00038 0.034896

2509 2.082 95.1 98.5 102.0 0.001149 0.00038 0.034896

2510 2.189 95.3 98.5 102.1 0.0012409 0.00038 0.034971

2511 2.077 95.1 98.5 101.9 0.0011439 0.00038 0.034971
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Figure 3.13 Evolution of the solid concentration in the filter
unit when the membrane surface is rapidly clogged.
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Figure 3.14 Evolution of the pressure of the pump, when a
rapid clogging takes place.

When a positive exit rate of the concentrated suspension is obtained in the start-
ing conditions, an important reduction in the filtrate flow rate will be expected, as
shown in Fig. 3.17.

From Fig. 3.15 we can note that, by analogy to the 2 bar constant pressure case,
example F1S shows a new special case where we have positive and small negative
values in the concentrated suspension flow rate at the plant exit. This result can
be explained by the background noise in the measurement of the flow of suspen-
sion. Nevertheless, the mean value of the flow rate is small but positive. If the effi-
ciency of the filtration at constant pressure is given by the solid concentration
ratio between the exit and fresh suspensions, then, as shown in Fig. 3.13, the ratio
is always lower than 2 for operation case F2/1.6. For cases F1 and F1S, this ratio
increases permanently, non-uniformly and attains values over 12 g/l in the prox-
imity of the complete clogging state.

63



3 Mathematical Modelling Based on Transport Phenomena

0 500 1000 1500 2000 2500 3000 3500

-0.0010

-0.0008

-0.0006

-0.0004

-0.0002

0.0000

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

0.0014

0.0016

 F1

 F1S

 F2/2

 F2/1.8

 F2/1.6

G
v
e

τ [s]

F1
F1SF2/2

F2/1.8F2/1.6
m

3
/s

Figure 3.15 Evolution of the flow rate of the concentrated
suspension when rapid clogging occurs.
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Figure 3.16 Evolution of the pump flow rate when rapid clogging occurs.

Figures 3.14 and 3.16 describe the function of the pump in the unit. When the
pressure is constant, we have a constant pump exit flow rate, but, when the pres-
sure increases to maintain the filtrate flow rate, the exit pump flow rate decreases
too (see for instance relation (3.52)). In these figures, we can also observe that, for
F1 and F1S, more than 110 oscillations are produced by the simulator every 30 s;
these large oscillations require a pressure correction.

Figure 3.17 shows the evolution of the permeate flow rate when we work at con-
stant pressure. We can observe (curves F1 and F1S) that controlling the pressure
pump with a precision of –0.1 bar (for instance see Table 3.2) produces a mean
fluctuation of the flow rate that begins with –20% and progressively decreases to
as little as –5% when we approach the total clogged state. In this case of slow sur-
face clogging, it must be mentioned that the operating time before the total
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permeate flow rate decay is very large (40 000 s). Here, the initial filtration coeffi-
cient used was the same as that used when fast clogging occurred. Indeed, we can
conclude that some properties of the suspension or interaction forces between the
suspension and filter have changed and the function that describes the clogging
process is not similar in both sets of operating conditions. Also, it may be noticed
from Fig. 3.18 that the evolution of the concentration for different operating con-
ditions is spectacular: (a) the solid concentration when the filtration pressure is
2 bar is unacceptable. This increase is correlated with the negative flows of the
evacuated suspension (Fig. 3.21) and defines an impossible operating case; (b) the
evolution of the solid concentration for the operation at constant permeate flow
together with the controlled flow of evacuated concentrated suspension (through
the level of the solution at the storage tank (LF1)).
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Figure 3.17 Evolution of permeate flow with rapid clogging of the membrane surface.
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Figure 3.18 Evolution of the solid concentration in the filter unit when the membrane
surface is slowly clogged.
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It may be noticed that operating at 1.6 bar is not attractive from a technical or
from an economic point of view. It is obvious that this state is determined by the
increase in the evacuated suspension flow and the slow decrease in the permeate
flow (Fig. 3.20).

Concerning Figs. 3.19 and 3.20, if we neglect the changing rate of the pump
pressure and exit pump flow rate then we can appreciate that these figures are
similar to Figs. 3.14 and 3.16, respectively.
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Figure 3.19 Evolution of pressure of the pump when slow clogging occurs.
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Figure 3.20 Evolution of the pump flow rate when slow clogging occurs.

Referring to the dynamics of the exits of concentrated suspension and filtrate it
is interesting to observe (Figs. 3.21 and 3.22) that the cases with slow membrane
clogging reproduce almost identically the corresponding cases where a rapid
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membrane clogging occur. Otherwise, from these representations we observe that
the tendency of the operation case at 1.6 bar is near to the stationary state where
all filtration dependent and independent variables stay unchanged with time.
However, as explained above with respect to the solid concentration in the exit
concentrated suspension (see the above definition of the filtration efficiency) this
operation appears to be inefficient.
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Figure 3.21 Evolution of the flow rate of concentrated suspen-
sion when slow clogging occurs during the filtration.
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Figure 3.22 Evolution of the permeate flow when slow clogging of
the membrane occurs.
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To close this analysis, we note the validity of the operation with an increasing
oscillatory pressure for a constant filtrate flow rate. The operation on oscillating
pressure is very interesting for the enhancement of the performance of the filtra-
tion process [3.24].

To conclude this section it is important to give some general conclusions about
modelling and how this example helps in the comprehension of the process of
construction of a model: (1) to make a mathematical model of a process a good
specialized technical knowledge of chemical engineering, software and of the
actual case is necessary; (2) the model building has to be realized on a step by step
basis with accurate rules for each action; (3) to pass from the complete model to
the simulator it is necessary to take into account multiple factors. Among these
we can mention the capacity to write a complex program according to the scientif-
ic disposable soft; to correctly assign data for the start of the simulator; to integrate
the simulator with other simulators when necessary and (4) the choice of the sim-
ulation examples is a problem that can be solved only by a specialist who can also
interpret the results.

From this example, we can establish some generalities about the modelling of a
process:

1. The model of a process is a relation between the “outputs”
and “inputs” (feed conditions, design parameters and adjus-
table parameters of the process) with a view to scaling-up the
process from laboratory to industrial scale, predicting the
process dynamics (case of this concrete example) and opti-
mizing the operating conditions.

2. In the modelling of an actual case, the chemical engineers
apply a methodology which involves establishing:
. the conservation equations (mass, energy, momentum and

electric charge);
. the equilibrium laws at the interface(s);
. the constitutive laws (e.g., ideal gas law);
. the kinetic laws of transport and reaction;
. the initial and boundary conditions;
. the optimization criteria.

3. With this methodology, the problem is analyzed from the
smallest to the largest scales, as appearing in the process
description. As an example, in the case of a catalytic reactor,
we consider the process on the following scales:
. pore scale (catalyst and adsorbent): 1–1000 nm;
. particle scale: 10 lm–1 cm;
. reactor/separator scale: 1–10 m.
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3.3
Chemical Engineering Flow Models

The modelling example of the previous section shows that to simplify the general
mathematical model of the studied process, the real flow in the filter unit has
been considered in terms of its own simplified model. Indeed, it is difficult to
understand why we have used a flow model, when in fact, for the flow characterization,
we already have the Navier-Stokes equations and their expression for the computational
fluid dynamics. To answer this question some precisions about the general aspects
of the computational fluids dynamics have to be given.

Computational fluid dynamics (CFD), is the science of determining a numerical
solution to the equations governing the fluid flow. In order to obtain a numerical
description of the complete flow field of interest, the solutions are obtained in a
dynamic regime (i.e. continuously changing in space or time). CFD obtains solu-
tions for the governing Navier-Stokes fluid flow equations and, depending upon
the case under study, it solves additional equations involving multiphase, turbu-
lence, heat transfer and other relevant processes. In CFD, partial differential
Navier-Stokes and associated equations are converted into algebraic form (numeri-
cally solvable by computing) on a mesh that defines the geometry and flow
domain of interest. Appropriate boundary and initial conditions are applied to the
mesh, and the distributions of quantities such as velocity, pressure, turbulence,
temperature and concentration are determined iteratively at every point in space
and time within the domain. CFD analysis typically requires the use of a comput-
er to perform the mathematical calculations. Graphical output shows the results
of the analysis. Most of the CFD software available today requires more comput-
ing capability than can be obtained from a typical personal computer. CFD has
proven its capability in predicting the detailed flow behaviour for a wide-range of
engineering applications, typically leading to improved equipment or process
design. CFD is used for early conceptual studies of new designs, detailed equip-
ment design; scale-up, troubleshooting and system retrofitting. Examples in
chemical and process engineering include separators, mixers, reactors, pumps,
pipes, fans, seals, valves, fluidized beds, bubble columns, furnaces, filters and
heat exchangers.

Concerning our problem of the modelling of the flow process, even if the CFD
seems to be the most complete approach, the use of flow models for its character-
ization is sustained by the following statements:

1. For the majority of the specific apparatus, the flows present a
turbulent comportment and, for such flow, a numerical solu-
tion is covered by high uncertainty because some hypotheses
have to be accepted a priori [3.25]; in all the studied cases, the
real apparatus has a complicated geometry that imposes very
complex and frequently uncertain univocity conditions in
the real CFD-based flow computation.
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2. For many cases a flow model is, in fact, the real solution to
an equivalent complicated CFD model. Other arguments can
be given to recommend the use of the simplest type of flow
model: (a) the simple and rapid possibility of these flow mod-
els to be qualitatively and quantitatively identified as a result
of experimental measurements; (b) the accuracy and supple-
ness of the data produced by modelling when the flow mod-
els are adequately selected and identified; (c) in general,
researchers with a large experience of these models, are able
to rapidly assign a model after a verbal description of the real
flow, in spite of non-identified parameters. The theoretical
basis of these flow models is expressed by the possibility to
characterize the flow with the residence time distribution of
the fluid particles that compose the flow passing through the
considered device.

3.3.1
The Distribution Function and the Fundamental Flow Models

The residence time of a signal that passes through a device, is in fact a random
variable which is completely characterized by its probability distribution. This
probability distribution, known as the residence time distribution, can be found
for an actual apparatus after its exit response in the form of an input signal. Gen-
erally it is utilized as a signal, a substance (indicator) which is introduced in the
input flow as a Dirac’s impulse, unitary impulse or harmonic impulse. Figure
3.23 shows the scheme of an experiment dealing with the passing of a signal
through a real or a scaled down (laboratory model) device. When a signal impul-
sion is given to the input flow of the device, the quantity of the substance that is
contained in the signal coming out in the exit flow will be:

Cm ¼
R¥

0 cðsÞEðsÞds (3.58)

where EðsÞ represents the differential function of the residence time distribution
and cðsÞ is the instantaneous concentration of the substance (signal) in the exit
flow. With respect to the flow, function EðsÞ is in fact the fraction of the signal
that comes out from the device after a residence time which ranges between s and
sþ ds. The residence time can also be considered from the statistical viewpoint
where it is a random variable, then EðsÞ represents its density of probability, which
is frequently called distribution function. Indeed, EðsÞmust verify the norma con-
dition:

R¥
a EðsÞds ¼ 1 (3.59)
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TD
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real or scale down device

Input flow

 signal

Figure 3.23 Schematic arrangement for a signal introduction in a device.
CE: computer, RZ: reservoir with signal solution, SAD: data acquisition system,
SC: command system, EV: electric valve, TD: signal concentration transducer.

We can use the experimental data that result from the measuring of the signal
concentration in the exit flow, then EðsÞ will be computed with relation (3.60)
where N gives the number of experiments necessary for the signal concentration
to disappear:

EðsÞ ¼ cðsÞ
R¥

0 cðsÞds
¼ cðsÞ
P

N

i¼1
cðsiÞDs

(3.60)

Function FðsÞ is directly connected to the residence time distribution. It is recog-
nized as the repartition function of the residence time random variable. So, FðsÞ
shows the fraction of the fluid elements that stayed in the device for a time less
than or equal to s. Between FðsÞ and EðsÞ the following integral and differential
link exists:

FðsÞ ¼
R s

0 Eðs�Þds or EðsÞ ¼ dFðsÞ
ds

(3.61)

Function FðsÞ represents the apparatus response to a unitary impulsion signal
where C0 is the concentration in the input flow. By measuring the signal concen-
tration in the exit flow we can write FðsÞ with the relation (3.62). When the condi-
tion of “pure unitary signal” is respected, we can easily observe that Fð0Þ ¼ 0 and
Fð¥Þ ¼ 1. In this case, function FðsÞ can be written as:

FðsÞ ¼ cðsÞ
c0

(3.62)
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For ideal flow models such as perfect mixing flow, plug flow and all other ideal
models, a combination of functions EðsÞ and FðsÞ can be obtained directly or indi-
rectly using the model transfer function TðpÞ. Before obtaining an expression for
EðsÞ for the perfect mixing flow, we notice that the transfer function of a flow
model is in fact the Laplace’s transformation of the associated EðsÞ function:

TðpÞ ¼ LðEðsÞÞ ¼ csortðpÞ
centðpÞ

(3.63)

For the computation of EðsÞ and TðpÞ, in the case of a perfect mixing model, we
use the representation and notation given in Fig. 3.24. Including the mass balance
of the species in the signal, we derive the following differential equation:

dc
ds
¼ �Gv

V
c (3.64)

the characteristic conditions for an impulse d in the input flow are:

cinp ¼ c0 for s ¼ 0 and cinp ¼ 0 for s ‡ 0 (3.65)

and then Eq. (3.64) becomes:

c
c0
¼ exp �Gv

V
s

� �

(3.66)

Now, combining relations (3.66) and (3.61), we obtain the expression for the time
distribution function of the perfect mixing flow model:

EðsÞ ¼ cðsÞ
R¥

0 cðsÞds
¼

c0exp �Gv

V
s

� �

R¥
0 c0exp �Gv

V
s

� �

ds

¼ Gv

V
exp �Gv

V
s

� �

¼ 1
sm

expð�s=smÞ

(3.67)

Signal

τ=0

Gv, c0

Gv, c

V

c

δ

Figure 3.24 Physical model for perfect mixing (PM) flow.

We can obtain the repartition function of the residence time for the model of
perfect mixing flow from relations (3.67) and (3.62). This function is:
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FðsÞ ¼
R s

0 EðsÞds ¼
R s

0 s�1
m exp � s

sm

� �

ds ¼ 1� exp � s

sm

� �

(3.68)

by definition, the transfer function is:

TðpÞ ¼ LðEðsÞÞ ¼ csortðpÞ
centðpÞ

¼
R¥

0 expð�psÞs�1
m exp � s

sm

� �

ds ¼ 1
smpþ 1

(3.69)

In a more general case where the input signal is given by a function centðsÞ the
balance of the species characterizing the signal can be written as follows:

dc
ds
¼ �Gv

V
ðc� centÞ (3.70)

The Laplace’s transformation of the differential equation (3.70) gives relation
(3.71) where p is the Laplace’s argument:

pcsortðpÞ � pcð0�Þ ¼
Gv

V
ðcsortðpÞ � centðpÞÞ (3.71)

In general, we have cð0Þ ¼ 0 for all the signal types; then, we can transform the
previous relation to show the transfer model function:

csortðpÞ
centðpÞ

¼ TðpÞ ¼ 1
smpþ 1

(3.72)

From this last relation we remark that the transfer model function can be obtained
from the differential model equation that, in fact, is a particularization of the bal-
ance of the concerned species in the actual model.

The species balance in a plug flow (Fig. 3.25) is carried out in an elementary dx
length of the control volume; the result is the partial differential equation (3.73)
where w is the velocity of the fluid moving with a plug flow pattern. Then, the
relation between the flow rate and the section crossed by flow becomes:

¶c
¶s
¼ �w

¶c
¶x

(3.73)

Signal 

τ=0

Gv, w

Gv, w

Velocity distribution

L

Figure 3.25 Physical model of the plug flow (PF).

The boundary conditions for a d signal in the input associated to the plug flow
model (Eq. (3.73)) are written as follows:
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s ¼ 0� ; 0 � x � L ; c ¼ 0 (3.74)

s ¼ 0 ; x ¼ 0 ; c ¼ c0 (3.75)

s ¼ 0þ ; x ¼ 0 ; c ¼ 0 (3.76)

Now, we can write the plug flow model transfer function. With the Laplace’s trans-
formation of relation (3.73) and with Eqs. (3.74)–(3.76) we have:

pcðpÞ � pcð0�Þ ¼ w
dcðpÞ

dx

� dcðpÞ
cðpÞ ¼ p

dx
w

csortðpÞ
centðpÞ

¼ TðpÞ ¼ exp �p
L
w

� �

¼ expð�psmÞ

The residence time distribution EðsÞ and the residence time repartition will be
obtained starting with the inverse transformation of the transfer function TðpÞ:

EðsÞ ¼ dðs� smÞ (3.77)

where the d impulse function is given by relation (3.78):

dðs� smÞ ¼
0 for x ¼ L ; s < sm

1 for x ¼ L ; s ¼ sm

0 for x ¼ L ; s > sm

8

<

:

(3.78)

Here, it is important to notice that, in the case of a combined model composed of
PM and PF models, the transfer function is obtained from multiplication of the
individual transfer functions:

TðpÞ ¼ T1ðpÞT2ðpÞT3ðpÞ:::::TNðpÞ (3.79)

Table 3.3 shows the transfer functions that characterize the simplest and the com-
bined models which are most commonly obtained by a combination of PM and
PF models.

When we have a combination of recycled flow, by-pass connections, the pres-
ence of dead regions and a complex series and/or parallel coupling of the basic
PM and PF models in a system, we have an important class of flow models recog-
nized as combined flow models (CFM).
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Table 3.3 The transfer function and model equation for some flow models

Model name Model equation Transfer Function Symbol

1 Perfect mixing Flow dc
ds
¼ �Gv

V
ðc� centÞ TðpÞ ¼ 1

smpþ 1
sm ¼

V
Gv

2 Plug flow Model ¶c
¶s
¼ �w

¶c
¶x

TðpÞ ¼ expð�psmÞ sm ¼
L
w

3 Cellular perfect mixing
Equal N cellules

dci

ds
¼ �Gv

V
ðci � ci�1Þ TðpÞ ¼ 1

ðsmpþ 1ÞN
V – cellule
volume

4 Cellular perfect mixing
Non-equal N cellules

dci

ds
¼ �Gv

Vi
ðci � ci�1Þ TðpÞ ¼

Y

N

i¼1

1
smipþ 1

Vi – cellule i
volume

5 Series perfect mixing-
Plug flow

TðpÞ ¼ expð�psmdÞ
smpþ 1

smd – mean
residence
time at PFM

3.3.2
Combined Flow Models

The construction of a combined model starts with one image (created, supposed
or seeded) where it is accepted that the flow into the device is composed of distinct
zones which are coupled in series or parallel and where we have various patterns
of flow: flow zones with perfect mixing, flow zones with plug flow, zones with
stagnant fluid (dead flow). We can complete this flow image by showing that we
can have some by-pass connections, some recycled flow and some slip flow situa-
tions in the device.

The occurrence of these different types of flow can be established using the
curve that shows the evolution of the species concentration (introduced as a signal
at the input) at the device exit. It is important to notice that we can describe a flow
process with an arbitrary number of regions and links. This procedure can result
in a very complex system which makes it more difficult to identify the parameters
of the CFM. In addition, we seriously increase the dimension of the problem,
which results in quite a complex process of model building. Table 3.4 presents
some simple combined models showing the model response by an analytic
expression and by a qualitative graphic representation when we have a signal d as
input. Concerning the relations of Table 3.4, h represents the dimensionless time
s=sm and CðhÞ is the ratio cðhÞ=c0. In fact, CðhÞ is equivalent to EðsÞ and, conse-
quently, the dimensionless repartition function for the residence time FðhÞ will be
obtained by the integration of the function CðhÞ from zero to h. In Table 3.4, the
models that result from the simplifications of three general types of combined
models presented here below, are shown.
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Table 3.4 The response curves to a d signal for some simple CFM.

i Model name Model schedule Response C(h) vs. h

1 Plug flow with stagnant zone.
Parameters: b, d
b + d = 1

Gv

bV

dV

Gv

C(θ)

θ τ=bV/Gv

2 Perfect mixing flow with
stagnant zone
Parameters: m, d

Gv

V

C(θ )

 

C(θ)=(1/m)exp(-m/θ)

3 Plug Flow with by-pass
connection
Parameters: Gv1, Gv2

Gv = Gv1 + Gv2

V

Gv2

Gv1
Gv C(θ)

 

Gv1 /Gv

Gv2/Gv

4 Perfect mixing flow with
by-pass
Parameters: Gv1, Gv2

Gv = Gv1 + Gv2

Gv

Gv2

Gv1 C(θ)

 

Gv2/Gv

(Gv1/Gv)exp(-Gv1θ/Gv)

5 Plug flow with parallel
connection
Parameters: Gv1, Gv2, b1, b2
Gv = Gv1 + Gv2

b1 + b2 = 1
b2V

Gv1

Gv2

Gv

C(θ)

Gv2/Gv

θ

Gv1/Gv
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i Model name Model schedule Response C(h) vs. h

6 Plug flow with recycling
Parameters: k
a = k/(k + 1)

V

Gv

kGv

C(θ)

a/k

a2/k
a3/k

θ

7 Plug flow with parallel perfect
mixing
Parameters: m, b, Gv1, Gv2

m + b = 1

bV

Gv

mV

C(θ)

Gv1/Gv

8 Plug flow with series perfect
mixing
Parameters: b, m
b + m= 1 mV

Gv

bV C(θ )

1/b

1/m

C(θ)=(1/m)exp(-mθ+1)

b

θ

The first kind of CFM is characterized by Eqs. (3.80)–(3.82) and is shown in Fig.
3.26. For this CFM configuration, we can notice a lack of recycled flow or by-pass
connections. The second type of CFM is introduced by Fig. 3.27 and is quantita-
tively characterized by relations (3.83)–(3.85) which show the dimensionless evo-
lution of CðhÞ and FðhÞ. Here we observe that we do not have any PF participants
and recycled flow. The third CFM class is given in Fig. 3.28 and described by rela-
tions (3.86)–(3.88). Here the by-pass connections and PM participants are miss-
ing.
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Figure 3.26 Block-scheme for the general mixing CFM.
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Figure 3.27 Block-scheme for the general by-passing CFM.
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Figure 3.28 Block-scheme for the general recycling CFM.
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TðpÞ ¼
X

2

i¼1

(

GV1Gv3

G2
v

exp � Gv

Gv1
biðpþ kÞsm

� �

1þmGv

Gv4
ðpþ kÞ

þ

Gv1Gv3

G2
v

exp � Gv

Gv1
b1ðpþ kÞsm �

Gv

Gv3
b3ðpþ kÞsm

� �

)

(3.80)

CðhÞ ¼
X

2

i¼1

(

GviGv3

G2
v

exp � Gv

Gvi
b1ksm �

Gv

Gv3
b3ksm

� �

� d h� Gv

Gv1
b1� Gv

Gv3
b3 þGv1Gv3

mG2
v

� �

exp½� Gv

Gvi
b1ksm�

ksm þ
Gv4

mGv

� �

h� Gv

Gvi
bi

� �

� m h� Gv

Gv1
b1

� �

)

(3.81)

FðhÞ ¼
X

2

i¼1

(

GviGv3

mG2
v

exp � Gv

Gvi
b1sm

� �

ksm þ
Gv4

mGv

� � � 1� exp �ksm þ
Gv4

mGv

� �

h� Gv

Gvi
bi

� �� �

� m h� Gv

Gvi
bi

� �

þGviGv3

G2
v

exp � Gv

Gvi
biksm �

Gv

Gv3
b3ksm

� �

� W h� Gv

Gvi
bi� Gv

Gv3
b3

� �

)

(3.82)

TðpÞ ¼ expð�pe� kðe� srtÞÞ
sm

g
ðpþ kÞ þ 1

(3.83)

CðhÞ ¼ gexp �kðe� srtÞ � ðksm þ gÞ h� e

sm

� �� �

� d h� e

sm

� �

(3.84)

FðhÞ ¼ expð�kðe� srtÞÞ
ksþ g

1� exp �ðksm þ gÞ h� e

sm

� �� �� �

� W h� e

sm

� �

(3.85)

It is important to notice that all the relations characterizing these three CFMs
have been established by considering that a first order chemical reaction takes
place in volume V and according to the accepted structure of the flow. So, here, k
represents the kinetic reaction constant. When the reaction is not taken into
account, we consider k ¼ 0. In relations (3.83)–(3.85),srt is the time delay
expressed in a natural value, e describes the system phase difference in time units
and g is the mixing coefficient. This last parameter equals one for a perfect
mixing flow and zero for plug flow. In other cases, g can be estimated with
m=ðmþ bþ dÞ as shown in Fig. 3.27.
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TðpÞ ¼

Gv

Gv1
exp �ðpþ kÞsm

b1Gv

Gv1

� �

1þGv2

Gv1
exp �ðpþ kÞsm

b1Gv

Gv1
þ b1Gv

Gv2

� �� � (3.86)

CðhÞ ¼ Gv

Gv1
exp �ksm

b1Gv

Gv1

� �

�

X

N

N¼1

Gv2

Gv1
exp �ksm

b1Gv

Gv1
þ b2Gv

Gv2

� �� �� �N�1

d h� Nb1Gv

Gv1
þ ðN� 1Þb2Gv

Gv2

� �

(3.87)

FðhÞ ¼ Gv

Gv1
exp �ksm

b1Gv

Gv1

� �

�
X

N

N¼1

Gv2

Gv1
exp �ksm

b1Gv

Gv1
þ b2Gv

Gv2

� �� �� �N�1

d h� Nb1Gv

Gv1
þ ðN� 1Þb2Gv

Gv2

� �

(3.88)

The general problem of building a model for an actual process begins with a flow
description where we qualitatively appreciate the number of flow regions, the
zones of interconnection and the different volumes which compose the total vol-
ume of the device. We frequently obtain a relatively simple CFM, consequently,
before beginning any computing, it is recommended to look for an equivalent
model in Table 3.4. If the result of the identification is not satisfactory then we
can try to assimilate the case with one of the examples shown in Figs. 3.26–3.28.
If any of these previous steps is not satisfactory, we have three other possibilities:
(i) we can compute the transfer function of the created flow model as explained
above; (ii) if a new case of combination is not identified, then we seek where the
slip flow can be coupled with the CFM example, (iii) we can compare the created
model with the different dispersion flow models.

The CFM can be completed with a recycling model (the trajectory of which can
be considered as a CFM, such as a PF with PM, series of PM, etc.), or with models
with slip flows and models with multiple closed currents.

The next section will first show the importance of flow in a concrete modelling
problem such as the slip flow effect on the efficiency of a permanent mechanically
mixed reactor. Then the characterization of the combined flow models where the
slip flow occurs will be presented.

3.3.3
The Slip Flow Effect on the Efficiency of a Mechanically Mixed Reactor in a
Permanent Regime

In this section, we consider a permanent and mechanically mixed reactor, where a
chemical transformation occurs and the consumption rate of one reactant is given
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by a formal kinetics of n order: vr ¼ kcn. The flow conditions expressed by the geo-
metric position and rotation speed of the stirrer and by the position on the reactor
of the input and exit flow, define an internal flow structure with three regions: the
surface region, named slip flow, where the reactants come rapidly to the exit with-
out an important conversion; the middle region, where a perfectly mixing flow
exists and consequently an important reactant conversion takes place; the bottom
region, where we have a small flow intensity and which can be recognized as a
stagnant region. Figure 3.29 gives a graphic presentation of the description of the
reactor operation as well as the notation of the variables. The performances of this
simplified and actual reactor (SPMR) example will be compared with those of a
permanent perfect mixing reactor (PMR) having the same volume.

(1-z)Gvm

zGv

mV

GVm, cAk

c’

Gvm , cA0

slip region

mixing

stagnant region

Figure 3.29 Stirred reactor with slip and stagnant flow zones.

The reactant A balance equations for these reactors (PMR and SPMR) can be
written as follows:

Vvr max ¼ GvmðcA0 � cA minÞ (3.89)

mVvr ¼ GvmðcA0 � cAkÞ (3.90)

If we compute the ratio between Eqs. (3.89) and (3.90) we have:

m ¼ cA0 � cAk

cA0 � cA min

vr max

vr
(3.91)

Here the reaction rate will be vr max ¼ kðcA minÞn and vr ¼ kðc¢Þn respectively. The
value of the reactant concentration for the mixing zone of the SPMR will be
obtained as a result of its comparative mass balance. If we consider that the slip
flow is not present (PMR case) or when it is present but the reactant flow rate is
identical, then we can write:

zGvmc¢ ¼ GvmcAk � ð1� zÞGvmcA0 (3.92)
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So, for the reactant concentration in the mixing zone of the SPMR we establish
the relation:

c¢ ¼ cAk � ð1� zÞcA0

z
(3.93)

Rearranging the five previous equations (3.89) to (3.93), in order to introduce and
replace the relation between vr and vr max, we have:

m ¼

cA0

cAk
cA0

cA min

2

6

6

4

3

7

7

5

n�1

cA0=cAk
� 1

cA0=cA min
� 1

#

:
z

1� ð1� zÞ � cA0=cAk

"" #n

(3.94)

If we introduce 1� cAk=cA0 ¼ X and 1� cA min=cA0 ¼ Xm where X and Xm repre-
sent the reactant transformation degree for SPMR and PMR operation modes,
then relation (3.94) becomes:

m ¼ X
Xm

zð1� XmÞ
z� X

� �n

(3.95)

Figure 3.30 shows clearly the effect of m and z on the reactant transformation
degree for a SPMR. Only for a zero-order kinetics process, does the slip flow not
affect the degree of the reactant transformation. For other Xm values, each graphic
construction based on Fig. 3.30 shows the same rules of evolution (at m<0.5, z
and X increase simultaneously, and, when n increases, X increases slowly; for
m>0.5, X keeps a constant value determined by z). When the PM core of SPMR is
exchanged with a CFM model, we obtain a special SPMR type in which the perfor-
mances can be appreciated by the model developed above.
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Figure 3.30 The effect of the perfect mixing region dimension and of the slip
flow degree on the SPMR conversion (reaction order n = 0, 0.5, 1, 1.5, 2; Xm = 0.9).
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3.3.4
Dispersion Flow Model

The models of flow dispersion are based on the plug flow model. However, in
comparison with the PF model, the dispersion flow model considers various per-
turbation modes of the piston distribution in the flow velocity. If the forward and
backward perturbations present random components with respect to the global
flow direction, then we have the case of an axial dispersion flow (ADF). In addi-
tion, the axial and radial dispersion flow is introduced when the axial flow pertur-
bations are coupled with other perturbations that induce the random fluid move-
ment in the normal direction with respect to the global flow.

With reference to these different types of flow, there is often confusion asso-
ciated with the terms: “dispersion”, “diffusion” and “turbulence”. When we talk
about a species in a fluid, diffusion and turbulence produce the molecular or turbu-
lent jumps in the existing flowing area. However, concerning dispersion, it is not
conditioned by the concentration gradient (as diffusion can be) nor even by a char-
acteristic level of the global flow velocity (as turbulence can be). The dispersion
flow is a result of the effects of the basic flow interaction with various discrete
fixed or mobile forms that exist or appear along the flow trajectory [3.26]. The
drops moving downward or upward in a flowing or stationary fluid, the bubbles
flowing within a liquid, as well as an important roughness of the pipe walls, are
some of the phenomena responsible for the dispersion flow. Another case is in a
fluid flowing through a packed bed. In these examples, dispersion occurs because
we have a microflow situation with a completely different intensity with respect to
the basic flow. It is not difficult to observe that, for all the devices where a differen-
tial contact solid–fluid or solid–fluid–fluid or fluid–fluid occurs, the dispersion
flow is the characteristic flow type. As for turbulence, the dispersion characteriza-
tion associates a coefficient called dispersion coefficient to these microflows respon-
sible for the dispersion phenomenon. When the dispersion participation is very
important, the turbulence and molecular components of the vector of total prop-
erty transport can be neglected. Consequently, we can write the following expres-
sion for the vector of the property transport:

JtA
�! ¼ w!CA � Dlgrad

��!
CA (3.96)

The equation of the ADF model flow can be obtained by making a particular spe-
cies mass balance, as in the case of a plug flow model. In this case, for the begin-
ning of species balance we must consider the axial dispersion perturbations super-
posed over the plug flow as shown in Fig. 3.31. In the description given below, the
transport vector has been divided into its convective and dispersion components.
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Figure 3.31 Scheme of the axial dispersion flow description.

After the particularization of the species balance in the control volume with sec-
tion flow S and elementary length dx, as shown in Fig. 3.31, we obtain relation
(3.97), which corresponds to the ADF model equation:

¶c
¶s
¼ �w

¶c
¶s
þ Dl

¶2c
¶x2

(3.97)

The axial dispersion flow model can be valid when we do not have the gradient of
the property with respect to the normal flow direction. In other words, for this
direction, we have a perfect mixing state. When this last condition is not met, we
have to consider a flow model with two dispersion coefficients: a coefficient for
the axial dispersion and another one for the radial dispersion. In this case, the
flow model equation becomes:

¶c
¶s
¼ �w

¶c
¶s
þ Dl

¶2c
¶x2
þ Dr

r
¶
¶r

r
¶c
¶r

� �

(3.98)

The values of the dispersion coefficients will be established for most actual cases
by experiments, which pursue the registration and interpretation of the exit time
distribution of a signal that passes through a physical reduced model of the real
device. However, in some cases, the actual device can be used. The method for
identifying the dispersion coefficient [3.27, 3.28] is, in fact, the classical method of
flow identification based on the introduction in the device input of a signal; (fre-
quently as a d impulsion or a unitary impulsion) the exit response is then
recorded from its start until it disappears. It is evident that this experimental part
of the method has to be completed by calculation of the dispersion model flow
and by identification of the value of the dispersion coefficient. For this last objec-
tive, the sum of the square differences between the measured and computed val-
ues of the exit signal, are minimized.

For the mathematical solution of the dispersion model flow, we add the univo-
city conditions that include the signal input description for the initial conditions
to Eq. (3.97) or (3.98). A more complete description of this mathematical model
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can be given with the example of the axial dispersion flow. In this case, we assign
the dispersion flow conditions to the input and the exit of the apparatus Eq. (3.99)
and to the model equation (3.97). The initial signal input conditions are given by
relation (3.100) for the case of a d signal and by relation (3.101) when a unitary
impulse signal is used.

�wwlc� Dl
¶c
¶z
¼ 0 ; z ¼ 0; s � 0

Dl
¶c
¶z
¼ 0 ; z ¼ Hd; s � 0

(3.99)

c ¼ 0 ; 0 � z � Hd; s ¼ 0

c ¼ c0 ; z ¼ 0; s ¼ 0
(3.100)

c ¼ c0 ; z ¼ 0; s � 0

c ¼ 0 ; 0 � z � Hd; s ¼ 0
(3.101)

For the unitary impulse signal (relation (3.100)) the axial dispersion flow model
has an analytical solution:
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(3.102)

where h is the dimensionless time (h ¼ s=sm) and the proper values of kn are the
solutions of Eqs. (3.103) and (3.104):

2kntg
kn

2
¼ Pe ; n ¼ 1; 3; 5; :::; 2kþ 1; ::: (3.103)

2knctg
kn

2
¼ Pe ; n ¼ 2; 4; 6; :::; 2k; ::: (3.104)

This solution can be used to set up the value of the Peclet criterion
(Pe ¼ wHd=Dl ¼ H2

d=ðDlsmÞ) if we only consider the first term of Eq. (3.102). In
this situation we obtain relations (3.105) and (3.106). It is not difficult to observe
that, from the slope of relation (3.105), we can easily obtain the Pe value:
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2k1tg
k1

2
¼ Pe (3.106)
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When the value of the mean flow velocity cannot be correctly estimated, as in the
case of two or three phases contacting, the Pe number will be estimated consider-
ing the mean residence time (sm), the transport trajectory length (Hd) and the dis-
persion coefficient (DlÞ. For the case of a unitary signal impulse Eq. (3.100), the
mean residence time will be estimated using relation (3.107):

sm ¼
R

¥

0
1� cðsÞ

c0

� �

ds ¼

P

N

i¼1
ðc0 � cðsiÞÞsi

P

N

i¼1
ðc0 � cðsiÞÞ

(3.107)

where N represents the number of the last appearance of c0 � cðsiÞ � 0 in the dis-
crete data obtained.

Relation (3.108) gives the analytical solution of the axial dispersion model which
contains relations (3.97), (3.99) and (3.100). Here the proper values of kk are the
solutions of the transcendent equation (3.109):
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tg2kk ¼
Pe
2
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k �

Pe
4

� �2 (3.109)

If we consider the random variable theory, this solution represents the residence
time distribution for a fluid particle flowing in a trajectory, which characterizes
the investigated device. When we have the probability distribution of the random
variable, then we can complete more characteristics of the random variable such
as the non-centred and centred moments. Relations (3.110)–(3.114) give the
expressions of the moments obtained using relation (3.108) as a residence time
distribution. Relation (3.114) gives the two order centred moment, which is called
random variable variance:

m1 ¼ 1 (3.110)

m2 ¼ 1þ 2
Pe
þ 2

Pe2
e�Pe � 2

Pe2
(3.111)

m3 ¼ 1þ 6
Pe
þ 6

Pe2
� 24

Pe3
þ 18e�Pe

Pe2
þ 24e�Pe

Pe3
(3.112)

m4 ¼ 1þ 12
Pe
þ 48

Pe2
� 336

Pe4
� 108e�Pe

Pe2
þ 360e�Pe

Pe3
þ 312e�Pe

Pe4
þ 24e�Pe

Pe4
(3.113)
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r2 ¼ m2 � m1 ¼
2
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� 2
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Pe2
e�Pe (3.114)

Because the device response to the signal input is given by the discrete coupled
data ci � si, the mentioned moment, can be numerically computed as follows:
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r2 ¼ m2 � m1 ¼

P
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i ci

s2
m

P

i
ci
� 1 (3.120)

The coupling of relations (3.110)–(3.114) with (3.115)–(3.120) shows four possibil-
ities for the identification of the Pe number. With the same data, each possibility
must produce an identical result for the Pe criterion.

3.3.5
Examples

Actually, it is acknowledged that all the main chemical engineering devices are
well described by known equations and procedures to compute axial and radial
mixing coefficients. As an example, we can remember the famous Levenspiel’s
equation to compute the axial mixing of a mono-phase flow in a packed bed
(Pe ¼ wdp=Dl ¼ 2), an equation verified by experiments. Undeniably, the problem
of identifying a flow model can be developed using a laboratory model of the real
device if the experiments can be carried out easily. For the construction of such a
physical model, we must meet all the requirements imposed by the similitude
laws. It is important to note that we assume that the laboratory model undergoes
one or more changes in order to produce a flow model in accordance with the
mathematical process simulation. Indeed, it contains a selected flow model, which
produces the best results for the investigated process. Consequently, the most ac-
ceptable flow model has been indirectly established by this procedure.
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In order to show how a chemical device can be scaled-up and how a solution to
the problem of identifying the best flow model can be given, we suggest the fol-
lowing protocol:

(i) for an actual case (reaction, separation, heating, coupled transport, etc.), we
can establish the best flow model (that guarantees the best exits for the fixed
inputs in the modeled process) by using the mathematical modelling and simula-
tion of a process; (ii) we design and build a laboratory device, that can easily be
modified according to the results obtained from the experiments carried out to
identify the flow model; (iii) with the final physical model of the device, we exam-
ine the performance of the process and, if necessary, we start the experimental
research all over again to validate the model of the process; (iv) when the final
physical model of the device is made, the scaled-up analysis is then started, the
result of this step being the first image of the future industrial device. It is impor-
tant to notice that the tricky points of an actual experimental research have to be
discussed: (i) the input point of the signal and the exit point of the response must
be carefully selected; (ii) the quality of the input signal must respect some require-
ments: indeed, if we use the expressions from Table 3.4 or those given by the
assembly of Eqs. (3.80)–(3.88) to interpret the data, then the signal must be a d or
a unitary impulse; other signal types induce important difficulties for solving the
flow model and for identifying the parameters; (iii) the response recording must
be carried out with transducers and magnification systems which do not intro-
duce unknown retardation times. This methodology will be illustrated in the next
sections with some examples.

3.3.5.1 Mechanically Mixed Reactor for Reactions in Liquid Media
The physical model of the reactor is a 350 mm high cylindrical vessel, with a
diameter of 200 mm and an elliptical bottom. The operation volume is:
V ¼ 12 � 10�3 m3. The entrance of the reactants is placed near the middle of the
reactor, more exactly at 130 mm from the bottom. The reactor’s exit is positioned
on the top of the vessel but below the liquid level. At the vessel centre is placed a
mixer with three helicoidal paddles with d=D ¼ 0:33. It operates with a rotation
speed of 150 min–1. In order to establish the reactor flow model, this is filled with
pure water which continuously flushes through the reactor at a flow rate of
6:6 � 10�5 m3/s (similar to the reactants’ flow rate). At time s ¼ 0, a unitary
impulse of an NaCl solution with a c0 ¼ 3:6 kg/m3 is introduced into the reactor
input. The time evolution of the NaCl concentration at the exit flow of the reactor
is measured by the conductivity. Table 3.5 gives the data that show the evolution
of this concentration at the reactor exit.

The proposal of an adequate flow model of the reactor and the identification of
the parameters are the main requirements of this application. Solving this type of
problem involves two distinct actions: first the selection of the flow model and sec-
ond the computations involved in identifying the parameters.
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Table 3.5 Evolution of the NaCl concentration at the reactor’s exit.

i 1 2 3 4 5 6 7 8 9 10 11 12

si (s) 0 1.8 3.6 4.8 18 36 72 108 144 180 216 252

ci = c(si) 0 0 0 0.18 0.342 0.651 1.281 1.828 2.142 2.405 2.556 2.772

The selection of the flow model. In accordance with the description given above,
we expect a flow model in which a small plug-flow region is associated with an
important perfect mixing flow region, whereas a stagnant region is considered at
the bottom of the reactor. If this proposal is correct, then, in the general CFM
shown in Table 3.4 we must consider:

Gv1 = Gv4 = Gv ; Gv2 = Gv3 = 0 ; b3 = b1 = d1 = 0 ; b1 = b ; d2 = d and b + m + d =
1. With k = 0 (because, here, the chemical reaction does not occur), the logarith-
mic transformation of relation (3.82), which gives the response FðhÞ ¼ cðhÞ=c0 for
an unitary impulse, can be written as follows:

ln 1� cðhÞ
c0

� �

¼ � 1
m
ðh� bÞ � Wðh� bÞ (3.121)

The computations to identify the parameters are given algorithmically, step by step,
by the procedure below:
. We start with the computation of the value of the mean residence

time: sm ¼ V=Gv ¼ 12 � 10�3=6:66 � 10�5 ¼ 180 s.
. Using the data given in Table 3.5 we build the dependence

relation ci ¼ cðhiÞ=c0 vs hi where hi ¼ si=sm and
CðhiÞ ¼ cðhiÞ=c0.Table 3.6 presents this dependence. Here di

values are also computed as ln 1� cðhiÞ=c0ð Þ because they are
needed for the flow model equation (3.121).

Table 3.6 Dimensionless NaCl concentration at the reactor’s exit.

i 1 2 3 4 5 6 7 8 9 10 11 12

hi 0 0.01 0.02 0.03 0.1 0.2 0.4 0.6 0.8 1.0 1.2 1.4

cðhiÞ=c0 0 0 0 0.05 0.095 0.181 0.356 0.508 0.596 0.668 0.713 0.775

di 0 0 0 –0.05 –0.1 –0.2 –0.44 –0.71 –0.91 –1.1 –1.23 –1.45

. the graphic representation of di ¼ ln 1� CðhiÞð Þ vs hi in Fig.
3.32, shows that all the data do match a line with a slope equal to
�1=m and with the origin intersect at b=m. At the same time,
function Wðh� bÞ shows its b value.
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Figure 3.32 Evolution of the ln 1� CðhiÞð Þ vs hi.

. the values of m, b and d can be calculated from Fig. 3.32 above,
giving respectively m ¼ 0:936; b ¼ 0:00054; d ¼ 0:06345.
These results show that 6.34% of the reactor is a stagnant region
and 0.054% is a plug-flow region, the remainder being a perfect
mixing region.

3.3.5.2 Gas Flow in a Fluidized Bed Reactor
Catalytic butane dehydrogenation can be successfully carried out in a laboratory
scale fluidized bed reactor operating at 310 �C and at atmospheric pressure. The
catalytic particles have diameter 310 lm and density 2060 kg/m3. Such a reactor is
150 mm in diameter and has a fixed 500 mm long catalytic bed. When the catalyst
bed is fluidized with butane blown at a velocity of 0.1 m/s, it becomes 750 mm
thick.

The establishment of the flow model or a cold model of the reactor is carried
out using air instead of butane and working at the same gas velocity as implemen-
ted to fluidize the catalytic bed. In these conditions, a slow motion of the solid,
without any important bubbling phenomena, is observed at the bottom of the flui-
dized bed, while a bubbling phenomenon associated with violent solid motion
occurs in the middle and upper parts of the fluidized bed. At time s ¼ 0, a unitary
signal, which consists of replacing the air flow by an identical flow of pure nitro-
gen, is generated at the reactor input. Table 3.7 presents the evolution of the nitro-
gen concentrations at the bed exit.
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Table 3.7 Evolution of the nitrogen concentration at the exit of the fluidized bed reactor.

i 1 2 3 4 5 6 7 8 9 10 11 12

si sec 0 1 2 3 4 5 6 7 8 9 10 11

ci ¼ cðsiÞ 0.79 0.79 0.79 0.79 0.874 0.924 0.947 0.973 0.981 0.984 0.994 0.996

To solve this example we use the same methodology as applied in the previous
section: we begin with the flow model selection and finish by identifying the pa-
rameters.

The model selection. According to the description of the fluidization conditions
given above, we can suggest a combined flow model of a plug-flow linked in series
with a perfect mixing. We obtain the mathematical description of this CFM from
the general CFM presented in Table 3.4 by: Gv1 ¼ Gv4 ¼ Gv; Gv 2 ¼ Gv4 ¼ 0; b3 ¼
b1 ¼ d1 ¼ 0 ; d2 ¼ d and bþmþ d ¼ 1. With this consideration, we have the
simplified model characterized by relation (3.121). If the figure obtained from the
graphical representation of di ¼ ln 1� CðhiÞð Þ vs hi is linear then, the proposed
model can be considered as acceptable.

With the computation of the algorithm identifying the parameters of the model
we obtain:
. The gas fraction of the bed:

e ¼ e0 þ ðH�H�0=H ¼ 0:4þ 0:25=0:75 = 0.66 m3 gas/m3 bed.
. The mean residence time: sm ¼ eH=wf ¼ 0:66 � 0:75=0:1 ¼ 5 s.
. The relation: cðhiÞ=c0 vs hi is computed in Table 3.8 and plotted.

Here c00 ¼ 0:79 kmol N2/kmol gas and c0 ¼ 1 kmol N2/ kmol
gas. Table 3.8 also contains the computed line that shows the
dependence of the ln 1� CðhiÞð Þ vs hi.

Table 3.8 Evolution of the dimensionless nitrogen concentration at the reactor’s output.

i 1 2 3 4 5 6 7 8 9 10 11 12

hi 0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

cðsiÞ � c00

c0 � c00
0 0 0 0 0.399 0.643 0.747 0.874 0.924 0.954 0.975 0.983

ln 1� CðhiÞð Þ 0 0 0 0 –0.51 –1.03 –1.55 –2.07 –2.58 –3.09 –3.56 –4.03

. Figure 3.33 shows that the hypothesis of a CFM composed of a
series of PF and PM is acceptable because the experimental
dependence of ln 1� CðhiÞð Þ vs hi is linear and we clearly observe
the function Wðh� bÞ.
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Figure 3.33 The evolution of ln 1� CðhiÞð Þ vs hi.

. As in the case of application 3.3.5.1, we identify m= 0.375 and
d = 0.586. The value b = 0.039, shown in Fig. 3.33, comes from
the origin intersect of the line Y ¼ �2:66864X� 0:10294, this
value does not have a special significance. The d value can be
increased with the b value. So it will become d = 0.625.

3.3.5.3 Flow in a Fixed Bed Catalytic Reactor
The laboratory scale physical model of the catalytic sulfur dioxide oxidation is a
0.05 m-diameter reactor containing 3 mm-diameter pellets of catalyst over a
height of 0.15 m. The bed is flushed through at 430 �C by a gas flow that contains
0.07 kmol SO2/kmol total gas, 0.11 kmol O2/kmol total gas and 0.82 kmol
N2/kmol total gas. The gas spatial velocity is 0.01 m/s.

In order to obtain a reactor model flow that characterizes the gas movement
around the catalyst grains, a current of pure nitrogen is blown through the fixed
catalyst bed at the same temperature and pressure as in the reaction. At s ¼ 0 we
apply a signal (unitary impulse) to the reactor input introducing a gas mixture
containing nitrogen and sulfur dioxide with a concentration of c0 ¼ 0:1 kmol
SO2/kmol gas. Then, we measure the evolution of the sulfur dioxide concentra-
tion at the reactor exit. Table 3.9 gives these measured concentrations. In this
case, it is necessary to validate if the collected data verify a PF model. If they do
not, we have to identify the parameters of the axial mixing model to correct the PF
model.
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Table 3.9 Evolution of the sulfur dioxide concentration at the exit of the reactor.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14

si (s) 0 1.2 2.4 3.0 3.6 4.8 6 7.2 8.4 9.6 10.8 12 13.2 14.4

ci ¼ cðsiÞ 0 0 0 0 0.01 0.03 0.06 0.08 0.085 0.09 0.095 0.097 0.099 0.1

Then, for this application, we directly start with the computations that serve to
identify the parameters.

The computation of the values of the following parameters and relations are
needed to solve the problem:
. the mean residence time of an elementary fluid particle in the

catalyst bed sm ¼ ðe0HÞ=wl ¼ 0:4 � :015=0:01 ¼ 6 s;
. the dimensionless dependence CðhiÞ ¼ cðhiÞ=c0 vs hi is com-

puted and reported in Table 3.10;

Table 3.10 Evolution of the dimensionless signal at the exit of the reactor.

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14

hi 0 0.2 0.4 0.5 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4

cðhiÞ
c0

0 0 0 0 0.1 0.3 0.6 0.8 0.85 0.90 0.95 0.98 0.99 1.00

. the graphic representation of the dependence CðhiÞ ¼ cðhiÞ=c0 vs
hi is needed to appreciate whether we have a PF or ADF flow type.
Figure 3.34 clearly shows that here, an ADF flow model type can
be adequate;
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1
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)(C iθ

Figure 3.34 Evolution of the dimensionless concentration at the exit of the reactor.
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. for the computation of the axial dispersion coefficient, we use an
approximate calculation introduced by Eqs. (3.105) and (3.106).
These relations are coupled with the numerical data reported in
Table 3.10 and then we form the function here given by relation
(3.122). It minimizes the sum of the squares of the differences
between the computed and experimental values of CðhiÞ. We
further show that this problem of axial dispersion coefficient
identification is transformed into a variant of a least squares
method for parameter identification.
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minimization requested by the problem (3.122) takes the common form

Fða; bÞ ¼
P

14

i¼1
ðahi þ b� yiÞ2 ¼ min, which has the quality to accept a very simple

solution. So, in order to obtain “a” and “b”, we must solve the equation system
(3.123). From these values, we obtain the value of k1. Now, using relation (3.106)
we can calculate the Peclet dispersion number.
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Table 3.11 shows the computation of the Pe number and of the axial dispersion
coefficient by the direct minimization of relations (3.122) and (3.106). It is easily
observable that this table contains in fact a MathCAD transposition of the k1, Pe
and Dl identification.
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Table 3.11 MathCAD computation of Pe; k1; Dl parameters.
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3.3.6
Flow Modelling using Computational Fluid Dynamics

As has been shown at the beginning of this chapter, researchers have been expect-
ing important progress on the modelling of flows in chemical reactors with the
development of computational fluid dynamics (CFD). The principle of CFD is to
integrate the flow equations for one particular case after dividing the flow volume
into a very high number of differential elements. This volume-of-fluid technique
can be used for the “a priori” determination of the morphology and characteristics
of various kinds of flow.

Chemical engineers were not the pioneers in this field because chemical engi-
neering flow problems can be very complex. Some of the first users of CFD were
car, plane and boat designers. One of the reasons for this was that CFD could tell
the designers exactly what they wanted to know, that is the flow patterns obtained
while their new designs moved. Indeed, the possibility to use Euler’s equations
for flow description has been one of the major contributions to the development
of these applications. These kinds of CFD techniques have also been projected
and have been successfully used to analyze heat flow from a body immersed into
the flowing fluid [3.29, 3.30].
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As far as chemical engineers are concerned, we must notice that there is a con-
siderable academic and industrial interest in the use of CFD to model two-phase
flows in process equipment. The problem of the single bubble rising in the fluid
[3.31, 3.32] has been resolved using some simplification in the description of bub-
ble–liquid momentum transfer. Considerable progress has been made in the CFD
modelling of bubbling gas-fluidized beds and bubble columns. The CFD model-
ling of fluidized beds usually adopts the Eulerian framework for both dilute (bub-
ble) and dense phases and makes use of the granular theory to calculate the rheo-
logical parameters of the dense phase [3.33–3.37].

The use of CFD models for gas–liquid bubble columns has also raised consider-
able interest; only Euler-Euler and Euler-Lagrange frameworks have been
employed for the description of the gas and liquid phase states [3.38–3.42]. Bubble
trays, considered as particular kinds of bubble columns, have lately presented
enormous interest for the flow description by CFD. The flow patterns on a sieve
tray have been analyzed in the liquid phase, solving the time-averaged equations
of continuity and momentum [3.43].

The jump to the fully two-phase flow on a sieve tray requires the acceptance of
some conditions [3.44]:
. the lift forces for the bubble must be neglected;
. the added mass forces do not have an important participation in

the flow processes;
. the interphase momentum exchange must be expressed using

the drag coefficient.

Then the simulation of real chemical engineering flows concerns a number of
important difficulties beyond the pattern of turbulent flows. One of these complex
problems concerns the description of viscosity; however, this can be resolved using
rheological equations. Another difficulty is the so-called micromixing problem,
which must be characterized at the level considering the integration of a very little
unit.

In the case of one homogeneous reactor, where two reactants are continuously
fed, mixed, reacted, and flushed out through an outlet, CFD can calculate the con-
centrations in each fluid element, just as it can calculate the temperature. Never-
theless, CFD cannot consider the reaction of both components as a function of
the local mixing

Theoretically, CFD could quantify everything. It could predict the effect of add-
ing reagents quickly or slowly. To achieve a specified yield, we would find out
exactly how slow the addition has to be, how intense the mixing is, and what
equipment would achieve that mixing. But to get a good prediction, as always, you
need good input data. These data include the initial conditions, rate flows and
kinetics of the reactions as well as the physical properties of the solutions. In
order to get good inputs, of course, it is necessary to come back to laboratory activ-
ity.
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3.4
Complex Models and Their Simulators

During a process modelling, the development of the model and the simulation of
the process using a simulator, as shown in Section 2.2, represent two apparently
indivisible operations. Both activities have rapidly evolved with time as a conse-
quence of the development of basic technical sciences. Three main phases can be
kept in mind with respect to this vigorous evolution:

In the first phase, the modelling and simulation of the apparatus was carried out
considering each as independent units in the whole installation. Indeed, here,
modelling was assisted by the efforts made in the high technological design of
each of the specific apparatuses found in chemical plants. All types of models
have been used for this purpose and the current huge computation capacities of
universities and of research-design centres have sustained these scientific efforts.
At present, the theoretical basis and algorithmic implementation of process mod-
elling based on transport phenomena have been established. The general theory
of computer programming has given the fundamentals of the development of eas-
ily usable means for the transposition of the models into process simulators and
as guidelines for designers. Various utilitarian software languages have backed
this new scientific branch and, among them, FORTRAN (FORmula TRANslation)
can be considered as the most notorious. It is estimated that the full start of this
phase began around 1968, when the series production of high power computers
started.

The second phase began with the start of commercial activities in the modelling
and simulation of processes. These commercial activities were born in the USA in
1980–1985 when the first simulators for oil distillation appeared. DistillR�, Max-
still�, and Hysim� are some of these scientific software packages, which reach
the level of the interactive simulation of a complex process model. During these
years, modelling and simulation succeeded in automatically assembling the parts
of a complex model according to the formal description of each part and their
links. At the same time, an important data base began to be fed with the descrip-
tion of the different unitary operations of processes in terms of physical and
chemical properties, consumption kinetics or appearance and equilibrium distri-
bution at interphases.

The modelling tools in current commercial simulators may roughly be classi-
fied into two groups depending on their approach: block-oriented (or modular)
and equation-oriented.

Block-oriented approaches mainly address the modelling at the level of flow-
sheets. Every process is abstracted in a block diagram consisting of standardized
blocks, which model the behaviour of a process unit or a part of it. All the blocks
are linked by signal-like connections representing the flow of information, mate-
rial and energy, employing standardized interface and stream formats. Models of
process units are pre-coded by a modelling expert and incorporated into a model
library for later use. The modelling at the level of the flow-sheet is either support-
ed by a modelling or by a graphical language. In both cases, the end user selects
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the models from the library, provides the model parameters and connects them to
the plant model. However, the chemical engineering knowledge accumulated up
to now, as well as the structure of the models, are easily accessible. Common
exceptions include the models of physical properties, which can be selected in the
literature independently from the process unit model.

Equation-oriented modelling tools support the implementation of the unit mod-
els and their incorporation into a model library by means of declarative modelling
languages or by providing a set of subroutine templates. In this case, the tools for
the modelling expert or for the end user are similar. Hence, modelling at the unit
level requires a profound knowledge in such diverse areas as chemical engineer-
ing modelling and simulation, numerical mathematics, and computer science.
The development of new process models is therefore often restricted to a small
group of experts.

Figure 3.35 presents the page of a modern commercial simulator (Hysim�
1995) where we can identify the different elements of the process specified in this
block-oriented simulator.

Figure 3.35 Presentation page of a block-oriented simulator for the analysis
of a coupled FCC reactor-fractionator (Hysim� 1995).

It is not difficult to observe that, in this example, we have the coupling of a spe-
cific reactor for petroleum fractionation together with a complex distillation col-
umn. If we intend to show the complexity of the process that will be simulated,
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then it is important to say that more than 20 components can be found in the
input of this installation in the reactor, separation column, condenser, reboiler
and external flash device.

Despite the considerable progress made over the last decade, when steady-state
flow-sheeting with modular process simulators became routinely employed by a
large community of process engineers, there is considerable incentive to extend
the range of model-based applications by improving the handling of models and
by increasing the level of detail for representing the processes. Many studied cases
of process engineering – not only in academia but especially in the research and
development laboratories of the chemical industry – have shown the potential of
employing non-standard models such as dynamic models, extremely detailed
models of standard equipment, or models of non-standard equipment. The mod-
ular approach to modelling and simulation, though powerful and easily accessible
to many engineers for the solution of standard flow-sheet problems, does not ade-
quately support the solution of more complicated problems. This is largely due to
the lack of pre-coded models for many unit operations at an adequate level of
detail. In addition, most of the coded models neglect the mass or heat transfer,
assuming the equilibrium state at interphases. Examples of models that are not
available in present simulators, include multiphase reactors, membrane pro-
cesses, polymerization reactors, biochemical reactors, hydrodynamic separators
and the majority of units involving particulates. Therefore, costly and time-con-
suming model development for a particular unit is often required in some pro-
jects.

Equation-oriented languages largely contribute to the implementation of mod-
els, but they do not assist the user in developing the types of models that use engi-
neering concepts. Indeed, equation-oriented languages are not useful in providing
for the documentation of the modelling process during the lifecycle of a process
or for the proper design and documentation of model libraries. In consequence,
the reuse of previously validated models of a unit by a new group of users is then
almost impossible.

The consistency and reliability of well designed model libraries is inevitably get-
ting lost over time. Now, even though the market for these simulators is in full
evolution, spectacular progress is not expected because the basic models of the
units stay at mesoscale or macroscale.

Despite this last observation, for this type of simulation and modelling research,
two main means of evolution remain: the first consists in enlarging the library
with new and newly coded models for unit operations or apparatuses (such as the
unit processes mentioned above: multiphase reactors, membrane processes, etc.);
the second is specified by the sophistication of the models developed for the appa-
ratus that characterizes the unit operations. With respect to this second means,
we can develop a hierarchy dividing into three levels. The first level corresponds
to connectionist models of equilibrium (frequently used in the past). The second
level involves the models of transport phenomena with heat and mass transfer
kinetics given by approximate solutions. And finally, in the third level, the real
transport phenomena the flow, heat and mass transport are correctly described. In
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this last case, oversimplifying hypotheses, such as non-resistive interfaces, are
avoided

The third phase of the evolution for the modelling and simulation activities is
represented by the current consumption of commercial software by scientific edu-
cation. High level instruction languages such as MathCAD�, Matlab�, the CFD
software, finite element softwares (for the integration of complex differential
equation systems), high data volume graphic processors and softwares based on
artificial intelligence represent some examples that show the important evolution
of education and scientific research by modelling and simulation.

Considering the complexity and the diversity of the problems in chemical engi-
neering research and design and taking into account the present evolution of
modelling and simulation, we cannot claim that it will be possible to use universal
chemical engineering simulators in the future.

The experimental researchers and the scientists that are only interested in in-
depth modelling of physical phenomena are not attracted by complex simulators.
The former seek models for data interpretation; the latter create models to propose
solutions for a good knowledge of a concrete case. From other viewpoints, chemi-
cal engineering, because of its diversity, includes countless models. Most of them
are quite interesting when they can add a lot more new situations based on parti-
cularization or modification to their starting cases. As far as the situations of this
subject in chemical engineering are quite varied, it will be interesting to describe
new modelling and simulation examples in the following sections. The examples
shown below demonstrate firstly, how a model based on transport phenomena
equations is developed and secondly, how we can extract important data for a pro-
cess characterization by using a model simulation.

3.4.1
Problem of Heating in a Zone Refining Process

Among the methods of advanced purification of a crystallized of amorphous solid
material, the zone refining methods occupy an important place. The principle of
the method is based on the fact that an impurity from the processed material in a
melting crystallization process, according to the distribution law, presents differ-
ent concentrations in solid and liquid phases [3.45]. If the melting solid (liquid
phase) is subjected to a movement along a stick, then the impurity will be concen-
trated in the position where the liquid phase is stopped. This process is also called
refining. To make the solid melt and to move the melt, the solid is locally heated
by means of a mobile heat inductor or a small mobile and cylindrical electrically
heated oven. However, we can reach the same result by pulling the stick through
a small heating source. From the heat transfer viewpoint, this example corre-
sponds to a conductive non-steady state heating with an internal heating source
(heat inductor) or with an external heating source (heating with an oven).

From the mathematical viewpoint, it is important to assume that a very rapid
heat transfer occurs at the extremities of the stick, and that a rapid cooling system
is activated when the heating source is stopped. In addition, as far as we only take
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into account the melted region, we do not consider the coupling with the liquid–
solid phase change.

Figure 3.36 shows the heating principle of the zone refining purification proce-
dure and also introduces the geometric and material conditions that characterize
the process. It also shows how the stick transfers heat to the contiguous medium.
For a correct introduction to this problem, we assume that the production of heat
by the inductor has Gaussian behaviour, so, for the heat generation rate, we can
write Eq. (3.124) where the source amplitude (watt/m3) is A, f ðsÞ is a dimension-
less function that keeps the maximum temperature for the inductor constant and
k1 and k2 are the constants with L�1 dimension:

Qg ¼ Af ðsÞexp �ðk1ðz� k2wsÞ2Þ
� �

(3.124)

ta

ρ ,  , cpz
Rr

Direction of motion

 heat inductor
stick

   τ

Qg=Af(z-wτ) q=α(t-ta)
l

λ

Figure 3.36 Heating scheme for a solid stick purified by a zone refining process.

From Fig. 3.36 we observe that the stick is characterized by its density r, ther-
mal conductivity k and sensible heating capacity cp. The geometric dimensions of
the stick are radius R and length l. The temperature distribution inside the stick
results from relation (3.125) as a particularization of Eq. (3.6):

rcp
¶t
¶s
¼ k

¶2t
¶r2
þ 1

r
¶t
¶r
þ ¶2t
¶z2

 !

þQg (3.125)

The univocity conditions that complete this general mathematical model can be
written as follows:
. the initial distribution of the temperature into the stick:

s ¼ 0 � R £ r £R t ¼ ta (3.126)

. the boundary thermal flux expression (type III conditions from
the general class of boundary conditions):

s � 0 r ¼ �R r ¼ R 0 � z £ l: � k
¶t
¶r
¼ q ¼ aðt� taÞ (3.127)
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. the expression that gives the behaviour of the device of heat
absorption placed at the stick extremity:

s � 0 z ¼ l � k
¶t
¶z
¼ kabðtab � trabÞ (3.128)

For a correct perception of relation (3.128), we must notice that this is a heat sink
that keeps its constant temperature due to a rapid heat exchange between the sur-
face with a cooling medium maintained at constant (trab) temperature. The assem-
bly of relations (3.124)–(3.126) represents in fact an abstract mathematical model
for the above described heating case because the numerical value is given neither
for the system geometry nor for the material properties. Apart from the tempera-
ture, all the other variables of the model can be transformed into a dimensionless
form introducing the following dimensionless coordinates:

. the dimensionless time T ¼ ks

rcpr2
sometimes called Fourier

number;
. the dimensionless radius coordinate X ¼ r=R;
. the dimensionless axial coordinate Z ¼ z=l;

With these transformations, the abstract model can now be described by assem-
bling the following relations (3.129)–(3.133):

Qg ¼ Af
TrcpR2

k

� �

exp �k1Z � l� k2w
TrcpR2

k

� �2

(3.129)

T � 0 X ¼ �1 X ¼ 1 0 � Z £ 1 � k

R
¶t
¶X
¼ q ¼ aðt� taÞ (3.130)

T � 0 Z ¼ 1 � k

l
¶t
¶Z
¼ kabðtab � trabÞ (3.131)

T � 0 X ¼ �1 X ¼ 1 0 � Z £ 1 � k

R
¶t
¶X
¼ q ¼ aðt� taÞ (3.132)

T � 0 Z ¼ 1 � k

l
¶t
¶Z
¼ kabðtab � trabÞ (3.133)

Then, the heating model of the stick can simply be transposed by an adequate
software for process simulation. Indeed, some conditions have to be chosen: the
material properties (k; r; cp); the dimensionless stick geometry; the parameters
of the heating source (A; k1; k2; wÞ and the external heat transfer parameter
(a).The FlexPDE/2000� simulator (PDE Solutions Inc. USA) based on the finite
element method for integration of partial differential equations or systems has
been used for the development of the simulation program. The simulator can give
the results in various graphic forms. The source text of the program used to solve
this model (Fig. 3.37) shows a very attractive macro language.
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Title Heating in the zone refining

Coordinates: cylinder('Z','X')

select

cubic  { Use Cubic Basis }

variables  temp(range=0,1800)

definitions  λ  = 0.85  {thermal conductivity} cpc  = 1  { heat capacity }  long = 18

radius=1

  α  = 0.4   {free convection boundary coupling}  Ta = 25 {ambient temperature}

  A = 4500   {amplitude}

source = A*exp(-((z-1*t)/.5)**2)*(200/(t+199))

  initial value

  temp = Ta

equations

  div( λ *grad(temp)) + source = pc *dt(temp)

boundaries region 1 start(0,0)

    natural(temp) = 0 line to (long,0)

    value(temp) = Ta line to (long,1)

    natural(temp) = - α *(temp - Ta) line to (0,1)

    value(temp) = Ta line to finish

  feature

    start(0.01*long,0) line to (0.01*long,1)

time -0.5 to 19 by 0.01

monitors

  for t = -0.5 by 0.5 to (long + 1)

  elevation(temp) from (0,1) to (long,1) range=(0,1800) as "Surface Temp"

  contour(temp)

plots

  for t = -0.5 by 0.5 to (long + 1)

  elevation(temp) from (0,0) to (long,0) range=(0,1800) as "Axis Temp"

histories

  history(temp) at (0,0)  (4,0)  (8,0)  (12,0)  (16,0)   (18,0)

  end

Figure 3.37 FlexPDE� text for the example 3.4.1.

The first simulations present the heating dynamics along the stick, i.e. the evolu-
tion of temperature with time for two points positioned at X ¼ 1 (surface of the
stick) and X ¼ 0 (stick centre). If we note the temperature range from Figs. 3.38–
3.41 as well as the values of the material properties we see that the simulated heat-
ing case corresponds to the zone refining of a material with a very high melting
point such as an inorganic material (silicium). Figure 3.38, presents the time
motion of the heating front along the stick. It is easy to observe how the tempera-
ture increases in each point of the stick due to heating. After the passage of the
heating inductor along the stick, the temperature rapidly decreases due to the
axial and radial heat transport. This local heating dynamics (heating followed by a
good cooling resulting from a high temperature difference) can also be observed
at the stick extremities. Consequently, all the temperature curves present an
important elongation to the right part where the heat sink at constant temperature
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ta is placed, at the end of the stick. At the same time, Fig. 3.38 shows the impor-
tance of the heat flowing in the radial direction, from the centre to the external
medium. Using Figs. 3.39 and 3.40, we can compute the radial and the axial
temperature gradient with the time values from Fig. 3.38. For example for T ¼ 5
and l=R ¼ 10(middle of the stick) the radial temperature gradient is dt=dX ¼
330 drg/ul (ul = units of length); this value is larger than the axial temperature
gradient that, in this case, is dt=dZ ¼ 199 drg/ul.
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t 
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Figure 3.38 Evolution of the temperature for some points along the heated stick.
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Figure 3.39 Evolution of the temperature of the surface of the stick along its
length for various dimensionless times.
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Figure 3.40 Evolution of the temperature at the centre of the stick and along its
length and for various dimensionless times.
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Figure 3.41 Effect of the external flow on the stick heat flow.

With respect to the data contained in Figs. 3.38–3.41, we can rapidly make a
conversion to a concrete situation. For example for a stick with k= 2 watt/(m deg),
r = 3000 kg/m3, cp ¼2000 j/(kg deg) and with a radius R = 0.01 m, the dimension-
less time T = 5 corresponds to a real time s ¼ 1500 s. If the stick is 100 cm long,
then, with an inductor motion speed of 10 dimensionless units for 1500 s (see the
distances between the maximums of the temperature in Figs. 3.38–3.40) we
obtain a value of 15000 s for the time corresponding to the motion of the inductor
along the stick. This shows that the zone refining purification is not an efficient
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method as far as time is concerned. Before closing these observations concerning
heating with an inductor, we show that, in this case, the radial heat flow is perma-
nently oriented from the stick to the adjacent medium. On the contrary, for the
case of an electric oven heating, the direction of the heat flow is from the outside
to the inside in the region of the stick covered by the oven.

The second simulation has been oriented to show the effect of an external flow
around the stick on the thermal dynamics. It is known that the external flow
around an entity, where a transport property is occurring, has a direct action on
the coefficient of transfer of the property which characterizes the passing through
the interface [3.3, 3.4, 3.45, 3.46]. The data obtained with the simulator when we
change the values of the heat transfer coefficient from the stick to the external me-
dium allows a quantitative estimation of the effect of this parameter. For this sim-
ulation, the temperature of the surface of the stick is considered as a dependent
variable of the process. The heat source, the heat transfer coefficient a for the
external fluid flow around the stick, the material properties and the stick geometry
represent the independent variables of the process. Figure 3.41 shows the evolu-
tion of the stick heat flow for two values of the dimensionless time: T ¼ 5 and
T ¼ 15. A spectacular reduction of the temperature of the stick surface occurs
when the external flow becomes higher and the value of the heat transfer
increases from a ¼ 8 w/(m2drg) to a ¼ 40 w/(m2drg). This phenomenon shows
that an easy control of the stick-cooling rate is possible with the variation of a.
Indeed, this fact can be very important for an actual process [3.45].

The third simulation example concerns the descriptive model of the cooling pro-
cess of a hot stick that is maintained in a large volume of air. In the initial stages
of the process, one of the stick’s ends is maintained at high temperature for suffi-
cient time for it to reach a steady state. The distribution of the temperature along
the stick can then be calculated by relation (3.134). In a second step, the stick is
placed in air and an unsteady cooling process starts. Concerning relation (3.134),
we can notice that t0 is the temperature of the heated end of the stick, and that all
the other parameters have already been defined by the equations described above
at the beginning of this section.

t ¼ ta þ ðt0 � taÞexp �
ffiffiffiffiffiffi

2a

kR

r

z

 !

(3.134)

In this case, the simulator’s text given in Fig. 3.37 has been modified, first consid-
ering A = 0, this statement is equivalent to the elimination of the source, and sec-
ondly by choosing the relation (3.134) as the initial value of the variable of the pro-
gram named temp. The simulation results given in Figs. 3.42 and 3.43, show that
a rapid cooling of the stick takes place, this phenomenon is mainly caused by the
external conditions.
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Figure 3.42 Cooling dynamics of the stick for high t0 and
small heat transfer coefficient (a = 8 w/(m2drg).
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Figure 3.43 Cooling dynamics of the stick for slow t0 and high
heat transfer coefficient (a = 32 w/(m2drg).
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The zone refining process is extremely efficient for separating liquid or solid
mixtures. In the old days, it was essentially applied in purifying germanium to be
used in transistors. In multi-pass zone refining processes, the purification is car-
ried out by slowly moving a series of closely spaced heaters along a relatively long
solid ingot as shown in Fig. 3.36 or by restarting the heater movement when it
reaches the end of the stick. The multi-pass zone refining process allows time sav-
ing because the following crystallization begins before the preceding one is com-
pleted. Many useful purifying operations can be carried out if the number and the
size of the zones are properly selected. The distribution of impurities along an
ingot depends on the value of the distribution coefficient, on the length of the
molten zone, and on how many times the heaters move along the stick. Zone
refining with a variable zone length is a topical scientific subject.

3.4.2
Heat Transfer in a Composite Medium

The description of heat transfer through a composite material can be a rather
complicated task because this composite solid medium can contain various solids
which are not uniformly dispersed and which have different thermal conductivity
and sensible specific heat. Indeed, if we have a discrete setting of various solids in
the total solid, the problems of heat transport become very complex when the
number of solids and the number of agglomerations increase. These cases of
totally or partly disordered composite media are not dealt with in this section. In
an ordered solid composite medium, the heat can be generated or accumulated,
captured or eliminated at the boundaries by a molecular-like mechanism. When
the carriers pass from one zone of the solid to another, they change the frequency
of discrete motion and the pathway length of each individual species because of
the local properties. The heating or cooling problems of a block composed of two
or more bricks (parallelepiped or other form) that exchanges energy with the adja-
cent medium represent the concrete case considered here. In the first modeling
problem, we consider the case of a block of four bricks with different thermal con-
ductivity, sensible specific heat and density. It is heated by a source with a Gaus-
sian heat flow placed at the centre of the group of bricks. The group exchanges
heat with the external medium at the upper and lower surface. At the surface lev-
el, the external medium is considered to be perfectly mixed and indeed, without
any transfer resistance. No heat flow leaves the other block surfaces because they
are completely isolated. The upper and lower contact surfaces of the bricks do not
introduce any additional heat transfer resistance, so here the instantaneous heat
flux equality is a priori accepted. The study of this model is attractive because: (i)
the descriptive model given here can be explained by an interesting mathematical
model; (ii) no significant problems are encountered if we carry out support mod-
ifications in order to find other important heat transfer cases; (iii) by analogy, we
can obtain the data with respect to the characterization of some mass transfer
cases occurring in a similar way.
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For the general mathematical model construction, we consider the system of
coordinates, the geometrical dimensions, the material properties and the initial
temperature distribution for the block. Figure 3.44 gives a graphical introduction
to the descriptive process model. We can now proceed with the particularization
of the transport phenomena equations. Indeed, the concrete general mathemati-
cal process model contains:
. the partial differential equation that gives the temperature distri-

bution in the solid block:

rcp
¶t
¶s
¼ k

¶2t
¶x2
þ ¶2t
¶y2
þ ¶2t
¶z2

 !

þQg (3.135)

. the geometric and material conditions:

on the right region:

0 � x � l ; �L � z � 0 ; �h
2
� y � h

2
; k ¼ k ; cp ¼ cp1 ; r ¼ r1 (3.136)

0 � x � l ; 0 � z � L ; �h
2
� y � h

2
; k ¼ k2 ; cp ¼ cp2 ; r ¼ r2 (3.137)

on the left region:

�l � x � 0 ; �L � z � 0 ; � h
2
� y � h

2
; k ¼ k3 ; cp ¼ cp3 ; r ¼ r3 (3.138)

0 � x � l ; 0 � z � L ; � h
2
� y � h

2
; k ¼ k4 ; cp ¼ cp4 ; r ¼ r4 (3.139)

. boundary conditions:

at the top surface:

s � 0 ; z ¼ L ; �l £ x£ l ; �h
2
£ y £

h
2

; t ¼ ta (3.140)

at the bottom surface:

s � 0 ; z ¼ �L ; �l £ x£ l ; �h
2
£ y £

h
2

; t ¼ ta (3.141)

for other surfaces:

s � 0 ; x ¼ l ; �h
2
£ y £

h
2

; �L£ z £ L ;
dt
dx
¼ 0 (3.142)

s � 0 ; y ¼ �h
2

; �l £ x£ l ; �L£ z£ L ;
dt
dy
¼ 0 (3.143)
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s � 0 ; x ¼ �l ; �h
2
£ y £

h
2

; �L£ z£ L ;
dt
dx
¼ 0 (3.144)

s � 0 ; y ¼ h
2

; �l £ x £ l ; �L £ z £ L ;
dt
dy
¼ 0 (3.145)

. the heat flux continuity at the walls that separate the bricks:

s � 0 ; x ¼ 0 ; �h
2
£ y £

h
2
; �L £ z £ 0 ; k1

dt
dx

� �

x¼0þ
¼ k3

dt
dx

� �

x¼0�
(3.146)

s � 0 ; x ¼ 0 ; �h
2
£ y £

h
2
; 0 £ z £ L ; k2

dt
dx

� �

x¼0þ
¼ k4

dt
dx

� �

x¼0�
(3.147)

s � 0 ; z ¼ 0 ; 0£ x£ l ; �h
2
£ y £

h
2
; k2

dt
dz

� �

z¼0þ
¼ k1

dt
dz

� �

z¼0�
(3.148)

s � 0 ; z ¼ 0 ; �l £ x £ 0 ; �h
2
£ y £

h
2
; k4

dt
dz

� �

z¼0þ
¼ k3

dt
dz

� �

z¼0�
(3.149)

. temperature conditions to start the heating (initial conditions of
the problem):

s ¼ 0 ; �l £ x£ l ; �h
2
£ y £

h
2

; �L£ z £ L ; t ¼ ta (3.150)

. the relation that characterizes the local value of the rate of heat
production (it is the case of a small power source as, for example,
a small electrical heater placed in the centre of the block):

Qg ¼ Aexpð�kðx2 þ y2 þ z2ÞÞ (3.151)

Now we can transform the model relations into dimensionless forms. For this
purpose, we use the dimensionless temperature as a measure of a local excess
with respect to the adjacent medium Tp ¼ ðt� taÞ=ta; the dimensionless time

recognized as the Fourier number T ¼ k1s

r1cp1l2
; the dimensionless geometric coor-

dinates given by X ¼ x=l ; Y ¼ y=h ; Z ¼ z=L or as X ¼ x=l ; Y ¼ y=l ; Z ¼ z=l.
Table 3.12 contains the dimensionless state of the mathematical model of the pro-
cess.

110



3.4 Complex Models and Their Simulators

initial temperature

distribution

y

general  distribution  of

the temperature for

τ ≥0

x

z

  
  

  
L

ef
t 

 r
eg

io
n

  
  

  
  

  
  

  
  

  
 R

ig
h

t 
 r

eg
io

n

L

h

z

x

 top surface

bottom surface

λ1

λ2

λ3

l

λ4

y

Figure 3.44 Description of the example of heating of four bricks.

Table 3.12 Dimensionless mathematical models for the case of
the heating of a block of four bricks.

¶Tp
¶T
¼ ¶2Tp

¶X2
þ l2

h2

¶2Tp
¶Y2
þ l2

L2

¶2Tp
¶Z2

 !

þQg ¢ ; Qg ¢ ¼
Qgð4L lhÞ2=3

X1ta
(3.135)

Materials conditions:

0 � X � 1 ; �1 � Z � 0 ; � 1
2
� Y � 1 ; k ¼ k1 ; cp ¼ cp1 ; r ¼ r1

(3.136)

0 � X � 1 ; 0 � Z � 1 ; � 1
2
� Y � 1

2
; k ¼ k2 ; cp ¼ cp2 ; r ¼ r2

(3.137)

�1 � X � 0 ; �1 � Z � 0 ; � 1
2
� Y � 1

2
; k ¼ k3 ; cp ¼ cp3 ; r ¼ r3

(3.138)

0 � X � 1 ; 0 � Z � 1 ; � 1
2
� Y � 1

2
; k ¼ k4 ; cp ¼ cp4 ; r ¼ r4

(3.139)
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Boundary conditions:

T � 0 ; Z ¼ 1 ; �1 £X£ 1 ; � 1
2
£Y £

1
2

; Tp ¼ 0 (3.140)

T � 0 ; Z ¼ �1 ; �1 £X£ 1 ; � 1
2
£Y £

1
2

; Tp ¼ 0 (3.141)

T � 0 ; X ¼ 1 ; � 1
2
£Y £

1
2

; �1 £Z £ 1 ;
dTp
dX
¼ 0 (3.142)

T � 0 ; Y ¼ � 1
2

; �1£X £ 1 ; �1£Z £ 1 ;
dTp
dY
¼ 0 (3.143)

T � 0 ; X ¼ �1 ; � 1
2
£Y £

1
2

; �1 £Z £ 1 ;
dTp
dX
¼ 0 (3.144)

T � 0 ; Y ¼ 1
2

; �1 £X£ 1 ; �1 £Z £ 1 ;
dTp
dY
¼ 0 (3.145)

T � 0 ; X ¼ 0 ; � 1
2
£Y £

1
2

; �1 £Z £ 0 ; k1
dTp
dX

� �

x¼0þ
¼ k3

dTp
dX

� �

x¼0�

(3.146)

T � 0 ; X ¼ 0 ; � 1
2
£Y £

1
2

; 0 £Z £ 1 ; k2
dTp
dX

� �

x¼0þ
¼ k4

dTp
dX

� �

x¼0�

(3.147)

T � 0 ; Z ¼ 0 ; 0 £ x£ l1 ; � 1
2
£Y £

1
2

; k2
dTp
dZ

� �

z¼0þ
¼ k1

dTp
dZ

� �

z¼0�

(3.148)

T � 0 ; Z ¼ 0 ; �1 £X£ 0 ; � 1
2
£Y £

1
2

; k4
dTp
dZ

� �

z¼0þ
¼ k3

dTp
dZ

� �

z¼0�

(3.149)

T ¼ 0 ; �1£X £ 1 ; � 1
2
£Y£

1
2

; �1£Z £ 1 ; Tp ¼ 0 (3.150)

Qg ¼ A exp �kðl2X2 þ h2Y2 þ L2Z2Þ
	 


(3.151)

In the first simulation, we consider a particular case of the heating dynamics of
the four blocks when the heat is produced by a source at the centre of the blocks.
In this example, we have different thermal conductivities for the material of each
block. Figure 3.45 shows the simulation of a parallelepiped brick with its corre-
sponding dimensionless length and width. The only difference between the
dimensionless model shown in Table 3.12 and the model used in the simulator
(Fig. 3.45) is the use of a partly dimensionless model in the simulator text. To
show the complex dynamics of the temperature observed in Fig. 3.45, seven dis-
playing points have been selected. These are: A – bottom right brick:
Aðl=2;�h=2;�L=2Þ; B – bottom right brick: Bðl=2;h=2;�L=2Þ; C – bottom left
brick: Cð�l=2;h=2;�L=2Þ; D – bottom left brick: Dð�l=2;�h=2;�L=2Þ; E – top
right brick: Eðl=2;�h=2; L=2Þ; F – top right brick : Fðl=2;h=2; L=2Þ; G – top left
brick: G(–l/2, h/2, L/2); H – centre of block: Hð0; 0; 0Þ.
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title 'Simulator for the heating of a block of four bricks

select  regrid=off  { use fixed grid }   ngrid=5

coordinates  cartesian3

variables  Tp

definitions  long = 1 wide = 1   ρλ ,c, p          { - values supplied later }

                   Q = 3.8*10
7
*exp(-x^2-y^2-z^2)              { Thermal source }

initial values  Tp = 0.

equations

    div[ λ *grad(Tp)] + Q = )c( pρ  dt(Tp)        { the heat  transport equation }

       extrusion z = -long,0,long      { divide Z into two layers }

boundaries

 surface 1 value(Tp)=0  { bottom surface temp } surface 3 value(Tp)=0  {  top surface temp }

  Region 1            { define full domain boundary in base plane }

  layer 1 λ =1  2000c p = 2000=ρ     { bottom right brick }   layer 2   λ  =0.1

1800  1800=ρ    { top right brick }

       start(-wide,-wide)

          value(Tp) = 0          { fix all side temps }

    line to (wide,-wide)   { walk outer boundary in base plane }

                 to (wide,wide)

                    to (-wide,wide)        to finish

   Region 2            { overlay a second region in left half }

   layer 1 λ =0.2 1500  1200=ρ     { bottom left brick }  layer 2  λ =0.4

1500.   1500=ρ   { top left brick }

       start(-wide,-wide)

          line to (0,-wide)              { walk left half boundary in base plane }

             to (0,wide)

               to (-wide,wide)                  to finish

time 0 to 3 by 0.01 { establish time range and initial time steep }

plots

    for t = endtime contour(Tp) on surface z=0  as "XY Temp" range=(0,6)

;contour(Tp) on surface x=0  as  "YZ Temp" range=(0,6) ;contour(Tp) on surface y=0

as "XZ Temp" range=(0,6)

histories

    history(Tp) at (wide/2,-wide/2,-long/2) ;(wide/2,wide/2,-long/2) ; (-wide/2,wide/2,-

long/2) ;   (-wide/2,-wide/2,-long/2)  ;  (wide/2,-wide/2,long/2);

(wide/2,wide/2,long/2) ;  (-wide/2,wide/2,long/2) ; (0,0,0)                  range=(0,6)

end

c =p

c =p

c =p

Figure 3.45 FlexPDE working text of the simulator for the heating of a block of four bricks.

Figure 3.46 presents the temperature distribution in the plane y ¼ 0, which
separates the left parts from the right parts of the bricks’ assembly. The shape of
the group of the isothermal curves shows a displacement towards the brick with
the higher thermal conductivity. Using the values obtained from these isothermal
curves, it is not difficult to establish that the exit heat flux for each brick from the
bottom of the assembly (plane Z ¼ �1 ) and for the top of the assembly (plane
Z ¼ 1) depends on its thermal conductivity and on the distribution of the isother-
mal curves. If we compare this figure to Fig. 3.47 we can observe that the data
contained in Fig. 3.46 correspond to the situation of a steady state heat transfer.
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Figure 3.46 Temperature distribution at T = 3 for plane y = 0.

Figure 3.47 shows the evolution of the heating process of the composite block
and how it attains a complex steady state structure with the surface zones covered
by complicated isothermal curves (see also Fig. 3.46). Secondly, this figure shows
how the brick with the higher thermal conductivity is at steady state and remains
the hottest during the dynamic evolution. As explained above, this fact is also
shown in Fig. 3.46 where all high isothermal curves are placed in the area of the
brick with highest thermal conductivity. At the same time an interesting vicinity
effect appears because we observe that the brick with the smallest conductivity
does not present the lowest temperature in the centre (case of curve G compared
with curves A and B). The comparison of curves A and B, where we have k ¼ 0:2,
with curves C and D, where k ¼ 0:4, also sustains the observation of the existence
of a vicinity effect. In Fig. 3.48, we can also observe the effect of the highest ther-
mal conductivity of one block but not the vicinity effect previously revealed by
Figs. 3.46 and 3.47. If we compare the curves of Fig. 3.47 with the curves of
Fig. 3.48 we can appreciate that a rapid process evolution takes place between
T ¼ 0 and T ¼ 1. Indeed, the heat transfer process starts very quickly but its
evolution from a dynamic process to steady state is relatively slow.
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Figure 3.47 Temperature evolution inside the bricks that compose the
heated block.
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Figure 3.48 Temperature distribution along the Z axis for various
dimensionless times.

The second simulation has been oriented to the analysis of the cooling process of
the composite block. So, for the initial time, we have a block of four bricks heated
to a constant temperature. All surfaces of the blocks except for Z ¼ �1 and Z ¼ 1,
are isolated before placing the assembly of blocks in a cooling medium. We
assume that we can use the boundary conditions of type I. To make the simulator
respond to this new model with the written text shown in Fig. 3.45, we erase the
generated heat (Q ¼ 0) and we adequately change the initial temperature condi-
tions. The examples given by Figs. 3.49–3.51 consider that the cooling of the com-
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posite block begins when the dimensionless temperature is Tp ¼ 6. Figure 3.49
shows that each brick presents its proper thermal dynamics. We can notice that
the vicinity effects are similar to those already discussed in the previous example.
However, here the cooling rate of each brick does not occur in accordance with
the thermal conductivity but with the thermal diffusivity.

Figure 3.49 Cooling dynamics of a brick assembly for L/l = 1
and Va = 8.13.

The curves E and F that refer to the brick with k=ðrcpÞ ¼ 2:57 � 10�7 m2/s show a
higher cooling rate than curves A and B where we have k=ðrcpÞ ¼ 1:1 � 10�7 m2/s. At
the same time, curve G, where we have k=ðrcpÞ ¼ 0:23 � 10�7 m2/s, shows a high-
er cooling rate than curves C, D, E, F. Table 3.13 contains data from some simula-
tions where the block is considered to be composed of bricks which have the same
thermal diffusivity. It clearly shows that each brick presents an identical tempera-
ture field. It is obvious that, for this simulation, the temperature at the centre of
each brick and at the centre of the block have the role of the dependent variables
of the process when the medium temperature, the cooling temperature at the
beginning, the material diffusivity and the block geometrical dimensions are the
inputs or independent variables of the process. In addition, we can say that, in
spite of the type I boundary conditions for the bottom and top surfaces, the data
shown in Table 3.13 allow one to appreciate that the block cooling process can be

characterized by the integral relation: Tpmean ¼ Tp0exp � kAt

mcp
s

 !

where Tpmean is

the mean block temperature, k is the heat transfer coefficient with respect to the
non-isolated surfaces, m represents the block mass and At is the value of the non-
isolated surfaces.
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Table 3.13 Evolution of the temperature at the centre of the block and at the
centre of each brick.
Studied case: k1=ðr1cp1Þ ¼ k2=ðr2cp2Þ ¼ k3=ðr3cp3Þ ¼ k4=ðr4cp4Þ = 10–7 m2 /s.

T 0 0.25 0.5 0.75 1.0 1.25 1.50 1.75 2.0

Tp – block centre 6 5 2.0 0.8 0.4 0.15 0.05 0 0

Tp – each brick centre 6 2 0.8 0.3 0.08 0.04 0 0 0

If we significantly reduce the dimension of the Z axis, then we transform the
three-dimensional cooling problem into an unsteady state and monodimensional
problem. Figures 3.50 and 3.51 show the results of the simulations oriented to
demonstrate this fact. We can notice that all curves present the same tendency as
the analytical solution or Schmidt numerical solution of the monodimensional
cooling problem:

¶t
¶s
¼ k

rcp

¶2t
¶z2

;
k

rcp
¼
X

4

1

ki

ricpi
;

s ‡ 0; z ¼ �L and z ¼ l ; t ¼ ta; s ¼ 0;�L � z � L; t ¼ t0

Figure 3.50 The cooling dynamics of the bricks assembly for L/l = 0.1.
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Figure 3.51 The cooling dynamics of the bricks assembly for L/l = 0.01.

The above-mentioned trend occurs in spite of the different conditions that charac-
terize the calculation of each curve. As is known, the dimensionless time that charac-
terizes cooling depends on the width of each brick. However, this dimensionless value
has not changed in the simulations used for drawing Figs. 3.50 and 3.51. Conse-
quently, these figures are characterized by the same dimensionless time axis division.
In addition, the heat transfer surface used for the simulation also has the same value.
Indeed, both figures are reported to use the same base of comparison.

In the third simulation example, we carried out an analysis of some of the aspects
that characterize the case of the mass transfer of species through a membrane
which is composed of two layers (the separative and the support layers) with the
same thickness but with different diffusion coefficients of each entity or species.
To answer this new problem the early model has been modified as follows: (i) the term
corresponding to the source has been eliminated; (ii) different conditions for bottom
and top surfaces have been used: for example, at the bottom surface, the dimension-
less concentration of species is considered to present a unitary value while it is zero at
the top surface; (iii) a new initial condition is used in accordance with this case of
mass transport through a two-layer membrane; (iv) the values of the four thermal
diffusion coefficients from the original model are replaced by the mass diffusion
coefficients of each entity for both membrane layers; (v) the model is extended in
order to respond correctly to the high value of the geometric parameter l=L.

It is clear that, for this problem, the normal trend is to use the monodimen-
sional and unsteady state model, which is represented by the assembly of relations
(3.152)–(3.156). It accepts a very simple numerical solution or an analytical solu-
tion made of one of the methods classically recommended such as the variable
separation method:
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¶c
¶s
¼ D

¶2c
¶z2

(3.152)

s ¼ 0 ; �L£ z£ L ; c ¼ 0 (3.153)

s ‡ 0 ; z ¼ �L ; c ¼ c0 (3.154)

s ‡ 0 ; z ¼ 0 D1
dc
dz

� �

�
¼ D2

dc
dz

� �

þ
(3.155)

s ‡ 0 ; z ¼ L ; c ¼ 0 (3.156)

In addition, it is known that the transport of species through the membrane and
its support are characterized by the coefficients of diffusion, which are experimen-
tally determined with methods based on this model [3.47–3.51].

However, we cannot a priori use this model without the previous establishment
of conditions which accept the transformation of the three-dimensional and
unsteady state model into a one-dimensional model. These conditions can be
studied using the simulations as a tool of comparison. At the same time, it is
interesting to show the advantages of the dynamic (unsteady) methods for the
estimation of the diffusion coefficient of the species through the porous mem-
brane by comparison with the steady state methods.

Figures 3.52–3.54 show three cases of simulation of the process where the diffu-
sion coefficients for the support and membrane take, respectively, the following
values D1 ¼ D3 ¼ Dsp ¼ 10�8 m2/s D2 ¼ D4 ¼ Dmb ¼ 10�9 m2/s. All simulated
cases keep the total volume of the membrane assembly constant but differ from
each other due to parameter l=L which takes the values: 10, 100, and 1000.
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Figure 3.52 Dimensionless species concentration along the Z axis at various times
(for l/L = 10).
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Figure 3.53 Dimensionless species concentration along the
Z axis at various times (for l/L = 1000).
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Figure 3.54 Dimensionless species concentration along the
Z axis at various times (for l/L = 100).

Figure 3.52 significantly differs from the next two figures, especially with
respect to the evolution of C/C0 with time. For this situation, where the value of
the ratio length/thickness is not very high (10) we can accept that the diffusion
occurs in all directions and also that it is very rapid in the membrane support.
This last fact is responsible for this apparent fast evolution with time. For the
other two situations, we can observe that the diffusion process tends to attain the
stationary state when the concentration profile is C ¼ C1 � ð1� C1Þ � Z for
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�1 £Z £ 0 and C ¼ C1 � ð1� ZÞ for 0 £Z £ 1 respectively. Here, the dimensionless
species concentration for the steady state diffusion at the plane Z = 0 is given by
C1. If we write the equality of the species flux for the support and for the mem-

brane, we obtain:
1� C1

C1
¼ Dmb

Dsp

dsp

dmb
. Unfortunately, we cannot measure the

dimensionless concentration C1 and, consequently, this relation cannot be used to
determine Dmb, even if Dsp is known. At the same time, it is not simple to estab-
lish the end of the dynamic evolution and the beginning of the steady state diffu-
sion. As an example, if we know the end of the unsteady state and the beginning
of the steady state (as given in the simulations), the ratio Dmbdsp=Dspdmb = 0.1
(dmb ¼ dsp; Dmb ¼ 10�9 m2/s Dsp ¼ 10�8 m2/s ) for Figs. 3.52–3.54 then, for the
steady state, ð1� C1Þ=C1 must be 0.1.

If we observe the value of (1–C1)/C1 at T = 2 we have 0.135 for Fig. 3.52, 0.157
for Fig. 3.53 and 0.189 for Fig. 3.54; for all cases the persistency of the dynamic
evolution is shown. Otherwise, if we insist on the development of the steady state
method to determine the diffusion coefficient, then it is not difficult to observe
that, from the experimental point of view, we must use the measurements of the
flow rate of species (diffusion). Nevertheless, this type of experiment is not charac-
terized by its reproducibility and simplicity.

Concerning the problem of the validity of the monodimensional and unsteady
state model for the transport of an entity through the membrane, the simulations
with l/L >100 show that the transport in the Z direction is dominant. At the same
time, Figs. 3.55 and 3.56, which give the state of the dimensionless concentration
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Figure 3.55 Dimensionless concentration for plane Z = 0 when l/L = 1000 and T = 2.
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of the species for plane Z = 0 (between the support and membrane) show that the
X and Y concentration gradients are not absent in this case.

Because these gradients are not negligible, we cannot fully recommend, the
monodimensional unsteady state model as a theoretical model that supports the
use of dynamic methods for the characterization of the diffusion in a porous
membrane. Even if over 60% of the membrane surface is covered by a constant
dimensionless concentration of species, this event is not sufficient to allow the
acceptance of the unsteady model. Nevertheless, looking closely at Figs. 3.55 and
3.56 we can notice that only 20% of the surface contains high concentration gradi-
ents. However, the boundary conditions chosen impose the absence of transport
of the species throughout all surfaces except for Z = –1 and Z = 1. It is evident
that these last observations sustain the validity of the monodimensional and
unsteady state model. As a conclusion to this discussion, it is clear that the validity
of the monodimensional and unsteady state model as a support for the dynamic
methods to characterize the diffusion in a porous medium is not really affected.
At the same time, these critical observations can be considered as a support of the
various procedures that bring the necessary corrections to this model.

If both parts of the membrane (the support and the separative layers) can be
characterized by values lower than 1 for the Knudsen number (Kn ¼ k=2rp where
k is the mean free path of species or molecules and rp is the mean pore radius),
then all the aspects mentioned here must be taken into consideration. To describe
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Figure 3.56 Dimensionless concentration for plane Z = 0 when l/L = 100 and T = 2.
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the motion of a species in a porous structure, other models must be used when
the Knudsen number value is higher than 1 or when the support is highly porous
and the separative layer is dense.

One of the most convenient ways to investigate this process is to accept the
monodimensional unsteady state model of transport inside the membrane and to
measure the time lag characterizing the transitional process preceding the steady-
state. Traditional time lag theory has been intensively used to study gas and
vapour permeation through dense films. In most cases, the derived equations
describing the time lag for diffusion through composite media accept the equilib-
rium assumption at interfaces. This assumption is valid when the mass transfer
process at the interface is much faster than the transfer within the two adjacent
phases. This model has also been used in describing transport through supported
liquid membranes. In some cases, the interface resistance cannot be neglected,
and can be described with chemical reaction or sorption–desorption rates at the
surface.

3.4.3
Fast Chemical Reaction Accompanied by Heat and Mass Transfer

The problem of the modeling of a reactor where a homogeneous reaction (in the
gas or liquid phase) takes place can be relatively simple to solve after selecting the
type of reactor and its corresponding flow model. It is evident that, in accordance
with the accepted flow model, the reactor model will contain the particularizations
of the equation of the energy conservation and of the equations of the field of the
species concentration. The source term of the equation of the concentration of
one species is expressed by the kinetics reaction rate. Here we consider that the
homogeneous reaction is carried out in a reactor where the hydrodynamics corre-
sponds to a plug flow (PF) model and where the reaction Aþ BfiC occurs in the
presence of an inert component D. In accordance with the descriptive model of
the reactor given in Fig. 3.57, the following relations and conditions show the
associated mathematical model for a steady state operation and an elementary
reactor’s length dz:
. the balance equations of species A consumption:

w
dXA

dz
¼ vrA (3.157)

. the links between local concentration of B, C, D and A:

yB = yB0(1–XA) (3.158)

yC = yC0(1+XA) (3.159)

yA = yA0(1–XA) (3.160)

yD = 1–yA–yB–yC (3.161)
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. the heat balance equation:

w
dt
dz
¼ DHrA

rcp
vrA �

4k
rcpd

ðt� texÞ (3.162)

. the expression of the reaction kinetics:

vrA ¼ k1cm
A0cn

B0ð1� XAÞmþn � k2cp
C0ð1þ XAÞp (3.163)

. the concentration and temperature conditions at the reactor
input:

z ¼ 0 ; XA ¼ 0 ; yA ¼ yA0 ; yB ¼ yB0 ; yC ¼ yC0 ; t ¼ t0 ; tex ¼ tex0 (3.164)

. the heat balance for the fluid that flows outside of the reactor:

dtex

dz
¼ f ðGex; rex; cpex; k; d; tÞ (3.165)

tex

(A,B,C,D)0

w

cAz

source of heat and species

d

(A,B,C,D)f

cA0

XA

l

t

Figure 3.57 Scheme of a plug-flow reactor and homogeneous reaction.

In the PF homogeneous reactor, XA is the conversion of species A into C,
(XA ¼ ðcA � cA0Þ=cA0, where cA is the local molar concentration of A), y represents
the molar fraction of species (yA ¼ cA=ðcA þ cB þ cC þ cDÞ, etc.) and k1; k2;m;n; p
characterize the kinetics as reaction constants with their partial reaction orders.

The unsteady state model will be completed by adding the unsteady evolution
as ¶XA=¶s; ¶t=¶s and ¶tex=¶s respectively on the left part of the equations
(3.155), (3.160) and (3.163). At the same time, the initial conditions must be ade-
quately changed and new univocity conditions will be attached to this new prob-
lem.
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The modeling procedure explained above is not valid for all types of homoge-
neous reactions, for example, a very fast exothermic reaction such as the combus-
tion of gaseous or vaporized hydrocarbon with oxygen in air or the reaction of
chloride and hydrogen in inert nitrogen, etc. We will develop an example of such
reactions below:
. A gaseous mixture, which contains three components – a com-

bustible, a comburent and an inert gas, is fed into a tubular reac-
tor which has an efficient cooling in order to maintain the walls
at constant temperature;

. The gaseous mixture comes into the reactor with uniform radial
velocity (plug flow) and the gas velocity increases linearly with
temperature inside the reactor. Indeed, we can consider the con-
version as a function of r, ws and s (XAðr;ws; sÞ) and, conse-
quently, we can build the model taking r and s into account;

. To start the reaction in the reactor input, we have a small surface
with the function of a heat inductor where the temperature of the
gaseous mixture increases very rapidly to attain the inductor tem-
perature. Inside the reactor the inductor surface operates as a
stripping heat surface;

. The process occurs symmetrically with respect to a plane that con-
tains the z axis; at the same time, the temperature and the reac-
tant conversion will present the maximum values in the centre of
the reactor due to a high speed reaction. Therefore, we perma-
nently have the right conditions for components and heat diffu-
sion in the reactor.

Combustion reactions are known to occur through a free radical mechanism and
from this viewpoint, their kinetics is complicated. At the same time, the coupling
of the reaction kinetics with the flow dynamics, as well as the species and heat
diffusion is very important for most real cases [3.52–3.55]. For simplification, we
consider that the formal kinetics of this reaction is first order with respect to the
limiting reactant and that its expression must show a strong dependence on tem-
perature. Now, using the descriptive model (Fig. 3.58), we can build the general
mathematical model of the process. Concerning our fast highly exothermic reac-
tion, relation (3.166) often employs the quantitative description of the reactant
consumption rate. Here c is the limitative species concentration and c is a para-
meter related to the reaction activation energy:

vrðc; sÞ ¼ kc � exp½cð1=t0 � 1=tÞ� ¼ kc � exp½c=t0ð1� 1=TpÞ� (3.166)

For small c values, we obtain small or moderate reaction rates, whereas when c

increases, it corresponds to the start of the fast reaction or high temperatures,
when the reaction rate can attain a dangerous level.
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Figure 3.58 Description of a plug flow reactor with a constant
wall temperature where a fast exothermic reaction occurs.

The mathematical model of the process is built only in x and y coordinates (or
only in the r coordinate) because the z coordinate is self-defined using s and w.
Then, the general mathematical model contains the following equations and con-
ditions:
. the equation of concentration field for the limitative reactant:

¶c
¶s
¼ DA

¶2c
¶x2
þ ¶2c
¶y2

 !

þ vrðc; tÞ (3.167)

. the expression of temperature field inside the reaction mixture:

¶t
¶s
¼ at

¶2t
¶x2
þ ¶2t
¶y2

þvrðc; tÞ
DHr

rcp

! 

(3.168)

. the equations of the local gas velocity and plug flow reaction front
position:

w ¼ w0
ð271þ tÞ
ð271þ t0Þ

; z ¼ ws (3.169)

. the respective initial conditions for the temperature and concen-
tration domains:

s ¼ 0 ; 0 � x � r1 ; 0 � y � r1 ; c ¼ 0 ; t ¼ t0 (3.170)

. the univocity conditions:
1. for the reactor input:

s � 0 ; 0 � x / r1 ; 0 � y � r1 ; x2 þ y2 ¼ r2 ; c ¼ c0 ; t ¼ t0 (3.171)
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2. for the surface of thermal process control:

s ¼ 0 ; 0 � x � r1 ; 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2 þ y2
p

Þ � r1
h

360
; t ¼ t0 þ Dt ;

dc
dr
¼ 0

s � 0 ; 0 � x � r1 ; 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2 þ y2
p

Þ � r1
h

360
;

dt
dr
¼ 0 ;

dc
dr
¼ 0 (3.172)

3. for the reactor walls:

s � 0 ; x ¼ r1 ; y ¼ r1 ; yr1˛360� h ; k
dt
dr
¼ �aðt� twÞ ;

dc
dr
¼ 0 (3.173)

The set of Eqs. (3.166)–(3.173) represents the general mathematical model of the
described fast exothermic reactions taking place in an externally cooled plug flow
reactor. If we use the dimensionless expressions of time T ¼ DAs=r2

1, coordinates
X ¼ x=r1,Y ¼ y=r1, Z ¼ z=l, R ¼ r=r1, temperature Tp ¼ t=t0 and conversion XA

as dimensionless concentration of the limitative reactant, then the process model
can be described by the relations contained in Table 3.14.

Table 3.14 Dimensionless mathematical model for the heat and mass transfer in a
plug flow reactor for a fast exothermic reaction.

¶XA

¶T
¼ ¶2XA

¶X
þ ¶2XA

¶Y

 !

þ bRð1� XAÞexp c 1� 1
Tp

 !" #

(3.174)

¶Tp

¶T
¼ Sc

Pr

¶2Tp

¶X
þ
¶2Tp

¶Y

 !

þ bTð1� XAÞexp c 1� 1
Tp

 !" #

(3.175)

w
w0
¼

aþ Tp

aþ 1
; Z ¼ Ped

r1

l

� �

T (3.176)

T ¼ 0 ; 0 � Z � 1 ; 0 � Y � 1 ; 0 � Y � 1 ; XA ¼ 0 ; Tp ¼ 1 (3.177)

T � 0 ; 0 � X � 1 ; 0 � Y � 1 ; X2 þ Y2 ¼ R2 ; XA ¼ 1 ; TP ¼ 1 (3.178)

T � 0 ; 0 � X � 1 ; 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

� h

360
; Tp ¼ 1þ Dt

t0
;

dXA

dR
¼ 0 (3.179)

T � 0 ; 0 � X � 1 ; 0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ Y2
p

� h

360
; Tp ¼ 1þ Dt

t0
;

dXA

dR
¼ 0 (3.180)

T � 0 ; 0 < X � 1 ; 0 � Y � 1 ; Y1˛360� h ;
dTp

dR
¼ BiðTp � TwÞ ;

dXA

dR
¼ 0 (3.181)

Specifications: br ¼ ðkr2
1Þ=DA – Fourier number for the reaction,

Sc ¼ m=DA – Schmidt number Pr ¼ ðcpmrÞ=k – Prandtl number,
Bi ¼ ðar1Þ=k – Biot number, bT ¼ brðDHrc0Þ=ðrcpt0Þ, r – density ,
t – kinematic viscosity, cp – specific sensible heat,
k – thermal conductivity.
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The first simulation program set is obtained after the model particularization
using the numerical values of the parameters and the geometry and material
properties as shown in Fig. 3.59. This program aims to show some characteristic
aspects of this type of reactor with respect to the heat and reactant conversion
dynamics using a graphic representation. In addition, the simulation allows one
to know the evolution of the exit variables of the process (temperature and species
concentration), when one or more of the input variables of the model are changed.
For this concrete case and among these input variables, we can identify: (i) the
input flow rate of reactants; (ii) the value of the limitative reactant concentration
at the reactor feed; (iii) the value of the input temperature of the reactants; (iv) the
temperature of the reactor walls; (v) the limitative reactant type, here introduced
by the parameters that characterize the reaction kinetics.

Title  'PF reactor for fast exothermic reaction'

Select  painted      { make color-filled contour plots }

Variables  Temp(range=0,5) XA(range=0,1)

definitions

  Lz = 1  r1=1  heat=0       gamma = 16  beta = 0.2  betat = 0.3

  BI = 1  T0 = 1   TW = 0.92  VRS = (1-XA)*exp(gamma-gamma/Temp)

  xev=0.96   yev=0.25 { some plot points }

 initial value  Temp=T0    XA=0

equations

  div(grad(Temp)) + heat + betat*VR = dt(Temp)

  div(grad(XA)) + beta*VRS = dt(XA)

  boundaries

  region 1

  start (0,0)  natural(Temp) = 0  natural(XA) = 0  line to (r1,0)  { a mirror plane on X-axis }

 { "Strip Heater" at fixed temperature } value(Temp)=T0 + 0.2*uramp(t,t-0.05)

  { ramp the boundary temp, because  discontinuity is costly to diffuse }

  natural(XA)=0 { no mass flow }

  arc(center=0,0) angle 5     {..  on outer arc }

  region  2

  natural(Temp)=BI*(TW-Temp)   natural(XA)=0   { no mass flow }

 arc(center=0,0) angle 85    { ... on outer arc }

 natural(Temp) = 0  natural(XA) = 0  line to (0,0) finish {another mirror plane on Y- axis }

 time 0 to 1

 plots  for cycle=10                  { watch the fast events by cycle }

 contour(Temp) contour(XA)  for t= 0.2 by 0.05 to 0.3{ show some surfaces during burn }

 surface(Temp)  surface(C) as

histories history(Temp) at (0,0) (xev/2,yev/2) (xev,yev) (yev/2,xev/2) (yev,xev)

history(C) at (0,0)  (xev/2,yev/2) (xev,yev) (yev/2,xev/2) (yev,xev)

end

Figure 3.59 FlexPDE� software for a fast exothermic reaction in a PF reactor.

The violent runaway of the reaction is clearly shown in Figs. 3.60 and 3.61,
where the evolution of the reactant conversion and of the temperature is given for
some points positioned in a fourth of the reactor section because of symmetry. As
we can notice, time gives supplementary information about conversion with
respect to the position in the z-axis of the reactor. From these figures, we can also
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observe that, after an induction period, when the reactant conversion reaches
0.15, the reaction becomes violent and in a very short time all the limiting reactant
is consumed. The temperature evolution with time after the end of the reaction
shown in Fig. 3.60 corresponds to the heat diffusion process. Indeed, the points
positioned near the walls show a more rapid cooling than the points placed at the
Z-axis of the reactor. With reference to the evolution through the Z-axis, the
description of events is similar: after a short distance, when the conversion attains
the above-mentioned value, the manifestation of the violent reaction that corre-
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Figure 3.61 Evolution of the conversion of the reactant in the PF reactor
when a fast exothermic reaction takes place.
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sponds to a small z distance begins; in the remaining length, the gas mixture con-
tinues flowing and gas cooling takes place.

It is not difficult to observe in Fig. 3.59 that we can still change some parame-
ters in order to increase the reaction temperature: (i) by increasing the tempera-
ture of the reactants at the reactor input (we use a T0 value higher than 1); (ii) by
increasing the input concentration of the limiting reactant (we increase the value
of beta in the simulation software); (iii) by increasing the wall temperature (Tw)).
In addition, we can consider an enhancement of the heat transfer through the
walls by increasing the Biot number. Figures 3.62–3.64, which have been obtained
with other start values for T0; Tw; Bi; c0, can be compared to Figs. 3.60 and 3.61.
They aim to show the moments of reaction runaway more completely.

Figure 3.62 shows the temperature field of a quarter of the radial section of the
reactor before the reaction firing. Combining the values of T0; Tw and Bi results
in an effective cooling of the reactor near the walls during the initial instants of
the reaction (T ¼ 0� 0:05). In Fig. 3.63 is shown the temperature field when the
dimensionless time ranges between T ¼ 0:05 and T ¼ 0:11. Here, the reaction
runaway starts and we can observe that an important temperature enhancement
occurs at the reactor centre, at the same time the reactant conversion increases
(Fig. 3.64). The evolution of the reaction firing and propagation characterize this
process as a very fast process. We can appreciate in real time that the reaction is
completed in 10 s. It is true that the consideration of isothermal walls can be criti-
cized but it is important to notice that the wall temperature is not a determining
factor in the process evolution when the right input temperature and the right
input concentrations of reactants have been selected.

Figure 3.62 Temperature field before the reaction runaway for
T = 0.05. (T0 = 1.05, Tw = 0.9, Bi = 10, c0/c00 = 1.4.)
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Figure 3.63 Temperature field for the time of reaction
T = 0.11. (T0 = 1.05, Tw = 0.9 Bi = 10, c0/c00 = 1.4.)

Figure 3.64 Conversion field for T = 0.11.
(T0 = 1.05, Tw = 0.9, Bi = 10, c0/c00 = 1.4.)

With reference to the timing of the reaction firing, Table 3.15 presents the result
of the simulations carried out with this purpose. The direction of the firing is
already shown in this table. This can occur from the centre to the wall (C>W) or
from the wall to the centre (W>C). Nevertheless, we will not investigate the tech-
nological problem involved with some of these input conditions now. We will
mention this important fact: when the wall temperature is higher than that of the
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input reactants, the reaction ignition virtually starts at the input of the reactor.
However, in terms of simulation, this behaviour can be modulated with the reac-
tion kinetics.

Table 3.15 Time of reaction firing when Bi = 10 and c0=c00 ¼ 1.

T0 1 1.1 1.1 0.9 0.5 0.3 0.85 0.92 0.98 0.95

Tw 0.92 0.85 0.75 2 2 2 1.1 1 0.98 0.95

T Start
Finish

0.25
0.3

0.08
0.1

0.08
0.12

0.01
0.04

0.01
0.09

0.01
0.13

0.26
0.32

0.42
0.48

0.28
0.3

0.7
0.78

Sense C >W C>W C>W W>C W>C W>C W>C W = C C>W C>W

As far as controlling the process is concerned, it seems to be interesting to have
similar values for T0 and Tw. In this case, after the reaction ignition in the
whole radial section of the reactor input, the fast reaction propagation occurs
towards the reactor centre. Before closing the discussions about these first simula-
tions, we have to notice that modifications of the model and the associated soft-
ware allow the application of this example to many other cases. For example,
when the wall temperature is higher than the reactor temperature, we can simu-
late the cases of endothermic homogeneous reactions such as hydrocarbon crack-
ing. Such application needs two major software modifications: a negative bt value
and a more complete kinetics. It is important to specify that the developed model
can simulate the firing reaction where the limiting reactant is uniformly distribut-
ed into the reactor input. For the case when we have a jet-feed of limitative reac-
tant where a firing reaction occurs [3.55], a new model construction is recom-
mended.

The second set of simulations is oriented towards the analysis of the simulta-
neous heat and mass transfer when two fluids are separated by a porous wall
(membrane). The interest here is to couple the species transport through a wall
associated with the heat transfer and to consider that the wall heat conduction is
higher than the heat transported by the species motion. The process takes place
through a cylindrical membrane and we assume the velocity to be quite slow in
the inner compartment of the membrane. The process is described schematically
in Fig. 3.65. The transformation of the above general model in order to corre-
spond to this new description gives the following set of dimensionless equations:
. the dimensionless concentration field of transferred species:

¶CA

¶T
¼ ¶2CA

¶X
þ ¶2CA

¶Y

 !

(3.182)
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. the dimensionless evolution of the temperature:

¶Tp

¶T
¼ Sc

Pr

¶2Tp

¶X
þ
¶2Tp

¶Y

 !

(3.183)

. the movement expression for the z axis:

w
w0
¼ b

aþ Tp

aþ 1
(3.184)

. the initial and univocity conditions:

T ¼ 0 ; 0 � Z � 1 ; 0 � Y � 1 ; 0 � X � 1 ; CA ¼ 0 ; Tp ¼ 1 (3.185)

T � 0 ; 0 � X � 1 ; 0 � Y � 1 ; Z ¼ 0 ; CA ¼ 0 ; TP ¼ 1 (3.186)

T � 0 ; X ¼ 1 ; Y ¼ 1 ;
dTp

dR
¼ BiðTp � TwÞ: (3.187)

T � 0 ; X ¼ 1 ; Y ¼ 1 ;
dCA

dR
¼ BiD

1
ð1þ BipÞ

ð1� CAÞ (3.188)

Z

y

x

A flux

gas without  A

constant wall temperature Tw external concentration (Cex=1 ) of A

input temperature  T0

 input concentration of A (C0=0)

slow laminar flow

Figure 3.65 Explanatory scheme for heat and mass transport through a porous wall.

In the set of relations (3.182)–(3.188), b represents the coefficient for the veloci-
ty increase due to the species transport through the wall, Bi is the heat transfer
Biot number (Bi ¼ ðar1Þ=k), BiD is the mass transfer Biot number for the gaseous
phase (BiD ¼ ðkr1Þ=DA) and Bip is the Biot number for the porous wall
(Bip ¼ ðkdwÞ=DAw). Two new parameters dw and DAw, respectively, represent the
wall thickness and the wall effective diffusion coefficient of species. The model
described by the set of relations (3.182)–(3.188) can easily be modified to respond
to the situation of a membrane reactor when a chemical reaction occurs inside the
cylindrical space and when one of the reaction products can permeate through the
wall. The example particularized here concerns the heat and mass transfer of a
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gaseous fluid. Figures 3.66 and 3.67, respectively, present the dynamic evolution
of the heat thermal field and the concentration of species A. As was explained in
the previous example, the time parameter can be transformed into the z position
using relation (3.184). It is interesting to observe that the steady state permeation
of A is attained (the enhancement of the species concentration is linear) at dimen-
sionless time T = 0.2 (which is relatively fast in real time). At T = 1 thermal equi-
librium is reached and the heat transfer phenomenon disappears.
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5

Figure 3.66 Temperature evolution inside the cylindrical
membrane (Bi = 10, BiD = 2, Bip = 100 , Tw = 5).
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Figure 3.67 Evolution of concentration of A inside the cylind-
rical membrane (Bi = 10, BiD = 2, Bip = 100, Tw = 5).
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3.4 Complex Models and Their Simulators

In order to extract more data with respect to the gas composition in the cylindri-
cal membrane, we carried out simulations taking a long-term gaseous permeation
into account. Figure 3.68 shows this evolution for two different values of the
membrane Biot number, which, in fact, is a measure of the membrane mass
transfer resistance. We can observe that, over a long period, the dimensionless
species concentration increases linearly, indicating that the permeate flux through
the membrane wall has a constant value. This observation is in good agreement
with the high value of the Biot number.
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Figure 3.68 Evolution with time of the dimensionless concentration of species A.

If a light gas permeates through a 1 mm thick membrane, the Biot number cor-
responds to the highest value in Fig. 3.68. If we assume the pressure to be equal
to 1 and normal temperature, then the gas flux will be 10–7 kmole/(m2 s). With
some light modifications, the software used for these simulations can be adapted
to simulate the cases where the values of the Biot number of the membrane
change with time. The Biot number evolution can occur in different situations
when the membrane transport properties change, such as when the membrane is
continuously clogged (e.g. in hydrocarbon dehydrogenation reactions in which
coke is formed). The simulations presented here, as well as the observations
exposed during the model presentation, show that it is not difficult to model and
to simulate more complex cases such as membrane reactors. In such multifunc-
tional chemical engineering devices, one or more reaction products or reactants
can permeate through the membrane with different selectivity [3.56].

In membrane reactors, the reaction and separation processes take place simul-
taneously. This coupling of processes can result in the conversion enhancement
of the thermodynamically-limited reactions because one or more of the product
species is/are continuously removed. The performance of such reactors depends
strongly on the membrane selectivity as well as on the general operating condi-
tions which influence the membrane permeability.
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3.5
Some Aspects of Parameters Identification in Mathematical Modelling

The notion of model parameters defines one or more numerical values that are
contained as symbolic notations in the mathematical model of a process. These
numerical values cannot be obtained without any experimental research. In reali-
ty, the most important part of experimental research is dedicated to the identifica-
tion of the models’ parameters. Generally, all the experimental works, laboratory
methods and published papers beginning with the words “determination of......”
are in fact particular problems of identification of parameters. The chemical and
biochemical sciences use various and countless models that introduce various
types of parameters into their description. We can single out the real parameters
that have a physical dimension so as to accept a dimensional formula. Indeed,
they are related with a process state or with material properties that characterize
the process. They differ from abstract parameters, which can have a dimensional
formula but are an artificial creation. The parameters characterize the investigated
process and not the mathematical model in which they appear as a consequence.
At the same time, they can be considered as a special class of input variables of
the process. Indeed, when we start with a problem of parameter identification,
then we a priori accept a mathematical model, which contains these parameters
for the process evolution. The problem of identifying parameters is formulated
schematically in Fig. 3.69.

inputs –the same as those for ED
computed outputs

x1i

x2i

xni

i=1,s

y1i

y2i

ymi

i=1,s

mathematical model of the process

(MM)

 parameters   p1 , p2 , ….pl

measured inputs measured outputs

x1i

x2i

xni

i=1,s

ex

i1y

ex

i2y

ex

miy
i=1,s

     experimental device (ED)

Research

Figure 3.69 Introduction to a problem of identifying the parameters of a process.
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We can notice that, when a total number of “s” experimental measures have
been made for the outputs, the result of the experimental investigation of the pro-
cess is given by the vector:

Yex
i ¼

yex
1i

yex
2i

yex
mi

2

4

3

5 ; i ¼ 1; s

The vector Yex
i is obtained for s coupled values of the input process variables, so

we can consider the vector inputs as follows:

Xi ¼
x1i

x2i

xni

2

4

3

5 ; i ¼ 1; s

At the same time, the mathematical model of the process (MM) can produce – for
the established values of the vector locations of the input process – the following
values of the output vector:

Yi ¼
y1i

y2i

yni

2

4

3

5 ; i ¼ 1; s

If the values of the vector of parameters P ¼ p1; p2; :::::::pl½ � are known and if we
obtain analogous results for the measured and MM outputs for the same input
variables, then we can consider that the set of parameter values of model p1; p2; :::

pl are good enough.
The theory and the practice of parameter identification concern the assembly of

procedures and methods showing the estimation of the values of p1; p2; :::pl with
the objective of having similar values for vectors Yex

i and Yi. Generally, the param-
eters of a process are linked with various types of dependences called constraints.
Constraints show that each parameter presents a region where a minimal and a
maximal value is imposed and can be classified according to equality, inequality
and inclusion constraints. Inclusion constraints are frequently transformed into
inequality constraints because the latter have the quality of being easily intro-
duced into the overall identification problem.

The formulation of the mathematical problem of parameter identification for
an actual case needs the use of the following general particularizations given
below:

1. One relation or an assembly of relations that contains the condi-
tion necessary to impose the absence of important differ-
ences between the computed outputs and experimental out-
puts. This relation or assembly of relations frequently con-
tains the requirement of a minimal dispersion (variance)
between computed and experimental process outputs. So we
need to minimize the function:
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Uðp1; p2; ::::plÞ ¼
P

m

k¼1

P

s

i¼1
ðyki � yex

ki Þ
2 (3.189)

In the case of process exit coded by k, this equation can also be written as follows:

Uðp1; p2; :::::plÞ ¼
P

m

k¼1

P

s

i¼1
½ðFkðp1; p2; :::pl; x1i; x2i; ::::xniÞ � yex

ki �
2 ¼ min (3.190)

where Fkðp1; p2; :::pl; x1i; x2i; ::::xniÞ; k ¼ 1;m give the computed yki values of the
model. If a minimal dispersion between the computed and experimental results
is necessary for each process output, then we must minimize the following
assembly of functions:

Ukðp1; p2; :::::plÞ ¼
P

s

i¼1
½Fkðp1; p2; :::pl; x1i; x2i; ::::xniÞ � yex

ki �
2 ¼ min ; k ¼ 1; 2; :m

(3.191)

In addition to the formulation that minimizes the dispersion described above,
other mathematical expressions have been suggested with the purpose of obtain-
ing the values of the parameters by requiring the model to reproduce the experi-
mental data.

2. An assembly of relations that contains the introduction of
expressions for equality type constraints; this assembly links
some or all of the parameters of the model. From the mathe-
matical viewpoint we can write these relations as follows:

Hjðp1; p2; ::::plÞ ¼ 0::::::j ¼ 1; :::::l (3.192)

We observe here that we have “l” independent relations for “l” number of parame-
ters. However, it is not strictly necessary to have the same number of parameters
and relations that characterizes the equality type inter-parameter links.

3. An assembly of relations that contains the inequality type con-
straints which are considered for all parameters of an incom-
plete group of parameters or for only one parameter. We
write these relations as follows:

Gjðp1; p2; ::::plÞ � 0::::::j ¼ 1; :::::l (3.193)

Ljðp1; p2; ::::plÞ � 0::::::j ¼ 1; :::::l (3.194)

It is important to notice that the equality and inequality type constraints described
above can be absent in a problem of parameter identification.

The methods for identifying the parameters of a model can be classified in
terms of the complexity of the mathematical model and constraints accepted for
its parameters.

All the methods used for the identification of parameters are in fact the particu-
larizations of the general methods to determine an extreme function. This func-
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tion can be simple or complicated and can be given by one or more algebraic
equations or can be introduced by an assembly of relations that contains differen-
tial equations or partial differential equations. The classification for these meth-
ods is given in Table 3.16.

Table 3.16 Classification of the methods for identifying the parameters of a model.

n Type of method Method name Required conditions Examples

1 Analytical
methods

Pure analytical
method

1. Deterministic mathematical
model given by analytical func-
tions that are differentiable
with respect to each parameter

2. Without constraints

The latest
small squares
method

Lagrange coeffi-
cients method

1. Deterministic mathematical
model given by analytical func-
tions that are differentiable respect
to each parameter

2. With constraints of equality type

Variational
methods

1. Deterministic mathematical
model given by analytical or
numerical functions that are dif-
ferentiable respect to each para-
meter

2. With or without constraints

2 Mathematical
programming
methods

Method of
geometrical
programming

1. Deterministic mathematical
model given as:

Uðp1:::plÞ ¼
P

l

j¼1
CjPjðp1::plÞ

where Pjðp1::plÞ ¼
P

l

i¼1
paij

i

2. Without constraints.

Methods of
dynamic
programming

1. Mathematical model that describe
a process with sequential states

2. With or without constraints

Methods of
linear program-
ming

1. Deterministic mathematical
model given as:
Uðp1::plÞ ¼ a1p1 þ a2p2 þ ::alplÞ

2. With inequality type constraints

The simplex
method

3 The gradient
methods

Various methods 1. Deterministic process mathe-
matical model especially given
by differential equations

2. With or without inequality type
constraints

The very high
slope method
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n Type of method Method name Required conditions Examples

4 The combined
methods

Various variants 1. Process mathematical models
with distributed inputs

2. Capacity to be associated with a
Kalman filter

3. Without inequality type con-
straints

The maximum
likelihood
method

It is important to point out that to identify the parameters of the model, the
experimental research made with physical laboratory models (apparatus) has pre-
viously established the experimental working methods that allow the identifica-
tion of the actual process parameters. These experimental methods tend to be pro-
moted as standardized methods and this reduces the dimension of the problem
that is formulated for identifying the parameters of the model to the situations
where Uðp1; p2; ::::plÞ contains one, two or a maximum of three parameters to be
estimated simultaneously.

3.5.1
The Analytical Method for Identifying the Parameters of a Model

This type of method includes the classical methods, which are based on the obser-
vation that the minimal value of function Uðp1; p2; ::::plÞ is quite near zero.
Indeed, we can derive the conditions of a minimal value of Uðp1; p2; ::::plÞ which
can be written as a system of algebraic equations (3.195) where the unknowns are
parameters p1; p2; ::::pl.

¶Uðp1; p2::::plÞ
¶p1

¼ 0

¶Uðp1; p2::::plÞ
¶p2

¼ 0

¶Uðp1; p2::::plÞ
¶pL

¼ 0

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

(3.195)

The applicability of this method is limited by the form of function Uðp1; p2; ::::plÞ
that must present an analytical expression with respect to each parameter
(p1; p2; ::::pl). At the same time, the dimension and the nonlinearity of system
(3.195) can also be considered as the limitative factors of this method. Various
concrete formulations of system (3.195) can be obtained for the mathematical
model of an actual process. For example, if, in Fig. 3.69, we consider that we have
only one output where yex

i and yi i ¼ 1; s are, respectively, the measured and the
computed output values of the process and if we accept that the mathematical
model of the process is given by Eqs. (3.196), then the function which must be
minimized is given by relation (3.197):
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y ¼ p0 þ p1f1ðx1; x2; :::::xnÞ þ p2f2ðx1; x2; :::::xnÞ þ ::::::::þ plflðx1; x2; :::::xnÞ (3.196)

Uðp1; p2:::::plÞ ¼
P

s

i¼1
½p0 þ p1f1ðx1i::xniÞ þ ::::pLfLðx1i; x2i:::xniÞ� � yex

i

	 
2 ¼ min
(3.197)

For this case the system (3.195) leads to the following algebraic system:

sp0 þ p1
P

s

i¼1
f1ðx1i; x2i::xniÞ þ p2

P

s

i¼1
f2ðx1i; x2i::xniÞ þ :::þ pL

P

s

i¼1
fLðx1i; x2i::xniÞ ¼

P

s

i¼1
yex

i

p0
P

s

i¼1
f1ðx1i; x2i::xniÞ þ p1

P

s

i¼1
½f1ðx1i; x2i::xniÞ�2 þ p2

P

s

i¼1
f2ðx1i; x2i::xniÞf1ðx1i; x2i::xniÞ þ ::

pL
P

s

i�1
fLðx1i; x2i::xniÞf1ðx1i; x2i::xniÞ ¼

P

s

i¼1
yex

i f1ðx1i; x2i::xniÞ

p0
P

s

i¼1
f2ðx1i; x2i::xniÞ þ p1

P

s

i¼1
f1ðx1i; x2i::xniÞf2ðx1i; x2i::xniÞ þ p2

P

s

i¼1
½f2ðx1i; x2i::xniÞ�2 þ ::

pL
P

s

i�1
fLðx1i; x2i::xniÞf1ðx1i; x2i::xniÞ ¼

P

s

i¼1
yex

i f1ðx1i; x2i::xniÞ

p0
P

s

i¼1
fLðx1i; x2i::xniÞ þ p1

P

s

i¼1
f1ðx1i; x2i::xniÞfLðx1i; x2i::xniÞ þ p1

P

s

i¼1
f1ðx1i; x2i::xniÞfLð::Þ þ ::

pL
P

s

i�1
½fLðx1i; x2i::xniÞ�2 ¼

P

s

i¼1
yex

i fLðx1i; x2i::xniÞ
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(3.198)

The solution of this system allows the estimation of the numerical values of pa-
rameters p1; p2; ::::pl. This system is in fact the expression of the least small
squares method. This method is used for the development and solution of exam-
ple 3.5.1.1.

3.5.1.1 The Pore Radius and Tortuosity of a Porous Membrane for Gas Permeation
Gaseous permeation can be used for the characterization of porous membranes
using an apparatus working with the technique of fixed volume–variable pressure
as shown in Fig. 3.70. The technique, which was initially developed for dense
polymer membranes, is based on the recording of the pressure evolution with
time of a downstream compartment, which is separated from an upstream com-
partment filled with a pure gas by a flat membrane. Before starting the experi-
ments, both compartments are put under very low pressure and, at the initial
time of the measurements, a relatively high pressured pure gas is introduced into
the upstream compartment [3.59].

The pressure evolution of the downstream compartment versus time is
recorded in a curve which generally has a typical “s” shape which presents an ini-
tial small nonlinear increase and later becomes time linearly dependent. At the
end of the experiment, when the gradient becomes negligible, the curve presents
a nonlinear decrease [3.60].
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Figure 3.70 Scheme of a gas permeation apparatus. 1 – upstream compartment,
2 – membrane, 3 – downstream compartment (Vinf), 4 – pure gas entrance valve,
5 and 6 – vacuum valves, 7 – pressure transducer (Pinf), 8 – data acquisition system,
9 – computer, 10 – curve pressure vs. time.

Once the descriptive model has been realized, we need to make the mathemati-
cal model of the process, which can be used to identify the mean pore radius of
the membrane pores and the associated tortuosity. Before starting with the estab-
lishment of the model, we consider that the elementary processes allowing the
gas flow through the membrane are a combination of Knudsen diffusion with
convective flow. If we only take into account the linear part of the curve of the
pressure increase with time then we can write:

p1 ¼ a1 þ bs (3.199)

Indeed, the gas flow rate that permeates through the membrane is:

GM ¼ Vinf
dc
ds
¼ Vinf

RT
dpinf

ds
¼ Vinf

RT
b (3.200)

and then we obtain for the measured gas flux:

NA ¼
GM

eSm
¼ Vinf

RTeSm
b (3.201)

the slope b of the pressure–time dependence is estimated with the variation of pi

with si, and, consequently, we can transform the equation above as follows:

Nex
Ai ¼

Vinf

RTeSm
p1iþ1 � p1i

siþ1 � si
(3.202)
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As explained above, we consider that the gas transport is carried out by the Knud-
sen and hydrodynamic flow through the porous media, then the theoretical
expression for the gas flux is given by the following relation:

NA ¼ �
2
3

rw

ffiffiffiffiffiffiffiffiffi

8RT
pM

r

þ r2w
p

8g

 !

dp
RTdx

(3.203)

Because NA is constant, we can separate out the variables of the relation (3.203),
then the integral relation (3.205) concerning the gas flux through the membrane
is obtained after integrating the whole thickness of the membrane:

NA

R

d

0
dx ¼

R

p2

p1

2
3

rw

ffiffiffiffiffiffiffiffiffi

8RT
pM

r

þ r2w
p

8g

 !

dp (3.204)

NA ¼
4
ffiffiffi

2
p

3d

rw
ffiffiffiffiffiffiffiffiffiffiffiffiffi

RTpM
p ðp2 � p1Þ þ

r2w

16gd
ðp2

2 � p2
1Þ (3.205)

Relation (3.205) can be written in the form (3.206) where it shows the expression
for the model of instantaneous gas flux through the membrane:

NAi ¼
4
ffiffiffi

2
p

3d

rw
ffiffiffiffiffiffiffiffiffiffiffiffiffi

RTpM
p ðp2i � p1iÞ þ

r2w

16gd
ðp2

2i � p2
1iÞ (3.206)

If p1i increases linearly with time; then p2i can be calculated by p2i ¼ p0 � bisi in
Eq. (3.206). Here, bottom and top compartments have been considered to have
the same volume. It is not difficult to observe that the parameters requiring iden-
tification are rw and r2w where r is the mean pore radius and w the tortuosity. In
this case, in accordance with relation (3.189), the function for the minimization
will be written as follows:

Uðrw; r2wÞ ¼

P

s

i¼1

4
ffiffiffi

2
p

3d
rw
ffiffiffiffiffiffiffiffiffiffiffiffiffi

RTpM
p ðp2i � p1iÞ þ

r2w

16gd
ðp2

2i � p2
1iÞ �

V inf
RTeSm

p1iþ1 � p1i

siþ1 � si

� �2

By introducing the notations A ¼ 4
ffiffiffi

2
p

3d

rw
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

RTpM
p ; B ¼ r2w

16gd
; a ¼ V inf

RTeSm
and by

computing the conditions that impose the minimal value of the function

Uðrw; r2wÞ, we obtain equations system (3.207) where N represents the number of
experiments considered for the parameter identification.

A
P

N

i¼1
ðp2i � p1iÞ2 þ B

P

N

i¼1
ðp2

2i � p2
1iÞðp2i � p1iÞ ¼ a

P

N

i¼1
ðp1iþ1 � p1i

siþ1 � si
Þðp2i � p1iÞ

A
P

N

i¼1
ðp2i � p1iÞðp2

2i � p2
1iÞ þ B

P

N

i¼1
ðp2

2i � p2
1iÞ

2 ¼ a
P

N

i¼1
ðp1iþ1 � p1i

siþ1 � si
Þðp2

2i � p2
1iÞ

8

>

>

>

>

<

>

>

>

>

:

(3.207)

The solution to equation system (3.207) will allow calculation of the values of rw

and r2w, which are obtained after the estimation of A and B.
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In our actual example, the first step for this calculation is the determination of r
w and r2w by using data from Tables 3.17 and 3.18. These data have been obtained
with an experimental device with Vinf ¼ Vsup ¼ 7 � 10�5 m3 d ¼ 4 � 10�3 m and
for the following gases: He (M = 2 kg/kmol, g = 10–5 kg/ (m s)) and N2 (M =
28 kg/kmol, g = 1.5�10–5 kg/ (m s)). The starting pressure at the upstream com-
partment is p0 ¼ 2 � 105 N/m2 and 1.5�103 N/m2 for the downstream compart-
ment.

Table 3.17 Pressure evolution in the downstream compartment
for He permeation.

C .n 1 2 3 4 5 6

s (s) 10 20 50 70 90 110

p1 (N/m2) 104 2.5*104 4*104 5.52*104 7*104 8.41*104

Table 3.18 Pressure evolution in the downstream compartment
for N2 permeation.

C .n 1 2 3 4 5 6

s (s) 40 80 120 160 200 240

p1 (N/m2) 2.06*104 3.41*104 4.72*104 6.06*104 7.41*104 8.7*104

The algorithm for the experimental data processing follows the steps:
1. We introduce the fixed data of the problem:

Vinf ;Vsup; d;Sm; e;M;g; p0;R; T; N;
2. We give the evolution of p1i versus si, i = 1,N;
3. We compute the mean slope of the p1i versus si dependence:

b ¼ p1N�1 � p12

sN�1 � s2
;

4. We establish the corresponding p2i value for each si:
p2i ¼ p0 � bisi, i = 1,N;

5. We compute:a ¼ Vinf=ðRTeSmÞ;
6. We obtain the values of the following sums:

S1 ¼
P

N

i¼1
ðp2i � p1iÞ2 , S2 ¼

P

N

i¼1
ðp2

2i � p2
1iÞðp2i � p1iÞ,

S3 ¼ a
P

N

i¼1

p1iþ1 � p1i
siþ1 � sI

� �

ðp2i � p1iÞ; S4 ¼
P

N

i¼1
ðp2

2i � p2
1iÞ

2 ,
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S5 ¼ a
P

N

i¼1

p1iþ1 � p1i

siþ1 � sI

� �

ðp2
2i � p2

1iÞ;

7. We solve system (3.207) for A and B which is written as
follows:

AS1 þ BS2 ¼ S3

AS2 þ BS4 ¼ S5

�

(3.208)

8. We compute rw and r2w by using the computed A and B.

Figure 3.71 contains the MathCAD� working text of this problem in the case of N2

permeation. The values obtained for rw ¼ 1:2 � 10�10 m and r2w ¼ 0:85 � 10�20 m2

are almost the same as those calculated for He permeation.

Figure 3.71 Software working text for example 3.6.1.1.
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3.5.2
The Method of Lagrange Multiplicators

This high confidence method is used when one or more equality constraints are
imposed on the parameters of the process [3.61]. So, if our problem is to obtain
the minimal value of function Uðp1; p2; :::pLÞ and the parameters’ requirement to
verify the constraints fiðp1; p2; ::pLÞ, i = 1, g simultaneously, then the solution is
obtained from the formulation of the following auxiliary function:

Lðp1; p2:::pL; k1; :::kgÞ ¼ Uðp1; p2; :::pLÞ þ
P

g

i¼1
kifiðp1; p2:::::pLÞ (3.209)

Function Lðp1; p2; :::pL; k1; :::kgÞ supports the same minimization as Uðp1; p2; :::pLÞ
but here, the number of parameters is increased with k1; k2; ::; kg which are called
the Lagrange multiplicators. Then, the equation system that must be solved here
is written as:

¶Lðp1; p2; ::pL; k1; :::kgÞ
¶pk

¼ 0 ; k ¼ 1; L

¶Lðp1; p2; ::pL; k1; :::kgÞ
¶ki

¼ 0 ; i ¼ 1; g

8

>

>

<

>

>

:

(3.210)

From Eq. (3.210) we can obtain one or more set(s) of values for p1; p2; :::; pL which
give for function Uðp1; p2; :::pLÞ one or more extreme values. If we have various
extremes for this function, we choose the set of parameters which gives a physical
meaning of the problem. With respect to the Lagrange method, we can observe
that each equality type constraint introduces its parameter in the building of
Lðp1; p2; :::pL; k1; :::kgÞ. Indeed, this method is strictly recommended when we
have equality type constraints.

3.5.2.1 One Geometrical Problem
A chemical engineer who is designing a drug factory has to solve a problem which
concerns the building of a spherical reservoir over a conical support as shown in
Fig. 3.72. For this construction, the total volume must not exceed 5 m3. At the
same time, the relation between the sphere diameter and the cone height is
imposed in accordance with the golden section principle (Ds ¼ I=5Þ.

The building process must be carried out minimizing the operations such as
surface finishing, colouring, etc. After a few days, the engineer concludes that it is
not possible to build such a structure, even though, the motivation for the
response remains unknown. In order to know the reasons that motivated the engi-
neer’s decision we will use the parameters identification method of Lagrange mul-
tiplicators. To do so, we have to minimize the function that represents the surface
of the building:

FðD;G; IÞ ¼ pDGþ pDI=2þ pðI=5Þ2 (3.211)
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with the constraint that imposes a fixed building volume :

CðD;G; IÞ ¼ pGðD=2Þ2 þ pðI=3ÞðD=2Þ2 þ p=6ðI=5Þ3 � V (3.212)

The associated Lagrange function LðG; I;D; kÞ ¼ FðG;H;DÞ þ kCðG;H; IÞ gives
the following equation system:

Gþ 0:5 Iþ 0:5kG Dþ 0:166kI D ¼ 0
0:5Dþ 0:08Iþ 0:0833kD2 þ 0:004kI2 ¼ 0

0:25kD ¼ �1
0:25GD2 þ 0:0833ID2 þ 0:001333 I3 ¼ V=p

8

>

>

<

>

>

:

(3.213)

Considering that the fixed volume is V ¼ 5 m3, the solution to this system results
in the following values for the heights and diameter: G ¼ �1:45 m, I ¼ 8:8 m and
D ¼ 1:43 m. We can notice here that the value of G is not realistic.

Ds

G

I

D

Figure 3.72 Scheme of example 3.6.2.1.

3.5.3
The Use of Gradient Methods for the Identification of Parameters

Among the methods used to identify the parameters of a process, the gradient
methods play an important role because of their excellent adaptation to software
making. These methods are generally quite efficient for solving problems that
require the establishment of extreme positions for the assemblies of linear or non-
linear functions. This statement is especially true when the functions of assem-
blies are given through differential or partial differential equations. This is the
major reason why these methods are widely used. They are based on the establish-
ment of the values of momentary parameters that produce the highest variation of
the minimized or maximized function. From the geometrical viewpoint, this fact
is equivalent to a displacement of the function along its gradient towards the
extreme position. It is known that the gradient in a point of the surface of
response has an orthogonal state with respect to the surface. The different gradi-
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ent methods are classified depending on: (i) the procedure for the localization of
the calculation point; (ii) the length of the step that characterizes the motion of
the calculation point; (iii) the number of tests along the established direction;
(iv) the criteria used to stop the calculation; (v) the global method simplicity.

The most important aspect of these methods, which follow the localization of
an extreme for a given function, is represented by the identification of the most
rapid variation of the function for each calculation point on the direction. For this
problem of parameter identification, the function is given by the expression
Uðp1; p2; :::pLÞ. The graphic representation of Fig. 3.73 shows the function–gradi-
ent relation when the vector gradient expression is written as in relation (3.214).

~gradgradU ¼ ¶U

¶p1

~ii1 þ
¶U

¶p2

~ii2 þ ::::::þ
¶U

¶pL

~iiL ¼ vect
¶U

¶p1
;
¶U

¶p2
; ::::

¶U

¶pL

� �

(3.214)

Here~ii1;~ii2; :::::; ~iiL are the axis vectors expressed in unitary coordinates.
From the theoretical viewpoint, the scalar value of the partial derivate ¶U=¶pi is

the vector gradient projection to the axis pi. Indeed, it can be described with their
module and the spatial angle between the vector of the gradient and the axis pi as
in relation (3.215):

gr~aadU ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

L

i¼1

¶U

¶pi

� �2
v

u

u

t cos ð ~gradgradU;~iiiÞ (3.215)

gradΦ

p1

p2

p3

2p∂
Φ∂

i1

i2 i3

1p∂
 ∂Φ

3p∂
 ∂Φ

)p,p,p( 321Φ

M

Figure 3.73 Function Uðp1; p2; p3Þ, the M point gradient and
its axis projections.

Concerning the problem of the direction of the advancement, it is important to
select the length of the step of progression. It is evident that this selection first
depends on the relations characterizing the response surface. When the processes
are described with a complex model, this surface can only be given in a numerical
form. A small length of the advancing step imposes a long and difficult computa-
tion. When the advancing step is big, it is possible to cross over the wanted
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extreme. These problems can be avoided using a variable length step; at the begin-
ning, we use a big length step and, when an extreme neighbourhood is detected,
the length of the step is progressively decreased. The step dimension Dpi; i ¼ 1; ::
L must verify first the condition that all calculation points are placed onto the gra-
dient line beginning at the starting point and, secondly, if the constraints are
active, the step dimension must respect them. The length of the step for the vari-
able (parameter) pi is computed using the partial derivates of the problem func-
tion with respect to the current calculation point:

Dpi ¼
k ¶U
¶pi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

L

i¼1

¶U
¶pi

� �2
s (3.216)

Here k is a constant value, which is the same for the displacement of all variables
(parameters). It is not difficult to appreciate that the value of k is very important
for the step length.

Concerning the requirement to have an orthogonal gradient to the surface
response of the process, we can notice that it first imposes the base point; if, for
one of these �L’ directions, the length of the step is too big, then the vector that
starts from the base point should not respect the orthogonal condition between
the surface of the response and the new point where we will stop the motion. The
selection of an adequate step length presumes that the derivates of the function
related to the new point stay close to the derivates of the base point.

Despite the differences that exist between various gradient methods, the algo-
rithm to determine the extreme point for a given function remains identical with
respect to some general common guidelines [3.62, 3.63]:

1. we choose a base point;
2. starting from this point we establish the direction of the de-

velopment;
3. we find the step length to prepare the motion along the gra-

dient line;
4. we establish the position of the new point and consider

whether it is a current point or must be transformed into a
new base point;

5. we compare the value of the function for the new point and
for the new base point with the value of the function of the
former base point; the value of the new function is normally
lower;

6. we select the new development direction for the new base
point and the computation gives the area of the minimum
function value; here small motion steps are recommended.
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3.5.3.1 Identification of the Parameters of a Model by the Steepest Slope Method
The steepest slope method is a particular class of gradient method. This method
will be illustrated with an example of the minimization of a function with two pa-
rameters with an explicit graphic interpretation. Figure 3.74 gives an excellent
introduction to the steepest slope method (SSM) by showing some curves with
constant U. They are placed around the minimum function and near the first
base point. The motion progresses along the gradient line which is localized for
each selected point. The development of this method starts at the first base point
M0ðp0

1; p
0
2Þ beginning the exploration of the steepest slope by computation. We

increase p0
1 by dp0

1 and establish the value of Uðp0
1 þ dp0

1; p
0
2Þ. Now we repeat the

computation by increasing p0
2 by dp0

2 and then Uðp0
1; p

0
2 þ dp0

2Þ is obtained. With
Uðp0

1 þ dp0
1; p

0
2Þ and Uðp0

1; p
0
2 þ dp0

2Þ we can estimate the values of the two partial
derivates:

¶U

¶p1

� �

0
¼ Uðp0

1 þ dp0
1; p

0
2Þ �Uðp0

1; p
0
2Þ

dp0
1

(3.217)

¶U

¶p2

� �

0

¼ Uðp0
1; p

0
2 þ dp0

2Þ �Uðp0
1; p

0
2Þ

dp0
2

(3.218)

Φ0

Φ1

Φ2

Φmin

grad  Φ

∆p1

0

Μ0

Μ1

M2

p1

p2

Figure 3.74 Scheme for the SSM graphic introduction.

These derivates allow the selection of the length of the step displacement or, in
other words, they control the computation of each parameter modification. Dp0

1

and Dp0
2 are recognized when we finish the exploring computation so when we

have established the vector ~gradgradU. The values of Dp0
1 and Dp0

2 are proportional to
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the module of the vector ~gradgradU but they are in the opposite direction. If the mod-
ifications of the values of these parameters can be determined using the partial
derivates shown in relation (3.219), then we can assert that the observations ad-
vanced previously were correct.

Dp0
1 ¼ �a

¶U

¶p1

� �

0

Dp0
2 ¼ �a

¶U

¶p2

� �

0

(3.219)

For a more general case, we can write the relation (3.219) in the form shown in
Eq. (3.220), a is a constant in both relations:

Dp0
i ¼ �a

¶U

¶pi

� �

0
i ¼ 1; L (3.220)

If, after each calculation step, we compute the net change (DU) of function U and
it is negative, then we are progressing and we can continue (look at the line which
join the points M0 and M1 in Fig. 3.74). If DU � 0, then the displacement has to
be stopped and we begin a new exploration considering the last point position
until we can establish a new good direction (such as M1M2 in Fig. 3.74). Step by
step the computation tends to approach the minimum value of the investigated
function. This fact is observed by the decrease in the values of the current advanc-
ing factor en.

en ¼ abs
¶U

¶p1

� �

n

þabs
¶U

¶p2

� �

n

(3.221)

In addition to SSM, other methods like the total gradient method (TGM) present
the capacity to localize the minimal value of function Uðp1; p2; :::pLÞ. The TGM
operates like an SSM but it establishes the direction of the gradient at each calcu-
lation point; at the same time, it progressively decreases the length of the step. If
we have one or more constraints in the SSM formulation, then these will be repre-
sented in Fig. 3.74 by lines or curves, which cannot be affected or crossed by the
gradient line. In the case of a two-parameter problem these constraints can result
in a closed surface that includes the minimum function value. For this situation,
it is important for the first base point to be inside the constraint surface. Other-
wise we cannot move the calculation point to the minimum value of the function
due to what the displacement along the constraint becomes imposed so a free
gradient line is not detected. In other words, this situation determines an infinite
displacement around the constraint surface.

We can extend the observations given here for a two-parameter problem to cases
with more parameters. As an example, when the problem has three parameters,
then, the problem of closed constraint surface becomes the problem of closed con-
straint volume.

Fortunately, the problems where one or more parameters are identified towards
experimental research, we do not have those constraints; consequently these pre-
cautions with respect to the base point selection and with respect to the length of
displacement are not important.
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Some important considerations have to be taken into account in order to effi-
ciently use the SSM and all other gradient methods with rapid displacement
towards a minimum function value [3.64]: (i) the good selection of the base point;
(ii) the modification of the parameters’ dimension from one step to another; (iii)
the complexity of the process surface response; (iv) the number of constraints
imposed on the parameters. In some cases we can couple the minimization of the
function with the constraint relations in a more complex function, which will be
analyzed again. In this case, the problem is similar to the Lagrange problem but it
is much more complex.

3.5.3.2 Identifying the Parameters of an Unsteady State Perfectly Mixed Reactor
We carried out a decomposition reaction in the experimental device shown in Fig.
3.75. The reaction is endothermic and takes place in a permanently perfectly
mixed (PM) reactor. As shown in Fig. 3.75, reactant A is fed at the reactor input in
a liquid flow at constant concentration value. The heat necessary for the endother-
mic decomposition is supplied by an oil bath, which is electrically heated in order
to maintain a constant temperature (te). The reactor operates at constant volume
because input and output flows are similar.

3

te

5

1

4

Gv

cA

6

Gv

cA0

7

2 Tc

Figure 3.75 Laboratory scale plant with a continuous PM reactor.
1 – reactor, 2 – reservoir, 3 – oil bath, 4 – syphon and cooling device,
5 – collector, 6 – electrical heating device, 7 – pump.
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The following input process variables are given or have been measured:
. the input and output flow rate are: Gv = 10–6 m3/s
. the value of the reaction enthalpy: DHr = 60 000 kj/kg of

A species;
. the activation energy of the reaction: E = 1 400 000 j/kmole of

A species;
. the temperature of the feed flow: t0 = 140 �C;
. the initial temperature of the liquid in the reactor: t00 = 200 �C ;
. the concentration of species A in the reactor feed: cA0 = 50 kg/m3;
. the initial concentration of species A in the reactor:

cA00 = 0 kg/m3;
. the sensible heat capacity of the mass of liquid reacting:

cp = 3000 j/(kg �C);
. the density of the liquid media: q = 800 kg/m3;
. the value of the heat transfer area between the oil bath and the

reactor’s vessel: At = 0.03 m2

When the oil bath reaches the set point of constant temperature, the experiment
begins by starting the pump and activating the sample collecting device at the
reactor’s exit. During the experiments, the temperature of the liquid reacting mix-
ture is continuously recorded. We measure the concentration of species A for
each collected sample. The result of one set of experiments is given in Table 3.19.
In this example, the reaction constant k0, the reaction order n and the heat trans-
fer coefficient from oil to liquid mass reaction k are poorly estimated and then
their values are calculated from the obtained experimental data.

Table 3.19 Evolution of the temperature and concentration of A
with time at the exit flow of the reactor.

s (s) 150 300 600 1500

cA (kg/m3) 3.4 4.3 4.7 4.95

t (�C) 185 135 80 64

To make the calculation for the identification of parameters k0;n; k by using the
highest slope method (MHSM), we must determine the function that will be
minimized and the mathematical model of the process which correlates these pa-
rameters with the computed values of cA and t. Because we have the dependences
cA � s and t� s we can consider for the minimization the functions below written
as:

U1ðk0;n; kÞ ¼
P

4

j¼1
cAðk0;n; k; sjÞ � cexp

A ðsjÞ
� �2

(3.222)
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U2ðk0;n; kÞ ¼
P

4

j¼1
tðk0;n; k; sjÞ � texpðsjÞ
� �2

(3.223)

The relations defining functions U1ðk0;n; kÞ and U2ðk0;n; kÞ contain the values of
cAðk0;n; k; sjÞ and tðk0;n; k; sjÞ, which are obtained here from the mathematical
model of the reactor. The MHSM supply the values of k0;n; k for the mathemati-
cal model.

The process is described by the mathematical model of a nonisothermal,
unsteady state, continuous and perfectly mixed reactor. It is defined by the below
differential equations:

dcA

ds
¼ Gv

V
ðcA0 � cAÞ � k0exp � E

RT

� �

cn
A (3.224)

dt
ds
¼ Gv

V
ðt0 � tÞ � kA

Vrcp
ðt� trÞ þ

k0exp � E
RT

� �

rcp
cn

Að�DHrÞ (3.225)

s ¼ 0 cA ¼ cA00 t ¼ t00 (3.226)

The solution to the problem of identifying parameters frequently needs the inte-
gration of the mathematical model of the process. The software used for this pur-
pose is shown in Fig. 3.76. The starting point of MHSM is M0; it has the corre-
sponding coordinates M0 ¼ M0ðk0

0 ¼ 0:03;n0 ¼ 0:5; k0 ¼ 250Þ in the k0;n; k axis
system. If it is not possible to operate MHSM while simultaneously minimizing
functions U1ðk0;n; kÞ and U2ðk0;n; kÞ, we have to introduce a unique and dimen-
sionless minimizing function.

Title Unsteady state continuous PM reactor

Select  ngrid=1   variables ca(range=0,50)   tt(range=20,400)

definitions

  Gv=10**(-6)   V=10**(-3) ca0=50    k0=unknown (will be established by MHSM)

  E=1400000    deltaH=60000 k= unknown (will be established by MHSM)

  A=0.03     ro=880    cp=3000      n= unknown (will be established by MHSM)

   t00=200               tr=340             R=8310 t0=140 c00=0

 initial values  ca = c00     tt=t00

equations

 dt(ca)  = Gv*(ca0-ca)/V-k0*exp(-E/(R*(tt+273)))*(ca**n)   { The ODE }

 dt(tt)=Gv*(t0-tt)/V-k*A*(tt-tr)/(V*ro*cp)+k0*exp(-E/(R*(tt+273)))*(ca**n)*(-deltaH*1000)/ro/cp

boundaries  region 1           { define a fictitious spatial domain }

 start (0,0) line to (1,0) to (1,1) to (0,1) to finish

 time 0 to 2000          { define the time range }

histories { Plot the solution: } history(ca) at (0.5,0.5)   history(tt) at (0.5,0.5                    

end

Figure 3.76 Numerical FlexPDE� state of the mathematical
model of the process (CPM reactor).

The example presented in Table 3.20 shows that the numerical transposition of
a concrete example with the MHSM is not a straightforward problem. We can also
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notice that to start the MHSM, the selection of the first base point must be the
result of a primary selection process. Here, we can intuitively suggest the values
of the parameters and, using the mathematical model of the process, we can find
the proposal that shows a likeness and proximity between the computed and the
experimentally measured values for the dependent process variables. The accepted
proposal will be considered as the base point for the MHSM:

1. To identify the problems in which the process presents var-
ious exits, the use of a function for the minimization of each
exit frequently attains contradictory situations when, for
example, we must increase the value of a parameter in one
function whereas the same parameter must be decreased in
a second function. Nevertheless, if we can suggest a global
function with rational participation of each partial function
we can easily go on.

2. For the case when the dimensionless state of a global func-
tion is preferred for the computation, then we can operate
with dimensionless process variables and with a dimension-
less mathematical model of the process. However, we can
also operate with dimensional variables but with partly
dimensionless functions.

Table 3.20 The MHSM particularization developed to solve application 3.6.3.2.

STARTING POINT :M0ðk0
0 ¼ 0:03; n0 ¼ 0:5; k0 ¼ 250Þ

The computed values for dependences cA � s and t� s

s (s) 150 300 600 1500

cA (kg/m3) 3.0 4.2 5.2 6.2

t (�C) 165 120 70 35

U1 and U2 values:
U1(k0

0 ¼ 0:03;n0 ¼ 0:5; k0 ¼ 250) =
(3 – 3.4)**2 + (4.2 – 4.3)**2 + (5.2 – 4.5)**2 + (6.2 – 4.95)**2 = 2.2225 ;
U2ðk0

0 ¼ 0:03;n0 ¼ 0:5; k0 ¼ 250Þ =
(165 – 185)**2 + (120 – 135)**2 + (70 – 80)**2 + (35 – 60)**2 = 1350

E1//k0: k01
0 ¼ 1:1 � k0

0 ¼ 0:033; M01
0 ðk0

0 ¼ 0:033;n0 ¼ 0:5; k0 ¼ 250Þ
The computed values for dependences cA � s and t� s (first exploration)

s (s) 150 300 600 1500

cA (kg/m3) 2.8 3.8 4.6 5.6

t (�C) 160 110 62 26
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U1 and U2 values:
U1ðk01

0 ¼ 0:033;n0 ¼ 0:5; k0 ¼ 250) = 1.045 ; (U2ðk01
0 ¼ 0:033;n0 ¼ 0:5; k0 ¼ 250) = 2685

U1 decrease but U2 increase and so increasing k0 is not recommended
E2// n: n01 ¼ 1:1n0 ¼ 0:55; M02

0 ðk0
0 ¼ 0:03;n01 ¼ 0:55; k0 ¼ 250Þ

The computed values for dependences cA � s and t� s (second exploration))

s (s) 150 300 600 1500

cA (kg/m3) 3. 4 4.8 5.6

t (�C) 165 115 62 30

U1 and U2 values:
U1ðk0

0 ¼ 0:03;n01 ¼ 0:55; k0 ¼ 250) = 0.685
U2ðk0

0 ¼ 0:03;n01 ¼ 0:55; k0 ¼ 250) = 2024

U1 decrease but U2 increase and so increasing n is not recommended
E3// k: k01 ¼ 1:1k0 ¼ 275; M03

0 ðk0
0 ¼ 0:03;n01 ¼ 0:5; k0 ¼ 275Þ

The computed values for dependences cA � s and t� s (third exploration)

s (s) 150 300 600 1500

cA (kg/m3) 3. 4.2 5.2 6.0

t (�C) 172 128 77 50

U1 and U2 values:
U1ðk0

0 ¼ 0:03;n0 ¼ 0:5; k01 ¼ 275Þ = 1.525 ;
U2ðk0

0 ¼ 0:03;n0 ¼ 0:5; k01 ¼ 275Þ) = 327.
U1 increase and U2 decrease and so increasing k is not recommended
E4//k0: k02

0 ¼ 0:9 � k0
0 ¼ 0:027; M04

0 ðk02
0 ¼ 0:027;n0 ¼ 0:5; k0 ¼ 250Þ

The computed values for dependences cA � s and t� s (fourth exploration)

s (s) 150 300 600 1500

cA (kg/m3) 3.1 4.7 6.1 7.15

t (�C) 176 125 75 40

U1 and U2 values:
U1ðk02

0 ¼ 0:027;n0 ¼ 0:5; k0 ¼ 250Þ = 7.12
U2ðk02

0 ¼ 0:027;n0 ¼ 0:5; k0 ¼ 250Þ) = 606
U1 increase and U2 decrease and so decreasing k is not recommended
E5//n: n02 ¼ 0:9 � n0 ¼ 0:45; M05

0 ðk0
0 ¼ 0:03;n02 ¼ 0:5; k0 ¼ 250Þ

The computed values for dependences cA � s and t� s (fifth exploration)

s (s) 150 300 600 1500

cA (kg/m3) 3. 4.5 5.9 7.1

t (�C) 170 120 72 40
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U1 and U2 values:
U1ðk0

0 ¼ 0:03;n02 ¼ 0:45; k0 ¼ 250Þ) = 6.25
(U2ðk0

0 ¼ 0:03;n02 ¼ 0:45; k0 ¼ 250Þ) = 914
U1 increase and U2 decrease and so decreasing n is not recommended
All exploring essays have produced contradictory conclusions. So we decide to unify U1 and U2

as a dimensionless function
Uðk0;n; kÞ ¼ U1ðk0;n; kÞ=c2

A0 þU2ðk0;n; kÞ=ðtðsÞ � t00Þ2

The values of dimensionless function for exploration cases

base Increasing
k0

Increasing
n

Increasing
K

Reduction
k0

Reduction
n

U1 0.000889 0.00418 0.000274 0.00061 0.002800 0.002505

U2 0.01167 0/01588 0.01750 0.002828 0.005240 0.007907

U 0.012559 0.01588 0.01774 0.003438 0.00804 0/0104

Decision : reject reject Accepted accepted accepted

The computation of the partial derivates :

¶U

¶k0

� �

0
¼

U0
K0
�U0

0

Dk0
¼ 0:00804� 0:012559
ð0:027� 0:03Þ=0:03

¼ 0.04519

¶U

¶n

� �

0
¼ U0

n �U0
0

Dn
¼ 0:0104� 0:012559
ð0:45� 0:5Þ=0:5

¼ 0.02159

¶U

¶k

� �

0
¼ U0

k �U0
0

Dk
¼ 0:003438� 0:012559
ð275� 250Þ=250

¼ –0.09079.

Point advancing : ik0 = 0.498 ; in = 0.0219/0.09079 = 0.238 ; ik = –1.
Increase k by 3 units: k(1) = 250 + 3 = 253 w/(m2grd).
dn= ik*(dk/k)/in*n= –1(3/250/0.238)*0.5 = –0.025 ;n (1) = 0.5–(–0.025) = 0.525;
dk0 = –1(3/250/0.498)*0.03 = –0.00072; k0

(1) = 0.03 – (–0.00072) = 0.0307
The computed values for dependences cA � s and t� s for M1(0.0307, 0.525, 253)

s (s) 150 300 600 1500

cA (kg/m3) 3.0 4 4.85 5.6

t (�C) 185 115 65 30

U value: U1
1 = 0.0003009 ; U1

2 = 0.011712 ; Uð1Þ = 0.0120129 ; Uð1Þ � Uð0Þ. New point M2 coordi-
nates: kð2Þ0 ¼0.0307 + 0.0007 = 0.314, nð2Þ = 0.525 + 0.25 = 0.55, kð2Þ = 253 + 3 = 256.
The computed values for dependences cA � s and t� s for M2(0.0314, 0.55, 256)

s (s) 150 300 600 1500

cA (kg/m3) 2.8 3.7 4.5 5.2

t (�C) 160 110 60 32
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U value: U
ð2Þ
1 = 0.000329 ; U

ð2Þ
2 = 0.021055 ; Uð2Þ = 0.02189 ; Uð2Þ � Uð1Þ.

New exploring start
Decreasing k0: k1

0 ¼ 0:9k0
0 ¼ 0:9:0:03146 = 0.02826

The computed values for dependences cA � s and t� s for Mð1Þ2 (0.0286, 0.55, 256)

s (s) 150 300 600 1500

cA (kg/m3) 3.1 4.2 5.2 5.95

t (�C) 165 120 65 38

U value: U
ð2Þ
1k0 = 0.00054 ; U

ð2Þ
2k0 = 0.011539 ; U

ð2Þ
k0 = 0.012079 ; Correct advancing direction.

Increasing n:: n1 = 0.55 + 0.05 = 0.6
The computed values for dependences cA � s and t� s for Mð2Þ2 (0.0314, 0.6, 256)

s (s) 150 300 600 1500

cA (kg/m3) 2.8 3.55 4.2 4.7

t (�C) 168 108 59 29

U value: U
ð2Þ
1n = 0.000485 ; U

ð2Þ
2n = 0.02093 ; Uð2Þn = 0.0211315 ; Correct advancing direction.

Increasing k: k1 = 256 + 24 = 280
The computed values for dependences cA � s and t� s for Mð3Þ2 (0.0314, 0.6, 280)

s (s) 150 300 600 1500

cA (kg/m3) 2.95 3.7 4.4 4.95

t (�C) 166 120 75 50

U value: U
ð2Þ
1k = 0.000261 ; U

ð2Þ
2n = 0.00615 ; U

ð2Þ
k = 0.00641315 ; Correct advancing direction.

The computation of the partial derivates :
¶U

¶k0

� �

2
¼

U
ð2Þ
k0 �U

ð2Þ
0

Dk0
¼ 0.09612

¶U

¶n

� �

0
¼ Uð2Þn �U

ð2Þ
0

Dn
= 0.006325 ;

¶U

¶k

� �

0
¼ U

ð2Þ
k �U

ð2Þ
0

Dk
= –0.16510.

Point advancing : ik0 = 0.58 ; in = –0.38 ; ik = –1.
Increase k by 3 units: k(3) = 256 + 3 = 259
dn= ik*(dk/k)/in*n= –1(3/256/(–0.38)*0.5 = 0.16; n(3) = 0.55 + 0.16 = 0.71
dk0 = –1(3/256/0.58)*0.0314 = –0.006; k0

(3) = 0.0314 + (–0.006) = 0.0254
The computed values for dependences cA � s and t� s for M3(0.0254, 0.71, 259)

s (s) 150 300 600 1500

cA (kg/m3) 3.05 3.84 4.5 4.95

t (�C) 170 115 61 32

U value: U
ð3Þ
1 = 0.00024 ; U

ð3Þ
2 = 0.011712 ; Uð3Þ = 0.0153 ; Uð1Þ � Uð0Þ. New point M4

kð4Þ0 ¼0.0254 – 0.006 = 0.0194 , nð4Þ = 0.71 + 0.16 = 0.87 , kð4Þ = 259 + 3 = 262
The computed values for dependences cA � s and t� s for M4(0.0194, 0.87, 262)
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s (s) 150 300 600 1500

cA (kg/m3) 3.1 4.1 4.6 4.95

t (�C) 180 120 62 32

U value: U
ð3Þ
1 = 0.00056 ; U

ð3Þ
2 = 0.0077 ; Uð3Þ = 0.00776 ; Uð1Þ � Uð0Þ. New point M5

kð5Þ0 ¼0.0194–0.006 = 0.0134 , nð5Þ = 0.87 + 0.16 = 1.03 , kð5Þ = 265 + 3 = 268
Running the algorithm allows the estimation of the most favourable parameters which are:
k0 ¼ 0:0106;n ¼ 0:97; k ¼ 301 w/(m2 deg)

3.5.4
The Gauss–Newton Gradient Technique

The process of parameter identification using the Gauss–Newton gradient tech-
nique is especially meant for the cases where we have a complex mathematical
model of a process that imposes an attentive numerical processing.

For a process with a complex mathematical model, where the exits can be
described by partial differential equations, we have the general form below:

Yðz; s;PÞ ¼ F Y; z; s;
¶Y
¶z
;
¶2Y
¶z2

;
¶Y
¶s
;P

 !

(3.227)

where Yðz; sÞ and Fðz; sÞ are the columns of N-dimensional vectors (Y – responses
vector, F – functions vector) while z and s show the space and time where and
when the process takes place. The unknown parameters are contained in the M-
dimensional vector P. In addition, the model must be completed with the univo-
city conditions expressed by the following vectors:
. the vector of initials conditions:

Yðz; 0Þ ¼ Y0ðzÞ (3.228)

. the vectors of the limitative conditions for z = 0 and z = zf:

G Yz¼0; 0; s;
¶Y
¶z
=z¼0;

¶2Y
¶z2

=z¼0;P

 !

¼ 0 (3.229)

H Yz¼zf ; 0; s;
¶Y
¶z
=z¼zf ;

¶2Y
¶z2

=z¼zf ;P

 !

¼ 0 (3.230)

The identification of the unknown M parameters requires supplementary condi-
tions, which are obtained with experimental research. They are given in the col-
umn vector Yexpðz; sÞ. This column has the same dimension as Yðz; sÞ. As is
known, the identification of the parameters requires minimization of the disper-
sion vector that contains the square of the differences between the observed and
computed exits of the process:
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UðPÞ ¼
P

R

r¼1

P

S

s¼1
½Yexpðzs; srÞ � Yðzs; sr;PÞ�2 (3.231)

In the relation (3.231) s represents the number of experimental points located on
the zs coordinate while r characterizes the time position when a measure is exe-
cuted. The base of the development of the Newton–Gauss gradient technique
resides in the Taylor expansion Yðz; s;PÞ near the starting vector of parameters
P0:

Yðz; s;PÞ ¼ Yðz; s;P0Þ þ ðP� P0Þ
¶ðYðz; s;P0ÞÞ

¶P

� �T

þ:::::::::::: (3.232)

If we replace relation (3.232) in Eq. (3.231) we have:

UðPÞ ¼
X

R

r¼1

X

S

s¼1

Yexpðzs; srÞ � Yðzs; sr;P0Þ � ðP� P0Þ
¶ðYðzs; sr;P0ÞÞ

¶P

� �T
" #2

(3.233)

The dispersions vector attains its minimal value with respect to vector P when its
derivate has a zero value with respect to this vector; it is written as follows:

¶UðPÞ
¶P

¼
X

R

r¼1

X

S

s¼1

2 Yexpðzs; srÞ � Yðzs; sr;P0Þ � ðP� P0Þ
¶ðYðzs; sr;P0ÞÞ

¶P

� �T
" #

¼ 0ð Þ

(3.234)

The relation (2.334) can be also written as:

X

R

r¼1

X

S

s¼1

Yexpðzs; srÞ �
X

R

r¼1

X

S

s¼1

Yðzs; sr;P0Þ � ðP� P0Þ
X

R

r¼1

X

S

s¼1

¶ðYðzs; sr;P0ÞÞ
¶P

� �T

¼ 0

(3.235)

and, in addition, for non-repeated measures it can be particularized as:

Yexpðzs; srÞ � Yðzs; sr;P0Þ � ðP� P0Þ
¶ðYðzs; sr;P0ÞÞ

¶P

� �T

¼ 0 (3.236)

After the separation of vector P, the last relation can be written in a state that
announces the iterative process of Gauss–Newton:

P ¼ P0 þ ½Yexpðzs; srÞ � Yðzs; sr;P0Þ�
¶ðYðzs; sr;P0ÞÞ

¶P

� �T ¶ðYðzs; sr;P0ÞÞ
¶P

� �

" #�1

(3.237)

The most important form of relation (3.237) is given by its transposition as an
iterative Gauss–Newton procedure:

Piþ1 ¼ Pi þmi½Yexpðzs; srÞ � Yðzs; sr;PiÞ�
¶ðYðzs; sr;PiÞÞ

¶P

� �T ¶ðYðzs; sr;PiÞÞ
¶P

� �

" #�1

(3.238)
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where mi represents a multiplicator which is selected in order to respect the
movement of vector UðPÞ towards the minimum direction. This condition is writ-
ten as UðPiþ1Þ £UðPiÞ. In accordance with the established relations, the computa-
tion adjusts the selected starting vector P0, by an iterative procedure. The compu-
tation can be finished when the convergence condition is attained. It requires a
vector of accepted errors:

Piþ1 � Pij j £Er (3.239)

When the vector of accepted errors contains dimensionless values with respect to
each parameter, we have a special case where these values can all be equalled,
with a small e. With this condition we can write the relation (3.239) as follows:

e‡
P

M

j¼1
ðpijþ1 � pijÞ=pij

�

�

�

�

�

�
(3.240)

Here pij gives the value of the parameter having the number i for the iteration
with the number j. The parameter mi of the relation (3.238) can be estimated
using a variation of the Gauss–Newton gradient technique. The old procedure for
the estimation of mi starts from the acceptance of the vector of parameters being
limited between a minimal and maximal a priori accepted value:
P min � P � P max. Here we can introduce a vector of dimensionless parameters
Pnd ¼ ðP� P minÞ=ðP max � P minÞ, which is ranged between zero and one for the
minimal and the maximal values, respectively. With these limit values, we can
compute the values of the dimensionless function for Pnd ¼ 0; 0:5; 1 as Uð0Þ, Uð0:
5Þ and Uð1Þ and then they can be used for the estimation of mi:

mi ¼

1 when Uð1Þ � Uð0Þ

0:5 when Uð1Þ � Uð0Þ but Uð0:5Þ � Uð0Þ

mi ¼
3Uð0Þ � 2Uð0:5Þ þUð1Þ

4Uð0Þ � 8Uð0:5Þ þ 4Uð1Þ

�

�

�

�

�

�

�

�

8

>

>

>

>

>

<

>

>

>

>

>

:

(3.241)

It is important to notice that the modern methods of Gauss–Newton gradient
operate with variable mi values, which are obtained for each calculation step by
using a more or less complicated particular procedure.

It is easily observable that, for the case of identification of only one parameter,
relation (3.238) becomes the famous Newton method for solving a transcendent
equation of type UðpÞ ¼ 0. Indeed, this particularization gives the following chain
of iteration:

pjþ1 ¼ pj �
yðzs; sr; pjÞ � yexpðzs; srÞ

dyðzs; sr; pjÞ
dp

� �2 (3.242)

In this particular case of only one-parameter identification, the identification
method by research is in competition with the Gauss–Newton method. However,
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the choice of one particular method depends on different conditions. For instance,
when the mathematical model of the process presents a simple form it is limited
to an algebraic or a simple differential equation, the Newton method will then be
preferred because it is the most rapid method to identify the parameters. All other
methods available for solving transcendent equations can be used to identify a sin-
gle parameter. These methods, along with the Newton method, become difficult
to operate when we have many different experimental results because we will
have many s and r in the relation (3.242). In these cases, a particularization of the
relation (3.235) can be a good solution.

3.5.4.1 The Identification of Thermal Parameters for the Case of the Cooling of a
Cylindrical Body
The problem analysed here considers the case of a cylinder made of an unknown
material. Its dimensions are R ¼ 0:02 m and H ¼ 0:3 m, and it is maintained in
an oven at a constant temperature of 250 �C. After a long time, it is take out of the
oven and kept in air at 20 �C, where the cooling process starts. A reservoir of boil-
ing water is placed on the top of the cylinder as shown in Fig. 3.77:

z

C1

S1

r

S2

S3

C2

C3

Figure 3.77 The recording of the exit variables for the cooling
of a cylindrical body.

During the cooling process, the temperature at points C1(0.05, 0), S1(0.05, 0.02),
C2(0.15, 0), S2(0.15, 0.02), C3(0.25, 0) et S3(0.25, 0.02) is measured and recorded.
The points marked C are placed in the centre of the cylinder along its axis and the
points marked S are placed at the surface. The specific sensible heat of the mate-
rial of the cylinder is c ¼ cp ¼ 870 j/ (kg deg). The evolution of the temperature at
points S and C is given in Figs. 3.78 and 3.79. The heat exchange between the
cylinder and the adjacent air is characterized by the evolution of the measured
temperature. The heat transfer coefficient from the cylinder to the air and the
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thermal conductivity of the material must be determined. If we consider the
Gauss–Newton gradient technique, the vector that contains the measured exits is
written as shown in relation (3.243). The vector of the computed exits of the pro-
cess has a similar expression but here the list of arguments of the vector of vari-
ables will be completed with the parameters k(thermal material conductivity) and
a(heat transfer coefficient from cylinder to air).

Yexpðzs; srÞ ¼
tcðzs; srÞ
tsf ðzs; srÞ

� �

(3.243)

To begin the identification of the parameters with the Gauss–Newton method, the
mathematical model of the process must be available. This model allows compu-
tation of the values of the temperature at the centre and the surface of the cylin-
der. At the same time, to estimate the starting vector of parameters (P0), the meth-
od needs a first evaluation of the thermal conductivity k0 and of the heat transfer
coefficient a0.

The mathematical model of the process is given by the assembly of relations
(3.244)–(3.248) that represent the particularization of the transport phenomena to
the descriptive model introduced by Fig. 3.77. It is not difficult to observe that this
model is a case of a three-dimensional unsteady heat conduction (s; r; z) cylinder.

¶t
¶s
¼ k

rcp

¶2t
¶r2
þ 2

r
¶t
¶r
þ ¶2t
¶z2

 !

(3.244)

s ¼ 0 ; 0£ z£H ; 0 £ r £R ; t ¼ t0 (3.245)

τ 

C1

C2

C3

tc

 sec

Figure 3.78 Evolution of the measured temperature at points C1, C2 and C3.
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S1

S2

S3

ts

τ sec

Figure 3.79 The evolution of the measured temperature at points S1, S2 and S3.

s � 0 ; 0 � z £H ; r ¼ R ; k
dt
dr
¼ aðt� teÞ (3.246)

s � 0 ; z ¼ H ; 0 < r < R ; t ¼ tF (3.247)

s > 0 ; z ¼ 0 ; 0 < r < R ; k
dt
dr
¼ aðt� teÞ (3.248)

The numerical values of all material properties (except thermal conductivity), geo-
metric data and all initial and boundary conditions required by the process have
been established by the mathematical model. These values are r = 6100 kg/m3,
cp = 870 j/(kg deg), R = 0.02 m, H = 0.3 m, t0 = 250 �C and tF = 100 �C.

The relation (3.249) used for the iterative calculation allowing the identification
of the unknown parameters is given here below. It is a particularization of the
general Gauss–Newton algorithm (3.238):

k

a

�

�

�

�

�

�

�

�

iþ1;j

¼ k

a

�

�

�

�

�

�

�

�

i;j

þmi

ð¶tc

¶k
Þi;j ð

¶tc

¶a
Þi;j

ð¶ts

¶k
Þi;j ð

¶ts

¶a
Þi;j

" #

:
ð¶tc

¶k
Þi;j ð

¶ts

¶k
Þi;j

ð¶tc

¶a
Þi;j ð

¶ts

¶a
Þi;j

" #

2

4

3

5

�1
tcexp:j � tc:calc:i;j

ts:expj � ts:calc:i;j

�

�

�

�

�

�

�

�

�

�

(3.249)

The computation obtained with this particularization is given in Fig. 3.80. In this
example we consider that the experimental data of the first group (C1,S1) is the
starting point.
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1    Position  : 1-top (C1 ,S1 ), 2-mean (C2 ,S2 ), 3-bottom (C3 ,S3 );r=5

2    Starting data: ρ =6100kg/m3, cp=870 j/(kg deg), R=0.02 m, H=0.3 m, t0=250 0c,
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Figure 3.80 The particularization of the Gauss–Newton algorithm for the application.
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We can observe that it is important to have a simulator of the model of the

process ((3.244)–(3.248)) in order to estimate the value of the vector tci;j
tsi;j

�

�

�

�

�

�
. The

simulator allows the computation of the matrix of derivates
ð¶tc

¶k
Þi;j ð

¶tc

¶a
Þi;j

ð¶ts

¶k
Þi;j ð

¶ts

¶a
Þi;j

" #

, used

in the iteration processes, as shown in the numerical example given here.

The model simulator of the process is based on the description given in Fig.
3.77; it considers the transformations recommended earlier as well as an adapta-
tion to the model conditions ((3.43)–(3.46)). In the following example the
FRC(k,a) gives the values of tci;j and tsi;j respectively.

The positions of the points are: C1,S1; time = 1000 s/ tc exp = 69, ts exp = 52/ P0: k =
30, a = 15/FRC(30,15), tc calc = 65, ts calc = 39/ kþ dk ¼35/ FRC(35,15) tck = 81, tsk

= 57, dtc=dk = (81–65)/5 = 3.2, dts=dk = (57–39)/5 = 3.6/aþ da ¼ 20/ FRC(30,20)
tca = 49, tsa = 32 ,dtc=da = (49–65)/5 = –3.2, dts=da = (32–39)/5 = –1.4 / B ¼

3:2 3:6
�3:2 � 1:4

�

�

�

�

�

�

�

�

� 3:2 � 3:2
3:6 � 1:4

�

�

�

�

�

�

�

�

¼ 12:24 16
16 4:9

�

�

�

�

�

�

�

�

, det B = –73, A = (1 /detB)*min(B)

=
�0:2 � 0:21
�0:21 � 0:16

�

�

�

�

�

�

�

�

;
k

a

�

�

�

�

�

�

�

�

¼ 30
15

�

�

�

�

�

�

�

�

þ �0:2 � 0:21
�0:21 � 0:16

�

�

�

�

�

�

�

�

� 69� 65
52� 39

�

�

�

�

�

�

�

�

¼ 30� 1:64
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�

�

�

�

�

�
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�
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�
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�

�

/ E =
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�

�

�

�

�

�

�

�

/ Go on with FRC(28.46,10.19) tc calc = 75, ts calc = 38 /kþ dk =

33.16/ FRC(33.16,10.19) tck = 77, tsk = 43 , dtc=dk = (77–75)/5 = 0.4 , dts=dk = (43
– 38)/5 = 1/a +da = 15.16/ FRC(28.46,15.16) tca = 65, tsa = 32, dtc=da = (65 – 75)/5

= –0.2, dts=da = (32 – 38)/5 = –1.2 / B ¼ 0:4::::1
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We used here a too large displacement of k and a for the construction of the
matrices (relation (3.242)). However, the real computation uses a small displace-
ment of the parameters. This explains the differences between both values of the
vectors of errors as well as the evolution of the vector of the parameters along both
iterations. The software of the mathematical model of the process is given by
FRCðk; aÞ. In this specific computation, we introduced definite values of k and a

for the calculation of the corresponding temperatures (tc calc, ts calc, tck, tsk etc) for
points C1 and S1 respectively .

The final result of identification allows the estimation of a ¼ 9:7–0:88 w/(m2

deg) and k ¼ 49:8–2:35 w/(m deg). Considering the value of k, we can appreciate
that the cylinder is certainly made of a type of steel, whereas the value of a shows
that the occurring heat transfer is the natural convection between the cylinder and
the adjacent air. This last observation is in good agreement with the descriptive
model of the process given at the beginning of this section.
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3.5.4.2 Complex Models with One Unknown Parameter
The identification of the parameters of a process can be examined from two com-
pletely different viewpoints. The former is given by laboratory researchers, who
consider the identification of parameters together with a deep experimental analy-
sis; it is then frequently difficult to criticize the experimental working methods,
the quality and quantity of the experimental data. The latter is given by research-
ers specialized in mathematical modelling and simulation. These researchers con-
sider that the mathematical aspects in the identification of parameters are prevail-
ing. Nevertheless, this last consideration has some limits because, in all cases, a
similar number of parameters and independent experimental data are necessary
for a correct identification.

It is important to notice that, from both viewpoints, as well as in all working
procedures, experimental data are required and that, at the same time, mathema-
tical models are absolutely needed for data processing. Generally, when the math-
ematical model of a process is relatively complex, a good accuracy and an impor-
tant volume of experimental data are simultaneously required. Therefore, in these
cases the quality of the determination of parameters is the most important factor
to ensure model relevance. The strategy adopted in these cases is very simple: for
all the parameters of the process that accept an indirect identification, the
research procedure of identification is carried out separately from the real process;
whereas for the very specific process parameters that are difficult to identify indi-
rectly, experiments are carried out with the actual process.

When we have N measures for the exit variables in a process, the technical prob-
lem of identification of the unknown parameter resides in solving the equation
UðpÞ ¼ 0. From the theoretical viewpoint, all the methods recommended for the
solution of the transcendent equation can be used to determine parameter p. The
majority of these methods are of iterative type and require an expression or an
evaluation of the UðpÞ derivate. When we evaluate the derivate numerically, as in
the case of a complex process model, then important deviations can be introduced
into the iteration chain. Indeed, the deviation propagation usually results in an
increasing and non-realistic value of the parameter. This problem can be avoided
by solving the equation UðpÞ ¼ 0 by integral methods such as the method of mini-
mal function value (MFV). When UðpÞ values are only obtained in the area of
influence of parameter p, the MFV method is reduced to a dialogue with the
mathematical model of the process and then the smallest UðpÞ value gives the
best value for the parameter.

The following example details how the MFV method is used to identify the dif-
fusion coefficient of species with respect to their motion in a particle of activated
carbon.

Diffusion of Species Inside a Particle of Activated Carbon
Among the inexhaustible plant resources for the production of activated carbon,
we have the nutshell, which can be transformed by pyrolysis and activation with
overheated water vapour. In this example, activated carbon has been used to retain
some hydrocarbon traces from water using a batch reactor. The interest here is to
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characterize the diffusion of the chemical species that are adsorbed on the acti-
vated carbon and its dependence on the operating conditions.

Experiment. Nutshells, granulated to a maximum 6 mm diameter, were used as
raw material. The reaction was carried out in a pyrolysis reactor heated with an
electrical resistance and the temperature evolution inside the bed of solid was
measured with a thermocouple. The integral expression of the pyrolysis dynamics
was determined by the loss of weight with respect to the initial quantity of nut-
shells loaded into the reactor. The experimental data are presented in Fig. 3.81.
The final weight loss corresponds to the removal of some non-oxygenated com-
pounds, (which burned with a blue flame, color indicating the absence of oxygen)
from the raw material. 100 g of pyrolysed material, divided into three parts, was
prepared for each batch loaded into the reactor. One third, which followed a differ-
ent activation treatment, was used for comparison with the other samples. The
activation was performed by flowing the overheated steam through the fixed bed
of pyrolysed material. Two different activation treatments, which differ in the over-
heated steam temperature and flow were used. The nine different activated car-
bons prepared are reported in Table 3.21. They were identified depending on the
operating conditions as: S1, S2, S3, S1A1, S1A2, S2A1, S2A2, and S3A1 and
S3A2.

S1

S2

S3

t/tM

m/m0

          τ   min

t/tM

m/m0

Figure 3.81 Dynamics of the weight loss and of the increase
in the temperature for the nutshell pyrolysis (dimensionless).

The samples called S were used without any activation whereas the samples
called SxAy were used after activation.

Characterization of the activated carbon by adsorption: nearly saturated water with
benzene and activated carbon were introduced into a batch reactor with a 0.06 and
0.14 ratio of solid/liquid phases. In each experiment, the evolution of the concen-
tration of benzene in water was determined spectrophotometrically and by potas-
sium permanganate titration. Tables 3.22 and 3.23 as well as Figs. 3.82–3.84 show
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the dynamics of the concentration of the organic compound in the water for the
different types of activated carbon. The mass balance of species allows one to
know the mean benzene concentration adsorbed by the activated carbon particles
for each experiment and in each time interval.

Table 3.21 Activation conditions for the pyrolysed material.

No. Time
(min)

A1 A2

t (�C) Steam flow (kg/s) t (�C) Steam flow (kg/s)

1 0 300 0.83·10–4 300 0.83·10–4

2 20 700 1.25·10–4 600 1.25·10–4

3 40 700 1.25·10–4 600 1.25·10–4

4 60 700 2.83·10–4 600 2.83·10–4

5 80 700 2.83·10–4 600 2.83·10–4

6 100 700 0.83·10–4 600 0.83·10–4

Table 3.22 Evolution of the concentration of benzene in water for
a solid/liquid ratio of s/l = 0.06.

No. Time
(min)

c/co

S1 S2 S3 S1A1 S1A2 S2A1 S2A2 S3A1 S3A2

1 0 1 1 1 1 1 1 1 1 1

2 10 0.81 0.86 0.91 0.8 0.76 0.85 0.77 0.89 0.83

3 25 0.73 0.80 0.86 0.7 0.66 0.77 0.69 0.82 0.75

4 50 0.59 0.71 0.75 0.53 0.51 0.62 0.54 0.74 0.63

5 80 0.56 0.59 0.62 0.50 0.49 0.58 0.51 0.61 0.59

6 120 0.55 0.57 0.59 0.49 0.48 0.55 0.50 0.59 0.57

7 160 0.54 0.56 0.57 0.49 0.48 0.54 0.50 0.57 0.54

8 210 0.53 0.55 0.56 0.49 0.48 0.53 0.50 0.55 0.54

9 260 0.53 0.55 0.56 0.53 0.55 0.54

10 360 0.55 0.56
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Table 3.23 Evolution of the concentration of benzene in water for
an s/l = 0.14 solid/liquid ratio.

No. Time
(min)

c/co

S1 S2 S3 S1A1 S1A2 S2A1 S2A2 S3A1 S3A2

1 0 1 1 1 1 1 1 1 1 1

2 10 0.75 0.82 0.84 0.7 0.68 0.79 0.77 0.83 0.85

3 25 0.69 0.73 0.74 0.50 0.48 0.66 0.49 0.71 0.75

4 50 0.57 0.62 0.64 0.41 0.38 0.55 0.40 0.59 0.65

5 80 0.49 0.59 0.61 0.32 0.30 0.46 0.32 0.51 0.56

6 120 0.39 0.50 0.52 0.27 0.25 0.38 0.27 0.45 0.47

7 160 0.34 0.41 0.43 0.25 0.23 0.32 0.24 0.39 0.39

8 210 0.30 0.34 0.36 0.25 0.23 0.29 0.23 0.34 0.32

S1 (0.06)

S1A1 (0.06)

S1A2 (0.06)

S1 (0.14)

S1A1 (0.14)

S1A2 (0.14)

      τ  min

c/c0

Figure 3.82 Evolution of the benzene concentration in water
for the adsorption with activated carbon S1, S1A1 and S1A2.
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S2 (0.06)

S2A1 (0.06)

S2A2 (0.06)

S2A1 (0.14)

S2A2 (0.14)

   τ  min

c/c0

S2 (0.14)

Figure 3.83 Dynamics of the benzene adsorption for the S2,
S2A1 and S2A2 activated carbon.

S3 (0.06)

S3A1 (0.06)

S3A2 (0.06)

S3 (0.14)

S3A1 (0.14)

S3A2 (0.14)

   τ min

c/c0

Figure 3.84 Dynamics of the benzene adsorption for the S3,
S3A1 and S3A2 activated carbon.

From these representations we can notice that: (i) the 600 �C pyrolysis results in
an activated carbon with the best adsorption speed; (ii) the activation increases the
speed of adsorption of the organic compound, probably as a consequence of the
increase in the effective diffusion coefficient and not as a result of the opening of
new pores (in which case the final equilibrium concentrations for S1, S2, S3,
S1A1, S1A2, S2A1, S2A2, S3A1, S3A2 should be different); (iii) the use of more
intense steam activation conditions (higher temperature) leads to a small increase
in the speed of adsorption of the organic compound.
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We can consider that the measured values of the concentration at the end of the
experience at constant temperature represent the equilibrium concentrations.
These data are given in Tables 3.22 and 3.23. The equilibrium constant is deter-
mined according to its definition by the following relation:

kd ¼

mlcech

ms

c0 � cech
¼ r � cech

co � cech
¼ r

co

cech
� 1

(3.250)

Table 3.24 shows the computed data for kd, for both solid/liquid ratios and the
mean values if we consider the hypothesis of a linear equilibrium isotherm.

Table 3.24 Adsorption equilibrium constants for all activated carbon species at 25 �C.

S1 S2 S3 S1A1 S1A2 S2A1 S2A2 S3A1 S3A2

kd(0.06) 0.0677 0.0733 0.0764 0.0576 0.0676 0.0677 0.0600 0.0733 0.070

kd(0.14) 0.0600 0.0721 0.0787 0.0466 0.0418 0.0572 0.0418 0.0721 0.066

kd(mean) 0.0639 0.0727 0.0775 0.0521 0.0547 0.0625 0.0509 0.0727 0.068

From this table, the weak dependence between the distribution constant, the py-
rolysis and activation conditions can be noticed.

Identification of the effective diffusion coefficient with the mathematical model of
batch adsorption. The model assumes that the carbon particles are spherical and
porous (ep– voids fraction). Using c (kg A/m3 fluid inside the pores) and q (kg A/kg
adsorbent) to express the concentration of the transferable species through the
pores and through the particle respectively, we can write the following expression
for transport flux:

JA;r ¼ � Def
¶c
¶r
þ rpDs

¶q
¶r

� �

(3.251)

where Def represents the effective diffusion coefficient through the pores, Ds is
the surface diffusion coefficient and qp is the particle density. When the adsorp-
tion flow of species has been defined, it is necessary to give the net speed of
adsorption using a general expression such as: vad ¼ G c; qð Þ.

The unit for the net speed of adsorption is kmoles or kg of A by unit of solid
weight and by unit of time. For example, for the net speed of adsorption, the Lang-
muir model gives:

G c; qð Þ ¼ ka q¥ � qð Þ � kds � q (3.252)
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Here q is the maximal concentration of the adsorbed species into the solid, ka is
the rate of adsorption; kds is the rate of desorption. The ratio kd = ka/kds is usually
called the equilibrium constant. With the considerations given above, we can now
write the expression for the concentration fields c and q:

ep
¶c
¶s
¼ 1

r2

¶
¶r

r2Def
¶c
¶r

� �

� rpG c; qð Þ (3.253)

¶q
¶r
¼ 1

r2

¶
¶r

r2Ds
¶q
¶r

� �

þG c; qð Þ (3.254)

For a full definition of the model of transport through the particle, it is necessary
to set up the univocity conditions for the above equations:
. the concentration fields c and q inside of the particle at the start

of the process:

s ¼ 0 ; 0 < r < R ; c ¼ q ¼ 0 (3.255)

. the absence of transport of the species into the centre of the
particle:

s > 0 ; r ¼ 0 ;
¶c
¶r
¼ ¶q

¶r
¼ 0 (3.256)

. the equality of the convection and conduction flux at the surface
of the particle:

s > 0 ; r ¼ R ; k cl � cRð Þ ¼ Def
¶c
¶r

�

�

�

�

R

þrpDs
¶q
¶r

�

�

�

�

R

(3.257)

For the adsorbed species on the external surface of the particle, the next condition
has to be fulfilled:

s > 0 ; r ¼ R ;
¶q
¶r

�

�

�

�

r¼R

¼ G cR; qRð Þ (3.258)

The next equation presents the balance of the adsorbable species for the fluid out-
side the particle:

V
¶cl

¶s
¼ �

mp

rp

 !

3
R

Def
¶c
¶s
þ rpDs

¶q
¶r

� �

R

(3.259)

Here mp is the total mass of the particles with radius R placed in the contactor
with a useful volume V. In some cases, the surface diffusion is considered the
slowest process because organic components such as hydrocarbons are generally
strongly adsorbed on activated carbon [3.65, 3.66]. Indeed, we can consider here that,
at the surface of the particle, the adsorption equilibrium is achieved faster than the
surface diffusion process. In these conditions the batch model equations are:

¶q
¶s
¼ 1

r2

¶
¶r

r2Ds
¶q
¶r

� �

(3.260)
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r ¼ R ; kl cl � cRð Þ ¼ rpDs
¶q
¶r

(3.261)

r ¼ R ; G c; qð Þ ¼ 0 ; r ¼ 0 ;
¶q
¶r
¼ 0 (3.262)

V
dcl

ds
¼ 3

R

mp

rp

 !

rpDs
¶q
¶r

�

�

�

�

R

(3.263)

s ¼ 0 ; cl ¼ cl;0 ; q ¼ 0 (3.264)

where Ds is the effective coefficient of the surface diffusion.The minimization of
the squares of the differences between the experimental and the theoretical values
of the transferable species allows the identification of Ds. The calculation is made
following the next steps:

1. Suggest a value for Ds;
2. Propose cR � cl;
3. Determine qR from Eq. (3.262);
4. Numerical integration of Eq. (3.261) and determination of

q(r, s), 0 <r <R.;

5. Calculation of
¶q
¶r

�

�

�

�

R

and verification of the condition given by

the relation (3.261). If it is not verified go back to 2;

6. Determine clðsÞ ¼ cl;th from Eq. (3.263);

7. Calculate cl;exp � cl;th

� �2

i
;

8. Increase s to cover the entire period of the experiment and
go to step 2;

9. Calculate r Dsð Þ ¼ 1
n�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

n

l¼1
cl;exp � cl;th

� �2

i

s

;

10. Propose a new value for Ds and go to step 2;
11. Identify the minimum value of the dispersion, r Dsð Þ, in

order to obtain the best value of the effective coefficient of
the surface diffusion.

Figure 3.85 and Table 3.25 show the identified values of the effective diffusion
coefficient for all adsorption experiments. The activation technique applied can be
shown to allow the enhancement of Ds, so the speed of the transport process will
be higher. Table 3.25 also contains the values of Ds identified by the Newton–
Gauss method.
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Figure 3.85 The state of the dispersion between the experimental
and the theoretical values of c/c0 versus Ds · 1010 m2/s.

Table 3.25 Identified Ds values for all activated carbons (first line
– from Fig. 3.85, second line – by Newton–Gauss method.

S1 S2 S3 S1A1 S1A2 S2A1 S2A2 S3A1 S3A2

r 0.009 0.011 0.020 0.001 0.015 0.006 0.013 0.016 0.0065

DS � 1010 m2/s 3 2 2 5 6 2 4 2 2

DS � 1010 m2/s 3.12
– 0.42

2.09
– 0.31

1.92
– 0.27

5.57
– 0.62

6.15
– 0.76

2.11
– 0.29

3.88
– 0.25

1.98
– 0.11

2.06
– 0.19

The increase in the activation time (A2 regime) results in the best values of Ds

with respect to all other cases. It can be observed that the best speed of adsorption
is reached with an activated carbon produced by the first type of pyrolysis treat-
ment (S1 samples), whereas no improvement is observed in the adsorption prop-
erties, when the activated carbon has been produced by a process in which the
raw material (S3) presented the lowest loss of mass.

In conclusion, we can assert that the pyrolysis and activation process applied for
the manufacture of activated carbons from nutshells resulted in good quality
adsorbents. We have demonstrated the influence of both processes on the speed
of the benzene adsorption from water solutions. The hypothesis that the effective
surface diffusion is the slowest step of the global process was used and the estima-
tion of the effective diffusion coefficient resulted in values ranging between 2 and
6 � 10–10 m2/s.
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3.5.5
Identification of the Parameters of a Model by the Maximum Likelihood Method

The maximum likelihood method (MLM) is used effectively to identify the
unknown parameters of mathematical models when the parameters are distribut-
ed. If we consider Fig. 3.1, the actions of the normal distributed perturbations on
the process cannot be neglected. Indeed, all process exits will be distributed with
individual parameters that depend on the distribution functions associated to the
perturbations.

In order to show the effect of the distributed perturbations on the model exits,
we begin the analysis by writing the mathematical model of the process as:

X ¼ f ðX;U;V; sÞ (3.258)

where X is the state vector (internal characterization of the process), U the control
vector (for all or for the most important inputs of the process) and V is defined as
the disturbance (perturbation) vector of the process. In all cases, all the experi-
mental measurements have been affected by the errors which are distributed nor-
mally; the process contains one or more variables with probability distributed
actions, etc. The formal measurements of vectors depend on the vectors them-
selves and on their state, they will be given by:

Y ¼ gðX;U;V; sÞ (3.259)

They are composed of the numerical values contained in the following sequence:

YN ¼ hy1; y2; ::::yNi (3.260)

This sequence shows the instant values of the exit of the process conditioned by
the vector parameter P ¼ Pðp1; p2; :::pLÞ. Indeed,YN=P is the exit random vector
conditioned by the vector parameter P. In this case p(YN/P), which is the probabil-
ity density of this variable, must be a maximum when the parameter vector P is
quite near or superposed on the exact or theoretical vector P. Therefore, the max-
imum likelihood method (MLM) estimates the unknown parameter vector P as P̂P,
which maximizes the likelihood function given by:

L ¼ ln½pðYN=PÞ� (3.261)

Now we can consider that the prediction error (measurement errors) given for the
k exit is shown by:

ek ¼ ðyk � yk) (3.262)

where yk is the expected mean value. When the mean value is “white” or zero
EðekÞ ¼ 0; (E operator to calculate the mean value). It can be shown that the max-
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imization of L from relation (3.261) is equivalent to the minimizations of the LMDL

given by:

LMDL ¼
1

2N

X

N

k¼1

eT
KR�1

k eK þ lnðdetðRkÞÞ

 �

(3.263)

Here, Rk is the prediction error covariance matrix (it will be chosen from the start
of the minimization) and N represents the number of the experiments carried
out. The Kalman filter approach [3.66, 3.67] must be used in different situations:
(i) in the estimation of the ek vector when yk is unknown in Eq. (3.262), (ii) in the
correction of the model state when it is possible to compensate some inaccuracies
due to the model deficiencies and experimental plant disturbances [3.68]. In this
latter case, if the model state is not corrected, considerable errors in parameter
estimation can arise, even if the model structure is very close to the correct one.
The extended Kalman Filter approach is also necessary [3.69, 3.70] when the math-
ematical models of the process show a nonlinear state.

The principle of the MLM is shown in Fig. 3.86. It is important to specify that
the minimization of the MLM can be carried out by various techniques. The MLM
algorithm works as follows:

1. It makes an initial choice of the estimated vector parameter
(indeed, for i = 0 it chooses P̂P0).

2. It uses the Kalman filter and performs a simulation with
P̂P ¼ P̂Pi and then it computes LMDL = LMDLi.

3. It uses a minimization technique to update a new estimation
of vector parameter: P̂Piþ1 ¼ P̂Pi þ DP̂Pi.

4. It verifies whether convergence has happened: if not, it goes
back to point 2 and adds i = i + 1.

εk

process Kalman

Filter

MLM

V

U Yk

− 

K
Y

^

P

mathematical

model

Figure 3.86 Structure of the MLM method.
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When a model state is described by nonlinear equations, the extended Kalman
filter has been applied using the well-known Kalman filter equations for the line-
arization of equations. If the state vector is enlarged with the parameter vector Pk

(Pk is used because it corresponds to the discrete version of the state model) and if
it is considered to be constant or varying slowly, then it is possible to transform
the problem of parameters estimation into a problem of state estimation. The
Pkþ1 ¼ Pk þ nk with nk white noise correction represents the model suggested for

P. It will introduce Xk ¼
Xk

Pk

�

�

�

�

�

�

�

�

in the augmented state vector. Then, the discrete

version of the state model will be written as:

Xkþ1 ¼ Xk þ Ds � FðXk;Uk;VkÞ (3.264)

The structure of the augmented (extended) Kalman filter is shown in Fig. 3.87,
which also presents the schematic methodology for obtaining the exit-computed
vector Yk. It can be observed that coupling the process with computation proce-
dures allows parameter identification and control of the process.

k
P

       Process
KFE

F(Xk,..) IT g(…)

DT

Uk

Vk nk

Yk ε k

k
Y

k
X

k
X

1k
X

+ 

1k
P

+

Figure 3.87 The extended Kalman filter method.

The vector Yk can be calculated either with the normal Kalman Filter (KF) which
gives Xk for the discrete equation state (FðXk;Uk;VkÞ) or with the extended Kal-
man filter (KFE) which gives P̂Pkþ1 in the calculation system. For this estimation, it
is also necessary to obtain the state of the system Xk from the next state Xkþ1.
This estimation is made by block IT (inversion translator); another IT block gives
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the P̂Pkþ1 used for state system estimation with P̂Pk from KFE. Both methods need
the Kalman filter to be started. Indeed, an introduction of the Kalman filter equa-
tions is required in order to correctly appreciate how the MLM and KFE methods
operate.

3.5.5.1 The Kalman Filter Equations
This method is frequently used for filtering, smoothing and identifying parame-
ters in the case of a dynamic time process. It has been developed taking into
account the following conditions: (i) acceptance of the gaussian distribution of the
disturbances and exits of the variables of the process; (ii) there is a local linear
dependence between the exit vector and the state vector in the mathematical
model of the process.

The Kalman filter problem. Considering the relations (3.258) and (3.259)) we can
write the following discrete-time system:

Xkþ1 ¼ FkXk þGkWk

Yk ¼ HkXk þ Vk

�

(3.265)

where the input disturbance vector Wk is N(0,Qk), the exit disturbance vector Vk is
N(0,Rk) and the initial input vector X0 is N (m0,S0). In the expression Nða; bÞ, a

represents the mean value and b is the dispersion or covariance with respect to
the mean value.

The dimensions of the state vector Xk and of the observation vector (exit vector)
are N and M respectively. This short introduction is completed by assuming that
Rk is positive (Rk>0).

The problem considered here is the estimation of the state vector Xk (which
contains the unknown parameters) from the observations of the vectors Yk =
[y0, y1....yk ]. Because the collection of variables Yk = ( y0,y1,....yk) is jointly gaussian,
we can estimate Xk by maximizing the likelihood of conditional probability distri-
butions pðXk=YkÞ, which are given by the values of conditional variables. More-
over, we can also search the estimate X̂Xk, which minimizes the mean square error
ek ¼ Xk � X̂Xk. In both cases (maximum likelihood or least squares), the optimal
estimate for the jointly gaussian variables is the conditional mean and the error in
the estimate is the conventional covariance.

In what follows, we will develop the conditional mean and covariance for the
couple Xk and Yk. This is followed by a description of the Kalman filter and a rapid
and practical method for a recursive or iterative calculation of the conditional
mean and covariance for the random variable vector Xk/Yk.

In many different softwares such as SCILAB�, computational programs are
available for calculating: (i) the steady-state Kalman filter which can be used when
the matrices of the systems in (3.265) do not vary with time; (ii) the unsteady-state
Kalman filter which can be used when the matrices of the systems in (3.265) vary
with time; (iii) the square-root Kalman filter for time or non-time-varying matrices
of the systems when high numerical accuracy is required.
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Mean and covariance for conditional gaussian random vector. The minimum mean
square estimate of a gaussian random vector when we only have observations of
some of its elements is the conditional mean of the remaining elements. The
error covariance of this estimate is the conditional covariance. Consequently, if Z
is a random gaussian vector composed of sub-vectors x and y, then we may write:

Z ¼ x
y

� �

is N
mx

my

� �

;
Cx Cxy

Cyx Cy

� �� �

(3.266)

where mx and my are the mean of x and y, Cx is the covariance of x with itself, Cxy

is the covariance of x with y, etc. It is know that the marginal and conditional dis-
tributions of a gaussian random vector are also gaussian. Indeed, the distribution
of x for a given y has a probability density p(x/y) of normal type:

pðx=yÞ ¼ Nðmx=y;Cx=yÞ (3.267)

In this case the conditional mean (mx/y) and the conditional covariance (Cx/y) may
be calculated as follows:

mx=y ¼ mx þ Cx=yC�1
y ðy�myÞ (3.268)

Cx=y ¼ Cx � CxyC�1
y Cyx (3.269)

These two relations are the basis for other important developments of the Kalman
filter equations. Concerning the problem considered above, the calculation of the
minimum mean square error can be carried out either:

1. By considering the individual observations on the concen-
trated vector Yk . Because Xk and Yk are both gaussian, then
Eqs. (3.268) and (3.269) represent the vector used to obtain
the conditional mean and covariance of Xk for a given Yk.
However, when the dimension of the vector is too large,
problems with matrix multiplication and inversion can
appear.
or

2. By developing a special recursive update for the estimation
of xk from Xk based on the linear system (3.265) and a special
property derived from Eqs. (3.268) and (3.269). More pre-
cisely, if the best estimate of xk based on the observations Yk

is given (denote this estimate x̂xk=k) with a new observation
yk+1, it is shown how to obtain the best estimate x̂xkþ1=kþ1 and
its error covariance matrix CEk+1/k+1.

Linear systems over a gaussian random vector. If x or X is a gaussian vector with
mean value mx and covariance Cx (the minimum square error estimate for x is x̂x
and x̂x = mx) which is considered to be in a formal linear system completed with a
zero-mean gaussian vector (v is N (0, R)) then we have:
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y ¼ Hxþ v (3.270)

The mean and covariance of y are calculated, by their definition, as follows:

my ¼ E yj j ¼ E Hxþ vj j ¼ Hmx (3.271)

Cy ¼ E y�my

�

�

�

�

�

�
� y�my

�

�

�

�

�

�

T
¼ E Hðx�mxÞ þ vj j � Hðx�mxÞ þ vj jT¼ HCxHT þ R

(3.272)

Consequently, the minimum mean square error estimate for y is ŷy = Hmx and the
associated covariance of this is Cy = HCxHT + R.

Recursive estimation of gaussian random vectors. We consider here a gaussian ran-
dom vector composed of three sub-vectors x,y and z:

x
y
z

2

4

3

5 is N
mx

my

mz

2

4

3

5 ;

Cx Cxy Cxz

Cyx Cy Cyz

Czx Czy Cz

2

4

3

5

0

B

@

1

C

A

From Eqs. (3.268) and (3.269) the minimum mean square estimate of x for a given
y is:

x̂xðyÞ ¼ mx þ CxyC�1
y ðy�myÞ (3.273)

and the associated error covariance can be computed as follows:

CxðyÞ ¼ Cx � CxyC�1
y Cyx (3.274)

It is important to note that E½x̂xðyÞ� ¼ mx

Now if z is also observed, then the minimum mean square error estimate of x
for a given y and z is:

x̂xðy; zÞ ¼ mx þ Cxy Cxz

 �

� Cy Cyz

Czy Cz

� ��1
y�my

z�mz

� �

(3.275)

and the error covariance:

Cxðy; zÞ ¼ Cx � Cxy Cxz

 �

� Cy Cyz

Czy Cz

� ��1
Cyx

Czx

� �

(3.276)

When y and z stay independent then Cyz = Czy = 0, and the relation (3.275) can be
simplified as follows:

x̂xðy; xÞ ¼ mx þ CxyC�1
y ðy�myÞ þ CxzC�1

z ðz�mzÞ ¼ x̂xðyÞ þ CxzC�1
z ðz�mzÞ

(3.277)
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The use of Eq. (3.277) needs a recursive method to calculate x̂xðy; zÞ for a given x̂xðyÞ
and z. The problem is that Eq. (3.275) depends on y and z, which are independent
vectors. Fortunately, changing variables makes it possible to change the estima-
tion procedure for Eq. (3.275) and then Eq. (3.277) can be modified considering
the random vector m defined by:

m ¼ z� ẑzðyÞ ¼ z� ½mz þ CxyC�1
y ðy�myÞ� ¼ ðz�mzÞ � CxyC�1

y ðy�myÞ (3.278)

Here ẑzðyÞ is the minimum mean square estimate of z for a given observation of y
and this is used in Rel. (3.278) by means of Rel. (3.268). This new random vector,
m, has several interesting properties, which are important for the development of
the Kalman filter equations:

1. Because mm is zero, m, is a zero-mean random value:
mm ¼ E½ðz�mzÞ � CxyC�1

y ðy�myÞ� ¼ 0.
2. Since

Cmy = E [m(ymy)
T] = E½ðz�mzÞðy�myÞT � CzyC�1

y ðy�myÞ ·
ðy�myÞT� ¼ Czy � CzyCyC�1

y ¼ 0
we consider that m and y are independent .

3. Because CtxðŷyÞ is given by relation
CmxðŷyÞ ¼ E½mðmx þ CxyC�1

y ðy�myÞT� =
E½mðy�myÞTC�1

y Cyx� ¼ 0,
and considering the previous property (2.), we obtain that m

is independent with respect to y and x̂xðyÞ.

Now, if we replace z by m in Eq. (3.275), we can rewrite the result as follows:

x̂xðy; zÞ ¼ x̂xðy; mÞ ¼ mx þ Cxy Cxm


 �

� Cy 0
0 Cm

� ��1
y�my

m

� �

¼ mx þ CxyC�1
y ðy�myÞ þ CxmC�1

m m ¼ x̂xðyÞ þ CxmC�1
m m̂m (3.279)

It is easy to observe that from Eq. (3.274) we can obtain:

Cxm ¼ E½ðx�mxÞðz�mz � CxyC�1
y ðy�myÞ ¼ Cxz � CxyC�1

y Cyz (3.280)

and the variable correlation for m is then:

Cm ¼ E½ðz�mz � CzyC�1
y ðy�myÞÞðz�mz � CzyC�1

y ðy�myÞÞT�
¼ Cz � CzyC�1

y Cyz (3.281)

It may be noticed that the equality of x̂xðy; zÞ and x̂xðy; mÞ is the result of the conser-
vation of all information while the variables in Eq. (3.278) are being replaced.
Indeed, we are simply adding a constant vector to z, and this vector makes m and y
independent of each other. The error covariance here noted as CCxðy; mÞ associated
with Eq.(3.277) is:
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CCxðy; mÞ ¼ Cx � Cxy Cxm


 �

� Cy 0
0 Cm

� ��1

� Cyx

Cmx

� �

¼ Cx � CxyC�1
y Cyx � CxmC�1

y Cmx ¼ CxðyÞ � CxmC�1
m Cmx (3.281)

The Kalman Filter Equations are here obtained from the formulation of the Kalman
filter with the purpose of finding a recursive estimation procedure for the solution
of a problem (estimation of state vector). Before detailing the procedure, we have
to introduce other new notations. The minimum square estimate of xk for the giv-
en observations Yl = [y0,y1,...yl] is defined by x̂xkl. Furthermore CCk/l represents the
error covariance associated with x̂xk=l.

With these notations, we can now explain the estimation of x̂xk=k from the esti-
mate x̂xk=k�1 and the new observation yk. From Eqs. (3.279) and (3.281) we obtain:

x̂xk=k ¼ x̂xk=k�1 þ CxkmkC�1
mk mk (3.282)

CCk=k ¼ CCk=k�1 � CxkmkC�1
mk Cmkxk (3.283)

If mk is extracted from Eqs. (3.265), (3.270) and (3.271) then we have:

mk ¼ yk �Hkx̂xk=k�1 (3.284)

The covariance matrices from Eqs. (3.282) and (3.283) may be calculated using the
definition of some established relations. The following relations are then
obtained:

Cmk ¼ E ðyk �Hkx̂xk=k�1Þðyk �Hkx̂xk=k�1ÞT
h i

¼ E ½ðHkðxk � x̂xk=k�1Þ þ mk�½ðHkðxk � x̂xk=k�1Þ þ mk�T
h i

¼ HkCCk=k�1HT
k þ Rk

(3.285)

Cxkmk ¼ E ðxk � EðxkÞÞmT
k

h i

¼ E ðxk � EðxkÞ þ EðxkÞ � x̂xk=k�1ÞmT
k

h i

¼ E ðxk � x̂xk=k�1ÞmT
k

h i

¼ E ðxk � x̂xk=k�1Þðyk �Hkx̂xk=k�1ÞT
h i

¼ E ðxk � x̂xk=k�1Þðxk � x̂xk=k�1ÞTHT
k

h i

¼ CCk=k�1HT
k

(3.286)

Substituting Eqs. (3.286), (3.285) and (3.284) into Eqs.(3.283) and (3.282) we have:

x̂xk=k ¼ x̂xk=k�1 þ Kgkðyk �Hkx̂xk=k�1Þ (3.287)

CCk=k ¼ CCk=k�1 � KgkHkCCk=k�1 (3.288)
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where the Kalman gain of the filter is given by Kgk ¼ CCk=k�1HT
k

½HkCCk=k�1HT
k þ Rk��1. It is important to observe the subtraction of Rk>0 consid-

ered in the definition of the disturbance vector. If Rk>0, Kgk always exists. How-
ever, if we accept that Rk is not necessarily positive, we can have problems making
the inverse matrix necessary to calculate Kgk.

Using Eqs. (3.271), (3.272) and (3.265) to complete Eqs. (3.287) and (3.288), we
can establish the next two auxiliary equations:

x̂xkþ1=k ¼ Fkx̂xk=k ; CCkþ1=k ¼ FkCCk=kFT
k þGkQkGT

k (3.289)

Combining relations (3.287), (3.288) and (3.289) results in a set of recursive equa-
tions, which are called the Kalman filter equations:

x̂xkþ1=k ¼ Fkx̂xk=k�1 þ FkKgkðyk �Hkx̂xk=k�1Þ (3.290)

CCkþ1=k ¼ FkCCk=k�1FT
k � FkKgkHkCCk=k�1FT

k þGkQkGT
k (3.291)

To be operational, the Kalman filter equations must be completed with the start-
ing conditions x̂x0=�1 and CC0/–1, which correspond to k = 0 in relations (3.290) and
(3.291). These conditions are obtained from the statistical starting of the initial
state vector:

x̂x0=�1 ¼ m0 CC0=�1 ¼ s0 (3.292)

The optimized values for the unknown model state parameters are obtained by
coupling the Kalman filter equations with the mathematical models of the process
that give matrices Fk, Hk and Gk. The coupling above has to be completed step by
step: we must first use an initial estimator vector for the process state (which is
the starting point in the previous method) and then consider a judicious error cov-
ariance matrix and experimental data. Depending on the problem formulation
stated by Eq. (3.265) there are situations where the Kalman procedure does not
give satisfactory results. Indeed, in some cases, the Kalman filter can provide state
estimates which diverge from the actual evolution of the vector. However, gener-
ally, this divergence is not the result of a fault of the Kalman filter, but, rather, is
due to the process model provided by the user. In such cases, the user may re-
examine the model formulation in order to give a better version of the model used
for the estimation problem. From the mathematical viewpoint, the Kalman filter
is only valid for time invariant formulations of the model in Eq. (3.265). This
assertion implies that the studied system must be controllable and observable.
These two conditions allow the matrix of error covariance CCk/k–1 to converge
towards a finite and positive constant matrix. Consequently, the error in the esti-
mate x̂xk=k�1 is bounded as k fi ¥ because of the CCk/k–1 bounding.

Another consequence of the steady state analysis of the Kalman filter is that we can
use the steady state Kalman gain instead of the time varying Kalman gain. The advan-
tage of such an approach is that considerable computational savings are possible
because we do not need to recalculate the Kalman gain for each new observation.
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3.5.5.2 Example of the Use of the Kalman Filter
The example analyzed here is one of the simplest problems because it is two-
dimensional with respect to the vectors state. The example illustrates the Kalman
tracking for a system model, which is controllable and observable. To this aim, we
use the following system model and prior statistics:
. the process state vector:

xkþ1 ¼
1:1 0:1
0 0:8

� �

xK þ
1 0
0 1

� �

wk

. the measurement vector:

yk ¼
1 0
0 1

� �

xk þ vk

. prior statistics:

EðwkwT
k Þ ¼

0:03 0:01
0:01 0:03

� �

; EðvkvT
k Þ ¼

2 0
0 2

� �

; Eðx0Þ ¼
10
10

� �

;

E½ðx�m0Þðx�m0ÞT� ¼
2 0
0 2

� �

For actual cases, the model of the process is given a priori and the process state
vector can be built according to the rule presented here for the case of the Gauss–
Newton method. The dispersion due to the normal disturbances of the process
input or the dispersion that characterizes the errors of the exit measurements
must be appreciated and proposed, as shown in our case. In this example, it is not
difficult to observe that the model presents two exit variables: y1 (that decreases
with the state parameters) and y2 (that increases with the state parameters). The
observations of the process (measured data of y1 and y2) have been generated
using the system formulation and values for xk from a random number generator
that add the random multiplication of its dispersion to the mean value. Ten obser-
vations have been generated by using adequate software and have been exploited
as input for the Kalman filter. The result of these observations and the estimations
carried out by the Kalman procedure are illustrated in Fig. 3.88. In this figure, we
can observe the actual state path and the Kalman estimation of the state path as
solid and dashed lines respectively. The actual locations of the state and estimated
values are indicated as white and black circles. The ellipses in the figure are
centred near the positions of the actual state path and their borders represent the
two standard deviations of the estimation error calculated from the matrices of
error covariance. The numerical values of the standard deviations are also given in
the figure.
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Figure 3.88 Numerical example of the Kalman filter tracking.

3.6
Some Conclusions

All theoretical aspects, engineering observations and commentaries and actual
examples presented in this chapter illustrate some basic or particular aspects of
the modelling and simulation of processes based on transfer phenomena in the
field of chemical engineering

The essential features of the presented aspects can be described as follows:
1. Mathematical models are developed for teaching, for engi-

neering calculations and for finding solutions to the techni-
cal problems of design using rigorous procedures where the
core resides in the particularization of the transport phenom-
ena equations to the actual case modelled. The main purpose
of modelling is to provide engineers and practitioners with
prediction parameters of direct practical interest, i.e. the
value of concentrations and temperature, shear rates, heat
and mass transfer rates, as functions of the operating condi-
tions including equipment geometry and dimensions, the
properties of the media and the process features.

2. Mathematical models have been developed by considering
classical flow models. At the same time, the capacity of com-
putational fluid dynamics to be coupled with heat and mass
transfer processes and with a reaction has been considered.

3. Every mathematical model is a simplified mirror image of a
real phenomenon. To sustain the modeling assumptions, all
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exemplified models are characterized by experimental or
simulated data. This characterization also shows the strongly
cognitive capacity of the developed models.

4. Modelling usually includes several consecutive steps of cal-
culations; therefore, to make the method practical, the soft-
ware simplification of the main equations has to be accepted
with respect to the practical application. In many cases, we
can reduce the simulation complications without impairing
the reliability of the obtained results.

5. Model-based estimation techniques applied to identify or
simply estimate parameters are presented as mathematical
formulations and are sustained by practical applications.
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4
Stochastic Mathematical Modelling

Stochastic mathematical modelling is, together with transfer phenomena and
statistical approaches, a powerful technique, which can be used in order to have a
good knowledge of a process without much tedious experimental work. The prin-
ciples for establishing models, which were described in the preceding chapter, are
still valuable. However, they will be particularized for each example presented
below.

4.1
Introduction to Stochastic Modelling

As analyzed in the preceding chapters concerning the description of a process evo-
lution, stochastic modelling follows the identification of principles or laws related
to the process evolution as well as the establishment of the best mathematical
equations to characterize it.

The first approaches to compare stochastic models and chemical engineering
were made in 1950, with the Higbie [4.1] and Dankwerts transfer models [4.2].
Until today, the development of stochastic modelling in chemical engineering has
been remarkable. If we made an inventory of the chemical engineering modelling
studies we could see that a stochastic solution exists or complements all the cases
[4.3–4.8].

In many modelling studies, the model establishment is made in relation to the
transfer and balance of a property (for instance see Chapter 3, Section 3.1). Never-
theless, a property evolution from the initial to the final state can vary randomly
as a result of the stochastic combination of different elementary processes. This
statement is in good agreement with the unitary concept of transfer phenomena
[4.9–4.11] and was reported by Bratu [4.11] in the following assertion:

“Each transformation or phenomenon results from one or many
elementary steps or processes. The equilibrium state results from
similar but contrary transport fluxes.”

This statement can also be obtained when a transport process evolution is ana-
lyzed by the concept of Markov chains or completely connected chains. The math-
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ematical theory of completely connected chains [4.12–4.16] can be described with
this condensed statement:

“The state of a system at time n is a random variable An with
values in a finite space (A A) (measurable). The state evolution
at time n+1 results from the arrival of a Bnþ1 result, which is also
a random variable with values in a finite space (B B) (measur-
able). The arrival of a result signaling the state evolution can be
represented considering a u application of A ·B in A and
introducing the following statement: Anþ1 = uðAn;Bnþ1Þ for
all n ‡ 0. The Bnþ1 probability distribution is conditioned by
Bn;An;Bn�1;An�1; :::::::B1;A1;A0, and symbolized as
ðPðBnþ1=Bn;An; :::ÞÞ, it depends only on state An. The group
½ðA,AÞ; ðB;BÞ;u:A ·B fi A;P� defines a random system with
complete connections.”

Some of the examples shown in the following paragraphs present the characteris-
tics of a random system with complete connections. However, other examples do
not concern a completely connected system but present only some Markov unitary
processes [4.6, 4.17].

The stochastic modelling of the phenomena studied here can be described by
one standard physical model (descriptive model) which can be defined by the fol-
lowing statement:

“The property carriers, such as elementary particles of fluids or
molecules, evolve during their displacement through one or more
elementary processes (called process components), their passage
from one process to another is made by one stochastic process
called connection or connection process.”

It is important to notice the similitude of this descriptive model to the complete
definition of connections of a system given before. For chemical engineering pro-
cesses, the model needs to be particularized and then the assertions written below
have to be taken into account [4.4–4.7]:
. If one elementary particle is participating in a process of trans-

port phenomena within a medium with random characteristics
(granular medium, porous solid, etc.), the medium will be
responsible for the random velocity changes of the particle. In
this case, the transport process concerning the local velocity is the
so-called “process component”, whereas the transport process
changes given by the random properties of the medium are called
“connection process”.

. The transport phenomenon occurs when the displacement of the
carriers through different media (“process components”) and the
passage from one medium to another are realized by a random
commutation process (“connection process”).
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. During their displacement, elementary particles are constantly
encountering obstacles, other moving elements, oscillation states
etc. The particle evolution is randomly chosen among the differ-
ent presented possibilities (“process components”).

. A particle (molecule, group of molecules, turbulent group etc.)
evolves in a medium which produces its own transformation.
This means that the process exchange characterizes the particle
evolution. The process occurring before and after the transforma-
tion is called the “process component”, whereas the transforma-
tion itself which represents the stochastic evolution is called the
“connection process”.

. The elementary particles randomly pass from one compartment
to another; the process of swapping compartments forms the
“connection process” whereas the transformation realized in each
compartment represents the “process components”.

. When phenomena result in the formation of various structures,
the passage from one structure to another occurs randomly, in
this case the structure formation is the “process component” and
the transitory steps correspond to the “connection process”.

When a stochastic process takes place, the passage from one elementary process
to another is caused by external effects. These effects are related to the medium
by the process evolution itself. We can assert that a process can be adapted to
stochastic modelling if we can identify the elementary “process components”. In
addition, for the “connection process” the number of states has to be same as the
“process components”. This very abstract introduction will be better explained in
the next paragraph by including a practical example.

4.1.1
Mechanical Stirring of a Liquid

Studies of the mixing effectiveness of stirring devices are quite numerous; they
generally analyze the effects produced by:
. the turn rate or frequency of the stirrer,
. the configuration and the distribution of the stirring paddles in

the apparatus,
. the physicochemical properties of the medium,
. the position of the input and the output of the currents in the

apparatus tank.

It has been very difficult to develop a general model able to describe the influence
of all the different parameters on the mixing effectiveness [4.18–4.20]. However,
many researchers have tried to develop models as complete as possible, among
them a special mention has to be given to the research team who developed the
first commercial program called Visimix 1999 [4.21, 4.22].

1934.1 Introduction to Stochastic Modelling
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As an example, we analyze here, step by step, a continuous mixing apparatus
provided with stirring paddles. The first step is to uniformly express the state of
the currents, which characterize the different flow patterns inside the apparatus
(see Section 3.3). The second step concerns the development of a stochastic model
for characterizing the mixing. For this purpose, we will use the procedure of anal-
ysis initially developed by Kafarov [4.4], which has been completed and modified
since by other authors [4.5, 4.6, 4.23]. The apparatus considered here is shown in
Fig. 4.1. In this apparatus provided with stirring paddles, the main current of flow
is radial and it separates into two different currents closed the walls. The size of
these flow currents depends on the stirrer position, the number of turns of the
stirrer and the medium properties. Indeed, we can consider that the stirrer divides
the apparatus into two regions (the higher region and the lower region with
respect to the paddles) with different and independent currents.

upper current

upper region

lower region

mixing region

H 

h 

E1 

E2 

E3 

S1 

S2 

S3 

Va 

Vi 

Vm 

Figure 4.1 Schematic illustration of a stirring apparatus for liquid mixing.

According to this topology, the flow in the apparatus is described by two circuits
(the upper and the lower region), each of which contains a variable number of
ideal mixed cells but meets in the mixing region (near the paddles). This region
constitutes a cell with ideal mixing.

Figure 4.1 also shows the position of the input flow (E1, E2, E3) which has to be
coupled with the positions of the output flow (positions S1, S2, S3) and the general
current of circulation inside the vessel. We can observe from Fig. 4.1 that the vol-
umes placed in the higher and lower regions depend on H and h (thus on the
position of the stirrer paddle in the apparatus) as well as on the size of the stirring
region. Indeed, the corresponding volumes can be described as follows:

Va ¼
pD2

4
ðH� hÞ � Vm

2
(4.1)
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Va ¼
pD2

4
h� Vm

2
¼ Vu � Vs �

Vm

2
(4.2)

We can expect the volume in the pumping region to depend on the dimensions of
the stirrer paddle (diameter d, height of the pallet b) and on the dimensions of the
tank:

Vm ¼
pb
60

D2 þ Dd
5
þ d2

5

� �

(4.3)

According to the topological description, we can consider a cell with ideal mixing
in the stirring region; other cells can be considered in the upper region (with
number: na) and in the lower region (with number: ni). The respective number of
cells in the regions can be calculated by the following algorithm:

1. The starting conditions are established.
2. Va, Vm, Vi are calculated with Eqs. (4.1)–(4.3).
3. If Va>Vi then r = Va/Vi ; for the reverse case r = Vi/Va .
4. The number of cells is chosen in the smaller region; (this

consideration is frequently used) then, ni = nch = 1 if the
lower region is the smaller one, when the upper region is the
smaller one we have na = nch = 1.

5. If h/H = 0.5 we can consider ni = na = nch ; if h/H>0.5, which
is equivalent to Vi>Va we can write na = nch and ni = r*nch;
however, if h/H<0.5 and Va>Vi we can consider ni = nch and
na = r*nch

Once the topology has been established, it must be supplemented with the flows
of the currents, which convey between the cells. Many solutions have been sug-
gested to solve this problem. They differ by the mode of calculation of the main
current produced by the stirrer. It is a function of the geometry, the number of the
turns of the stirrer and the properties of the medium (density, viscosity). For the
stirrer considered here, the flow rate of the main current and the flows in the
higher and lower regions are calculated with the assistance of relations (4.4) and
(4.5). Here f (q, g) expresses a function depending on the density and viscosity of
the mixed medium:

Q ¼ Q1 þQ2 ¼ 10:5d2b:n:f ðr;gÞ (4.4)

Q1

Q2
¼ h

H� h
for h=H > 0:5 or h=H ¼ 0:5 (4.5)

Now, the system contains N – 1 cells with ideal mixing, each one with a known
volume; the cells are connected by the different currents. Here, N corresponds to
the system exit, Vk is the volume of a k cell and Qkj is the current (flow rate) from
the k cell to the j cell.

If we consider a marked particle placed inside of our cellular system, then we
can define this by the vector E(n) = [e0 (n), e1 (n);e2 (n)... ek (n)... eN–1 (n),eN (n)]
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where ek (n) expresses the probability of occurrence of the marked particle in the
k cell after time n. Because the incidence of the marked particle inside a system is
an undoubted event, we can write:

P

N

k¼1
ekðnÞ ¼ 1 8 n ¼ 0; 1; 2; ::: (4.6)

In the elementary processes (components), we establish that, in the small interval
of time Ds, the particle can either pass to another cell or remain within its cell.
The Ds interval must be chosen in such a way that the particle can pass into a
close cell during this interval, but not through it. Moreover, this passage can be
regarded as instantaneous.

As far as the behaviour of the particle in such a system respects the rules of the
Markov process, it will be controlled by a Markov connection. This means that the
probability of the particle occurrence within the k cell after n + 1 time (i.e. s = n.Ds)
is given only by its probability of occurrence in the j cell after time n and by its
probability of transfer from the j cell to the k cell denoted pjk. Now we can write:

ekðnþ 1Þ ¼
P

N

j¼1
ejðnÞpjk (4.7)

For j = 1,N and k = 1,N the probability pjk is denoted as a matrix P which is called
the stochastic matrix of the process, the matrix of passing or “the stochastic one”:

P ¼

p11 p12 p13 : p1N

p21 p22 p23 : p2N

: : : : :
pN�11 pN�12 : : pN�1N

pN1 pN2 pN3 : pNN

2

6

6

6

6

4

3

7

7

7

7

5

(4.8)

During the building of the stochastic matrix, it is necessary to make sure that

P

N

j¼1
pij ¼ 1 (the total of the probabilities according to one line equals one) and if

P

N

i¼1
pij ¼ 1 (the total of the probabilities according to a column equals one). How-

ever, it should be specified that
P

N

i¼1
pij is not always one. Before going any further,

it should be specified that:

. pii represents the probability for the marked particle to be and to
remain in cell i in the interval Ds

. pij represents the probability for the marked particle to be in cell i
and to go into cell j in the time interval Ds.

Concerning the last line of matrix P, if pNN ¼ 1 (the particle that leaves the system
cannot come back), all other probabilities (pNk where k „ N) have to be considered
as zero.
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If the initial state of the system is E(0), then, by means of matrix P we can write:

Eð1Þ ¼ Eð0Þ � P (4.9)

By analogy:

Eð2Þ ¼ Eð1Þ � P Eð3Þ ¼ Eð2Þ � P...Eðnþ 1Þ ¼ EðnÞ � P (4.10)

The last equations prove that the Markov chains [4.6] are able to predict the evolu-
tion of a system with only the data of the current state (without taking into
account the system history). In this case, where the system presents perfect mix-
ing cells, probabilities pii and pij are described with the same equations as those
applied to describe a unique perfectly stirred cell. Here, the exponential function
of the residence time distribution (pii in this case, see Section 3.3) defines the
probability of exit from this cell. In addition, the computation of this probability is
coupled with the knowledge of the flows conveyed between the cells. For the time
interval Ds and for i = 1,2,3, ...N and j = 1,2,3,......N – 1 we can write:

pii ¼ exp �

P

N

i¼1;i „ j
Qji

Vi
Ds

0

B

B

B

@

1

C

C

C

A

(4.11)

pij ¼
Qji

P

N

i¼1;i „ j
Qji

1� exp �

P

N

i¼1;i„ j
Qji

Vi
Ds

0

B

B

B

@

1

C

C

C

A

2

6

6

6

6

4

3

7

7

7

7

5

(4.12)

When matrix P is filled, vector E(0) is known, the calculation for E(1), E(2), E(3)...
E(n)... can be easily carried out. At this time, we can formulate the following ques-
tion which is also valid in almost all chemical engineering cases: What information
is produced with the assistance of this stochastic model? The answer to this question
shows that the model is frequently used for:

1. calculating the system reaction to one disturbance impulse:

FðsÞ ¼ eNðnÞ ¼
P

¥

n¼0
eN�1ðnÞDn ; s ¼ nDs (4.13)

2. precisely estimating the mean residence time and the resi-
dence time variance around the mean residence time:

sm ¼
P

¥

n¼0
ð1� eNðsÞÞDs (4.14)

r2 ¼ 2
P

¥

n¼0
ð1� eNðsÞÞnDs�

P

¥

n¼0
ð1� eNðnÞÞDs

�

�

�

�

�

�

�

�

2

(4.15)
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3. appreciating the evolution with time of the function (k) that
shows the stirring intensity for our topological cell assembly:

kðnÞ ¼ eN�1ðnÞ
1� eNðsÞ

(4.16)

We can observe that, with the help of simulation software, we can produce the
numerical results which give the effect of the stirrer’s number of turns, the posi-
tion of the stirrer in the tank, the effect of the dimension of the stirring paddles,
etc., on the model exits mentioned above.

4.1.2
Numerical Application

An elliptic-based cylindrical apparatus (D = 1 m, H = 1 m) contains a solution
stirred with a 6-paddled stirrer (d = 0.4 m and b = 0.1 m). The stirrer is placed in
the tank in such a position as to get the ratio h/H = 0.2 (see Fig. 4.1) and to work
at n = 0.1, 0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5 revolutions/s. A compound with the same
physical properties as the solution is fed close to the liquid surface. The obtained
mixture is flushed out through a pipe placed near the base of the apparatus. The
entry and the exit flows are identical (Qex = 0.0048 m3/s). Now the question is to
obtain the dependences of the parameters characterizing this mixing case accord-
ing to the number of revolutions of the stirrer.

Before developing the algorithm of calculation, we have to deduce the mixture

topology. Then: r ¼ h=H
1� h=H

¼ 0:2=0:8 ¼ 1=4; because h/H<0.5, we can assert

that the stirrer is placed in the lower part of the tank and then with nch = 1 we
have ni = 1, na = nch / r = 4. So the tank contains six elemental mixing cells: one in
the lower region, one in the mixing region and four in the higher region; If Q1

+Q2 = Q and Q2 / Q1 = h/(H – h); then Q1 = 4/5 Q and Q2 = 1/5 Q. With these
simple calculations, we can establish the flow topology shown in Fig. 4.2.

V1 V2 V3 V4

V5 

V6 

Qex

Q+Qex

Q2+Qex

Q2

Qex

Q1 

Q1+Qex

Q+Qex

Figure 4.2 Topology of the numerical application 4.1.2.
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According to Eqs. (4.11) and (4.12) and in agreement with Fig. 4.2 we can con-
clude that among the 49 probabilities only the following ones are not null:

p11 ¼ exp �Q1 þQex

V1
Ds

� �

, p22 ¼ exp �Q1 þQex

V2
Ds

� �

,

p33 ¼ exp �Q1 þQex

V3
Ds

� �

, p44 ¼ exp � Q1þQex
V4

Ds
� �

,

p55 ¼ exp �QþQex

V5
Ds

� �

, p66 ¼ exp �Q2 þQex

V6
Ds

� �

,

p77 = 1, p12 ¼ 1� exp �Q1 þQex

V1
Ds

� �

, p23 ¼ 1� exp �Q1 þQex

V2
Ds

� �

,

p34 ¼ 1� exp �Q1 þ Qex

V3
Ds

� �

, p45 ¼ 1� exp �Q1 þQex

V4
Ds

� �

p51 ¼
Q1

QþQex
1� exp �QþQex

V5
Ds

� �� �

,

p56 ¼
Q2 þQex

QþQex
1� exp �QþQex

V5
Ds

� �� �

p65 ¼
Q2

Q2 þQex
1� exp �Q2 þQex

V6
Ds

� �� �

,

p67 ¼
Qex

Q2 þQex
1� exp �Q2 þQex

V6
Ds

� �� �

With these probabilities, the passing matrix can be written. For brevity, we use the
following notations: ak = (Q1 + Qex)/Vk for k = 1,....4; ak = (Q + Qex)/Vk for k = 5;
ak = (Q2 + Qex)/Vk for k = 6; b = Q1/(Q + Qex); c = Q2/(Q + Qex); d = Q2/(Q2 + Qex);
e = Qex/(Q2 + Qex). The macro-relation (4.17) expresses our matrix of the transition
probabilities:

P =

e�a1Ds 1 – e�a1Ds 0 0 0 0

0 0 e�a2Ds 1 – e�a2Ds 0 0

0 0 0 0 e�a3Ds 1 – e�a3Ds

0 0 0 0 0 0

e�a4Ds 1 e�a4Ds 0 0 b(1 – e�a5Ds) 0

0 0 e�a5Ds
c(1 – e�a5Ds) 0 0

0 0 0 d(1 – e�a6Ds) e�a6Ds e(1e�a6Ds)

0 0 0 0 0 1

(4.17)
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The numerical text of the calculation, shown in Fig. 4.3, leads to the program giv-
en in Fig. 4.4 and has the graphic interface (Fig. 4.5) associated with this program.
A description of the graphic interface is given below:
. the first window (SMM1) is used for the introduction of the set of

values which will be used for the simulation considered in the
last window (SMM3) where the parameters are fixed in such a
way as to have constant values by pair.

. in the second window (SMM2) with keys “^” and “_”, the user
moves among the values of vectors considered in the first
window (Qex, d, h, ni). Each press on the key leads to the calcula-
tion of the chosen situation. If the user supplements the fields
with values that are not among those previously fixed, then
pressing the button “Refresh” leads to the calculation of
FðsÞ vs s ; kðsÞ vs s; r2ðsÞ vs s; smvs s. The matrix of the
passing probability is also established. All the charts considered
in this window show the evolution of the mixture state towards
the stationary state.

. the third window (SMM3) is used to show the effect of the stirring
velocity and of the feed flow on the average residence time. It
works with the values of the parameters selected in the first
window.

Initial data /H=1,h=0.2 ,ni=0.1 ,0.3,0.5,0.7,0.9,1.1,1.3,1.5 ,D=1 ,d=0.4,f(ρ,η)=1;
b=0.1, etc
Initial state/ vector E(0)=[1 ,0,0,0,0,0,0] // Qex=0.0048//ni=n1//Vectors volumes..
  Preliminary computations/Vm rel. (4.3) ,Va rel (4.2) , Vi rel (4.1) // Q rel (4.4)
//System for Q1 and Q2 by: Q1+Q2=Q and Q1/Q2=(H-h)/h // The cells volumes :  
V5=Vm ,V1=V2=V3=V4=Va/4 V6=Vi//Values for : αk=(Q1+Qex)/Vk with k=1,..4 ; 
αk=(Q+Qex)/Vk with k=5; αk=(Q2+Qex)/Vk with k=6 ;β=Q1/(Q+Qex) ;  
γ=Q2/(Q+Qex) ; δ=Q2/(Q2+Qex) ;ε=Qex/(Q2+Qex) 
Matrix of transitions// Matrix volume P: 7x7 / matrix elements with  (4.17)  
Choose of ∆τ// τapr=(0.786D*D*H)/Qex ; ∆τ= τapr/15 
n=1

  E(n)=P*E(n-1)/ τm(n) rel (4.14) sum until  n and with  N=7 ,σ2(n) rel. (4.15) 
  sum until n  and with N=7 , F(n) rel. (4.13) sum until n and with N=7 , λ(n) rel.
 (4.16)  with N=7 / τ=n*∆τ/ Extraction E(n) 
If ττm(n)> τm(n-1)+error then

   n=n+1 , Return to  6 

If τm(n)<= τm(n)+error then shows the figures F(n)  and λ(n) and  gives the
values of σ2(n) and  τm(n) 
  For ni<=8 then ni=ni+1, Return at the step 3 

End

1

2

3

4

5

6

7

Figure 4.3 Scheme of the computation algorithm.
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unit d1;
interface 
uses

 Windows, Messages, SysUtils, Classes, Graphics, Controls, Forms, Dialogs,
StdCtrls; 

type
 TForm1 = class(TForm)  Button1: TButton;

 procedure Button1Click(Sender: TObject); 
 private  { Private declarations } public { Public declarations } 
end;
 const nc=8;error=1; 

var e:array[0..10000,1..7] of real;
taum,lambda:array[0..10000] of real;
repeta:boolean; 
V,alfa:array[1..6] of real;P:array[1..7,1..7] of real; 
D,dm,b,h,hm,Q,Qex,Q1,Q2,Vm,Va,Vi,f,gamma,delta,epsilon:real;
tauapr,deltatau,tex,tau,suma,suma1,sigmap:real; 
i,j,k,n,n1:integer;ni,dt:real;
var

 Form1: TForm1;
implementation
{$R *.DFM}
procedure TForm1.Button1Click(Sender: TObject);
begin  taum[0]:=0;taum[1]:=21;
for i:=1 to 7 do for j:=1 to 7 do P[i,j]:=0;P[7,7]:=1;
 n:=1; D:=1; dm:=0.4; b:=0.1; e[0,1]:=1;
for i:=2 to 7 do e[0,i]:=0;
h:=0.2;
HM:=1; Qex:=0.0048;
ni:=0.1;n:=1;
{3} repeat
n:=1;

Vm:=pi*b/60*(sqr(D)+D*dm/5+dm*dm/5); {rel 4.3} Va:=pi*D*h/4-Vm/2; {rel 4.3}
Vi:=pi*D*h/4*(HM-h); {rel. 4.1} f:=1;
Q:=10.5*dm*dm*b*ni*f; {f=1 } Q1:=Q/(1+1/((HM-h)*h)); Q2:=Q-Q1;  Q1:=Q*4/5; Q2:=Q-Q1; 
for i:=1 to 4 do V[i]:=Va/4; V[5]:=Vm; V[6]:=Vi; 

for k:=1 to 4 do alfa[k]:=(Q1+qex)/V[k]; 
alfa[5]:=(Q+Qex)/V[5]; alfa[6]:=(Q2+Qex)/V[6]; gamma:=Q2/(Q+Qex); delta:=Q2/(Q+Qex); 
epsilon:=Qex/(Q2+Qex); tauapr:=(0.768*D*D*HM)/Qex; deltatau:=tauapr/15; 
for k:=1 to 4 do P[k,k]:=exp(-(Q1+Qex)/V[k]*deltatau); P[5,5]:=exp(-(Q+Qex)/V[5]*deltatau); 

P[6,6]:=exp(-(Q2+Qex)/V[6]*deltatau); {P[7,7]:=1;  }
for k:=1 to 4 do P[k,k+1]:=1-exp(-(Q1+Qex)/V[k]*deltatau); tex:=1-exp(-(Q+Qex)/V[5]*deltatau);
P[5,1]:=Q1/(Q+Qex)*tex; P[5,6]:=(Q2+Qex)/(Q+Qex)*tex; tex:=1-exp(-(Q2+Qex)/V[6]*deltatau); 
P[6,5]:=Q2/(Q2+Qex)*tex; P[6,7]:=Qex/(Q2+Qex)*tex; {n:=1;} tau:=n*deltatau; repeta:=true; 
{6} while repeta do begin repeta:=false; for i:=1 to 7 do begin suma:=0;
for j:=1 to 7 do suma:=suma+P[i,j]*E[n-1,j]; E[n,i]:=suma; end;
suma:=0;suma1:=0; for i:=0 to n do begin suma:=suma+(1-e[i,7])*n*deltatau;
suma1:=suma1+(1-e[i,7])*deltatau; end;
sigmap:=2*suma-suma1*suma1; taum[n]:=suma/n; dt:=taum[n]-taum[n-1]; lambda[n]:=E[n,6]/(1-
E[n,7]);
suma:=0; {for i:=1 to n do suma:=suma+E[n,6]*deltatau; taum[n]:=suma;suma:=0;}
if taum[n]>taum[n-1]+error then begin repeta:=true;inc(n);end ;if n=1000 then repeta:=false;

end;   beep; if taum[n]<=taum[n-1]+error then {grafice}; if ni<=1.5 then ni:=ni+0.2
until ni>1.5;
end; end.

Figure 4.4 Calculation program written in Matlab� language.
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a)

b)

Figure 4.5 Graphic interface for application 4.1.2. (a) First window, (b) second window.

Figures 4.6 and 4.7 show other examples of simulations. For the case consid-
ered in the simulation given in Fig. 4.5(b), if, for example at time s ¼ 0, we start
the introduction of a constant signal into the system, the signal obtained at the
exit after 500 s becomes stationary according to this value. It should be noticed
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4.1 Introduction to Stochastic Modelling

that the displacement towards the stationary state of mixing is dependent on all
the external parameters that characterize this process of liquid mixing with a me-
chanical stirrer.

It is necessary to notice the very interesting aspect of the evolution of the func-
tion that characterizes the mixing intensity. As is observable when the stationary
state of mixing is reached, the dispersion of the average residence time quickly
moves towards a very small value, this behaviour is characteristic of the combina-
tion of the external parameters with the chosen topology.

In all situations, the estimated average residence time according to the ratio of
the apparatus volume of liquid and of the flow passing through the apparatus
gives smaller values compared to those calculated with the stochastic procedure.

The data presented in Figs. 4.5–4.7 show many interesting aspects with respect
to the effect of the external parameters on the state of the mixing process with
this type of mechanical stirrer. The most significant conclusions of this example
are summarized below:
. The solution to the problem of the mechanical stirring of a liquid

medium begins with the identification of the process compo-
nents. This step is carried out using an identification particle
which is placed in the elementary volumes V1, V2.........V6 . The
connection process is characterized by the probability showing
that the identification particle moves from one volume of the
topological space to another.
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4 Stochastic Mathematical Modelling

. A calculation procedure has been used for the individual states of
volumes and the flows circulating in the selected topology, in
order to develop a simulation and calculation program of the me-
chanical stirring in a liquid medium.

. A graphic interface is suggested in order to make rapid simula-
tions about a particular state of the system with the external pa-
rameters considered as significant by the researcher.

. The developed simulator allows the calculation of the displace-
ment of the state of the mixing towards the stationary state as
well as the characterization of this stationary state.

To end this section we can make some general observations about stochastic mod-
elling:
. The jump from the description of the phenomenological process

to its stochastic variant, which shows the process’s elementary
states and its connection procedure, is strongly dependent on the
process cognition in terms of chemical engineering as well as on
the researcher’s ability and experience.
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. The mathematical description of the modelled process uses a
combination of one or more stochastic cores and phenomenologi-
cal parts related to non-stochastic process components.

. The building of the mathematical model of a process with sto-
chastic core and its transpositions as simulator, follows the steps
considered in Fig. 3.4.

. The range of the values of the process factors considered by the
simulator and the process exits considered by the graphic inter-
face of the simulator requires very careful selection.

At this point in this chapter, it is easy to understand that, using the methodology
above, the modelling of a chemical transformation presents no important diffi-
culty if the chemical reaction is fitted in the general framework of the concepts of
probability theory. Indeed, the discrete molecular population characterizing a
chemical system can be described in terms of the joint probability of the random
variables representing the groups of entities in the total population.

Until now, the use of stochastic mathematics to describe flow systems and, in
particular, the residence time distribution, has been well developed. However, the
models of processes based upon these principles have generally been less popular
than those based upon the fundamental equations of motion and continuity (see
Section 3.3). A random selection of 20 papers concerning the residence time dis-
tribution models shows that 12 of them are based on the stochastic motion of par-
ticles. Early stochastic modelling efforts in chemical engineering seem to be con-
centrated on a variety of generic systems with continuous flow, on processes with
simultaneous chemical reaction and dispersion, on processes with internal reflux
as well as on processes operating at unsteady state. So, in this domain, many
papers and books aim at demonstrating the applicability of stochastic mathe-
matics to the solution of fundamental chemical engineering problems, and in par-
ticular to the calculation of residence time and of the state of systems inside this
residence time.

Stochastic models present a number of advantages over CFD models as far as
the modelling of the residence time distribution of a complex flow system is con-
cerned. These advantages are:

1. stochastic models are simple to develop,
2. they are computationally light,
3. they are simple to adapt to new systems, and
4. they are much simpler to solve than the full mathematical

description.

The term “Markov chain” frequently appears in this chapter. This term is named
after the Russian mathematician Andre Markov (1856–1922). The Markov theory
is widely applied in many fields, including the analysis of stock-markets, traffic
flows, queuing theories (e.g. modelling a telephone customer service hotline),
reliability theories (e.g. modelling the time for a component to wear out) and
many other systems involving random processes.
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4 Stochastic Mathematical Modelling

4.2
Stochastic Models by Probability Balance

The prediction of the results obtained with an industrial process is one of the fun-
damental objectives of modelling. This process prediction is necessary to obtain
good information about the process management as well as a better knowledge of
the process itself. If the process is rather complicated or if its laws of evolution are
unknown, the application of a deterministic model is very difficult. However, if
the elementary process components of the process are identified, then the applica-
tion of a stochastic model can be realized, often with spectacular success. In this
case, modelling begins with a complete descriptive model of the process where
the identification of the participant elementary processes, their connections and
the space topology where the process develops will be attentively examined.
Thanks to this description, we can identify the factors that, all together, determine
the process state.

The establishment of stochastic equations frequently results from the evolution
of the analyzed process. In this case, it is necessary to make a local balance (space
and time) for the probability of existence of a process state. This balance is similar
to the balance of one property. It means that the probability that one event occurs
can be considered as a kind of property. Some specific rules come from the fact
that the field of existence, the domains of values and the calculation rules for the
probability of the individual states of processes are placed together in one or more
systems with complete connections or in Markov chains.

In the development of stochastic models, there are six successive steps:
1. The objective of the description of a process evolution,

considering mainly the specific internal phenomena, is to
precede the elementary processes (elementary states)
components.

2. The identification of the elementary steps according to which
the evolution of the investigated process (phenomena) is held.

3. The determination or the division of the transition probabil-
ities from one state to another and the identification with
respect to the connections if the stochastic process accepts a
continuous or a discrete way.

4. The establishment of the balance equations of the probabil-
ities. They show the probability of the process to exist in a
given state, at a considered time in a formal geometry (sys-
tem of selected coordinates).

5. The coupling of the univocity conditions to the problem
established at the end of the probability balance.

6. The model resolution and its evaluation in order to give the
models the requested exits in their relations with the entries.

In the following example, we show a more explicit explanation of the stochastic
model genesis, particularization and evaluation.
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4.2.1
Solid Motion in a Liquid Fluidized Bed

It is well known that fluidization with liquids is characterized by a very good
homogeneity. However, when a liquid–solid suspension is mixed by fluidization
and the size or density of the solid are not homogeneous, segregation is observed.
To carry out the analysis of this problem, we can consider a two-dimensional flui-
dization system composed of pure water and 1 mm diameter glass balls. This sys-
tem operates in the vicinity of a minimum fluidization state. One of these glass
balls is coloured and thrown to the centre of the base of the bed [4.24]. The ball
displacement will give qualitative and quantitative appreciation of the solid mixing
during the fluidization process [4.5, 4.24]. The coloured ball displacement is
recorded with a high-speed camera, which makes it possible to identify the trajec-
tory and the displacement mechanism, allowing the identification of forward and
backward displacements. The result of such an experiment is shown in Fig. 4.8.
We can note that the global particle displacement results in a unique direction, in
spite of the forward-and- backward displacements. If we decompose the particle
displacement (different steps in Fig. 4.8), we can note that one “evolution of the
state” is given by a forward or backward displacement.

water in

water out

thrower 

displacement band

f % 

30

60 

100 

forward back

displacement probability

z
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2 

3 4 

5 

6 displacement
steps 

in  z axis

6 

Figure 4.8 Particle displacement in a fluidized bed.

From the analysis of the decomposition of the images, we can observe that the
movement ahead is dominant and controls the whole displacement. In the exam-
ple given in Fig. 4.8, we can observe that the movement ahead (elementary state
or process component) presents approximately the same frequency as the back-
ward displacement. A radial movement is also possible but can be neglected if we
consider only a very thin band in the centre of the bed. The same has been consid-
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4 Stochastic Mathematical Modelling

ered for stagnation. The description given above, shows that the first steps of the
stochastic modelling are similar to those of the establishment of the model of
transfer phenomena (stage of the descriptive model). The stochastic model here
can be described as the mathematical solution given for a problem of forward-
and- backward displacement [4.3, 4.4, 4.17] where the elementary processes con-
sidered are:
. elementary process of type I – displacement in the direction of

the z-axis with velocity vz.
. elementary process of type II – displacement in the opposite

direction to axis z with a mean velocity –vz.

In this case, the elements of the passage matrix of the particularized problem
present very clear physical meanings:
. p11 is the probability for the coloured particle, which is displaced

by a standard process I, to keep on being displaced by the same
process (a positive displacement with speed vz is followed by the
same displacement).

. p22 is the probability for the coloured particle, which is displaced
by a standard process II, to keep on being displaced by the same
process (the same consideration as above but with speed –vz).

. p12 is the probability for the coloured particle which is displaced
by a standard process I, to skip to a standard process II (i.e. a neg-
ative displacement with respect to axis z occurs after a positive
displacement with a speed vz).

. p21 is the probability for the coloured particle which moves due to
a standard process II, to skip to standard process I (i.e. a positive
displacement with respect to axis z occurs after a negative dis-
placement with speed –vz).

If P1 represents the probability for the process that evolved in state I to remains in
this state after the interval of time Ds, then, because all the states are characterized
by independent probabilities, we can write:

P1 ¼ 1�
P

N

j¼2
p1jaDs (4.18)

Here N is the number of the independent states of the process (N = 2 in the ana-
lyzed case) and “a” is the frequency of exchange of an individual state. We can
notice that the dimension for “a” is time–1 (T–1). The same consideration as above
can be used for the probability of the process evolving in state II. Then P2 is writ-
ten:

P2 ¼ 1�
P

N

j¼1;j „ 2
p2jaDs (4.19)

If we consider that the element is the coloured ball, the following relation writes
the equations of the probability balance according to the model:
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The probability
that the element
is in the z position
at s + Ds and in
state I

=

The probability that
the element from
z–Dz position at s

with state I evolves,
in the next Ds, with
the same state

+

The probability that
the element from z
position at s with
state II evolves, in
the following Ds,
towards state I

(4.20)

With relations (4.19) and (4.20), we can establish that P1(z, s + Ds) is given by
Eq.(4.21). Equation (4.22), which gives P2(z, s + Ds), is written by the same proce-
dure:

P1ðz; sþ DsÞ ¼ P1ðz� vzDsÞð1� p12aDsÞ þ P2ðz; sÞp21aDs (4.21)

P2ðz; sþ DsÞ ¼ P2ðzþ vzDsÞð1� p21aDsÞ þ P1ðz; sÞp12aDs (4.22)

If we consider that Dsfi 0 in relations (4.21) and (4.22), we can write a two equa-
tion system with partial derivates in P1(z,s) and P2(z,s), as follows:

lim
Dsfi 0

P1ðz; sþ DsÞ � P1ðz� vzDs; sÞ
Ds

¼ �p12aP1ðz� vzDs; sÞ þ p21aP2ðz; sÞ (4.23)

lim
Dsfi 0

P2ðz; sþ DsÞ � P2ðzþ vzDs; sÞ
Ds

¼ �p21aP2ðzþ vzDs; sÞ þ p12aP1ðz; sÞ (4.24)

¶P1ðz; sÞ
¶s

þ vz
¶P1ðz; sÞ

¶z
¼ �ap12P1ðz; sÞ þ ap21P2ðz; sÞ

¶P2ðz; sÞ
¶s

� vz
¶P2ðz; sÞ

¶z
¼ �ap21P2ðz; sÞ þ ap12P1ðz; sÞ

8

>

>

<

>

>

:

(4.25)

(4.26)

In this system, we can take into account that P1(z,s) and P2(z,s) are the probabil-
ities or probability densities, or can be considered as the concentrations which
describe the type I or type II elementary action intensity.

To solve the model obtained, it is necessary to link it with the univocity condi-
tions. They are obtained from the physical meanings of the problem:

1. The only way for the coloured ball to get into the layer is by a
type I elementary action.

2. After the input, it is impossible for the coloured ball to exit
the layer.

3. The only way for the coloured ball to exit the layer is by a
type I elementary action (assuming that the marked particle
has reached the end of the layer and cannot flow back)

These conditions can also be applied for cases where an impulse or signal is intro-
duced in a continuous flow (for instance see Section 3.3):
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z ¼ 0 s ¼ 0 P1ð0; 0Þ ¼ 1 P2ð0:0Þ ¼ 0 (4.27)

z ¼ H s ¼ 0 P1ðH; 0Þ ¼ 0 P2ðH:0Þ ¼ 0 (4.28)

z ¼ 0 s � 0 P1ð0; sÞ ¼ 0 P2ð0:sÞ „ 0 (4.29)

z ¼ H s � 0 P1ðH; sÞ „ 0 P2ðH:sÞ ¼ 0 (4.30)

In this example, two main situations can be considered:
Under the condition that p12 = p21 = 1�2, the system formed by Eqs. (4.25) and

(4.26) takes the form:

¶P1ðz; sÞ
¶s

þ vz
¶P1ðz; sÞ

¶z
¼ �aP1ðz; sÞ þ aP2ðz; sÞ (4.31)

¶P2ðz; sÞ
¶s

� vz
¶P2ðz; sÞ

¶z
¼ �aP2ðz; sÞ þ aP1ðz; sÞ (4.32)

where a corresponds to ap12 = ap21 = a/2.
From a practical point of view, the main interest may be given to the sum P(z,s)

= P1(z,s) + P2(z,s). It describes the density of probability when the particle reaches
position z, at time s, no matter what elementary action (type I or II), it has been
subjected to. The derivation of Eqs.(4.31) and (4.32) with respect to s and z,
coupled to an algebraic calculation for P1(z,s) and with the elimination of P2(z,s)
gives the following relation:

¶Pðz; sÞ
¶s

þ 1
2a

¶2Pðz; sÞ
¶s2

¼ v2
z

2a

¶2Pðz; sÞ
¶z2

(4.33)

In the resulting equation, we have the derivatives of the known transport equation
as well as the second order derivative of the variable of the process with respect to
the time. The type of model considered here is known as the hyperbolic model.
Scheidegger [4.25] obtained a similar result and called it: correlated random dis-
placement.

The hyperbolic model is easily reduced to a parabolic model if the value of the

parameter a is large enough to reduce the expression
1

2a

¶2Pðz; sÞ
¶s2

as much as pos-

sible. We have already noticed that “a” and then a correspond to the measurement
of the passage frequency.

We can easily imagine the case of a group of very small particles (molecules for
example), which quickly change positions; this produces the image describing the
diffusion movement. Equation (4.34) describes the diffusion model or the model
with a parabolic equation:

¶Pðz; sÞ
¶s

¼ v2
z

2a

¶2Pðz; sÞ
¶z2

(4.34)
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If we consider now that the condition (4.29) changes in order to obtain P2 (0, s) = 0
then according to the sum of Eqs.(4.27) and (4.29) we obtain the initial condition
of a Dirac’s pulse:

Pðz; 0Þ ¼ dðzÞ ¼ 1 z ¼ 0
0 z „ 0

�

�

�

�

(4.35)

The coloured particle is displaced in the fluidized bed according to the model and
the laws of diffusion. Indeed, the solution to the diffusion model described by Eq.
(4.34) and by the initial condition (4.35) is the following [4.26, 4.27]:

Pðz; sÞ ¼
ffiffiffiffiffiffiffiffiffi

a

2v2
zs

r

exp � az2

2vzs

� �

(4.36)

The elliptic model given by Eq. (4.33) and the initial condition (4.35) gives the so-
lution obtained with the relation (4.37) [4.5]:

Pðz; sÞ ¼aexpð�asÞ
2vz

I0 as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2

2v2
zs2

s

 !

þ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2

v2
zs2

s I1 as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z2

2v2
zs2

s

 !

2

6

6

6

4

3

7

7

7

5

;

zj j � vzs

Pðz; sÞ ¼ 0: zj j � vzs (4.37)

I0(x) and I1(x), in Eq. (4.37), are the Bessel functions with imaginary arguments
and they can be written as follows:

I0ðxÞ ¼
P

¥

k¼0

x
2

� �2k

ðk!Þ2
; I1ðxÞ ¼

X

¥

k¼0

x
2

� �2kþ1

ðk!Þðkþ 1Þ!: (4.38)

The graphical representations of solutions (4.36) and (4.38) are given in Fig. 4.9.

The dimensionless variables za = z/H and ta =
v2

H2

s

2a

� �

have been used here. The

curves considered in this figure were drawn taking into account the values of
vz = 0.1 m/s, a = 10 s–1 and H = 0.2 m. In Fig. 4.9, we can observe that:

1. Both models represent the same phenomenon because the
curves P(z,s) versus za and ta (for the same conditions) are
almost identical. The only difference is observed in the fields
of very small times which are not of interest in this analysis.

2. The low values of P(z, s), which are presented for za > 0.15,
show that the marked particle has a strong conservative ten-
dency because it keeps its position near the injection point
where za is small.

3. In this particular case, the values considered for a and vz are
chosen without any deep experimental appreciation. How-
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ever, in other situations, intensive experimental work would
be necessary.

4. The mixing process is axial and the particle displacement is
well represented by both models. However, the elliptic model
seems to be a little more illustrative because it considers
small values of za and ta.

P(z, τ) 

v2 τ/(2aH2) = 

0   0.1    0.2  0.3 za

1/2

1/5 

1/20 

0.3

0.6

0.9

Figure 4.9 The space–time evolution of P (z, s) by the elliptic
model (dashed line) and hyperbolic model (continuous line).

In this problem of axial mixing, it should be specified that the calculated value

of
v2

z

2a
was approximately 10–3 m2/s; this is comparable with the typical experimen-

tal values of the axial dispersion coefficient in fluidized beds with liquids.

Another stochastic model (4.27)–(4.32) treatment can be made when the aim is
to calculate the average time of residence and the axial dispersion coefficient. In
this problem, we use the properties of the characteristic function, which is asso-
ciated with the distribution function of the average time of residence [4.28, 4.29].
For this analysis we start with the Laplace transformation of the stochastic model
when the system (4.31)–(4.32) is considered:

sP1ðz; sÞ � P1ðz; 0Þ þ vz
dP1ðz; sÞ

dz
¼ �p12aP1ðz; sÞ þ p21aP2ðz; sÞ

sP2ðz; sÞ � P2ðz; 0Þ � vz
dP2ðz; sÞ

dz
¼ �p21aP2ðz; sÞ þ p12aP1ðz; sÞ

8

>

>

<

>

>

:

(4.39)

(4.40)

Taking into account the univocity conditions (for instance, look at relations (4.27)–
(4.30)), P1(z, 0) = P2(z,0) = 0), the equations above can be written:
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vz
dP1ðz; sÞ

dz
¼ �ðsþ p12aÞP1ðz; sÞ þ p21aP2ðz; sÞ

vz
dP2ðz; sÞ

dz
¼ ðsþ p21aÞP2ðz; sÞ � p12aP1ðz; sÞ

8

>

>

<

>

>

:

(4.41)

(4.42)

Now, if Eq.(4.41) is derived according to s and in the obtained result, we make two
replacements (dP2(z,s)/dz by its value given in Eq. (4.42) and P2(z,s) by its value
from Eq. (4.41)), then both equations combine to give:

vz
d2P1ðz; sÞ

dz2
þ aðp12 � p21Þ

dP1ðz; sÞ
dz

� ðap12Þ2 � ðsþ ap12Þ2

vz

" #

P1ðz; sÞ ¼ 0 (4.43)

After the group of relations (4.27) to (4.30) we can consider that the conditions
that have to be coupled with Eq. (4.43) are:

P1ð0; 0Þ ¼ 1 ; P1ð0; sÞ ¼ 0 ; P1ðH; 0Þ ¼ 0 (4.44)

These conditions introduce a complication with respect to the solution to the prob-
lem: dP1(0,0)/dz is absent and the top condition is opposed to the integration
(z = H). This problem can be circumvented if we consider that the pulse at the
input of the fluidized layer can be coupled or not with a particular condition on
the output. To simplify the problem, we can choose in Eq.(4.43) vz = 1 as the con-
ventional unit/second. This selection implies that the z dimension (and thus H)
would be measured in a conventional unit. When p12 = p21 = p11 = p12 = 0.5, Eq.
(4.43) is simplified to Eq. (4.45), which has the general solution (4.46). Here, k is
given by relation (4.47):

d2P1ðz; sÞ
dz2

� 2sþ a
2

� �2

� a
2

� �2
" #

P1ðz; sÞ ¼ 0 (4.45)

P1ðz; sÞ ¼ C1e�kz þ C2eþkx (4.46)

k2 ¼ 2sþ a
2

� �2

� a
2

� �2
" #

(4.47)

The solution of the system has to check the value of constants C1 and C2 (4.46).
The relations (4.48) are thus obtained and lead to the solution (4.49):

C1 ¼
ð1þ kÞ2

ð1þ kÞ2 � ð1� kÞ2e�2kH
C2 ¼

ð1� kÞ2e�2kH

ð1þ kÞ2 � ð1� kÞ2e�2kH
(4.48)

P1ðz; sÞ ¼
ð1þ kÞ2e�kz � ð1� kÞ2e�2kðH�zÞ

ð1þ kÞ2 � ð1� kÞ2e�2kH
(4.49)
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Once Eq. (4.41) is adapted to the modifications carried out above, it can be used to
give an expression for P2 (z,s), then we can write:

P2ðz; sÞ ¼
ð1� kÞ2e�kz � ð1� kÞ2e�2kðH�zÞ

ð1þ kÞ2 � ð1� kÞ2e�2kH
(4.50)

The function of the distribution of the residence time from 0 up to H can be
obtained by the sum of the probabilities of the exit from the way. This is possible
at z = H with an elementary action of type I and at z = 0 with a standard elemen-
tary action II. Thus, for the function of residence time distribution, the following
equation can be written:

f ðsÞ ¼ P1ðH; sÞ þ P2ð0; sÞ (4.51)

The characteristic function for a distribution law of a random variable is the
Laplace transform of the expression of the distribution law. For the analysis of the
properties of the distribution of a random variable, the characteristic function is
good for the rapid calculation of the centred or not, momentum of various orders.
Here below, we have the definition of the characteristic function usðsÞ and its par-
ticularization with the case under discussion:

usðsÞ ¼
R

¥

0
f ðsÞe�ssds ¼

R

¥

0
P1ðH; sÞ þ P2ðH; sÞð Þe�ssds ¼ P1ðH; sÞ þ P2ð0; sÞ (4.52)

Relations (4.49) and (4.50) rapidly show what P1 (H, s) and P2 (0,s) are known and
thus, in this case, Eq. (4.52) is written as follows:

usðsÞ ¼
ChðkHsÞ þ 1� k2

2k
ShðkHÞ � 1þ k2

2k
ShðkHsÞ

1þ k2

2k
ShðkHÞ þ ChðkHÞ

Here, the sine and cosine hyperbolic functions (Sh and Ch) are well-known
expressions. The average value of the residence time in the way 0–H can be
described with the assistance of the characteristic function:

sm ¼
R

¥

0
sf ðsÞds ¼ �us ¢ð0Þ (4.53)

The calculation of an analytical derivative for usðsÞ by using relation (4.52) is very
difficult and tedious. Here below, we make the numerical calculation for the deriv-
ative at s = 0. To do so, we use the relation that defines the derivative of a function
in a point. We then obtain:
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us ¢ð0Þ ¼ lim
sfi 0

usðsÞ � usð0Þ
s� 0

¼ lim
sfi 0

usðsÞ � 1
s

¼ lim
sfi 0

ChðkHsÞ � kShðkHÞ � ChðkHÞ � 1þ k2

2k
ShðkHsÞ

1þ k2

2k
sShðkHÞ þ sChðkHÞ

¼
lim
sfi 0
½ðk¢Hsþ kHÞShðkHsÞ � k¢HShðkHÞ� � lim

sfi 0

k2H
s

ShðkHÞ
kH

� lim
sfi 0

ð1þ k2ÞH
2

ShðkHsÞ
kHs :::

l lim
sfi 0
½1þ k2

2k
ShðkHÞ þ ChðkHÞ

¼ � aH2 þ aHþH
2

� �

=
H
2
þ 1

� �

¼ � 2aH2 þ 2aHþHÞ
Hþ 2

(4.54)

Consequently, the expressions of the mean residence time in the way 0–H and
those of the linear distance traversed during motion can be written as follows:

sm ¼
2aH2 þ 2aHþHÞ

Hþ 2
; lm ¼ vZsm ¼

ð2aH2 þ 2aHþHÞ � 1
Hþ 2

(4.55)

It is necessary to pay careful attention to these last two expressions where H is
considered in conventional length units, which corresponds to a vz = 1. For exam-
ple if vz = 1 cm/s, then the conventional unit (cu) is cm, therefore, in the relations,
H would be expressed in cm. Another example shows that vz = 0.02 m/s; so a
value of the conventional length unit of 1 cu = 0.02 m is requested to make
vz = 1 cu/s. If, in this case, the trajectory is 0.2 m, for example, then, for H,
H = 0.2/0.02 = 10 is used which corresponds to a dimensionless value. For
very large H values, relation (4.55) can be simplified as follows:
sm ¼ 2aðHþ 1Þ » 2aH. This simplification can guide us towards various specula-
tive conclusions with respect to the covered linear distance. Categorically, the
result obtained can be explained by the perfect similarity of the final relationships
with the well-known formulas used in mechanics.

The problem of theoretical calculation of an axial dispersion coefficient for this
example of displacement of the coloured ball is solved in an way identical to the
stochastic problem with three equal probable elementary actions (for instance
look at the example of axial mixing in a mobile bed column).

If we consider that p12 „ p21. From a phenomenological point of view, it is easier
to accept a difference between p12 and p21. This is typical for a case where a direc-
tional internal force acts on a marked particle. As an example, we can consider a
particle displacement given by a difference between the weight and the Archi-
medes force. In this case, the model to be analyzed is described by relations (4.43)
and (4.44). For vz = 1 u.c/s, Eq. (4.43) is written as below:

d2P1ðz; sÞ
dz2

þ aðp12 � p21Þ
dP1ðz; sÞ

dz
� ðap12Þ2 � ðsþ ap12Þ2
h i

P1ðz; sÞ ¼ 0 (4.56)
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If a ¼ ap12,b ¼ ap21 and k2 ¼ sðsþ 2aÞ, then Eq. (4.56) becomes:

d2P1ðz; sÞ
dz2

þ ða� bÞ dP1ðz; sÞ
dz

��k2P1ðz; sÞ ¼ 0 (4.57)

The discriminant associated with the characteristic equation connected to Eq.
(4.57) is always positive (D ¼ ða� bÞ2 þ 4k2) and the solution of the differential
equation (4.57) is written like a sum of the exponential terms. In addition, the so-
lution for a ¼ b must find the former case presented. According to the example
already discussed, we have new expressions for P1ðz; sÞ and P2ðz; sÞ:

P1ðz; sÞ ¼
ð1þ kÞ2e�

½ða�bÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

ða�bÞ2þ4k2
p

2 z � ð1� kÞ2e�2 ða�bÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða�bÞ2þ4k2
p	 


ðH�zÞ

ð1þ kÞ2 � ð1� kÞ2e�2kH

P2ðz; sÞ ¼
ð1� kÞ2e�

½ða�bÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

ða�bÞ2þ4k2
p

2 z � ð1� kÞ2e�2 ða�bÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ða�bÞ2þ4k
2

p	 


ðH�zÞ

ð1þ kÞ2 � ð1� kÞ2e�2kH

Now there is no obstacle to continuing with the estimation of the characteristic
function, average residence time etc.

The last two applications, where the genesis, particularization and evaluation of
a stochastic model were improved, undoubtedly show the capacity and the force of
stochastic modelling.

4.3
Mathematical Models of Continuous and Discrete Polystochastic Processes

Polystochastic models are used to characterize processes with numerous elemen-
tary states. The examples mentioned in the previous section have already shown
that, in the establishment of a stochastic model, the strategy starts with identify-
ing the random chains (Markov chains) or the systems with complete connections
which provide the necessary basis for the process to evolve. The mathematical
description can be made in different forms such as: (i) a probability balance, (ii) by
modelling the random evolution, (iii) by using models based on the stochastic dif-
ferential equations, (iv) by deterministic models of the process where the parame-
ters also come from a stochastic base because the random chains are present in
the process evolution.

As was described in the section concerning modelling based on transfer phe-
nomena, a general model can generate many particular cases. The same situation
occurs in stochastic modelling processes. The particularization of some stochastic
models results in a new image of chemical engineering processes. It is called the
stochastic or polystochastic image. It is actually well accepted that almost all
chemical engineering processes have a stochastic description [4.5–4.7, 4.30, 4.31].

Some ideas and rather simple concepts, which are fundamental for the alphabet
of stochastic modelling, will be described here for some particular cases. It is
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obvious that knowledge of the alphabet of stochastic methods is only one area of
knowledge necessary to become an expert in stochastic modelling. To this aim, a
major study of the literature and especially a great personal experience in solving
problems, together with a clear knowledge of the corresponding theory are neces-
sary. Some of the aspects presented below will show how to apply polystochastic
modelling in chemical engineering.

4.3.1
Polystochastic Chains and Their Models

In the problem of polystochastic chains, different situations can be considered. A
first case is expressed by one or several stochastic chains, which keep their individ-
ual character. A second case can be defined when one or several random chains
are complementary and form a completely connected system. In the first case, it
is necessary to have a method for connecting the elementary states which define a
chain.

4.3.1.1 Random Chains and Systems with Complete Connections
If we consider the example described at the beginning of this chapter, the element
of study in stochastic modelling is the particle which moves in a trajectory where
the local state of displacement is randomly chosen. The description for this dis-
crete displacement and its associated general model, takes into consideration the
fact that the particle can take one of the positions i = 0,–1,–2,–3 ..... where i is a
number contained in Z. The particle displacement is carried out step by step and
randomly according to the type of component process (elementary state). The type
of motion (of the process component) followed by the particle is denoted k. Here,
k ˛ K, K is a field of the finite values and pek is the probability of passage from e
to k. In addition, e is a random variable, which gives the length of displacement
for each process component; thus ek represents the length of displacement for the
k-type motion. The distribution function of this random variable (e) is written:
pk(a), a ˛ Z. It represents the probability to have a step with length �a’ for a k-type
displacement.

The process described above is thus repeated with constant time intervals. So,
we have a discrete time s ¼ nDs where n is the number of displacement steps. By
the rules of probability balance and by the prescriptions of the Markov chain the-
ory, the probability that shows a particle in position �i’ after n motion steps and
having a k-type motion is written as follows:

Pkðn; iÞ ¼
P

e˛K

P

a˛Z
Pkðn� 1; i� aÞpekpkðaÞ (4.58)

In order to begin the calculations, we need to know some parameters such as
the process components (k = 2 or k = 3, etc.), the trajectory matrix (pek in the
model), and the equation that describes the distribution function of the
path length for displacement k and for the initial state of the process
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Pkð0; i� aÞ ; 8i˛Z and k˛K. In our example, when the particle displacement is
realized by unitary steps and in a positive direction (type I) or in a negative direc-
tion (type II) and where the path length distribution is uniform with a unitary val-
ue for both component processes, we have:

k ¼ 1; 2 ; p1ðaÞ ¼
1 for a ¼ 1
0 for a „ 1

�

; p2ðaÞ ¼
1 for a ¼ �1
0 for a „ � 1

�

For this case, the particularization of the relation (4.58) gives the following sys-
tem:

P1ðn; iÞ ¼ P1ðn� 1; i� 1Þp11 þ P2ðn� 1; i� 1Þp21

P21ðn; iÞ ¼ P1ðn� 1; iþ 1Þp12 þ P2ðn� 1; iþ 1Þp22

(

(4.59)

If, in addition to the standard process components (type I and II), we introduce a
third one (position or displacement k = 3), which considers that the particle can
keep a rest position, then the general model produces the following particulariza-
tion:

P1ðn; iÞ ¼ P1ðn� 1; i� 1Þp11 þ P2ðn� 1; i� 1Þp21 þ P3ðn� 1; i� 1Þp31

P2ðn; iÞ ¼ P1ðn� 1; iþ 1Þp12 þ P2ðn� 1; iþ 1Þp22 þ P3ðn� 1; iþ 1Þp32

P3ðn; iÞ ¼ P1ðn� 1; iÞp13 þ P2ðn� 1; iÞp23 þ P3ðn� 1; iÞp33

(4.60)

8

>

<

>

:

pkðaÞ ¼
1 for ðk ¼ 1; a ¼ 1Þ; ðk ¼ 2; a ¼ �1Þ; ðk ¼ 3; a ¼ 0Þ

0 for other cases

�

(4.61)

Schmaltzer and Hoelscher [4.32] had suggested this model for the description of
the axial mixing and the mass transfer in a packed column. Another particulariza-
tion can be made in the case when the types of trajectory are chains corresponding
to the completely random displacement (for example in the steps k = 1, which rep-
resent a displacement ahead, it is possible to have a small step towards the right
or the left. In a k-type chain, the probability to realize a step towards the right is
noted pk whereas qk represents the probability for the particle to realize a step
towards the left (then, the probability pk(a) is expressed according to relation
(4.63)).

The model which is obtained can be described by relations (4.62) and (4.63).

Pkðn; iÞ ¼
P

e˛K
pkPeðn� 1; i� akÞ þ qkPeðn� 1; iþ aKÞ
	 


pek (4.62)

pkðaÞ ¼
pk for a ¼ ak

qk for a ¼ �ak

0 for a „ akand a „ � ak

8

<

:

(4.63)

For the mathematical characterization of polystochastic chains, we often use the
theory of systems with complete connections. According to the definition given in
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Section 4.1, the group [(A,A) ,(B,B) ,u,P] defines a random system with complete
connections. For each one of these systems two chains of the random variables
are associated: Sn with values in A and En with values in B; the causal dependence
between both chains is given by the function u as is shown here below:

S0 
P(S0 ,α) E1 

S1=u(S0,E1) P(S1,α) E2 

S2=u(S1,E2) P(S2,α) E3……

(4.64)

In system (4.64), P(S0,a), P(S1,a), etc., represent the conditioned probabilities of
temporary transition from (A,A) to (B,B). The probability P(Sn,a) is given accord-
ing to the following statement: “P(Sn,a) is the probability that the phenomenon pro-
duced at time n+1 (En+1) belongs to a (with a�A) with the condition that, at time n,
the Sn state has already occurred”. The chain Sn with values in A, gives a Markov
chain En (with values in B) which is in fact a complete connections chain. Before
particularizing the model given in relation (4.58) into a case with two random vari-
ables, we need to explain the case of a particle displacement in a random system
with complete connections [4.33]. As shown here, the jumps of a particle are ran-
domly dimensioned by a˛Z; if we have a conditioned probability pk(a) in state
k˛K, then the component elements characterized by k˛K are different according
to their nature (trajectory velocity, medium conditions, etc.). If the particle is posi-
tioned at j˛Z and k is its temporary state, the passage probability to a new process
e˛K is pkeðjÞ.

At the beginning of the process with j˛Z, where the state is a k-type process,
the particle jumps distance a and, at the same time, evolves towards process e
with the probability pe(a)pke(j). Consequently, it reaches j + a in state e. Now, the
new beginning is in j + a and in the e state and it jumps a¢ distance and realizes a
state commutation towards e¢ (e¢˛K) with pe¢(a)pee¢(j + a) probability.

The system keeps evolving considering that it is a random system with complete
connections [(A,A) ,(B,B) ,u,P] and with the following particularizations: A = B =
ZxK, u(Sn,En+1) = u((j,k),(a,e)) = (j+a,e) and P(Sn,...E1S1,S0) = P((j,k);(a,e)) = pe(a)pke(j)
(please look at the definition of a random system with complete connections). The
statement above is supported by the fact that P(Sn,...E1,S1,S0) = P((j,k);(a,e)) with
values in K is a real probability (we can observe that

P

k˛K
peðaÞpkeðjÞ ¼ 1 because

P

a˛Z
peðaÞ ¼ 1 and

P

e˛Z
pkeðjÞ ¼ 1). The particle displacement, described above, is

represented by relation (4.64), which is particularized as follows:
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(j,k) pk(a)pke(j) (a,e)

(j+a,e) pe(a)pee'(j+a) (a',e')

(j+a+a' ,e') ……

(4.65)

A complete particularization can be made in order to show more precisely that the
case considered is a random system with complete connections. In this case, Sn is
the first random vector:

Sn ¼
Sn ¢
Sn†

�

�

�

�

�

�

�

�

¼ particle position at time n
process component at time n

�

�

�

�

�

�

�

�

whereas En+1 is the second random vector:

Enþ1 ¼
Enþ1 ¢
Enþ1†

�

�

�

�

�

�

�

�

¼ jump distance at time n
process component at time n

�

�

�

�

�

�

�

�

The function u is given by Sn+1 = u(Sn,En+1) and the probability P(Sn,....E1,S1,S0)
can be expressed as:

P E1 ¼
a
e

�

�

�

�

�

�
=S0 ¼

j
k

�

�

�

�

�

�

�

�

� �

¼ Pððj; kÞ; ða; eÞÞ

P Enþ1 ¼
a
e

�

�

�

�

�

�
=Sn;En; :::S1;E1; S0

� �

¼ PðSn; ða; eÞÞ (4.66)

Obviously, Sn is a homogeneous Markov chain with a passage probability given by
PðSnþ1 ¼ ðj; eÞ=Sn ¼ ði; kÞÞ ¼ peðj� iÞpkeðiÞ, whereas, En is a complete connec-
tion chain. In this case, the stochastic model (4.58) is known as the Chapman–
Kolmogoraov model; it can be generalized by the Eq. (4.67):

Pkðn; iÞ ¼
P

e˛K

P

a˛Z
Pkðn� 1; i� aÞpekði� aÞpkðaÞ (4.67)

In the case when the transition probabilities do not depend on the position, noted
here by i, they are constant and therefore the chain En is a Markov chain.

4.3.2
Continuous Polystochastic Process

The stochastic models can present discrete or continuous forms. The former dis-
cussion was centred on discrete models. The continuous models are developed
according to the same base as the discrete ones. Example 4.3.1 has already shown
this method, which leads to a continuous stochastic model. This case can be gen-
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eralized as follows: a particle in the z position moves in a medium with velocity vk

k = 1,2,3,......n, where n is a finite number; in the interval of time Ds, the probabil-
ity to pass from speed vk to vj is pkj = akj Ds. This corresponds to a connection
process of the Markov type. If Pk(z,s + Ds) is the probability that the particle
reaches z at s + Ds with velocity vk, then we can write:

Pkðz; sþ DsÞ ¼
P

n

j¼1
Pjðx� vkDs; sÞpjk ; 1 < = j, k < = n (4.68)

We can notice that relation (4.68) describes the evolution of the particles having
reached position z in time s + Ds which were originally positioned among the par-
ticles at the distance vkDs with respect to z. In the interval of time Ds, their veloci-
ty changes to vk. In the majority of the displacement processes with vk velocity, a
complete system of events appears and, consequently, the matrix of passage from
one velocity to another is of the stochastic type. This means that the addition of

the probabilities according to the unit value limit is:
P

n

j¼1
pkj ¼ 1 ; 8k ¼ 1;n. If, in

relation (4.68), we replace pkk ¼ 1�
P

n

j¼1;j„ k
pkj then, we can write:

Pkðz; sþ DsÞ ¼ Pkðz� vkDs; sÞ �
X

n

j¼1;j „ k

pkj

0

@

1

APkðz� vkDs; sÞ

þ
X

n

j¼1

pjkPjðz� vjDs; sÞ

(4.69)

In the equation system (4.69), the subscripts j, k are limited by the number of ele-
mentary states. Thus, we always have 0 < = j, k < = n. Now, if we use a develop-
ment around the point (x, s) for the first term of Eq. (4.69) we have:

Pkðz� vkDs; sÞ ¼ Pkðz; sÞ � vk
DPkðz; sÞ

Dz
þ :::::: (4.70)

The development described above transforms system (4.69) into the following sys-
tem of n equations (k = 1, n) with partial derivatives:

¶Pkðz; sÞ
¶s

þ vk
¶Pkðz; sÞ

¶z
¼ �

X

n

j¼;j „ k

akj

0

@

1

APkðz; sÞ þ
X

n

j¼1;j „ k

ajkPjðz; sÞ (4.71)

If the parameters akj have constant values, then the model described by system
(4.71) corresponds to a Markov connection linking the process components. In
this case, as in general, the process components represent the individual displace-
ments which can be characterized globally through the convective mixing of their
spectra of speeds ( vk, k = 1,N).

The model developed in Section 4.3.1 is a particular case of the model (4.71)
where k = 2,v1 = vz, v2 = –vz (for instance see relations (4.25), (4.26)):
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¶P1ðz; sÞ
¶s

þ vz
¶P1ðz; sÞ

¶z
¼ �a12P1ðz; sÞ þ a21P2ðz; sÞ (4.72)

¶P2ðz; sÞ
¶s

� vz
¶P21ðz; sÞ

¶z
¼ �a21P2ðz; sÞ þ a12P2ðz; sÞ (4.73)

For k = 3 , v1 = vz ,v2 = –vz v3 = 0 (at v3 = 0 the particle keeps a stationary position)
we have the model (4.74)–(4.76) which has been successfully used in the analysis
of axial mixing for a fluid that flows in a packed bed column [4.28]:

¶P1ðz; sÞ
¶s

þ vz
¶P1ðz; sÞ

¶z
¼ �ða12 þ a13ÞP1ðz; sÞ þ a21P2ðz; sÞ þ a31P3ðz; sÞ (4.74)

¶P2ðz; sÞ
¶s

� vz
¶P21ðz; sÞ

¶z
¼ �ða21 þ a23ÞP2ðz; sÞ þ a12P1ðz; sÞ þ a32P3ðz; sÞ (4.75)

¶P1ðz; sÞ
¶s

¼ �ða31 þ a32ÞP3ðz; sÞ þ a13P1ðz; sÞ þ a23P2ðz; sÞ (4.76)

A second continuous polystochastic model can be obtained from the transforma-
tion of the discrete model. As an example, we consider the case of the model
described by Eqs. (4.62) and (4.63). If Pk(z,s) is the probability (or, more correctly,
the probability density which shows that the particle is in the z position at time s

with a k-type process) then, pkj is the probability that measures the possibility for
the process to swap, in the interval of time Ds, the elementary process k with a
new elementary process (component) j. During the evolution with the k-type pro-
cess state, the particle moves to the left with probability bk and to the right with
probability ck (it is evident that we take into account the fact that bk + ck = 1). For
this evolution, the balance of probabilities gives relation (4.77), which is written in
a more general form in Eq. (4.78):

Pkðz; sþ DsÞ ¼
P

n

j¼1
pjk½bkPjðz� Dz; sÞ þ ckPjðzþ Dz; sÞ� ; 1 < = j, k < = n (4.77)

Pkðz; sþ DsÞ ¼
P

m

P

n

j¼1
Pkðz� Dzm; sÞpjkðz� DzmÞpiðDzmÞ (4.78)

Equation (4.78) is developed with the assistance of relation (4.77). To do so, it is
necessary to consider the values of pjk(z – Dzm) = pjk as constant and the following
relation for piðDzmÞ:

piðDzmÞ ¼
bk for Dzm ¼ Dzk

ck for Dzm ¼ �Dzk

0 for other cases

8

<

:

Now, we have to take into account the following considerations for relation (4.77):
. the passage matrix is stochastic, it results in:

P

n

j¼1
pkj ¼ 1; :pkk ¼ 1�

P

n

j¼1;j „ k
pkj.
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. the connection process is of Markov type and then: pkj ¼ akjDs.

. the probabilities Pk(z – Dz,s) and Pk(z + Dz,s) are continuous
functions and can be developed around (z,s):

Pkðz� Dz; sÞ ¼ Pkðz; sÞ � Dzi
DPkðz; sÞ

Dzi
þ Dz2

i

2
D2Pk

ðDziÞ2
� ::::.

. the displacements to the left and to the right by means of an ele-
mentary k-process have the same probability and then
bk ¼ ck ¼ 1=2.

These considerations result in the following equation:

¶Pkðz; sÞ
¶s

¼ Dk
¶2Pkðz; sÞ

¶z2
�

X

n

j¼1;j„ k

akj

0

@

1

APkðz; sÞ þ
X

n

j¼1;j„ k

ajkPjðz; sÞ ;

1< = j, k < = n (4.79)

In Eq. (4.79), Dk represents the limit Dk ¼ lim
Dsfi 0

Dz2
k

Ds
, which has a finite value, and

the dimension of a diffusion coefficient. It is called: diffusion coefficient of the ele-
mentary k-process.

If the displacement velocity of the particle is described by +vx and –vx in the x
axis, +vy and –vy in the y axis and finally +vz and –vz in the z axis, we can consider
the following diffusion coefficients:

Dxx = lim
Dsfi 0

Dx2

Ds
, Dyy = lim

Dsfi 0

Dy2

Ds
,Dzz = lim

Dsfi 0

Dz2

Ds
, Dxy = lim

Dsfi 0

DxDy
Ds

, etc.

This definition of diffusion coefficients considers the non-isotropic diffusion
behaviour in some materials. So, this stochastic modelling can easily be applied
for the analysis of the oriented diffusion phenomena occurring in materials with
designed properties for directional transport.

Model (4.79) describes an evolutionary process, which results from the coupling
of a Markov chain assistance with some individual diffusion processes. This
model is well known in the study of the coupling of a chemical reaction with dif-
fusion phenomena [4.5, 4.6, 4.34, 4.35]. The models described by relations (4.63)
and (4.79) can still be particularized or generalized. As an example, we can notice
that other types of models can be suggested if we consider that the values of akj

are functions of z or s or Pk(z,s) in Eq.(4.79). However, it is important to observe
that the properties of the Markov type connections cannot be considered when
akj ¼ f ðPKðz; sÞÞ.

Using stochastic differential equations can also represent the stochastic models. A
stochastic differential equation keeps the deterministic mathematical model but
accepts a random behaviour for the model coefficients. In these cases, the prob-
lems of integration are the main difficulties encountered. The integration of sto-
chastic differential equations is known to be carried out through working methods
that are completely different from those used for the normal differential equations
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[4.36, 4.37]. We can overcome this difficulty if, instead of using the stochastic dif-
ferential equations of the process, we use the analysis of the equations with partial
derivatives that become characteristic for the passage probabilities (Kolmogorov-
type equations).

The following practical example will illustrate this problem: a mobile device
passes through an arbitrary space with a variable velocity. By means of the classic

dynamics analysis, we can write that
dXðsÞ

ds
¼ kvðsÞ. In the stochastic language,

this equation can be written as follows:

dXðsÞ
ds
¼ FðXðsÞ; vðsÞÞ, X(0) = X0 (4.80)

where F(X,v) is an operator (F(X,v) = kv for example), defined for RnxRm with val-
ues in Rn. It is able to be derivate in X, keeping the continuity in v.
. v(s) is a Markov diffusion process (for instance, look at the model

described by Eq. (4.79)). The following relations give the variances
and the average (mean) values of this diffusion process:

. the variances:

rij ¼ lim
Dsfi 0

E ½viðsþ DsÞ � viðsÞ�½vjðsþ DsÞ � vjðsÞ�=vðsÞ � v
n o

(4.81)

. the mean values

mjðvÞ ¼ lim
Dsfi 0

E ½ðvjðsÞ � vðsÞ�=vðsÞ
n o

¼ v (4.82)

Here, i, j = 1, 2,...m are subscripts which indicate the individual states of the
device speed. The coupled process (X(s),v(s)) is a Markov process with values in
Rn+m and with mean value and variances (X,v), (X,X) given by the following rela-
tions:

lim
Dsfi 0

1
Ds

E
n

ðXiðsþ DsÞ � XðsÞÞ=ðXðsÞ; vðsÞÞ
o

¼ FiðXðsÞ; vðsÞÞ (4.83)

lim
Dsfi 0

1
Ds

E ½Xiðsþ DsÞ � XðsÞ�½vjðsþ DsÞ � vjðsÞ�=ðXðsÞ; vðsÞÞ
n o

¼ 0 (4.84)

lim
Dsfi 0

1
Ds

E ½Xiðsþ DsÞ � XðsÞ�½Xjðsþ DsÞ � XjðsÞ�=ðXðsÞ; vðsÞÞ
n o

¼ 0 (4.85)

If F(X,v) = v or if v is the device speed, then the stochastic differential equation
(4.80) shows that the state of the device is a function which depends on position
and speed. The device passes from one speed to another with the rules defined by
a diffusion process and with an average value mj(v) and a variance ri j, 1 < = i, j <
= n. It is important to note that the passage probability densities of the coupled
Markov process (X(s),v(s)) – written: p = p(s,X,v,X0,v0) – should verify the following
equation:
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¶p
¶s
¼ 1

2

X

m

i;j¼1

¶2½riiðvÞp�
¶vi¶vj

�
X

m

j¼1

¶½mjðvÞ�
¶vj

�
X

n

i¼1

¶½Fjp�
¶xj

(4.86)

The initial condition used with Eq. (4.86) shows that, at time s = 0, the stochastic
evolution begins according to a signal impulse:

pð0;X; v;X0; v0Þ ¼ dðX� X0Þdðv� v0Þ (4.87)

In Eq. (4.86), Fj is the average value for the coupled Markov process (see Eq.
(4.83)). In Eq. (4.87) p = p(s,X,v,X0,v0) corresponds to the probability density of the
coupled process (X(s),v(s)). To calculate this density of probability at a predefined
time (p(s,X,v)), we use the initial condition:

pð0;X; vÞ ¼ rvð0; vÞdðX� X0Þ (4.88)

where rvð0; vÞ is the probability density of the process v(s) at the start.
With solution p(s,X,v), we can calculate the distribution process X(s) after the

integration for all the possible speeds:

pðs;XÞ ¼
R

¥

�¥
pðs;X; vÞdv (4.89)

This method to solve stochastic differential equations has also been suggested to
calculate the solutions of the stochastic models originated from the theory of ran-
dom evolution [4.38, 4.39].

In the following paragraph, we will explain how this method is particularized
for two examples. A random evolution is described with the assistance of a model,
which is based on a dynamic system with operation equations called state equa-
tions, which have to undergo random variations. The first example is given by the
evolution of a bacterial population that develops in a medium with a randomly
changing chemical composition. A second example can be represented by the at-
mospheric distribution for polluting fumes produced by a power station when at-
mospheric turbulences change randomly. Many other examples illustrate these
typical situations where a system in evolution changes its mode of evolution
according to the random changes of the medium or according to the changing
conditions of the process development. In these systems the process can evolve
(move) into a stochastic or deterministic way at time “t” and, suddenly, at time “s”,
the process undergoes another random descriptive evolution.

From a mathematical point of view, a random evolution is an operator O(s,t)
that is improved at both t and s times. The linear differential equation is Eq. (4.90):

dOðs; tÞ
ds

¼ �VðXðsÞÞOðs; tÞ or
dOðs; tÞ

dt
¼ Oðs; tÞVðXðtÞÞ (4.90)

V(X(s) (or V(X(t)) is the expression of an operator which depends on parameter X
(or X(t)), which is the stochastic parameter characterizing the process. It is impor-
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tant to note that the correct expression of X(t) is X(t, e), where e˛X. Here, X is
the region where the elementary steps characterizing the process occur.

If we consider that V(X(t)) is a first order linear differential operator like V(X) =

v(X)
d
dz

with v(X) in R, then for each X value (1 ,2 ,...n, ) v(X) will be a constant that

multiplies the operator
d
dz

out. With this type of random evolution operator, we

can describe the behaviour of a particle that at present moves in the z-axis with a
random speed. This velocity is included in the speed spectrum of the integral pro-
cess.

The concept of infinitesimal operator is frequently used when the random evo-
lutions are the generators of stochastic models from a mathematical point of view.
This operator can be defined with the help of a homogeneous Markov process X(t)
where the random change occurs with the following transition probabilities:

pðt� s;X;AÞ ¼ PðXðtÞ˛A=XðsÞ ¼ XÞ (4.91)

We have to notice that, for different X(t) values, we associate different values for
the elements of the matrix of transition probabilities. When the movement ran-
domly changes the value of X into a value around A, Eq. (4.91) is formulated with
expressions giving the probability of process X(t) at different states. The infinitesi-
mal operator ½Qf � ([Qf ] = Q by function f) is defined as the temporary derivative of
the mean value of the stochastic process for the case when the process evolves
randomly:

½Qf � ¼ � d
ds s¼t

ð
R

f ðyÞpðt� s;XÞdyÞ ¼ � d
ds s¼t

Ex=s

�

�

�

�

�

�

�

�

ðf ðXðtÞÞÞ (4.92)

If the Markov process, considered in Eq. (4.91), is characterized by n states, then
the infinitesimal operator Q corresponds to a matrix (n, n) where the qij elements
are:

qij ¼ lim
tfi s

1
t� s

½pijðt� sÞ � dij�

In the case where XðtÞ or Xðt; eÞ corresponds to a diffusion process (the stochastic
process is continuous), it can be demonstrated that Q is a second order elliptic
operator [4.39– 4.42]. The solution of the equation, which defines the random evo-
lution, is given by a formula that yields O(s,t). In this case, if we can consider that
emðt;XÞ is the mean value of XðtÞ(which depends on the initial value of X0), then,
we can write the following equation:

emðt;XÞ ¼ EX0 Oð0; tÞf ðXðtÞÞgf (4.93)

Here, emðt;XÞ gives the solution for Eq. (4.94) where the operators V(X) and Q
work together:

demðt;XÞ
dt

¼ VðXÞeðt;XÞ þQemðt;XÞ where emð0;XÞ ¼ f ðXÞ (4.94)
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The condition emð0;XÞ ¼ f ðXÞ in the previous equation is a result of O(t,t) = I
where I is the identity operator.

Two examples, which show the methodology to be used in order to establish the
random evolution operator, are developed below:

1. When XðtÞ or, more correctly, Xðt; eÞ is a Brownian motion
process (a displacement with multiple direction changes)
and V(X) is a function of real values, Eq. (4.90) gives the fol-
lowing solution:

Oðs; tÞ ¼ exp
R

t

s

VðXðaÞdaÞ (4.95)

Here, emðt;XÞ is given to the computation with the relation
(4.93). We obtain formula (4.96) where we can observe that
EX = EX0 is a Wiener integral.

emðt;XÞ ¼ EX0 exp
R

t

0
VðXðaÞdaÞf ðXðtÞÞ

� �� �

(4.96)

As far as the infinitesimal operator is elliptic Q ¼ 1
2

d
dX2

� �

,

Eq. (4.94) gives, for emðt;XÞ, the following equation of partial
derivatives:

¶em

¶t
¼ VðXÞem þ

1
2
¶2em

¶X2
where emð0;XÞ ¼ f ðXÞ (4.97)

2. When Xðt; eÞ is a “n states” process with the infinitesimal
generator Q and when V(X) with X = 1,2,3,...n are first order
differential generators, the particularization of relation (4.94)
is given by a system of hyperbolic equations with constant

coefficients. So when V(X) = v(X)
d
dz

and v(X) is in R, this sys-

tem is described by Eq. (4.98). Here qxy are the elements of
the infinitesimal generator:

¶emðt;X; zÞ
¶t

¼ vðXÞ ¶emðt;X; zÞ
¶z

þ
X

n

y¼1

qxyemðt;X;zÞ 1<X<n (4.98)

For relation (4.98), the initial condition emð0;X; zÞ ¼ f ðX; zÞ
can be established according to the form considered for v(X).
This condition shows that, at the beginning of the random
evolution and at each z position, we have different X states
for the process. The examples described above show the diffi-
culty of an analysis when the required process passes ran-
domly from one stochastic evolution to another.

As was stated previously, the method of analysis for the stochastic differential
equations, which gives the probability density p(s,X,v) as a model solution, can be
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applied to build and analyze the models developed from the random evolution
theory. At the same time, from the mathematical point of view, we have shown
that a model solution for a process with random exchanges from one stochastic
evolution to another can be carried out as emðs;X; vÞ mean values. With reference
to this model solution form, Gikham and Shorod [4.43] show that, in a stochastic
process (X,v), the mean values for the process trajectories (emðs;X; vÞ) are given by:

em ¼ emðs;X; vÞ ¼ EXv f ðXðsÞ; vðsÞÞgf (4.99)

otherwise these mean values satisfy the indirect equations of Kolmogorov:

¶em

¶s
¼ 1

2

X

m

i;j¼1

rijðvÞ
¶2em

¶vj¶vi
þ
X

m

j¼1

mjðvÞ
¶em

¶vj
þ
X

n

j¼1

FjðX; vÞ
¶em

¶Xj
;

emð0;X; vÞ ¼ f ðX; vÞ (4.100)

The practical example given below illustrates this type of process evolution and its
solution. Here, we consider a displacement process such as diffusion with v(s).
The process presents a variance r(v) and a mean value m(v) whereas X(s) is an
associated process which takes scalar values given by:

dXðsÞ
ds
¼ hðvðsÞÞXðsÞ ; Xð0Þ ¼ X (4.101)

It is evident that we must have real values for hðvðsÞÞ so, hðvÞ: RfiR where R is
the domain of real numbers. The solution to Eq. (4.101) is:

XðsÞ ¼ Xexp½
R

s

0
hðvðaÞda� and its average value, calculated by the Kolmogorov

relation ((4.100)), corresponds to one of the possible solutions of Eq. (4.102). In
this example relation (4.102) represents the particularization of Eq. (4.100).

¶em

¶s
¼ 1

2
rðvÞ ¶

2em

¶v2
þmðvÞ ¶em

¶v
þ hðvÞX ¶em

¶X
; emð0;X; vÞ ¼ f ðX; vÞ (4.102)

If the function f(X,v), which gives the mean value, is particularized as f(X,v) =
Xg(v), where the derivative of g(v) can be calculated, then the expression for em

becomes: em ¼ emðt;X; vÞ ¼ EXv f ðXðsÞ; vðsÞÞgf = XH(v,s). It is observable that it is

easy to write that Hðv; sÞ ¼ Ev½exp½
R

s

0
hðvðaÞdaÞ�gðvðtÞÞ�. At the same time, H(v,s)

verifies the partial derivative equation (4.103) which is developed from the replace-
ment of the average value em and the function f(X,v) inside Eq. (4.102):

¶H
¶s
¼ 1

2
rðvÞ ¶

2H
¶v2
þmðvÞ ¶H

¶v
þ hðvÞV ; Hð0; vÞ ¼ gðvÞ (4.103)

These equations and the example shown in Section 4.3.1 can be related if we
consider that, when v(s) is a Markov process with discrete valuesi = 1,.......n and
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with the infinitesimal generator Q, then, the emi mean values (emi =
emiðt;XÞ ¼ EXi fif ðXðsÞÞg) are the solutions to the following differential equation:

¶emi

¶s
¼
X

m

j¼1

qijemi þ
X

n

k¼1

FkðX; viÞ
¶emi

¶Xk
; emið0;XÞ ¼ fiðXÞ (4.104)

A discussion concerning the equations assembly (4.104) can be carried out divid-
ing it into its different component terms. If we consider the first term alone, we
can observe that it represents a connection for the elementary processes with the
passage matrix eQs The second term corresponds to the transport or convection
process at different speeds. Indeed, v(s) is a two-states process with the infinitesi-
mal generator Q and the function F(X,v) given by the following formula:

Q ¼ �a a

a � a

�

�

�

�

�

�
, FðX; –vÞ ¼ –v (4.105)

The particularization of the equations assembly (4.104) results in system (4.106):

¶em1

¶s
� v

¶em1

¶X
¼ �aem1 þ aem2

¶em2

¶s
þ v

¶em2

¶X
¼ �aem2 þ aem1

8

>

>

<

>

>

:

em1ð0;XÞ ¼ f1ðXÞ ; em2ð0;XÞ ¼ f2ðXÞ (4.106)

If the process takes place along the z-axis, then we can write that X = z. Consider-
ing now that em1 and em2 are the average or mean probabilities for the process
evolution with +v or –v states at the z position, we can observe a similitude be-
tween system (4.106) and Eqs. (4.31) and (4.32) that describe the model explained
in the preceding paragraphs. The solution of the system (4.106) [4.5] is given in
Eq. (4.107). It shows that the process evolution after a random movement depends
not only on the system state when the change occurs but also on the movement
dynamics:

em1;2ðX; tÞ ¼ E f1;2ðXÞðXþ
R

t

0
vðsÞdsÞ

� �

(4.107)

4.3.3
The Similarity between the Fokker–Plank–Kolmogorov Equation and the Property
Transport Equation

In Chapter 3, it was established that the local concentration CA characterizes the
state of one property (momentum, heat, mass of species, etc.) in a given system.
In terms of the CA concentration field, the differential form for the conservation
of the property can be written as follows:

¶CA

¶s
þ divðw!CAÞ ¼ divðDCAgrad



!
CAÞ þ divð J

!
SAÞ þ JVC
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This equation shows that the conservation of a property depends on the fortuitous
or natural displacement of the property produced by vector w!, when that is gener-
ated through a volume (JVC) or/and by a surface process (vector JSA). The men-
tioned displacement is supplemented by a diffusion movement (DCA in the right
part of the conservation equation). This movement is characterized by steps of
small dimension occurring with a significant frequency in all directions. When
the diffusion movement takes place against the vector w! it is often called counter-
diffusion. In the case of a medium, which does not generate the property, the rela-
tion can be written as follows:

¶CAðs; xÞ
¶s

þ ¶
¶x

wðs; xÞCAðs; xÞð Þ ¼ ¶
¶x

DCA
¶
¶x
ðCAðs; xÞ

� �

(4.108)

where s represents the time, x is a vector with n dimensions which represents the
coordinates, wðs; xÞ is also an n dimension vector and gives the speed which is
bound to the position,DCA is an n � n matrix that contains the diffusion coeffi-
cients of the property with the local concentration CA. If we assume that the com-
ponent values of the diffusion matrix depend on the concentration values of the
local property then Eq. (4.108), can be written as:

¶CAðs; xÞ
¶s

¼� ¶
¶x

wðs; xÞ þ ¶DCAðs; xÞ
¶CA

¶CA

¶x

� �

CAðs; xÞ
 !

þ

¶
¶x

¶
¶x

DCAðs; xÞCAðs; xÞð Þ

(4.109)

The vectors and the matrix described by relations (4.108) and (4.109) are given in
Table 4.1. It should be specified that only the axial anisotropy in the case of an
anisotropic medium was considered. However, if we want to take into account the
anisotropy through the plane or the surface, we have to consider the terms of type
DCAxy in the DCAðs; xÞmatrix.

Table 4.1 Vectors of Eqs. (4.108) and (4.109).

Case Mono-dimensional Tri-dimensional n � n dimensions

vector

x x ¼ x x ¼
x
y
z

0

@

1

A x ¼

x1

x2

x3
�
xn

0

B

B

B

B

@

1

C

C

C

C

A

wðs; xÞ wðx; sÞ
wxðx; y; z; sÞ
wyðx; y; z; sÞ
wzðx; y; z; sÞ

0

@

1

A

wx1ðx1; x2; xn; sÞ
wx2ðx1; x2; xn; sÞ
wx3ðx1; x2; xn; sÞ

�
wxnðx1; x2; xn; sÞ

0

B

B

B

B

@

1

C

C

C

C

A
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Case Mono-dimensional Tri-dimensional n � n dimensions

DCAðs; xÞ DCA

DCA 0 0
0 DCA 0
0 0 DCA

0

@

1

A

isotropic medium

DCx 0 0
0 DCy 0
0 0 DCz

0

@

1

A

anisotropic medium

DCA 0 � 0
0 DCA � 0
� � � 0
0 0 � DCA

0

B

B

@

1

C

C

A

isotropic medium

DCx1 0 � 0
0 DCx2 � 0
� � � 0
0 0 � DCxn

0

B

B

@

1

C

C

A

anisotropic medium

¶DCA

¶CA

¶CA

¶x
¶DCA

¶CA

¶CA

¶x

¶DCA

¶CA

¶CA

¶x
¶DCA

¶CA

¶CA

¶y
¶DCA

¶CA

¶CA

¶z

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

¶DCA

¶CA

¶CA

¶x1
¶DCA

¶CA

¶CA

¶x2
¶DCA

¶CA

¶CA

¶xn

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

If , in Eq. (4.109), we use the following notation:

Aðs; xÞ ¼ wðs; xÞ þ ¶DCA

¶CA

¶CA

¶x

� �

then, we can write:

¶CAðs; xÞ
¶s

¼ � ¶
¶x

Aðs; xÞCAðs; xÞð Þ þ ¶
¶x

¶
¶x

DCAðs; xÞCAðs; xÞð Þ (4.110)

A careful observation of Eqs. (4.79), (4.80), (4.100) and their respective theoretical
basis [4.44, 4.45], allows one to conclude that the probability density distribution
that describes the fact that the particle is in position x at s time, when the medium
is moving according to one stochastic diffusion process (see relation (4.62) for the
analogous discontinuous process), is given by Eq. (4.111). This relation is known
as the Fokker–Planck–Kolmogorov equation.

¶Pðs; xÞ
¶s

¼ � ¶
¶x

Aðs; xÞPðs; xÞð Þ þ ¶
¶x

¶
¶x

Dðs; xÞPðs; xÞð Þ (4.111)

There is an important analogy between the Fokker–Planck–Kolmogorov equation
and the property transport equation. Indeed, the term which contains A(s; xÞ
describes the particle displacement by individual processes and the term which
contains D(s; xÞ describes the left and right movement in each individual displace-
ment or diffusion. We can notice the very good similarity between the transport
and the Kolmogorov equation. In addition, many scientific works show that both
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equations give the same result for a particular problem. However, large and
important differences persist between both equations. The greatest difference is
given by the presence of the speed vector in the A(s; xÞ expression in Eq. (4.110).

Undeniably, the speed vector, by its size and directional character, masks the
effect of small displacements of the particle. Another difference comes from the
different definition of the diffusion coefficient, which, in the case of the property
transport, is attached to a concentration gradient of the property; it means that
there is a difference in speed between the mobile species of the medium. A sec-
ond difference comes from the dimensional point of view because the property
concentration is dimensional. When both equations are used in the investigation
of a process, it is absolutely necessary to transform them into dimensionless
forms [4.6, 4.7, 4.37, 4.44].

Both equations give good results for the description of mass and heat transport
without forced flow. Here, it is important to notice that the Fokker–Plank–Kolmo-
gorov equation corresponds to a Markov process for a stochastic connection. Con-
sequently, it can be observed as a solution to the stochastic equations written
below:

dXs ¼ Aðs;XsÞdsþ Bðs;XsÞdWs (4.112)

Here, Xs is the stochastic state vector, B(s,Xs) is a vector describing the contribu-
tion of the diffusion to the stochastic process and Ws is a vector with the same
dimensions as Xs and B(s,Xs). After Eqs. (4.94) and (4.95), the Ws vector is a
Wiener process (we recall that this process is stochastic with a mean value equal
to zero and a gaussian probability distribution) with the same dimensions as
Dðs;XsÞ:

Dðs; xÞ ¼ Bðs; xÞBTðs; xÞ ; Dðs;XsÞ ¼ Bðs;XsÞBTðs;XsÞ (4.113)

By comparision with the property transport equation the advantage of a stochastic
system of equations (SDE) is the capacity for a better adaptation for the numerical
integration.

4.3.3.1 Stochastic Differential Equation Systems for Heat and Mass
Molecular Transport
A good agreement is generally obtained between the models based on transport
equations and the SDE for mass and heat molecular transport. However, as
explained above, the SDE can only be applied when convective flow does not take
place. This restrictive condition limits the application of SDE to the transport in a
porous solid medium where there is no convective flow by a concentration gradi-
ent. The starting point for the transformation of a molecular transport equation
into a SDE system is Eq. (4.108). Indeed, we can consider the absence of convec-
tive flow in a non-steady state one-directional transport, together with a diffusion
coefficient depending on the concentration of the transported property:
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¶CA

¶s
¼ ¶

¶x
DCAðCAÞ

¶CA

¶x

� �

(4.114)

By introducing the stochastic Markov type connection process through the follow-
ing equation:

¶2

¶x2
DCAðCAÞCAð Þ ¼ ¶

¶x
DCA

¶CA

¶x
þ dDCA

dCA

¶CA

¶x
CA

� �

(4.115)

the right term of Eq. (4.114) can be written as:

¶
¶x

DCAðCAÞ
¶CA

¶x

� �

¼ � ¶
¶x

dDCA

dCA

¶CA

¶x
CA

� �

þ ¶2

¶x2
DCAðCAÞCAð Þ (4.116)

If we replace Eq. (4.116) by Eq. (4.114) we have:

¶CA

¶s
¼ � ¶

¶x
dDCA

dCA

¶CA

¶x
CA

� �

þ ¶2

¶x2
DCAðCAÞCAð Þ (4.117)

A simultaneous comparison between Eqs. (4.114), (4.117) and (4.113) results in
the following identifications:

Aðs; xÞ ¼ dDCA

dCA

¶CA

¶x
, Dðs; xÞ ¼ DCAðCAÞ , Bðs; xÞ ¼ ðDCAðCAÞÞ1=2

Then, the SDE system can be written in the form:

dXðsÞ ¼ dDCA

dCA

¶CA

¶x
dsþ DCAðCAÞð Þ1=2dWðsÞ (4.118)

The SDE and transport equation can be used with the same univocity conditions.
For simple univocity conditions and functions such as DCAðCAÞ, the transport
equations have analytical solutions. Comparison with the numerical solutions of
stochastic models allows one to verify whether the stochastic model works prop-
erly. The numerical solution of SDE is carried out by space and time discretization
into space subdivisions called bins. In the bins j of the space division i, the dimen-
sionless concentration of the property (C ¼ CA=CA0) takes the Cj value. Taking
into consideration these previous statements allows one to write the numerical
version of relation (4.118):

Xiðsþ DsÞ ¼ XiðsÞ þ
Cjþ1 � Cj�1

2Dx

� �

dDCA

dCj

 !

Cj

Dsþ ð2DCAjðCjÞDsÞ1=2
ui (4.119)

Here, ui is a random number for the calculation step “i”. It is given by a standard
procedure for the normal distribution values with a mean value of zero where
DCAj and Cj are the corresponding DCA and C values for the j bin and the particle
position “i”. The only limitation of the numerical method is concentrated in the
fact that Ds must have very small values in order to eliminate all the problems of
non-convergence caused by the second term on the right half of the equation
(4.119).
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The approximated master equation, such as Eq. (4.111) with its associate
(4.112), has computational advantages besides its obvious similarity to the convec-
tive-diffusion form. Even when this equation cannot be solved exactly, the numer-
ical techniques for computing such equations are well established. More impor-
tantly, the derivation of this equation gives a clue to the identification of the terms
of the vectors Aðs;XsÞ and Bðs;XsÞ, which can be found independently without
knowing the details of the transition probabilities required in the master equation
(see assemblies (4.25)–(4.26) or (4.74)–(4.79)) and this is a great advantage. The
set up of the Fokker–Planck–Kolmogorov equation into the form of Eq. (4.112)
needs to take a time interval so small that Xs does not change significantly but the
Markovian assumption is still valid.

The Fokker–Planck–Kolmogorov approximation of the master equation is based
on the assumption that all the terms greater than second order, which are
extracted from the Taylor expansion of Pkðz–Dz; sÞ, vanish. This is rarely true in
practice, however, and a more rational way of approximating the master equation
is to systematically expand it in powers of a small parameter, which can be chosen
approximately. This parameter is usually chosen in order to have the same size as
the system.

4.4
Methods for Solving Stochastic Models

Once the stochastic model has been established, it is fed with data which charac-
terize the inputs and consequently, if the model works correctly it produces data
which represent the process output. The model solution is obtained:
. By an analytical solution given by a relation or by an assembly of

relations and their exploitation algorithm showing how the out-
put solutions are developed when the inputs are selected.

. By a numerical solution and the corresponding software.

. By another model, obtained by the transformation of the original
model towards one of its boundaries and which can also be solved
by an analytical or numerical solution. These models are called
“limit stochastic models” or “asymptotic stochastic models”.

The numerical as well as the asymptotic model solutions are estimated solutions,
which often produce characteristic outputs of the model in different forms when
compared to the natural state of the exits. Both stochastic and transfer phenome-
non models present the same type of resolution process. The analysis developed
in the paragraphs below can be applied equally to both types of models.
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4.4.1
The Resolution of Stochastic Models by Means of Asymptotic Models

It is well-known that, from a practical view point, it is always interesting to be
aware of the behaviour of a process near the boundaries of validity. The same
statement can be applied to the stochastic model of a process for small stochastic
disturbances which occur at large intervals of time. In this situation, we can
expect the real process and its model not to be appreciably modified for a fixed
time called “system answer time” or “constant time of the system”. This statement
can also be taken into account in the case of random disturbances with measure-
ments realized at small intervals of time.

At the same time, it is known that, during exploitation of stochastic models,
cases that show great difficulty concerning the selection and the choice of some
parameters of the models frequently appear. As a consequence, the original mod-
els become unattractive for research by simulation. In these cases, the models can
be transformed to equivalent models which are distorted but exploitable. The use
of stochastic distorted models is also recommended for the models based on sto-
chastic chains or polystocastic processes where an asymptotic behaviour is identi-
fied with respect to a process transition matrix of probabilities, process chains evo-
lution, process states connection, etc. The distorted models are also of interest
when the stochastic process is not time dependent, as, for example, in the stochas-
tic movement of a marked particle occurring with a constant velocity vector, like
in diffusion processes.

The diffusion model can usually be used for the description of many stochastic
distorted models. The equivalent transformation of a stochastic model to its asso-
ciated diffusion model is fashioned by means of some limit theorems. The first
class of limit theorems show the asymptotic transformation of stochastic models
based on polystochastic chains; the second class is oriented for the transformation
of stochastic models based on a polystochastic process and the third class is car-
ried out for models based on differential stochastic equations.

4.4.1.1 Stochastic Models Based on Asymptotic Polystochastic Chains
We begin the discussion by referring to the stochastic model given by relation
(4.58), which is rewritten here as shown in relation (4.120). Here for a finite Mar-
kov connection process we must consider the constant time values for all the ele-
ments of the matrix P ¼ pik½ � i;k ˛K.

Pkðn; iÞ ¼
P

e˛K

P

a˛Z
Pkðn� 1; i� aÞpekpkðaÞ (4.120)

The interest is to produce a model for the computation of the probability to have
the particle at the i position after n passages. This probability, which is denoted as
Pðn; iÞ, can be calculated by summing up all Pkðn; iÞ. So, Pðn; iÞ ¼

P

k
Pkðn; iÞ.

Now, if we consider that the connection in our stochastic model is given by a Mar-
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kov chain, which presents the quality to be a regular chain, then we can show that
there exists a n0 value, where the matrix P contains values which are constant and
positive. Indeed we can write: Pn0 � 0. In this case, for the matrix connections, we
reach the situation of lim

nfi¥
Pn ¼ P, where P is a stable stochastic matrix having

identical lines. It is not difficult to observe that the elements of the stable matrix
P result from the product of the unity matrix I and the vector VP ¢, which is a
transposition of the vector that contains the unchangeable transition probabilities
from one state to another (VP). At the same time, vector VP has the quality to be
the proper vector of the matrix of probabilities P and, consequently, its elements
are the solution of the linear algebraic equation system:

P

e˛K
pepek ¼ pk; k˛K. The

pk substitution by pek in Eq. (4.120) gives the asymptotic model (4.121). Relation
(4.122), where Pasðn; iÞ is the result of the addition of probabilities PðasÞ

k ðn; iÞ,
allows the calculation of the probability to have the particle in state i after n time
sequences.

Pas
k ðn; iÞ ¼

P

e˛K

P

a˛Z
Pas

k ðn� 1; i� aÞpkpkðaÞ (4.121)

Pasðn; iÞ ¼
P

k˛K
pk
P

a˛Z
Pasðn� 1; i� aÞpekpkðaÞ (4.122)

The model described by Eq. (4.122) is known as the generalized random displace-
ment or generalized random walk.

Relation (4.123) is obtained when the model relation (4.122) is written for the
case of a stochastic process with two states and constant length of the particle dis-
placement (this model was previously introduced with relation (4.59)).

Pasðn; iÞ ¼ p1Pasðn� 1; i� 1Þ þ p2Pasðn� 1; iþ 1Þ (4.123)

With p1 ¼ p2 ¼ 1=2 we observe that relation (4.123) has the same form as the rela-
tion used for the numerical solving of the unsteady state diffusion of one species
or the famous Schmidt relation. The model described by Eq. (4.123) is known as
the random walk with unitary time evolution.

In order to identify the conditions that allow an asymptotic transformation, we
show a short analysis particularized to the case of the model given by the assem-
bly of relations (4.59). To this aim, we focus the observations on one property of a
generator function which is defined as a function which gives the following equa-
tion for the probabilities of the distribution with the general discrete values
Pkðn; iÞ:

Gkðn; zÞ ¼
P

i˛Z
Pkðn; iÞzi ; k ¼ 1; 2; ::: ; z ¼ ei (4.123)

If we particularize this last relation for the stochastic model given by the assembly
of equations (4.59), we obtain the following relation for the vector Gðn:zÞ:
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Gðn; zÞ ¼ ½G1ðn; zÞ;G2ðn; zÞ� ¼ Gð0; zÞ P
z 0
0 1=z

� �� �n

(4.123)

Here P ¼ pek½ �e;k˛K¼ð1;2Þ represents the matrix of the transition probabilities be-
tween both states of the process.

If we accept that the lim
nfi¥

Pn ¼ P, then, using relation (4.123) we derive the

equation of the asymptotic generator function:

Gasðn; zÞ ¼ Gð0; zÞ p1zþ p2

z

� �n
(4.124)

By computing the values of the generator function for hfi 0 (relations (4.123) and
(4.124)), we can observe similarities (identities) between both relations. Indeed,
we corroborate that these functions come from a process with identical behaviour
and we have a correct asymptotic transformation of the original model. We can
conclude that in the case when the transition matrix of probabilities has a regular
state, the generator function of the polystochastic chain process when nfi¥ goes
from one generator function to a Markov chain related with the model that is, for
the present discussion, characterized by relation (4.123)

All other discrete stochastic models, obtained from polystochastic chains,
attached to an investigated process, present the capacity to be transformed into an
asymptotic model. When the original and its asymptotic model are calculated
numerically, we can rapidly observe if they converge by direct simulation. In this
case, the comparison between the behaviour of the original model and the genera-
tor function of the asymptotic stochastic model is not necessary.

4.4.1.2 Stochastic Models Based on Asymptotic Polystochastic Processes
For the derivation of one asymptotic variant of a given polystochastic model of a
process, we can use the perturbation method. For this transformation, a new time
variable is introduced into the stochastic model and then we analyze its behaviour.
The new time variable is s¢ ¼ ert, which includes the time evolution t and an
arbitrary parameter e, which allows the observation of the model behaviour when
its values become very small (efi 0). Here, we study the changes in the operator
Oðs; tÞ when efi 0 whilst paying attention to having stable values for t=e or t=e2.

Two different types of asymptotic transformation methods can be used depend-
ing on the ratio of t=e used: in the first type we operate with fixed values of t=e

whereas in the second type we consider t=e2.
As an example, we show the equation that characterizes a random evolution

(see relation (4.90)) written without the arguments for the operator Oðs; tÞ, but de-
veloped with the operator VðXðsÞÞ. We also consider that, when the random pro-
cess changes, the operator Oðs; tÞ will be represented by an identity operator
(I ¼ Iðs; tÞ):

dO
ds
¼ VO ¼ ðeV1ðsÞ þ e2V2ðsÞ þ e3V3ðX; sÞO ; Oðs; sÞ ¼ I (4.125)
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Each operator considered in the total operator VðXðsÞ; sÞ keeps its own mean
action when it is applied to one parameter (for example the mean action of
operator V1 on the parameter (function) f will be written as follows:

V1f ¼ lim
ufi¥

1
u

R

tþu

t
E V1ðf ðtÞÞdtf g.

The introduction of terms of higer order in Eq. (4.125) is not necessary as far
as, in the characterization of chemical engineering processes, the differential
equations are limited to equations of order two.

Some restrictions are imposed when we start the application of limit theorems
to the transformation of a stochastic model into its asymptotic form. The most
important restriction is given by the rule where the past and future of the stochas-
tic processes are mixed. In this rule it is considered that the probability that a fact
or event C occurs will depend on the difference between the current process
(P(C) = P(X(s)˛A=VðXðsÞÞ) and the preceding process (PsðC=eÞ). Indeed, if, for
the values of the group ðs; eÞ, we compute ps ¼ max PsðC=eÞ � PðCÞ½ �, then we
have a measure of the influence of the process history on the future of the process
evolution. Here, s defines the beginning of a new random process evolution and
ps gives the combination between the past and the future of the investigated pro-
cess. If a Markov connection process is homogenous with respect to time, we have
ps ¼ 1 or ps fi 0 after an exponential evolution. If ps fi 0 when s increases, the
influence of the history on the process evolution decreases rapidly and then we
can apply the first type limit theorems to transform the model into an asymptotic

model. On the contrary, if I ¼
R

¥

0
p

1=2
s ds, the asymptotic transformation of an origi-

nal stochastic model can be carried out by a second-type limit theorem.

For the example considered above (Eq. (4.125)), the mean value of the random
evolution at time t is em ¼ emðt;XÞ ¼ EX Oð0;XÞ½ � and this process parameter
verifies Eq. (4.126). Here, Q is the infinitesimal generator that characterizes the
connection processes of the stochastic model of the process. This property of
em ¼ emðt;XÞ ¼ EX Oð0;XÞ½ � is a consequence of relation (4.94). So we can write:

dem

ds
¼ ðeV1ðtÞ þ e2V2ðtÞ þ e3V3ðt;XÞem þQem (4.126)

In Eq. (4.126) we can change variable s ¼ t=e in order to obtain a limit transfor-
mation after the first type theorem. The result is:

dem

ds
¼ ðV1ðs=eÞ þ eV2ðs=eÞ þ e2V3ðs=e;XÞem þ

1
e

Qem (4.127)

If the stochastic evolution X(s,e) complies with the mixing condition ( lim
sfi¥

ps ¼ 0)

then, if efi 0 ; Oð0; s=eÞ becomes sV1 through a probabilistic way. This shows
that em, which is the solution of the differential equation (4.126), becomes eas

m

when efi 0 for a fixed s=e:

deas
m

ds
¼ V1eas

m ; eas
mð0;XÞ ¼ I (4.128)
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Considering this last mathematical derivation, we observe that the stochastic pro-
cess has been distorted by another one with a similar behaviour. In order to
explain the meaning of V1 we consider the case of a connection between the two
states of a stochastic process with the following infinitesimal generator:

Q ¼ �q1 q1

q2 �q2

� �

The invariable measure for the infinitesimal generator is a stable matrix that com-
plies with Eq. (4.17) and the following conditions: PQs = QsP = Os ,OQs = QsO = 0,
Qs

2 = Qs. Here, P is the matrix of transition probabilities. For our considered

case (stochastic process with two states) we obtain Qs ¼
q2

q1 þ q2

q1

q1 þ q2

� �

;

consequently, V1 can be written as: V1 ¼
q2V1ð1Þ þ q1V1ð2Þ

q1 þ q2
.

If we continue with the particularization of the two-state stochastic process, by
considering that the first state is the diffusion type and the second state concerns
convection (for instance see relations (4.72), (4.73), (4.79), (4.98) and (4.100)),
then the equation system (4.127) can be written as follows:

dem1

ds
¼ d2em1

dz2
� q1em1

e
þ q1em2

e

dem1

ds
¼ dem1

dz
� q2em1

e
� q2em2

e

em1ð0; zÞ ¼ em2ð0; zÞ ¼ f ðzÞ (4.129)

Looking at this assembly of equations and relation (4.127) simultaneously, we can
easily identify that V1(1) = d2/dz2 (i.e. is an elliptic operator), V1(2) = d/dz, V2 = 0,
V3 = 0. With these identifications and in accordance with the transformation theo-
rem of the first type (Eq. (4.128)) when efi 0, em1 and em2 will be solution of fol-
lowing equation:

dv
ds
¼ q2

q1 þ q2

d2v
dz2
þ q1

q1 þ q2

dv
dz

; vð0; zÞ ¼ f ðzÞ (4.130)

The condition vð0; zÞ ¼ f ðzÞ(see relation (4.130)) corresponds to the situation
when we have em1ð0; zÞ ¼ em2ð0; zÞ ¼ f ðzÞ; otherwise, we use vð0; zÞ as:

vð0; zÞ ¼ q2f1ðzÞ þ q1f2ðzÞ
q1 þ q2

.

This shows that the invariable measure determining the mixing procedures of sto-
chastic process states is extended over the initial conditions of the process.

If we obtain V1 ¼
q2V1ð1Þ þ q1V1ð2Þ

q1 þ q2
= 0 for an experiment, we can conclude

that the use of the theorems for the first type transformation is not satisfactory.
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Then we have to apply the asymptotic model transformation by using the second
type theorems. To do so, we choose the new time variable s ¼ e2t and the relation
(4.127) becomes:

dem

ds
¼ ð1

e
V1ðs=e2Þ þ V2ðs=e2Þ þ eV3ðs=e2;XÞem þ

1
e2

Qem (4.131)

The theorems for the two-type transformation are based on the observation that,

for efi 0 and fixed s/e2, we have the operator O 0;
s

e2

� �

fi expðsVÞ, where

V ¼ V2 þ V11. Indeed, the mean value of the stochastic process from relation
(4.131), noted as em, becomes v, which is the solution of the differential equation
dv
ds
¼ Vv ; vð0Þ ¼ I. For a stochastic process with connections between two states

the infinitesimal generator of connection is Qs ¼
q2

q1 þ q2

q1

q1 þ q2

� �

, here V2

and V1 (and then V) are given by the following equations:

V2 ¼
q2V2ð1Þ þ q1V2ð2Þ

q1 þ q2
, V1 ¼

�2Vð1ÞV2ð2Þ1
q1 þ q2

.

Now, we have to identify V2 and V11. To do so, we consider the case of two con-
nected stochastic processes where each process is a diffusion type with two states.
The example concerns one marked particle that is subjected to a two-state diffu-
sion displacement. The particle can be considered as a molecular species (so the
particle movement describes a mass transport process) and we can also take into
account the total enthalpy of the process (heat transport process). This particular
case of stochastic model, can be described with the assembly of relations (4.79). In
the model, the mean probability of the existence of local species (em1) and the
mean probability of the existence of local enthalpy (em2) are given by the assembly
of relations (4.132):

¶em1

¶s
¼ gðzÞ

e

¶em1

¶z
þ a1ðzÞ ¶

2em1

¶z2
� q

2
em1 þ

q
2

em2

¶em2

¶s
¼ gðzÞ

e

¶em2

¶z
þ a2ðzÞ ¶

2em2

¶z2
� q

2
em2 þ

q
2

em1

em1ð0; zÞ ¼ f1ðzÞ ; em2ð0; zÞ ¼ f2ðzÞ (4.132)

If, in the assembly of equations, we consider q1 = q2 = q in the equation of
the infinitesimal generator then, we can identify V1(1) = –V1(2) =

gðzÞ ¶
¶z

; V2ð1Þ ¼ a1ðzÞ ¶
2

¶z2
; V2ð2Þ ¼ a2ðzÞ ¶

2

¶z2
; V3 ¼ 0. After the theorem

of the two-type transformation, the solutions for em1 and em2 will tend towards
the solution of the following particularization of the asymptotic model
dv
ds
¼ Vv ; vð0Þ ¼ I :
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¶v
¶s
¼ 1

2
¶
¶z

gðzÞ ¶v
¶z

� �

þ a1ðzÞ þ a2ðzÞ
2

¶2v
¶z2
¼ V11vþ V2v (4.133)

vð0; zÞ ¼ f1ðzÞ
2
þ f2ðzÞ

2
(4.134)

To complete this short analysis, we can conclude that, for the asymptotic trans-
formation of a stochastic model, we must identify: (i) the infinitesimal generator;
(ii) what type of theorem will be used for the transformation procedure.

4.4.1.3 Asymptotic Models Derived from Stochastic Models with
Differential Equations
Studies of the transformation of a stochastic model characterized by an assembly
of differential equations to its corresponding asymptotic form, show that the use
of a perturbation method, where we replace the variable t by: t ¼ ers, can be
recommended without any restrictions [4.47, 4.48].

If we consider a process where the elementary states v1; v2; ::::vN work with a
Markov connection, this connection presents an associated generator of probabil-

ity ðp1; p2; :::pNÞ that verifies the invariable measure
P

N

i¼1
pivi ¼ 0. Now, if the ele-

mentary states are represented by displacements with constant speed, then XðsÞ
can take scalar values and, consequently, FðX; viÞ ¼ vi. For this case, we consider
that the mean values of XðsÞ, determined by their X0 initial values and noted as
emi; i ¼ 1;N, verify relations (4.135) (see for instance Eq. (4.98)). The equations
(4.135) consider that the displacement associated with space X occurs after the z
direction; consequently we have:

¶emi

¶s
¼
X

N

j¼1

qijemj þ vi
¶emi

¶z
; emið0;XÞ ¼ fiðzÞ ; i ¼ 1:::N (4.135)

Here, we use the classical perturbation procedure (efi 0 when sfi¥) for the anal-
ysis of the asymptotic behaviour of mean values emiðs;XÞ ¼ emiðs; zÞ. The follow-
ing expression can be written for emiðs;XÞ, when we use the perturbation t ¼ se2:

e�mi ¼ e�miðs;XÞ ¼ Ei ðfvðs=e2ÞðXþ e
R

s=e2

0
vðaÞdaÞ

( )

(4.136)

For the expected mean values e�miðs;XÞ, as a result of the application of the time
perturbation to the system (4.135), we derive the following differential equations
system:

¶e�mi

¶s
¼ 1

e2

X

N

j¼1

qije
�
mi þ

1
e2

vi
¶e�mi

¶z
; e�mið0;XÞ ¼ e�mið0; zÞ ¼ fiðzÞ ; i ¼ 1:::N (4.137)

241



4 Stochastic Mathematical Modelling

Now, we can write Eq. ( 4.136) as:

e�mi ¼ e�miðs;XÞ ¼ Ei ðfvðs=e2ÞðXþ
ffiffiffi

s
p 1

ffiffiffi

s
p
R

s

0
vðaÞdaÞ

� �

(4.138)

For our considered process, where the states v1; v2; ::::vN are Markov connected,

the variable term for this last relation 1
ffiffi

s
p
R

s

0
vðaÞda

� �

tends [4.5] towards a normal

random variable with a zero mean value and variance

r ¼ 1
s

R

s

0

R

s

0
E vðaÞv¢ða¢Þf gdada¢. Coupling this observation with relation (4.138)

results in:

lim
sfi¥

e�miðs;XÞ ¼
R

¥

�¥

P

N

i¼1
pifiðzþ

ffiffiffi

s
p
Þ

� �

e�n2=2s2

ffiffiffiffiffiffiffiffi

2pr
p dn (4.139)

Indeed, for efi 0 and 0 < s < s0, the solution of the system (4.137) with respect
to e�miðs;XÞ will be uniformly displaced with respect to X (or z when the move-
ment occurs along this direction) and the solution can be written as:

¶vo

¶s
¼ 1

2
r2 ¶

2v0

¶z2
; vOð0;XÞ ¼ vOð0; zÞ ¼

X

N

i¼1

pifiðzÞ (4.140)

This last equation has a form similar to the famous equation of the single direc-
tion diffusion of a property in an unsteady state, the property here being the local
concentration v0. The diffusion coefficient is represented by the variance of the
elementary speeds which are given by their individual states v1; v2; :::; vN. It is
important to notice the consistency of the definition of the diffusion coefficient.

Very difficult problems occur with the asymptotic transformation of original sto-
chastic models based on stochastic differential equations where the elementary
states are not Markov connected. This fact will be discussed later in this chapter
(for instance see the discussion of Eq. (4.180)).

4.4.2
Numerical Methods for Solving Stochastic Models

In Section 4.2 we have shown that stochastic models present a good adaptability
to numerical solving. In the opening line we asserted that it is not difficult to
observe the simplicity of the numerical transposition of the models based on poly-
stochastic chains (see Section 4.1.1). As far as recursion equations describe the
model, the numerical transposition of these equations can be written directly,
without any special preparatives.

When a stochastic model is described by a continuous polystochastic process,
the numerical transposition can be derived by the classical procedure that change
the derivates to their discrete numerical expressions related with a space discreti-
sation of the variables. An indirect method can be used with the recursion equa-
tions, which give the links between the elementary states of the process.

The following examples detail the numerical transposition of some stochastic
models. The numerical state of a stochastic model allows the process simulation.
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Indeed, we can easily produce the evolution of the outputs of the process when
the univocity conditions and parameters of the process are correctly chosen.

The first example concerns a stochastic model which is known as the Chap-
mann–Kolmogorov model and is mathematically characterized by Eq. (4.67). This
model accepts a numerical solution that is developed using implicit methods and
then computation begins with the corresponding initial and boundary conditions.
If we particularize the Chapmann–Kolmogorov model to the situation where we
have two elementary states of the process with constant displacement steps and
without an i position dependence of the transition probabilities (a = 1, pk(a) = 1
and pek(i–a) = pek) then, we obtain the model (4.59). Figure 4.10 presents its
numerical structure. Many researchers have been using programs of this type to
characterize the transport of species through various zeolites [4.49–4.52].

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18

Definition :matrix P1(N,M) ,matrix P2(N,M)/ N-passages ,M-positions/
Data: p11= , p21=  p12= p22= N=   M=
Univocity: P1(1,1)=1 ;P1(I+1 ,1)=0 for I=1,N-1;P2(I,1)=0 for I=1,N-1
Start 
I=2
J=2 
P1(I,J)=p11P1(I-1,J-1)+p21P2(I-1,J-1)
P2 (I,J)=p12P1(I-1,J-1)+p22P2(I-1,J-1)
for J<M
Write:P1(I,J) ,P2(I,J) 
J=J+1 
Back to 7 
for J>M and I<N 
Write:P1(I,J) ,P2(I,J) 
I=I+1
Back to 6 
Data treatment: P1(I,J) ,P2(I,J)/ Graphiques;other calculations..:

Stop

Figure 4.10 Numerical text of the stochastic model given in Eq. (4.59).

The second example discusses the numerical transposition of the asymptotic
models based on polystochastic chains (see Section 4.4.1.1) where to compute the
limit transition probabilities, we must solve the system

P

e˛K
pepek ¼ pk

k ¼ 0; 1; ::N. If the number of process components, here noted as k, is greater
than two, then we can use a successive approximation method for the estimation
of the column vector P. More precisely, we use the iteration chain PPðmþ1Þ ¼
PðmÞ with the stop condition PðmÞ �Pðmþ1Þ�

�

�

� £Mk2. The determinant value k2

from the stop condition represents the second decreasing proper value of the tran-
sition probabilities matrix (P). In the stop condition, M is considered as an arbi-
trary constant value.

The third example presents the problem of numerical transposition of continu-
ous stochastic models, which is introduced by the following general equation:

¶P
¶s
þ A

¶P
¶z
¼ BPþ F (4.141)

where P is the vector that contains the probabilities Piðz; sÞ i ¼ 1; 2; :::N;
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A is the quadratic N�N matrix where the elements are constant numerical val-
ues; B the quadratic N�N matrix that contain functions of z and s arguments;
F the vector with elements defined by functions of z and s arguments.

Before carrying out the discretization of the equations, we have to make a care-
ful mathematical analysis of the problem in order to establish what its most con-
venient rewriting in order to facilitate the numerical solution. First we observe
that between the matrix A, the proper values kj and the (left) proper vectors zj, we
have the equality zjA ¼ kjzj. Consequently, as a result, the multiplication of Eq.
(4.141) by zj gives:

zj
¶P
¶s
þ zjA

¶P
¶z
¼ zjBPþ zjF (4.142)

zj
¶P
¶s
þ kj

¶P
¶z
� BP� F

� �

¼ 0 (4.143)

If the value of zj is not zero, then relation (4.144) becomes:

¶P
¶s
þ kj

¶P
¶z
¼ BPþ F (4.144)

The left term of this last equation represents the differential state of vector P with
respect to time for the family of curves dz=ds ¼ k�1

j ; j ¼ 1; 2; ::::N. So we can write
relation (4.144) as:

dP
ds

� �

kj

¼ BPþ F (4.145)

where, for
dP
ds

� �

kj

, we define the differential state of P after the normal curves

dz=ds ¼ k�1
j . The transformation given above, is still valid when all values

kj; j ¼ 1; :::N are real and strictly different. However, if the A matrix gives complex
values for some kj, then we can assert that our original model (described by Eq.
(4.141)) is not a hyperbolic model. At the same time, the proper values of the
matrix Aðkj; j ¼ 1; :::NÞ give important information for fixing univocity conditions
and solving the model. The following situations are frequently presented:
. when all kj verify that kj � 0 ; j ¼ 1; :::N, we can specify the initial

values PðzÞ; z � 0 and the boundary values at each time:
Pðzf ; sÞ; s � 0. The values Pð0; sÞ and Pðze; sÞ will be specified
when the boundaries of the process are z ¼ 0 and z ¼ ze;

. when all kj verify that kj � 0 ; j ¼ 1; :::N and when values P(zf,s)
at the boundary line zf ¼ 0 are needed, we must specify the initial
values of the probabilities for z £ 0;

. for positive and negative values kj ; j ¼ 1; :::N, we separate two
domains with their respective univocity problems; when we have
the following specifications 0 � z � ze, kj � 0 ; j ¼ 1; :::l with
l � N and Pðz; 0Þ ¼ f ðzÞ simultaneously, we must complete the
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univocity problem with functions or data for P(z,0), P(0,s) and
P(ze,s), respectively.

After the establishment of the univocity conditions, we can begin the numerical
treatment of the model. For this purpose, we can use the simplified model form
(see relations (4.145)) or its original form (4.141)).

The change of a continuous polystochastic model into its numerical form is car-
ried out using the model described by Eq. (4.71) rewritten in Eq. (4.146). The solu-
tion of this model must cover the variable domain 0 � z � ze; 0 � s � T. In
accordance with the previous discussion, the following univocity conditions must
be attached to this stochastic model. Here, fkðzÞ; gkðsÞ and hðsÞ are functions that
must be specified.

¶Pkðz; sÞ
¶s

þ vk
¶Pkðz; sÞ

¶z
þ

X

j¼1;j „ k

akj

0

@

1

APkðz; sÞ �
X

j¼1;j „ k

ajkPjðz; kÞ ; k ¼ 1;N
(4.146)

s ¼ 0 ; 0 < z < ze; Pkðz; 0Þ ¼ fkðzÞ

s > 0 ; z ¼ 0 ;

Pkð0; sÞ ¼ gkðsÞ for vkð0; sÞ > 0

dPkð0; sÞ
dz

¼ 0 for vkð0; sÞ < 0

8

>

<

>

:

s > 0 ; z ¼ ze ;

Pkðze; sÞ ¼ hkðsÞ for vkð0; sÞ < 0

dPkðze; sÞ
dz

¼ 0 for vkð0; sÞ > 0

8

>

<

>

:

(4.147)

Concerning the boundary conditions of this problem, we can have various situa-
tions: (i) in the first situation, the probabilities are null but not the probability gra-
dients at z ¼ 0 zero. For example, for a negative speed vkð0; sÞ, the particle is not
in the stochastic space of displacement. However, at z = 0, we have a maximum
probability for the output of the particle from the stochastic displacement space.
Indeed, the flux of the characteristic probability must be a maximum and, conse-
quently, dPkð0; sÞ=dz ¼ 0; (ii) we have a similar situation at z ¼ ze; (iii) in other
situations we can have uniformly distributed probabilities at the input in the sto-
chastic displacement space; then we can write the following expression:

gkðsÞ ¼ Pkð0; sÞ ¼ pk for k ¼ 1;N� 1 ; gNðsÞ ¼ PNð0; sÞ ¼ 1�
P

N�1

k¼1
pk .

It is important to notice that the univocity conditions must adequately correspond
to the process reality. Concerning the numerical discretisation of each variable
space, model (4.146) gives the following assembly of numerical relations:

z ¼ i � Dz ; s ¼ g � Ds ; i ¼ 0; r ; g ¼ 0; s (4.148)
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. For vk(z,s) > 0

Pkðz; sþ DsÞ � Pkðz; sÞ
Ds

þ vkðz; sÞ
Pkðzþ Dz; sÞ � Pkðz; sÞ

Dz
þ

X

j¼1;j „ k

akj

0

@

1

APkðz; sÞ �
X

j¼1;j„n

ajkPjðz; sÞ ¼ 0

. For vk(z,s) < 0

Pkðz; sþ DsÞ � Pkðz; sÞ
Ds

þ vkðz; sÞ
Pkðz; sÞ � Pkðz� Dz; sÞ

Dz
þ

X

j¼1;j „ k

akj

0

@

1

APkðz; sÞ �
X

j¼1;j„n

ajkPjðz; sÞ ¼ 0

The balance between the unknown variables and the relations available for their
estimation is given here: (i) for T= s ¼ s and ze=z ¼ r we obtain r � s � N
unknowns (for each solving network point we must determine the values of
P1(z,s) , P2(z,s)....PN(z,s)); (ii) the system of equations to compute unknowns is
made considering the particularization of:
. the relation (4.148) for all network points that are not in the

boundaries; it gives a total of ðr� 2Þ � s �N equations.
. the second condition from the univocity problem of the model

(4.146)–(4.147); this particularization gives Pkð0; 1Þ; ::::Pkð0; sÞ so
s �N equations;

. the third condition from the univocity problem of the model
(4.146)–(4.147); this particularization gives s*N equations.

The algorithm to compute a stochastic model with two Markov connected elemen-
tary states is shown in Fig. 4.11. Here, the process state evolves with constant v1

and v2 speeds. This model is a particularization of the model commented above
(see the assembly of relations (4.146)–(4.147)) and has the following mathematical
expression:

¶P1ðz; sÞ
¶s

þ v1
¶P1ðz; sÞ

¶z
þ aP1ðz; sÞ � bP2ðz; sÞ ¼ 0

¶P2ðz; sÞ
¶s

� v2
¶P1ðz; sÞ

¶z
þ bP2ðz; sÞ � aP1ðz; sÞ ¼ 0

P1ðz; 0Þ ¼ 0 ; P2ðz; 0Þ ¼ 0

P1ð0; 0Þ ¼ 1 ; P1ð0; sÞ ¼ 0 ; P2ð0; sÞ ¼ P2ðDz; sÞ

P2ðze; sÞ ¼ 0 ; P1ðze; sÞ ¼ P1ðze � Dz; sÞ (4.149)
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It can easily be observed that the considered case (4.149) corresponds to the situa-
tion for s ¼ 0: only one marked particle evolves through a stochastic trajectory (a
type 1 displacement with v1 speed). This example corresponds to a Dirac type
input and the model output response or the sum P1ðze; sÞ þ P2ð0; sÞ, represents
the distribution function of the residence time during the trajectory (see also ap-
plication 4.3.1).

Definition : Matrix P1(r,s) ; Matrix P2(r,s) 
Data: r=   , s=   , v1=   , v2=   , α=   , β=   , ∆τ=   , ∆z= 
Initial conditions : P1(j,0)=0 , P2(j,0)=0 for j=1,r 
Boundary conditions z=0 : P1(0,0)=1, P1(0,g)=0  for g=1,s  
Boundary conditions z=ze: P2(r,h)=0 for h=0,s 
i=1 
System solution: 

J=1,r 
P2(0,i)-P2(1,i)=0 
(P1(j,i)-P1(j,i-1))/∆τ+v1(P1(j,i)-P1(j-1,i))/∆z+αP1(j,i)-βP2(j,i)=0
(P2(j,i)-P2(j,i-1))/∆τ-v2(P2(j,i)-P2(j-1,i))/∆z-αP1(j,i)+βP2(j,i)=0
P1(r,i)-P1(r-1,i)=0 

Write and transfer through data processing: P1(j,i),P2(j,i) 
For i<s 
i=i+1 
Back to 7 
For i>s 

Stop 

1
2
3
4
5
6
7

8
9

10
11
12
13

Figure 4.11 Numerical text of the stochastic model given by Eq. (4.149).

4.4.3
The Solution of Stochastic Models with Analytical Methods

Examples 4.2 and 4.3 and the models from Section 4.4 show that the stochastic
models can frequently be described mathematically by an assembly of differential
partial equations.

The core of a continuous stochastic model can be written as Eq. (4.150). Here,
P(z,s) and a(z), b(z), c(z) are quadratic matrices and L is one linear operator with
action on the matrix P(z,s). In the mentioned equation, f(z) is a vector with a
length equal to the matrix P(z,s). In this model, z can be extended to a two- or a
three-dimensional displacement:

¶Pðz; sÞ
¶s

þ aðzÞ ¶Pðz; sÞ
¶z

þ bðzÞ ¶
2Pðz; sÞ
¶z2

þ cðzÞLðPðz; sÞÞ ¼ f ðzÞ (4.150)

This mathematical model has to be completed with realistic univocity conditions.
In the literature, a large group of stochastic models derived from the model
described above (4.150), have already been solved analytically. So, when we have a
new model, we must first compare it to a known model with an analytical solution
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so as to identify it. If we cannot produce a correct identification, then we must
analyze it so as to determine whether we can obtain an analytical solution. In both
situations, we have to carry out different permissive but accepted manipulations
of the original model:
. all algebraic transformations are accepted, especially the combi-

nation of model variables;
. model transformation with dimensionless variables and parame-

ters;
. all integral transformations that produce a model and univocity

conditions similar to those given in a problem with an analytical
solution.

The analysis of the univocity conditions attached to the model shows that, here,
we have an unsteady model where nonsymmetrical conditions are dominant.

The analytical solution of the model imposes the use of integral transformation
methods [4.53]. With the kernel K(z,l), the finite integral transformation of the
function P(z,s) is the function P1(l,s), which is defined with the following rela-
tion:

P1ðl; sÞ ¼
R

ze

0
Kðl; zÞPðz; sÞdz (4.151)

The Laplace integral transformation, used in Section 4.3.1, allows the indentifica-
tion of its kernel as K(z,l) = K(z,s) = e–ss . It corresponds to the case when we
produce a transformation with time. So, for this case, we particularize the relation
(4.151) as:

P1(z,s) =
R

¥

0
Pðz; sÞe�ssds (4.152)

So as to show how we use the integral transformation in an actual case, we sim-
plify the general model relation (4.150) and its attached univocity conditions to
the following particular expressions:

¶Pðz; sÞ
¶s

¼ a
¶2Pðz; sÞ

¶z2

 !

þ Fðz; sÞ (4.153)

z = 0 , s > 0 , c1a
dP
dz
þ a1P ¼ 0

z = ze , s > 0 , c2a
dP
dz
þ a2P ¼ 0

z > 0 , s = 0 , P = f0(z) (4.154)

In Eqs. (4.153) and (4.154), we recognize the general case of an unsteady state dif-
fusion displacement in a solid body.
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The particularization of relation (4.151) to Eqs. (4.153) and (4.154) results in
one image of the original model:

¶P1ðl; sÞ
¶s

¼ a
¶P1ðl; sÞ

¶l

� �

þ F1ðl; sÞ (4.155)

z = 0 , s > 0 , ðc1aþ a1ÞP1ðl; sÞ ¼ f1ðsÞ
R

ze

0
Kðl; zÞdz

z = ze , s > 0 , ðc2aþ a2ÞP1ðl; sÞ ¼ f2ðsÞ
R

ze

0
Kðl; zÞdz

z > 0 , s = 0 , P1ðl; sÞ ¼
R

ze

0
f0ðzÞKðl; zÞdz ¼ f 1

0 ðlÞ (4.156)

It is easy to observe that the conditions from Eq. (4.154) have been completed
with the evolution with time of the stochastic trajectory at the start (z = 0) and at
the end (z = ze) (for instance, note the presence of f1ðsÞ and f2ðsÞ inside the assem-
bly of conditions (4.156)). The image of the model has the analytical solution giv-
en by Eq. (4.157) [4.53]. The notations used here are specified thanks to relations
(4.158) and (4.159):

P1ðln; sÞ ¼ e�ðal2
n=z2

eÞs f 1
0 ðlnÞ þ

R

s

0
eðal2

n=z2
eÞsAðln; sÞds

� �

(4.157)

Aðln; sÞ ¼
1
c1

F1ðln; sÞ þ
Kðln; zÞ

c1
f1ðsÞ

� �

z¼0

þ Kðln; zÞ
ac2

� �

z¼ze

f2ðsÞ (4.158)

F1ðln; sÞ ¼
R

ze

0
Fðz; sÞKðln; z=zeÞdz (4.159)

The analytical solution for the original P(z,s) is obtained with the inversion formula
[4.53]. This solution is an infinite sum where the proper values ln, n = 1,2,..¥
represent the summing parameters:

Pðz; sÞ ¼
P

¥

n¼1
Kðln; z=zeÞe�ðal2

n=z2
eÞs f 1

0 ðlnÞ þ
R

s

0
eðal2

n=z2
eÞsAðln; sÞds

� �

(4.160)

Table 4.2 gives the kernels and characteristic equations for cases with various
boundary conditions. Here h1 and h2 are defined by Fig. 4.12: h1 = a1/c1a , h2 =
a2/c2a.
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Table 4.2 The kernels and characteristic equations for the
stochastic model given by relations (4.153)–(4.154).

Univocity conditions Kernel expression: K(ln; z=ze) Equation for ln

z = 0 z = ze

h1 = ¥ h2 = ¥ ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ sin lnz=ze sin(l) = 0

h1 = ¥ h2 = 0 ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ sin lnz=ze cos(l) = 0

h1 = 0 h2 = ¥ ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ cos lnz=ze sin(l) = 0

h1 = 0 h2 = 0 ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ cos lnz=ze sin(l) = 0

h1 = 0 h2 = ct ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ l2
n þ h2

2z2
e

l2
n þ h2

2z2
e þ h2ze

� �1=2

cos ðlnz=zeÞ
ltan(l) = h2ze

h1 = ct h2 = ¥ ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ l2
n þ h2

1z2
e

l2
n þ h2

1z2
e þ h1ze

� �1=2

sin ðlnð1� z=zeÞÞ
lcot(l) = –h1ze

h1 = ct h2 = 0 ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ l2
n þ h2

1z2
e

l2
n þ h2

1z2
e þ h1ze

� �1=2

cos ðlnð1� z=zeÞÞ
ltan(l) = h1ze

h1 = ct h2 = ct ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ�

ln cos lnz=ze þ h1ze sin lnz=ze

½l2
n þ h2

1z2
eð1þ h2ze=ðl2

n þ h2
2z2

eÞ þ h1ze�1=2

" #

tan(l) =
lðh1 þ h2Þze

l2 � h1h1z2
e

0Pα
dz

dP
ac 11 =+

0Pα
dz

dP
ac 22 =+

z=0

z=ze 

Figure 4.12 Univocity conditions of the model of diffusive and
unidirectional displacement (4.153).

We can illustrate this actual case by reaching an analytical solution if the follow-
ing considerations are taken into account:
. f0ðzÞ ¼ 1: this fact shows that we have uniformly distributed

marked particles onto the displacement trajectory at the initial
instant;
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. f1ðsÞ ¼ f2ðsÞ ¼ 0 for s ‡ 0 and Fðz; sÞ ¼ 0 for 0£ z £ ze and s ‡ 0:
we do not have any external intervention on boundaries, and it is
not possible to have a generation of marked particles along the
moving trajectory;

. h1 ¼ 0 and h2 ¼ ¥: the marked particle can leave the trajectory
only at position z ¼ 0.

In Table 4.2 our actual case can be identified to accept the kernel K(ln z/ze) =
ð
ffiffiffiffiffiffiffiffiffi

2=ze

p

Þ cos lnz=ze and sin ðlÞ ¼ 0 as the characteristic equation for the proper
values ln;n ¼ 1; ::::¥. At the same time, it is identified that A(ln,s) = 0 and, con-
sequently, after a little modification, solution (4.160) becomes:

Pðz; sÞ ¼
P

¥

n¼1
e�ðal2

n=z2
eÞs cos ðlnz=zeÞ (4.161)

Figure 4.13 shows this dependence as a trend; here parameter Fo is recognized as
the Fourier number (Fo ¼ as=z2

e).

Fo enlarging  

P(z,τ) 

z/ze 

1 

1 

0 

Figure 4.13 Time and space evolution of Pðz; sÞ (case of
model (4.153)–(4.154)).

The model (4.140), which has been transformed, can easily accept this analytical
solution. The desorption of one species from a saturated membrane, when the
membrane surface respects the nonpermeable condition, can be described by
this solution. Other cases seem to be more interesting, as for example, when
the value of h2 is constant and not null. In this last example, the conversion
Pðz; sÞ = cðz; sÞ=c0 allows the calculation of the concentration field of mobile spe-
cies through the membrane thickness.

The following section contains the particularization of the integral Laplace
transformation for the case of the stochastic model given by the assembly of rela-
tions (4.146)–(4.147). This particularization illustrates how the Laplace transfor-
mation is used to solve partial differential equations. We start by applying the inte-
gral Laplace operator to all the terms of relation (4.146); the result is in:
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R

¥

0
e�ss

¶Pkðz; sÞ
¶s

þ vk
¶Pkðz; sÞ

¶s
þ

X

N

j¼1;J „ k

akj

0

@

1

APkðz; sÞ �
X

N

j¼1;j „ k

ajkPjðz; sÞ

0

@

1

Ads ¼ 0

(4.162)

The computing of the above integrals gives:

sPkðz; sÞ � Pkðz; 0Þ þ vk
dPkðz; sÞ

dz
þ

X

N

j¼1;j„ k

akj

0

@

1

APkðz; sÞ �
X

N

j¼1;j„ k

ajkPjðz; sÞ ¼ 0

(4.163)

This last result can be written as Eq. (4.164) and completed with the univocity con-
ditions (4.165) resulting from the Laplace transformation of the original condi-
tions written with relation (4.147):

vk
dPkðz; sÞ

dz
¼ � sþ

X

N

j¼1;j „ k

akj

0

@

1

APkðz; sÞ þ
X

N

j¼1;j„ k

ajkPjðz; sÞ þ Pkð0Þ (4.164)

s � 0 ; z ¼ 0 ;
Pkð0; sÞ ¼

R

¥

0
e�ssgkðsÞds for vk � 0

dPð0; sÞ=dz ¼ 0 for vk � 0

8

<

:

s � 0 ; z ¼ ze ;
Pkðze; sÞ ¼

R

¥

0
e�sshkðsÞds for vk � 0

dPðze; sÞ=dz ¼ 0 for vk � 0

8

<

:

(4.165)

From a mathematical view-point, this result is made up of a system of ordinary
differential equations with its respective integration conditions. In many situa-
tions, similar systems for probabilities Pk(z,s), k = 1,..N also have an analytical so-
lution. Using the inverse transformation (Mellin–Fourier transformation) of each
Pk(z,s), k = 1,...N, we obtain the originals Pk(z,s), k = 1,..N as an analytical expres-
sion. We complete the problem of inverse transformation of each Pk(z,s), k = 1,...N
with two observations: (i) the original is frequently obtained by using a table of
the Laplace transformed functions; in this table more associations for the image-
original assembly can be tabulated; (ii) all the non-destroying algebraic manipula-
tions of the Laplace image are accepted when we want an analytical expression for
its original.

When system (4.164)–(4.165) does not have any analytical solution, we can use
numerical integration coupled with interpolation for each function Pk(z,s),
k = 1,...N; then we can obtain the originals Pk(z,s), k = 1,...N. However, this proce-
dure gives an approximate result when compared to the direct numerical integra-
tion of the original model.

When we have discrete stochastic models, as those introduced through the poly-
stochastic chains, we can obtain their image by using different methods: the Z
transformation, the discrete Fourier transformation, the characteristic function of
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the process or the developing of the function of the process generator. The use of
a characteristic or generator function has already been discussed in this book in
some particular cases. Now we will focus on the use of the Z transformation to
solve discrete stochastic models. For a function uðsÞ and with a time network giv-
en as s ¼ n � Ds, we can introduce the transformation Z by means of:

Z uðsÞ½ � ¼ Z uðnÞ½ � ¼
P

¥

n¼0
uðnDsÞz�n ¼

P

¥

n¼0
uðnÞz�n ¼ FðzÞ (4.166)

It is not difficult to observe the recurrence property (4.167), which can be of inter-
est for the F (z) construction:

Z uðs� DsÞ½ � ¼ FðzÞ
z

(4.167)

For the discrete stochastic model given by the group of relations (4.58),
written considering a unitary and uniform displacement length for the step k:

pkðaÞ ¼
1 for a ¼ ak

0 for a „ ak

� ��

, the application of the Z transformation results in the

following expression:

Z Pkðn; iÞ½ � ¼
P

e˛K
Z pekPkðn� 1; i� akÞ½ � (4.168)

Considering the notation Fk(z,j) =
P

¥

n¼0
Pkðn; jÞz�n, we can rewrite this expression

as shown in relation (4.169). If we particularize the model to address the simplifi-
cation that considers non-fractionary values for the steps ak, then we can easily
solve the transformed model after Fk(z,j). To do so, we must use a new discrete
transformation where n in the Fk(z,j) expression is replaced by j.

zFkðz; jÞ ¼
P

e˛K
pekFkðz; j� akÞ (4.169)

The Z transformation for a random and discrete variable results in facilitating the
computation of the most important parameters used for a process characteriza-
tion (mean values, momenta of various order, etc.). In example 4.3.1, we can use
the obtained functions Fk(z,j) to compute some parameters of this type because,
in this case, we have a solution to the characteristic function of the stochastic
model but not a complete and proper solution. The knowledge of the behaviour of
the mean values of random variables is frequently enough to provide the stochas-
tic model of the investigated process. For this purpose, the vector which contains
the probability distributions of the process random variables Pk(z,s), is used to-
gether with relation (4.170) in a finite space, to compute the mean values of the
random variables of various order (non-centred moment of various order). The
integration will carefully be corrected by bordering the space of the integral.

Em
k ðsÞ ¼

R

þ¥

�¥
zmPkðz; sÞdz ; k ‡ 0 (4.170)
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The derivate of the probabilities vector on the z axis results in:

R

þ¥

�¥

dPkðz; sÞ
ds

zmdz ¼ zmPkðz; sÞ=þ¥�¥ �m
R

þ¥

�¥
zm�1PKðz; sÞ ¼ �mEm�1

k (4.171)

Now we can particularize this transformation method (called method of
momenta) for the model case given by the group of relations (4.146)–(4.147):

dEm
k ðsÞ
ds

¼ �
X

N

j¼1;j„ k

akj

0

@

1

AEm
k ðsÞ þmvkEm�1

k ðsÞ þ
X

N

j¼1;j„ k

ajkEm
j ðsÞ (4.172)

s ¼ 0 ; Em
k ð0Þ ¼

R

þ¥

�¥
zmfkðzÞdz (4.173)

If the obtained formulation Em
k ðsÞ does not have any analytical solution, we can

carry out its Laplace transformation. In this case, the images Em
k ðsÞ can be written

with the following recurrence relations:

sþ
X

N

j¼1;j „ k

akj

0

@

1

A

0

@

1

AEm
k ðsÞ �mvkEm�1

k ðsÞ �
X

N

j¼1;j „m

ajkEm
j ðsÞ � Em

k ð0Þ ¼ 0 ;

k ¼ 1;N (4.174)

The solution of this equation system gives expressions Em
k ðsÞ; k ¼ 1;N, which

can be solved analytically by using an adequate inversion procedure. Indeed, the
stochastic model has now an analytical solution but only with mean values. It is
important to notice that when the analytical solution of a stochastic model pro-
diuces only mean values it is important to make relationships between these
results and the experimental work. This observation is significant because more
of the experimental measurements allow the determination of the mean values of
the variables of the process state, for the model validation or for the indentifica-
tion of process parameters.

At the end of this short analysis about solving stochastic models using integral
transformation, we can conclude that:
. by these methods we transform an original stochastic model into

its image that is simpler and consequently more easily explored;
. we transform: (i) a problem with singular coefficients into a non-

singular coefficient problem; (ii) a problem with a weak depen-
dence on one parameter into an independent problem with
respect to this parameter; (iii) an n order differential equation or a
system with n differential equations into a system with n–1 order
algebraic equations.

. by looking at the presented examples of transformation, it is not
difficult to consider the problem of a model transformation as a
general problem: indeed, the transformation presents a general
form vðtÞ ¼ EðuðsðtÞÞÞ, where sðtÞ is for each t a time randomly
distributed with the law hðs; tÞ and E is the mean value operator.
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4.5 Use of Stochastic Algorithms to Solve Optimization Problems

4.5
Use of Stochastic Algorithms to Solve Optimization Problems

In recent times, stochastic methods have become frequently used for solving dif-
ferent types of optimization problems [4.54–4.59]. If we consider here, for a steady
state process analysis, the optimization problem given schematically in Fig. 4.14,
we can wonder where the place of stochastic methods is in such a process. The
answer to this question is limited to each particular case where we identify a nor-
mal type distribution for a fraction or for all the independent variables of the pro-
cess (X = [Xi]). When we use a stochastic algorithm to solve an optimization prob-
lem, we note that stochastic involvement can be considered in [4.59]:
. the stochastic selection of the starting point of optimization. This

shows that each starting point of optimization is selected by a sto-
chastic procedure where all points have the same probability of
being chosen; so we have here a multi-start problem for the objec-
tive function and the algorithm of optimization.

. the selection procedure for the establishment of a value for each
independent variable of the process. Here, we use a random pro-
cedure in which a stochastic generator gives a value between the
minimal and maximal accepted value for each variable of the pro-
cess. We retain only the selected values producing a vector X that
minimizes or maximizes the objective function of the process.

model definition :Yi=f(Xj) ,X=[Xi],Y=[Yi] 

stable steady state

Building of the objective function:

constraints: Xm<X<XM

start points: M0K(X0k) 

optimisation

stable solution?

new constraints

optimized solution

no

no

Figure 4.14 Description of the problem of optimization of a
steady state process.
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Figure 4.15 details this computation procedure, here s max and i max are respec-
tively considered as the number of starting points and the number of acceptable
iterations for one start.

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10  
11 
12 
13 
14 
15 
16 
17 
18

Define the stationary mathematical model Y=f(X,Y) 
Define an objective function F=F(X,Y)
Define the constraints C=C(X,Y)
Select a lower and upper bound for X such as   Xmi<Xi<XMi for all i=1,N 
Input smax and imax and start the selection of the  state vectors X0(s) , s=1,smax

Random select X=X0=X0(s) 
i=1 
Solve the  system Y0=f(X0,Y0) 
Compute FI=F(XI,YI) 
Random select X =XI nearXI-1

Solve the system Y1=f(X1,Y1) and compute FI
new

Control of the  constraints violations
For violations go back at 10 
For FI

new<FI go back at  10
For FI

new>FI    FI=FI
new  ,XI=X0; store and write FI and XI 

For i<imax  go back at 8
For s<smax go back at 6
End

Figure 4.15 The summary description of a stochastic proce-
dure used for the maximization of the objective function.

The success of this computation method depends strongly on the dimension of
the computation field which is considered here with the values of s max and i max.
Indeed, when the values of i max and s max are greater than 2*104 and 10 respec-
tively, using this method can be problematic because of the size of the computa-
tion volume. It is important to notice that this method works without the prepara-
tions considered in the gradient optimizing procedures (see Section 3.5.5).

This procedure can easily be transformed to identify the parameters of a process
as is shown in Fig. 4.15.

4.6
Stochastic Models for Chemical Engineering Processes

Stochastic modelling has been developing exponentially in all the domains of sci-
entific research since 1950, when the initial efforts for the particularization of the
stochastic theory in some practical domains were carried out. In 1960, James R.
Newman, who was one of the first scientists in modern statistical theory, wrote
the following about the stochastic theory particularization: Currently in the period
of dynamic indetermination in science, there is a serious piece of research that, if treated
realistically, does not involve operations on stochastic processes [4.8].

The stochastic process theory has been a major contribution to the opportune
renewal of the basic stochastic theory resulting from some actual requirements
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and forced by the necessity of characterizing modern scientific processes. The sci-
entific literature for the theory and practice of stochastic processes has been exten-
sively scattered in many books and magazines. Many reviews and specialized
books discuss the basic research lines in the theory of stochastic processes or pres-
ent very interesting applications [4.8].

The practical applications of the stochastic process theory are multiple. This is a
consequence of the capacity for this theory for predicting the future of a dynamic
system by use of its history and its current state. Among the most famous applica-
tions we can note:
. The analysis of all types of movements, from atomic and molecu-

lar level [4.61–4.62] to the evolution of macroscopic systems such
as atmospheric phenomena [4.63–4.64].

. The analysis of dynamic links for networks with locations where
the time of service is stochastically distributed (computer net-
works, internet networks, etc.).

. The analysis of virtual experiments given with a stochastic model
[4.65].

. The analysis of capital and fund movement [4.66, 4.67].

. The analysis and development of all types of games [4.68].

. The optimization and the control of all types of dynamic systems [4.68].

The applications of the stochastic theory in chemical engineering have been very
large and significant [4.5–4.7, 4.49–4.59, 4.69–4.78]. Generally speaking, we can
assert that each chemical engineering operation can be characterized with sto-
chastic models. If we observe the property transport equation, we can notice that
the convection and diffusion terms practically correspond with the movement and
diffusion terms of the Fokker–Plank–Kolmogorov equation (see for instance Sec-
tion 4.5) [4.79].

The following sections describe applications where stochastic models are used
for the characterization of some momentum, heat and mass transport examples.
For the beginner in stochastic modelling, these applications are relevant, firstly as
practical examples, secondly as an explanation of the procedures and methodology
for the creation of stochastic models and thirdly as examples of the use of stochas-
tic models to obtain computation formula or algorithms for one or more investi-
gated parameters of chemical engineering processes.

4.6.1
Liquid and Gas Flow in a Column with a Mobile Packed Bed

Columns packed with a moving bed are highly efficient for mass transfer in gas–
liquid or vapour–liquid systems. This high transfer efficiency is a consequence of
the rapid interface renewal brought about by the rapid movements of the packing
particles [4.80–4.82].

In this example, we consider two types of operation carried out in the same type
of packed column (shown in Fig. 4.16). The operating conditions depend on the
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values of the gas and liquid flow rates. In the former mode of operation, the col-
umn works in a wetted state whereas in the latter, we have a flooded packed state.
The mobile packing bed is composed of spherical spheres with diameter 1–3 cm
and density no greater than 500 kg/m3. For this type of device, recognized as
mobile wetted packed bed (MWPB), the liquid and gas flow are usually character-
ized either by processing the parameters’ relationships or through models that
show:
. The state of gas and liquid hold-up for specified values of factors

and parameters affecting the operation of the mobile packed bed;
. The state of phase mixing at each level of the working factors of

the MWPB.

Hd

FLOODED PACKED STATE WETTED PACKED STATE 

gasgas

liquid 

liquid 

gas

liquid 

Hd 

liquid

gas

1

2 

3

4 

Figure 4.16 Regimes of work of the moving bed column. 1 – solid bed particle,
2 – drops of liquid in the bed, 3 – small drops, 4 – gas bubbles.
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To deal with this problem, and more specifically with the working state of
the MWPB, we will use stochastic modelling of the liquid and gas flow. When
the MWPB operates with small liquid retention (wetted packed state) the liquid
and gas hold-up are described by the concept of mean residence time (sml; smgÞ
and the flow rate density (qvl; qvg) as follows:

el ¼ qvlsml=Hd (4.175)

eg ¼ qvgsmg=Hd (4.176)

The residence time for a liquid element flowing in a MWPB can be described by
Eq. (4.176). Here sml0 is the liquid mean residence time for a standard mobile
packed bed with a dp0-diameter solid packing and a qvl0-density liquid flow rate:

el ¼
qvl

dp0

dp

 !a
qvl0

qvl

� �b

sml0

Hd
(4.177)

A stable hydrodynamic state (where the particles move about, in all directions,
without any preferences) occurs in working states with a small liquid hold-up
(mobile and wetted packed bed or MWPB). This displacement is the driving force
of the liquid flow and we can then characterize the liquid flow by means of one
stochastic model with three evolution states (for instance, see Fig. 4.17). Indeed,
after this model, we accept that a liquid element is in motion with three indepen-
dent evolution states:
. The liquid element moves with a flow rate þvx towards the posi-

tive direction of x;
. the liquid element moves with a flow rate �vx along the negative

direction of x;
. the liquid element moves through the normal plane to x, or keeps

its position.

After this description, we can appreciate the evolution of the liquid element in
a MWPB through a continuous stochastic process. So, when the liquid element
evolves through an i state, the probability of skipping to the j type evolution is
written as pijaDs. Consequently, we express the probability describing the possibil-
ity for the liquid element to keep a type I evolution as:

Pi ¼ 1�
P

j„ i
pijaDs (4.178)
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1 1 
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1 
1 
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2 

2 
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3 3 

liquid 

gas 

Hd 

liquid

Figure 4.17 Elementary processes for the evolution of a liquid
element in a MWPB.

If we consider the evolution of the liquid element together with the state of prob-
abilities of elementary evolutions, we can observe that we have a continuous Mar-
kov stochastic process. If we apply the model given in Eq. (4.68), P1ðz; sÞ is the
probability of having the liquid element at position x and time s evolving by
means of a type 1 elementary process (displacement with a þvx flow rate along a
positive direction of x). This probability can be described through three indepen-
dent events:
. The liquid element which evolves at time s, with the rate of evolu-

tion þvx to the position x� Dx, keeps the same evolution for the
interval of time Ds; the probability of this occurrence is mathema-
tically written as: ð1� p12aDs� p13aDsÞP1ðx� vxDs; sÞ;

. the liquid element, which has evolved with rate �vx to position x
in a time s, changes to evolution rate þvx at the interval of time
Ds; p31aDsP3ðx; sÞ describes the probability of this occurrence;

. the last event is represented by the possibility for the liquid ele-
ment that evolves at a rate 0 to a position x in a time s, to change
its evolution rate to þvx in the interval of time Ds; p21aDsP2ðx; sÞ,
describes the probability of this occurrence.

Considering the type 1 evolution, we notice that P1ðz; sÞ is obtained by the sum of
the probabilities of independent events; so we obtain:
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P1ðx; sþ DsÞ ¼½1� ðp12 þ p13ÞaDs�P1ðx� vxDs; sÞþ
p21aDsP2ðx; sÞ þ p31aDsP3ðx; sÞ

(4.179)

By the same procedure, we obtain the probabilities of having the liquid element at
x position in a time sþ Ds with a type 2 or type 3 evolution. The relations below
describe these probabilities:

P2ðx; sþ DsÞ ¼½1� ðp21 þ p23ÞaDs�P1ðx� vxDs; sÞþ
p12aDsP1ðx; sÞ þ p32aDsP3ðx; sÞ

(4.180)

P3ðx; sþ DsÞ ¼½1� ðp31 þ p32ÞaDs�P3ðx� vxDs; sÞþ
p13aDsP1ðx; sÞ þ p23aDsP2ðx; sÞ

(4.181)

The probabilities P1ðHd; sÞ and P3ð0; sÞ show the possibilities for the liquid ele-
ment to leave the MWPB; these will consequently be used to compute the resi-
dence time of the liquid. When the time increases, Ds is very small (near zero)
and relations (4.180)–(4.181) become a particularization of the model (4.74)–
(4.76), (for instance see Section 4.4.2):

¶P1ðx; sÞ
¶s

þ vx
¶P1ðx; sÞ

¶x
¼ �ðp12 þ p13ÞaP1ðx; sÞ þ p21aP2ðx; sÞ þ p31aP3ðx; sÞ

(4.182)

¶P3ðx; sÞ
¶s

� vx
¶P3ðx; sÞ

¶x
¼ �ðp31 þ p31ÞaP3ðx; sÞ þ p13aP1ðx; sÞ þ p23aP2ðx; sÞ

(4.183)

¶P2ðx; sÞ
¶s

¼ �ðp21 þ p23ÞaP2ðx; sÞ þ p12aP1ðx; sÞ þ p32aP3ðx; sÞ (4.184)

The univocity conditions, necessary to solve the model, are established by the fol-
lowing considerations;
. when the liquid element gets into WPB at s ¼ 0, it will not be

present on the points where x > 0:

s ¼ 0 ; x > 0 ; P1ðx; 0Þ ¼ P2ðx; 0Þ ¼ P3ðx; 0Þ ¼ 0 (4.185)

. when the liquid element gets into WPB at x ¼ 0 with only an ele-
mentary type 1 process, we have:

s ¼ 0 ; x ¼ 0 ; P1ð0; 0Þ ¼ 1 (4.186)

. for all s > 0 at x ¼ 0 and x ¼ Hd, the liquid element cannot evolve
with a type 1 or a type 3 process:
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s > 0 ; x ¼ 0 ; x ¼ Hd ; P1ð0; sÞ ¼ 0 ; P3ðHd; sÞ ¼ 0 (4.187)

The process model expressed as a Laplace image is given by the following system
of differential equations:

vx
dP1ðx; sÞ

dx
¼ �ðsþ ap12 þ ap13Þ þ

p21ap12a
sþ p21aþ p23a

� �

P1ðx; sÞþ

p31aþ p21ap23a
sþ p21aþ p23a

� �

P3ðx; sÞ
(4.188)

vx
dP3ðx; sÞ

dx
¼ þðsþ ap12 þ ap13Þ �

p23ap32a
sþ p21aþ p23a

� �

P3ðx; sÞþ

p13aþ p12ap23a
sþ p21aþ p23a

� �

P1ðx; sÞ
(4.189)

Here, the image P2ðx:sÞ has been eliminated from the expressions that resulted
from the first form of the Laplace model transformation. The observations on the
packed particles evolving in WPB show that we do not have any preferential
motion directions. We can extend this observation to the motion of the liquid ele-
ment. Indeed, we can accept the equality of its transition probabilities:
pij ¼ 1=3 ; i ¼ 1; 3 ; j ¼ 1; 3. If we take into account this last consideration, to-
gether with a unitary value for the velocity evolution (vx ¼ 1 length units=s or
vx ¼1 dm/s), we can assert that the model of the evolution of the liquid element
flowing inside the MWPB is fully characterized. The solution of this model is car-
ried out with its Laplace transformation of the differential equations of the model
and by considering the corresponding univocity conditions. The result is given by
Eqs. (4.190) and (4.191). As explained at the beginning of this section, P2ðx; sÞ is
missing here as a consequence of its elimination from the first state of the Laplace
transformation of model differential equations:

dP1ðx; sÞ
dx

¼ �ðsþ aÞð3sþ aÞ
3sþ 2a

P1ðx; sÞ þ
aðsþ aÞ
3sþ 2a

P3ðx; sÞ (4.190)

dP3ðx; sÞ
dx

¼ ðsþ aÞð3sþ aÞ
3sþ 2a

P3ðx; sÞ þ
aðsþ aÞ
3sþ 2a

P1ðx; sÞ (4.191)

If we remove P3ðx; sÞ from the assembly of relations (4.190) and (4.191), the result
is:

d2P1ðx; sÞ
dx2

¼ 3asðsþ aÞ2

3sþ 2a
P1ðx; sÞ (4.192)

The general solution of this last differential equation is given by relation (4.193),
where C1 and C2 are integration constants and k2 is expressed by relation (4.194):

P1ðx; sÞ ¼ C1ekðsþaÞ þ C2e�kðsþaÞ (4.193)
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k2 ¼ 3as
3sþ 2a

(4.194)

Constants C1 and C2 are obtained from the univocity problem adapted to the
Laplace transformation. The solution thus obtained is given below. In this rela-
tion, K is given by Eq. (4.196):

P1ðx; sÞ ¼
1
K
½ð1þ kÞ2e�kxðsþaÞ � ð1� kÞ2e�2kHdþkxðsþaÞ� (4.195)

K ¼ ð1þ kÞ2 � ð1� kÞ2e�2kHd (4.196)

If we take into consideration the procedure that we used above to eliminate
P3ðx; sÞ from the system (4.190)–(4.191), we can obtain the following expression
for P3ðx; sÞ:

P3ðx; sÞ ¼
1
K
½ð1� k2Þe�kxðsþaÞ � ð1� k2Þe�2kHdþkxðsþaÞ� (4.197)

The residence time distribution function is found as a result of the addition of the
probabilities showing the possibility for a liquid element to leave the MWPB (see
also Section 4.3.1):

f ðs;HdÞ ¼ P1ðHd; sÞ þ P3ð0; sÞ (4.198)

The mean residence time for the liquid element evolution in a MWPB, can easily
be obtained from the first derivative of the characteristic function of the residence
time distribution:

sm0ðHdÞ ¼ �uð0;HdÞ (4.199)

The analytical expression of our uðs;HdÞ is obtained by coupling the basic formula
of the characteristic residence time distribution function with the solutions of
P1ðx; sÞ and P3ðx; sÞ:

uðs;HdÞ ¼
R

¥

0
f ðs;HdÞe�ssds ¼ P1ðHd; sÞ þ P3ð0; sÞ (4.200)

uðs;HdÞ ¼
ChðkHdsÞ � 1� k2

2k
ShðkHdÞ �

1þ k2

2k
ShðkHdsÞ

1þ k2

2k
ShðkHdÞ þ ChðkHdÞ

(4.201)

A similar result for uðs;HdÞ but with a different relation for parameter k was
obtained in application 4.3.1. The value of the derivative u¢ð0;HdÞ is then obtained
using the definition of the derivative in a point:
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u¢ð0;HdÞ ¼ lim
sfi 0

uðs;HdÞ � uð0;HdÞ
s� 0

¼ lim
sfi 0

uðs;HdÞ � 1
s

¼

lim
sfi 0

ChðkHdsÞ � kShðkHdÞ � ChðkHdÞ �
1þ k2

2k
ShðkHdsÞ

1þ k2

2k
sShðkHdÞ þ sChðkHdÞ

¼ ::: ¼ � 3
2

Hd þ
Hd

Hd þ 2

� �

(4.202)

It is easy to observe that the intensity of transition from one state to another (para-
meter a from relations (4.179)–(4.181)) does not influence the mean residence
time characterizing the liquid evolution in the MWPB:

sm0ðHdÞ ¼ �u¢ð0;HdÞ ¼ �
3
2

Hd þ
Hd

Hd þ 2

� �

:

Coming back to the problem of liquid fraction in the MWPB, we observe that the
replacement of Eq. (4.177) by (4.202) imposes homogenizing units because we
previously established that the mean residence time of the liquid was calculated
considering vx ¼1 in dm/s and, consequently, Hd was used in decimeters. Now
considering Hd in meters, relation (4.177) becomes:

el ¼
30
2
þ 10

Hd þ 2

� �

qvl

dp0

dp

" #a
qvl0

qvl

� �b

(4.203)

We complete the expression of MWPB liquid hold-up by considering a ¼ 0:5 and
b ¼ 0:4. These values are also used to hold-up the liquid in a countercurrent gas–
liquid flow in a fixed packed bed. To complete the building of the MWPB liquid
hold-up expression, we show the identified conditions corresponding to a stan-
dard defined MWPB. These conditions correspond to a spherical-shaped packing
with dp0 ¼ 0.025 m, rp ¼ 300 kg/m3, fluidized by air and wetted by water with a
flowing density of qvl0 ¼ 2.5*10–3 m3/m2s. Indeed, the final expression is:

el ¼ 0:216
30Hd þ 8
30Hd þ 6

� �

q0:6
vl d�0:5

p (4.204)

For other shapes of packing, we have to correct the previous relation with a coeffi-
cient w (shape factor). Relation (4.205) takes into account this correction:

el ¼ 0:216
30Hd þ 8
30Hd þ 6

� �

q0:6
vl d�0:5

p w�0:5 (4.205)

The final expression giving the mean residence time for the liquid evolution in a
MWPB of spherical particles is written as follows:

sml ¼ 0:0143
30Hd

2
þ 10Hd

10Hd þ 2

� �

d�0:5
p q�0:4

vl (4.206)
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Experimental validation. When a model cannot be verified by experiments, it can
be considered as an excellent exercise which however does not have any practical
significance. So as to validate the results of our stochastic model for a liquid flow
in a MWPB, we will use data previously published [4.80, 4.82] for a model contact-
ing bed of spherical particles, in which the gas and liquid fluids were respectively
air and water. In these studies, the liquid residence time was estimated by measur-
ing the response of a signal injected into the bed. The MWPB liquid hold-up was
obtained by the procedure of instantly stopping the water and air at the bed input.
The data obtained are reported in Figs. 4.18–4.20.
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Figure 4.18 Response to signals in liquid for a WPB operated with air and
water (packing of spherical particles with dp = 0.0275 m and qp = 330 kg/m3,
qvl = 12 m3/m2h , H0 = 0.18 m).
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Figure 4.19 Liquid residence time for a MWPB operated with air and water
(Spherical particles with dp = 0.0275 m and qp = 330 kg/m3).
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Figure 4.20 Liquid hold-up state for air and water operated MWPB.
(Spherical particles with dp = 0.0275 m and qp = 330 kg/m2, H0 = 0.18 m).

Each point on the curves in Fig. 4.19 corresponds to the mean value of various
experimental results. We can notice that, even if we have good trends, the experi-
mental and calculated values do not match well. This can be ascribed to model
inadequacies, especially with respect to the liquid exit conditions; in that case, we
considered that the MWPB output had occurred at x ¼ 0 and at x ¼ Hd when it was
experimentally observed that the liquid exit dominantly occurs at x ¼ Hd. This results
in a decrease in the mean residence time computed values. If we look at Figs. 4.20 to
4.22, which have been obtained at different operating conditions, we can conclude
that we do not have major differences between the computed and experimental values
of liquid MWPB hold up; then we can consider the equality of the transition prob-
abilities between the individual states of the stochastic model to be realistic.
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Figure 4.21 Liquid hold-up state for a MWPB operated with air and water. Packing
particles of cylindrical shape with dp = 0.012 m, qp = 430 kg/m3, H0 = 0.18 m.
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Figure 4.22 Liquid hold-up state for a WPB operated with air and water. Case of
spherical particles with dp = 0.02 m and qp = 220 kg/m3; H0 = 0.22 m.

According to Fig. 4.21, where the particles used for the bed are cylindrical, as
well as to Fig. 4.22 obtained from the experimental data published by Chen [4.83],
we observe that the MWPB liquid hold-up does not depend on gas velocity as was
found in Fig. 4.20. In order to justify the value of the evolution velocity of a liquid
element (vx = 1 dm/s) used in the simulations, we drew Figs. 4.23 and 4.24. Figure
4.23 has been drawn after the data published by Cains and Prausnitz [4.84]. It
shows the evolution of the liquid velocity when water fluidizes spherical particles
of glass.
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Figure 4.23 Liquid flow state for the fluidization of a bed of
glass spheres with dp = 0.0032 m.
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Figure 4.24 Velocity frequencies for the motion of a mobile
sphere inside of a MWPB. Case: Air–water operated, spheres
with dp = 0.0275 m and H0 = 0.18 m, qvl = 0.004 m3/m2s.

In Fig. 4.24 we show the experimental data that present the frequency of the
velocity states for the motion of some marked particles inside MWPB. For this
purpose some particles of the packing have been coloured and their motion has
been recorded by means of a high speed video-recorder [4.81]. From both figures
it is obvious that the velocity range obtained is very near to the liquid element ve-
locity considered for simulations. Indeed, if in the MWPB the most important
quantity of the liquid covers the fluidized particles, the evolution of the liquid ve-
locity has to be identical to the fluidized particle velocity. However, it is obvious
that the physical properties of the liquid have to affect the residence time of the
liquid element that evolves inside the MWPB. Indeed, if we have a liquid different
from water we have to introduce the influence of its own physical properties on
the system response. The solution to this problem can be obtained by derivation
of the expression of the characteristic function of the liquid evolution as shown in
Eq. (4.206). Here He

d is considered as an equivalent height of the MWPB corre-
sponding to a unitary value of the velocity of displacement of the liquid element
(vx ¼ 1 conventional length unit/s).

u¢ð0;He
dÞ ¼ �

3
2

He
d þ

He
d

He
d þ 2

� �

(4.207)

The transposition of the equivalent height of the mobile packed bed (He
d) to a nor-

mal working unit is carried out through a correction function, which is applied to
a bed height corresponding to a MWPB operated with air and water. If we con-
sider that the major contributions to the correction function expression are given
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by liquid density, viscosity and superficial tension, we can complete the relations
(4.205) and (4.206), which are then rewritten as:

el ¼ 0:216
30Hd þ 8
30Hd þ 6

� �

q0:6
vl d�0:5

p w�0:5f ðgl;rl; rlÞ (4.208)

sml ¼ 0:0143
30Hd

2
þ 10Hd

10Hd þ 2

� �

d�0:5
p q�0:4

vl f ðgl;rl; rlÞ (4.209)

Some computed values of the function f ðgl;rl; rlÞ obtained by using the data
reported by Masao et al. [4.85], are given in Table 4.3. The analysis of the data of
Table 4.3 shows that the expression of the function f ðgl;rl; rlÞ can be written as
follows:

f ðgl;rl; rl ¼ ga
rlr

b

rlr
c

rlÞ (4.210)

Table 4.3 Some values of the function f ðgl;rl; rlÞ when
the MWPB is operated with air and various liquids.

f ðgl;rl; ql) Water
ql = 1 g/cm3 ,
gl = 1 CP,
rl = 72.8 d/cm

Ethanol
ql = 0.8 g/cm3,
gl = 1.38 CP,
rl = 22.5 d/cm

Glycerol 25%
ql = 1.07 g/cm3,
gl = 1.33 CP,
rl = 70.8 d/cm

Glycerol 65%
ql = 1.16 g/cm3,
gl = 14.5 CP,
rl = 67.5d/cm

Spheres of 170 kg/m3

dp = 0.02 m,
wg = 2 m/s
qvl = 0.0025 m3/m2s

1 0.759 0.955 1.36

Spheres of 590 kg/m3

dp = 0.028 m,
wg = 3 m/s
qvl = 0.006 m3/m2s

1 0.801 0.983 1.31

qr l = 1
gr l = 1
rr l = 1

qr l = 0.8
gr l = 1.33
rr l = 0.303

qr l = 1.07
gr l = 1.33
rr

qr l = 1.16
gr l = 14.45
rr l = 0.981

The data of this table also allow the identification of parameters a = 0.158,
b = 0.484 and c = –1.65. Based on these values, we can then write slightly more
complex relations for the liquid hold-up and liquid residence time in the MWPB:

el ¼ 0:216
30Hd þ 8
30Hd þ 6

� �

q0:6
vl d�0:5

p w�0:5g0:158
rl r0:484

rl r�1:65
rl (4.211)

sml ¼ 0:0143
30Hd

2
þ 10Hd

10Hd þ 2

� �

d�0:5
p q�0:4

vl g0:158
rl r0:484

rl r�1:65
rl (4.212)
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4.6.1.1 Gas Hold-up in a MWPB
In Fig. 4.16 the gas is shown to be the continuous phase of the MWPB. In this
configuration, many direction changes in the flow of gas elements originate from
the presence and moving of the packing spheres. If we consider that these
changes take place randomly, then we can carry out the particularization of the
stochastic flow description of the gas elements. This description has been success-
fully used for the case of gas–liquid flow in a fixed and in a mobile packed bed
[4.28, 4.81].

The gas element evolves inside the MWPB in 3 states: displacement in the þx
direction with velocity þvx; displacement in the �x direction with velocity �vx;
non-motion or displacement in the horizontal plane. The mathematical writing of
the stochastic model is given by relations (4.182)–(4.187). In order to particularize
this model to the case of gas element evolution inside the MWPB, we take into
account the following considerations:

1. The sense of the x-axis is determined by the global gas flow
direction and is inverse with respect to the liquid flow.

2. It is difficult to select the values for the probabilities of pas-
sage between process states.

3. The gas flowing element rapidly passes from one actual pro-
cess state to another and tends to follow an elementary pro-
cess type 1state.

4. Concerning the evolution of the velocity of the gas flowing
element, the skip velocity is added or subtracted from the
local gas flow velocity in the bed, when the gas flowing ele-
ment skips in the þx and �x directions respectively.

With these considerations, the model that describes the gas element motion in-
side the MWPB can be described by the following assembly of relations:

¶P1ðx; sÞ
¶s

þ ðwg þ vxÞ
¶P1ðx; sÞ

¶x
¼� ðp12 þ p13ÞaP1ðx; sÞ þ p21aP2ðx; sÞ

þ p31aP3ðx; sÞ
(4.213)

¶P3ðx; sÞ
¶s

þ ðwg � vxÞ
¶P3ðx; sÞ

¶x
¼� ðp31 þ p32ÞaP3ðx; sÞ þ p13aP1ðx; sÞ

þ p23aP2ðx; sÞ
(4.214)

¶P2ðx; sÞ
¶s

þ wg
¶P2ðx; sÞ

¶x
¼� ðp21 þ p23ÞaP2ðx; sÞ þ p12aP1ðx; sÞ

þ p32aP3ðx; sÞ
(4.215)

s ¼ 0 ; x ¼ 0 ; P1ðx; 0Þ ¼ P2ðx; 0Þ ¼ P3ðx; 0Þ ¼ 0 (4.216)

s ¼ 0 ; x ¼ 0 ; P1ð0; 0Þ ¼ 1� u P2ð0; 0Þ ¼ P3ð0; 0Þ ¼ u=2 (4.217)
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s > 0 ; x ¼ 0 ; P1ð0; sÞ ¼ 0 ; P2ð0; sÞ ¼ 0 ; P3ð0; sÞ ¼ 0 (4.218)

This stochastic model is in fact one type of turbulent motion model. For the uni-
vocity problem, we consider that a gas element can be influenced by any type of
elementary process after its insertion into the MWPB at x = 0. The permanent ve-
locity wg, pushes the gas element outside the bed at x = Hd and through any of the
elementary processes. The presented model can be completed by considering the
different frequencies induced by passing from one elementary process to another:
p11a11 ¼ a11; p12a12 ¼ a12; p13a13 ¼ a13, etc.

The distribution of the residence time for the gas evolution inside the bed takes
into account the statement above, which concerns the possibility for the gas to exit
the bed through any of the elementary processes:

f ðs;HdÞ ¼ P1ðs;HdÞ þ P2ðs;HdÞ þ P3ðs;HdÞ (4.219)

Theoretical and experimental results of the gas hold-up inside a MWPB show that
the data converge only when the p11 values are greater than 0.7. Figure 4.25 pre-
sents a simulation of the presented model, which intends to fit some experimental
data [4.82]. In the presented simulation, the initial values of P1ð0; 0Þ; P2ð0; 0Þ and
P3ð0; 0Þ injected into the model give an idea about the values of the transition
probabilities; these are: p11 = p21 = p31 = 0.7, p12 = p13 = p12 = p23 = p22 = p33 = p32 =
0.15. In Fig. 4.25 we can see that we have all the necessary data to begin the com-
putation of the mean residence time of a gas element evolving inside the MWPB.
Indeed, relation (4.176) can now be used to calculate the gas hold-up in the bed.
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Figure 4.25 The gas exit from the MWPB in terms of probability of the elementary
motion processes (wg = 2 m/s, vx = 0.1 m/s, Hd = 0.9 m, 1 – P1(0,0) = 0.7, 2 – P2(0,0) =
0.15, 3 – P3(0,0) = 0.15).
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4.6.1.2 Axial Mixing of Liquid in a MWPB
The liquid flowing inside a MWPB can be described with a one-parameter disper-
sion flow model. As we show in Section 3.3, the axial mixing coefficient or, more
correctly, the axial dispersion coefficient is the specific parameter for this model.
Relation (3.112) contains the link between the variance of the residence time of
liquid elements and the Peclet number. We can rewrite this relation so as to parti-
cularize it to the case of a MWPB. Here, we have the possibility to compute the
variance of the residence time of the liquid through the stochastic model for the
liquid flow developed previously in order to obtain the value of the axial dispersion
coefficient:

r2 ¼ 2
Pe
� 2

Pe2
ð1� e�PeÞ ¼ u†ð0;HdÞ

½u¢ð0;HdÞ�2
� 1 (4.220)

Pe ¼ wlHd

Dl
¼

H2
d

smlDl
¼ �

H2
d

u¢ð0;HdÞDl
(4.221)

If we carefully observe the expression of the characteristic function of the resi-
dence time distribution for the evolution of a liquid element (uðs;HdÞ, relation
(4.201)), we can notice that it is difficult to compute the expressions of the deriva-
tives u¢ð0;HdÞ and u†ð0;HdÞ. Using the expansion of the hyperbolic sine and
cosine respectively as multiplication series, we obtain the following simplified
expression for the characteristic function:

ChðzÞ ¼ 1þ 4z2

p2

� �

1þ 4z2

32p2

� �

1þ 4z2

52p2

� �

:::::: 1þ 4z2

ð2nþ 1Þ2p2

 !

::: (4.222)

ShðzÞ ¼ z 1þ z2

p2

� �

1þ z2

22p2

� �

1þ z2

32p2

� �

:::::: 1þ z2

ð2nþ 1Þ2p2

 !

::: (4.223)

uðs;HdÞ ¼
ð2þHdÞ þ ð3�HdÞs� 3Hds2 þ 1:2Hds3

ð2þHdÞ þ ð3þ 3Hd þ 1:2H2
dÞs

(4.224)

Table 4.4 compares the residence time results obtained with the characteristic
function given by the original equation (4.201) and with the simplified form
(4.224). We can notice that the values obtained with the simplified form are good
enough.

u¢ð0;HdÞ ¼ lim
sfi 0

uðs;HdÞ � uð0;HdÞ
s� 0

¼

lim
sfi 0

1:2Hds3 � 3Hds2 � ð1:2H2
d þ 4HdÞs

ð1:2H2
d þ 3Hd þ 3Þs2 þ 5ðHd þ 2Þs ¼

lim
sfi 0

3:6H2
ds2 � 6Hds� ð1:2H2

d þ 4HdÞ
ð2:4H2

d þ 6Hd þ 6Þsþ ðHd þ 2Þ ¼ �
1:2H2

d þ 4Hd

Hd þ 2

(4.225)

272



4.6 Stochastic Models for Chemical Engineering Processes

Table 4.4 Mean residence time of the liquid in a MWPB as a
function of the bed height. First row – simplified characteristic
function, second row – original characteristic function.

Hd (dm) 0.5 1 2 3 4

�u¢ð0;HdÞ ¼ sml ¼
1:2H2

d þ 4Hd

Hd þ 2
ðsÞ 0.91 1.73 3.2 4.57 5.87

�u¢ð0;HdÞ ¼ sml ¼
3
2

Hd þ
Hd

Hd þ 2
ðsÞ 0.95 1.83 3.5 5.1 6.67

The analytical computation for the first derivative of the characteristic function
gives relation (4.226) where the functions aiðHdÞ ; i ¼ 1; 6 are written with the
relations (4.227)–(4.232):

u¢ðs;HdÞ ¼
a1ðHdÞs3 þ a2ðHdÞs2 þ a3ðHdÞsþ a4ðHdÞ

½a5ðHdÞ þ a6ðHdÞs�2
(4.226)

a1ðHdÞ ¼ 7:2H2
d þ 7:2H3

d þ 2:88H4
d (4.227)

a2ðHdÞ ¼ �ð9Hd þ 1:8H2
dÞ (4.228)

a3ðHdÞ ¼ �ð12Hd þ 6H2
dÞ (4.229)

a4ðHdÞ ¼ �ð8Hd þ 6:4H2
d þ 1:2H3

dÞ (4.230)

a5ðHdÞ ¼ 2þHd (4.231)

a6ðHdÞ ¼ 3þ 3Hd þ 1:2H2
d (4.232)

For the second derivative u†ð0;HdÞ at point zero, we use the definition formula
coupled with the l’Hospital rule for the elimination of the non-determination of
0/0 type. The result is:

u†ð0; HdÞ ¼ a3ðHdÞa5ðHdÞ � 2a4ðHdÞa6ðHdÞ
½a5ðHdÞ�2

(4.233)

Considering relations (4.220) and (4.221), we can observe that we have all the re-
quired elements to compute the axial dispersion coefficient. The theoretical com-
puted values for the axial mixing coefficient for the case where the bed height has
a practical importance are shown in Table 4.5. For the cases when the selection
vx ¼ 1 dm/s is not justified by the operational conditions, we replace Hd by He

d.
We can introduce He

d through equation (4.210):

He
d ¼ g0:158

rl r0:484
rl r�1:65

rl Hd (4.234)
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Table 4.5 Evolution of the Peclet number and of the axial
dispersion coefficient with the height of the MWPB (theoretical
computation).

Hd (dm) �u¢ð0;HdÞ (s) u†ð0;HdÞ (s2) r2 Pe Dl � 102 (m2/s)

0.5 0.95 2.33 1.33 – –

1 1.83 6.32 0.887 0.5 1.07

2 3.50 19.08 0.557 2.1 0.54

3 5.10 37.98 0.46 2.8 0.63

4 6.67 64.83 0.43 3.3 0.73

5 8.21 93.67 0.388 3.7 0.823

6 9.75 130.32 0.371 3.9 0.946

7 11.28 172.79 0.36 4.1 1.05

8 12.80 221.05 0.35 4.4 1.14

9 14.31 275.16 0.343 4.6 1.23

10 15.93 335.04 0.0336 4.7 1.34

Experimental testing. The experimental work for the determination of the liquid
axial mixing inside the packed bed has been carried out with the introduction of
an impulse of NaCl (12 g/l) on the input of a MWPB which operates with air and
water [4.80, 4.81] and with the recording of the evolution with time of the signal
state at the liquid output. We assume that the system can be described by the dis-
persion model and that its analytical solution is given by Eqs. (3.106) and (3.107).
Using these equations as well as the experimental results, we can then calculate
the Pe number and the Dl coefficient values. Figure 4.26 indirectly shows the evo-
lution of the signal at the output through the electric tension of a Wheatstone
bridge having the resistive detector placed in the output flow of liquid.

The experimental data processing has previously been presented in example
3.3.5.3. Equations (3.106) and (3.107) can be simplified in order to allow a rapid
identification of Pe and Dl as follows:

ln
cðhÞ
c0
¼� Pe

4
þ 4

Pe
k2

1

� �

hþ Pe
2
þ

ln
2k1

1þ Pe
2

� �

k1 sin ð2k1Þ �
Pe
2
þ Pe

2

� �2

�k2
1

" #

cos ð2k1Þ
¼ mhþ n

(4.235)
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Figure 4.26 The output signal of the inverse unitary impulse of a solution of
12 g/l NaCl in the liquid of the MWPB.
(1 – wg = 1.31 m/s, qvl = 0.0062 m3/m2s, H0 = 0.18 m , dp = 0.0275 m , qp = 330 kg/m3;
2 – wg = 1.31 m/s, qvl = 0.0031 m3/m2 s, H0 = 0.18 m , dp = 0.0275 m , qp = 330 kg/m3;
3 – wg = 2.4 m/s, qvl = 0.0062 m3/m2 s, H0 = 0.18 m , dp = 0.0275 m , qp = 330 kg/m3 ;
4 – wg = 2.4 m/s, qvl = 0.0031 m3/m2 s, H0 = 0.18 m , dp = 0.0275 m , qp = 330 kg/m3).

tgð2k1Þ ¼
Pe
2

k1

k2
1 �

Pe
4

� �2 (4.236)

It is easy to notice that the values of the parameters m and n, from Eq. (4.235),
will be estimated after the particularization of the least squares method for the

dependence of ln
cðhÞ
c0

� �

vs h

m ¼ Pe
4
þ 4

Pe
k2

1 (4.237)

n ¼ Pe
2
þ ln

2k1

1þ Pe
2

� �

k1 sin ð2k1Þ �
Pe
2
þ Pe

2

� �2

�k2
1

" #

cos ð2k1Þ
(4.238)

The value of the Pe number is obtained by solving the system formed by Eqs.
(4.237) and (4.238). Two examples of data processing [4.81] are given in Table 4.6.
Figure 4.27 presents the evolution of the Peclet number with the gas velocity
[4.81–4.83, 4.86]. A comparison between the published and computed stochastic
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dependence of Pe vs wg is given for cases 1 and 2, [4.81] (H0 = 0.36 m, qvl = 0.0031
and 0.0071 m3/m2 s, dp = 0.0275 m , qp = 330 kg/m3).

Table 4.6 Experimental data processing for the estimation of Pe and Dl.

Experimental conditions
wg = 2 m/s, qvl = 0.0047 m3/m2 s,
H0 = 1.8 dm, Hd = 2.1 dm, dp = 0.0275 m,
qp = 330 kg/m3

Experimental conditions
wg = 2.4 m/s, qvl = 0.0047 m3/m2 s,
H0 = 1.8 dm, Hd = 2.1 dm, dp = 0.0275 m,
qp = 330 kg/m3

N� c(h)/c0 h ln c(h)/c0 c(h)/c0 h ln c(h)/c0

0 0 * m= 1.29 0 0 * m= 1.31

2 1 0.36 0 Solutions: 1 0.34 0 Solutions:

3 0.52 0.69 –0.69 k1 = 0.608 0.53 0.69 –0.65 k1 = 0.618

4 0.375 1.03 –0.98 Pe = 1.75 0.35 1.02 –1.04 Pe = 1.81

5 0.276 1.37 –1.35 0.26 1.38 –1.347

6 0.23 1.71 –1.47 Stochastic 0.23 1.7 –1.47 Stochastic

7 0.11 2.05 –2.2 Pe = 2.4 0.12 2.04 –2.12 Pe = 2.55

8 0.05 2.4 –2.99 0.04 2.4 –3.2

9 0.013 2.76 0.028 2.72
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Figure 4.27 Variation of the Pe number with gas velocity. 1,2 – [4.81] H0 = 0.36 m,
qvl = 0.0031 and 0.0071 m3/m2 s, dp = 0.0275 m , qp = 330 kg/m3 ; 3,4 – [4.83]
H0 = 0.16 m, qvl = 0.0038 and 0.016 m3/m2 s, dp = 0.016 m , qp = 283 kg/m3;
5,6 – [4.86] H0 = 0.30 m , qvl = 0.0025 and 0.015 m3/m2 s dp = 0.0255 m ,
qp = 173 kg/m3. s and ~: calculated results for the cases 1 and 2.
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Figure 4.28 illustrates the dependence of the axial mixing coefficient with the
gas velocity for the examples given above. This graphic representation is derived
form Fig. 4.27 according to the relation: Pe ¼ H2

d=ðsmlDlÞ). Apparently, the sto-
chastic model predictions of the liquid axial mixing versus gas velocity are in con-
tradiction with the published data, especially at low gas velocity. This discordance
can be explained if we consider that, at low gas velocity, we only have an incipient
motion of the packing. Indeed, at low velocity, we can consider that we are near
the conditions of a fixed packed bed, and the stochastic model which considers
three states with the same probability: pij ¼ 1=3; 8i ¼ 1; 3; j ¼ 1; 3 is no longer
sustained. At the same time, the calculated Pe values are slightly less than the
experimental ones and then the experimentally obtained mixing is greater than
when calculated by the model. However, it is important to notice the good trend
observed for the axial mixing coefficient, which increases with the gas velocity as
shown in Fig. 4.28.
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Figure 4.28 State of the axial mixing coefficient versus gas velocity.
1,2 – [4.81] H0 = 0.36 m, qvl = 0.0031 and 0.0071 m3/m2 s, dp = 0.0275 m ,
qp = 330 kg/m3 ; 3,4 – [4.83] H0 = 0.16 m, qvl = 0.0038 and 0.016 m3/m2 s,
dp = 0.016 m , qp = 283 kg/m3; 5 – [4.86] H0 = 0.30 m , qvl = 0.0025 and
0.015 m3/m2 s dp = 0.0255 m , qp = 173 kg/m3. s and ~: calculated results for
the cases 1 and 2.

Before closing this discussion about the axial mixing of liquid inside
the MWPB, it is important to note the significance of the result generated by the
stochastic model. Concretely, we can compute the values of the axial mixing pa-
rameters for liquid flow inside the mobile wetted bed by a procedure (assembly of
relations (4.202), (4.220), (4.221), (4.229)–(4.233)) that requires only the computa-
tion of the bed height (Hd). This last parameter strongly depends on all the factors
that characterize fluidization: the density and diameter of the spheres, liquid flow
density, gas velocity, all momentum transport properties of gas and liquid (gas
and liquid density, viscosity, liquid superficial tension, etc.). Therefore, the axial
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mixing parameters for the liquid flow in the MWPB are influenced by all these
factors. For the computation of the height of the MWPB, we can use previously
published relations [4.80–4.81]. In these relations, the minimum fluidization ve-
locity appears as an important variable. The liquid flow density and the minimum
gas flow velocity for the fluidization, determine the value of this variable.

4.6.1.3 The Gas Fraction in a Mobile Flooded Packed Bed
Figure 4.16 shows that, in a mobile flooded packed bed (MFPB), the gas flow bub-
bles through the bed which is composed of the assembly of liquid and solid pack-
ing. The spheres that represent the mobile packing are frequently fluidized in the
liquid and are predominantly near the surface. In this MFPB, the bed’s gas frac-
tion strongly depends on the feed gas flow rate and consequently depends on the
apparent gas velocity. As far as many other factors can influence the bed’s gas frac-
tion, a stochastic approach to this problem can be convenient. Therefore, this sec-
tion will be devoted to establishing one stochastic model for the gas movement
inside the bed and to its use in solving the dependence between the gas fraction
and the various factors of the process. Experimental observations indicate that, in
a liquid–solid system, the gas bubbles have a non-organized motion, which can be
associated with a stochastic process. In addition, the phenomenon of bubble asso-
ciation is frequently observed in all cases of gas bubbling in a liquid or suspension
or in a liquid with large suspended solids. Looking at the motion of a single bub-
ble in this type of system, we can consider that the bubbles will change their veloc-
ity in response to: (i) an interaction with the liquid or with the solid; (ii) an interac-
tion with the bubbles in their vicinity. When dk-diameter bubbles interact with the
surrounding liquid, their velocities vk can be calculated by the following relation

vk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4gdkðrl � rgÞ
3fkrg

s

. Here, fk shows the hydrodynamic friction-resistance coeffi-

cient related with the movement of the bubble k. With f 0
k ðx; vk; sÞ, we note the

function of the velocity distribution with respect to the individual k-type bubbles.
We define the multiplication f 0

k ðx; vk; sÞdx as the fraction of bubbles having veloci-
ty vk that are positioned between x and xþ dx at the time s. For an intense bub-
bling situation, the interaction of the bubbles with the liquid or with the solid
coexists with the bubble–bubble interactions. For this motion type, the function of
distribution of velocities is noted as f ðx; vk; sÞ. Indeed, from the given motion
description we can identify two basic motion processes of bubbles (two elemen-
tary evolution states): bubbles interacting with only the neighborhood liquid,
when their velocities remain unchanged; bubbles interacting with other bubbles,
when we have an evolution of the velocities (the velocity of one bubble can skip
from one state to other m possible states).

If the probability for a motion caused only by bubbles–liquid interactions is
pa ¼ aDs, then the following: 1� pa ¼ 1� aDs, gives the probability for a dis-
placement due to the bubble–bubble interactions. When we have the last type of
motion in the interval of time Ds, one bubble changes its velocity ve to velocity vk
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with the probability pek. Based on this description, the probability balance (please
see the model relation (4.20)) gives the following equation:

fkðx; vk; sþ DsÞ ¼ ð1� aDsÞ
P

m

e¼1
pekfeðx� vkDs; ve; sÞ þ aDsf 0

k ðx� vkDs; vk; sÞ
(4.239)

Relation (4.239) shows that “k” bubbles (bubbles having velocity vk) reach point x
at time sþ Ds because of the interaction with the other types of bubbles (the prob-
ability for this event is 1� aDs) or because of the interaction with the composite
liquid–solid medium (the probability for this event is aDs). At the same time, the
bubbles that originate from the position x� vkDs without interaction with the
nearly bubbles keep their velocity; so the local distribution function of these indi-
viduals velocities is f 0

k ðx; vk; sÞ. Due to the stochastic character of the described
process, the transition probabilities from the state “e” to all “k” states verify
the unification condition. Consequently, the probability pkk will be written as

pkk ¼ 1�
P

m

e¼1;e „ k
pke and relation (4.239) will be rewritten as follows:

fkðx; vk; sþ DsÞ ¼ ð1� aDsÞ
X

m

e¼1;k „ e

pekfeðx� vkDs; ve; sÞþ

1�
X

m

e¼1;e„ k

pke

 !

fkðx� vkDs; vk; sÞþ

aDsf 0
k ðx� vkDs; vk; sÞ

(4.240)

The determination of the transition probabilities (pek; 8 k; e ¼ 1; :::m) is a prob-
lem that requires careful analysis. Experimental observations show that, for bub-
bles moving in a liquid, two interaction rules can be accepted:

1. The assembly resulting from a bubble–bubble interaction,
which takes the velocity of the bubble having the higher ve-
locity:

Intðve; vkÞ ¼ maxðve; vkÞ 8 e; k ¼ 1; :::m (4.241)

2. The assembly resulting from a bubble–bubble interaction,
which takes a velocity higher than any of the individual velo-
cities of the bubbles:

Intðve; vkÞ ¼ sup½maxðve; vkÞ� 8 e; k ¼ 1; :::m (4.242)

Expressions (4.241) and (4.242) describe the well known observed phenomena of
accelerated bubbling.

To estimate the probabilities pek or pke, we consider the behaviour of one indi-
vidual bubble having velocity vk at position x. Their interactions with the bubbles
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having velocities ve with ve � vk are described with the term �
P

m

e¼1;e „ k
pkefeð::::Þ in

relation (4.240). Because our “k” bubble has the highest velocity, we derive that its
relative velocity with respect to the type “e” bubbles is vk � ve. For the period of
time Ds, the covered space is ðvk � veÞDs and the number of type “e” bubbles met
by our “k” bubble is feðx; ve; sÞðvk � veÞDs. At the same time, the probability for
our bubbles to realize a linear velocity change depends on the interactions num-
ber feðx; ve; sÞðvk � veÞDs. So, for the transition probability pke, we can establish:

pke ¼ bfeðx; ve; sÞðvk � veÞDs ; k; e ¼ 1; 2; :::m (4.243)

When ve > vk, the interactions of the bubbles having a vk velocity with the bubbles

having a ve velocity are described in relation (4.240) by the term
P

m

e¼1;e „ k
pekfeð::::Þ.

After the analysis, updated here for the case of ve � vk, we obtain the following
relation for the transition probabilities pek:

pek ¼ bfkðx; vk; sÞðve � vkÞDs ; e; k ¼ 1; 2; :::m (4.244)

These two last relations respect the following interaction rule: (1) the assembly
resulting from a bubble–bubble interaction takes the higher velocity higher of any
of the individual velocities of the bubbles.

For the interaction rule of type (2), relations (4.243) and (4.244) become respec-
tively (4.245) and (4.246) where supðvkÞ and supðveÞ are velocities which are high-
er than vk and ve respectively:

pke ¼ bfeðx; ve; sÞðsupðvkÞ � veÞDs ; k; e ¼ 1; 2; :::m (4.245)

pek ¼ bfkðx; vk; sÞðsupðveÞ � vkÞDs ; e; k ¼ 1; 2; :::m (4.246)

In order to transform Eq. (4.240) into a form that can be computed, we introduce
the following considerations and definitions:
. the real effect of the bubbles interaction is:

lim
Dsfi 0

1
Ds

X

m

e¼1

pekfeðx� vkDs; ve; sÞ �
X

m

e¼1

pkefkðx� vkDs; vk; sÞ
" #

¼ b
X

m

e¼1;ve�vk

feð:::Þðve � vkÞfkð::Þ �
X

e¼1;ve<vk

feð::Þðvk � veÞfkð:::Þ
" #

¼ bfkð::Þ
X

m

e¼1

feð:::Þðve � vkÞ

(4.247)

. the concentration of bubbles is linear along their trajectory:

bðx; sÞ ¼
P

m

e¼1
feðx; ve; sÞ ¼

P

m

e¼1
f 0
k ðx; ve; sÞ (4.248)
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. the definition of the mean velocity (vðx; sÞ) of bubbles along their
trajectory is:

vðx; sÞ ¼

P

m

e¼1
vefeðx; vesÞ

P

m

e¼1
f ðx; ve; sÞ

(4.249)

We can notice that relation (4.248) is a norma condition for the distribution func-
tions f 0

k ðx; vk; sÞ and fkðx; vk; sÞ. The probability balance of the motion of bubbles
is developed by replacing relation (4.247) in Eq. (4.240) and by rearranging some
terms:

fkðx; vk; sþ DsÞ � fkðx� vkDs; vk; sÞ
Ds

¼

� a fkðx� vkDs; vk; s� f 0
k ðx� vkDs; vk; s

	 


þ bfkðx; vk; sÞ
X

m

e¼1

feðx; ve; sÞðve � vkÞ þ O1ðDsÞ

þ bfkðx� vkDs; vk; sÞ
X

m

e¼1

feðx� vkDs; ve; sÞðve � vkÞ þ O2ðDsÞ

(4.250)

Here O1ðDsÞ and O2ðDsÞ have negligible values. By introducing the Taylor expan-
sion of functions fkðx� vkDs; vk; sÞ into relation (4.250), we obtain the following
assembly of relations:

fkðx� vkDs; vk; sÞ ¼ fkðx; vk; sÞ � vkDs
Dfkðx; vk; sÞ

Dx
þ ::::: (4.251)

¶fk

¶s
þ vk

¶fk

¶x
¼ �aðfk � f 0

k Þ þ bfk

X

m

e¼1

feðve � vkÞ (4.252)

The final form of the stochastic model of the gas bubbling in the liquid–solid sys-
tem is written by coupling Eq. (4.252) with Eqs. (4.248) and (4.249):

¶fkðx; vk; sÞ
¶s

þ vk
¶fkðx; vk; sÞ

¶x
¼� a½fkðx; vk; sÞ � f 0

k ðx; vk; sÞ�þ

bfkðx; vk; sÞbðx; sÞ½vk � vðx; sÞ� k ¼ 1; ::m
(4.253)

When the number of the elementary states of the process (m) is important, the
discrete model (4.253) can be written in a continuous form:

¶f ðx; v; sÞ
¶s

þ v
¶f ðx; v; sÞ

¶x
¼ �a½f ðx; v; sÞ � f 0ðx; v; sÞ� þ bf ðx; v; sÞbðx; sÞ½v� vðx; sÞ�

(4.253¢)
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Here we have:

bðx; sÞ ¼
R

¥

0
f ðx; v; sÞdv ¼

R

¥

0
f 0ðx; v; sÞdv (4.254)

vðx; sÞ ¼
R¥

0 vf ðx; v; sÞdv
R¥

0 f ðx; v; sÞdv
(4.255)

Taking into consideration the physical meaning of fkðx; vk; sÞ and f ðx; v; sÞ and
deriving f ðx; v; sÞdxdv, we define the number of the bubbles positioned at time s

between x and xþ dx and that gives the velocities in the interval ðv; vþ dvÞ. Rela-
tion (4.253) shows that: (i) the number of bubbles with velocity v decreases with
the fraction af ðx; v; sÞ due to their interaction with the neighbouring medium;
(ii) the number of bubbles with velocity v increases with the fraction af 0ðx; v; sÞ
due to their interaction with the neighbouring medium; (iii) for v > v the number
of the bubbles with velocity v increases respectively for v < v decreases due to the
interactions with other bubbles.

The complete unsteady state stochastic model of the bubbling process is given
coupling the assembly of relations (4.253)–(4.255) with the univocity conditions.
The numerical analysis (checking) of this model can easily produce interesting data
for the cases of bubbles coalescence and bubbles breaking. One interesting solution
of this model corresponds to the case of a homogenous steady state bubbling which
can be obtained with relation (4.253) and considering ¶=¶s ¼ ¶=¶x ¼ 0 and

1þ b

a
ðv� vÞ > 0. Here f ðx; v; sÞ becomes f ðvÞ:

f ðvÞ ¼ f 0ðvÞ

1þ b

a
ðv� vÞb

(4.256)

With the same conditions but considering 1þ b

a
ðv� vÞ ¼ 0, the solution for f ðvÞ

is given by the new relation below written; this fact is equivalent to v ¼ vþ a=ðbbÞ
which is the univocity condition for the model given by relations (4.253)–(4.255):

f ðvÞ ¼ f 0ðvÞ

1þ b

a
ðv� vÞb

þ cbd 1þ b

a
ðv� vÞb

� �

(4.256¢)

This expression (bubble velocities distribution) shows that two types of flows parti-
cipate in the bubbling process: the first type, introduced by the first term Eq.
(4.256¢), is the regular flow; the second flow type is called singular flow and is con-

tained in the term where the Dirac function d½1þ b

a
ðv� vÞb� appears. The singu-

lar flow becomes unimportant when we have: (i) a velocity distribution in a
restricted domain around v ; (ii) a slow concentration of bubbles. Both cases are
coupled when we can consider that cfi 0 in relation (4.256¢). If we multiply
the left and right terms of equation (4.256¢) by v and then integrate it for all
velocities of the bubbles, we obtain relations (4.257)–(4.258). Here we used

v ¼
R

¥

0
vf ðvÞdv=

R

¥

0
f ðvÞdv for the identification of the mean bubble velocity and for

the variance of the velocities around the mean velocity:
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r2 ¼
R

¥

0
ðv� vÞvf ðvÞdv=

R

¥

0
f ðvÞdv =

R

¥

0
vð 1þ b

a
ðv� vÞb

� �

f ðvÞdv ¼
R

¥

0
vf 0ðvÞdv (4.257)

v� b

a
r2b ¼ v0 (4.258)

Equation (4.258) gives the mean bubble velocity which is described through the
apparent gas velocity v ¼ wg=eg, whereas the linear bubble concentration is given

through the bubble diameter and the gas fraction b ¼ 6
p

� �1=3
e

1=3
g

dmb
. With these two

last expressions we can write that:

wg ¼
v0eg

1� ke
1=3
g

(4.259)

where k =
6
p

� �1=3
br2

avdmb
contains all the unknown factors introduced during

model building. Here, r2 depends on v. Indeed, it appears of interest to describe a
case where r2 becomes independent with respect to v. In relation (4.259), when
eg fi 1, we have a limit case where k = 1 and the relation between the gas fraction
and the gas apparent velocity becomes:

wg ¼
v0eg

1� e
1=3
g

(4.260)

To compute the mean bubble velocity (v0), it is necessary to know the mean bubble
diameter and some physical properties of the medium in which the bubbles evolve.

Experimental checking. Figure 4.29 compares the theoretical calculations and
experimental results for the evolution of eg=ð1� e

1=3
g Þ with wg=v0 for a MFPB.

The bed height has been fixed at 0.25 m. Two liquid–solid systems with solid frac-
tions of 0.1 and 0.3 m3/m3 have been chosen. A 0.0275 m diameter spheres of
density 980–1030 kg/m3 were selected as mobile packing. Air and water are the
working fluids. The gas fraction results from bed expansion when gas flows
through the liquid–solid system.

The computation of the mean bubble velocity was based on the bubble diameter
resulting from the bubble forming at each submerged orifice from the gas bub-
bling arrangement. In Fig. 4.29, we can observe that the stochastic model gives a
good trend with respect to the experimental results, even if some discordance
appears, especially at small values of the gas fraction. In all cases, the model
underestimates the experimental results, the underestimation is between 5 and
15% for values of wg/v0 greater than 0.3.

The problem of bubble motion in a liquid is fundamental in chemical reaction
engineering because about 25% of all chemical reactions occur in bi-phase systems.
As we have shown, the gas–liquid two-phase flow prevailing in a bubble column is
extremely complex. It is dominated by a rich variety of logical configurations and ex-
hibits inherent unsteadiness. As a consequence, the modelling of this flow is an
attractive subject and constitutes an excellent subject for stochastic modelling.
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Figure 4.29 Gas hold-up versus gas velocity for a MFPB.

4.6.2
Species Movement and Transfer in a Porous Medium

Frequently we define a porous medium as a solid material that contains voids and
pores. The notion of “pore” requires some observations for an accurate description
and characterization. If we consider the connection between two faces of a porous
body we can have opened and closed or blind pores; between these two faces we
can have pores which are not interconnected or with simple or multiple connec-
tions with respect to other pores placed in their neighborhood. In terms of manu-
facturing a porous solid, certain pores can be obtained without special preparation
of the raw materials whereas designed pores require special material synthesis
and processing technology. We frequently characterize a porous structure by sim-
plified models (Darcy’s law model for example) where parameters such as volu-
metric pore fraction, mean pore size or distribution of pore radius are obtained
experimentally. Some porous synthetic structures such as zeolites have an appar-
ently random internal arrangement where we can easily identify one or more cav-
ities; the connection between these cavities gives a trajectory for the flow inside
the porous body (see Fig. 4.30).

The diameter or the radius of the pores is one of the most important geometric
characteristic of porous solids. In terms of IUPAC nomenclature, we can have
macropores (mean pore size greater than 5 � 10–8 m), mesopores (between 5 � 10–8

and 2 � 10–9 m) and micropores (less than 2 � 10–9 m). The analysis of species
transport inside the porous structure is very important for the detailed description
of many unit operations or applications; among them we can mention: suspen-
sion filtration, solid drying and humidification, membrane processes (dialysis,
osmosis, gaseous permeation ......), flow in catalytic beds, ion exchange, adsorp-
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tion, solid–liquid extraction, the dispersion of therapeutic species inside an ani-
mal or human body, species penetration in porous soils etc.

The most used methods for the characterization of flow and species transport
inside a porous body include the identification of the characteristics of the pores
of the porous structure and the particularisation of classic transport equations to
this case. These equations are generally associated with equations describing the
solid–fluid interaction, adsorption, capillary condensation and flow due to the
capillary forces etc. Concerning the species displacement (flow) problem inside a
porous structure, we can consider the following classification:
. For pores with a radius between 10–3 and 10–7 m, the theory of

Poiseuille flow is valid; so the mean force for fluid flow between
two planes is expressed by the pressure difference; this can be a
consequence of differential actions of external and capillary or/
and gravitational forces.

. For pores having a mean radius between 10–8 and 10–9 m, we
explain the porous body flow by the Knudsen theory; here the dif-
fusion coefficient and, consequently, the flow, strongly depend on
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Figure 4.30 Structure of a zeolite material. (a) Internal view – atoms, (b) internal
view of windows, (c) central-cavities and windows.
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the molecular weight of the species (two or more species moving
inside the porous body will present different displacement veloci-
ties);

. For pores smaller than 10–9 m, a molecular sieving effect can be
present and the movement of one or more species inside the po-
rous solid occurs due to the molecular interactions between the
species and the network of the porous body; here, for the descrip-
tion of species displacement, the theory of molecular dynamics is
frequently used. The affinity between the network and the species
is the force that controls the molecular motion; at the same time,
the affinity particularities, which appear when two or more spe-
cies are in motion inside the porous structure, explain the separa-
tion capacity of those solids. We can use a diffusive characterisa-
tion of species motion inside a porous solid by using the notion
of conformational diffusion.

Porous solids generally have a pores size distribution and in many cases this
results in a complicated transport mechanism which is a combination of the dif-
ferent mechanisms described above. This is also the case when the pores size are
ranged near the boundaries between these different mechanisms.

All these different mechanisms of mass transport through a porous medium
can be studied experimentally and theoretically through classical models (Darcy’s
law, Knudsen diffusion, molecular dynamics, Stefan–Maxwell equations, dusty-
gas model etc.) which can be coupled or not with the interactions or even reac-
tions between the solid structure and the fluid elements. Another method for the
analysis of the species motion inside a porous structure can be based on the obser-
vation that the motion occurs as a result of two or more elementary evolutions
that are randomly connected. This is the stochastic way for the analysis of species
motion inside a porous body. Some examples that will be analysed here by the
stochastic method are the result of the particularisations of the cases presented
with the development of stochastic models in Sections 4.4 and 4.5.

4.6.2.1 Liquid Motion Inside a Porous Medium
The classic and stochastic methods used for the analysis of liquid flow inside a
porous medium are strongly related. These interactions are given by the relation-
ships between the parameters of both types of models. We show here that the
analysis of the flow of a liquid through a porous medium, using a stochastic
model, can describe some of the parameters used in deterministic models such
as:
. parameters from Darcy’s law;
. parameters that appear in the equation of flow continuity in a

porous medium;
. parameters used by the models explaining the flow mechanism

inside a porous solid.
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Apparently the parameters of stochastic models are quite different from those of
classic (deterministic) models where the permeability, the porosity, the
pore radius, the tortuosity coefficient, the specific surface, and the coefficient of
the effective diffusion of species represent the most used parameters for porous
media characterization. Here, we will present the correspondence between the sto-
chastic and deterministic parameters of a specified process, which has been mod-
elled with a stochastic and deterministic model in some specific situations.

4.6.2.1.1 Stochastic Modelling of Dispersion of a Liquid in a Porous Body
The dispersion of a liquid that flows inside a porous medium is the macroscopic
result of some individual motions of the liquid determined by the pore network of
the solid structure. These motions are characterised by the local variations of the
velocity magnitude and direction. Accepting the simplified structure of a porous
structure shown in Fig. 4.31, the liquid movement can be described by the motion
of a liquid element in a þx direction (occurring with the probability p) compared
to the opposite motion or �x displacement (here q gives the probability of evolu-
tion and Dx represents the length portion of the pore which is not in contact with
the nearby pores). Indeed, the balance of probability that shows the chances for
the liquid element to be at time s in x position can be written as follows:

The probability to have
the fluid element at
time s in position x

=

The probability to have
the fluid element at time
s� Ds in position x� Dx
with an evolution along
þx for the next Ds time

+

The probability to have
the fluid element at time
s� Ds in position xþ Dx
with an evolution along
�x for the next Ds time

(4.261)

∆x x 

Figure 4.31 Fluid movement inside a uniform porous body.

When we express relation (4.261) mathematically we have:

Pðx; sÞ ¼ pPðx� Dx; s� DsÞ þ qPðxþ Dx; s� DsÞ (4.262)

The Taylor expansions of Pðxþ Dx; s� DsÞ and Pðx� Dx; s� DsÞ are used as their
right term:

DPðx; sÞ
Ds

þ ðp� qÞDx
Ds

DPðx; sÞ
Dx

¼ Dx2

2Ds

D2Pðx; sÞ
Dx2

(4.263)
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The term ðp� qÞDx
Ds

has a velocity dimension (L T–1) and physically represents the

net velocity of the liquid moving in the flow direction (w). The ratio
Dx2

2Ds
has the

dimension of a diffusion coefficient (L2 T––1) and is recognized as the dispersion
coefficient (D). With these observations we can rewrite relation (4.263) in order to
obtain Eq. (4.264) which is the equation that characterizes the dispersive flow in
one dimension (for instance see Section 3.35).

¶Pðx; sÞ
¶s

þ w
¶Pðx; sÞ

¶x
¼ D

¶2Pðx; sÞ
¶x2

(4.264)

It is not difficult to observe that, using this simple stochastic model of liquid flow
inside the porosity, we obtain that the parameters of the model, such as the net
flow velocity (w) and the dispersion coefficient (D), are determined by the porous
structure. This last parameter is considered here through the value of Dx (length
of one pore which is not in contact with nearby pores).

In order to solve the model equation, we must complete it with the univocity
conditions. In some cases, relations (3.100)–(3.107) can be used as solutions for
the model particularized for the process. The equivalence between both expres-
sions is that cðx; sÞ=c0 appears here as Pðx; sÞ. Extending the equivalence, we can
establish that Pðx; sÞ is in fact the density of probability associated with the reparti-
tion function of the residence time of the liquid element that evolves inside a uni-
form porous structure.

In the scientific literature, we can find a large quantity of experimental results
where the flow characterization inside a porous medium has shown that the value
of the dispersion coefficient is not constant. Indeed, for the majority of porous
structures the diffusion is frequently a function of the time or of the concentration
of the diffusing species. As far as simple stochastic models cannot cover these sit-
uations, more complex models have been built to characterize these dependences.
One of the first models that gives a response to this problem is recognized as the
model of motion with states having multiple velocities.

With this model, the liquid element evolves inside a porous solid with random
motions having the velocities vi; i ¼ 1; ::m. These random skips of velocity from
one state to another can be explained by random changes in pore sections and
pore interconnections. This description can be completed with the consideration
that here the elementary connection between the states (from one velocity or flow
to another) becomes a Markov type connection: pij ¼ p�ijaDs ¼ aijDs. We can
observe that, for a randomly chosen length of time, the component of the process
remains unchanged (the motion of the liquid with velocity vi); after this length of
time, the liquid element changes its velocity by skipping to another elementary
state of process and again it keeps this new value (vj) constant during this new
length of time. For this stochastic description, the balance of probabilities gives
relation (4.265). Here Piðx; sþ DsÞ represents the density of the probability that
shows the possibility of the existence of the liquid element at time sþ Ds in the
position x with the evolution vi; i ¼ 1; :::m.
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Piðx; sþ DsÞ ¼
P

m

j¼1
pjiPjðx� viDsÞ ; i ¼ 1; :::m (4.265)

If we go back to Section 4.4, then we discover that the model presented herein is
identical to the model presented at the beginning of Section 4.4.2. Based on the
analogy principle, we can extend the treatment of this previous model (Section
4.4.3) to the model in progress. Consequently, the assembly of relations (4.265)
takes the following form:

¶Piðx; sÞ
¶s

¼ �vi
¶Piðx; sÞ

¶x
�

X

m

j¼1;j„ i

aij

 !

Piðx; sÞ þ
X

m

j¼1;j„ i

ajiPjðx; sÞ (4.266)

Equation (4.266) shows that the time evolution of the fraction of the fluid (or fluid
elementary particles) that reaches position x with velocity vi at time s is deter-
mined by the following types of particles (i) particles having velocity vi and leaving
position x; (ii) particles having velocity vi and reaching position x ; (iii) particles
reaching position x and changing their velocity from vj to vi. For the particular
case where we have two evolution states for the fluid velocity (v1 ¼ þv, v2 ¼ �v)
the general model (4.266) is written as the set of relations (4.267). Here, the con-
sideration of a12 ¼ a21 ¼ a shows that we have a case of isotropic porous solid:

¶P1ðx; sÞ
¶s

¼ �v
¶P1ðx; sÞ

¶x
� aP1ðx; sÞ þ aP2ðx; sÞ

¶P2ðx; sÞ
¶s

¼ v
¶P2ðx; sÞ

¶x
� aP2ðx; sÞ þ aP1ðx; sÞ

(4.267)

This model is of interest because it can be easily reduced to a hyperbolic form of
the transport model of one property. With some particular univocity conditions,
this hyperbolic model accepts analytical solutions, which are similar to those of an
equivalent parabolic model. The hyperbolic model for the transport of a property
is obtained by coupling the equation Pðx; sÞ ¼ P1ðx; sÞ þ P2ðx; sÞ to relations
(4.267) and then eliminating the terms P1ðx; sÞ and P1ðx; sÞ. The result can be
written as:

¶Pðx; sÞ
¶s

þ 1
2a

¶2Pðx; sÞ
¶s2

¼ v2

2a

¶2Pðx; sÞ
¶x2

(4.268)

Pðx; sÞ gives the probability of having the liquid element flowing inside the porous
solid, in position x at time s. By a simple analysis of the hyperbolic model for the
property transport, (relation (4.268)) we can conclude that, in the case when para-

meter a has a high value, the term
1

2a

¶2Pðx; sÞ
¶s2

can be negligible with respect to

other terms. The result is the conversion of the hyperbolic model into a parabolic
model. For the transport in one dimension, this model is given by the partial dif-
ferential equation:

¶Pðx; sÞ
¶s

¼ v2

2a

¶2Pðx; sÞ
¶x2

(4.269)
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Now, we can have a special univocity case that considers the following unitary
impulse as presented in the example of Section 4.2.1 as signal to the flow input
inside the porous solid:

Pðx; 0�Þ ¼
0 for x £ 0
0 for x � 0

�

, Pðx; 0þÞ ¼
1 for x £ 0
0 for x � 0

�

(4.270)

The solution for the coupling of the model equation (4.269) with the above speci-
fied conditions (relations (4.270)) can be reached using the solution given by
Crank [4.87] for the response given by a similar model to a unitary impulse input:

Pðx; sÞ ¼
R

0

�¥
Pimpð x� nj j; sÞdn ¼ �

R

x

¥
Pimpðg; sÞdg ¼

R

¥

x
Pimpðg; sÞdg (4.271)

For the particularization of this last equation to our problem, we have to take into
account the following observations: (i) P(x, s) is normalized (its values are
included in the interval [0, 1]); (ii) P(x, s) is symmetric with respect to the plane
x ¼ 0. So we can write:

Pðx; sÞ ¼ 1
2
�
R

x

0
Pimpðg; sÞdg for x > 0

Pðx; sÞ ¼ 1
2
þ
R

0

x
Pimpðg; sÞdg for x < 0 (4.272)

The same particularization procedure is used to establish a solution for the hyper-
bolic model (4.268) coupled to conditions (4.270). The solutions for Pimpðx; sÞ,
which correspond to the parabolic and hyperbolic models, are presented in Sec-
tion 4.2.1 (for instance see relations (4.36) and (4.37)). The results for the probabil-
ities Pðx; sÞ are given by the following relations:

x > 0 ; Pðx; sÞ ¼ 1
2
�
Z

x

0

ffiffiffiffiffiffiffiffiffi

a

2v2s

r

exp � ag2

2v2s

� �

dg

¼ 1
2
�
Z

x
ffiffiffiffiffi

2v2 s
a

p

0

1
ffiffiffi

p
p e�z2

dz ¼ 1
2
� 1

2
erf

x
ffiffiffiffiffiffiffiffiffiffi

2v2
s

a

r

0

B

B

@

1

C

C

A

x < 0 ; Pðx; sÞ ¼ 1
2
þ 1

2
erf

x
ffiffiffiffiffiffiffiffiffiffi

2v2
s

a

r

0

B

B

@

1

C

C

A

(4.273)

The solution for the hyperbolic model is given by Eqs. (4.274). For negative values
of x (x < 0) the computation for the model solutions is developed by the same pro-
cedure given above:
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x > 0 ; Pðx; sÞ ¼ 1
2
�
Z

x

0

ae�as

2v
I0 as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� g2

v2s2

r

 !

þ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� g2

v2s2

r I1 as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� g2

v2s2

r

 !

2

6

6

4

3

7

7

5

dg

¼ 1
2

e�as I0
a

v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2s2 � x2
p� �

þ 2
X

¥

n¼1

vs� x
vsþ x

� �
n
2

In
a

v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2s2 � x2
p� �

" #

for 0 � x � vs

Pðx; sÞ ¼ 0 for x � vs (4.274)

With the hyperbolic and parabolic models, we can describe the evolution for the
existence probability Pðx; sÞ, which is shown in Fig. 4.32. Major differences be-
tween both models can be observed at small values of time.

The hyperbolic model shows a fast evolution of the probability Pðx:sÞ at
the spatial distance x ¼ ys with respect to x ¼ 0 or more precisely at
x= v2s=ad e0:5¼ 1=2expð�asÞ. At moderate or large time, we cannot observe a dif-
ference between the predicted values of Pðx:sÞ from the models. This is due to the
rapid decrease with time of the magnitude of the rapid evolution of the predicted
probability Pðx:sÞ in the hyperbolic model. It is important to specify that the
hyperbolic model keeps a fast evolving probability Pðx:sÞ for all possible univocity
conditions at small time. It is difficult to demonstrate experimentally the predic-
tion of the stochastic hyperbolic model for the liquid dispersion inside a porous
solid because the predicted skip is very fast Pðx:sÞ and not easily measurable.

P(x,τ) 

increase τ

x/[v
2τ/α]

0.5

-2 - 1 0 21 

0.5 

1 

P(x,τ) 

increase τ

small τ

1/2exp(-ατατ) 

x/[v
2τ/α]

0.5 

0.5

1

-2 -1 0 21

(a) (b)

Figure 4.32 Differences between the parabolic and hyperbolic models for
the calculation of the evolution of Pðx; sÞ. (a) Parabolic model, (b) hyperbolic model.
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In the characterization of porous membranes by liquid or gaseous permeation
methods, the interpretation of data by the hyperbolic model can be of interest
even if the parabolic model is accepted to yield excellent results for the estimation
of the diffusion coefficients in most experiments. This type of model is currently
applied for the time-lag method, which is mostly used to estimate the diffusion
coefficients of dense polymer membranes; in this case, the porosity definition can
be compared to an equivalent free volume of the polymer [4.88, 4.89].

Coming back to the stochastic analysis of the elementary particle motion inside
the porous solid, we can notice that this analysis introduces a consistent explana-
tion of the parameters participating in the coefficient of diffusion or dispersion,

which is written as D ¼ lim
Dxfi 0;Dsfi 0

ðDxÞ2

2Ds
¼ v2

2a
. Indeed, it is determined by the

motion velocity of the species and by the frequency of the changes of direction of
the velocity. Because v and a have specific values for each individual species–po-
rous structure couple, then the diffusion is the mechanism which allows separat-
ing out such species when they permeate through a porous membrane.

The particularization of the limit theorem of the second type to model (4.267)
(for instance see also Section 4.5.1.2, relations (4.132)–(4.134)) shows that the
stochastic model of the process becomes asymptotic with the parabolic model.

Indeed, we can identify the expressions Q ¼ �a a

a �a

� �

, V1 ¼ 0; V11 ¼
v2

2a

¶2

¶x2

that transform model (4.267) into model (4.269). The deviation of the original sto-
chastic model to a parabolic one is not a definitive argument to eliminate the use
of the hyperbolic model for the practical interpretation of some experimental data
on membrane permeation.

In porous solids made of larger elements such as fixed packed beds, where the
characteristic dimension of the packing is d (for example the diameter of a packed
solid), the frequency of the velocity change is a ¼ v=d (after each flow through an
element of the packed bed, the local fluid velocity v changes its direction). Now if
we use this value of a in the dispersion coefficient, we obtain the famous relation
Pe ¼ ðvdÞ=D ¼ 2, which gives the value of the dispersion coefficient when a fluid
flows through a packed bed [4.90].

This stochastic model of the flow with multiple velocity states cannot be solved
with a parabolic model where the diffusion of species cannot depend on the spe-
cies concentration as has been frequently reported in experimental studies.
Indeed, for these more complicated situations, we need a much more complete
model for which the evolution of flow inside of system accepts a dependency not
only on the actual process state. So we must have a stochastic process with more
complex relationships between the elementary states of the investigated process.
This is the stochastic model of motion with complete connections. This stochastic
model can be explained through the following example: we need to design some
flowing liquid trajectories inside a regular porous structure as is shown in
Fig. 4.33. The porous structure is initially filled with a fluid, which is non-miscible
with a second fluid, itself in contact with one surface of the porous body. At the
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start of the process, the second fluid begins to flow inside the well-structured
porosity by means of a process with the following characteristics:
. in a given time only a small portion of the liquid inside the

porosity is in a moving state;
. the points where the liquid gets into and out of the porous solid

are randomly distributed with time;
. we cannot exclude the possibility for the liquid element to come

back to a previous position;
. the present motion of the liquid element depends on its previous

state;
. at each spatial position and timing for the liquid motion, we can

identify four elementary states of the motion: k = 1 forward lead;
k = 2 backward lead; k = 3 left lateral movement; k = 4 right lateral
movement;

. the change in liquid velocity occurs not only when the flowing
liquid changes direction;

. the length of the step of the liquid movement is randomly
distributed.

A 

a

x 

Figure 4.33 The trajectory of a liquid element flowing inside a
regular porous structure.

If we combine all the aspects above with the descriptions of basic stochastic pro-
cesses, then we can conclude that we have the case of a stochastic process with
complete and random connections (see Section 4.4.1.1).

If a liquid element is initially in an i position moving with a k type of motion,
the probability that shows its coming to a j position as a result of n motion steps
is given by:

P�kðn; i; jÞ ¼
P

e˛K

P

a˛Z
pkeðiÞpkðaÞP�kðn� 1; iþ a; jÞ (4.275)
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In relation (4.275), we recognize pkeðiÞ, which represents the transition probability
from a type k motion into a type e motion at position i. By pkðaÞ, we express the
distribution of the length of steps related with type k motion.

For this case, the random system with complete connections [(A,A),(B,B),u,P]
presents the following particularisations: A = B = ZxK, u(Sn,En+1) = u((i,k),(a,e)) =
(i+a,e) and P(Sn...E1,S1, S0) = P((i,k);(a,e)) = pe(a)pke(i).

The probability of the type k motion for the liquid element which gets to the j
position, in a period of time given by the n evolution steps, is given by:

Pkðn; jÞ ¼
P

e˛K

P

a˛Z
pekðj� aÞpkðaÞPkðn� 1; j� aÞ (4.276)

For a practical computation, these two last equations need: (i) one procedure that
gives the transition probabilities from e to k state at each j� a position
(pekðj� aÞ); (ii) some practical relations that express, for k = 1, k = 2, etc., the dis-
tributions of the step lengths (pkðaÞ). It is not difficult to establish that the transi-
tion probabilities pekðj� aÞ depend strongly on the totality of the previous trajec-
tory. As a consequence, the fluid flowing trajectory is continuously updated step
by step.

4.6.2.1.2 Stochastic Models for Deep Bed Filtration
Deep bed filtration is used to clarify suspensions with a small content of solids.
This process, which is usually applied for water treatment, is based on the flowing
of a fluid through a deep bed of granular solids such as sand. During the flowing
inside the granular bed, interaction forces between one particle from the suspen-
sion and one particle from the granular bed occur. This interaction allows the par-
ticle from the suspension to latch onto the particle of the bed. This elementary
process occurs in many points placed through all the granular bed. The quantity
of the solid retained in one element of the system cannot exceed the quantity
held-up by the open spaces of the granular bed. When this retained quantity ap-
proaches the quantity determined by the bed porosity we can assert that the bed is
clogged. After clogging, we can regenerate the granular bed by a counter current
liquid fluidization but, depending on the type of bed filtration, other regeneration
processes can be used. For this filtration case, the quantity of particles retained by
the bed increases with time and, consequently, the filtrate flow rate decreases if
we do not increase the filtration pressure difference.

In addition to the traditional deep bed filtration, other interesting examples of
different processes and techniques can be described by the same basic principle:
(i) the tangential micro-filtration and ultra-filtration where a slow deep filtration
produces the clogging of the membrane surface; (ii) some processes of impregna-
tion of porous supports with a sol in order to form a gel which, after precipitation,
will form a membrane layer. Here the sol penetration inside the support is funda-
mental for the membrane quality.

The modelling of the deep bed filtration based on the description of the trajec-
tory of a suspension particle and on the deposition on a bed of solid has been
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extensively published. However, until now, the majority of the results generated
by these models were not satisfactory, because the models generally consider sim-
plifications with respect to the action of the forces that cause the deep bed filtra-
tion. While reviewing the forces occurring in the deep bed filtration, the complex-
ity of this operation can easily be noticed. Figure 4.34, which aims to indirectly
present those forces, shows the movement of one particle of the suspension
around one particle of the granular bed. Among the most important forces consid-
ered in deep bed filtration we have:
. The inertial force, that expresses the tendency of the microparticle

to keep moving when it is under the influence of the hydrody-
namic trajectory imposed by the flow around one element of the
fixed bed. The action of this force is given by the number
In ¼ ðrpd2wf Þ=ð18gdsÞ; here d is the microparticle diameter,
ds = D/2 represents the diameter of the element of the granular
bed, qp gives the density of the microparticle which is expected to
deposit, g is the viscosity of the flowing liquid and wf measures
the real local liquid velocity.

. The gravitational force characterizing the settling capacity of the
microparticle from the suspension flowing inside the porosity.
This is given by the Stokes number, St ¼ ½gðrp � rÞd2�=ð18gwf Þ,
which is a ratio between the Stokes settling velocity and the local
velocity for the flowing suspension.

. The diffusion force, giving the local action of the Brownian
motion on the deposition of the microparticle. A modified Peclet
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number, Pe ¼ ð3pgddswf Þ=ðkTÞ, is then considered. It is the ratio
between the Stokes and Brownian forces, which together influ-
ence the microparticle movement;

. the laminar flow force characterizing the action of the flowing liq-
uid on the microparticle; when the flowing field around the ele-
ment of the porous structure is not uniform, an undesired rota-
tion movement will be induced for the microparticle. The effect
of the laminar flow force can be considered by means of the Rey-
nolds number ( Re ¼ ðwf dsrÞ=g).
The common action of these four forces results in the global mechanism that

produces the approach of microparticles to deposition elements of the porous sol-
id. At distances shorter than 1 lm, other forces come into play and produce the
fixation of microparticles onto elements of the porous structure. Among these
forces we have:
. The electrostatic force that appears when microparticles and the

deposition element of the bed have electric charges; when the
electric charges of both entities have identical signs, we have a
repulsive force, the value of which is predicted by relation (4.277).
The suspensions including ionized substances contain an excel-
lent source of charged microparticles.

FðxÞR ¼
exp �kd

2x
d
� 2

� �

" #

1þ exp �kd
2x
d
� 2

� �

" # (4.277)

. The Van der Waals force that is caused by the molecular vibra-
tions of the material composing microparticles and deposition
elements. This is an attraction force that strongly depends on the
interparticles distance and on the wavelength (k) that charac-
terizes the assembly microparticle–deposition element. Relation
(4.278) gives a qualitative indication of the value of this force. In
this relation, FðuÞ gives a function which decreases rapidly with
the distance (x).

FðxÞvw ¼
1

2x
d
� 2

� �2 F

2x
d
� 2

�kk

0

B

@

1

C

A

(4.278)

. The hydrodynamic adhesion force that expresses the resistance
occurring when microparticles latch onto deposition elements. It
is caused by the liquid that must be extracted out of the space be-
tween two particles when both microparticles adhere. This force
allows the slowing down of microparticles adhesion and offers a
possibility for drowning it in the flowing suspension.

. The detachment force that realizes the detachment of the assem-
bly microparticle–deposition element; when the number of the
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retained microparticles on one deposition element is important,
this force is very active. This force is not a short distance action
force.

As far as these forces, which present various origins and specificities, determine
an assembly of very complex interactions between the suspension of microparti-
cles and the deposition elements of the porous solid it is impossible to build a
completely phenomenological model for deep bed filtration. Nevertheless, various
empirical models have been developed by simplifying the assumptions concern-
ing the description of interactions. Among these models, we have the famous fil-
tration coefficient model or the Mint model [4.81]. This filtration coefficient noted
as kðk0; cssÞ depends on its initial value (k0) and on the local concentration of the
retained solid around the bed deposition elements (css). It is defined as the frac-
tion of the solid retained from the suspension in an elementary length of the
granular bed:

kðk0; cssÞ ¼ �
dcvs

cvs

1
dx

(4.279)

In Fig. 4.35, the mass balance of solid in an elementary volume is given when the
suspension flow is considered as a plug flow. This figure allows the establishment
of relationships between the local concentration of the solid in suspension and
the retained solid in the bed.

The mass balance of the retained solid is described by Eq. (4.280). The Mint
deterministic model results from the coupling of this relation with the definition
of the filtration coefficient. The result is written in Eq. (4.281) for the start time of
the filtration and in Eq. (4.282) for the remaining filtration time. Here a is the
detachment coefficient of the retained particle; its dimension is T–1.

Elements of the porous bed

dx

Gvs

cvs

Gvs

Cvs-dcvs

Solid accumulation 

for time interval

τ------τ∆ττ∆τ
css----css+dcss

Figure 4.35 Scheme for the mass balance of the retained solid in deep bed filtration.
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� dcvs

dx
¼ A

Gvs

¶css

¶s
¼ 1

wf

¶css

¶s
(4.280)

¶css

¶s
¼ wf k0cvs ; s ¼ 0 (4.281)

¶css

¶s
¼ wf k0cvs � acss ; s � 0 (4.282)

Relation (4.283), obtained by coupling Eq. (4.282) and (4.280), presents the time
derivation results in (4.284). Replacing the term ¶css=¶s in (4.284) by (4.280)
results in the famous Mint model equation (4.285). Relations (4.286) and (4.287)
are the most commonly used univocity conditions of this model: (i) before starting
filtration, the bed does not contain any retained solid; (ii) during filtration, the bed
is fed with a constant flow rate of suspension, which has a constant concentration
of solid.

¶cvs

¶x
¼ k0cvs �

a

wf
css (4.283)

¶2cvs

¶x¶s
¼ k0

¶cvs

¶s
� a

wf

¶css

¶s
¼ 0 (4.284)

¶2cvs

¶x¶s
þ k0

¶cvs

¶s
þ a

¶cvs

¶x
¼ 0 (4.285)

s ¼ 0 x‡ 0 cvs ¼ 0 (4.286)

s ‡ 0 x ¼ 0 cvs ¼ cv0 (4.287)

Relations (4.288)–(4.290) give one solution for the Mint model. It is not difficult to
verify that this solution cannot cover the requirement of relation (4.281). The giv-
en solution is a series with a rapid convergence due to the strong evolution of the
chain Tn. A good result will consequently be obtained by limiting the sum of Eq.
(4.288) to four or five terms:

cvs

cv0
¼
X

¥

n¼1

expð�k0xÞ ðk0xÞn�1

ðn� 1Þ! Tnexpð�asÞ (4.288)

Tn ¼ Tn�1 �
ðasÞn�2

ðn� 2Þ! (4.289)

T1 ¼ expðasÞ (4.290)

A second solution to this model is given by Eq. (4.291), which is an assembly of
i-order Bessel functions with real argument Iiððk0xasÞ1=2Þ:
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cvs

cv0
¼ exp �ðk0xþ asÞð Þ

X

¥

i¼1

as

k0x

� �i=2

Ii ðk0xasÞ1=2
h i

(4.291)

In the Mint model, we have to take into account the following considerations:
(i) the initial filtration coefficient k0, which is a parameter, presents a constant val-
ue after time and position; (ii) the detachment coefficient, which is another con-
stant parameter; (iii) the quantity of the suspension treated by deep filtration
depends on the quantity of the deposited solid in the bed; this dependency is the
result of the definition of the filtration coefficient; (iv) the start of the deep bed
filtration is not accompanied by an increase in the filtration efficiency. These con-
siderations stress the inconsistencies of the Mint model: 1. valid especially when
the saturation with retained microparticles of the fixed bed is slow; 2. unfeasible
to explain the situations where the detachment depends on the retained solid con-
centration and /or on the flowing velocity; 3. unfeasible when the velocity of the
mobile phase inside the filtration bed, varies with time; this occurrence is due to
the solid deposition in the bed or to an increasing pressure when the filtration
occurs with constant flow rate. Here below we come back to the development of
the stochastic model for the deep filtration process.

A stochastic model of deep bed filtration [4.5] identifies two elementary processes
for the evolution of the micro-particle in the filtration bed:

1. A type I process that considers the motion of microparticles
occurring with a velocity v1 ¼ v; this velocity is induced by
the surrounding flowing fluid (physically this type of process
corresponds to the non-deposition of the microparticle);

2. A type II process that shows the possibility for the micropar-
ticle to deposit; from the viewpoint of the motion, the veloci-
ty of this process is v2 ¼ 0.

The stochastic model accepts a Markov type connection between both elementary
states. So, with a12Ds, we define the transition probability from type I to type II,
whereas the transition probability from type II to a type I is a21Ds. By P1ðx; sÞ and
P2ðx; sÞ we note the probability of locating the microparticle at position x and time
s with a type I or respectively a type II evolution. With these introductions and
notations, the general stochastic model (4.71) gives the particularization written
here by the following differential equation system:

¶P1ðx; sÞ
¶s

¼ �v
¶P1ðx; sÞ

¶x
� a12P1ðx; sÞ þ a21P2ðx; sÞ

¶P2ðx; sÞ
¶s

¼ �a21P2ðx; sÞ þ a12P1ðx; sÞ

8

>

>

<

>

>

:

(4.292)

For the transformation of the stochastic model into a form, such as the Mint
model, that allows the computation of cvsðx; sÞ=cv0, we consider that this ratio
gives a measure of the probability to locate the microparticle in the specified posi-
tion: Pðx; sÞ ¼ P1ðx; sÞ þ P2ðx; sÞ. We can simplify our equations by eliminating
probabilities P1ðx; sÞ and P2ðx; sÞ with the use of this last definition and the rela-
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tions of system (4.292). The result is the following interesting partial differential
equation:

¶2Pðx; sÞ
¶s2

þ v
¶2Pðx; sÞ
¶x¶s

þ va21
¶Pðx; sÞ

¶x
þ ða21 þ a12Þ

¶Pðx; sÞ
¶s

¼ 0 (4.293)

By considering the combined variable z ¼ x� vs=2, we remove the mixed partial
differential term from Eq. (4.293). The transformation obtained is the hyperbolic
partial differential equation (4.294). This equation represents a new form of the
stochastic model of the deep bed filtration and has the characteristic univocity
conditions given by relations (4.295) and (4.296). The univocity conditions show
that the suspension is only fed at times higher than zero. Indeed, here, we have a
constant probability for the input of the microparticles:

¶2Pðzþ vs=2; sÞ
¶s2

� v2

4
¶2Pðzþ vs=2; sÞ

¶z2
þ v

2
ða21 � a12Þ

¶Pðzþ vs=2; sÞ
¶z

þ

ða21 þ a12Þ
¶Pðzþ vs=2; sÞ

¶s
¼ 0

(4.294)

s ¼ 0 ; x > 0 ; z ¼ x Pðz; sÞ ¼ 0 (4.295)

s > 0 ; x ¼ 0 ; z > 0 Pðz; sÞ ¼ P0 (4.296)

In this stochastic model, the values of the frequencies skipping from one state to
another characterize the common deep bed filtration. This observation allows the
transformation of the above-presented hyperbolic model into the parabolic model,
given by the partial differential equation (4.297). With the univocity conditions
(4.295) and (4.296) this model [4.5] agrees with the analytical solution described
by relations (4.298) and (4.299):

v2

4ða21 þ a12Þ
¶2P zþ vs

2
; s

� �

¶z2
¼ v

2
a21 � a12

a21 þ a12

� � ¶P zþ vs

2
; s

� �

¶z
þ
¶P zþ vs

2
; s

� �

¶s
¼ 0

(4.297)

x� va12

a21 þ a12
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Pðx; sÞ
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2
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(4.298)

x� va12

a21 þ a12
> 0 ;

Pðx; sÞ
P0

¼ 1
2

1� erf
x� va12

a21 þ a12
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2

a21 þ a12

s
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>

>

;

(4.299)
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It is well known that only experimental investigation can validate or invalidate a
model of a process. For the validation of the model developed above, we use the
experimental data of the filtration of a dilute Fe(OH)3 suspension (the concentra-
tion is lower than 0.1 g Fe(OH)3 /l) in a sand bed with various heights and particle
diameters. The experiments report the measurements at constant filtrate flow rate
and give the evolution with time of the concentration of Fe(OH)3 at the bed output
when we use a constant solid concentration at the feed. Figure 4.36 shows the
form of the time response when deep bed filtration occurs. The concentration of
the solid at the exit of the bed is measured by the relative turbidity (exit turbidity/
input turbidity*100). The small skips around the mean dependence, which appear
when the clogging bed becomes important, characterize the duality between the
retention and dislocation of the bed-retained solid. This dislocation shows that the
Mint model consideration with respect to the detachment coefficient is not accept-
able, especially when the concentration of the bed-retained solid is high.
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Figure 4.36 Response curves for the deep bed filtration of a
suspension of Fe(OH)3 in water.

The data from Fig. 4.36, that show the evolution of cvsðH; sÞ=cvo versus time,
have been used to identify the model parameters a12 and a21. Here, H is the
height of the fine sand granular bed used as porous filter. We have also selected
the following process factors: the porous bed height (H), the mean diameter of
the particles in the sand granular bed (dg), the filtrate flow rate (Gv), the content
of Fe(OH)3 in the water (noted here as C0 and cv0 in the model) and the fluid tem-
perature as an indirect consideration of the liquid viscosity (t). Table 4.7 shows the
results of these computations.

We can immediately observe that the assumption of the height values for the
parameters a12 and a21 is excellently covered by the experimental starting data.
Secondly, we find that all the process factors influence all the values of the param-
eters of the stochastic model.
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Table 4.7 Influence of the factors of the process on the parameters of the stochastic model.

Deep bed filtration factor Factor value Stochastic model parameters

a12 a21

H [cm]

t = 20 �C 2 1.14 326

Gv = 20 cc/min 3 0.592 458.9

dg = 0.5–0.3 mm 5 0.262 420.22

C0 = 6.75 mg/l 6 17.66 9611.41

t [�C]

H = 6 cm 20 17.95 9805.1

Gv = 20 cc/min 30 2.6 2748.14

dg = 0.5–0.31 mm 35 22.71 1347.5

C0 = 6.75 mg/l 40 4.337 3028

Gv [cm3/min]

H = 6 cm 20 3.054 3020.66

t = 30 �C 30 13.34 6698.96

dg = 0.5–0.31 mm 40 62.08 22605.24

C0 = 6.75 mg/l 50 118.2 42908.68

C0[mg/l] Fe(OH)3

H = 6 cm

t = 30 �C 6.75 111.7 40493

dg = 0.5–0.31 mm 13.49 82.7 28999.5

Gv = 50 cm3/min 26.98 34.18 10294.41

dg [mm]

H = 6 cm 0.31–0.2 754.98 355456.89

C0 = 6.75 mg/lFe(OH)3 0.5–031 110.65 39773

Tf = 30 �C 0.63–0.5 22.409 8795.98

Gv = 50 cm3/min 0.85–0.63 23.82 6449.82
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Using a regression analysis, the following dependences have been obtained:

a12 ¼ 67:75þ 3:003Gv� 2:872C0 � 256:28dg

a21 ¼ 3:081 � 104 þ 1111Gv� 1268C0 � 1:023 � 105dg

It is important to notice that these relations show the independence of the param-
eters of the stochastic model with respect to the height of the porous bed. With
the identified values of a12 and a21, we can now simulate the deep bed filtration
process by computing Eqs. (4.298) and (4.299), which show how the dimension-
less cvsðH; sÞ=cvo ¼ PðH; sÞ=Pð0; sÞ evolve with time.

Figure 4.37 gives the combination of the simulation results obtained with the
model and with an assembly of experimental data. We have to notice that the val-
ues of the factors for the relations that give the transition frequencies must
respect the dimensional units from Table 4.7. These relations make it possible to
formulate the optimisation of the filtration problem and then to establish the
combination of factors allowing deep bed filtration at minimum financial cost.
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Figure 4.37 Simulated and experimental time dependence of the dimensionless
solid concentration in the suspension at the bed output.
(Gv = 50 cm3/min, C0 = 6.75 mg Fe(OH)3/l, T = 30 �C, dg = 0.4 mm.)

If we want to make a more complete stochastic model, it is recommended to
consider a process with three elementary states which are: the microparticles
motion in the direction of the global flow, the microparticles fixation by the collec-
tor elements of the porous structure and the washing of the fixed microparticles.
In this case, we obtain a model with six parameters: a12, a13, a21, a23, a31, a32. This
is a rather complicated computation.

The discussed stochastic model presents the capacity to be converted into a
steady state model; in addition, an interesting asymptotic transformation can also
be carried out. For the conversion of the model into a steady state one, we consider
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a time interval Ds, where the probabilities for the system to change by means of a
type 1 or type 2 evolution process are given by a1Ds and a2Ds respectively and the
transition probabilities of the process are described by p12 ¼ a

12
Ds and

p21 ¼ a
21

Ds. Indeed, the model (4.292) will be expressed as follows:

¶P1ðx; sÞ
¶s

¼ �v
¶P1ðx; sÞ

¶x
� a1P1ðx; sÞ þ a21P2ðx; sÞ

¶P2 x; sð Þ
¶s

¼ �a2P2 x; sð Þ þ a12P1 £ x; sð Þ

8

>

>

<

>

>

:

(4.300)

With P1ðx; sÞ þ P2ðx; sÞ ¼ Pðx; sÞ, we obtain relation (4.301) and its corresponding
steady state (4.302):

¶2Pðx; sÞ
¶s2

þ v
¶2Pðx; sÞ
¶x¶s

þ va2
¶Pðx; sÞ

¶x
þ ða2 þ a1Þ

¶Pðx; sÞ
¶s

þ

ða1a2 � a12a21ÞPðx; sÞ ¼ 0
(4.301)

va2
dPðxÞ

dx
þ ða1a2 � a12a21ÞPðxÞ ¼ 0 (4.302)

When the particularization condition x ¼ 0;PðxÞ ¼ P0 ¼ 1 is used for the differen-
tial equation (4.302), its solution respects relation (4.303). The correspondence
with concentrations cvsðxÞ and cv0 is presented by means of relation (4.304).

PðxÞ ¼ P0exp � a1a2 � a12a21

va2

� �

¼ P0exp � ax
v

� �

¼ exp � ax
v

� �

(4.303)

cvsðxÞ ¼ cv0exp � ax
v

� �

(4.304)

It is important to notice the didactic importance of this last relation, because the
deep bed filtration process cannot operate at steady state.

The asymptotic transformation of the discussed stochastic model (see relation
4.292 and Section 4.5.1.2) is carried out with the identification of the operators:

V1ð1Þ ¼ �v¶=¶x ; V1ð2Þ ¼ 0 ; Q ¼ �a12 a12

a21 �a21

� �

; V1 ¼ �
va21

a12 þ a21

¶
¶x

.

The resulting asymptotic model is described by the following equation and the
univocity conditions given by relations (4.295) and (4.296):

¶Pðx; sÞ
¶s

þ va21

a12 þ a21

¶Pðx; sÞ
¶x

¼ 0 (4.305)

We can observe that the asymptotic model of the deep bed filtration has no term
concerning the dispersion of the flowing fluid. At the same time, it is important
to emphasize the fact that this model, considered as its deterministic equivalent,
is frequently used for the characterization of fluids seeping into the soil.
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4.6.2.2 Molecular Species Transfer in a Porous Solid
When a fluid flows through a porous solid or a porous bed, the species forming
the fluid can present some affinities with the solid particles. The affinity of species
with respect to the contacting solid, which here form what is called a stationary
phase, can be the result of different phenomena such as adsorption, ion exchange,
steric exclusion and absorption.

The separation of species by affinity is the principle of chromatographic pro-
cesses, as shown schematically in Fig. 4.38. At time s ¼ 0, we introduce a small
quantity of A and B species mixture (probe injection) at the column input in a
carrier fluid flowing inside a fine granular bed of porous medium. The motion of
species A and B caused by the flowing carrier creates the conditions necessary for
their separation. If species A and B present a sorption phenomenon on the granu-
lar solid, the separation will take place as a consequence of a specific adsorption–
desorption process repeated along the porous bed. On the contrary, the carrier
must be inert with respect to the interactions with the granular bed. Figure 4.38
shows that the separation of A and B is not complete at all the local points placed
in the first part of the length of the granular bed. So, it is important to emphasize
that complete separation of A and B is attained only if the combination of the bed
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Figure 4.38 The principle of separation by chromatography.
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length and the carrier velocity results in a good residence time. This residence
time must comply with the time needed for the separation of A and B, which
depends on the individual adsorption–adsorption process.

If we introduce a discrete feed of A and B, characterized by a reasonable interval
of time between two inputs, and a discrete collection of A-carrier and B-carrier
outputs into Fig. 4.38, then we will have a chromatographic separator.

When the carrier is a liquid, the instrumentation includes a pump, an injector,
a column, a detector and a recorder or a data acquisition system, connected to a
computer. The heart of the system is the column where the separation occurs.
Since the stationary phase is composed of micrometric porous particles, a high-
pressure pump is required to move the mobile phase through the column. The
chromatographic process begins by injecting the solute into the top of the column
by an impulse type injection. The separation of the components occurs during the
elution of the mobile phase through the column.

The majority of chromatographic separations as well as the theory assume that
each component elutes out of the column as a narrow band or a Gaussian peak.
Using the position of the maximum of the peak as a measure of retention time,
the peak shape conforms closely to the equation: C = Cmax exp[–(t – tR)2 /2r2]. The
modelling of this process, by traditional descriptive models, has been extensively
reported in the literature.

As has been explained previously in this chapter, the building of a stochastic
model starts with the identification of the individual states of the process.

For a chromatographic separation, each i species has three individual elemen-
tary evolutions (here we consider i = 2,...N because i = 1 corresponds to the carrier
which is not retained by the granular bed):

1. motion with velocity þv in the sense of carrier flow (type 1
process);

2. adsorption on the solid (a type 2 process; the fixation on the
solid stops the species motion);

3. motion with velocity �v.

If we consider that the connecting process is Markovian, then we can write the
balance of the probabilities for PðjÞ1 ðx; sÞ ; PðjÞ2 ðx; sÞ and PðjÞ3 ðx; sÞ. Here a

ðjÞ
i Ds

gives the probabilities for j species to change their i evolution state. Through
a
ðjÞ
ik Ds (i = 1, 3; k = 1, 3) we consider the transition probabilities of species j be-

tween states i and k. With the statements above, we can write the following bal-
ance relations:

PðjÞ1 ðx; sÞ ¼ ð1� a
ðjÞ
1 DsÞPðjÞ1 ðx� Dx; s� DsÞ þ a

ðjÞ
21DsPðjÞ2 ðx; s� DsÞþ

a
ðjÞ
31DsPðjÞ3 ðxþ Dx; s� DsÞ

(4.306)

PðjÞ2 ðx; sÞ ¼ ð1� a
ðjÞ
1 DsÞPðjÞ2 ðx; s� DsÞ þ a

ðjÞ
12DsPðjÞ1 ðx; s� DsÞþ

a
ðjÞ
32DsPðjÞ3 ðx; s� DsÞ

(4.307)
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PðjÞ3 ðx; sÞ ¼ ð1� a
ðjÞ
3 DsÞPðjÞ3 ðxþ Dx; s� DsÞ þ a

ðjÞ
13DsPðjÞ1 ðxþ Dx; s� DsÞþ

a
ðjÞ
23DsPðjÞ2 ðx; s� DsÞ

(4.308)

Using the Taylor expansion of the probabilities PðjÞi ðx – Dx; s� DsÞ at Dx and
Dsfi 0 for processing these balances, the results on the stochastic differential
model are given by the relations of the assembly (4.309)

¶PðjÞ1 ðx; sÞ
¶s

¼ �v
¶PðjÞ1

¶x
� a

ðjÞ
1 PðjÞ1 þ a

ðjÞ
21PðjÞ2 ðx; sÞ þ a

ðjÞ
31PðJÞ3

¶PðjÞ2 ðx; sÞ
¶s

¼ �a
ðjÞ
2 PðjÞ2 þ a

ðjÞ
12PðjÞ1 ðx; sÞ þ a

ðjÞ
32PðJÞ3

¶PðjÞ3 ðx; sÞ
¶s

¼ v
¶PðjÞ1

¶x
� a

ðjÞ
3 PðjÞ3 þ a

ðjÞ
13PðjÞ1 ðx; sÞ þ a

ðjÞ
23PðJÞ2
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>

>

>

>

>

>

>
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>

>

>

>

>

>

>

>

:

(4.309)

Since these equations do not have an acceptable form for the description of the
chromatographic separation, we have used them to build up the Lapidus model
[4.92] by considering only one positive motion for the carrier fluid. Indeed, we will
introduce PðjÞ3 ðx; sÞ = 0 into the general model. The result is given by the assembly
of equations (4.310):

¶PðjÞ1 ðx; sÞ
¶s

¼ �v
¶PðjÞ1

¶x
� a

ðjÞ
1 PðjÞ1 þ a

ðjÞ
21PðjÞ2 ðx; sÞ

¶PðjÞ2 ðx; sÞ
¶s

¼ �a
ðjÞ
2 PðjÞ2 þ a

ðjÞ
12PðjÞ1 ðx; sÞ

8

>

>

>

<

>

>

>

:

(4.310)

Now we have to particularize the obtained model by considering that the retention
of species j occurs by one adsorption–desorption process. So, if the j species des-
orbs from the solid, it has to appear in the mobile phase. We can express this con-
sideration mathematically with a

ðjÞ
1 ¼ a

ðjÞ
12 and respectively a

ðjÞ
2 ¼ a

ðjÞ
21. Now the

model can be written as follows:

¶PðjÞ1 ðx; sÞ
¶s

¼ �v
¶PðjÞ1

¶x
� a

ðjÞ
12PðjÞ1 ðx; sÞ þ a

ðjÞ
21PðjÞ2 ðx; sÞ

¶PðjÞ2 ðx; sÞ
¶s

¼ �a
ðjÞ
21PðjÞ2 ðx; sÞ þ a

ðjÞ
12PðjÞ1 ðx; sÞ

8

>

>

>

<

>

>

>

:

(4.311)

s ¼ 0 ; x > 0 ; PðjÞ1 ðx; sÞ ¼ PðjÞ2 ðx; sÞ ¼ 0 (4.312)

s ¼ 0þ ; x ¼ 0 ; PðjÞ1 ðx; sÞ ¼ PðjÞ10 ; PjÞ
2 ðx; sÞ ¼ 0 ;

P

j
PðjÞ10 ¼ 1 (4.313)

With the univocity conditions given in relations (4.312) and (4.313), the stochastic
model becomes ready to be used in simulation.
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If we agree with the absorption–desorption equilibrium of the j species at each
point of the bed and considering that the absorption–desorption process obeys the
well known Langmuir isotherm, then we can write: a

ðjÞ
12 ¼ b

ðjÞ
12ð1� PðjÞ2 ðx; sÞÞ ¼ b

ðjÞ
12

PðjÞ1 ðx; sÞ and the following local relation is obtained:

PðjÞ2 ðx; sÞ ¼
b
ðjÞ
12PðjÞ1 ðx; sÞ

a
ðjÞ
21 þ b

ðjÞ
12PðjÞ1 ðx; sÞ

(4.314)

With these considerations, we can transform Eq. (4.311) from the stochastic
model (4.311)–(4.313):

¶PðjÞ1 ðx; sÞ
¶s

¼ �v
¶PðjÞ1 x; sÞ

¶x
� b

ðjÞ
12PðjÞ1 ðx; sÞð1� PðjÞ2 ðx; sÞ þ a

ðjÞ
21PðjÞ2 ðx; sÞ

¶PðjÞ2 ðx; sÞ
¶s

¼ �a
ðjÞ
21PðjÞ2 þ b

ðjÞ
12PðjÞ1 ðx; sÞð1� PðjÞ2 ðx; sÞ j ¼ 1; :::Nc

8

>

>

>

<

>

>

>

:

(4.315)

This model given by the system of equations (4.315) together with the conditions
(4.312) and (4.313) can easily generate the chromatographic curves that are pre-
sented in Fig. 4.38. For this purpose, we simulate the state of existence probability
of each species along the chromatographic bed. For two species, the sums
Pð1Þðx; sÞ ¼ Pð1Þ1 ðx; sÞ þ Pð1Þ2 ðx:sÞ and Pð2Þðx; sÞ ¼ Pð2Þ1 ðx; sÞ þ Pð2Þ2 ðx:sÞ respectively
show the state of species 1 and species 2 along the chromatographic bed. Indeed,
we can identify the parameters of the stochastic model if we consider here the
conventional identification Pð1Þðx; sÞ ¼ cð1Þðx; sÞ=cð1Þð0; sÞ, where cð1Þðx; sÞ=cð1Þð0; sÞ
has been established experimentally.

An interesting transformation of the stochastic model can be carried out when

the derivate
¶PðjÞ1 ðx; sÞ

¶s
is smaller than

¶PðjÞ2 ðx; sÞ
¶s

. This situation corresponds to the

case when the variation of a fraction of the j species in the mobile phase is smaller
than the fraction of the j species in the solid phase. To obtain this transformation,
we operate in two steps: (i) we derivate again the first equation from system
(4.311) with respect to time; (ii) with this derivate and the equation remaining
from system (4.311), we eliminate probability PðjÞ2 ðx; sÞ. The result is:

¶PðjÞ1 ¢x; sÞ
¶x¶s

þ a12

v
¶PðjÞ1 ðx; sÞ

¶s
þ a21

¶PðjÞ1 ðx; sÞ
¶x

¼ 0 (4.316)

The univocity conditions can be obtained from Eq.(4.311) which, at s ¼ 0, results
in the problem described by Eq. (4.317), which presents solution (4.318). This last
relation represents the initial condition from the univocity problem of model
(4.316):

v
¶PðjÞ1 ðx; 0Þ

¶x
� a

ðjÞ
21PðjÞ1 ðx; 0Þ ; PðjÞ1 ð0; 0Þ ¼ PðjÞ10 (4.317)

PðjÞ1 ðx; 0Þ ¼ PðjÞ10e�
a12 x

vð Þ (4.318)
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Other conditions of the univocity problem, give the probabilities to have j species
at the bed input. For an impulse at the input we have PðjÞ1 ð0; 0Þ ¼ PðjÞ10 and
PðjÞ1 ð0; sÞ ¼ 0. With all these conditions we can build the relation (4.319), which
gives the explicit solution to this transformed model [4.33]. Here, the Bessel func-
tion I0(y) is introduced with relation (4.320):

PðjÞ1 ðx; sÞ¼PðjÞ10e
�

a
ðjÞ
12

x

v

� �

e
�

a
ðjÞ
12ð Þ

2
s

a21

� �

I0 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a
ðjÞ
12

� �2
xs

a
ðjÞ
21

v

u

u

u

t

0

B

B

B

@

1

C

C

C

A

þ v
a
ðjÞ
12x

R

a
ðjÞ
12ð Þ

2
xs

a
ðjÞ
31

0
e
� vs

a
ðjÞ
12

xI0ð2
ffiffiffi

s
p

dsÞ

2

6

6

6

4

3

7

7

7

5

(4.319)

I0ðyÞ ¼
X

¥

k¼0

ðy=2Þ2k

ðk!Þ2
(4.320)

This solution describes the evolution of the concentration of the j species in the
carrier fluid from the input to the output of the chromatographic bed. Once the
parameters are estimated, this solution can be used for the evaluation of the bed
height (length of chromatographic column) needed for one actual separation (giv-
en values for cðjÞ10).

4.6.3
Stochastic Models for Processes with Discrete Displacement

In this type of process, the flow pattern inside a device is considered to occur in
separated compartments. Each compartment is characterized by its own volume,
input and exit flow rates. The circulation between all compartments is given in
the scheme showing the flow topology of application 4.1.2 (Fig. 4.2). The system
studied here corresponds in detail to the scheme shown in Fig. 4.39. Here we
have species in motion inside a porous medium with active sites (as for example
catalytic sites); species skip randomly from one site (or agglomeration) to another
and inside the site they randomly interact with the site components. One agglom-
eration can support one or more visits of the flowing species and the time needed
for one skip is low in comparison with the residence time inside one agglomera-
tion. The model presented can easily be used to describe the visit of a very impor-
tant person to a reception where the participants are distributed in various groups;
considering that our VIP agrees with the protocol, he must visit each group; the
time spended by the VIP with each group is established proportionally with the
number of members of the group.

This type of model with compartment flow pattern can easily be applied in
many chemical engineering devices such as chemical reactors, mechanical stir-
rers, absorption, rectification and liquid-liquid extraction columns [4.18, 4.19,
4.94]. Nevertheless, the practical applications of these models present some diffi-
culties because of their high number of parameters. For example, in the applica-
tion of Section 4.12 (the numerical application of the mechanical stirring of a liq-
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uid) the volume of cells, the flow rates and the fluid current topology are some of
the parameters necessary for the model translation as simulator. Despite this
major difficulty, these models remain very prolific for the production of theoreti-
cal data. In addition, these models can also be easily modified when we introduce
some new conditions or when we change one or more of the existing conditions.

If we observe this type of modelling from the point of view of the general theory
of the stochastic models, we can presume that it is not very simple. Indeed, the
specific process which takes place in one compartment k = 1, 2, 3...., N, defines
the possible states of a fluid element (the elementary processes of the global sto-
chastic process) and the transition describing the fluid element flowing from one
compartment to another represents the stochastic connections. Consequently, pik

i ¼ 1; 2:::::;N are the transition probabilities from the i to the k compartment and
PkðsÞ is the probability of having, at time s, the fluid element inside the k com-
partment. With these notations, the probability balances for Pkðsþ DsÞ can be
written as follows:

Pkðsþ DsÞ ¼
P

N

i¼1
pikPiðsÞ (4.321)

Because, when s ¼ nDs, the discrete case is usually applied, relation (4.321)
becomes:

Pkðnþ 1Þ ¼
P

N

i¼1
pikPiðnÞ (4.322)
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4.6 Stochastic Models for Chemical Engineering Processes

During the time interval Ds, the fluid element exits compartment i and flows into
compartment k, which it cannot leave. This is the condition for the selection of
one realistic value of this time interval. So, for one cellular topology with N – 1
cells, the number N defines the output from the system. It is not difficult to
observe then that we have:

P

N

j¼1
PjðNÞ ¼ 1 (4.323)

The multiplication PkðnÞDs gives the existence probability or the probability to
have the fluid element in compartment k in the interval of time defined by nDs

and ðnþ 1ÞDs. In other words, it is the response of compartment k to an impulse
signal. For k ¼ N, we can observe that the probability PNðnÞDs makes it possible
for the fluid element to leave the cells assembly in the same interval of time
s ¼ nDs and sþ Ds ¼ ðnþ 1ÞDs. Furthermore, because PN�1ðnÞ gives the distri-
bution of the residence time for our assembly of compartments, then we can con-
clude that the response to one step impulse can be written as:

FðsÞ ¼ FðnDsÞ ¼ PNðnÞ ¼
P

n

n¼0
PN�1ðnÞDs (4.324)

With this response, it is easy to obtain some important parameters characterizing
the flow in the cellular assembly: the mean residence time (sm), the variance
around the mean residence time (r2) and the flow intensity function (kðnÞ):

sm ¼

P

¥

n¼1
nPN�1ðnÞDs

P

¥

n¼1
PN�1ðnÞ

(4.325)

r2 ¼
P

¥

n¼1
ðnDs� smÞ2PN�1ðnÞ (4.326)

kðnÞ ¼ PN�1ðnÞ
1� PNðnÞ

(4.327)

The basic relation of our stochastic model (relation (4.322)) can be written as the
vectorial equation (4.328), where EðnÞ gives the vector of the system state (relation
(4.329)) and the matrix P (relation (4.330)) contains the transition probabilities:

Eðnþ 1Þ ¼ P � EðnÞ (4.328)

EðnÞ ¼ ½P1ðnÞ;P2ðnÞ;P3ðnÞ; :::PN�1ðnÞ;PNðnÞ� (4.329)

P ¼

p11 p12 � p1N�1 p1N

p21 p22 � � p2N

� � � � �
pN�11 pN�12 � pN�1N�1 �
pN1 pN2 � pN�1N pNN

2

6

6

6

6

4

3

7

7

7

7

5

(4.330)
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In actual applications, the vector of the system state is used to observe the system
evolution through characteristic parameters such as species concentrations, tem-
perature, pressure, etc.

4.6.3.1 The Computation of the Temperature State of a Heat Exchanger
In this example, we can use a deterministic model based on the particularization
of the unsteady state heat balance and transfer equations. The particularization
can be carried out considering either the whole exchanger or a part of it. The
model that can present different degrees of complication is determined by the
heat exchanger construction and by the models of flow used for the hot and cold
fluids.

If we consider plug flow models for both fluids, the heat exchanger dynamics
can be described using the following model:

¶t1

¶s
þ w1

¶t1

¶x
¼ � 4k

dr1cp1
ðt1 � t2Þ (4.331)

¶t2

¶s
þ w2

¶t2

¶x
¼ � 4k

dr2cp2
ðt1 � t2Þ �

4ke

Dr2cp2
ðt2 � teÞ (4.332)

s ¼ 0 ; x > 0 ; t1 ¼ f1ðxÞ ; t2 ¼ f2ðxÞ (4.333)

s > 0 ; x ¼ 0 ; t1 ¼ g1ðsÞ ; t2 ¼ g2ðsÞ (4.334)

1
k
¼ 1

a1
þ

dp

kp
þ 1

a2
;

1
ke
¼ 1

ae
þ

dpe

kpe
þ 1

a2
;

a1 ¼ hðw1; r1; cp1; k1Þ ; a2 ¼ hðw2; r2; cp2; k2Þ (4.335)

The nomenclature of the equations above is: t1 and t2 – temperature of fluid 1 and
fluid 2 respectively, w1 and w2 – mean velocities for hot and cold fluid, r1 and r2

– fluid densities, cp1 and cp2 – fluid sensible heats, d and D – specific diameters of
the basic pipe and mantle of the heat exchanger, a1 and a2 – partial heat transfer
coefficients around the basic pipe, dp and dpe – thickness of the basic pipe and the
mantle, kp and kpe – thermal conductivities of the basic pipe and mantle walls, k
and ke – total heat transfer coefficients, te – external temperature of the heat
exchanger.

This model has the remarkable characteristic of considering the heat loss in the

external media with the term
4ke

Dr2cp2
ðt2 � teÞ. The evolutions t1ðx; sÞ and t2ðx; sÞ

result from the numerical integration of the model; for this purpose we need the
analytical or discrete expressions for the functions f1ðxÞ; f2ðxÞ; g1ðsÞ and g2ðsÞ.
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The stochastic model of this problem is obtained after introducing a cellular
structure and a flow topology. The partition of the heat exchanger into individual
cells is carried out as follows:

1. The exchanger contains NC perfectly mixed cells exposed to
the hot fluid flow and Nr cells of the same type where a cold
fluid exists; frequently Nc ¼ Nr ¼ N but this fact is not obli-
gatory;

2. The inter-fluid walls can be divided into Np cells where a cell
separates one or more hot cells from one or more cold cells;

3. The thermal capacity is symbolized as CCj; j ¼ 1;Nc,
Cri; i ¼ 1;Nr and Cpk; k ¼ 1;Np, for the hot, cold and inter-
fluid wall cells respectively whereas, the heat flows corre-
sponding to a cold or hot J cell are: (Gcijccjðti ¢� trÞ,
Grijccjðti† � trÞ; acjAjðtj ¢� tpj ¢Þ and arjAjðtpj† � tj†Þ; those
are considered as qc

ij, qr
ij when the temperature differences

are unitary.
4. If, for the interval of time Ds, one or many i cells coupled to

a j cell change their temperature, then the temperature of
the j cell will change too.

5. The heat transfer from a cell i to a cell j occurs in a time
interval Ds with the probability pij.

As far as the explanation above allows one to express the studied system with the
necessary objects of a cellular stochastic model, we can now describe the tempera-
ture changes inside the exchanger with a discrete Markov evolution that starts
with an input cell of the hot or cold fluid. Indeed, relations (4.328) or (4.329) can
now be particularized giving the expressions below whereas the matrix of the tran-
sition probabilities is described with relation (4.338).

tjðnþ 1Þ ¼
P

N

i¼1
tiðnÞpij (4.336)

Tðnþ 1Þ ¼ TðnÞP (4.337)

As explained above in our actual application, we have to begin by identifying the
cellular structure and flow topology, consequently we have first carefully estab-
lished the cellular structure after the heat capacities of different fluids or materi-
als: Cci ¼ mcicri; i ¼ 1; Nc; Crj ¼ mrjcrj; j ¼ 1;Nr; Cpk ¼ mpkcpk; k ¼ 1;Np.
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(4.338)

The elements of pjj type, which characterize the capacity of the heat carrier to be
in a j cell during a time Ds, are obtained by considering the perfect mixing inside
the cell. With this consideration, we introduce the fact that the carrier residence
time follows a Poisson distribution:

pjj ¼ 1�

P

N

i¼1;i „ j
qij

Cj
Ds (4.339)

For our stochastic process, the probabilities pij; i „ j result from the Markov con-
nections which are described as follows:

pij ¼
qij

Cj
Ds (4.340)

The probabilities characterizing the hot or cold fluid input into the cellular
system, or pj0; j „ 0, are calculated with relation (4.340) but considering C0 fi¥.
So, all pj0; j „ 0 are null and, consequently p00 ¼ 1. The transition probabilities
obey the norm conditions, which require the verification of the equality:
P

N

i¼0
pij ¼ 1; 8j ¼ 1;N.

As we have shown at the beginning of this section, the application purpose con-
sists in the establishment of a procedure for the thermal dynamics of the hot or
cold fluid, when we have a rapid temperature change at the heat exchanger input.
The topology of the heat exchanger of this example is shown in Fig. 4.40. If we
consider, as an initial condition, that both fluids have the same temperature, we
will not have a heat flow between the cells of the cellular assembly. Now, if we
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take into account a particular operation case where V1 ¼ V2 ¼ 0:5 � V;
C1 ¼ C2 ¼ 0:5C;Gv1r1cp1 ¼ Gv2r2cp2, then we can compare the stochastic solu-
tion to an analytical solution of the deterministic model. The relation (4.341),
which indicates the heat flow rate between both fluids, has been written with the
intention of presenting the physical meaning of q12 and q21. Indeed, when
t1† ¼ t2† ¼ tr, we do not have any heat flow inside the exchanger and the system
state for s ¼ 0 is represented by DT1 ¼ DT2 ¼ 0.

Q12 ¼ kAðt1† � t2†Þ ¼ kAðt1 ¢� trÞ
t1† � tr

t1 ¢� tr
� kAðt1 ¢� trÞ

t2† � tr

t1 ¢� tr

¼ q12DT1 � q21DT2

(4.341)
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Figure 4.40 A simple heat exchanger and its cellular representation.

With the topology shown in Fig. (4.40) the matrix of the transition probabilities
can be written as shown below:

P ¼

p00 p01 p02 p03

p10 p11 p12 p13

p20 p21 p22 p23

p30 p31 p32 p33

2

6

6

4

3

7

7

5

(4.342)

If we consider the relations (4.339) and (4.340) respectively for pij, we obtain:

p00 ¼ 1; p10 ¼ q10=C0 ¼ 0; p20 ¼ q20=C0 ¼ 0; p30 ¼ q30=C0 ¼ 0;
p01 ¼ q01=C1 ¼¼ ðGv1r1cp1Þ=ðV1r1cp1Þ � Ds ¼¼ ðGv1=VÞ � Ds ¼ a,
p02 ¼ 0 ; p03 ¼ 0 , p11 ¼ 1� ½ðq01 þ q21Þ=C1�Ds ¼
p21 ¼ p12 ¼ a; p22 ¼ 1� ðq32 þ q12Þ ¼ 1� 2a;

p23 ¼ 0; p13 ¼ 0 ; p32 ¼ ðq32=C2Þ � Ds ¼ a; p33 ¼ 1.
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And the matrix giving the temperature change of the cells is written as follows:

Tð1Þ ¼ Tð0ÞP ¼ 1 0 0 0½ � �

1 a 0 0
0 1� 2a a 0
0 a 1� 2a 0
0 0 0 1

2

6

6

4

3

7

7

5

¼ 1 a 0 0½ �;

Tð2Þ ¼ Tð1ÞP ¼ 1 a 0 0½ � �

1 a 0 0
0 1� 2a a 0
0 a 1� 2a 0
0 0 0 1

2

6

6

4

3

7

7

5

¼ 1 2a� 2a2 0a 0½ � :::

The natural temperature values are:

ðt†1ð1Þ � trÞ ¼ ðt1†ð0Þ � trÞ þ aðt1 ¢� trÞ;
ðt2†ð1Þ � trÞ ¼ ðt2†ð0Þ � trÞ þ 0ðt1 ¢� trÞ;
ðt1†ð2Þ � trÞ ¼ ðt1†ð1Þ � trÞ þ ð2a� 2a2Þðt1 ¢� trÞ;
ðt2†ð2Þ � trÞ ¼ ðt2†ð1Þ � trÞ þ aðt1 ¢� trÞ; etc::::::

The results above are obtained from:

T1ð1Þ ¼ T1ð0Þð1þ aÞ , t1†ð1Þ � tr

t1 ¢� tr
¼ ð1þ aÞ t1†ð0Þ � tr

t1 ¢� tr
; etc::::::

It is not difficult to show that the analytical solution of the deterministic model is
given in relations (4.343) and (4.344) [4.94], where the parameter k is

k ¼ KA
Gv1r1cp1

¼ KA
Gv2r2cp2

DT1 ¼
1

1þ 2k
1þ k� 1

2
ð1þ 2kÞexpð�sÞ � 1

2
exp½�ð1þ 2kÞs�

� �

(4.343)

DT2 ¼
1

1þ 2k
k� 1

2
ð1þ 2kÞexpð�sÞ þ 1

2
exp½�ð1þ 2kÞs�

� �

(4.344)

Figure 4.41 compares the data predicted by the deterministic model with the sto-
chastic model. In this figure, we have to specify that: (i) for k ¼ 0, the value of the
corresponding a in the transition matrix of the probabilities results from the sim-
plification q12 ¼ q21 ¼ 0; (ii) the case being analyzed corresponds to a rapid
increase in the temperature of fluid 1 in the exchanger input; so t1 is the highest
temperature.

The extension of the stochastic method for actual exchangers depends strongly
on the correctness of the projected cellular topology and on the reality of the esti-
mated transition probabilities. Figure 4.42 shows an example of an actual heat
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exchanger and its division into cells. It is the case of a tubular heat exchanger,
where the hot fluid passes through the exchanger twice (in countercurrent and in
co-current). The walls separating the fluids have not been divided into cells;
because we considered that the heat accumulated by the walls was insignificant
with respect to the heat transferred between the hot and cold fluids. In such exam-
ple, the respective volumes of the heat exchanger cells are a priori different and
result in a much more complex situation when compared with the previous exam-
ple discussed in this chapter.

4.6.3.2 Cellular Stochastic Model for a Countercurrent Flow with Recycling
The example presented in this section is a system where two countercurrent fluids
flow through N identical cells; Fig. 4.43 describes this system schematically. In
this simplified case, we consider that, at each cell level, we have a perfect mixing
flow and that for a “k” cell, the actual transition probabilities are pkk; pkk�1 and
pkkþ1. Indeed, these probabilities are expressed as:

pkk�1 ¼
aGvDs

V
; pkkþ1 ¼

ð1þ aÞGvDs

V
; pkk ¼ 1� ðpkk�1 þ pkkþ1Þ (4.345)

When we have the same fraction of recycling in the system and when the cells
have the same volume, we can rewrite relation (4.345) as:

pkk�1 ¼
akGvDs

Vk�1
; pkkþ1 ¼

ð1þ akÞGvDs

Vk
; pkk ¼ 1� ðpkk�1 þ pkkþ1Þ (4.345)

We can observe that the first and the last cell of the system are in contact with
only one cell: cell number 2 and number N – 1 respectively. So, in the matrix of
the transition probabilities, the values p13 and pN�2N will be zero. It is easily
noticed that, if we have a complete matrix of the transition probabilities, then we
can compute the mean residence time, the dispersion around the mean residence
time and the mixing intensity for our cells assembly. The relations (4.324)–(4.326)
are used for this purpose.

P ¼

p11 p12 0 0 � 0 0
p21 p22 p23 0 � 0 0
0 p32 p33 p34 � 0 0
0 0 p43 p44 p45 0 0
0 0 0 0 0 pN�1N PNN

2

6

6

6

6

4

3

7

7

7

7

5

(4.346)
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If, besides hydrodynamics and mixing, we want to consider other phenomena,
such as a chemical reaction, we have to separate the probabilities characterizing
each particular phenomenon:
. pjk ¼ ajkDs – gives the probability for the species to skip from cell

j to cell k in the time Ds;
. pke ¼ akeDs – gives the probability for the species to quit the sys-

tem during the time interval Ds (this probability exists when the
k cell presents an open output);

. pkr ¼ akrDs – is the probability that quantifies the species trans-
formation as a result of its chemical interaction inside the k cell
at Ds.

With this notation and considering the definition of PkðsÞ already given, the
probability balance, with respect to the k cell for the time interval between s and
sþ Ds can be written as:

Pkðsþ DsÞ ¼ 1�
P

j;j„ k
akjDs

 !" #

1� ðake þ akrÞDs½ �PkðsÞ þ
P

j;j „ k
ajkDs

 !

PjðsÞ

(4.347)

If we consider that Ds is very small, we obtain the concluding form of our cellular
stochastic model. It describes the cellular countercurrent flow with recycling and
chemical reaction:

dPkðsÞ
ds

¼ �ðake þ akrÞPkðsÞ �
X

j;j „ k

akj

0

@

1

APkðsÞ þ
X

j;j „ k

ajk

0

@

1

APJðsÞ ;

k ¼ 1;N ; j ¼ 1;N (4.348)

Each term from the right side of this representative equation of the model has a
particular meaning. The first term shows that the number of the reactant species
molecules in the k cell decreases as a result of the consumption of species by the
chemical reaction and the output of species from the cell. The second term
describes the reduction of the number of molecules as a result of the transport to
other compartments. The last term gives the increase in the number of the spe-
cies in the k compartment because of the inputs from the other cells of the assem-
bly. With reference to the mathematical formalism, our model is described by an
ordinary system of differential equations. Indeed, for calculations we must specify
the initial state of the probabilities. So, the vector Pkð0Þ; k ¼ 1;N must be a known
vector. The frequencies ake; akr; akj; ajk will be established by means of the cellular
assembly topology and kinetic data. It is evident that the frequency akr will be
related to the reaction process taking place in the cell.
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5
Statistical Models in Chemical Engineering

The models based on the equations of transport phenomena and on stochastic
models contain an appreciable quantity of mathematics, software creation, com-
puter programming and data processing.

In many countries, a high level in mathematics is not a requirement for achiev-
ing a good knowledge in theoretical and practical chemistry or in chemical engi-
neering, so, chemists or chemical engineers do not often have a deep knowledge
of mathematics even though most areas of chemistry are often based upon quanti-
tative measurements and computation. For example, the statistical validation of
the techniques currently used in laboratories specializing in chemical analysis
may be necessary to maintain the laboratory accreditation and/or for legal reasons
In this case, the chemists or chemical engineers, who may have left formal train-
ing in mathematics 10 or 20 years before, could suddenly be faced with the need
to brush up on statistics.

An important number of reference books on chemistry and chemical engineer-
ing statistics [5.1–5.11] have been published by specialists. The chemists and
chemical engineers who intend to attend programs on statistical modelling of pro-
cesses, must have a good basic knowledge in descriptive statistics, distribution of
random variables and statistics hypotheses, and be able to carry out the experi-
ments connecting the various measurements. These basic notions are therefore
introduced in the following examples and discussions:

Descriptive statistics. A series of physical measurements can be described
numerically. If, for example, we have recorded the concentration of 1000 different
samples in a research problem, it is not possible to provide the user with a table
giving all 1000 results. In this case, it is normal to summarize the main trends.
This can be done not only graphically, but also by considering the overall para-
meters such as mean and standard deviation, skewness etc. Specific values can be
used to give an overall picture of a set of data.

Distribution for random variables. The concept of distribution is fundamental to
statistics. If a series of measurements is extracted from a great number of similar
non-produced measurements (called population), we obtain a population sample.
However, it is not possible to have the same mean characteristics for all the sam-
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ples, because errors and noise influence the characterization properties of each
sample. In fact, it is impossible for each sample to be identical. The distribution
of measurements is often approximated by a normal distribution, although, in
some cases, this does not represent an accurate model. If a sufficient number of
measurements is taken during the analysis of samples, it is possible to see
whether they fit into such a distribution.

If the number of samples with characteristics presenting a normal distribution
is not significant, then we can have an error structure. This situation can also be
due to outliers, i.e. samples that are atypical of the population or that might have
been incorrectly labeled or grouped.

Statistics hypotheses and their testing. In many cases, the measurements are
used to answer qualitative questions. For example, for the quality control of a
batch of liquid products, a concentration analysis is carried out. If the analysis of a
sample from the batch results in a higher concentration with respect to a refer-
ence value then we can reject the batch. In this case, we can use different tests to
validate the rejection or acceptance of the batch. One example of such tests is the
comparison of the mean values. Concerning the example described above, the
measurements are realized by two groups of researchers, A and B. Group A has
recorded twenty concentrations in a series of samples and has obtained a mean
concentration value of 10 g/l and a deviation of 0.5 g/l. Group B, who monitors
the same series of samples, has obtained a mean concentration value of 9.7 g/l
and a deviation of 0.4 g/l. Then both mean values and deviations must be com-
pared so as to answer the following questions: Are they actually different? What is
the probability for both groups to have measured the same fundamental para-
meters? Is this difference in mean values simply caused by a different sampling
or a variation in the measurement technique?

Relating measurements. Evaluating the relationships between the different types
of measurements of the variables that are coupled or not to a process is funda-
mental in statistics. In the case of variables coupled to a process, the separation in
the class of independent variables (xi, I = 1, n) and dependent variables (yj, j = 1, p)
must be established based on the schematic representation of the process (see
Fig. 1.1 in Chapter 1). The statistical models will be built based on experimental
measurements. However, good models can be developed only if experimental
results are obtained and processed from a statistical analysis. The analysis of
neural networks processes, which are also statistical models, represents a modern
and efficient research technique based on the experimental measurement of one
actual process.

The first step for the analysis of a statistical modelling problem concerns the
definition of the concept of statistical models. This definition is based on the dia-
gram shown in Fig. 5.1 (which is a variation of Fig. 1.1 in Chapter 1). Statistical
modelling contains all the statistical and mathematical procedures that use mea-
sured data of yi (i = 1,P) and xj (j = 1,N) simultaneously in order to obtain the mul-
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tiple inter-dependences between dependent and independent variables. The rela-
tion (5.1) obtained on this basis represents the statistical model of a process:

yi ¼ fiðx1; x2::::xnÞ; i ¼ 1; p (5.1)

y1 

y2 

yi 

yp 

x1

x2

xj 

xn 

zk ,k=1,s random variables

commands

independent variables dependent variables

Figure 5.1 Schematic representation of a process.

5.1
Basic Statistical Modelling

The statistical modelling of a process can be applied in three different situations:
(i) the information about the investigated process is not complete and it is then
not possible to produce a deterministic model (model based on transfer equa-
tions); (ii) the investigated process shows multiple and complex states and conse-
quently the derived deterministic or stochastic model will be very complex; (iii) the
researcher’s ability to develop a deterministic or stochastic model is limited.

The statistical modelling of a process presents the main advantage of requiring
nothing but the inputs and outputs of the process (the internal process phenom-
ena are then considered as hidden in a black box). We give some of the important
properties of a statistical model here below:

1. As far as a statistical model has an experimental origin, it
presents the property to be a model which could be verified
(verified model).

2. Statistical models are strongly recommended for process
optimization because of their mathematical expression and
their being considered as verified models.

3. Classic statistical models cannot be recommended for the
analysis of a dynamic process because they are too simple.
Dynamic processes are better described by using the artificial
neural network.

3255.1 Basic Statistical Modelling
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Two types of experiments can produce the data needed to establish statistical mod-
els. Passive experiments refer to the classical analysis of an experimental process
investigation. They occur when the sets of experiments have been produced (in an
industrial or in a pilot unit) either by changing the values of independent process
variables one by one or by collecting the statistical materials obtained with respect
to the evolution of the investigated process. Active experiments will be produced
after the establishment of a working plan. In this case, the values of each of the
independent variables of the process used for each planned experiment are
obtained by specific fixed procedures.

To start the procedure of the statistical modelling of a process, we have to pro-
duce some initial experiments. These experiments will allow us:

1. to identify the domain of the value for each independent vari-
able.

2. to identify the state of the dependent variables when the in-
dependent variables of the process increase.

3. to determine whether the state of the dependent variables of
the process is affected by the interaction of the independent
variables.

Dispersion and correlation analyses are used to process the data obtained in the
preliminary experiments. The goal of these statistical analyses is to have qualita-
tive or quantitative answers to points 2 and 3 mentioned above. Finally, when all
the statistical data have been collected, a correlation and regression analysis will
be used to obtain the inter-dependence relationships between the dependent and
the independent variables of the process (see relation (5.1)).

In a process, when the value domain of each of the independent variables is the
same in the passive and in the active experiments simultaneously, two identical
statistical models are expected. The model is thus obtained from a statistical selec-
tion and its different states are represented by the response curves, which com-
bine the input parameters for each of the output parameters.

Now, if the obtained model is used to produce output data and these are com-
pared with the corresponding experimental results, some differences can be ob-
served. This behavior is expected because the model has been extended outside
the selection of its bases and this extension is only permissible if it is possible to
take into account the confidence limits of the model.

Each of the independent variables x1, x2, x3, ... xN is frequently called a factor
whereas the N-dimensional space containing the coordinates x1, x2, x3, ... xN is
called factorial space; the response surface is the representation of one response
function into N-dimensional space. A statistical model with a unique response
surface would characterize the process that shows only one output (Fig. 5.1).

In a model, the number of response surfaces and the number of process out-
puts are the same. Figure 5.2 shows the surface response for a chemical reaction
where the degree of transformation of the reactive species (dependent variables)
in an expected product is controlled by their concentration and temperature (two
independent variables). When we look at this figure, it is not difficult to observe
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that the maximum degree of transformation can easily be established; so, ignor-
ing the economic aspects of the process, the optimal states of the temperature and
concentration are automatically given by the maximum conversion.
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Figure 5.2 Reaction efficiency (y = g) versus temperature (x1)
and limiting reactant concentration (x2).

The basis of the statistical model is given by the Taylor expansion of relation
(5.1). It is established for the vicinity of the factors of the process where a fixed/an
established value is given to the dependent variable (yi0). In this expansion, yi0

results in the yi value when the factors take the corresponding x10,x20,...xN0 values:
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It is not difficult to observe that the Taylor expression can be transposed as Eq.
(5.3) where the index “i” has been extracted because it stays unchanged along the
relation:

yðiÞ ¼ b
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0 þ
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N
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b
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From the analysis of Eqs. (5.2) and (5.3) we can observe that each b coefficient has
a specific expression. As an example, relation (5.4) shows the definition expres-
sion for b

ðiÞ
0 :

b
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0 ¼ yi0 �
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(5.4)

In Eq. (5.4) we can note that, in fact, the model describes the relationship between
the process variables. Nevertheless, coefficients b

ðiÞ
0 ; b

ðiÞ
j ; etc are still unknown

because the functions fi(x1,x2,x3,...xN) are also unknown.
A real process is frequently influenced by non-commanded and non-controlled

small variations of the factors and also by the action of other random variables
(Fig. 5.1). Consequently, when the experiments are planned so as to identify coef-
ficients b

ðiÞ
0 ; b

ðiÞ
j ; etc, they will apparently show different collected data. So, each

experiment will have its own b
ðiÞ
0 ; b

ðiÞ
j , etc. coefficients. In other words, each coeffi-

cient is a characteristic random variable, which is observable by its mean value
and dispersion.

Coefficients b
ðiÞ
0 ; b

ðiÞ
j , etc. (called regression coefficients) can be identified by means

of an organised experiment. Since they have the quality to be the estimators of the
real coefficients defined by relation (5.4), two questions can be formulated:

1. What is the importance of each coefficient in the obtained
model?

2. What confidence can be given to each value of b
ðiÞ
0 ; b

ðiÞ
j , etc.

when they are established as the result of programmed
experiments?

The aim of statistical modelling is certainly not to characterize the relationship in
a sample (experiment). So, after the identification of b

ðiÞ
0 ; b

ðiÞ
j :::: etc., it is important

to know what confidence limits can be given to the obtained model.
Each b

ðiÞ
0 ; b

ðiÞ
j :::, etc. coefficient signification, is formally estimated. For instance,

in this example, b
ðiÞ
0 is the constant term for the regression relationship, b

ðiÞ
j corre-
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sponds to the linear effects of the factors, b
ðiÞ
jk gives the effect of the interaction of

xj and xk factors on the regression relationship, etc.
In relation (5.3), where b

ðiÞ
0 ; b

ðiÞ
j ::: etc. are the unknown parameters, we can

observe that among the different methods to identify these parameters, the meth-
od of least-squares can be used without any restriction. So, the identification of
b
ðiÞ
0 ; b

ðiÞ
j ::: etc. coefficients has been reduced to the functional minimisation shown

in relation (5.5):

UðiÞðbðiÞ0 ; b
ðiÞ
j ; b

ðiÞ
jk ; :::Þ ¼

P

Ne

i¼1
yðiÞ;ex

i � yðiÞ;thi

� �2
(5.5)

where “Ne” gives the dimension of the experimental sample produced for the
identification of the parameters; yðiÞ;ex

i is the “i” experimental value of the output
(i) and yðiÞ;thi is the “i” model-computed value of the output (i). This yðiÞ;thi is
obtained using relation (5.3) and the numerical values of xji; j ¼ 1;N. The dimen-
sion of the model (for the identification of the parameters) depends on the num-
ber of terms considered in relation (5.3). Table 5.1 gives the number of coefficients
to be identified when the number of the factors of the process and the statistical
model degree are fixed at the same time.

Table 5.1 Number of coefficients to be identified for the polynomial state of a statistical model.

Number of factors
of the process

Statistical model with polynomial state (polynomial degree)

Number of identifiable coefficients

First degree Second degree Third degree Fourth degree

2 3 6 10 15

3 4 10 20 35

4 5 15 35 70

5 6 21 56 126

In Table 5.1, where the statistical model is presented in a polynomial state, a
rapid increase in the number of identifiable coefficients can be observed as the
number of factors and the degree of the polynomial also increase. Each process
output results in a new identification problem of the parameters because the com-
plete model process must contain a relationship of the type shown in Eq. (5.3) for
each output (dependent variable). Therefore, selecting the “Ne” volume and parti-
cularizing relation (5.5), allows one to rapidly identify the regression coefficients.
When Eq. (5.5) is particularized to a single algebraic system we take only one
input and one output into consideration. With such a condition, relations (5.3)
and (5.5) can be written as:
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yð1Þ ¼ yð1Þ;th ¼ y ¼ f1ðx1; b
ð1Þ
0 ; b

ð1Þ
1 ; b

ð1Þ
11 ; b

ð1Þ
111::::Þ ¼ f ðx; b0; b1; b2; :::Þ (5.6)

Uð1Þðbð1Þ0 ; b
ð1Þ
1 ; b

ð1Þ
11 ; b

ð1Þ
111::Þ ¼ Uðb0; b1; b2; ::Þ ¼

P

Ne

i¼1
ðyi � f ðxi; b0; b1; b2:ÞÞ

2 ¼ min
(5.7)

Now, developing the condition of the minimum of relation (5.7) we can derive
relation (5.8). It then corresponds to the following algebraic system:

¶Uðb0; b1; b2; :::Þ
¶b0

¼ ¶Uðb0; b1; b2; :::Þ
¶b1

¼ ¶Uðb0; b1; b2; :::Þ
¶b2

¼ ::

¼ ¶Uðb0; b1; b2; :::Þ
¶bn

¼ 0
(5.8)

Here bn is the last coefficient from the function f ðx; b0; b1; b2; :::Þ. The different
coefficients of this function multiply the xn monomial, and “n” gives the degree of
the polynomial that establishes the y–x relationship.

The computing of the derivates of relation (5.8) results in the following system
of equations:

X

Ne

i¼1

yi
¶f ðxi; b0; ::bnÞ

¶b0
�
X

Ne

i¼1

f ðxi; b0; b1:::bnÞ
¶f ðxi; b0; b1; :::bnÞ

¶b0
¼ 0

X

Ne

i¼1

yi
¶f ðxi; b0; ::bnÞ

¶b1
�
X

Ne

i¼1

f ðxi; b0; b1:::bnÞ
¶f ðxi; b0; b1; :::bnÞ

¶b1
¼ 0

X

Ne

i¼1

yi
¶f ðxi; b0; ::bnÞ

¶bn
�
X

Ne

i¼1

f ðxi; b0; b1:::bnÞ
¶f ðxi; b0; b1; :::bnÞ

¶bn
¼ 0

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

(5.9)

The system above contains N equations and consequently it will produce a single
real solution for b0; b1; ::::; bn (n unknowns). It is necessary to specify that the size
of the statistical selection, here represented by Ne, must be appreciable. Moreover,
whenever the regression coefficients have to be identified, Ne must be greater
than n. This system (5.9) is frequently called: system of normal equations [5.4, 5.12–
5.14].

In relation (5.5) we can see that Uðb0; b1; b2; :::Þ can be positive or null for all
sorts of real b0; b1; b2; :::bn. As a consequence, it will show a minimal value for
the identified b0; b1; b2; :::bn. Thus, the description of function f ðx; b0; b1; b2; :::Þ
results in a particularization of system (5.9).

If the number of independent variables is increased in the process, then the
regression function will contain all the independent variables as well as their sim-
ple or multiple interactions. At the same time, the number of dependent variables
also increases, and, for each of the new dependent variables, we have to consider
the problem of identifying the parameters.
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Coefficients b0; b1; b2; :::bn or b
ðiÞ
0 ; b

ðiÞ
j ; b

ðiÞ
jk ; ::: can be considered as the estima-

tors of the real coefficients of the Taylor expansion in the relationship between the
variables of model (5.1). These coefficients are estimators of maximum confidence
because their identification starts with minimizing the function which contains
the square deviation between the observed and computed values of the output
variables. The quality of the identified coefficient and, indirectly, the quality of the
regression model depend firstly on the proposed regression function. Then, the
quality of the regression function imposes the volume of experiments needed to
produce the statistical model. Indeed, with a small number of experiments we
cannot suggest a good regression function. However, in the case of a simple pro-
cess, the regression function can be rapidly determined with only a few experi-
ments. It is important to note that, after the identification of the coefficients, the
regression model must be improved with a signification test. Only the coefficients
that have a noticeable influence on the process will be retained and the model that
contains the established coefficients will be accepted.

In Fig. 5.3 the different steps of the statistical modelling of a process are shown.
These steps include the analysis of the variables, the planning and developing of
experimental research and the processing of the experimental data needed to
establish the model. We can observe that the production of the statistical model of a
process is time consuming and that the effort to bypass experimentation is considerable.
With respect to this experimental effort, it is important to specify that it is some-
times difficult to measure the variables involved in a chemical process. They
include concentrations, pressures, temperatures and masses or flow rates. In addi-
tion, during the measurement of each factor or dependent variable, we must
determine the procedure, as well as the precision, corresponding to the require-
ments imposed by the experimental plan [5.4]. When the investigated process
shows only a few independent variables, Fig. 5.3 can be simplified. The case of a
process with one independent and one dependent variable has a didactic impor-
tance, especially when the regression function is not linear [5.15].
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Figure 5.3 The different steps of statistical modelling.
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5.2
Characteristics of the Statistical Selection

When we consider a process with only one input and one output variable, the
experimental analysis of the process must contain enough data to describe the
relationship between the dependent variable “y” and the independent variable “x”.
This relation can be obtained only if the data collected result from the evolution of
one stationary process, and then supplementary experimental data can be neces-
sary to demonstrate that the process is really in a stationary state.

As an actual process, we can consider the case of an isothermal and isobaric
reactor working at steady state, where the input variable is the reactant’s concen-
tration and the output process variable (dependent variable) is the transformation
degree. In this case, the values of the data collected are reported in Table 5.2. We
can observe that we have the proposed input values (a prefixed set-point of the
measurements) and the measured input values.

Table 5.2 Data for the characterization of y vs. x.

Current number
for input

Proposed input value of x
(set point)

Measured x value Measured y value

i xi yi

1 13.5 1 14.2 0.81

2 13.5 0.75

3 13.8 0.77

4 14.3 0.75

5 13.4

2 20 1 20.5 0.66

2 21.2 0.64

3 19.8 0.63

4 19.8 0.68

5 19.5 0.65

6 0.67

3 27 1 27.0 0.61

2 27.4 0.59

3 26.9 0.58
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Current number
for input

Proposed input value of x
(set point)

Measured x value Measured y value

i xi yi

4 34 1 35.2 0.52

2 34.7 0.49

3 34.3 0.48

4 35.1 0.55

5 34.5 0.53

5 41 1 42.3 0.47

2 42.6 0.43

3 42.9 0.39

4 41.8 0.46

In experimental research, each studied case is generally characterized by the
measurement of x (xi values) and y (yi values). Each chain of x and each chain of y
represents a statistical selection because these chains must be extracted from a
very large number of possibilities (which can be defined as populations). How-
ever, for simplification purposes in the example above (Table 5.2), we have limited
the input and output variables to only 5 selections. To begin the analysis, the
researcher has to answer to this first question: “what values must be used for x (and
corresponding y) when we start analysing of the identification of the coefficients by a
regression function?” Because the normal equation system (5.9) requires the
same number of x and y values, we can observe that the data from Table 5.2 can-
not be used as presented for this purpose. To prepare these data for the mentioned
scope, we observe that, for each proposed x value (x = 13.5 g/l, x = 20 g/l, x = 27 g/l,
x = 34 g/l, x = 41 g/l), several measurements are available; these values can be
summed into one by means of the corresponding mean values. So, for each type
of xi data, we use a mean value, where, for example, i = 5 for the first case (pro-
posed x = 13.5 g/l), i = 3 for the third case, etc. The same procedure will be applied
for yi where, for example, i = 4 for the first case, i = 6 for the second case, etc.

With this method, we can create such couples as ðx1; y1Þ; ðx2; y2Þ; :::::ðx5; y5Þ
characterizing each case presented in Table 5.2. Thus, they can be used without
any problem to solve the system of normal equations. Each class of finite data xi

or yi with i � 1 represents a statistical selection.
The most frequently used statistical measure for a selection is the mean value.

For a selection xi with i ¼ 1;n, the mean value (x) will be computed by the follow-
ing relation:
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x ¼ 1
n
ðx1 þ x2 þ x3 þ ::::þ xn�1 þ xnÞ ¼

1
2

X

n

i¼1

xi (5.10)

In order to complete the selection characterization, we can use the variance or dis-
persion that shows the displacement of the selection values with respect to the
mean value. Relations (5.11) and (5.12) give the definition of the dispersion:

s2 ¼ 1
n� 1

X

n

i¼1

ðxi � xÞ2 ¼ 1
n� 1

X

n

i¼1

x2
i �

1
N

X

n

i¼1

xi

" #2
2

4

3

5 (5.11)

s2 ¼
n
P

n

i¼1
x2

i �
P

n

i¼1
xi

� �2

nðn� 1Þ (5.12)

It is often necessary to simplify the calculations by replacing the initial selection
by another one, which presents the same mean value and dispersion [5.8, 5.9].
Therefore, if, for each value xi, i = 1,n of the selection, we subtract the x0 value, we
obtain a new selection ui, i = 1,n

ui ¼ xi � x0 (5.13)

computing the mean value and the dispersion for this new selection we have:

u ¼ 1
n

P

n

i¼1
ðxi � x0Þ ¼ x� x0 (5.14)

s2
u ¼

1
n� 1

X

n

i¼1

ðui � uÞ2 ¼ 1
n� 1

X

n

i¼1

ðxi � xÞ2 ¼ s2 (5.15)

Table 5.3 shows the values obtained after the calculation of the mean values and
the dispersions respect to the statistical data presented in Table 5.2.

It is very important to pay attention to two important aspects: (i) the selection is
a sample drawn from a population; (ii) the scope of the statistical analysis is to
characterize the population by using one or more selections.

It is easily observable that each selection xi and its associated yi shown in Tables
5.2 or 5.3 correspond to a sample extracted from each type of population. In the
current example we have 5 populations, which give the input reactant concentra-
tion, and 5 populations for the transformation degree of the reactant. In the
tables, the first population associated to the input concentration corresponds to
the experiment where the proposed concentration has the value 13.5 g/l.

During the experiment, the numerical characterization of the population is
given by the concentration of the reactant associated to the flow of the material
fed into the reactor. Therefore, this reactant’s concentration and transformation
degree are random variables. As has been explained above (for instance see
Chapters 3 and 4), the characterization of random variables can be realized taking
into account the mean value, the dispersion (variance) and the centred or non-
centred momentum of various degrees. Indeed, the variables can be characterized
by the following functions, which describe the density of the probability attached
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Table 5.3 Mean values and dispersions for the statistical data given by Table 5.2.

Current
number for
input

Proposed
input value
for x

Measured x value Measured y value

i xi x s2
x yi y s2

y

1 13.5 1 14.2 13.86 (14.2 –13.86)2 +
(13.5 –13.86)2 +
(13.8 –13.86)2 +
(14.3 –13.86)2 +
(13.4 –13.86)2

= 0.654
s2 = 0.654/4
= 0.1635

0.81 0.77 (0.81 – 0.77)2 +
(0.75 –0.77)2 +
(0.77 –0.77)2 +
(0.75 –0.77)2

= 0.0024
s2 = 0.0024/3
= 0.0008

2 13.5 0.75

3 13.8 0.77

4 14.3 0.75

5 13.4

2 20 1 20.5 20.16 0.473 0.66 0.655 0.00035

2 21.2 0.64

3 19.8 0.63

4 19.8 0.68

5 19.5 0.65

6 0.67

3 27 1 27.0 27.1 0.07 0.61 0.593 0.0001015

2 27.4 0.59

3 26.9 0.58

4 34 1 35.2 34.76 0.148 0.52 0.514 0.00083

2 34.7 0.49

3 34.3 0.48

4 35.1 0.55

5 34.5 0.53

5 41 1 42.3 42.4 0.22 0.47 0.438 0.001291
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to the continuous random variable: repartition (5.16); mean value (5.17); variance
(dispersion) (5.18); non-centred momentum of �i’ order (5.19); centred momen-
tum of �i’ order (5.20):

FðxÞ ¼ PðX £ xÞ ¼
R

x

�¥
f ðxÞdx (5.16)

l ¼ EðXÞ ¼
R

þ¥

�¥
xf ðxÞdx (5.17)

r2 ¼ E½ðX� lÞ2� ¼
R

þ¥

�¥
ðx� lÞ2f ðxÞdx (5.18)

mi ¼ EðXiÞ ¼
R

þ¥

�¥
xif ðxÞdx (5.19)

Mi ¼ E½ðX� lÞ2� ¼
R

þ¥

�¥
ðx� lÞif ðxÞdx (5.20)

The transposition from a selection to a population raises the following fundamen-
tal questions: When a selection characterizes its original population? What is its
procedure? Until now, there has been no existing procedure able to prove whether
or not a selection reproduces its original population identically. However, this fact
can be improved if it is assumed that l ¼ x and r2 ¼ s2. Nevertheless, we have to
verify whether these identities are realistic using an acceptable confidence degree.

5.2.1
The Distribution of Frequently Used Random Variables

The distribution of a population’s property can be introduced mathematically by
the repartition function of a random variable. It is well known that the repartition
function of a random variable X gives the probability of a property or event when
it is smaller than or equal to the current value x. Indeed, the function that charac-
terizes the density of probability of a random variable (X) gives current values be-
tween x and x + dx. This function is, in fact, the derivative of the repartition func-
tion (as indirectly shown here above by relation (5.16)). It is important to make
sure that, for the characterization of a continuous random variable, the distribu-
tion function meets all the requirements. Among the numerous existing distribu-
tion functions, the normal distribution (N), the chi distribution (v2), the Student
distribution (t) and the Fischer distribution are the most frequently used for statis-
tical calculations. These different functions will be explained in the paragraphs
below.

The famous normal distribution can be described with the following example: a
chemist carries out the daily analysis of a compound concentration. The samples
studied are extracted from a unique process and the analyses are made with iden-
tical analytical procedures. Our chemist observes that some of the results are
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scarcely repeated whereas others are more frequently obtained. In addition, the
concentration values are always found in a determined range (between a maxi-
mum and a minimum experimental result). By computing the apparition fre-
quency of the results as a function of the observed apparition number and the
total number of analysed samples, the chemist begins to produce graphic relation-
ships between the apparition frequency of one result and the numerical value of
the experiment.

The graphic construction of this computation is given in Fig. 5.4. Two examples
are given: the first concerns the processing of 50 samples and the second the pro-
cessing of 100 samples. When the mean value of the processed measurements
has been computed, we can observe that it corresponds to the measurement that
has the maximum value of apparition frequency. The differences observed be-
tween the two measurements are the consequence of experimental errors [5.16,
5.17]. Therefore, all the measurement errors have a normal distribution written as
a density function by the following relation:

f ðxÞ ¼ 1

r
ffiffiffiffiffiffi

2p
p e�

ðx�lÞ2

2r2 (5.21)

Here l and r2 are, respectively, the mean value and the dispersion (variance) with
respect to a population. These characteristics establish all the integral properties
of the normal random variable that is represented in our example by the value
expected for the species concentration in identical samples. It is not feasible to
calculate the exact values of l and r2 because it is impossible to analyse the popu-
lation of an infinite volume according to a single property. It is important to say
that l and r2 show physical dimensions, which are determined by the physical
dimension of the random variable associated to the population. The dimension of
a normal distribution is frequently transposed to a dimensionless state by using a
new random variable. In this case, the current value is given by relation (5.21).
Relations (5.22) and (5.23) represent the distribution and repartition of this
dimensionless random variable. Relation (5.22) shows that this new variable takes
the numerical value of “x” when the mean value and the dispersion are, respec-
tively, l = 0 and r2 = 1.

u ¼ x� l

r
(5.22)

f ðuÞ ¼ 1
ffiffiffiffiffiffi

2p
p e�

u2
2 (5.23)

FðuÞ ¼ 1
ffiffiffiffiffiffi

2p
p

R

u

�¥
e�

u2
2 du ¼ erf ðuÞ (5.24)
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Figure 5.4 Graphic introduction of normal distribution.

Before presenting some properties of normal distribution, we have to present
the relation (5.25) that gives the probability for which one random variable is fixed
between a and b values (a<b), with the repartition function:

Pða < X < bÞ ¼ FðbÞ � FðaÞ (5.25)

The particularization of this general relation (5.25) to the dimensionless normal
distribution results in the following observations:

1. the current value of the random variable is positioned within
the interval [l–r, l+r] with a probability equal to 0.684

2. the current value of the random variable is positioned within
the interval [l–2r, l+2r] with a probability equal to 0.955
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3. the current value of the random variable is positioned within
the interval [l–3r, l+3r] with a probability equal to 0.9975.

The observations mentioned above, which are graphically represented in Fig. 5.4,
can also be demonstrated mathematically. For example, for the observation which
gives Pðl� r � x � lþ rÞ ¼ 0:683, we consider a = (x –l)/r = [(l – r) – l]/r =
–1 and b = (x – l)/r = [(l + r)– l]/r = +1; with Eqs. (5.25) and (5.24) we can derive
P(–1<u<+1) = erf(1) – erf(–1) = 0.8413 – 0.1586 = 0.6823.

f(x) 

µ-3σ µ-2σ µ-σ µ µ+σ µ+2σ µ+3σ

0.683 

0.955 

0.9975 

Figure 5.5 Some properties of a normal distribution (popula-
tion (r) or sample extracted (s)).

By using normal distribution, we can introduce other random variables, which
are very important for testing the significance of b0; b1; b2; b12::: coefficients as
well as for testing the model confidence (see Fig. 5.3).

The first of these random variables is the chi distribution (v2). It is derived from
relation (5.26), which defines the expression of the current random variable. Here
l and r are the characteristics of a normal distribution; xi is the current i value for
the same normal distribution. It is easy to observe that a v2 distribution adds posi-
tive values, consequently v2 ˛ð0;¥Þ and v2 is a dimensionless random variable.
Relation (5.27) expresses the density of the v2 random variable. Here t ¼ n� 1
represents the degrees of freedom of the v2 variable:

ui ¼
xi � l

r
»

xi � x
r

; v2 ¼
X

n

i¼1

u2
i (5.26)

ftðv2Þ ¼ 1

2
t
2rtC

t

2

� � v2
� �

t
2�1

e�
v2ð Þ

2r2 (5.27)
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For a rapid calculation, we can use the tabulated data values for the repartition
function of the v2 variable Ftðv2Þ. These tabulated data are obtained with Eq.
(5.28):

Ftðv2Þ ¼
R

v2
a

0
ftðv2Þdv2 ¼ 1� a (5.28)

The second important random variable for statistical modelling is the Student (t)
variable. It is derived from a normal variable, which is associated with “u” and v2

dimensionless random variables. Relation (5.29) introduces the current value of
the Student (t) random variable:

t ¼ u
ffiffiffiffiffi

v2

t

r (5.29)

Equation (5.30), where CðtÞ is given by relation (5.31) shows the probability to
have a Student random variable with values between t and t + dt; so this relation
gives the density function of the Student variable distribution:

ftðtÞ ¼
C

tþ 1
2

� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðtþ 1Þp
p

C
t

2

� � 1þ t2

t

� ��tþ1
2

(5.30)

CðtÞ ¼
R

¥

0
tt�1e�tdt (5.31)

The third random variable is the Fischer variable. It is defined by the use of two
normal variables, each of which is expressed by a v2 random variable. The current
Fischer variable is given by Eq. (5.32) where t1 ¼ n� 1 and t2 ¼ m� 1 represent
the degrees of freedom associated, respectively, to random variables v2

1 and v2
2.

x ¼ v2
1

v2
2
@

P

n

i¼1

ðxi � xÞ21
r2

1

" #

P

m

i¼1

ðxi � xÞ22
r2

2

" # @

r2
2

t2

r2
1

t1

(5.32)

The values of the Fischer variable are within the interval (0, ¥). The density of
probability for this variable is given by Eq. (5.33):

ft1 ;t2
ðxÞ ¼ fm1

ðv2
1Þ=fm2

ðv2
2Þ (5.33)

For a rapid calculation of this variable, we can use the tabulated values for the
Fischer repartition function Ft1;t2

ðxÞ corresponding to the confidence limits
a = 0.05 and a = 0.01.
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5.2.2
Intervals and Limits of Confidence

The paragraphs above show that l and r2 are the most important characteristics
for a random variable attached to a given population. Nevertheless, from a practi-
cal point of view, the main characteristics of l and r2 remain unknown. There-
fore, we have the possibility to draw one or more statistical selection(s) concerning
the property considered by the associated random variable from a population.
However, with this procedure, we cannot estimate l and r2 for the whole popula-
tion directly from the mean value and dispersion of the selection. The acceptance
of the statement, which considers that the population mean value l is placed in
an interval containing the selection mean value (x), must be completed with the
observation that the placement of l near x is a probable event. The probability of
this event is recognized as the “confidence”, “probability level” or “confidence
level”. A similar processing is carried out for r2 and s2. If we define the probability
by a, which shows that l or r2 are not placed in a confidence interval, then, 1 – a

is the probability level or confidence level. a is frequently called the “significance
limit”. Figure 5.6 gives the graphic interpretation for a in the case of a normal
repartition with l= 0 and r2 = 1.

-uαα   uα u

f(u) 

P(-uα<u<uα)=1-α 

P(u>uα)=α/2 
P(u<-uα)=α/2 

Figure 5.6 Diagram for the definition of the significance level.

Considering Fig. 5.6, we observe that, if we have a very high confidence level,
then 1� afi1 and the domain for the existence of parameters (l, r2) is high. As
far as our scope is to produce the relations between the population and the selec-
tion characteristics, i.e. between the couples (l, r2) and ðx; s2Þ, we can write Eq.
(5.17) in a state that introduces the mean value (x) and volume (n) of the selection.
In relation (5.34) the population mean value has been divided into n parts. Now, if
for each interval ai�1 � ai, the population mean value is compared with the mean
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value of the selection that has a similar volume, then relation (5.34) can be written
as (5.35):

l ¼
R

þ¥

�¥
xf ðxÞdx ¼

R

a1

�¥
xf ðxÞdxþ

R

a2

a1

xf ðxÞdxþ :::::þ
R

þ¥

an

xf ðxÞdx ¼l1 þ l2 þ :::þ ln

(5.34)

l ¼ x1 þ x2 þ x3 þ ::::þ xn (5.35)

Now if we consider the population variance (dispersion), each identical interval
ai�1 � ai presents a dispersion which depends on the global r2, thus, we can
write:

r2 ¼ r2
1 þ r2

2 þ :::::þ r2
n ¼

r2

n
þ :::::þ r2

n

� �

¼ n
r2

n

� �

(5.36)

The above relation shows that each of the n divisions of the population has the
r2/n dispersion. Now, considering that a division x� l is a normal random vari-
able and that the mean value of this variable is zero, we can transform relation
(5.22) into relation (5.37) where u keeps its initial properties (mean value is zero
and dispersion equal to unity):

u ¼ x� l

r=
ffiffiffi

n
p (5.37)

It is known that Pða £ v2 £ bÞ ¼ P a£
ðn� 1Þs2

r2
£ b

� �

¼ ð1� aÞ and then, with an

accepted significance limit, we can derive the confidence interval considering that
a = v2

1�a=2 and b = v2
a=2. Thus, we obtain the following results:

P v2
1�a=2 £

ðn� 1Þs2

r2
£ v2

a=2

� �

¼ 1� a

or:

v2
1�a=2 £

n� 1
r2

s2 and v2
a=2 ‡

n� 1
r2

s2

and:

r2 £
n� 1
v2

1�a=2

s2 and r2 ‡
n� 1
v2

a=2

s2 (5.38)

The intersection of the expressions contained in Eq. (5.38) gives the expression for

the confidence interval I ¼ n� 1
v2

a=2

s2;
n� 1
v2

1�a=2

s2

 !

. Here, for v2
a=2 and v2

1�a=2, we

use tabulated or computed values which correspond to the degrees of freedom
m = (n – 1) where n is the number of selected experiments.
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When the selection contains a small number of measurements (for example
n<25), the confidence interval for the mean value will be obtained by the use of
the dimensionless Student variable given here by the current value (5.39):

t ¼ l
ffiffiffiffiffi

v2

t

r ¼

x� l

r=
ffiffiffi

n
p
ffiffiffiffiffiffiffiffi

ts2

tr2

r ¼ x� l

s

ffiffiffi

n
p

(5.39)

Because t˛ð�¥;þ¥Þ for a fixed significance level, we can write Pð�ta £ t£ taÞ ¼
1� a. Now the substitution of Eq. (5.39) into Pð�ta £ t£ taÞ ¼ 1� a results in the
following relations:

P �ta £
x� l

s

ffiffiffi

n
p

£ ta

� �

¼ 1� a (5.40)

or:

�ta £
x� l

s

ffiffiffi

n
p

and ta ‡
xþ l

s

ffiffiffi

n
p

(5.41)

and:

l £ xþ ta

s
ffiffiffi

n
p and l ‡ x� ta

s
ffiffiffi

n
p (5.42)

The expressions from relation (5.42) show that the confidence interval for a mean
value with a small number of measurements is:

I ¼ x� ta

s
ffiffiffi

n
p ; xþ ta

s
ffiffiffi

n
p

� �

.

5.2.2.1 A Particular Application of the Confidence Interval to a Mean Value
The scope of this section is to show a practical application of the confidence inter-
val to a mean value. The example below concerns the data given in Table 5.2. In
order to verify the correctness of the data obtained, the chemist has carried out
new measurements in case the proposed x should be near 20 g/l. Table 5.4 gives
the new results obtained for the concentration of the reactant in the reactor feed.
Concerning these data two questions are raised:

1. What is the confidence interval for the mean value of the
population from which the selection in Table 5.4 has been
extracted?

2. What is the difference between these new data and those
given in Table 5.2?
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Table 5.4. New values of the limiting reactant concentration in
the reactor feed (Data equivalent to column 2 in Table 5.2).

Sample
number
(i)

Concentra-
tion
xi, g/l

Sample
number
(i)

Concentra-
tion
xi, g/l

Sample
number
(i)

Concentra-
tion
xi, g/l

Sample
number
(i)

Concentra-
tion
xi, g/l

1 19.4 9 21.2 17 18.4 25 21.6

2 22.2 10 18.7 18 18.1 26 20.4

3 21.9 11 19.3 19 18.9 27 18.5

4 23.2 12 18.7 20 22.0 28 20.8

5 19.8 13 23.5 21 18.5 29 18.8

6 21.3 14 22.5 22 20.5 30 22.1

7 17.8 15 18.9 23 18.7 31 20.7

8 23.2 16 19.3 24 21.1 32 19.2

The answers to the questions above are obtained numerically with the following
procedure and the corresponding algorithm:

1. We compute the selection mean value (x) and the dispersion
(s2) with the data from Table 5.4 and with Eqs. (5.10) and
(5.12).
Result: x ¼20.3 g/l; s2 = 3.86; s = 1.92 g/l

2. We accept the equality between the population and the selec-
tion dispersion, i.e. r2 = s2

Result: r2 = 3.86; r = 1.92 g/l

3. We establish the probability significance level (a).
Result: a = 0.05

4. Equation
1
ffiffiffiffiffiffi

2p
p

R

ua

�ua

e�
u2
2 du ¼ 1� a is resolved in order to esti-

mate ua.
Result: ua = 1.96.

Observation: For this purpose we must use a computer pro-
gram. Alternatively, we can also use the tabulated data of the
normal ua at various fixed a.

5. We obtain the mean value confidence with relation
I ¼ ðx� ua

r
ffiffiffi

n
p ; xþ ua

r
ffiffiffi

n
p Þ

Result: I = (19.5; 21)
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6. We calculate the selection mean value (x) and the dispersion
(s2) with the data from Table 5.2 column 2 and with Eqs.
(5.10) and (5.12).
Results: x ¼20.16 g/l; s2 = 0.473; s = 0.687 g/l).

7. According to point 2 of the present algorithm, we accept the
equality between the population and the selection dispersion
r2 = s2.
Results: r2 = 0.473; r = 0.687 g/l

8. We observe that for v2 variable m = n – 1.
Result: m = 4

9. Equation
R

ta

�ta

C
tþ 1

2

� �

ffiffiffiffiffiffi

tp
p

C
t

2

� � 1þ t2

t

� ��tþ1
2

dt ¼ 1� a is solved for ta

unknown.
Result: ta = 2.776

10. We obtain the mean value confidence according to relation

I ¼ x� ta

s
ffiffiffi

n
p ; x� ta

s
ffiffiffi

n
p

� �

Result: I = (19.307; 21.013)

11. Conclusion: The obtained results for the confidence intervals
I = (19.5; 21) and I = (19.307; 21.013) show that the com-
pared selections are almost the same or have a similar
origin.

5.2.2.2 An Actual Example of the Calculation of the Confidence Interval
for the Variance
The purpose of this section is to show the calculation of the confidence interval
for the variance in an actual example. The statistical data used for this example
are given in Table 5.3. In this table, the statistically measured real input concentra-
tions and the associated output reactant transformation degrees are given for five
proposed concentrations of the limiting reactant in the reactor feed. Table 5.3 also
contains the values of the computed variances for each statistical selection. The
confidence interval for each mean value from Table 5.3 has to be calculated
according to the procedure established in steps 6–10 from the algorithm shown in
Section 5.2.2.1. In this example, the number of measurements for each experi-
ment is small, thus the estimation of the mean value is difficult. Therefore, we

can compute the confidence interval for the dispersion I ¼ n� 1
v2

a=2

s2;
n� 1
v2

1�a=2

s2

 ! !
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for each experiment only if we establish the degrees of freedom (m = n –1, where n
is the number of experiments from each experimentation), and for a chosen a, we
obtain the quintiles values v2

a=2 and v2
1�a=2. These are the solutions of the follow-

ing system of equations:

Z

v2
a=2

v
1�a=2

ftðv2Þdv2 ¼ 1� a

Z

¥

v
1�a=2

ftðv2Þdv2 ¼ 1� a=2

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

(5.43)

Table 5.5 gives the results obtained for the mean value and dispersion intervals for
a significance limit a = 0.05.

Table 5.5 The confidence intervals of the mean value and
dispersion for the data from Table 5.3.

Current
number
for input

n
x/y

x ta I from
Eq. (5.42)

s2
x v2

1�a=2 v2
a=2 I from

Eq. (5.38)

1 5/4 13.86 2.571 13.67;
14.04

0.163 1.15 11.1 0.058;
0.265

2 5/6 20.16 2.571 20.43;
19.97

0.473 1.15 11.1 0.172;
1.641

3 3/3 27.10 3.182 27.23;
26.97

0.070 0.352 7.81 0.018;
0.398

4 5/5 34.76 2.571 34.58;
34.94

0.148 1.15 11.1 0.053;
0.514

5 4/4 42.40 2.776 42.09;
42.705

0.220 0.711 9.49 0.069;
0.928

Current
number for
input

y ta I from
(5.48)

s2
y � 102 v2

1�a=2 v2
a=2 I from

(5.44)

1 0.77 2.776 0.772;
0.768

0.080 0.711 9.49 0.033;
0.331

2 0.655 2.447 0.654;
0.656

0.035 1.64 12.6 0.013;
0.106
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Current
number for
input

y ta I from
(5.48)

s2
y � 102 v2

1�a=2 v2
a=2 I from

(5.44)

3 0.593 3.182 0.592;
0.594

0.010 0.352 7.81 0.002;
0.036

4 0.514 2.571 0.513;
0.515

0.083 1.15 11.1 0.03;
0.288

5 0.438 2.776 0.434;
0.442

0.129 0.711 9.49 0.041;
0.544

5.2.3
Statistical Hypotheses and Their Checking

The introduction of the formulation of the statistical hypotheses and their check-
ing have already been presented in Section 5.2.2.1 where we proposed the analysis
of the comparison between the mean values and dispersions of two selections
drawn from the same population. If we consider the mean values in our actual
example, the problem can be formulated as follows: if x1 is the mean value calcu-
lated with the values in Table 5.4 and x2 is the mean value for another selection
extracted from the same population (such as for example x2, which is the limiting
reactant concentration at the reactor input for Table 5.2, column 2) we must dem-
onstrate whether x1 is significantly different from x2.

A similar formulation can be established in the case of two different dispersions
in two selections extracted from the same population. Therefore, this problem can
also be extended to the case of two populations with a similar behaviour, even
though, in this case, we have to verify the equality or difference between the mean
values l1 and l2 or between the variances r2

1 and r2
2. We frequently use three

major computing steps to resolve this problem and to check its hypotheses:
. First, we begin the problem with the acceptance of the zero or

null hypothesis. Concerning two similar populations, the null
hypothesis for a mean value shows that l1 ¼ l2 or l1 � l2 ¼ 0.
Thus, we can write r2

1 ¼ r2
2 or r2

1 � r2
2 ¼ 0 for dispersion. We

have x1 ¼ x2 or x1 � x2 ¼ 0 for both selections and s2
1 ¼ s2

2 or
s2

1 � s2
2 ¼ 0 for the mean value and dispersion respectively.

. Then, we obtain the value of a random variable associated to the
zero hypothesis and to the commonly used distributions, we
establish the value of the correlated repartition function, which is
in fact a probability of the hypothesis existence.
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. Finally, we accept a confidence level and we compare this value
with those given by the repartition function and we eventually
accept or reject the null hypothesis according to this comparison.

Table 5.6 presents the statistical hypotheses frequently formulated and the tests
used for their validation.

Table 5.6 Frequently formulated statistical hypotheses and their validation tests.

Current
number
for input

Comparison
state

Zero
hypothesis

Test used Computed
value for
the random
variable

Associated
probability

Condition
of rejection

1 Two populations
and two selections.
Parameters:
l1, r1

2

population 1
l2, r2

2

population 2;
x1,s1

2 selection 1
x2,s1

2 selection 2

l1 ¼ l2

or
x1 ¼ x2

u u ¼ l1 � l2

r1=
ffiffiffi

n
p

u ¼ x1 � x2

r1=
ffiffiffi

n
p

PðX£uÞ ¼

R

u

�¥

1
ffiffiffiffi

2p
p e�u2 du

PðX£uÞ >
1� a

2 Same as 1 but
for selections
with a small volume

l1 ¼ l2

or
x1 ¼ x2

t
m = n–1

t ¼ l1 � l2

r1

ffiffiffi

n
p

or

t ¼ x1 � x2

r1

ffiffiffi

n
p

PðX£ tÞ ¼

R

t

�¥
ftðtÞdt

PðX£ tÞ >
1� a

3 The n volume
of selection and
its population

s2
1 ¼ r2 v2

m = n–1
v2 ¼ n� 1

r2
s2 PðX£ v2Þ ¼ PðX£ v2Þ >

1� a

4 Two selections
of n1 and n2 volumes

s2
1 ¼ s2

2

or
s2

1 > s2
2

F
m1 = n1–1
m1 = n2–1

F ¼ s2
1

s2
2

PðX£FÞ ¼

R

F

�¥
ft1;t2ðFÞdF

PðX£FÞ >
1� a

In order to clarify this conceptual discussion we will use the actual example we
have been working on in this chapter. First, it is required to verify whether disper-
sion s2

1, which characterizes the selection given in Section 5.5.2.1, is similar to dis-
persion s2

2, established in Table 5.5, column 2. Indeed, it is known that these selec-
tions have been extracted from the same original population. The response to this
question is obtained with the calculation methodology described above. This com-
putation is organized according to the algorithmic rule proposed at the beginning
of this paragraph, so:
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. We write the actual H0 hypothesis: H0 : s2
1 ¼ s2

2
. We compute the current value of the Fischer random variable

associated to the dispersions s2
1 and s2

2: F ¼ s2
1=s2

2;
Result: F = 3.86/0.473 = 8.16

. We establish the degrees of freedom for the Fischer variable:
t1 ¼ n1 � 1; t2 ¼ n2 � 1;
Results m1 = 3, m2 = 4

. We obtain the probability of the current Fischer variable by com-
puting the value of the repartition function:

PðX £ 8:16Þ ¼
R

8:16

0
ft1;t2ðFÞdF;

Result: PðX £ 8:16Þ ¼
R

8:16

0
ft1;t2ðFÞdF ¼ 0:97

. We accept the most used significance level a = 0.05

. We observe that PðX£ 8:16Þ ¼ 0:97 � 1� a ¼ 0:95 and, as a
consequence, we reject the zero hypothesis.

5.3
Correlation Analysis

When the preliminary steps of the statistical model have been accomplished, the
researchers must focus their attention on the problem of correlation between de-
pendent and independent variables (see Fig. 5.1). At this stage, they must use the
description and the statistical selections of the process, so as to propose a model
state with a mathematical expression showing the relation between each of the
dependent variables and all independent variables (relation (5.3)). During this
selection, the researchers might erroneously use two restrictions: Firstly, they may
tend to introduce a limitation concerning the degree of the polynomial that
describes the relation between the dependent variable y(i) and the independent
variables xj, j = 1,n; Secondly, they may tend to extract some independent variables
or terms which show the effect of the interactions between two or more indepen-
dent variables on the dependent variable from the above mentioned relationship.

The problem of simplifying the regression relationship can be omitted if, before
establishing those simplifications, the specific procedure that defines the type of
the correlations between the dependent and independent variables of the process,
is applied on the basis of a statistical process analysis.

Classical dispersion analyses, dispersion analyses with interaction effects and
especially correlation analyses can be used successfully to obtain the information
needed about the form of an actual regression expression. Working with the statis-
tical data obtained by the process investigation, the dispersion and the correlation
analyses, can establish the independent process variables and the interactions of
independent variables that have to be considered in a regression expression [5.18,
5.19].
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5.3 Correlation Analysis

For a process with one dependent variable and one independent variable, the
statistical process analysis gives one chain with values of yi, i = 1,n and another
one with values of xi, i = 1,n. Here, n is the number of the processed experiments.
The correlation analysis shows that the process variables y and x are correlated if
the indicator cov(x,y), given here by relation (5.44), presents a significant value:

covðy; xÞ ¼

P

n

i¼1
ðxi � xÞðyi � yÞ

ðn� 1Þ (5.44)

We observe that the covariance indicator (cov(x,y)) has an expression which is sim-
ilar to the dispersion of a statistical selection datum near the mean value (Eq.
(5.11)). It is important to specify that the notion of variance (or dispersion) differs
completely from the notion of covariance.

If the multiplication (xi � xÞðyi � yÞ from the covariance definition (5.44) gives
a positive number, then the figurative point ðxi; yiÞ will be placed in the first or
third quadrant of an x,y graphic representation, whereas, the figurative point
ðxi; yiÞ will be placed in the second or fourth quadrant. Now if the x and y variables
are independent, then the placement probability of the figurative point is the
same for all quadrants. So, in this case, we have the graphic representation from

Fig. 5.7(a), and the sum
P

n

i¼1
ðxi � xÞðyi � yÞ tends to zero or to a very small number.

For the case when x and y are dependent, then the placement probability is not

the same for all four quadrants and consequently the sum
P

n

i¼1
ðxi � xÞðyi � yÞ„ 0.

This last situation is shown in Fig. 5.7(b).

1 

2 3 

4 

xi 

yi 

a) b)

1 

2 3

4 

)

_

y,

_

x(

xi 

yi 

Figure 5.7 Graphic introduction of the correlation between
statistical variables, (a) independent variables, (b) dependent
variables.

The x and y covariance increases or decreases with the values of ðxi � xÞ and
ðyi � yÞ. Thus, if we repeat the statistical experiment in order to obtain the chains
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of values xi; yi i ¼ 1;n and if we compute again the cov(x,y), this new cov value
can be different from the cov initially calculated. This distortion is eliminated if
we replace the covariance by the correlation coefficient of the variables:

ryx ¼

P

n

i¼1
ðxi � xÞðyi � yÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

n

i¼1
ðxi � xÞ2ðyi � yÞ2

s ¼ covðy; xÞ
sxsy

(5.45)

It is easy to observe that the domain of the values of the correlation coefficient is
placed between –1 and +1 and that ryx : Rfi ½�1; 1�.

The following observations can also be made with respect to the correlation
coefficient:
. If the value of the correlation coefficient approaches zero, then

we can accept x and y variables to be independent. So, the varia-
tions on the dependent variable do not affect the independent
variable;

. When the correlation coefficient takes a positive value, the inde-
pendent and dependent variables increase simultaneously. The
opposite case corresponds to a negative value of the correlation
coefficient;

. The extreme values (ryx ¼ 1; ryx ¼ �1) for the correlation coeffi-
cient show that a linear relationship exists between the dependent
and independent variables.

The discussion presented above for the case when the process has only one input
can easily be extended to a process with more than one independent variable
(many inputs). For example, when we have one dependent and two independent
variables, we can compute the ryx1

; ryx2
; ryx1x2

:: coefficients. All the observations
concerning ryx stay unchanged for each ryx1

; ryx2
; ryx1x2

:: When this process involves
two inputs, if we obtain ryx1

¼ 1; ryx2
¼ �1; ryx1x2

¼ 1 and if the other possible
correlation coefficients approach zero, then dependence y ¼ b0 þ b1x1 � b2x2 þ
b12x1x2 is recommended to build the statistical model of the process.

If we once more consider the example studied throughout this chapter, we can
use the statistical data presented in Table 5.3 in order to compute the value of the
correlation coefficient. However, before carrying out this calculation, we can
observe an important dependence between variables x and y due to the physical
meaning of the results in this table. The value obtained for the correlation coeffi-
cient confirms our a priori assumption because the cov has a value near unity. It
shows that a linear relationship can be established between process variables. The
results of these calculations are shown in Table 5.7.
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Table 5.7 Calculation of the correlation coefficient between the
reactant conversion degree and the input concentration (the
statistical data used are from Table 5.3)

Current
number
for input

xi x (xi – x) yi y (yi – y) (xi – x)
� (yi – y)

(xi – x)2 (yi – y)2

1 13.86 –13.91 0.770 0.1762 –2.45975 193.655 0.03104

2 20.16 –7.616 0.655 0.0612 –0.46609 58.003 0.00374

3 27.70 –0.076 0.593 0.594 –0.0008 0.00006 0.0057 0.00006

4 34.76 27.78 6.984 0.514 –0.0798 –0.55732 48.776 0.00636

5 42.40 14.62 0.437 –0.1568 –2.29304 213.861 0.02496
P

5

i¼1
138.88 2.969 5.776144 514.30 0.070672

The value of the correlation coefficient is: ryx = (5.7761/(514.3*0.0707)2) = 0.957.

We can eliminate all the false dependent variables from the statistical model
thanks to the correlation analysis. When we obtain ry1y2

¼ 1 for a process with two
dependent variables (y1; y2), we have a linear dependence between these variables.
Then, in this case, both variables exceed the independence required by the output
process variables. Therefore, y1 or y2 can be eliminated from the list of the depen-
dent process variables.

5.4
Regression Analysis

Regression analysis is the statistical computing procedure that begins when the
model regression equations have been established for an investigated process.
The regression analysis includes [5.18, 5.19]:
. the system of normal equations for the particularizations to an

actual case, in which the relationship between each dependent
variable and the independent process variables is established on
the basis of Eq. (5.3);

. the calculations of the values of all the coefficients contained in
the mathematical model of the process;

. the validation of the model coefficients and of the final statistical
model of the process.

The items described above have already been introduced in Fig. 5.3 where the
steps of the development of the statistical model of a process are presented. It
should be pointed out that throughout the regression analysis, attention is com-
monly concentrated on the first and second aspects, despite the fact that virgin
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statistical data are available for the third aspect. Normally, this new non-used data
(see Fig. 5.3) allows the calculation of the reproducibility variance (s2

rp) as well as
the residual variance, which together give the model acceptance or rejection. In
fact, this aspect contains the validation of the hypothesis considering that
s2

rp ¼ s2
rz; it is clear that the use of the Fischer test (for instance, see Table 5.6) is

crucial in this situation. The following paragraphs contain the particularization of
the regression analysis to some common cases. It is important to note that these
examples differ from each other by the number of independent variables and the
form of their regression equations.

5.4.1
Linear Regression

A linear regression occurs when a process has only one input (x) and one output
variable (y) and both variables are correlated by a linear relationship:

yth ¼ y ¼ f ðx; b0; b1Þ ¼ b0 þ b1x (5.46)

This relation is a particularization of the general relation (5.3). Indeed, polynomial
regression presents the limitation of being first order. In accordance with Eq.
(5.46), the system of equations (5.9) results in the following system for the identi-
fication of b0 and b1:

X

N

i¼1

yi �
X

N

i¼1

ðb0 þ b1xiÞ ¼ 0

X

N

i¼1

yixi �
X

N

i¼1

ðb0 þ b1xiÞxi ¼ 0

8

>

>

>

>

<

>

>

>

>

:

(5.47)

which is equivalent to:

Nb0 þ b1

X

N

i¼1

xi ¼
X

N

i¼1

yi

b0

X

N

i¼1

xi þ b1

X

N

i¼1

ðxiÞ2 ¼
X

N

i¼1

yixi

8

>

>

>

>

<

>

>

>

>

:

(5.48)

Now it is very simple to obtain coefficients b0 and b1 as the Cramer solution of
system (5.39). The following expressions for b0 and b1 are thus obtained:

b0 ¼

P

N

i¼1
yi
P

N

i¼1
x2

i �
P

N

i¼1
xi
P

N

i¼1
yixi

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2 (5.49)
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b1 ¼
N
P

N

i¼1
yixi �

P

N

i¼1
xi
P

N

i¼1
yi

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2 (5.50)

After the calculation of b1 we can extract b0 from relation (5.51) where x and y are
the mean values of variables x and y respectively. Otherwise, this relation can also
be used to verify whether b0 and b1 are correctly obtained by relations (5.50) and
(5.51):

b0 ¼ y� b1x (5.51)

The next step in developing a statistical model is the verification of the signifi-
cance of the coefficients by means of the Student distribution and the reproduc-
ibility variance.

The problem of the significance of the regression coefficients can be examined
only if the statistical data take into consideration the following conditions [5.19]:

1. The error of the measured input parameter (x) must be
minor. In this case, any error occurring when we obtain “y”
will be the consequence of the non-explicit input variables.
These non-explicit variables are input variables which have
been rejected or not observed when the regression expres-
sion was proposed.

2. When the measurements are repeated, the results of the out-
put variable must present random values with a normal dis-
tribution (such samples are shown in Table 5.2).

3. When we carry out an experimentation in which “N” is the
dimension of each experiment and where each experiment is
repeated “m” times, the variances s2

1; s
2
2; ::::s

2
N, which are

associated to the output variable, should be homogeneous.

The testing of the homogeneity of variances concerns the process of primary prep-
aration of the statistical data. It is important to note that this procedure of homo-
geneity testing of the output variances is in fact a problem which tests the zero
hypothesis, i.e.: H0 : s2

1 ¼ s2
2 ¼ :::: ¼ s2

N. For this purpose, we comply with the fol-
lowing algorithm:

1. We compute the mean values of samples with respect to the
output process variable:

yi ¼
P

m

k¼1
yik=m i ¼ 1; 2; 3; ::::N (5.52)

2. With the mean values and with each one of the experiments
we establish the variables s2

1 ¼ s2
2 ¼ :::: ¼ s2

N as well as their
maximum values:
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s2
i ¼

P

m

i¼1
ðyik � yiÞ

2

m� 1
(5.53)

3. We proceed with the calculation of the sum of the variances
that give the value of the testing process associated to the
Fischer random variable:

s2 ¼
X

N

i¼1

s2
i F ¼ s2

max

s2
(5.54)

4. At this point we identify the values which have the same
degrees of freedom as variable F and thus we obtain an exis-
tence probability of this random variable between 0 and the
computed value of point c):

t1 ¼ N; t2 ¼ m� 1 PðX £FÞ ¼
R

F

�¥
ft1;t2ðFÞdF (5.55)

5. For a fixed significance level a, all the variances
s2

1 ¼ s2
2 ¼ :::: ¼ s2

N will be accepted as homogenous if
we have:

PðX £FÞ£ 1� a (5.56)

6. When the homogeneity of the variances has been tested, we
continue to compute the values of the reproducibility var-
iance with relation (5.64):

s2
rp ¼ s2=N (5.57)

In statistics, the reproducibility variance is a random variable having a number of
degrees of freedom equal to t ¼ Nðm� 1Þ. Without the reproducibility variances
or any other equivalent variance, we cannot estimate the significance of the
regression coefficients. It is important to remember that, for the calculation of
this variance, we need to have new statistical data or, more precisely, statistical
data not used in the procedures of the identification of the coefficients. This
requirement explains the division of the statistical data of Fig. 5.3 into two parts:
one significant part for the identification of the coefficients and one small part for
the reproducibility variance calculation.

The significance estimation of b0 and b1 coefficients is, for each case, a real sta-
tistical hypothesis, the aim of which is to verify whether their values are null or
not. Here, we can suggest two zero hypotheses (H01 : b0 ¼ 0 and H02 : b1 ¼ 0)
and by using the Student test (see Table 5.6), we can find out whether these
hypotheses are accepted or rejected.
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In a more general case, we have to carry out the following calculations:
. firstly: the values of the tj variable using relation (5.58) where bj is

the j regression coefficient, and sbj
represents the corresponding

bj mean square root of variance s2
bj

:

tj ¼
bj

�

�

�

�

�

�

sbj

(5.58)

. secondly: the existence probability of the tj value of the Student
variable, where t is the number of the degrees of freedom respect
to the calculation of the tj value:

PjðX £ tjÞ ¼
R

tj

�¥
ftðtÞdt

. finally: if we have PjðX £ tjÞ > 1� a, the zero hypothesis for bj so
that H0j : bj ¼ 0 will be rejected. In this case, bj is an important
coefficient in the relationship between the regression variables.
The opposite case corresponds to the acceptance of the H0j

hypothesis.

It is then important to show that, in case of generalization, the mean square root
of the variances with respect to the mean bj value as well as its variances have the
quality to respect the law of the accumulation of errors [5.13, 5.16, 5.19]. As a
result, the mean square root of the variances will have a theoretical expression,
which is given by:

sbj
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

N

i¼1

¶bj

¶yi

� �

v

u

u

t s2
i (5.59)

Because, in a normal case, we have the homogenous variances
s2

1 ¼ s2
2 ¼ :::: ¼ s2

N ¼ s2
rp, then for the case of a linear regression, we can particu-

larize relation (5.59) in order to obtain the following relations:

sb0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
rp

P

N

i¼1
x2

i

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2

v

u

u

u

u

u

u

t

(5.60)

sb1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
rpN

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2

v

u

u

u

u

t

(5.61)

After estimation of the significance of the coefficients, each non-significant coeffi-
cient will be excluded from the regression expression and a new identification can
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be made for all the remaining coefficients. This new calculation of the remaining
regression coefficients is a consequence of the fact that these regression coeffi-
cients are in an active interrelated state. Before ending this problem, we must ver-
ify the model confidence, i.e. we must check whether the structure that remains
after the testing of the significance coefficients, is adequate or not. For the exam-
ple discussed above, the model is represented by the final expression of regres-
sion. Its confidence can thus be verified using the Fischer test the orientation of
which is to verify the statistical hypothesis: H0m : s2

rz ¼ s2
rp suggesting the equality

of the residual and reproducibility variances. The Fischer test begins with the cal-
culation of the Fischer random variable value: F ¼ s2

rz=s2
rp. Here the degrees of

freedom have the values t1 ¼ N� 1; t2 ¼ N� nb, where N is the number of sta-
tistical data used to calculate s2

rz in t1, as well as in t2. Here, nb introduces the
number of regression coefficients that remain in the final form of the regression
expression. For a process with only one output (only one dependent variable) the
residual variance measures the difference between the model computed and the
mean value of the output:

s2
rz ¼

P

N

i¼1
ðŷyi � yÞ2

N� nb

(5.62)

ŷyi ¼ b0 þ b1xi i ¼ 1;N (5.63)

After calculating the value of the random variable F, we establish the reproducibil-
ity variances and carry out the test according to the procedure given in Table 5.6.
Exceptionally, in cases when we do not have any experiment carried out in paral-
lel, and when the statistical data have not been divided into two parts, we use the
relative variance for the mean value (s2

y) instead of the reproducibility variance.
This relative variance can be computed with the statistical data used for the identi-
fication of the coefficients using the relation (5.64):

s2
y ¼

P

N

i¼1
ðyi � yÞ2

N� 1
(5.64)

In this case, the value of N for t1 and t2 is the same and it is equal to the number
of experiments accepted for the statistical calculations. Coming back to the prob-
lem of the model adequacy, it is clear that the zero hypothesis has been trans-
formed into the following expression: H0m : s2

rz ¼ s2
y .

5.4.1.1 Application to the Relationship between the Reactant Conversion and the
Input Concentration for a CSR
The statistical data shown in Table 5.2 were obtained for an isothermal continu-
ously stirred reactor (CSR) with a spatial time of 1.5 h. With these experimental
data, we can formulate a relationship between the reactant conversion (y) and the
input concentration (x). For the establishment of a statistical model based on a
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linear regression, we have a coefficient of regression close to 1 (found in Table 5.7
which contains the values obtained with the same statistical data). However, we
did not have any additional experiments carried out in parallel and consequently
we cannot establish a real reproducibility variance. The correlation coefficient
from Table 5.7, sustains the proposal of a linear dependence between the conver-
sion (y) and the input concentration of the reactant (x): y ¼ b0 þ b1x. Table 5.8
shows the statistical data and the results of some calculations needed for the deter-
mination of b0 and b1.

Table 5.8 The statistical data and calculated parameters for the
estimation of b0 and b1.

i = xi yi (xi)2 (yixi) x y

1 13.86 0.77 194.8816 10.6722

2 20.16 0.655 406.4256 13.2048

3 27.70 0.593 767.29 16.4261 27.776 0.5938

4 34.76 0.514 1208.2576 17.86664

5 42.40 0.437 1797.76 18.5288
P

N

i¼1
138.88 2.969 4374.6 76.67

Thus, for b0 and b1 we obtain:

b1 ¼
N
P

N

i¼1
yixi �

P

N

i¼1
xi
P

N

i¼1
yi

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2 ¼
5 � 76:67� 138:88 � 2:969

5 � 43754:6� ð138:88Þ2
¼ �0:0112 ;

b0 ¼ 0:0112 � 27:76þ 0:5938 ¼ 0:92692

The significance estimation of b0 and b1 is made by computing the residual var-
iance and the variance relative to the mean value of the dependent variable. The
results corresponding to these calculations are shown in Table 5.9.
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Table 5.9 Computed values of the residual and relative variances.

Number (N) 1 2 3 4 5
P

N

i¼1

xi 13.86 20.16 27.70 34.76 42.40 138.88

yi 0.77 0.655 0.593 0.514 0.437 2.969

yi � y 0.1762 0.0612 –0.0008 –0.0798 –0.1568

ŷy ¼ b0 � b1xi 0.884 0.701 0.617 0.538 0.452

ŷy� y 0.2902 0.1072 0.0232 –0.0558 –0.1418

Variance s2
rz = (0.29022 + 0.10722 + 0.02322 +

0.05582 + 0.14182)/4 = 0.02986675
s2

y = (0.17622 + 0.06122 + 0.00082 +
0.07982 + 0.15682)/4 = 0.0164367

Now, we can obtain the variances due to b0 and b1 by using relations (5.60) and
(5.61):

sb0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
rp

P

N

i¼1
x2

i

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2

v

u

u

u

u

u

u

t

¼
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0:01644 � 4374:6

5 � 4374:6� ð138:88Þ2

s

¼ 0:1667

sb1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2
rpN

N
P

N

i¼1
x2

i �
P

N

i¼1
xi

� �2

v

u

u

u

u

t

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:01644 � 5

5 � 4374:6� ð138:88Þ2

s

¼ 0:0018

The estimations of the b0 and b1 significance are computed by the procedure giv-
en in Table 5.6. The results are shown in Table 5.10.

Table 5.10 The significance of b0 and b1 coefficients estimated
by the Student test.

Hypothesis m T P(X<t), relation (5.30) 1–a Conclusion

b0 = 0 4 0.92692/0.1667 = 5.5 0.87 0.95 b0 important

b1 = 0 4 0.0112/0.0018 = 6.2 0.91 0.95 b1 important

At this point, we have to think about the problem of the model confidence. For
this purpose we have to consider that:
. the value of the Fischer variable is F = 0.0298/0.0164 = 1.817;
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. for 1–a = 0.95, we obtain F ¼ F0:05 ¼ 3:24 by solving the equation

1� a ¼
R

F

0
f4;4ðFÞdF;

. we accept the zero hypothesis H0m : s2
rz ¼ s2

y because
F0:05 ¼ 3:24 � F ¼ 1:817.

In other words, the reactant transformation degree (g), depends on the input reac-
tant concentration (c0), according to the following relation: g ¼ 0:92692� 0:0112c0.
The results obtained here show that physical and chemical processes occurring in
the reactor of this case under study are not simple. It is well known that for a reac-
tion occurring in a CSR with a simple kinetics, the degree of transformation is
not significantly dependent on the input reactant concentration. For example, if a
first order reaction occurs in a CSR, g will depend only on the residence time and
the kinetic reaction constant g ¼ krss=ðkrss þ 1Þ.

5.4.2
Parabolic Regression

If the regression expression is a polynomial, then, by applying the method of least
squares to identify the coefficients and compute the values of the coefficients, we
obtain a simple linear system. If we particularize the case for a regression expres-
sion given by a polynomial of second order, the general relation (5.3) is reduced
to:

yth ¼ y ¼ f ðx; b0; b1Þ ¼ b0 þ b1xþ b11x2 (5.65)

By computing the derivatives of the system of normal equations
¶f ðx; b0; b1; b11Þ

¶b0
¼ 1;

¶f ðx; b0; b1; b11Þ
¶b1

¼ x;
¶f ðx; b0; b1; b11Þ

¶b11
¼ x2, we establish the

system of equations which is necessary to calculate the values of b0; b1; b11:

b0Nþ b1

X

N

i¼1

xi þ b11

X

N

i¼1

x2
i ¼

X

N

i¼1

yi
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X

N
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xi þ b1

X

N

i¼1

x2
i þ b11

X

N
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x3
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X

N

i¼1

yixi
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X

N

i¼1

x2
i þ b1

X

N

i¼1

x3
i þ b11

X

N

i¼1

x4
i ¼

X

N

i¼1

yix
2
i
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>
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>

>

>
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<

>

>
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>

>

>

>

>

>

>
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(5.66)

The same procedure is used if we increase the polynomial degree given by the
regression equation. In this case, the tests of the coefficient significance and
model confidence are implemented as shown in the example developed in Section
5.4.1.1. It is important to note that we must use relation (5.59) for the calculation
of the variances around the mean value of bj.
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5.4.3
Transcendental Regression

For statistical samples of small volume, an increase in the order of the polynomial
regression of variables can produce a serious increase in the residual variance. We
can reduce the number of the coefficients from the model but then we must intro-
duce a transcendental regression relationship for the variables of the process.
From the general theory of statistical process modelling (relations (5.1)–(5.9)) we
can claim that the use of these types of relationships between dependent and in-
dependent process variables is possible. However, when using these relationships
between the variables of the process, it is important to obtain an excellent ensem-
ble of statistical data (i.e. with small residual and relative variances).

It is well known that using an exponential or power function can also describe
the portion of a polynomial curve. Indeed, these types of functions, which can rep-
resent the relationships between the process variables, accept to be developed into
a Taylor expansion. This procedure can also be applied to the example of the sta-
tistical process modelling given by the general relation (5.3) [5.20].

In this case, the calculation of the coefficients for the transcendental regression
expression can be complicated because, instead of a system of normal equations
(5.9), we obtain a system of non-linear equations. However, we can simplify the
calculation by changing the original variables of the regression relationship. In
fact, changing the original variables results in the mathematical application of
one operator to the expression of the transcendental regression. As an example,
we can consider the relations (5.67)–(5.69) below, where the powers or an expo-
nential transcendental regression are transformed into a linear regression:

yth ¼ y ¼ f ðx; b0; b1Þ ¼ b0bx
1 (5.67)

yth ¼ y ¼ f ðx; b0; b1Þ ¼ b0xb1 (5.68)

lg y ¼ lg b0 þ x lg b1 ; z ¼ lgy ; b0 ¢ ¼ lg b0 ; b1 ¢ ¼ lg b1 ; z ¼ b0 ¢þ bx
1 (5.69)

Coefficients b0 ¢; b1 ¢ can easily be obtained by using the method of least squares.
Nevertheless, the interest is to have the original coefficients of the transcendental
regression. To do so, we apply an inverse operator transformation to b0 ¢ and b1 ¢.
Here, we can note that b0 ¢ and b1 ¢ are the bypassed estimations for their corre-
spondents b0 and b1.

5.4.4
Multiple Linear Regression

When the studied case concerns obtaining a relationship for the characterization
of a process with multiple independent variables and only one dependent variable,
we can use a multiple linear regression:
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yth ¼ y ¼ f ðx1::xk; b0; b1:::bk ¼ b0 þ b1x1 þ b2x2 þ :::þ bkxk (5.70)

It is clear that Eq. (5.70) results from the general relation (5.3). In this case, when
k = 2, we have a regression surface whereas, when k>2, a hypersurface is obtained.
For surface or hypersurface constructions, we have to represent the corresponding
values of the process parameters (factors and one dependent variable) for each
axis of the phase’s space. The theoretical starting statistical material for a multiple
regression problem is given in Table 5.11.

Table 5.11 The starting statistical material for a multiple regression.

i x1 x2 x3 ............ xk y

1 x11 x21 x31 ............ xk1 y1

2 x12 x22 x32 ............ xk2 y2

3 x13 x23 x33 ............ xk3 y3

. ... ... ... ............ ... ..

. ... ... ... ............ ... ..

N x1N x2N x3N ............ xkN yN

The starting data are frequently transformed into a dimensionless form by a nor-
malization method in order to produce a rapid identification of the coefficients in
the statistical model. The dimensionless values of the initial statistical data
(y0

i and x0
ji) are computed using Eqs. (5.71) and (5.72), where sy; sxj are the square

roots of the correspondent variances:

y0
i ¼

yi � y
sy

; x0
ji ¼

xji � xj

sxj
; i ¼ 1;N ; j ¼ 1; k (5.71)

sy ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

N

i¼1
ðyi � yÞ2

N� 1

v

u

u

u

t

, sxj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P

N

i¼1
ðxji � xjÞ2

N� 1

v

u

u

u

t

(5.72)

At this step of the data preparation, we can observe that each column of the trans-
formed statistical data has a zero mean value and a dispersion equal to one. A
proof of these properties has already been given in Section 5.2 concerning a case
of normal random variable normalization.

Then, considering the statistical data from Tables 5.11 and 5.12 and using the
statistical correlation aspects (see Section 5.3), we can observe that the correlation
coefficients are the same for variables y, xj and y0

i ; x0
ji (relation (5.73)). This obser-

vation remains valid for the correlations concerning xj and xl.
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ryxj
¼ ry0x0

j
¼ 1

N� 1

X

N

i¼1

y0
i x0

ji (5.73)

rxjxl
¼ rx0

j x0
l
¼ 1

N� 1

X

N

i¼1

x0
jix

0
li ; j „ l j; l ¼ 1; 2; :::k (5.74)

Table 5.12 The dimensionless statistical data for a multiple regression.

i x1
0 x2

0 x3
0 ............ xk

0 Y0

1 x0
11 x0

21 x0
31 ............ x0

k1 y1
0

2 x0
12 x0

22 x0
32 ............ x0

k2 y2
0

3 x0
13 x0

23 x0
33 ............ x0

k3 y3
0

. ... ... ... ............ ... ..

. ... ... ... ............ ... ..

N x0
1N x0

2N x0
3N ............ x0

kN yN
0

The observations mentioned above are important because they will be used in
the following calculations. As was explained above, the mean value of the depen-
dent normalized variable is zero, consequently the regression expression with the
normalized variables can be written as:

y0 th ¼ f 0ðx0
1; ::x

0
k; a1; ::akÞ ¼ a1x0

1 þ a2x0
2 þ ::::þ akx0

k (5.75)

It is evident that, for the identification of the aj coefficients, we have to determine
the minimum of the quadratic displacement function between the measured and
computed values of the dependent variable:

Uða1; a2; :::akÞ ¼
P

N

i¼1
ðy0

i � y0 th
i Þ

2 ¼ min (5.76)

thus, we obtain the minimum value of function Uða1; a2::::; akÞ when we have:

¶Uða1::akÞ
¶a1

¼ ¶Uða1::akÞ
¶a2

¼ :::::: ¼ ¶Uða1::akÞ
¶ak

¼ 0 (5.77)

the relation above can be developed as follows:
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a1

X

N

i¼1

ðx0
1iÞ

2 þ a2

X

N

i¼1

ðx0
2ix

0
1iÞ þ ::::::::::::: þ

X

N

i¼1

ðx0
Nix

0
1iÞ ¼

X

N

i¼1

ðy0
1x0

1iÞ

a1

X

N
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(5.78)

The system (5.80) for the identification of the aj coefficients is obtained after mul-
tiplying each term of system (5.78) by 1/(N–1) and after coupling this system with
relations (5.73), (5.74) and (5.79):

1
N� 1

X

N

i¼1

ðx0
jiÞ

2 ¼ s2
x0

j
¼ 1 (5.79)

a1 þ a2rx1x2
þ a3rx1x3

þ :::::::::þ akrx1xk
¼ ryx1

a1rx2x1
þ a2 þ a3rx2x3

þ :::::::::þ akrx2xk
¼ ryx2

a1rxkx1
þ a2rxkx2

þ a3rxkx3
þ ::::::::: þ ak ¼ ryxk

8

>

>

>

>

<

>

>

>

>

:

(5.80)

Considering the commutability property of the correlations of coefficients
(rxjxl
¼ rxlxj

) we can solve the above system. After solving it with unknown
a1; a2:::ak, we can determine the value of the correlation between the coefficients
of the process variables by using Eq. (5.81):

Ryxj
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a1ryx1
þ a2ryx2

þ ::::::þ akryxk

p

(5.81)

When the statistical sample is small, the multiple linear correlation coefficient
must be corrected. The correction is imposed by the fact that, in this case, the
small number of degrees of freedom (t ¼ N� nb is small) adds errors systemati-
cally. Therefore, the most frequently used correction is given by:

Rc
yxj
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� R2
yxj
Þ N� 1

N� nb

s

(5.82)

At this point, we have to consider coefficients a1; a2:::ak according to the dimen-
sional relationship between the process variables (5.70). For this purpose, we
must transform aj into bj, and j = 1,k. Indeed, these changes can take place using

the following relations: bj ¼ ajsy=sxj ; j ¼ 1; 2; :::k ; j „ 0 ; b0 ¼ y�
P

N

iþ
bjxj.

Now we have to estimate the reproducibility of the variance, to carry out the
confidence tests for the coefficients so as to establish the final model.
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5.4.4.1 Multiple Linear Regressions in Matrix Forms
The regression analysis, when the relationship between the process variables is
given by a matrix, is frequently used to solve the problems of identification and
confidence of the coefficients as well as the problem of a model confidence. The
matrix expression is used frequently in processes with more than two indepen-
dent variables which present simultaneous interactive effects with a dependent
variable. In this case, the formulation of the problem is similar to the formulation
described in the previous section. Thus, we will use the statistical data from Table
5.11 again in order to identify the coefficients with the following relation:

yth ¼ y ¼ f ðx1::xk; b0; b1:::bkÞ ¼ b0x0 þ b1x1 þ b2x2 þ :::þ bkxk (5.83)

The first step in this discussion concerns the presentation of the matrix of the in-
dependent variables (X), the experimental observation vector of the dependent
variable (Y) and the column matrix of the coefficients (B) as well as the transposed
matrix of the independent variables (XT). All these terms are introduced by rela-
tion (5.84). A fictive variable x0, which takes the permanent value of 1, has been
considered in the matrix of the independent variables:

X ¼

x01 x11 : : xk1

x02 x12 : : xk2
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x0N x1N : : xNN
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:

:
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XT ¼
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x11 xT
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: : : : :
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(5.84)

The particularization of the system of the normal equations (5.9) into an equiva-
lent form of the relationship between the process variables (5.83), results in the
system of equations (5.85). In matrix forms, the system can be represented by
relation (5.86), and the matrix of the coefficients is given by relation (5.87).
According to the inversion formula for a matrix, we obtain the elements for the
inverse matrix of the matrix multiplication (XXT), where (XT) is the transpose
matrix of the matrix of independent variables.

Relation (5.89) gives the value of each element of matrix (XXT), where the sym-
bol djk represents a current element, as shown in relation (5.88),

366



5.4 Regression Analysis
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(5.85)

XTXB ¼ XY (5.86)

B ¼ XTXð Þ�1XY (5.87)

ðXTXÞ�1 ¼

d00 d01 d02 : d0k

d10 d11 d12 : d1k

d20 d21 d22 : d2k

: : : : :
dk0 dk1 dk3 : dkk
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(5.88)

djk ¼

P

N

i¼1
xkixji

� �

¢

D
(5.89)

It is not easy to compute the cofactors
P

N

i¼1
xkixji

� �

¢ and the determinant of the

(XTX) matrix multiplication. Therefore, the computation depends on the (X)
matrix dimension and more specifically on the number of the independent vari-
ables of the process as well as on the number of experiments produced during the
process of the statistical investigation. Frequently, the computation software of the
problem cannot produce a solution for the coefficient matrix, even if we have care-
fully prepared data (controlled and verified). To overcome this situation, we must
verify whether the inverse matrix of the (X) and (XT) matrix multiplication pre-
sents a degenerated state. This undesirable situation appears when one or more
correlation(s) exist(s) between the independent variables of the process. For this
reason, when we have two factors with a strong correlation in the ensemble of in-
dependent variables, one of them will be excluded before developing the calcula-
tion algorithm to determine the correlation coefficients.

In order to obtain the value of the residual variance, we first define the matrix
of the expected observations ŶY ¼ XB and then we observe that the quadratic dis-
placement between the measured and computed output values of the variables
can be written as:

Y� ŶY
	 


Y� ŶY
	 
T¼

P

N

i¼1
ðyi � ŷyiÞ2
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Now we introduce the matrix of the theoretical coefficients of the regression
(coefficients of the relation (5.4)) here symbolized by Br. Therefore, the coefficient
matrix B, defined above, is an estimation of the Br matrix and we can
consequently write that the mean value of matrix B is matrix Br: MðBÞfiBr or
M½B� Br�fi 0.

If we apply the concept of mean value to the matrix obtained from the multipli-
cation of [B–Br] and [B–Br]T,, and using the definition for the variance and covar-
iance of two variables, we obtain the result given by matrix (5.90):

M½ðB� BrÞðB� BrÞT� ¼

r2
b0

covðb0b1Þ covðb0b2Þ : covðb0bkÞ
covðb1b0Þ r2

b1
covðb1b2Þ : covðb1bkÞ

covðb2b0Þ covðb2b1Þ r2
b2

: covðb2bkÞ
: : : : :

covðbkb0Þ covðbkb1Þ covðbkb2Þ : r2
bk
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7

7

5

(5.90)

It should be mentioned that the diagonal components of this matrix contain the
theoretical variances of coefficients bj; j ¼ 1; ::N. Moreover, these variances are
necessary to test the significance of the coefficients of the model. Indeed, when
matching a model with an experimental study, matrix (5.90) is fundamental for
testing the significance of the coefficients. Now, we have to consider the differ-
ences between the measured yi; i ¼ 1; ::N and the expected mean values of the
measurements introduced through the new vector column (Yob):

Yob ¼ Y�MðYÞ ¼

y1 �mðy1Þ
y2 �mðy2Þ

:
yN �mðyNÞ

2
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6
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7

7

5

(5.91)

Thus, the replacement of B ¼ ðXTXÞ�1XY(5.94) in the left-hand side of relation
(5.90) results in: M½ðB� BrÞðB� BrÞT� ¼ M½½ðXXTÞ�1XTYob�½ðXTXÞ�1XTYob�T�.
Here, we can observe that ðXTXÞ is a diagonal symmetric matrix and, for that rea-
son, we can write that [(XTX)–1]T = [(XTX)T]–1. Therefore, the relation M½ðB� BrÞ
ðB� BrÞT� can be written as M½ðB� BrÞðB� BrÞT� ¼ ðXTXÞ�1MðYobYT

obÞ. Because
we generally have r2

y1 ¼ r2
y2 ¼ ::::::: ¼ r2

yN ¼ r2
y and due to the statistical indepen-

dence of errors, we have cov½ðyi �mðyiÞÞðyl �mðylÞÞ� as zero for all i „ l and thus
we can write the matrix M YobYT

ob

� �

as follows:

MðYobYT
obÞ ¼

r2
y1 0 0 : 0
0 r2

y2 0 : 0
0 0 r2

y3 : :
: : : : :
0 0 0 : r2

yN
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¼

1 0 0 : 0
0 1 0 : 0
0 0 1 : 0
: : : : :
0 0 0 : 1
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7

5

r2
y (5.92)

With this last observation, the calculation for M½ðB� BrÞðB� BrÞT� results in:
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M½ðB� BrÞðB� BrÞT� ¼ ðXTXÞ�1
r2

y (5.93)

This result is very important because it shows how we compute the values of the
elements of the matrix of mean errors M½ðB� BrÞðB� BrÞT�. These elements
allow the calculation of the dispersions (variances) that characterize each bj model
coefficient of the process as shown in relation (5.94), which results from combin-
ing relations (5.93), (5.90) and (5.89):

r2
bj
¼ djjr

2
y ; covðbjbkÞ ¼ djkr2

y (5.94)

From a practical point of view, we should draw the readers’ attention to the follow-
ing significant and important specifics:

1. The ðXTXÞ�1 matrix is the most important to identify the
coefficients of the model and to estimate the mean values of
errors associated to each bj coefficient. This matrix is cur-
rently called the correlation matrix or error matrix.

2. This matrix does not have the state of a diagonal matrix and
consequently, all the regression coefficients are in mutual
correlation. So we cannot develop a different significance
test for each of the coefficients. From this point of view it is
not possible to use the tj values given by relation (5.95) as the
base of a procedure for the process factor arrangement:

tj ¼
bj

�

�

�

�

�

�

ry

ffiffiffiffiffi

djj

q ¼
bj

�

�

�

�

�

�

sy

ffiffiffiffiffi

djj

q (5.95)

3. We can use the tj values to start a heuristic procedure, which
can be obtained from the regression expression of the non-
significant coefficients. For this purpose, the following algo-
rithm is used:
a) the factor with the smallest tj value is eliminated.
b) if the residual variance decreases, then the exclusion is

correct and thus, a new identification for the coefficients
can be carried out. The opposite case shows that the
excluded factor is important.

c) new values for tj will be obtained and a new elimination
procedure can start.

d) we close the procedure when is not possible to decrease
the residual variance.

e) the final remaining coefficients are the based estima-
tions of the true coefficients.

Until now, no other procedures have been available for the enhancement of an
initial proposed relationship between the regression variables.
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5.4.5
Multiple Regression with Monomial Functions

In a multiple regression with monomial functions, the particularization of the
relationship between the general process variables (5.3) gives the relation written
below, where fjðxjÞ is a continuous function:

yth ¼ y ¼ f ðx1; x2; ::; b0; b1; :::cÞ ¼ cf1ðx1Þf2ðx2Þf3ðx3Þ::::fkðxkÞ

This type of relationship between the dependent and all independent variables
was first reported by Brandon [5.21]. In this form of function, we observe that the
index (i) does not have a random position; thus, for i = 1, the function of the factor
has a strong influence on the process, whereas, for i = k, the function of the factor
has a slight influence on the process.

The algorithm that allows the identification of the functions and the c constant
can be described as follows:

1. An empirical regression line will be processed for the y–x1

dependence with the statistical data from Table 5.11.
2. Thus, the dependence of yx1

¼ f1ðx1Þ can now be appreciated
and, using the classical least squares method, we can identify
all the unknown coefficients.

3. A new set of values for the dependent variables of the pro-
cess will be produced by dividing the old values by the corre-
sponding f1ðx1Þ values, so that y1 ¼ y=f1ðx1Þ. This new set of
values of dependent variables are independent of factor x1

and, as a consequence, we can write:
yth

1 ¼ cf2ðx2Þf3ðx3Þ::::fkðxkÞ.
4. The first point of the algorithm can be repeated with respect

to the y1–x2 interdependence. Consequently, we can write:
yx2
¼ f2ðx2Þ;

5. We compute the coefficients of function f2ðx2Þ by the proce-
dures recommended in item 2. and we build a new set of val-
ues for the dependent variables
y2 ¼ y1=f2ðx2Þ ¼ y=½f1ðx1Þf2ðx2Þ�. These new values are inde-
pendent with respect to x1 and x2;

6. The procedure continues with the identification of f3ðx3Þ; :::
fkðxkÞ and we finally obtain the set of the last dependent
variables as

yk ¼
yk�1

fkðxkÞ
¼ y

f1ðx1Þf2ðx2Þ:::fkðxkÞ
.

It is easy to observe that vector yk, gives its value to constant
c:
ŷyk ¼ c ¼ 1

N

P

N

i¼1
yki because it is absolutely independent.
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5.5
Experimental Design Methods

For all researchers, and especially for those working in experimental domains, a
frequent requirement is summarized by the following phrase: a maximum of infor-
mation with a minimum of experiments. This expression considers not only saving
the researcher’s time but also expensive reactants and energy. The use of experi-
mental design or planning methods can guarantee not only to greatly reduce the
number of experiments needed in an actual research but also to maintain the
maximum information about the process. At the same time this technique gives
the mathematical procedures of data processing for the complete characterization
of the statistical model of a process [5.1, 5.13, 5.21–5.24].

The methodology of experimental design uses a terminology which is appar-
ently different from the vocabulary frequently used in this chapter. Therefore, we
call experimental conditions factors (or factor when we have only one); in fact, in
Fig. 5.1, the experimental conditions are entirely included in the class of indepen-
dent variables of the process. The word level (or levels when we have more than
one), introduces here the values taken by the factors (factor). The term response is
used to quantitatively characterize the observed output of the process when the
levels of the factors are changed.

If we consider a process with k factors and if we suggest N1 changes for the first
factor, N2 changes for the second factor, etc, then the total number of experiments
will be Nex ¼ N1N2::::Nk. In fact, then, N1,N2,.....Nk represent each factor level.
The most frequent situation is to have N1 ¼ N2 ¼ N3 ¼ :::: ¼ Nk ¼ 2 and in this
case, we obtain the famous 2k method for experimental planning. In fact, the
method represents an optimal plan to describe the experiments using two levels
for each process factor.

5.5.1
Experimental Design with Two Levels (2k Plan)

The experimental research of a process with k factors and one response can be
carried out considering all the combinations of the k factors with each factor at
both levels. Thus, before starting the experimental research, we have a plan of the
experiments which, for the mentioned conditions, is recognized as a complete fac-
torial experiment (CFE) or 2k plan. The levels of each of the various factors establish
the frontiers of the process-investigated domain.

This abstract definition will be explained with the actual example of gaseous
permeation through a zeolite/alumina composite membrane. Here, we must
investigate the effect of the five following factors on the rate of permeation: the
temperature (T) when the domain is between 200 and 400 �C, the trans-mem-
brane pressure (Dp) when the domain is between 40 and 80 bar, the membrane
porosity (e) ranging from 0.08 to 0.18 m3/m3, the zeolite concentration within the
porous structure (cz) from 0.01 to 0.08 kg/kg and the molecular weight of the per-
meated gas (M) which is between 16 and 48 kg/kmol. With respect to the first
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factor (T), we can easily identify the value of the maximum level zmax
1 ¼ 400 �C,

the value of the minimum level zmin
1 ¼ 200 �C, the value of the intermediate level

z0
1 ¼ 300 �C and the factor (temperature) displacement which is considered as

Dz1 ¼ 100 �C. We can observe that

z0
1 ¼

zmin
1 þ zmax

1

2
and Dz1 ¼

zmax
1 � zmin

1

2

If we switch this observation to a general case we can write:

z0
j ¼

z max
j þ z min

j

2
; Dzj ¼

z max
j � z min

j

2
(5.96)

Here zj; j ¼ 1; k introduce the original values of the factors. The point with coor-
dinates (z0

1; z
0
2; :::z

0
k) is recognized as the centre of the experimental plan or funda-

mental level. Dzj introduces the unity or variation interval respect to the axis
zj; j ¼ 1; k. At this point, we have the possibility to transform the dimensional
coordinates z1; z2; :::zk to the dimensionless ones, which are introduced here by
relation (5.97). We also call these relations formulas.

xj ¼
zj � z0

j

Dzj
; j ¼ 1; 2; ::k (5.97)

It is not difficult to observe that, by using this system of dimensionless coordi-
nates for each factor, the upper level corresponds to +1, the lower level is –1 and
the fundamental level of each factor is 0. Consequently, the values of the coordi-
nates of the experimental plan centre will be zero. Indeed, the centre of the experi-
ments and the origin of the system of coordinates have the same position. In our
current example, we can consider that the membrane remains unchanged during
the experiments, i.e. the membrane porosity (e) and the zeolite concentration (cz)
are not included in the process factors.

Therefore, we have to analyse the variation of the rate of permeation according
to the temperature (z1), the trans-membrane pressure difference (z2) and the gas
molecular weight (z3). Then, we have 3 factors each of which has two levels. Thus
the number of experiments needed for the process investigation is N = 23 = 8.
Table 5.13 gives the concrete plan of the experiments. The last column contains
the output “y” values of the process (flow rates of permeation). Figure 5.8 shows a
geometric interpretation for a 23 experimental plan where each cube corner
defines an experiment with the specified dimensionless values of the factors. So
as to process these statistical data with the procedures that use matrix calcula-
tions, we have to introduce here a fictive variable x0, which has a permanent +1
value (see also Section 5.4.4).
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Table 5.13 The matrix for a 23 experimental plan (example of gas permeation).

Natural values of factors Dimensionless values of factors Response
values

Experiment
number

z1 z2 z3 x1 x2 x3 Permeation
flow rates
y � 106 (kg/s)

1 200 40 16 –1 –1 –1 8

2 400 40 16 +1 –1 –1 11

3 200 80 16 –1 +1 –1 10

4 400 80 16 +1 +1 –1 18

5 200 40 44 –1 –1 +1 3

6 400 40 44 +1 –1 +1 5

7 200 80 44 –1 +1 +1 4

8 400 80 44 +1 +1 +1 7

-1 , -1 , -1

-1 , +1 , -1

+1 , +1 , +1 
-1 , +1 , +1 

-1 , -1 , +1 +1 , -1 , +1 

+1 ,- 1 , -1

+1 , +1 , -1

x3  (M) 

x1 (T) 

x2    (∆P)

Figure 5.8 Geometric interpretation of a 23 experimental plan.

From a theoretical point of view, if we transform the matrix according to the 23

experimental plan, we obtain the state form shown in Table 5.14. This matrix has
two important properties: the first is its orthogonality, the mathematical expres-
sion of which is:

P

N

i¼1
xlixju ¼ 0 8 l „ j ; l; u ¼ 0; 1; :::k (5.98)
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The second is recognized as the normalization property, which shows that the
sum of the dimensionless values of one factor is zero; besides, the sum of the
square values of one factor is equal to the total number of experiments. Relations
(5.99) and (5.100) give the mathematical expression of the norm property:

P

N

i¼1
xji ¼ 0 j „ 0 ; j ¼ 1; 2:::k (5.99)

P

N

i¼1
x2

ji ¼ N j ¼ 0; 1; :::::k (5.100)

Table 5.14 Matrix for a 23 experimental plan with x0 as fictive
factor. Each line x1,x2,x3 corresponds to one point of Fig. 5.8.

i x0 x1 x2 x3 y

1 +1 –1 –1 –1 y1

2 +1 +1 –1 –1 y2

3 +1 –1 +1 –1 y3

4 +1 +1 +1 –1 y4

5 +1 –1 –1 +1 y5

6 +1 +1 –1 +1 y6

7 +1 –1 +1 +1 y7

8 +1 +1 +1 +1 y8

The orthogonality of the planning matrix, results in an easier computation of
the matrix of regression coefficients. In this case, the matrix of the coefficients of
the normal equation system (XTX) has a diagonal state with the same value N for
all diagonal elements. As a consequence of the mentioned properties, the ele-
ments of the inverse matrix (XTX)–1 have the values djj ¼ 1=N; djk ¼ 0; j „ k.

In these conditions, we obtain the coefficients of the regression equation
according to very simple relations as can be observed in the following matrix
expression:
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:
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ð
P

N

i¼1
x1iyiÞ=N
:
:

ð
P

N

i¼1
x0iyiÞ=N

2

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

5

ð5:101Þ

Each coefficient bj of the regression relationship is given by the scalar multiplica-
tion and summation of the y column and the xj column; a final multiplication by

1/N closes the bj calculation (bj ¼ 1
N

P

N

i¼1
xjiyi; j ¼ 0; k). Now, with the help of the

experimental planning from Table 5.13, we can compute the multiple linear
regression given by relation (5.102). Physically, this calculation corresponds to the
assumption that the flow rate of permeation through a membrane depends linear-
ly on the temperature, trans-membrane pressure and molecular weight of perme-
ated gas.

yth ¼ y ¼ f ðx1; x2; x3; b0; b1; b2; b3Þ ¼ b0 þ b1x1 þ b2x2 þ b3x2 (5.102)
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¼

x1iyi

�9
þ11
�10
þ18
�3
þ5
�4
þ7
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6

6

6

6

6
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6

6

6

6

6

4
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7

7

7

7

7

7

7

7

7

7

7

7

5

X

8

i¼1

x1iyi ¼ 15 b1 ¼
X

8

i¼1

x1iyi

 !

=N ¼ 15=8 ¼ 1:86

Table 5.15 contains the calculation results for all the coefficients of relation
(5.102).
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Table 5.15 The coefficients of relationship (5.102) according to
the data from Table 5.13.

i x0i x1i x2i x3i x0iyi x1iyi x2iyi x3iyi bj

1 +1 –1 –1 –1 9 –9 –9 –9

2 +1 +1 –1 –1 11 +11 –11 –11 b0 = 67/8 = 8.375

3 +1 –1 +1 –1 10 –10 +10 –10

4 +1 +1 +1 –1 18 +18 +18 –18 b1 = 15/8 = 1.875

5 +1 –1 –1 +1 3 –3 –3 +3

6 +1 +1 –1 +1 5 +5 –5 +5 b2 = 11/8 = 1.375

7 +1 –1 +1 +1 4 –4 +4 +4

8 +1 +1 +1 +1 7 +7 +7 +7 b3 = –29/8 = –3.625
P

N¼8

i¼1
8 0 0 0 67 15 11 –29

For a 23 plan, when we consider a more complete regression relationship in
which the factors interact, we can write:

f ðx1; x2; x3; b0; ::b3; b12; ::b23; b123Þ ¼ b0 þ b1x1 þ b2x2 þ b3x3 þ b12x1x2

þ b13x1x3 þ b23x2x3 þ b123x1x2x3 (5.103)

Here, b12, b13, b23 correspond to the effect of double interactions (factor 1 with
factor 2, etc) and b123 introduces the effect of triple interaction. Table 5.16 com-
pletes the values shown in Table 5.13 with the values needed to calculate the con-
sidered interactions whereas Table 5.17 shows the synthesized calculations of the
interactions between the coefficients.

Table 5.16 The operation matrix for double and triple interaction effects.

i x0i x1i x2i x3i x1ix2i x1ix3i x2ix3i x1ix2ix3i yi

1 +1 –1 –1 –1 +1 +1 +1 –1 9

2 +1 +1 –1 –1 –1 –1 +1 +1 11

3 +1 –1 +1 –1 –1 +1 –1 +1 10

4 +1 +1 +1 –1 +1 –1 –1 –1 18

5 +1 –1 –1 +1 +1 –1 –1 +1 3

6 +1 +1 –1 +1 –1 +1 –1 –1 5

7 +1 –1 +1 +1 –1 –1 +1 –1 4

8 +1 +1 +1 +1 +1 +1 +1 +1 7
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Table 5.17 Calculation of the interaction coefficients for model (5.110).

i x1ix2i x1ix3i x2ix3i x1ix2ix3i yi x1ix2iyi x1ix3iyi x2ix3iyi x1ix2ix3iyi b12,etc

1 +1 +1 +1 –1 9 +9 +9 +9 –9 b12 = 7/8 = 0.875

2 –1 –1 +1 +1 11 –11 –11 +11 +11

3 –1 +1 –1 +1 10 –10 +10 –10 +10 b13 = –5/8 = – 0.625

4 +1 –1 –1 –1 18 +18 –18 –18 –18

5 +1 –1 –1 +1 3 +3 –3 –3 +3 b23 = –5/8 = –0.625

6 –1 +1 –1 –1 5 –5 +5 –5 –5

7 –1 –1 +1 –1 4 –4 –4 +4 –4 b123 = –5/8 = –0.625

8 +1 +1 +1 +1 7 +7 +7 +7 +7
P

8

i¼1
0 0 0 0 67 7 –5 –5 –5

If one or more parallel trials are available for the data from Table 5.13, then for
the pleasure of statistical calculation, we can compute new values for the given
coefficients and consequently we can investigate their statistical behaviour. A real
residual variance can then be established. Unfortunately, we do not have the
repeated data for our problem of gaseous permeation through a porous mem-
brane. It is known that the matrix (XTX)–1 has the values djj ¼ 1=N; djk ¼ 0; j „ k
and that, consequently, the regression coefficients will not be correlated. In other
words, they are independent of each other. Two important aspects are noticed
from this observation: (i) we can test the significance of each coefficient in the
regression relationship separately; (ii) the rejection of a non-significant coefficient
from the regression relationship does not have any consequence on the values of
the remaining coefficients.

Coefficients bj; bjl; bjlm ; j „ l; j „m ; j and l and m ¼ 1; 2; :::k obtained with
the help of a CFE have the quality to be absolutely correct estimators of the theo-
retical coefficients as defined in relation (5.4). It is important to repeat that the
value of each coefficient quantifies the participation of the corresponding factor to
the response construction.

Because the diagonal elements of the correlation matrix (XTX)–1 have the same
value, we can conclude (please see the mentioned relation) that they have been
determined with the same precision. Indeed, we can write that all the square roots
of the coefficient variances have the same value:

sbj
¼ sbjl

¼ sbjlm
¼

srp
ffiffiffiffi

N
p (5.104)

Let us now go back to the problem of gaseous permeation and more precisely to
the experimental part when we completed the data from Table 5.13 with the values
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from the permeation flow rate. These values are obtained from three experiments
for the centre of plan 23:

y0
1 ¼ 10:5:10�6kg=ðm2sÞ; y0

2 ¼ 11:10�6kg=ðm2sÞ; y0
3 ¼ 10:10�6kg=ðm2sÞ.

We obtain all the square roots of the variances needed to test the significance of
the coefficients with these data:

y0 ¼
X

3

i¼1

y0
i =3 ¼ 10:5 ; s2

rp ¼
X

3

i¼1

ðy0
i � y0Þ2=2 ¼ 0:25 ; srp ¼ 0:5 ; sbj

¼ sbjl

¼ sbjlm
¼ srp=

ffiffiffiffi

N
p
¼ 0:5=

ffiffiffi

8
p
¼ 0:177:

Table 5.18 contains the calculation concerning the significance of the regression
coefficients from relation (5.110). However, respect to table 5.6, the rejection con-
dition of the hypothesis has been changed so that we can compare the computed t
value (tj) with the t value corresponding to the accepted significance level (ta=2).

Table 5.18 The significance of the coefficients for the statistical model (5.103).

n H0 Student variable value: tj ta/2 for m = 2 tj and ta/2 Verdict

1 b0 = 0 t0 ¼ b0j j=sb0
¼ 8:37=0:17 ¼47.2 4.3 t0 > ta/2 rejected

2 b1 = 0 t1 ¼ b1j j=sb1
¼ 1:86=0:17 ¼10.5 4.3 t1 > ta/2 rejected

3 b2 = 0 t2 ¼ b2j j=sb2
¼ 2:75=0:17 ¼15.5 4.3 t2 > ta/2 rejected

4 b3 = 0 t3 ¼ b3j j=sb3
¼ 3:62=0:17 ¼20.45 4.3 t3 > ta/2 rejected

5 b12 = 0 t12 ¼ b12j j=sb12
¼ 0:875=0:17 ¼4.94 4.3 t12 > ta/2 rejected

6 b13 = 0 t13 ¼ b13j j=sb13
¼ 0:625=0:17 ¼3.5 4.3 t13 < ta/2 accepted

7 b23 = 0 t23 ¼ b23j j=sb23
¼ 0:625=0:17 ¼3.5 4.3 t23 < ta/2 accepted

8 b123 = 0 t123 ¼ b123j j=sb123
¼ 0:625=0:17 ¼3.5 4.3 t123 < ta/2 accepted

The calculation from Table 5.18 shows that coefficients b13, b23, b123 have no
importance for the model and can consequently be eliminated. From these final
observations, the remaining model of gaseous permeation, can be represented in
a dimensionless form by the relation (5.105). We must notice that, in these calcu-
lations, the values of the y column have been multiplied by 106.

ŷy ¼ 8:37þ 1:85x1 þ 2:75x2 � 3:632x3 þ 0:875x1x2 (5.105)
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At the end of the process of the statistical modelling, we have to test the signifi-
cance of the model. Here is the case of the model for gaseous permeation through
a porous membrane for which we compute:
. the value of the residual variance:

s2
rz ¼

P

N

i¼1
ðyi � ŷyiÞ2

� �

=ðN� nbÞ ¼ 7:14=3 ¼ 1:78;

. the numerical value of the associated Fischer variable:
F ¼ s2

rz=s2
rp ¼ 1:78=0:177 ¼ 10;

. the theoretical value of the associated Fischer variable correspond-
ing to this concrete case:
a ¼ 0:05; m1 ¼ 3; m2 ¼ 2 and F3;2;0:05 ¼ 19:16 .

Thanks to the assigned significance level, we can acknowledge the model to be
adequate because we have F < F3;2;0:05 (10 < 19.6).

5.5.2
Two-level Experiment Plan with Fractionary Reply

Each actual experimental research has its specificity. From the first chapter up to
the present paragraph, the process modelling has been requiring more and more
statistical data. With an excess of statistical data we have a better residual and re-
producibility in the calculation of variances and thus coefficients can be identified
more precisely. Nevertheless, this excess is not absolutely necessary and it is
known that reducing the volume of statistical data saves money. When we use a
CFE in our research, we first assume that each process model regression relation-
ship is a polynome in which the interactions of the factors are considered. For
example, if the relationship of the variables of the model can be limited to the lin-
ear approximation then, to develop the model, it is not necessary to use an experi-
mental investigation made of a complete CFE. We can indeed use only one part of
a CFE for experimental investigation; this part of the CFE is recognized as a frac-
tionary factorial experiment (FFE). Because an FFE must be orthogonal, we start
from the next CFE below; from this start we make sure that the number of experi-
ments in the regression relationship remains greater than the number of
unknown coefficients. We consider that the purpose of a process including three
factors is to obtain a linear approximation between the process variables because
we assume that this process gives a good characterization of an interesting part of
the response surface. Therefore, for this part of the response surface, we can
write:

yth ¼ f ðx1; x2; x3; b0; b1; b2; b3Þ ¼ b0 þ b1x1 þ b2x2 þ b3x3 (5.106)

To solve this problem where we have 3 unknowns, we can chose a type 22 CFE in
which the x1x2 column will be the plan for x3. Table 5.19 gives CFE 22 whereas
Table 5.20 shows the transformation of our problem into an FFE plan. Thus, from
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an initial number of 23 = 8 experiments we will produce only 22 experiments;
more generally we can say that, when we use a type 2k–1 FFE, we halve the initial
minimum required number of experiments.

Table 5.19 The type 22 CFE matrix.

i x0 x1 x2 x1x2 y 1,1 

1,-1-1,-1

-1,1

x1

x2 1 +1 +1 +1 +1 y1

2 +1 +1 –1 –1 y2

3 +1 –1 –1 +1 y3

4 +1 –1 +1 –1 y4

Table 5.20 The FFE plan from a type 22 CFE plan.

i x0 x1 x2 x3 y

1 +1 +1 +1 +1 y1

2 +1 +1 –1 –1 y2

3 +1 –1 –1 +1 y3

4 +1 –1 +1 –1 y4

Using the experimental plan from Table 5.20 it is possible to estimate the con-
stant terms and the three coefficients related to the linear terms from the regres-
sion relationship.

Practically, we cannot a priori postulate the nullity of the effects of the interac-
tion. Indeed, we can accept the fact that some or all of the effects of the interaction
are insignificant according to the linear effects but these are present. Then, from
a practical point of view, when the coefficients corresponding to the effects of in-
teraction are not zero and when we have the coefficients obtained by a 23–1 plan, it
is clear that these last coefficients include the participation of interactions on the
major linear participations into the process response. The estimators of the gen-
eral or theoretical coefficients are: bth

1 ; b
th
2 ; b

th
3 ; b

th
12; b

th
13; b

th
23 and consequently, we

can write:

b1fibth
1 þ bth

23 b2fibth
2 þ bth

13 b3fibth
3 þ bth

12 (5.107)

In order to complete the FFE we can add a new column which contains the multi-
plication x1x3 to Table 5.20. However, we observe that the elements of this multi-
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plication and the elements of the x2 column are the same; so we cannot complete
the FFE. Thus we can also use the fact that, in Table 5.20, we have:

x3 ¼ x1x2 (5.108)

If we multiply the relation above by x3, we obtain x3
2 = x1x2x3 or 1 = x1x2x3, which

is recognized as the contrast of the FFE plan. Now multiplying this contrast by
x1; x2; x3 yields the relations (5.109). These relations explain the relationships
described in Eq. (5.107).

x1 ¼ x2
1x2x3 ¼ x2x3 x2 ¼ x1x3 x3 ¼ x1x2 (5.109)

When we decide to work with an FFE plan and when we have more than three
factors, a new problem appears because we then have more possibilities to build
the plan. For an answer to the question that requires a choice of most favourable
possibility, we use the resolution power of each one of the options. So we generate
the first possibility for an FFE plan by choosing the production (generation) rela-
tion. We can then go on with the contrast relation through which we obtain all the
actual relations that are similar to those given in (5.107).

This procedure will be repeated for all the possibilities of building an FFE plan.
The decision will be made according to the researcher’s interest as well as to the
need to obtain as much information as possible about the investigated process.

We will complete this abstract discussion with the concrete case of a process
with k = 4 factors taking CFE 23 as a basis for an FFE plan. To this end we have:

x4 ¼ x1x2x3 (5.110)

or one out of the next three relations as a production relation:

x4 ¼ x1x2 x4 ¼ x1x3 x4 ¼ x2x3 (5.111)

Table 5.21 gives the FFE matrix that is associated with the production relation
(5.110). According to the procedure described above (showing the development of
relations (5.109)), we produce the formal (5.112) system. It shows the correlation
between the obtainable and theoretical coefficients of the regression relationships.

x1 ¼ x2x3x4fib1 ¼ bth
1 þ bth

234

x2 ¼ x1x3x4fib2 ¼ bth
2 þ bth

134

x3 ¼ x1x2x4fib3 ¼ bth
3 þ bth

124

x4 ¼ x1x2x3fib4 ¼ bth
4 þ bth

123

x1x2 ¼ x3x4fib12 ¼ bth
12 þ bth

34

x1x3 ¼ x2x4fib13 ¼ bth
13 þ bth

24

x1x4 ¼ x2x3fib14 ¼ bth
14 þ bth

23

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

:

(5.112)
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Table 5.21 The FFE matrix from 23 plan and x4 ¼ x1x2x2 as a production relation.

i x0 x1 x2 x3 x4 y

-1 −1 -1

-1-1 1

1  1 -1 

1 -1 1 

-1 1 -1

-1 1  1 

1 -1 -1

1  1  1
1 +1 +1 +1 +1 +1 y1

2 +1 +1 +1 –1 –1 y2

3 +1 –1 +1 –1 +1 y3

4 +1 –1 +1 +1 –1 y4

5 +1 –1 –1 +1 +1 y5

6 +1 +1 –1 +1 –1 y6

7 +1 +1 –1 –1 +1 y7

8 +1 –1 –1 –1 –1 y8

Considering the formal system (5.112), we observe that the triple interaction is
indirectly considered here. It is doubtful that the actual results could confirm this
class of interaction but if we can prove that they are present, then the plan from
Table 5.21 can be suggested. Table 5.22 shows the FFE plan from the case when
the first relation from the assembly (5.111) is the production relation. It is impor-
tant to observe that all the binary interactions are indirectly considered in the for-
mal system of the correlations of the obtainable and theoretical coefficients
(5.113). Therefore, if the interest is to keep all the binary interactions of factors in
the process model relationship, this FFE plan can be used successfully.

Table 5.22 The FFE matrix from a 23 plan and x4 ¼ x1x2 as a production relation.

i x0 x1 x2 x3 x4 y

-1 −1 -1

-1-1 1

1  1 -1 

1 -1 1 

-1 1 -1

-1 1  1 

1 -1 -1

1  1  1 
1 +1 +1 +1 +1 +1 y1

2 +1 +1 +1 –1 +1 y2

3 +1 –1 +1 –1 –1 y3

4 +1 –1 +1 +1 –1 y4

5 +1 –1 –1 +1 +1 y5

6 +1 +1 –1 +1 –1 y6

7 +1 +1 –1 –1 –1 y7

8 +1 –1 –1 –1 +1 y8
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x1 ¼ x2x4fib1 ¼ bth
1 þ bth

24

x2 ¼ x1x4fib2 ¼ bth
2 þ bth

14

x3 ¼ x1x2x3x4fib3 ¼ bth
3 þ bth

1234

x4 ¼ x1x2fib4 ¼ bth
4 þ bth

12

x1x3 ¼ x2x3x4fib13 ¼ bth
13 þ bth

234

x2x3 ¼ x1x3x4fib23 ¼ bth
23 þ bth

134

x3x4 ¼ x1x2x4fib34 ¼ bth
34 þ bth

124

8

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>
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>
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>
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>

:

(5.113)

High-level FFEs such as, for example 1/4 or 1/8 from complete factorial experi-
ments (CFEs) can be used for complex processes, especially if the effect on the
response of some factors is the objective of the research. It is not difficult to decide
that, if we have a problem with the k factors where the p linear effects compensate
the effects of interaction, then the 2k–p FFE can be used without any restriction.

The plan 2k–p FFE keeps the advantages of the CFE 2k plan, then:
. it is an orthogonal plan and consequently simple calculation for

b0; b1; :::: is used;
. all the regression coefficients keep their independence;
. each coefficient is computed as a result of all N experiments;
. the same minimal variance characterizes the determination of all

regression coefficients.

We can then add a new “spherical” property to the properties of CFE 2k and FFE
2k–p. This new property can be used to characterize the quantity of planning infor-
mation. To show the content of this property, by means of the independence of
the regression relationship coefficients and according to the law governing the
addition of variance for a linear regression, we can write:

s2
ŷy ¼ s2

rz ¼ s2
b0
þ x2

1s2
b1
þ x2

2s2
b2
þ :::::::þ x2

ks2
bk

(5.114)

Because s2
bj
¼ s2

rp=N, relation (5.114) becomes:

s2
ŷy ¼ s2

rz ¼
s2

rp

N
ð1þ x2

1 þ x2
2 þ :::::::þ x2

kÞ ¼
s2

rp

N
ð1þ c2Þ c2 ¼

X

N

j¼0

x2
j (5.115)

Here, from a geometric viewpoint, c is a sphere radius for the space of k dimen-
sion. When c is significant, the residual variance s2

y is also significant and, conse-
quently, only a small quantity of information characterizes the process model.

383



5 Statistical Models in Chemical Engineering

5.5.3
Investigation of the Great Curvature Domain of the Response Surface: Sequential
Experimental Planning

Figure 5.9 shows the response surface that gives the correlation between the de-
pendent variable y (or g) and two independent factors (with values z1 (or t) and z2

(or c) respectively). The problem of this example concerns a chemical reaction
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Figure 5.9 (a) Response surface for k = 2. (b) Sections of the response surface and
of the gradual displacement towards the domain of the great surface curvature.
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where the conversion (g) is a function of the concentration (c) and temperature (t)
of the reactant. For more details, please see the data from Table 5.2. Considering
Fig. 5.9(a), we can easily identify the two different domains: the first domain cor-
responds to the cases when y is linearly dependent on x1 and x2 (or near to a linear
dependence); the second domain corresponds to the height of the curvature sur-
face where the effects of the quadratic factors are significant.

We have the possibility, from a theoretical as well as from a practical point of
view, to plan an experimental research so as to investigate this domain. Figure 5.9
(b) shows how we can gradually carry out these experiments.

We begin the experiments from an a priori starting point and according to the y
variations. First, we keep the x2 value unchanged and increase or decrease x1. If y
begins to decrease (point B from Fig. 5.9 (b)), we stop decreasing x1 and go on
increasing x2 while keeping x1 fixed. Then, we get to point C where we find out
that x2 must be maintained and x1 changed.

It is clear that we can thus determine a way to the extreme point of the response
surface curvature. At the same time, it is not difficult to observe that the ABCDE
way is not a gradient. Despite its triviality, this method can be extended to more
complex dependences (more than two variables) if we make amendments. It is
important to note that each displacement required by this procedure is accom-
plished through an experiment; here the length of displacement is an apparently
random variable since we cannot compute this value because we do not have any
analytical or numerical expression of the response function. The response value is
available at the end of the experiments.

The example shown above, introduces the necessity for a statistical investigation
of the response surface near its great curvature domain. We can establish
the proximity of the great curvature domain of the response surface by means
of more complementary experiments in the centre of the experimental plan
(x1 = 0,x2 = 0,...xk = 0). In these conditions, we can compute y0, which, together
with b0(computed by the expression recommended for a factorial experiment

b0 ¼
P

N

i¼1
x0iyi

� �

=N ¼
P

N

i¼1
yi

� �

=N), gives relative information about the curvature

of the surface response through relation (5.116).

b0 � y0 fi
P

k

j¼1
bth

jj (5.116)

It is well known that the domains of the great curvature of the response surface
are characterized by non-linear variable relationships. The most frequently used
state of these relationships corresponds to a two-degree polynomial. Thus, to
express the response surface using a two-degree polynomial, we must have an
experimental plan which considers one factor and a minimum of three different
values. A complete factorial 3k experiment requires a great number of experi-
ments (N = 3k; k = 3 N = 27; k = 4 N = 81). It is obvious that the reduction of the
number of experiments is a major need here. We can consequently reduce the
number of experiments if we accept the use of a composition plan (sequential
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plan) [5.25] for the experimental process. The core of a sequential plan is a CFE 2k

plan with k<5 or an FFE plan with k>5. If, by means of CFE or FFE plans, the
regression analysis results in an inadequate regression relationship, we can carry
out new experiments for the plan. To be classified as sequential plans, these sup-
plementary experiments require:

1. The addition of a 2k number of experiments (uniformly dis-
posed on the system axes) to the 2k CFE plan. The coordi-
nates of these points will be ð–a; 0; 0::::0Þ; ð0; –a; 0:::0Þ;
:::ð0; 0; 0:::0; –aÞ where a is the dimensionless distance from
the plan centre to an additional point.

2. An increase in the number of experiments in the centre of
the experimental plan (n0).

For a process with k factors and one response, relation (5.117) can be used to esti-
mate the number of experiments needed by a sequential plan:

N ¼ 2k þ 2kþ n0 for k < 5

N ¼ 2k�1 þ 2kþ n0 for k > 5
(5.117)

The construction of a sequential plan with k = 2 is shown in Fig. 5.10. Points A B
C D are the components of the 22 CFE and points A¢ B¢ C¢ D¢ are the components
added to the basis plan. The notation n0 in the centre of the plan shows that we
must repeat the experiments. The recommended values of a dimensionless a, cor-
responds to the situation when the obtained composition plan keeps almost all
the properties of the CFE plan.

A 

B C 

D 

B' 

1,1 

1,-1 -1,-1 

0,-α 

-α,0 0,0 

n0 
A' 

D' 

C' 

Figure 5.10 Composition of the plan based on a 22 CFE.
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5.5.4
Second Order Orthogonal Plan

When we select the good value of the dimensionless a, then the corresponding
sequential plan remains orthogonal like its CFE basic plan. At the same time, if
we do not have any special request concerning a sequential plan, the number of
experiments to determine fundamental factors can be drastically reduced to
n0 ¼ 1. With n0 ¼ 1 and k = 2, we obtain the sequential plan shown in Table 5.23.
However, with this general state this plan is not orthogonal because we have

P

N

i¼1
x0ix

2
ji „ 0 ;

P

N

i¼1
x2

jixli „ 0 (5.118)

Table 5.23 Sequential plan for a 22 CFE.

i x0 x1 x2 x1x2 x2
1 x2

2 y

1 +1 +1 +1 +1 +1 +1 y1

2 +1 +1 –1 –1 +1 +1 y2

3 +1 –1 –1 +1 +1 +1 y3

4 +1 –1 +1 –1 +1 +1 y4

5 +1 +a 0 0 a2 a2 y5

6 +1 –a 0 0 a2 a2 y6

7 +1 0 +a 0 0 0 y7

8 +1 0 –a 0 0 0 y8

9 +1 0 0 0 0 0 y9

In order to comply with the othogonality property, we have to transform the
plan described in Table 5.23. For this purpose, we carry out the quadratic transfor-
mations of the data given in Table 5.23 by:

xj ¢ ¼ x2
j �

P

N

i¼1
x2

ji

N
¼ x2

j � x2
j (5.119)

With these transformations, we observe that:

X

N

i¼1

x0ixji ¢ ¼
X

N

i¼1

x2
ji � Nx2

j ¼ 0 ;
X

N

i¼1

xji ¢xli ¢ „ 0 (5.120)

which is a fundamental approach to the orthogonal matrix of the planned experi-
ments. Once the quadratic transformations have been carried out, we have to
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complete the orthogonal matrix. As far as we have a multiple equation system
with a as unique unknown, we need to have a correlation matrix (XTX)–1 where all
the non-diagonal elements are null. Table 5.24 has been obtained subsequent to
the modified Halimov procedure [5.26]. This table gives the a values for the var-
ious factors and for a 2k–1 type basic CFE plan.

Table 5.24 Computed a values for a second order orthogonal plan.

Number of independent factors

2 3 4 5 6

CFE basic plan 22 23 24 25–1 26–1

a 1 1.215 1.414 1.547 1.612

For k = 2, a second order orthogonal matrix plan is the state shown in Table
5.25. Due to the orthogonality of the matrix plan, the regression coefficients will
be computed one after the other as follows:

bj ¼

P

N

i¼1
xjiyi

P

N

i¼1
x2

ji

(5.121)

The relation (5.104) can be particularized to the general case of the second order
orthogonal plan when we obtain the following relation for coefficients variances:

s2
bj
¼ s2

rp=
P

N

i¼1
x2

ji (5.122)

So the regression coefficients have been calculated for an orthogonal composition
matrix and as a consequence, for the quadratic effect, we obtain the next expressions:

ŷy ¼ b0 ¢þ b1x1 þ b2x2 þ :::::þ bkxk þ b12x1x2 þ :::::::þ
bk�1kxk�1xk þ b11ðx2

1 � x2
1Þ þ ::::::::þ bkkðx2

k � x2
kÞ

(5.123)

Therefore, the classic form of the regression relationship derives from calculating
b0 with relation (5.124):

b0 ¼ b0 ¢� b11x2
1 � b22x2

2 � b33x2
3 � ::::::::� bkkx2

k (5.124)

The associated variance b0 is thus taken into account from the addition law as fol-
lows:

s2
b0
¼ s2

b0 ¢
¼ ðx2

1Þs2
b11
þ ðx2

2Þs2
b22
þ ðx2

3Þs2
b33
þ :::::::::þ ðx2

kÞs2
bkk

(5.125)
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The use of the reproducibility variance allows the significance test of the coeffi-
cients of the final regression relationship:

ŷy ¼ b0 þ b1x1 þ b2x2 þ ::þ bkxk þ b12x1x2 þ ::::þ bk�1kxk�1xk þ b11x2
1 þ :::bkkx2

k

(5.126)

Finally, we conclude this analysis with the estimation of the model confidence.
For this purpose, we use a classical procedure which consists in calculating
F ¼ s2

rz=s2
rp, establishing t1 ¼ N� nb ; t2 ¼ N� n0 and calculating the signifi-

cance level (a) and Ft1;t2;a
as well as comparing F and F ¼ s2

rz=s2
rp before making a

decision.
It is important to emphasize that in the case of an orthogonal composition

plan, as shown by relation (5.122), the various regression coefficients are not cal-
culated with similar precisions.

Table 5.25 Orthogonal composition matrix from a CFE 22.

i x0 x1 x2 x1x2 x1
1 ¼ x2

1 � x2
1 x1

2 ¼ x2
2 � x2

2 y

1 +1 +1 +1 +1 +1/3 +1/3 y1

2 +1 +1 –1 –1 +1/3 +1/3 y2

3 +1 –1 –1 +1 +1/3 +1/3 y3

4 +1 –1 +1 –1 +1/3 +1/3 y4

5 +1 +1 0 0 +1/3 –2/3 y5

6 +1 –1 0 0 +1/3 –2/3 y6

7 +1 0 +1 0 –2/3 +1/3 y7

8 +1 0 –1 0 –2/3 +1/3 y8

9 +1 0 0 0 –2/3 –2/3 y9

5.5.4.1 Second Order Orthogonal Plan, Example of the Nitration of an Aromatic
Hydrocarbon
The presentation of this example has two objectives: (i) to solve a problem where
we use a second order orthogonal plan in a concrete case; (ii) to prove the power
of statistical process modelling in the case of the non-continuous nitration of an
aromatic hydrocarbon.

The initial step is the description of the process. Indeed, the nitration of the aro-
matic hydrocarbon occurs in a discontinuous reactor in a perfectly mixed state.
The reaction takes place by contacting an aqueous phase containing nitric and sul-
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furic acids with an organic phase which initially contains the aromatic hydrocar-
bon. The aromatic hydrocarbon transformation degree (y) depends on the follow-
ing factors of the process:
. the temperature of the reaction (t associated to z1, � t �¼ �C);
. the time for reaction lasts (reaction time) (s associated to z2,
� s �¼ min);

. the concentration of the sulfonitric mixture according to the total
reaction mass (csn associated to z3, � csn �¼ % g=g);

. the concentration of the nitric acid in the sulfonitric mixture
(ca associated to z4, � ca �¼ % g=g).

The fundamental level of the factors and their variation intervals have been estab-
lished and are given in Table 5.26. We accept that the factors’ domains cover the
great curvature of the response surface. Consequently, a regression relationship
with interaction effects is a priori acknowledged.

Table 5.26 Fundamental level and intervals of variation of the
factors (example 5.5.4.1)

z1 z2 z3 z4

z0
j 50 40 60 40

Dzj 25 20 20 15

To solve this problem we have to use a second order orthogonal plan based on a
24 CFE plan. According to Table 5.24, we can establish that, for a dimensionless
values of factors, we can use the numerical value a = 1.414. Table 5.27 contains all
the data that are needed for the statistical calculation procedure of the coefficients,
variances, confidence, etc., including the data of the dependent variables of the
process (response data).

The transformation of the dimensional zj into the dimensionless xj has been
made using relations (5.96) and (5.97). For the reproducibility variance, four
complementary experiments are available in the centre of the plan. The
degrees of transformation measured at the centre of the plan are:
y0

1 ¼ 61:8% ; y0
2 ¼ 59:3% ; y0

3 ¼ 58:7% ; y0
4 ¼ 69%.
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Table 5.27 Composition matrix for a 24 CFE (Statistical data for
the example 5.5.4.1).

n0 x0 x1 x2 x3 x4 x1¢ x2¢

1 +1 +1 +1 +1 +1 0.2 0.2

2 +1 –1 –1 +1 +1 0.2 0.2

3 +1 +1 –1 –1 +1 0.2 0.2

4 +1 –1 +1 –1 +1 0.2 0.2

5 +1 +1 –1 +1 –1 0.2 0.2

6 +1 –1 +1 +1 –1 0.2 0.2

7 +1 +1 +1 –1 –1 0.2 0.2

8 +1 –1 –1 –1 –1 0.2 0.2

9 +1 +1 –1 +1 +1 0.2 0.2

10 +1 –1 +1 +1 +1 0.2 0.2

11 +1 +1 +1 –1 +1 0.2 0.2

12 +1 –1 –1 –1 +1 0.2 0.2

13 +1 +1 +1 +1 –1 0.2 0.2

14 +1 –1 – +1 –1 0.2 0.2

15 +1 +1 –1 –1 –1 0.2 0.2

16 +1 –1 +1 –1 –1 0.2 0.2

17 +1 0 0 0 0 –0.8 –0.8

18 +1 1.414 0 0 0 1.2 –0.8

19 +1 –1.4.14 0 0 0 1.2 –0.8

20 +1 0 1.414 0 0 –0.8 1.2

21 +1 0 –1.4.14 0 0 –0.8 1.2

22 +1 0 0 1.414 0 –0.8 –0.8

23 +1 0 0 –1.414 0 –0.8 –0.8

24 +1 0 0 0 1.414 –0.8 –0.8

25 +1 0 0 0 –1.414 –0.8 –0.8
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I X3¢ X4¢ X1X2 X1X3 X1X4 X2X3 X2X4 X3X4 y

1 0.2 0.2 +1 +1 +1 +1 +1 +1 86.9

2 0.2 0.2 +1 –1 –1 –1 –1 +1 40.0

3 0.2 0.2 –1 –1 +1 +1 –1 –1 66.0

4 0.2 0.2 –1 +1 –1 –1 +1 –1 34.4

5 0.2 0.2 –1 +1 –1 –1 +1 –1 76.6

6 0.2 0.2 –1 –1 +1 +1 –1 –1 55.7

7 0.2 0.2 +1 –1 –1 –1 –1 +1 91

8 0.2 0.2 +1 +1 +1 +1 +1 +1 43.6

9 0.2 0.2 –1 +1 +1 –1 –1 +1 74.1

10 0.2 0.2 –1 –1 –1 +1 +1 +1 52.0

11 0.2 0.2 +1 –1 –1 –1 +1 –1 74.5

12 0.2 0.2 +1 +1 +1 +1 –1 –1 29.6

13 0.2 0.2 +1 +1 –1 +1 –1 –1 94.8

14 0.2 0.2 +1 –1 +1 –1 +1 –1 49.6

15 0.2 0.2 –1 –1 –1 +1 +1 +1 68.6

16 0.2 0.2 –1 +1 +1 –1 –1 +1 51.8

17 –0.8 –0.8 0 0 0 0 0 0 61.8

18 –0.8 –0.8 0 0 0 0 0 0 95.4

19 –0.8 –0.8 0 0 0 0 0 0 41.7

20 –0.8 –0.8 0 0 0 0 0 0 79.0

21 –0.8 –0.8 0 0 0 0 0 0 42.4

22 1.2 –0.8 0 0 0 0 0 0 77.6

23 1.2 –0.8 0 0 0 0 0 0 58.0

24 –0.8 1.2 0 0 0 0 0 0 45.6

25 –0.8 1.2 0 0 0 0 0 0 52.3
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The various steps of the statistical calculation are:
1. We begin with calculating the reproducibility:

y0 ¼
P

4

i¼1

� �

y0
i =4 ¼ 60:95 and s2

rp ¼
P

4

i¼1
ðy0

i � y0Þ2
� �

=3 ¼ 5:95.

2. We use Eq. (5.121) to calculate the regression coefficients
and Eq. (5.122) to determine the variances of the coefficients.
The calculation is explained below and the results given in
Table 5.28.

Table 5.28 Values of the coefficients and their variances
(example 5.5.4.1).

b0¢ b1 b2 b3 b4 b11 b22

bj 61.54 17.37 6.42 4.7 –4.37 4.5 1.3

s2
bj 0.245 0.245 0.245 0.245 0.245 0.746 0.746

sbj 0.545 0.545 0.545 0.545 0.545 0.864 0.864

b33 b44 b12 b13 b14 b23 b24 b34

bj 4.09 –5.34 2.18 0.2 1.2 0.56 0.76 1.9

s2
bj 0.746 0.746 0.372 0.373 0.372 0.372 0.372 0.372

sbj 0.864 0.864 0.61 0.61 0.61 0.61 0.61 0.61

b1 ¼
X

25

i¼1

x1iyi

 !

=
X

25

i¼1

x2
1i

 !

¼ 86:9� 40þ 66� 34:4þ 76:6� 55:7þ 91� 47:6þ 74:1� 52þ 74:5� 29:6þ 94:8� 49:6þ 68:6� 51:8þ 1:414 � 95:4� 1:141 � 41:7
1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 1þ 2þ 2

¼ 17:37

b11 ¼
X

25

i¼1

x1I ¢yi

 !

=ð
X

25

i¼1

ðx1i ¢Þ2

¼ 0:2ð86:9þ 40þ 66þ 34:4þ 76:6þ 55:7þ 91:0þ 47:6þ 74:1þ 52þ 74:5þ 29:6þ 91:1þ 49:6þ 68:6þ 51:8

16 � ð0:2Þ2 þ 7 � ð0:8Þ2 þ 2 � ð1:2Þ2

þ 0:8 � 61:8þ 1:2 � 95:4þ 1:2 � 41:7� 0:8 � 79� 0:8 � 42:4� 0:8 � 77:6� 0:8 � 58:0� 0:8 � 45:6� 0:8 � 52:3

16 � ð0:2Þ2 þ 7 � ð0:8Þ2 þ 2 � ð1:2Þ2

¼ 4:5
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b12 ¼
X

25

1

ðx1x2Þiyi

 !

=
X

25

1

ðx1x2Þ2i

 !

¼ 86:9þ 40� 66� 34:4� 76:6� 55:7þ 91þ 47:6� 74:1� 52þ 74:5þ 29:6þ 94:8þ 49:6� 68:6� 51:8
16

¼ 2:18

s2
b1 ¼ s2

rp=
X

25

i¼1

x2
1i

 !

¼ 5:95=20 ¼ 0:245 ;

s2
b11 ¼ s2

rp=
X

25

i¼1

x1i ¢

 !2

¼ 5:95=ð16 � 0:22 þ 7 � 0:82 þ 2 � 1:22Þ ¼ 0:746 ;

s2
b12 ¼ s2

rp=
X

25

i¼1

x1x2

 !2

i

¼ 5:95 : =16 ¼ 0:372 ::::::

3. We verify the significance of each coefficient of the model
with the Student test. In Table 5.29 the results of the tests
are given. We can then observe that coefficients b22, b14, b23

and b34 are non-significant.

Table 5.29 Results of the Student test for the significance of the
coefficients (example 5.5.4.1).

t0 t1 t2 t3 t4 t11 t22 t33

tj ¼ bj

�

�

�

�

�

�
=sbj 31.9 11.7 8.64 8.04 5.2 1.5 4.73

t3,0.05 3.09 3.09 3.09 3.09 3.09 3.09 3.06 3.09

Conclusion S S S S S S NS S

t44 t12 t13 t14 t23 t24 t34

tj ¼ bj

�

�

�

�

�

�
=sbj 6.22 3.57 3.18 1.97 0.91 1.25 3.8

t3,0.05 3.09 3.09 3.09 3.09 3.09 3.09 3.09

Conclusion S S S NS NS NS S

4. After elimination of the non-significant coefficients, we
write the new model expression and then, we compute the
residual variance:
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ŷy ¼ 61:54þ 17:37x1 þ 6:4x2 þ 4:7x3 � 4:37x4 þ 2:18x1x2 þ 1:9x3x4

¼ 4:5ðx2
1 � 0:8Þ þ 4:9ðx2

2 � 0:8Þ � 5:34ðx2
4 � 0:8Þ

ŷy ¼ 58:9þ 17:37x1 þ 6:4x2 þ 4:7x3 � 4:37x4 þ 2:18x1x2 þ 1:9x3x4 þ 4:5x2
1 þ 4:09x2

3

� 5:31x2
4

s2
rz ¼

X

25

i¼1

ðyi � ŷyiÞ2
 !

=ðN� nbÞ ¼
X

25

i¼1

ðyi � ŷyiÞ2
 !

=ð25� 10Þ ¼ 396:77=15

¼ 26:4

5. We check whether the obtained model is adequate or not:
– F = s2

rz/s2
rp = 26.4/5.95 = 4.4

– Fm1,m2,a = F15,3,0.05 = 8.6
– Since we have Fm1,m2,a>F, we admit that the established

equation for the degree of transformation of the aromatic
hydrocarbon is satisfactory.

6. Finally, we come back to the dimensional state of the factors.
The result that can be used for the process optimization is:

ŷy ¼ 64:87� 21:68z1 � 4:04z2 � 34:31z3 þ 20:53z4 þ 0:00436z1z2 þ 0:00633z3z4

þ 0:25z2
1 þ 0:2045z2

3 � 0:354z2
4

5.5.5
Second Order Complete Plan

Even though the second order orthogonal plan is not a rotatable plan (for instance
see Eqs. (5.114) and (5.115)), the errors of the experimental responses (from the
response surface) are smaller than those coming from the points computed by
regression. It is possible to carry out a second order rotatable plan using the Box
and Hunter [5.23, 5.27] observation which stipulates that the conditions to trans-
form a sequential plan into a rotatable plan are concentrated in the dimensionless
a value where a ¼ 2k=4 for k<5 and a ¼ 2ðk�1Þ=4 for k>5 respectively. Simulta-
neously, the number of experiments at the centre of the experimental plan (n0)
must be increased in order to make it possible to stop the degeneration of the cor-
relation matrix (XTX)–1. Table 5.30 contains the required values of dimensionless
a and of n0 for a second order rotatable plan.
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Table 5.30 Values of dimensionless a and n0 for a rotatable plan with k factors.

Number of process factors

2 3 4 5 6 6 6 7

CFE basic plan 22 23 24–1 25–1 25–1 26–1 26–1 27–1

a 1.414 1.682 2.00 2.378 2.00 2.828 2.378 3.33

n0 5 6 7 10 6 15 9 21

For k = 2 the values of a rotatable planning matrix of the second order are given
in Table 5.31. This table derives from Table 5.23. It is important to observe that
the complete second order-planning matrix is not orthogonal because we have

P

N

i¼1
x0ixji „ 0 and

P

N

i¼1
xjixli „ 0 (see relation (5.98) for the orthogonality property).

Table 5.31 Second order complete matrix from a 22 CFE.

i x0 x1 x2 x1x2 x2
1 x2

2 y

1 +1 +1 +1 +1 +1 +1 y1

2 +1 +1 –1 –1 +1 +1 y2

3 +1 –1 –1 +1 +1 +1 y3

4 +1 –1 + –1 +1 +1 y4

5 +1 +1.414 0 0 +2 0 y5

6 +1 –1.414 0 0 +2 0 y6

7 +1 0 +1.414 0 0 +2 y7

8 +1 0 –1.414 0 0 +2 y8

9 +1 0 0 0 0 0 y9

10 +1 0 0 0 0 0 y10

11 +1 0 0 0 0 0 y11

12 +1 0 0 0 0 0 y12
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As a consequence, the bjj coefficients will be linked with other coefficients and
with the b0 constant term. Moreover, to solve the problem of coefficients we must
resolve the normal equation system by computing the inverse (XTX)–1 of the char-
acteristic matrix (XTX). As already noted in Section 5.4, the matrix of the coeffi-
cients and their associated variances are computed as follows:

B ¼ ðXTXÞ�1XY, s2
bj
¼ djjs2

rp (5.127)

For this case of second order complete plan, the specificity of the matrix of the
coefficients results in an assembly of relations directly giving the regression val-
ues of the coefficients. In this example, where the complete second order plan is
based on a 2k CFE, these relations are written as follows:

b0 ¼
A
N

2k2
kðkþ 2Þ

X

N

i¼1

x0iyi � 2kkC
X

K

j¼1

X

N

i¼1

x2
jiyi

" #

(5.128)

bj ¼
C
N

X

N

i¼1

xjiyi (5.129)

bjj ¼
A
N

C2½ðkþ 2Þkk � k�
X

N

i¼1

x2
jiyi þ C2ð1� kkÞ

X

k

j¼1

X

N

i¼1

x2
jiyi � 2kkC

X

N

i¼1

x0iyi

" #

(5.130)

blj ¼
C2

Nkk

X

N

i¼1

xjixliyi (5.131)

s2
b0
¼ 2Ak2

kðkþ 2Þ
N

s2
rp (5.132)

s2
bjj
¼ A½ðkþ 1Þkk � ðk� 1ÞC2�

N
s2

rp (5.133)

s2
blj
¼ C2

kkN
s2

rp (5.134)

C ¼ Cj ¼
N
P

N

i¼1
x2

ji

(5.135)

A ¼ Ak ¼
1

2kk½ðkþ 2Þkk � k� (5.136)

kk ¼
Nk
P

s

i¼1
nic

4
i

ðkþ 2Þ
P

s

i¼1
nic

2
i

� �2 (5.137)
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It should be mentioned that, in the calculation of parameter kk, s represents the
number of spheres circumscribed to the experimental centre plan, ci is recognized
as the radius of each i circumscribed sphere (see relation (5.115)) and ni is the

number of experimental points for the i sphere. It is evident that
P

s

i¼1
ni ¼ N, where

N gives the total number of experiments in the plan. When we use a complete
second order plan, it is not necessary to have parallel trials to calculate the repro-
ducibility variance, because it is estimated through the experiments carried out at
the centre of the experimental plan. The model adequacy also has to be examined
with the next procedure:

1. We begin with calculating the sum of residual squares

S2
rp ¼

P

n0

i¼1
ðy0

i � y0Þ2 with the following degrees of freedom:

m1 ¼ N� nb ¼ N� ðkþ 1Þðkþ 2Þ
2

;

2. We then compute the sum of the reproducibility squares

with the experimental centre plan: S2
rp ¼

P

n0

i¼1
ðy0

i � y0Þ2,

where the degrees of freedom are: m2 ¼ n0 � 1.

3. We define S2
na ¼ S2

rz � S2
rp with mna ¼ m1 � m2 degrees of free-

dom as the sum of non-adequacy squares;
4. Finally, for a selected significance level, the computed

Fischer variable value F ¼ ðS2
na=mnaÞ=ðS2

rp=m2Þ determines
whether the model is adequate or not by comparison with
the theoretical Fischer variable value Fmna ;v2;a

; when F < Fmna;v2;a

we agree to have an adequate model.

According to the testing of the significance of the model coefficients, we use the
Student test where variances s2

bj
(relation (5.127)) are in fact S2

rp=m2. Due to the fact
that the coefficients are linked, if one or more coefficients are eliminated, then a
new determination can be carried out.

5.5.6
Use of Simplex Regular Plan for Experimental Research

The simplex regular plan can be introduced here with the following example: a
scientist wants to experimentally obtain the displacement of a y variable towards
an optimal value for a y = f (x1,x2) dependence. When the analytical expression
y = f (x1,x2) is known, the problem becomes insignificant, and then experiments
are not necessary. Figure 5.11A shows that this displacement follows the way of
the greatest slope. In the actual case, when the function f(x1,x2) is unknown,
before starting the research, three questions require an answer: (i) How do we
select the starting point? (ii) Which experimental and calculation procedure do we
use to select the direction and position of a new point of the displacement?
(iii) When do we stop the displacement?
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Figure 5.11 Representation of the displacement to the great
curvature domain. A, according to the greatest slope method;
B, according to the regular simplex method.

Question (ii) is certainly the most crucial. A possible answer to this question
will be developed in the next section. The research has to begin with a small or
local plan of experiments in order to describe the first movements from the start-
ing point: when the first point of these previously planned experiments has been
completed, the most non-favourable experiment will be rejected and it will be
replaced by another experiment; thus we obtain, the displacement of the local
group of experiments.

For a process with k factors, an abstract presentation of this procedure can be
given as follows:
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. We define a regular simplex plan as an assembly of k+1 equidi-
stant points; for k = 1, the simplex is a segment; for k = 2, it is a
triangle; for k = 3, we are faced with a regular tetrahedron, etc.

. Each simplex has a geometric centre placed at one point.

. When we replace the point rejected out of the group, in order to
maintain a number of k+1 points, the next point will be the mir-
ror image of the rejected point relative to the opposite face of the
simplex.

. After the replacement of the rejected point, the simplex is rebuilt
with a new geometric centre; only the experiments corresponding
to the new point can be carried out to start the procedure (dis-
placement and elimination) over again.

This procedure guarantees that, on the one hand, displacement towards the opti-
mum point through the elimination of the less favourable points and, on the
other hand, displacement through the maximum curvature of the response sur-
face. For the example of a process with two factors, Fig. 5.9 B shows schematically
the described procedure. The starting point of the regular simplex is triangle 123;
point 3 is the less favourable response “y” and, consequently, it must be rejected;
point 4 is the mirror image of point 3 according to the opposite face 12 of the sim-
plex; thus, triangle 421 is the new simplex regular; here point 1 results in the less
favourable y and as described above, we then choose point 5 which is the reflected
image of point 4 (with respect to the opposite face of simplex 421).

If the dimensionless factors of an investigated process are distributed in a plan-
ning matrix (5.138) where xj values are obtained using relation (5.139), then we
can prove that the points of the matrix are organized as a regular simplex. Rela-
tion (5.140) corresponds to the distance from a point to its opposite face.

X ¼

x1 x2 : xJ : xk�1 xk

�x1 x2 : xJ : xk�1 xk

0 �2x2 : : : xk�1 xk

0 0 : xj : xk�1 xk

: : : �jxJ : xk�1 xk

: : : : : �ðk� 1Þxk�1 xk

0 0 0 0 0 ðÞ �kxk

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

(5.138)

xj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2jðjþ 1Þ

s

(5.139)

hj ¼
jþ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2jðjþ 1Þ
p (5.140)

For k factors, the number of experiments required by the simplex regular matrix
is N = k+1. So, the class of saturated plans contains the simplex regular plan
where the number of experiments and the number of the unknowns’ coefficients
are the same. For the process characterization in this example, we can only use
the relationships of the linear regression. Concerning the simplex regular matrix
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(5.138), we observe that it is an orthogonal matrix because we have

P

N

i¼1
xjixli ¼ 0 ; 8 j „ l ; j; l ¼ 1; 2; ::k ;

P

N

i¼1
xji ¼ 0. However, in this case, we observe

that the conditions
P

N

i¼1
x2

ji ¼ N are missing. Moreover, we can notice that:

X

N

i¼1

x2
ji ¼ j

1
2jðjþ 1Þ þ j2

1
2jðjþ 1Þ ¼ 0:5 (5.141)

consequently, the correlation matrix of the regression coefficients can be written
as follows:

ðXTXÞ�1 ¼

1=N 0 : : 0
0 2 : : :
: : 2 : :
: : : 2 0
0 0 : 0 2

2

6

6

6

6

4

3

7

7

7

7

5

(5.142)

then, the correlation matrix of the coefficients of the regression becomes:

b0 ¼
P

N

j¼1
yi

 !

=N ; bj ¼ 2
P

N

i¼1
xjiyi (5.143)

In the previous sections we have shown that the variances relative to the bj coeffi-

cients for the orthogonal plans are: s2
bj
¼ s2

rp=
P

N

i¼1
x2

ji

� �

, and that, for a simple regu-

lar plan, these variances become s2
bj
¼ s2

rp=0:5 ¼ 2s2
rp. This fact shows that the pre-

cision of a CFE plan is higher than the equivalent regular plan.
For practical use, the simplex regular plan must be drafted and computed

before starting the experiment. For k process factors, this matrix plan contains k
columns and k+1 lines; in the case of k = 6 the matrix (5.151) gives the following
levels of the factors:

X ¼

0:5 0:289 0:204 0:158 0:129 0:109
�0:5 0:289 0:204 0:158 0:129 0:109

0 �0:578 0:204 0:158 0:129 0:109
0 0 �0:612 0:158 0:129 0:109
0 0 0 �0:632 0:129 0:109
0 0 0 0 �0:645 0:109
0 0 0 0 0 �0:654

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

(5.144)

The next observations will complete the understanding of this method when it is
applied to the experimental scientific investigation of a real process:

1. When the experiments required by the initial simplex regular
plan are completed then we eliminate the point that pro-
duces the most illogical or fool response values; by building
the image of this point according to the opposite face of the
simplex, we obtain the position of the new experimental
point.
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2. The position (coordinates) of the new experimental point can
be determined as follows: (a) the jth coordinates of the new
point xðkþ2Þ

j are computed by relation (5.145), where xðeÞj is
the jth coordinate of the rejected point and xðcÞj is the jth corre-
sponding coordinate of the opposite face of the rejected
point; (b) the jth coordinates of the centre of the opposite face
of the excluded point are given by relation (5.146):

xðkþ2Þ
j ¼ 2xðcÞj � xðeÞj (5.145)

xðcÞj ¼
P

kþ1

i¼1;i„ e
xji

 !

=k (5.146)

3. After each experiment a regression relationship can be
obtained and analyzed using relation (5.143).

4. We can stop the experiments when the displacements of the
factors do not result in a significant change in the process
output.

To conclude this section, it is important to mention that the method of simplex
regular plan is an open method. So, during its evolution, we can produce and add
additional factors. This process can thus result in a transformation from a simplex
regular plan with k columns and k+1 lines to a superior level with k+1 columns
and k+2 lines. The concrete case described in the next section shows how we use
this method and how we introduce a new factor into a previously established plan.

5.5.6.1 SRP Investigation of a Liquid–Solid Extraction in Batch
This example concerns a discontinuous (batch) liquid–solid extraction process.
Here, the quantity of extracted species (y; � y �¼ kgA=kg liq; A = type of
species) depends on the following factors: the ratio of mixing phases (ml=ms-
associated to z1; � ml=ms �¼ kg liq =kg solid), the contact time (s associated to
z2; � s �¼ min); the mixing rate (wa ¼ pnda-associated to z3, � wa �¼ m=s,
n-rotation speed, da – mixer diameter); the mean concentration of one species
carrier, which is placed in the liquid phase (csA-associated to z4,
� csA �¼ kg carrier=kg liq); the diameter of the solid particles (d-associated to z5,
� d �¼ m). The temperature can be another important factor in the process, but
initially we can consider that it is constant. Nevertheless, it will be considered as
an additional factor in a second step of this analysis. The experiments are carried
out with a solid containing 0.08 kg A/kg solid.

The fundamental levels of the factors and the variation intervals are shown in
Table 5.32.
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Table 5.32 Fundamental levels and variation intervals for the
factors of the process.

z1 z2 z3 z4 z5

z0
j 3 50 1.2 0.01 1.5 � 10–3

Dzj 1 20 0.6 0.004 0.5 � 10–3

The objective of the problem is to obtain the values of the factors that corre-
spond to a maximum concentration of the species (A) in the liquid phase.

To solve this problem we use the simplex regular method. For k = 5, the dimen-
sionless matrix of experiments is obtained with relation (5.138). Thus, the matrix
of the dimensionless factors is transformed into dimensional values with relations
(5.96) and (5.97). Table 5.33 corresponds to this matrix, the last column of which
contains the values of the process response. According to this table, the point
placed in position 4 was found to be the least favourable for the process. However,
before rejecting it, we have to build the coordinates of the new point by means of
the image reflection of point number 4 (this point will be calculated to be number
7 from k+1+1). For this purpose, we use relations (5.145) and (5.146).

Table 5.33 Simplex regular plan with natural values of the factors
(example 5.5.6.1).

i z1 z2 z3 z4 z5 � 105 y kgA/kg lq

1 3.5 55.7 1.32 0.0106 1.55 0.029

2 2.5 55.7 1.32 0.0106 1.55 0.042

3 3 39.4 1.32 0.0106 1.55 0.026

4 3 50 0.83 0.0106 1.55 0.023

5 3 50 1.2 0.0075 1.55 0.028

6 3 50 1.2 0.01 1.177 0.031

Now we show the results of these calculations, which began with the computa-
tion of the coordinate of the opposite face of the remaining simplex:

xðcÞ1 ¼
X

6

i¼1;i„ 4

x1i

 !

=5 ¼ ð0:5� 0:5þ 0þ 0þ 0Þ=5 ¼ 0
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xðcÞ2 ¼
X

6

i¼1;i„ 4

x2i

 !

=5 ¼ ð0:289þ 0:289� 0:528þ 0þ 0Þ=5 ¼ 0

xðcÞ3 ¼
X

6

i¼1;i„ 4

x3i

 !

=5 ¼ ð0:204þ 0:204þ 0:204þ 0þ 0Þ=5 ¼ 0:612=5 ¼ 0:122

xðcÞ4 ¼
X

6

i¼1;i„ 4

x4i

 !

=5 ¼ ð0:158þ 0:158þ 0:158� 0:632þ 0Þ=5 ¼ �0:158=5

¼ �0:0317

xðcÞ5 ¼
X

6

i¼1;i„ 4

x5i

 !

=5 ¼ ð0:129þ 0:129þ 0:129þ 0:129� 0:645Þ=5 ¼ 0:129=5

¼ �0:026

Now, the current dimensionless coordinate of the new point is obtained (see rela-
tion (5.145)) as follows:

xðkþ2Þ
1 ¼ xð7Þ1 ¼ 2xðcÞ1 � xðeÞ1 ¼ 2xðcÞ1 � xð4Þ1 ¼ 2 � 0� 0 ¼ 0

xðkþ2Þ
2 ¼ xð7Þ2 ¼ 2xðcÞ2 � xðeÞ2 ¼ 2xðcÞ2 � xð4Þ2 ¼ 2 � 0� 0 ¼ 0

xðkþ2Þ
3 ¼ xð7Þ3 ¼ 2xðcÞ3 � xðeÞ3 ¼ 2xðcÞ3 � xð4Þ3 ¼ 2 � 0:122� ð�0:612Þ ¼ 0:8:56

xðkþ2Þ
4 ¼ xð7Þ4 ¼ 2xðcÞ4 � xðeÞ4 ¼ 2xðcÞ4 � xð4Þ4 ¼ �2 � 0:037� 0:129 ¼ �0:203

xðkþ2Þ
5 ¼ xð7Þ5 ¼ 2xðcÞ5 � xðeÞ5 ¼ 2xðcÞ5 � xð4Þ5 ¼ �2 � 0:026� 0:109 ¼ �0:164

Moreover, this new point is added to the remaining points and a new simplex
(123567) will then be obtained. It is given in Table 5.34 where the factors are
given in natural values. Relations (5.96) and (5.97) have been used to transform
xðkþ2Þ

1 ::::xðkþ2Þ
5 into natural values.
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Table 5.34 Simplex regular plan with values of natural factors
(second step of example 5.5.6.1).

n0 z1 z2 z3 z4 z5 � 105 y kgA/kg lq

1 3.5 55.7 1.32 0.0106 1.55 0.029

2 2.5 55.7 1.32 0.0106 1.55 0.042

3 3 39.4 1.32 0.0106 1.55 0.026

5 3 50 1.2 0.0075 1.55 0.028

6 3 50 1.2 0.01 1.177 0.031

7 3 50 1.54 0.009 1.41 0.0325

In this table, we can observe that the 7th experiment has been produced and its
corresponding y value has been given. We can notice that, in simplex 123567,
point number 3 is the less favourable point for the process (in this case it is the
point with the lowest yield). It should therefore be eliminated. Now we can pro-
ceed with the introduction of the temperature as a new process factor. In the pre-
vious experiments, the temperature was fixed at z0

6 ¼ 45 �C. Initially, we consider
that z0

6 ¼ 45 �C and we select the variation interval to be Dz6 ¼ 15 �C. In this situ-

ation, if we apply Eq. (5.95), we have x6 ¼
z6 � 45

15
and obviously xð0Þ6 ¼ 0. In order

to develop the 6-dimensions simplex we use relation (5.140) and then we obtain
h6 ¼ ð6þ 1Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � 6 � ð6þ 1Þ
p

¼ 0:764. At this point, we can establish the values
of the factors for the 8th experiment. For the first five factors the values are de-
rived from the coordinates of the geometric centre of the simplex with 5 dimen-
sions. These dimensionless values xð8Þ1 ; xð8Þ2 ; :::xð8Þ5 corroborate the procedure used
for the calculation of the coordinates of a new point but, here, we consider that
the coordinates of the rejected point are zero. The results of these computations
are as follows:

xðcÞ1 ¼
X

7

i¼1;i„ 4

x1i

 !

=6 ¼ ð0:5� 0:5þ 0þ 0þ 0þ 0Þ=6 ¼ 0

xðcÞ2 ¼
X

7

i¼1;i„ 4

x2i

 !

=5 ¼ ð0:289þ 0:289� 0:528þ 0þ 0þ 0Þ=6 ¼ 0

xðcÞ3 ¼
X

7

i¼1;i„ 4

x3i

 !

=6 ¼ ð0:204þ 0:204þ 0:204þ 0þ 0þ 0:856Þ=6 ¼ 1:468=6

¼ 0:245
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xðcÞ4 ¼
X

7

i¼1;i„ 4

x4i

 !

=6 ¼ ð0:158þ 0:158þ 0:158� 0:632þ 0� 0:203Þ=6

¼ 0:158=5 ¼ �0:060

xðcÞ5 ¼
X

7

i¼1;i„ 4

x5i

 !

=6 ¼ ð0:129þ 0:129þ 0:129þ 0:129� 0:655� 0:164Þ=6

¼ 0:109=5 ¼ �0:048

xðkþ2Þ
1 ¼ xð8Þ1 ¼ 2xðcÞ1 � xðeÞ1 ¼ 2xðcÞ1 � xð4Þ1 ¼ 2 � 0� 0 ¼ 0

xðkþ2Þ
2 ¼ xð8Þ2 ¼ 2xðcÞ2 � xðeÞ2 ¼ 2xðcÞ2 � xð4Þ2 ¼ 2 � 0� 0 ¼ 0

xðkþ2Þ
3 ¼ xð8Þ3 ¼ 2xðcÞ3 � xðeÞ3 ¼ 2xðcÞ3 � xð4Þ3 ¼ 2 � 0:245� 0 ¼ 0:49

xðkþ2Þ
4 ¼ xð8Þ4 ¼ 2xðcÞ4 � xðeÞ4 ¼ 2xðcÞ4 � xð4Þ4 ¼ 2 � ð�0:06Þ � 0 ¼ �0:12

xðkþ2Þ
5 ¼ xð8Þ5 ¼ 2xðcÞ5 � xðeÞ5 ¼ 2xðcÞ5 � xð4Þ5 ¼ �2 � 0:048� 0:109 ¼ �0:096

For zð8Þ6 we obtain zð8Þ6 þ z6xð8Þ6 ¼ zð8Þ6 þ z6ðx
ð0Þ
6 þ h6Þ ¼ 45þ 15ð0þ 0:764Þ ¼

52.2 �C. The 8th experiment together with the 123567 points gives the simplex
1235678, which is written with the values of the dimensional factors given in
Table 5.35.

Table 5.35 Simplex matrix plan after the introduction of a new
factor (example 5.5.6.1).

i z1 z2 z3 z4 z5 � 105 z6 y kgA/kg lq

1 3.5 55.7 1.32 0.0106 1.55 45 0.029

2 2.5 55.7 1.32 0.0106 1.55 45 0.042

3 3 39.4 1.32 0.0106 1.55 45 0.026

5 3 50 1.2 0.0075 1.55 45 0.028

6 3 50 1.2 0.01 1.177 45 0.031

7 3 50 1.54 0.009 1.41 45 0.0325

8 3 50 1.49 0.0095 1.45 52.2 waited !
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After carrying out the concrete experiment required by the 8th simplex point,
the process analysis continues according to the exemplified procedure, which will
stop when y cannot be increased anymore.

5.5.7
On-line Process Analysis by the EVOP Method

On-line investigation methods for statistical analysis are used when the perfor-
mances of a continuous process carried out in a pilot unit or in an apparatus, have
to be improved. The Evolutionary Operation Process (EVOP) method [5.7, 5.27,
5.28, 5.31] is the most famous method for on-line process analysis. The name of
this method comes from its analogy with biological evolution. This analogy is
based on the observation of the natural selection process in which a small varia-
tion in independent life factors is responsible for genetic mutations and thus for
the evolution of species.

The objective of the EVOP method is to obtain changes in the factors of the pro-
cess so as to get a more favourable state of the process outputs by means of on-
line process investigation. This research is made up of small changes and pro-
grammed step-by-step. Due to the small changes in the factors, it is possible to
have situations in which the effects on the output process variables can be difficult
to detect because they are covered by the random effects (see the Fig. 5.1). To com-
pensate for this difficulty in the EVOP method, the process analysis is carried out
from one stage (phase) to another under a condition that imposes more iterative
cycles for each phase. For each cycle, a variable number of experiments with
unchanged values for the factors is important for controlling the propagation of
errors. At each phase, all the experiments produced correspond to an a priori
selected CFE or FFE plan. After completing the experiments required by one
stage, we process their statistical data and make the necessary decision concern-
ing the position and starting conditions for the next phase of the process analysis.

The number of cycles for each stage must be thoroughly selected because then
the interest is to observe the small changes occurring simultaneously with the per-
manent random fluctuations in the process output. The data from a cycle are
transferred to the next cycle to complete the new phase by calculation of the mean
values and variances. It is well known that the errors in the mean value of n inde-
pendent observations are

ffiffiffi

n
p

smaller than the error of an isolated measure. There-
fore, this fact sustains the transfer of data from one cycle to the next one.

Figure 5.12 gives a graphic introduction to the EVOP method for the example
of a process with two factors; it is important to notice that, in a real case, the dis-
placements of the factors have to be smaller than those suggested in Fig. 5.12.
Despite its apparent freedom, the EVOP method imposes some strict rules; some
of them are described below:

1. For each phase, the number of cycles is not imposed by a
rule or by a mathematical relation.

2. At the beginning of the second cycle, the calculation of the
total effects of the analysis is obligatory; the total effects in
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the example given by Fig. 5.12 are calculated by the following
relation:

ETa ¼ 1
5

ya
2 þ ya

3 þ ya
4 þ ya

4 � 4ya
1

� �

(5.147)

Here, each ya
i value is the mean value for all the cycles car-

ried out with respect to the actual phase of the analysis.
3. At the beginning of the second cycle of each phase, each

mean value ya
i will be completed by its confidence intervals.

4. The cycles are stopped when the intervals of confidence for
all ya

i , remain unchanged.
5. The analysis of the chain of the ETa values completed with

the split up of the total effect can help in selecting the next
phase.

2
a

3 

1 

4
a

 5
a 

2
b

1 

4
b

5
b 

2  

1  

3
c

4
c

2
d

3
d

1
d

4
d

5
d

X1 

X2 

y=0.7

y=0.8 

y=0.9

Phase 
Plan 22

Cycle 

Figure 5.12 EVOP method particularized for a process with two variables.

This research method can be better illustrated by a concrete example. The inves-
tigated process example described in the next section is an organic synthesis,
which takes place in a perfectly mixed reactor.

5.5.7.1 EVOP Analysis of an Organic Synthesis
We consider the case of a discontinuous organic synthesis, which occurs in a liq-
uid medium undergoing intensive agitation; the temperature is controlled by an
external heating device. The process efficiency is characterized by the conversion
defined here as the ratio between the quantity of the useful species obtained and
the theoretical quantity of the same species. This last value is fixed by the thermo-
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dynamics and the reaction conditions. When using the EVOP method, we mean
to observe the effects of the temperature and of the reaction time on the conver-
sion. We can consider that all the other factors of the process, such as the mixing
intensity, the concentrations of the reactants and catalyst, etc. remain constant,
which is required by the technological considerations of the process.

We assume that the standard temperature and reaction time are fixed to 85 �C
and 180 min. but small changes (– 5 �C and 10 min) have been observed to affect
the process efficiency. However, these variations do not affect the process drasti-
cally. Moreover, to begin the analysis we can observe a similitude between this
concrete case and the example shown in Fig. 5.12. Indeed, the working plan is a
CFE 22 which is noted as 1a2a3a4a5a in Fig. 5.12. The superscript a indicates that
we are in the first phase of the EVOP procedure. The dimensionless coordinates
for each point of the CFE22 plan are: 1a(0,0), 2a(–1,1), 3a(1,1), 4a(1,–1), 5a(–1,–1).
We can identify the first coordinate of 1a to 5a point of the CFE 22 plan which is
x1 = (t – 85)/5 and the second point coordinate is x2 = (s – 180)/10. Table 5.36 con-
tains the results for the first four cycles of the first phase of the particular EVOP
method.

Table 5.36 Reaction conversion for four cycles of the first phase
of the EVOP method.

E
C

1a 2a 3a 4a 5a

1 59.6 65.1 65.3 62.0 62.1

2 62.1 61.3 67.6 65.5 65.8

3 63.5 61.7 62.6 67.9 62.8

4 63.7 60.5 67.2 63.2 62.8

If we consider the coordinates of the points of the CFE plan, we observe that
points 3a and 4a are the maximum values of x1, whereas points 3a and 5a have the
maximum values for x2. Consequently, the effects of the factors and of their inter-
actions will be written as follows:

EAa ¼ 1
2
ðy3 þ y4 � y2 � y5Þ (5.148)

EBa ¼ 1
2
ðy3 þ y5 � y2 � y4Þ (5.149)

EABa ¼ 1
2
ðy2 þ y3 � y4 � y5Þ (5.150)
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We frequently use the concepts of mean values and variances in the application of
the EVOP method. Before showing the concrete computations of this actual appli-
cation, we need to recall here the expression for the confidence interval of a mean
value: l ¼ x – tas=

ffiffiffi

n
p

where s is the variance, x is the mean value of the selection,
n gives the selection dimension and ta is the value of the Student random variable
with a significance level equal to a and with m = n –1 degrees of freedom. Table
5.37 shows the EVOP evolution from one cycle to another respect to the data given
in Table 5.36. The computations from Table 5.37 show that:
. The succession of cycles produces an important reduction in the

mean deviation values and, at the same time, the confidence
intervals tend to reach a final stable state.

. The effect of each factor and of its interactions on the process
response (the conversion in our case) begins to be observable
after running a suitable number of cycles.

. At the end of the fourth cycle, an increase in the conversion
caused by the increase in temperature occurs; this observation is
sustained by the positive values of the confidence interval for the
mean effect of the temperature: lA = EAa(+/–)ts/(nc)0.5 = (3.6,7.9).

. The positive total effect recorded after the fourth cycle, cannot
sustain a further increase in the reaction time because the confi-
dence interval for the mean effect of this factor contains a nega-
tive and a positive value: lB = EBa(+/–)ts/(nc)0.5 = (–1.0, 3.0);
moreover we can observe that the interaction of both studied
factors (temperature and reaction time) has a negative effect:
lAB = EABa(+/–)ts/(nc)0.5 = (–4, 0).

. with the situation given by the data from Table 5.37, we have two
possibilities for the evolution of the research: (i) we can start with
a new phase where the temperature will be increased; (ii) or we
can increase the number of cycles in the actual phase so as to
obtain more confidence with respect to the positive effect of the
temperature.

Table 5.37 Calculation sheet for the analysis of an EVOP process
(example 5.5.7.1). o.d – old deviations, n.d – new deviations.

Calculation elements
Cycle = 1, nc = 1

Experiment conversion mean value Mean deviations (m.d)

1a 2a 3a 4a 5a Sum of o.d: Sa = xx

1 Sum of old cycles
S

– – – – – Precedent m.d: sa = xx

2 Mean value of the
previous cycles
M

– – – – – Sum of n.d: Sn = xx
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Calculation elements
Cycle = 1, nc = 1

Experiment conversion mean value Mean deviations (m.d)

3 New results
N

59.6 64.1 65.8 62.0 62.1 Mean value of n.d:
sn = xx

4 Differences (2) – (3)
D

– – – – –
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

n

i¼1

D2
i

s

;

s ¼ S=
ffiffiffiffiffiffiffiffiffiffiffiffi

n� 1
p

5 New sum (1) + (3)
SN

59.6 64.1 65.3 62.0 62.1

6 New mean value
(SN)/nc

Calculations of the mean effects The confidence intervals

EAa ¼ 1
2
ðy3 þ y4 � y2 � y5Þ = 0.55 lA = EAa(+/–)ts/(nc)

0.5 = (xx, xx)

EBa ¼ 1
2
ðy3 þ y5 � y2 � y4Þ = 0.65 lB = EBa(+/–)ts/(nc)

0.5 = (xx, xx)

EABa ¼ 1
2
ðy2 þ y3 � y4 � y5Þ = 2.65 lAB = EABa(+/–)ts/(nc)

0.5 = (xx, xx)

ETa ¼ 1
5
ðya

2 þ ya
3 þ ya

4 þ ya
4 � 4ya

1Þ = 3.02 t = t5nc�1;a ¼

Calculation elements
Cycle = 2 , nc = 2

Experiment conversion mean value Mean deviations (m.d)

1a 2a 3a 4a 5a Sum of a.d: Sa = xx

1 Sum of the previous cycles
S

59.6 64.1 65.8 62.0 62.1 Precedent m.d: so = xx

2 Mean value of
previous cycles
M

59.6 64.1 65.8 62.0 62.1 Sum of n.d: Sn = 6.72

3 New results
N

62.1 61.3 67.6 65.5 65.8 Mean value of n.d:
sn = 3.36

4 Differences (2) – (3)
D

–2.5 2.8 –2.3 –3.5 –3.7
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

P

n

i¼1
D2

i

s

;

s ¼ S=
ffiffiffiffiffiffiffiffiffiffiffiffi

n� 1
p

5 New sum (1)+(3)
SN

121.7 125.4 132.9 127.5 127.9

6 New mean value
(SN)/nc

60.8 62.7 66.4 63.7 63.9

Table 5.37 Continued.
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Calculations of the mean effects The confidence intervals

EAa ¼ 1
2
ðy3 þ y4 � y2 � y5Þ = 1.75 lA = EAa(+/–)ts/(nc)

0.5 = (–2.17, 5.67)

EBa ¼ 1
2
ðy3 þ y5 � y2 � y4Þ = 1.95 lB = EBa(+/–)ts/(nc)

0.5 = (–1.97, 5.89)

EABa ¼ 1
2
ðy2 þ y3 � y4 � y5Þ = 0.75 lAB = EABa(+/–)ts/(nc)

0.5 = (–3.17, 4.67)

ETa ¼ 1
5
ðya

2 þ ya
3 þ ya

4 þ ya
4 � 4ya

1Þ = 2.70 t = t5nc�1;a ¼ t9,0.05 = 3.69

Calculation elements
Cycle = 3 , nc = 3

Experiment conversion mean value Mean deviations (m.d)

1a 2a 3a 4a 5a Sum of o.d: So = 9.31

1 Sum of the previous cycles
S

121.7 125.4 132.9 127.5 127.9 Precedent m.d:
so = 3.36

2 Mean value of
previous cycles
M

60.8 62.7 66.4 63.7 63.9 Sum of n.d: Sn = 6.44

3 New results
N

63.5 61.7 62.6 67.9 62.8 Mean value of n.d:
sn = 3.1

4 Differences (2) – (3)
D

–2.7 1 3.8 –4.2 1.1
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

P

n

i¼1
D2

i

s

;

s ¼ S=
ffiffiffiffiffiffiffiffiffiffiffiffi

n� 1
p

5 New sum (1)+(3)
SN

185.2 187.1 195.5 195.4 190.7

6 New mean value
(SN)/nc

61.7 62.4 65.2 65.1 63.6

Calculations of the mean effects The confidence intervals

EAa ¼ 1
2
ðy3 þ y4 � y2 � y5Þ = 2.15 lA = EAa(+/–)ts/(nc)

0.5 = (–0.69, 4.99)

EBa ¼ 1
2
ðy3 þ y5 � y2 � y4Þ = 0.65 lB = EBa(+/–)ts/(nc)

0.5 = (–2.19, 3.49)

EABa ¼ 1
2
ðy2 þ y3 � y4 � y5Þ = –0.55 lAB = EABa(+/–)ts/(nc)

0.5 = (–3.39, 2.29)

ETa ¼ 1
5
ðya

2 þ ya
3 þ ya

4 þ ya
4 � 4ya

1Þ = 1.90 t = t5nc�1;a ¼ t14,0.05 = 3.32
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Calculation elements
Cycle = 4 , nc = 4

Experiment conversion mean value Mean deviations (m.d)

1a 2a 3a 4a 5a Sum of o.d: So = 12.0

1 Sum of the previous cycles
S

185.2 187.1 195.5 195.4 190.7 Precedent m.d: so = 3.1

2 Mean value of
previous cycles
M

61.7 62.4 65.2 65.1 63.6 Sum of n.d: Sn = 3.982

3 New results
N

63.7 60.5 67.2 63.2 62.8 Mean value of n.d:
sn = 2.82

4 Differences (2) – (3)
D

–2.0 1.9 –2.0 1.9 0.8
S ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

P

n

i¼1
D2

i

s

;

s ¼ S=
ffiffiffiffiffiffiffiffiffiffiffiffi

n� 1
p

5 New sum (1) + (3)
SN

248.7 247.6 262.7 258.6 253.5

6 New mean value
(SN)/nc

62.2 61.9 65.2 65.7 63.4

Calculations of the mean effects The confidence intervals

EAa ¼ 1
2
ðy3 þ y4 � y2 � y5Þ = 5.6 lA = EAa(+/–)ts/(nc)

0.5 = (3.6, 7.9)

EBa ¼ 1
2
ðy3 þ y5 � y2 � y4Þ = 1.0 lB = EBa(+/–)ts/(nc)

0.5 = (–1.0, 3.0)

EABa ¼ 1
2
ðy2 þ y3 � y4 � y5Þ = –2 lAB = EABa(+/–)ts/(nc)

0.5 = (–4, 0)

ETa ¼ 1
5
ðya

2 þ ya
3 þ ya

4 þ ya
4 � 4ya

1Þ = 7.4 t = t5nc�1;a ¼ t19,0.05 = 3.17

5.5.7.2 Some Supplementary Observations
The example presented above successfully illustrates how we develop and use the
EVOP method for a discontinuous process. When we have a continuous process,
it is suggested to transform it artificially into a discontinuous process. For this
purpose, we must take into consideration all the factors of the process represent-
ing flow rates according to a fixed period of time. With these transformations we
can control the effect of the random factors that influence the continuous process.
If, for example, we consider the case of a continuous reactor, then, the conversion
can be obtained from the analysis of 5 to 6 samples (each selected at a fixed period
of time), when the corresponding input and output quantities are related to the
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reactor. Additionally, the other reactor factors are not different from those of the
discontinuous process. The case of the continuous reactor can easily be extended
to all separation apparatuses or pilot units working continuously.

In all experimental process investigations, where the final decision is the result
of the hypotheses based on a comparison of the variances, we must know whether
the observed variances are related to the process or to the experimental analysis
procedure. Indeed, it is quite important to determine, when an experimental
research is being carried out, whether we have to use a method or an instrument
of analysis that produces an artificially high variance on the measured parame-
ters.

Before the era of modern computers, the EVOP process investigation was used
successfully to improve the efficiency of many chemical engineering processes.
Now its use is receding due to the competition from process mathematical model-
ling and simulation. However, biochemical and life processes are two large
domains where the use of the EVOP investigation can still bring spectacular
results.

5.6
Analysis of Variances and Interaction of Factors

The objective of the statistical analysis of variances is to separate the effects pro-
duced by the dependent variables in the factors of the process. At the same time,
this separation is associated with a procedure of hypotheses testing what allows to
reject the factors (or groups of factors) which do not significantly influence the
process. The basic mathematical principle of the analysis of variances consists in
obtaining statistical data according to an accepted criterion. This criterion is com-
plemented with the use of specific procedures that show the particular influence
or effects of the grouping criterion on dependent variables.

Besides, after identifying the effects, it is necessary to compare variances of the
process produced by the variation of the factors and the variances of the process
produced by the random factors [5.5, 5.8, 5.29–5.31].

The number of criteria that determines the grouping of the data is strictly de-
pendent on the number of the factors of the process accepted for the investiga-
tion.

These abstract concepts will be illustrated in the next section with the example
of a catalytic chemical reaction in which we consider that different type of catalysts
are available to perform the reaction and where the conversion for a fixed contact
time is the dependent variable of the process. If we consider that all the other fac-
tors of the process stay unchanged, then, we can take into account a single vari-
able factor of the process: the type of catalyst. The basis of the mono factor var-
iance analysis concerns the collected data containing the maximum number of
conversion measurements respect to each type of catalyst. Now, if the temperature
is also considered as an independent variable (factor), for each fixed temperature,
the collected data must show the conversion values for each catalyst. Now, we can
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arrange the data in order to start the analysis of the variances of two factors.
Obviously, this example can be generalized to the case of k factors (analysis of the
variances with k-factors). If the residual variance increases from one experiment
to the other, the effect of each factor is not summative, then we can claim that, in
this case, we have an effect of the interaction factors.

For a process with more than two factors, we can consider the interactions of
different factors theoretically. However, in real cases only two and a maximum of
three factors interactions are accepted. All the examples selected in what follows
consider the same major problem: how do we reject the non-significant factors
out of the large range of factors of the process.

5.6.1
Analysis of the Variances for a Monofactor Process

The analysis of the variances of a monofactor process can be used for the indirect
testing of both mean values obtained when the process factors take m discrete
values. Table 5.38 introduces the preparation of the data for the analysis of the
variances of a monofactor process. We can note that each value of the factor must
produce m measurements of the process response.

The data arrangement shown in Table 5.38 can hint that the observable differ-
ences from one value to the other, from one column to the other are caused by the
factor changes and by the problems of reproducibility.

Table 5.38 Experimental data arrangement for starting the
analysis of the variances of a monofactor.

Factor value x = a1 x = a2 x = aj ...... x = am

Trial

1 v11 v21 vj1 ...... vm1

2 v12 v22 vj2 ...... vm2

3 v13 v23 vj3 ...... vm3

...... ...... ...... ...... ...... ......

i v1i v2i vji ...... vmi

...... ...... ...... ...... ...... ......

n v1n v2n vjn ...... vmn

Total v1 v2 vj ...... vm
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In the table, the differences between the columns result from the change in the
values of the factors and the differences between the lines give the reproducibility
problems of the experiments. The total variance (s2) associated to the table data,
here given by relation (5.151), must be divided according to its components: the
variances of inter-lines (or reproducibility variances) and variances of inter-col-
umns (or variances caused by the factor).

s2 ¼

P

m

j¼1

P

n

i¼1
ðvji � v¼Þ2

" #

mn� 1
¼

P

m

j¼1

P

n

i¼1
v2

ji � 1
mn

P

m

j¼1

P

n

i¼1
vij

 !2" #

mn� 1
(5.151)

The result of this division is given in Table 5.39 where the starting data to com-
plete the table have been obtained using the sums S1, S2 and S3:
. the sum of all the squares of all observations (S1):

S1 ¼
P

m

j¼1

P

n

i¼1
v2

ji (5.152)

. the sum of the squares of the total of each column divided by the
number of observations (S2):

S2 ¼

P

m

j¼1
v2

j

n
(5.153)

. the sum of the squares of the all added experimental observations
divided by the total number of observations (S3):

S3 ¼

P

m

j¼1

P

n

i¼1
vij

 !2

mn
¼

P

m

j¼1
vj

 !2

mn
(5.154)

Table 5.39 Analysis of the variances for a monofactor.

Variance origin Sums of the
differences

Degrees
of freedom

Variances Computed value
of the Fischer
variable

Theoretical
value of the
Fischer variable

Between the
columns

S2 – S3 m – 1 s2
1 ¼

S2 � S3

m� 1
F ¼ s2

1

s2
2

Fm�1;mðn�1Þ;a

Between the
lines

S1 – S2 m(n – 1) s2
2 ¼

S1 � S2

mðn� 1Þ

Total S1 – S3 mn – 1

416



5.6 Analysis of Variances and Interaction of Factors

Table 5.39 also contains the indications and calculations required to verify the
zero hypothesis. This hypothesis considers the equality of the variance containing
the effect of the factor on the process response (s2

1) with the variance that shows
the experimental reproducibility (s2

2).
According to the aspects of the statistical hypothesis about the equality of two

variances (see also Section 5.3) we accept the zero hypothesis if the computation
shows that F<Fm�1;mðn�1Þ;a. If we refuse the zero hypothesis, then we accept that
the considered factor of the process has an important influence on the response.

The numerical application described above, concerns the catalytic oxidation of
SO2 where six different catalysts are tested. The main purpose is to select the
most active catalysts out of the six given in this table. All the other parameters
that characterize the reaction have been maintained constant during the experi-
ments and eight measurements have been produced for each type of catalyst.
Table 5.40 presents the SO2 transformation degrees obtained. Before reaching a
conclusion about these results, we have to verify whether the different transforma-
tion degrees obtained with the six catalysts are significant or not.

Table 5.40 SO2 transformation degree for six different catalysts.
Integral reactor l/d = 50, l = 1 m, cSO2 = 8%v/v, co2 = 10%v/v,
N2 inert gas, dp = 0.003 m, wf = 0.1 m/s.

Catalyst m 1 2 3 4 5 6

Trial number n

1 25.1 22.8 25.5 24.5 25.5 24.7

2 27.0 23.8 27.9 25.2 28.7 27.1

3 29.6 27.1 28.8 27.7 26.2 26.0

4 26.6 22.7 26.9 26.9 25.7 26.2

5 25.2 22.8 25.4 27.1 27.2 25.7

6 28.3 27.4 30.0 30.6 27.9 29.2

7 24.7 22.2 29.6 26.4 25.6 28.0

8 25.1 25.1 23.5 26.6 28.5 24.4

Total 211.6 193.9 217.6 215.0 215.3 211.2

Mean value 26.5 24.1 27.2 26.9 26.9 26.4

To begin the analysis, we consider the zero hypothesis (in which the degrees of
transformation reached with the different catalysts are similar) and to verify it,
we make the computations required in Table 5.39. Then we have: S1 = 33 511.11,
S2 = 33 368.53, S3 = 33 322.20, S2 – S3 = 46.33, S1 – S2 = 142.58, S1 – S3 = 188.91,
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m – 1 = 5, m(n – 1) = 42, mn = 47, s2
1 ¼ 46:33=5 ¼ 9:27; s2

2 ¼ 144:58=42 ¼ 3:16,
F = 9.27/3.16 = 2.93.

The theoretical value of the Fischer random variable corresponding to the
confidence level a ¼ 0:05 is 2.44 (it is a solution of the equation

1� a ¼
R

Fm�1;mðn�1Þ;a

0
fm�1;mðn�1ÞðFÞdF). Now we can observe that F ¼ 2:93 � F5;35;0:05

¼ 2:44 and consequently we can reject the zero hypothesis, which suggests the
equality of the reproducibility variance and of the variance due to the change in
catalyst. In other words, we can claim that each catalyst tested has a different
influence on the SO2 transformation degree.

5.6.2
Analysis of the Variances for Two Factors Processes

When we investigate the effect of two factors on a process response, then the col-
lected data will be as shown in Table 5.41. Here the differences between the ob-
served values along one line present the effect of the change of x1 from a1 to am,
whereas the differences between the observed values along one column are the
result of the change of x2 from b1 to bn. Each value of the table represents an
observation that corresponds to a grouping of factors. Here, we can have one or
more measurements of the process response, but frequently only one measure-
ment is used.

Table 5.41 Arrangement of the experimental data to start the
analysis of two-factor variances.

Values for the first factor x1 = a1 x1 = a2 x1 = aj ...... x1 = am total

Values for the second factor

x2 = b1 v11 v21 vj1 ...... vm1 vl1

x2 = b2 v12 v22 vj2 ...... vm2 vl2

x2 = b3 v13 v23 vj3 ...... vm3 vl3

...... ....... ...... ...... ......

x2 = bi v1i v2i vji ...... vmi vli

....... ....... ...... ...... ......

x2 = bn v1n v2n vjn ...... vmn vlm

Total vc1 vc2 vcj ...... vcm

418



5.6 Analysis of Variances and Interaction of Factors

In this case, conversely to the residual variance, we can propose two zero
hypotheses: the first is H10: “the variance of the response values determined by
the change of factor x1 has the same value as the residual variance”; the second
one is H20: “the variance of the response values (when x2 factor changes) is similar
to the residual variance”. With these hypotheses we indirectly start the validation
of two others assumptions: (i) the equality of the mean values of the lines (related
to H10), (ii) the equality of the mean values of the columns (related to H20�).

The splitting of the total variance into parts associated to Table 5.41 follows a
procedure similar to that for the analysis of the variances of a monofactor process,
as previously explained. In this case, we introduce the sums of the squares S1, S2,
S3, S4, Sr that are defined using Eqs. (5.155)–(5.159). Then, we compute the var-
iances of the data of the lines (s2

1), the variances of the data of the columns(s2
2) and

the residual variance of all data (s2
rz). Then, the sums for the computation of the

analysis of the variances of two factors processes are:
. the sum of all squares for all experimental data:

S1 ¼
P

m

j¼1

P

n

i¼1
v2

ji (5.155)

. the sum of the squares of all the added columns divided by the
number of observations from a column:

S2 ¼

P

m

j¼1
v2

cj

n
(5.156)

. the sum of the squares of all the added lines divided by the num-
ber of observations from a line:

S3 ¼

P

n

i¼1
v2

li

m
(5.157)

. the sum of the squares of all added experimental observations
divided by the number of total observations:

S4 ¼

P

m

j¼1

P

n

i¼1
vij

 !2

mn
¼

P

m

j¼1
vcj

 !2

mn
(5.158)

. the sum of the residual squares:

Sr ¼ S1 þ S4 � S2 � S3 (5.159)

It is not difficult to observe, when we compare this example with the analysis of
variances of a monofactor processes, that sum S3 is the only one to be completely
new. The other sums, such as S1 and S2, remain unchanged or are named differ-
ently (here, S4 is similar to the S3 of the analysis of variances for a monofactor
process). The corresponding number of degrees of freedom is attached to S2, S3
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and Srz. They are respectively m – 1 for S2, n – 1 for S3 and (m – 1)(n – 1) for Srz.
These degrees of freedom will be associated to the Fischer random variable while
the proposed hypotheses are being tested. Using the same principle as used for
S2, S3 and Srz, we can establish that mn – 1 corresponds to the number of degrees
of freedom for sum S4. With these observations, we can completely synthesize the
analysis of variances for two factors processes, as shown in Table 5.42. The
hypotheses H10 : r2

1 ¼ r2
rz , s2

1 ¼ s2
rz and H20 : r2

2 ¼ r2
rz , s2

2 ¼ s2
rz will be

accepted when F1 < Fð1Þðm�1Þ;ðn�1Þðm�1Þ;a and F2 < Fð2Þðn�1Þ;ðn�1Þðm�1Þ;a. It is possible
to have situations where we accept one hypothesis and reject the second one. In
this last case, we have to accept that both considered factors play an important
role in the process response.

The analysis of the catalytic oxidation of SO2 developed previously in this chap-
ter, can be completed as follows: (i) the experiments with catalysts number 2 and
number 6 are eliminated; (ii) new experiments are introduced in order to consider
the temperature as a process factor. All the other factors of the catalytic process
keep the values from Table 5.40. In Table 5.43 we present a new set of experimen-
tal results in order to obtain more knowledge of the effect of the type of catalyst
and the temperature on the degree of oxidation. The correspondence between the
different types of catalysts reported in Tables 5.43 and 5.40 are respectively:
1fi1; 2fi3; 3fi4; 4fi5. As has been explained above, the inlet gas composition,
the gas flow rate and the length of the catalytic bed remain unchanged for all
experiments, the last limitation is imposed in order to obtain the smallest errors
in the measurements for the process response [5.32].

Table 5.42 Synthesis of the analysis of the variances of two factors.

Origin of
the variance

Differences
of sums

Number of
degrees of
freedom

Variances Computed
value of the
Fischer
variable

Theoretical value
of the Fischer
variable

Deci-
sion

Between
the columns

S2 – S4 m – 1 s2
1 ¼

S4 � S2

m� 1
F1 ¼ s2

1=s2
r Fð1Þðm�1Þ;ðn�1Þðm�1Þ;a F1<F(1)

accept
H10

Between
the lines

S3 – S4 n – 1 s2
2 ¼

S3 � S4

n� 1
F2 ¼ s2

2=s2
r Fð2Þðn�1Þ;ðn�1Þðm�1Þ;a F2<F(2)

accept
H20

Residual Srz =
S1+S4 – S2 –S3

(m – 1)(n –1) s2
rz ¼

Srz

ðm� 1Þðn� 1Þ H10 : r2
1 ¼ r2

rz , s2
1 ¼ s2

rz

H20 : r2
2 ¼ r2

rz , s2
2 ¼ s2

rz

Total S1 – S4 mn –1
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Table 5.43 Comparison of SO2 oxidation degree with different
catalysts and at various temperatures.

Catalyst type x1 = 1 x2 = 2 x3 = 3 x4 = 4 Total of each line

Temperature of reaction

x2 = 440 �C 25 28 22 24 vl1 = 99

x2 = 450 �C 27 29 23 23 vl2 = 102

x2 = 460 �C 30 32 26 29 vl3 = 117

Total of each column vc1 = 82 vc2 = 89 vc3 = 71 vc4 = 76

With the experimental data from Table 5.43, we intend to show whether both
the type of catalyst and the temperature have an important influence on the oxida-
tion degree of sulfur dioxide. We begin with calculating the sums from Table 5.42.
Then, we have:

S1 = (252+272+....+232+292) = 8538, S2 = (822+892+712+762) = 8487.3, S3 =
(992+1022+1172) = 8473.5, S4 = (25+27+...+23+29)2 = 8427.0, Sr = S1 + S4 – S2 – S3

= 8538 + 8427.0 – 8487.3 – 8473.5 = 4.2, S2 – S4 = 60.3 with m – 1 = 3 degrees
of freedom, S3 – S4 = 46.5 with n – 1 = 2 degrees of freedom, Srz = 4.2 with
(m – 1)(n – 1) = 6 degrees of freedom, s2

1 = 60.3/3 = 20.1, s2
2 = 46.5/2 = 23.3,

s2
rz = 4.2/6 = 0.7, F1 = s2

1/s2
r = 20.1/0.7 = 28.8, F2 = s2

2/s2
r = 23.3/0.7 = 33.3,

Fð1Þm�1;ðm�1Þðn�1Þ;a ¼ Fð1Þ3;6;0:05 ¼ 4:786;Fð2Þn�1;ðm�1Þðn�1Þ;a ¼ Fð1Þ2;6;0:05 ¼ 5:14.
The results of the computations are given in Table 5.44, which is a particulariza-

tion of the general Table 5.42. The last three columns of Table 5.44, give the test-
ing calculations for H10 and H20 showing that these hypotheses are rejected. We
can thus observe that there are important differences between the residual var-
iance and the variance due to the change in the type of catalyst and temperature.
In other words, both factors are important factors in this process. It should be
mentioned that the analysis of variances does not give a quantitative response
detailing the exact type of catalyst or/and the temperature to be used for the best
yield.

When the investigated process shows a small residual variance we can consider
that the variance results from the action of small random factors. At the same
time, this small variance is a good indication of an excellent reproducibility of the
experimental measurements. Conversely, a great residual variance can show that
the measurements are characterized by poor reproducibility. However, this situa-
tion can also result from one or more unexpected or unconsidered factors; this
situation can be encountered when the interactions between the factors (parame-
ters) have been neglected. In these cases, the variance of the interactions repre-
sents an important part of the overall residual variance.
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Table 5.44 Synthesis of the analysis of variances for two factors – Example 5.6.2.

Origin of
the variance

Differences
of sums

Degrees
of freedom

Variances Computed
value of the
Fischer
variable

Theoretical value
of the Fischer
variable

Deci-
sion

Between
the columns

S2 – S4 = 60.3 m – 1 = 3 s2
1 ¼

S4 � S2

m� 1
= 20.1 F1 ¼ s2

1=s2
r

= 28.7
Fð1Þðm�1Þ;ðn�1Þðm�1Þ;a
= 4.76

F1>F(1)

Reject
H10

Between
the lines

S3 – S4 = 46.2 n – 1 = 2 s2
2 ¼

S3 � S4

n� 1
= 23.3 F2 ¼ s2

2=s2
r

= 33.3
Fð2Þðn�1Þ;ðn�1Þðm�1Þ;a
= 5.14

F2>F(2)

Reject
H20

Residual Sr =
S1 + S4 – S2 –
S3 = 4.2

(m – 1)
(n – 1) = 6

s2
rz ¼

Srz

ðm� 1Þðn� 1Þ = 0.7

H10 : r2
1 ¼ r2

rz , s2
1 ¼ s2

rz

H20 : r2
2 ¼ r2

rz , s2
2 ¼ s2

rz

Total S1 – S4 = 110 mn – 1 = 11

5.6.3
Interactions Between the Factors of a Process

To illustrate the interaction of factors in a concrete process, we will consider the
example of a process with two factors which are called A and B. The experimental
investigation of the considered process is made using a CFE 22 plan. Both param-
eters, A and B will present the levels A1 and A2, B1 and B2, respectively, and, con-
sequently, the process response has four values which are a1, a2, b1, b2, (the sub-
scripts 1 and 2 indicate the higher and lower level of the factor). With these four
values, we can develop the analysis of variances for two factors. First, we have to
divide the residual variance into two parts: the first shows that the differences be-
tween the measured values of the responses are due to the experimental problems
of the reproducibility; and the second indicates the action of the interaction of the
factors on the responses of the process. For this separation we need a great num-
ber of measurements for each grouping of factors. So, for point A1B1, where the
values of the dimensionless factors are x1 = –1 and x2 = –1, we obtain more values
of the process response; moreover, we have the same problem for the other follow-
ing points: A1B2 (x1 = –1, x2 = 1), A2B1 (x1 = 1, x2 = –1), A2B2 (x1 = 1, x2 = 1). The
solution to this problem will result in the possibility to compute the variance
caused by the reproducibility. In other words, we will be able to appreciate the
effect of small random factors on the process response.

The data concerning this example are shown in Table 5.45. For the development
of the analysis of variances, we use sums S1, S2, S3, S4 which have already been
introduced with the analysis with two factors. The supplementary sum S5 (Eq.
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(5.160)), which is the total sum of the squares sum of the repeated values for each
experimental point, is also considered here:

S5 ¼

P

n

i¼1

P

m

j¼1

P

p

k¼1
vðkÞij

� �2

mn� 1
(5.160)

Table 5.45 Data for the analysis of variances of two factors with
interaction effects.

Values of factor A x1 = a1 x1 = a2 ...... x1 = aj ...... x1 = am Total

Values of factor B

x2 = b1 vð1Þ11

vðpÞ11

vð1Þ12

vðpÞ12

......

......
vð1Þ1j

vðpÞ1j

......

......
vð1Þ1m

vðpÞ1m

vl1

x2 = b2 vð1Þ21

vðpÞ21

vð1Þ22

vðpÞ22

...... ...... vð1Þ2j

vðpÞ2j

......

......
vð1Þ2m

vðpÞ2m

vl2

...... ...... ...... ...... ...... ...... ...... ......

x2 = bi vð1Þi1

vðpÞi1

vð1Þi2

vðpÞi2

...... ...... vð1Þij

vðpÞij

......

......
vð1Þim

vðpÞim

vli

...... ...... ...... ...... ...... ...... ...... ......

x2 = bn vð1Þn1

vðpÞn1

vð1Þn2

vðpÞn2

...... ...... vð1Þnj

vðpÞnj

...... ...... vð1Þnm

vðpÞnm

vlm

Total vc1 vc2 ...... vcj ...... vcm

Table 5.46 contains a summary to analyze these variances. Here the basic prob-
lem is the testing of the following statistical hypotheses: H10 : r2

1 ” r2
A ¼ r2

rz,
, s2

1 ¼ s2
rz,H20 : r2

2 ” r2
B ¼ r2

rz , s2
2 ¼ s2

rz, H120 : r2
12 ” r2

AB ¼ r2
rz , s2

12 ¼ s2
rz

these hypotheses can be described as follows:
. the variance of the data produced by changes in factor A and the

variance of the residual data are similar, then, all data represent
the same population (H10);

. the variance of the data produced by changes in factor B and the
variance of the residual data are similar, then, factor B is not sig-
nificant for the evolution of the process (H20);

. the variance of the data produced by the interactions between fac-
tors A and B and the residual data variance are similar, then, the
interaction factor has no effect on the process output (H120).
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Table 5.46 Summary of the analysis of variances for two factors with interaction effects.

Origin of
variance

Differences
of sums

Number
of freedom
degrees

Variances Computed
value of the
Fischer
variable

Theoretical value of
the Fischer variable

Deci-
sion

Between
the columns

S2 – S4 m –1 s2
1 ¼

S2 � S4

m� 1
F1 ¼ s2

1=s2
r Fð1Þðm�1Þ;ðn�1Þðm�1Þ;a F1<F(1)

Accept
H10

Between
the lines

S3 – S4 n – 1 s2
2 ¼

S3 � S4

n� 1
F2 ¼ s2

2=s2
r Fð2Þðn�1Þ;ðn�1Þðm�1Þ;a F2<F(2)

Accept
H20

Interaction
AB

S12 =
S5 + S4 – S2

– S3

(m – 1).
(n – 1)

s2
12 ¼

S12

ðm� 1Þðn� 1Þ F12 ¼ s2
12=s2

r Fð12Þ
ðm�1Þðn�1Þ;mpðn�1Þ;a F12<F(12)

Accept
H120

Residual Srz = S1 – S5 mp(n – 1) s2
rz ¼

Srz

mpðn� 1Þ

We can observe in Table 5.43 that the maximum yield is obtained with catalyst
number two (x2 = 2), the response obtained with this catalyst can be analyzed
deeply with respect to other process parameters such as the input reactor gas flow
rate and the temperature. Two different values or levels of these parameters will
be considered whereas other parameters or factors will remain constant (Table
5.40). Table 5.47 gives the experimental data after the arrangement required by
Table 5.45 together with the partial and total mean values of SO2 oxidation degree.

Table 5.47 Data for the analysis of variances for two factors with interaction effects.
Example of SO2 oxidation factors: temperature (T) and flow rate (G).

Flow rate G1 = 0.1m3/(m3cat s) G2 = 0.14m3/(m3cat s) Total Mean

Temperature

T1 = 450 21.2
21.5 63.75
21.05 21.27

22.65
22.55 68.4
23.20 22.8

132.15 22.02

T2 = 470 21.65
21.95 65.90
22.30 21.76

22.3
22.2 67.1
22.7 22.36

133.0 22.15

Total 129.65 135.20 265.15

Mean 21.60 22.58
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The interest here is to verify whether the temperature, the flow rate and their
interactions produce changes in the SO2 oxidation degree. For the case when fac-
tors interact, it is interesting to determine what the favourable direction for factors
variation is.

The problem is firstly investigated by making the necessary calculations to ana-
lyze the effect of the factors and the interactions with the following procedure:
. we identify: m= 2, n= 2, p = 3;
. we compute: S1 = (21.22 + 21.52 +.... + 22.22 + 22.72) = 5862.27, S2

= (129.62 + 135.22)/6 = 5864.12, S3 = (132.152 + 1332)/6 = 5858, S4

= (265.152)/12 = 5858.7, S5 = (63.752 + 65.92 + 68.42 + 67.12)/3 =
5887.61, S2 – S4 = 5.41, S3 – S4 = 0.05, S12 = SAB = S5 + S4 – S3 – S2

= 23.44, S1 – S5 = 3.56, s2
1 = 5.41/(2 – 1) = 5.42, s2

2 = 0.05/(2 – 1)
= 0.05, s2

12 = 23.41/(1*1) = 23.41, s2
rz = 3.56/(2*3*1) = 0.59, F1 =

5.41/0.59 = 9.18, F2 = 0.05/0.59 = 0.08, F12 = 23.41/0.59 = 39.9,
F1,6,0.05 = 5.99.

. we compute all the data for Table 5.48 where we verify hypotheses
H10; H20;H120;

. we identify that the change in flow rate and the interaction tem-
perature–flow rate are important for the sulphur dioxide oxida-
tion degree.

Table 5.48 Numerical example introduced in Table 5.47.

Variances and
degrees of freedom

Hypotheses Computed value of
the Fischer variable

Theoretical value
of the Fischer
variable

Decision

s2
1 = 5.41, m1 = 1 H10 : r2

1 ” r2
A ¼ r2

rz

, s2
1 ¼ s2

rz

F1 = s2
1/ s2

rz = 9.18 F1,6,0.05 = 5.99 Refuse

s2
2 = 0.05, m2 = 1 H20 : r2

2 ” r2
B ¼ r2

rz

, s2
2 ¼ s2

rz

F2 = s2
2/s2

rz = 0.084 F1,6,0.05 = 5.99 Accept

s2
12 = 23.44, m12 = 1

s2
rz = 0.59, m1 = 6

H120 : r2
12 ” r2

AB ¼ r2
rz

, s2
12 ¼ s2

rz

F12 = s2
12/s2

rz = 39.9 F1,6,0.05 = 5.99 Refuse

The analysis of the effects of the interaction contains the calculation of the con-
fidence interval with respect to the increase in SO2 conversion when – for temper-
ature T1 – the flow rate varies between G1 and G2 and when – for flow rate G1 –
the temperature varies between T1 and T2. If di is the mean value of the increase
in the SO2 conversion degree for case i (i ¼ 1fiT1 ¼ constant and the flow rate
changes between and G2), then the confidence interval for this mean value will
be:

Ii ¼ di � tpþp;asrz=
ffiffiffiffiffi

2p
p

; di þ tpþp;asrz=
ffiffiffiffiffi

2p
pD E

(5.161)
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where tpþp;a is the student random variable value with 2p degrees of freedom and
1� a of confidence level.

In our case t2p;a ¼ t6;0:05 ¼ 4:317; srz ¼ ð0:59Þ1=2 ¼ 0:77; the calculation of the
intervals of confidence from Table 5.49 shows that we do not have a complete
argument to suggest the variation of factors. This conclusion is sustained by the
fact that we have negative and positive values for each confidence interval.

Table 5.49 The confidence intervals for the increase of the SO2
oxidation degree.

Flow rate G1 = 0.1 m3/(m3cat s) G1 = 0.1 m3/(m3cat s) di Ii

Temperature mean value mean value

T1 = 450 �C 21.27 22.8 1.53 (–0.57, 3.63)

T2 = 470 �C 27.76 22.35 0.6 (–1.5, 2.7)

5.6.3.1 Interaction Analysis for a CFE 2n Plan
When we use a CFE 22 plan to determine the interaction effects, we introduce
associated variances that can be easily used to produce answers to the aspects con-
cerning the interaction between the factors of the process [5.33, 5.34].

It is known that the analysis of variances shows which factors and interactions
must be kept and which must be rejected. At the same time, the analysis of the
significance for the coefficients of the statistical model of the process gives the
same results: rejection of the non-significant factors and interactions from the
model and consequently from the experimental process analysis. Here, appar-
ently, we have two competitive statistical methods for the same problem. In fact,
the use of the analysis of the variances before starting the regression analysis,
guarantees an excellent basis to select the relationship between the variables of
the process. Otherwise, a previous analysis of the dispersion (variances) drives the
regression analysis to the cases when its development is made with non-saturated
plans. After these necessary explanations, we can start the problem of detecting
the interactions of the factors for a concrete process by showing the terminology
used. For the example of the process with factors A, B and C, this terminology is
given in Table 5.50. Here the values of the dependent variable of the process (pro-
cess responses) are symbolically particularized according to the higher states (lev-
els) of the factors.
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5.6 Analysis of Variances and Interaction of Factors

Table 5.50 Terminology used for the interaction analysis using a CFE 23 plan.

C levels C1 C2

B levels B1 B2 B1 B2

A levels A1 A2 A1 A2 A1 A2 A1 A2

Response values (1) a b ab c ac bc abc

In order to obtain the effect on the response values of factor A when it varies
from level A1 to A2, we must extract the results obtained with A1 from the results
obtained with A2. According to Table 5.50, we can write the following relations:

EA ¼ ða� ð1ÞÞ þ ðab� bÞ þ ðac� cÞ þ ðabc� bcÞ

EA ¼ abcþ abþ acþ a� bc� b� c� ð1Þ (5.162)

It is easy to observe that we subtract all results from the sum of responses that
contain symbol “a”. By the same procedure, we can write the effect of factors B
and C. It results in:

EB ¼ abcþ abþ bcþ b� ac� a� c� ð1Þ (5.163)

EC ¼ abcþ acþ bcþ c� ab� a� b� ð1Þ (5.164)

The interaction effect AB is obtained by subtracting the effect of A at the level B1

from the effect of factor A at level B2. This is written mathematically as follows:

EAB ¼ ½ðabc� bcÞ þ ðab� bÞ� � ½ðac� cÞ þ ða� ð1ÞÞ�

EAB ¼ abcþ abþ cþ ð1Þ � ac� bc� a� b (5.165)

The remaining interaction effects AC and BC are written using the same defini-
tion. Then, we obtain the following relations:

EAC ¼ abcþ acþ bþ ð1Þ � ab� bc� a� c (5.166)

EBC ¼ abcþ bcþ aþ ð1Þ � ab� ac� b� c (5.167)

If we consider a formal vector E which includes all the effects on the process
response, then we can build relation (5.168) which includes all the relations from
(5.162) to (5.167):
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½E� ¼

EA
EB
EC

EAB
EAC
EBC

EABC

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

¼

�ð1Þ þ a� bþ ab� cþ ac� bcþ abc
�ð1Þ � aþ bþ ab� c� acþ bcþ abc
�ð1Þ � a� b� abþ cþ acþ bcþ abc
þð1Þ � a� bþ abþ c� ac� bcþ abc
þð1Þ � aþ b� ab� cþ ac� bcþ abc
þð1Þ þ a� b� ab� c� acþ bcþ abc
�ð1Þ þ aþ b� abþ c� ac� bcþ abc

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

(5.168)

In our example, we can keep the order of the values given in Table 5.50. However,
if we change this order, then the expressions for relations (5.162)–(5.167) must
agree with this change. Relation (5.168) can easily be written using the 23 matrix
plan. Nevertheless, here, we have to consider the first point of the plan with nega-
tive coordinates. Table 5.51 shows the variation inside the factorial cube which is
at the origin of relation (5.168). It is observable that the multiplication of the
response column with columns A, B,..., ABC gives the corresponding partial
effects EA, EB,....,EABC.

Table 5.51 Use of the CFE 23 for the development of relation (5.168).

I A B C AB AC BC ABC yi

-1,-1,1 1,-1,1

-1,1,1

1,-1,-1

-1,1,-1   1,1,-1  

-1,-1,-1

1,1,1

starting from marked point

1 –1 –1 –1 +1 +1 +1 –1 y1 = (1)

2 +1 –1 –1 –1 –1 +1 +1 y2 = a

3 –1 +1 –1 –1 +1 –1 +1 y3 = b

4 +1 +1 1 +1 –1 –1 –1 y4 = ab

5 –1 –1 +1 +1 –1 –1 +1 y5 = c

6 +1 –1 +1 –1 +1 –1 –1 y6 = ac

7 –1 +1 +1 –1 –1 +1 –1 y7 = bc

8 +1 +1 +1 +1 +1 +1 +1 y8 = abc

As has been developed above, the analysis of variances imposes the calculation
of the variances due to the changes and interactions between the factors. In addi-
tion, we also have to verify the next seven hypotheses where r2

rz ¼ s2
rz is assumed

to be r2
ABC ¼ s2

ABC:

HA : r2
A ¼ r2

rz , s2
A ¼ s2

rz;HB : r2
B ¼ r2

rz , s2
B ¼ s2

rz;HC : r2
C ¼ r2

rz , s2
C ¼ s2

rz

HAB : r2
AB ¼ r2

rz , s2
AB ¼ s2

rz;HAC : r2
AC ¼ r2

rz , s2
AC ¼ s2

rz;HBC : r2
BC ¼ r2

rz

, s2
BC ¼ s2

rz
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The acceptance of a hypothesis from those mentioned above corresponds to
accepting the fact that the factor or interaction linked to the hypothesis is not
important in the investigated process. In this example, the sums of the squares
used for the production of the analysis of variances, is made with a CFE 23 plan
(Table 5.52), they are expressed using the partial effects as follows: SA = (EA)2/8,
SB = (EB)2/8, SC = (EC)2/8, SAB = (EAB)2/8, SAC = (EAC)2/8, SBC = (EBC)2/8, SABC

= (EABC)2/8.

Table 5.52 Synthesis of the analysis of variances for a CFE 23 plan.

Origin of
the variance

Sums of
the squares

Degrees
of freedom

Variances Computed
value of the
Fischer
variable

Theoretical
value of the
Fischer
variable

Decision

Change of
factor A

SA 1 s2
A = SA/1 FA = s2

A/ s2
rz F1,1,a FA<F1,1,a

Accept HA

Change of
factor B

SB 1 s2
B = SB/1 FB = s2

B/ s2
rz F1,1,a FB<F1,1,a

Accept HB

Change of
factor C

Sc 1 s2
c = Sc/1 FC = s2

B/ s2
rz F1,1,a FC<F1,1,a

Accept Hc

Interaction
A B

SAB 1 s2
AB = SAB/1 FAB = s2

AB/ s2
rz F1,1,a FAB<F1,1,a

Accept HAB

Interaction
A C

SAC 1 s2
AC = SAC/1 FAC = s2

AC/ s2
rz F1,1,a FAC<F1,1,a

Accept HAC

Interaction
B C

SBC 1 s2
BC = BC/1 FBC = s2

BC/ s2
rz F1,1,a FBC<F1,1,a

Accept HBC

Interaction
A BC
(residual)

SABC 1 s2
ABC = SABC/1 s2

ABC = SABC/1 = s2
rz

Total ST = S1 – S2 7 xxxx xxxx

The analysis of variances using a CFE 2n plan in which, for each experimental
point, we produce only one measurement, frequently presents an important resid-
ual variance. This result is a consequence of the fact that each point is the result
of a particular combination of interaction effects. If, for each experimental point
of the plan, we produce more experiments, then we have the normal possibility to
compute a real residual variance (5.169). In this situation, the sum is successfully
used as shown in Table 5.52 for the residual variance computation.
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Srz ¼

P

2n

i¼1

P

r�1

k¼1
d2

ik

r
(5.169)

In relation (5.169), dik represents the difference between two values from the total
values produced at point “i” (k = 1,r).

In the following example the application of this computation procedure is devel-
oped. The analysis of variances is carried out for the air oxidation of an aromatic
hydrocarbon. In this process, where air is bubbled in the reaction vessel, we
obtain two products: a desired compound and a secondary undesired compound.
Here, it is important to know how the transformation degree of the hydrocarbon
evolves towards the by-product when different process parameters (factors) are
varied as follows:
. the catalyst concentration (A) varies from A1 = 0.1% g/g to

A2 = 0.4% g/g
. the bubbling time (B) for air flow (0.01 m3/m3

liquid s) varies from
B1 = 60 min to B2 = 70 min

. the reaction temperature(C) varies from C1 = 50 �C to C2 = 60 �C

Table 5.53 gives the experimental results of the hydrocarbon conversion in a by-
product. With the data below, we can characterize the particular effect of each
parameter on the process output (hydrocarbon oxidation degree in an undesired
compound) and the conclusion expected here is to suggest a proposal for the
enhancement of the efficiency of the process.

Table 5.53 Analysis of the variances made for a 22 plan for an
aromatic hydrocarbon oxidation in an undesired by-product.

C1 = 50 �C C2 = 60 �C

B1 = 60 min B2 = 70 min B1 = 60 min B2 = 70 min

A1 = 0.1% A2 = 0.4% A1 = 0.1% A2 = 0.4% A1 = 0.1% A2 = 0.4% A1 = 0.1% A2 = 0.4%

12.6 13.5 13.4 14.9 13.2 17.7 15.9 19.2

13.1 12.0 12.4 13.4 15.7 18.2 16.4 18.7

S 25.7 S 25.5 S 25.8 S 28.3 S 28.9 S 35.9 S 32.3 S 37.9

(1) a b ab c ac bc abc

The necessary computations for this example are organized as follows:
1. We compute the values of the particular effects with relations

(5.168). The results are: EA = 14.9, EB = 8.3, EAB = 1.3,
EC = 29.7, EAC = 10.3, EBC = 2.5, EABC = –4.5;

430



5.6 Analysis of Variances and Interaction of Factors

2. The associated sums of squares have the values:
SA = 14.92/(2*8) = 3.937, SB = 8.32/(2*8) = 4.305,
SC = 29.72/(2*8) = 55.13, SAB = 1.32/(2*8) = 0.105,
SAC = 10.32/(2*8) = 6.630, SBC = 2.52/(2*8) = 0.39,
SABC = 4.52/(2*8) = 1.050, S1 = (13.52 + 12.02 +.... + 19.22 +
18.72) = 3696.82, S2 = ((13.5 + 12.0 +...+ 19.2 + 18.7)2)/16 =
3609, ST = S1 – S2 = 87.82;

3. The sum of the residual squares has been computed accord-
ing to relation (5.169): Srz = (0.52 + 1.52 + 12 + 0.52 + 2.52 +
0.52 + 0.52 + 0.52)/2 = 6.35.

4. All the values of the sums SA, SB,....SABC are one (1) for the
associated number of degrees of freedom. So variances sA,
sB,...sABC have the same values as the corresponding sums;
the sum of residual squares associates value m ¼ 8 to the
number of the degrees of freedom. This fact gives value
s2

rz = Sr/8 = 0.797 for the residual variances.
5. The computed values for the associated Fischer variable (see

also Table 5.52) for the variances of the factors and their in-
teractions present the next values: FA = 17.4, FB = 5.4, FA =
17.4, FC = 69.2, FAB = 0.13, FAC = 8.3, FBC = 0.49, FABC = 1.3.

6. The theoretical value of the Fischer random variable asso-
ciated to this actual case is F1,8,0.05 = 5.32; By comparing this
value with the computed values of the Fischer variable given
here, we can decide that factors A, B, C as well as interaction
AC determine the hydrocarbon oxidation degree in the unde-
sired product.

7. Because we observe that factor B has an independent influence
on the output of the process and considering the data from
Table 5.54, we can assert that, in order to obtain small values of
the conversion to by-product, it is not recommended to increase
the value of B. We can compute the change in the degree of
hydrocarbon oxidation in the undesired product when factors A
and C increase. Indeed, this computation can result in a recom-
mendation concerning the increase in A and C. The next mean
values of the output variable are thus obtained in the points
where we have only A and C, namely: A1C1, A1C2, A2C1, A2C2:
mA1C1 = (12.6 + 13.1 + 13.4 + 12.4)/4 = 12.875, mA1C2 = 15.30,
mA2C1 = 13.45, mA2C2 = 18.45. The changes in the oxidation
degree associated to these mean values are: d1 = mA2C1 – mA1C1

= 0.575 and d2 = mA2C2 – mA2C1 = 3.15. Then, the mean value of
the oxidation degree change is d ¼ ðd1 þ d2Þ=2 ¼ 1:86. This
value is included within confidence interval I ¼ ð0:4; 3:32Þ
according to relation (5.161). Then, if we increase A or C or
A and C, we will increase the conversion of the aromatic
hydrocarbon in the undesired by-product.
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5.6.3.2 Interaction Analysis Using a High Level Factorial Plan
Sometimes we may encounter situations requiring the analysis of the effects of
the factors on the output variables of a process by working with more than two
levels for one or more factors. The analysis of variances for this type of process is
associated with a difficult methodology of data processing and interpretation.
However, the method can be simplified if, at the starting point, we split the pri-
mary experimental data table into different tables in which each factor presents
only two levels. We then analyze each table according to the methods presented in
the previous paragraphs. The splitting up procedure is explained with a concrete
example.

A small perfectly mixed discontinuous reactor is used at laboratory scale to con-
duct the Friedel–Crafts reaction Ar–H + RCl �!AlCl3 Ar–R + HCl. Three factors and
two or more levels of each parameter have been used in an experimental plan in
order to separate and compare their influence on the aromatic hydrocarbon con-
version. The following factors and levels have been used:
. reaction time (A) which has two levels: A1 = 10 h, A2 = 7 h;
. the particular time when the catalyst is introduced into the reac-

tor or “timing” (B) with three levels: B1 = 2 h, B2 = 3 h, B3 = 4 h;
. the mixing intensity (C) given here by the rotation speed of the

mixer driver, which has been modified according to the following
rotation levels: C1 = 10 rot/min, C2 = 15 rot/min, C3 = 20 rot/min,
C4 = 25 rot/min.

The measurements of the hydrocarbon transformation are given in Table 5.54.
Before using these measurements, we need to obtain data showing the interac-
tions and the combination of factors producing the best process efficiency. Before
beginning the analysis, we will divide the initial data into different fractional
tables, each one with two factors. The data translation is very simply done by sub-
tracting a constant number (such as 60 for example) from each value of the table.
Then, the new table of data (Table 5.55) will be split up using the following algo-
rithm:

1. The first variable factor (factor C) is taken from Table 5.54
by summing its values (all different levels) into only one
which will give the new value of the process for the two other
factors.

2. The obtained table will be noted with the interaction name
of the non-rejected factors; so if C is rejected, the name of
the partial table will be AB;

3. We repeat steps 1 and 2 for factor B, then we obtain the
partial table AC. For factor A, table BC is produced.
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Table 5.54 Friedel–Crafts reaction efficiency in an experimental
plan with 3 factors and 4 levels.

A1 A2

B1 B2 B3 B1 B2 B3

C1 74.3 68.7 65.1 67.7 68.2 70.5

C2 73.6 65.9 65.7 66.5 69.3 71.0

C3 72.3 65.5 66.9 65.6 69.8 71.3

C4 70.4 65.3 67.8 65.3 71.0 71.1

Table 5.55 Translation of data from Table 5.54.

A1 A2

B1 B2 B3 B1 B2 B3

C1 14.2 8.7 5.1 7.7 8.2 12.5

C2 13.6 5.9 5.7 6.5 9.3 11.0

C3 12.3 5.5 6.9 5.6 9.8 11.3

C4 10.4 5.3 7.8 5.3 11.0 11.1

The computation for the division of Table 5.55 is:
. Elimination of factor C: partial table AB. For each point of the

partial table AB (2*3 points), we compute the value of the
response. Then, we have:
A1B1 = 14.3 + 13.6 + 12.3 + 10.4 = 50.6, A1B2 = 8.7 + 5.9 + 5.5 +
5.3 = 25.4, A1B3 = 5.1 + 5.7 + 6.9 + 7.8 = 25.5, etc.;

. Elimination of factor B: partial table AC. In this case, with the
same procedure used for partial table AB, we obtain:
A1C1 = 14.3 + 8.7 + 5.1 = 20.1, A2C1 = 7.7 + 8.2 + 10.5 = 26.4,
A1C2 = 13.6 + 5.9 + 5.7 = 25.2, etc.

. Elimination of factor A: partial table BC: as explained above,
B1C1 = 14.3 + 7.7 = 22.0, B1C2 = 13.6 + 6.5 = 20.1, B1C3 =
12.3 + 5.6 = 17.9, etc.

The results of these calculation are summarized in Table 5.56, which is composed
of three different partial tables: AB, AC, BC. This new set of data will be used for
the final analysis of variances. For each partial table, the analysis of the variances
of two factors will be carried out. Additionally, the values of the sums of the
squares needed by the procedure of analyzing the variances (see Table 5.42) will
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be computed. As far as each value in the partial tables is the result of an addition
of many original data, all the sums of the squares for each of these tables, will be
divided by the number of data used to produce the values. For example, partial
table AB results from the elimination of factor C, because the C factor has four
levels then all the sums of the squares associated to this table will be divided by
four (number of factor levels). The addition that characterizes the interaction is
obtained by the difference between the sum of the total squares and the sum of
the squares containing the main effects.

Table 5.56 Division of Table 5.55 into three tables.

Two factors, table AB

B1 B2 B3 total

A1 50.6 25.4 25.5 101.5

A2 25.1 38.3 43.9 107.3

total 75.7 63.7 69.4 208.8

Two factors, table AC

C1 C2 C3 C4 total

A1 28.1 25.2 24.7 23.5 101.5

A2 26.4 26.8 26.7 27.4 107.3

total 54.5 52.0 51.4 50.9 207.8

Two factors, table BC

C1 C2 C3 C4 total

B1 22.0 20.1 17.9 15.7 75.7

B2 16.9 15.2 15.3 16.3 63.7

B3 15.6 16.7 18.2 18.9 69.4

total 54.5 52.0 51.4 50.9 206.8

Now we can compute sums S1, S2, S3, S4 (see Table 5.42), which specifically con-
cern partial table AB from Table 5.56. So we have: S1(AB) = (50.62 + 25.42 +....+
43.92)/(4*1) = 1971.6, S2(AB) = (101.52 + 107.32)/(4*3) = 1817.96, S3(AB) = (75.72 +
63.72 + 69.72)/(4*2) = 1826.07, S4(AB) = (50.6 + 25.4 +......+ 43.9)/(4*6) = 1816.47.
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Then we can calculate the following sums (see Table 5.42): SA = S2(AB) –S4(AB) =
1.49, SB = S3(AB) – S4(AB) = 9.58, ST(AB) = S1(AB) – S4(AB) = 155.20 and so SAB = ST(AB)

– (SA + SB) = 144.13.
By a similar procedure, we obtain the sums of squares S1, S2, S3, S4 when factor

B (three levels) has been eliminated. These are: S1(AC) = (28.12 + 26.42 +....+ 23.32 +
27.42)/(3*1) = 1821.94, S2(AC) = S2(AB) = (101.52 + 107.32)/(4*3) = 1817.96, S3(AC) =
(54.52 + 52.02 + 51.42 + 50.92)/(3*2) = 1817.83, S4(AC) = S4(AB) = (50.6 + 25.4 +..+
43.9)/(4*6) = 1816.47, SC = S2(AC) – S4(AC) = 1.36, ST(AC) = S1(AC) – S4(AC) = 5.47. For
the sum of squares that characterizes interaction AC, we have: SAC = ST(Ac) – (SA +
SC) = 2.62. For the third partial table, the computations of these sums give: S1(BC)

= (22.02 + 16.92 +....+ 16.32 + 18.92)/(2*1) = 1841.82, S2(BC) = (75.72 + 63.72 +
69.42)/(4*2) = 1826.07, S3(BC) = S3(AC) = (54.52 + 52.02 + 51.42 + 50.92)/(3*2) =
1817.83, S4(BC) = S4(AC) = S4(AB) = 1816.47. Whereas, for the sum of the squares
that characterizes the BC interaction, we have: SBC = ST(BC) – (SB + SC) = 14.41.

For this application, the residual sum of squares is obtained by eliminating the
sums of squares for A, B, C, AB, AC, BC from the total sum of the squares
ST = S1–S4 where S1 and S4 are computed with the data from the original table
(Table 5.55). Therefore, we obtain S1 = 14.32 + 8.72 +...11.32 + 11.12 = 2000.6,
S4 = (14.3 +8.7 +..+ 11.2 + 11.1)2/24 = 1816.47,ST = 184.13. Consequently, the
residual sum of squares and their associated degrees of freedom will be: Srz = ST –
(SA+ SB + SC + SAB + SAC + SBC) = 10.90, m = (2 – 1)(3 – 1)(4 – 1) = 6.

Now we have all the necessary sums for the development of the analysis of var-
iances. However, we first have to verify the following hypotheses:
. there is no significant difference between the variance due to the

action of factor A and the residual variance

HA : r2
A ¼ r2

rz , s2
A ¼ s2

rz

. there is no significant difference between the variance due to the
action of factor B and the residual variance

HB : r2
B ¼ r2

rz , s2
B ¼ s2

rz

. there is no significant difference between the variance due to the
action of factor C and the residual variance

HC : r2
C ¼ r2

rz , s2
C ¼ s2

rz

. the interaction between factors A and B cannot lead to a new
different statistical population

HAB : r2
AB ¼ r2

rz , s2
AB ¼ s2

rz
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. the interaction between factors A and C cannot lead to a new
different statistical population

HAC : r2
AC ¼ r2

rz , s2
AC ¼ s2

rz

. the interaction of the factors B and C cannot lead to a new
different statistical population

HBC : r2
BC ¼ r2

rz , s2
BC ¼ s2

rz

Table 5.57 contains the synthesis of the analysis of variances for the problem of
the Friedel–Crafts reaction. It is easy to observe that hypotheses HA, HB, HC, HAC

and HBC have been accepted. So, with respect to the specified state of the factors,
the efficiency of the Friedel–Crafts reaction depends only on interaction AB (reac-
tion time and timing (B)).

Table 5.57 Analysis of variances, example 5.6.3 (dependence of
Friedel–Crafts reaction efficiency on temperature, reaction time
and particular time of introduction of the catalyst).

Origin of
variance

Sums for
variance

Degrees
of freedom

Variances Computed
value of the
Fischer
variable

Theoretical
value of the
Fischer
variable

Decision

Change of
factor A

SA = 1.49 1 s2
A = SA/1

= 1.49
FA = s2

A/s2
rz

= 1.49
F1,6,a = 5.99 FA<F1,6,a

Accept HA

Change of
factor B

SB = 9.58 2 s2
B = SB/2

= 4.49
FB = s2

B/s2
rz

= 2.63
F2,6,a = 5.14 FB<F2,6,a

Accept HB

Change of
factor C

Sc = 1.36 3 s2
c = Sc/3

= 0.45
Fc = s2

B/s2
rz

= 0.25
F3,6,a = 4.76 FC<F3,6,a

Accep Hc

Interaction
A B

SAB = 144.13 2 s2
AB = SAB/2

= 72.06
FAB = s2

AB/s2
rz

= 39.56
F2,6,a = 4.76 FAB>F2,6,a

Refuse HAB

Interaction
A C

SAC = 2.62 3 s2
AC = SAC/3

= 0.87
FAC = s2

AC/s2
rz

= 0.48
F3,6,a = 4.76 FAC<F3,6,a

Accept HAC

Interaction
B C

SBC = 14.41 6 s2
BC = SBC/6

= 2.41
FBC = s2

BC/s2
rz

= 1.32
F6,6,a = 4.28 FBC<F6,6,a

Accept HBC

Residual Sr = 10.90 6 s2
rz = Srz/6

= 1.82

The interval of confidence of the variation of the reaction efficiency can be calcu-
lated using Table 5.56. Then, considering the AB interaction, we can compute the
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mean efficiency of the reaction for positions A1B1, A1B2, A1B3; we consequently
have mA1B1

¼ 50:5=4 ¼ 12:65; mA1B2
¼ 25:4=4 ¼ 6:35; mA1B3

25:5=4 ¼ 6:36 and
therefore the variations associated to the efficiency of the reaction are:
d12 ¼ mA1B1

�mA1B2
¼ 6:3; d13 ¼ mA1B1

�mA1B3
¼ 6:29. The mean value of the

variation of the reaction efficiency will be dB ¼ ðd12 þ d13Þ=2 ¼ 6:295 and we
compute the confidence interval for this mean value. The calculation of the theo-
retical value of the Student variable for a ¼ 0:05 and t ¼ 6(this is the number of

degrees of freedom associated to the residual variance) is 1� a ¼
R

t

o
fWðsÞds and

t ¼ t6;0:05 ¼ 2:47 and therefore now, using relation (5.161), we can compute the
confidence interval for this variation of reaction efficiency. The result is IB =
(6.295 – 2.47*(1.82)0.5/(2*3), 6.295 + 2.47*(1.82)0.5/(2*3)) = (4.95, 7.65). In other
words, we can say that, for reaction time A1 = 10 h, if we change the timing of
introduction of the catalyst from B1 = 2 h to B2 = 4 h, then we obtain a variation of
the reaction efficiency between 4.95 and 7.65%. The case when factor A has level
A2 and factor B changes between B1 and B3 can be approached by the same proce-
dure. The final conclusion of this analysis shows that the level A1 for factor A, the
level B1 for factor B and any level for factor C are enough to ensure the conditions
for the most favourable reaction efficiency.

5.6.3.3 Analysis of the Effects of Systematic Influences
The external systematic influence is common in experimental research when the
quality of the raw materials and of the chemicals undergo minor changes and/or
when the first data were obtained in one experimental unit and the remaining
measurements were carried out in a similar but not identical apparatus.

In these situations, we cannot start the analysis of data without separating the
effect of the external systematic influence from the unprocessed new data. In
other words, we must separate the variations due to the actions of some factors
with systematic influences from the original data. For this purpose, the methods
of Latin squares and of effects of unification of factors have been developed in the
plan of experiments.

In the method of Latin squares, the experimental plan, given by the matrix of
experiments, is a square table in which the first line contains the different levels
of the first factor of the process whereas the levels for the second factor are given
in the first column. The rest of the table contains capital letters from the Latin
alphabet, which represent the order in which the experiments are carried out
(example: for pressure level P1, four experiments for the temperature levels T1, T2,
T3, T4 occur in the following sequence: A, B, C, A where A has been established as
the first experiment, B as the second experiment, etc). The suffixes of these Latin
capital letters introduce the different levels of the factors. Table 5.58 presents the
schema of a plan of Latin squares. We can complete the description of this plan
showing that the values of the process response can be written in each letter box
once the experiment has been carried out. Indeed, we utilize three indexes for the
theoretical utterance of a numerical value of the process response (v). For exam-
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ple, for vðAÞij , the i index shows that the level of the P factor is Pi, the j index gives
level Tj for factor T and the final superscript A shows that the progression of the
experiments must be A. Considering Table 5.58, it is important to observe that the
experiments complete each box placed in an intersection between a line and a col-
umn with only a single value.

Table 5.58 Data for the Latin squares method for a process with three factors.

First factor T
(temperature)

T1 T3 T3 T4

Second factor P
(pressure)

P1 A B C D

P2 B C D A

P3 C D A B

P4 D A B C

The correct use of the Latin squares method imposes a completely random
order of execution of the experiments. As far as the experiment required in the
box table is randomly chosen and as a single value of the process response is intro-
duced into the box, we guarantee the random spreading of the effect produced by
the factor which presents a systematic influence.

Once the levels of the factors have been selected, we can begin to write the plan
introducing the order of the experiments by using: (i) the random changes be-
tween lines or between columns; (ii) the line variations using a random number
generator; (iii) the extraction from a black box. Using one of these procedures to
select the order of the experiments allows one to respect the conditions imposed
by the random spreading of the effect produced by the factors.

The variance analysis for a plan with Latin squares is not different from the gen-
eral case previously discussed in Section 5.6.3. Therefore we must compute the
following sums:

S1 – sum of the squares of all individual observations;
S2 – sum of the squares of the sums of the columns divided by

the number of observations in a column;
S3 – sum of the squares of the sums of the lines divided by the

number of observations in a line;
S4 – sum of the squares of the sums of observations with the

same Latin letter divided by the number of the observations
having the same letter;

S5 – the square of the sum of all observations divided by the
number of observations.
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Indeed, these sums allow the calculation of the variances due to each of the factors
introducing the columns, the lines and the letter in the plan. We can introduce
the statistical hypotheses about the effect of the factors on the process response
using the variances of the factors with respect to the residual variance. This resid-
ual variance is computed by s2

rz ¼ ðS1 þ S5 � S2 � S3Þ=½ðn� 1Þðn� 1Þ� where n
is the box number in a line (or a column). We can then verify the following
hypotheses:
. The effect on the process response of the factor which changes

the columns of the plan is not important. Mathematically we can
write:

HC : r2
C ¼ r2

rz , s2
c ¼ s2

rz;

. The effect on the process response of the factor which changes
the lines in a plan is not important. Therefore, we can write:

HL : r2
L ¼ r2

rz , s2
L ¼ s2

rz;

. The factor which changes the letter in the plan does not have a
considerable influence on the process response. Then, according
to the updated cases, we can write:

HA : r2
A ¼ r2

rz , s2
A ¼ s2

rz.

Now every reader knows that to check a hypothesis in which we compare two var-
iances, we have to use the Fischer test. Here the computed value of a Fischer random
variable is compared with its theoretical value particularized by the concrete degrees
of freedom (m1; m2) and the confidence level 1� a. Table 5.59 presents the synthesis
of the analysis of variances for this case of the Latin squares method.

The following example will illustrate this method. The reaction considered is
the chlorination of an organic liquid in a small laboratory scale reactor which
works under agitation and at a constant chlorine pressure; the temperature of the
reactor is controlled by a liquid circulating in a double-shell. The analysis of the
reactor product shows the presence of some undesired components. The concen-
trations of the desired product and by-products are determined by the tempera-
ture, the chlorination degree (more precisely the reaction time) and by the catalyst
concentration. Various procedures can be used for the addition of the catalyst: the
whole catalyst is poured in one go, by fractions diluted with reactants, etc; the
objective is to obtain a catalyst concentration between 0.1 and 0.3% g/g. The addi-
tion of the catalyst can be considered as an example of systematic influence and
then its effect on the concentration of the by-products can be analyzed by the Latin
squares method. Five levels are selected for the temperature and for the chlorina-
tion degree, which are considered as factors which do not have a systematic influ-
ence. The catalyst addition procedure and its concentration with respect to the
reaction mixture can be introduced as a process factor with systematic influence
by a group of five letters: A, B, C, D, E. Table 5.60 gives the factorial program obtained
after the experiments have been extracted from a black box. This table contains all
the measured concentrations of undesired products after each experiment.
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Table 5.59 Analysis of the variances for the case of Latin squares method.

Origin of
the variance

Sums of the
squares

Degrees of
freedom

Variances Computed
value of the
Fischer variable

Theoretical
value of the
Fischer variable

Decision

Effect of a
factor that
changes
the columns

S2 – S5 = SC n – 1 s2
C = SC/(n – 1) FC = s2

C/s2
rz Fn – 1,(n –1)(n – 2),a FC <

Fn – 1,(n – 1)(n – 2),a

HC accepted

Effect of a
factor that
changes
the lines

S3 – S5 = SL n – 1 s2
L = SL/(n – 1) FL = s2

L/s2
rz Fn – 1,(n –1)(n – 2),a FL <

Fn – 1,(n – 1)(n – 2),a

HL accepted

Effect of a
factor that
changes
the letter

S4 – S5 = SA n – 1 s2
A = SA/(n – 1) FA = s2

A/s2
rz Fn – 1,(n –1)(n – 2),a FA <

Fn – 1,(n – 1)(n – 2),a

Hc accepted

Residual Sr = S1 + S5 –
(S2 + S4)

(n – 1)*(n – 2) s2
rz =

Sr/[(n – 1)(n – 2)]
Without the power enabling
one to identify interaction
effects

Total S1 – S5 n2 – 1

Table 5.60 Factorial plan for the Latin squares method – case of
chlorination of an organic liquid.

Temperature 90 70 50 60 80 Total L Total letter

Chlorination degree

40 B r
39.5

A
28.9

D
11.6

C
13.9

E
22.6 116.5 A = 89.4

35 E
32.2

C
25.5

B r
10.0

D
12.5

A
14.6 94.8 B = 129.7

45 D
57.6

E
41.0

C
12.1

A
14.7

B r
25.9 151.3 C = 136.8

30 A
19.6

D
21.2

E
10.3

B
9.8

C
12.1 72.9 D = 138.3

50 C
73.2

B r
44.5

A
11.7

E r
19.7

D
35.4 184.5 E = 125.8

Total C 222.0 161.1 55.7 70.6 110.6 620
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The data in the table above will first be used to determine whether the addition
procedure as well as the major factors of the process influence the dependent pro-
cess variable (concentration of the undesired components in the reaction product).
With the purpose being to obtain the real residual variance from the experiments,
Table 5.60 (the boxes of which contain an r), have been repeated. These results are
shown in Table 5.61.

Table 5.61 Results of repeated experiments, example 5.6.3.

Position (T,D) (90,40) (70,50) (50,35) (60,50) (80,45)

Old value 39.5 44.5 10.0 19.7 25.9

New value 36.9 42.4 11.3 20.5 24.1

As previously explained, the first step to solve this application is the computa-
tion of the sums required by Table 5.59. Then we obtain:

S1 – the sum of the squares of the individual observations:
S1 = 39.52 + 28.92 +......+ 19.72 + 35.42 = 21717.42;

S2 – the sum of the squares of the sums of the columns divided
by the number of observations of the column:
S2 = (2222 + 1612 + 55.72 + 70.62 + 110.62)/5 = 19104.84;

S3 – the sum of the squares of the sums of the lines divided by
the number of observations of the line:
S3 = (116.52 + 94.82 + 151.32 + 72.92 + 184.52)/5 = 16961.13;

S4 – the sum of the squares of sums with the same letter
divided by the number of observations which have the
same letter:
S4 = (89.42 + 129.72 + 156.82 + 138.32 + 125.82)/5
= 15696.28

S5 – the square of the sum of all observations divided by the
total number of observations:
S5 = (39.5 + 28.9 +....+ 19.7 + 35.4)2/25 = 620.02/25
= 15376.

The results of the analysis using the data of Table 5.59 are given in Table 5.62.
Considering the decision column, we conclude that two zero hypotheses have
been refused and one has been accepted.
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Table 5.62 Analysis of the variances for the Latin squares method, example 5.6.3.

Origin of
the variance

Sums of
squares

Degrees of
freedom

Variances Computed
value of the
Fischer variable

Theoretical
value of
Fischer variable

Decision

Effect of
factor that
change the
columns

S2 – S5 = SC

SC = 3728.4
n – 1
n – 1 = 4

s2
C = SC/(n – 1)

s2
C = 933.82

FC = s2
C/s2

rz

FC = 15.82
Fn – 1,(n – 1)(n – 2),a

F4,12,0.05 = 3.26
FC >
Fn – 1,(n – 1)(n – 2),a

HC rejected

Effect of a
factor that
changes
the lines

S3 – S5 = SL

SL = 1585.3
n – 1
n – 1 = 4

s2
L = SL/(n – 1)

s2
L = 396.28

FL = s2
L/s2

rz

FL = 6.71
Fn – 1,(n – 1)(n – 2),a

F4,12,0.05 = 3.26
FL >
Fn – 1,(n – 1)(n – 2),a

HL rejected

Effect of a
factor that
changes
the letter

S4 – S5 = SA

SA = 320.24
n – 1
n – 1 = 4

s2
A = SA/(n – 1)

s2
A = 80.06

FA = s2
A/s2

rz

FA = 1.35
Fn – 1,(n – 1)(n – 2),a

F4,12,0.05 = 3.26
FA <
Fn – 1,(n – 1)(n – 2),a

Hc accepted

Residual Srz = S1 + S5 –
(S2 + S4)
Sr = 707.20

(n – 1)*(n – 2)
= 12

s2
rz = Srz/[(n – 1)(n – 2)] = 58.91 It is not possible to identify the

effects of double interactions.

Total S1 – S5 n2 – 1 = 24

It is important to note that the effect of the factor that changes the letter in the
Latin squares table is negligible. Then, for the investigated chlorination reaction
both the concentration of the catalyst (between 0.1 and 0.3% g/g) and its process
of addition do not have any effect on the concentration of the by-products. Never-
theless, this conclusion cannot be definitive because we can find from Table 5.62
that we have a high residual variance. In this case, we can suggest that the interac-
tion effects are certainly included in the residual variance.

The real residual variance frequently named “reproducibility variance” can be
determined by repeating all the experiments but this can turn out to be quite
expensive. The Latin squares method offers the advantage of accepting the repeti-
tion of a small number of experiments with the condition to use a totally random
procedure for the selection of the experiments. With the data from Table 5.61 and

using the relation s2
rz ¼ ð

P

nC

i¼1

P

nL�1

j¼1
d2

ijÞ=½ðnCðnL � 1ÞÞ�, where dij are the differences be-

tween the observed values for all the nc columns and nL lines (where the new experi-
ments can be found), we obtain: s2

rz ¼ ð2:62 þ 1:32 þ 1:82 þ 2:12 þ 0:82Þ=ð5 � 1Þ
=1.56. Five degrees of freedom characterize this new computed variance.

Now, it is clear that the residual variance from Table 5.62 contains one or more
interaction effects. Moreover, for this application or, more precisely, for the data
given for the particularization of the Latin squares method, a partial response has
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been obtained. Consequently, a new research plan must be suggested in order to
answer our problem.

The method of the effects of the unification of factors considers that, for a fixed plan
of experiments, we can produce different groups where each contains experi-
ments presenting the same systematic influence [5.8, 5.13, 5.23, 5.35, 5.36]. To
introduce this method, we can consider the case of a process with three factors
analyzed with a CFE 23 plan of experiments. In our example, we will take into
account the systematic influence of a new factor D. To begin this analysis, we will
use the initial plan with eight experiments with the condition to separate these
experiments into two blocks or groups:
. the first block is bound with the first level of the factor of system-

atic influence and the second block corresponds to the next level
of the factor of systematic influence;

. we accept both blocks to be related by a triple interaction variance
(s2

ABC).

For this case of separation into two groups or blocks, it is important to determine
the experiments from the 23 plan which are contained in block D1 and those con-
tained in D2.

Table 5.63 shows the detailed separation of the experiments into groups. Each
experiment corresponding to a different block is identified by a current name and
by a code. The experiments with the sign + in the ABC column correspond to the
block D1, the remaining experiments to block D2.

Table 5.63 The division of a CFE 23 plan into two blocks.

i A B C AB AC BC ABC yi

1 –1 –1 –1 +1 +1 +1 –1 y1 = (1) Block D1

Experiments: 2, 3, 5, 8
Codified names: a, b, c, abc

Block D2

Experiments: 1, 4, 6, 7
Codified names: (1), ab, ac, bc

2 +1 –1 –1 –1 –1 +1 +1 y2 = a

3 –1 +1 –1 –1 +1 –1 +1 y3 = b

4 +1 +1 –1 +1 –1 –1 –1 y4 = ab

5 –1 –1 +1 +1 –1 –1 +1 y5 = c

6 +1 –1 +1 –1 +1 –1 –1 y6 = ac

7 –1 +1 +1 –1 –1 +1 –1 y7 = bc

8 +1 +1 +1 +1 +1 +1 +1 y8 = abc

When we have the possibility to obtain the real residual variances (2–3 experi-
ments repeated in the D1 and D2 blocks), we can suggest to validate the following
hypothesis: HABC : r2

ABC ¼ r2
rz , s2

ABC ¼ s2
rz and if it is rejected, we can conclude
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an important or crucial effect on the process response of the factor which shows a
systematic influence.

The justification for our consideration showing that the action of a factor with
systematic influence is concentrated in the relation which binds the blocks (fre-
quently named contrast) is sustained by the following observations:
. if we accept that block D1 increases the process response, then,

with respect to the D2 block, the results will be:
(a + d), (b + d),
(c + d), (abc + d);

. with Eq. (5.168) we obtain
EA ¼ �ð1Þ þ ðaþ dÞ � ðbþ dÞ þ ab� ðcþ dÞ þ ac�
bcþ ðabcþ dÞ ¼ �ð1Þ þ a� bþ ab� cþ ac� bcþ abc. Similar
expressions are thus obtained for the effects EB, EC, EAB, EAC,
EBC; these effects are not affected by the increase of the response
in block D1.

. for the contrast we obtain EABC = –(1) + (a + d) + (b + d) – ab +
(c + d) – ac – bc + (abc + d) = –(1) + a + b – ab + c – ac – bc + abc +
4d; this result shows a displacement with 4d; so the variance due
to this interaction is the only variance obtained when we utilize a
two block division for a CFE 23 plan.

A division into four blocks made from two unification relations, is also possible
with a CFE 23 plan where the systematic influence of one or more factors is con-
sidered. If interactions AB and AC give the unification relations, then, by using
the block division procedure used above (Table 5.63), the following blocks will be
obtained:

Block 1 or block + +: experiments 1 and 8 with code names (1) and abc;
Block 2 or block – –: experiments 2 and 7 with code names a and bc;
Block 3 or block – +: experiments 3 and 6 with code names b and ac;
Block 4 or block + –: experiments 4 and 5 with code names ab and c.

In this division example, if interactions AB and AC influence the process
response, we can conclude that the displacement of the process response contains
the effect of a systematic influence.

The examples where a CFE 23 plan has been divided into two or four blocks are
not explicit enough to develop the idea that the relations of the unification of
blocks are selected randomly. In the next example, a CFE 24 plan is developed
with the purpose being to show the procedures to select the unification relations
of inter-blocks. In this plan, the actions showing a systematic influence will be
divided into two blocks or into four blocks with, respectively, eight experiments or
four experiments per block. We start this new analysis by building the CFE 24

plan. Table 5.64 contains this CFE 24 plan and also gives the division of the two
blocks when we use the ABCD interaction as a unification relation.
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Table 5.64 The separation of a CFE 24 into two blocks.

i A B C D AB AC AD BC BD CD ABC ABD ACD BCD ABCD yi

1 –1 –1 –1 –1 +1 +1 +1 +1 +1 +1 –1 –1 –1 –1 +1 y1 = (1)

2 +1 –1 –1 –1 –1 –1 –1 +1 +1 +1 +1 +1 +1 –1 –1 y2 = a

3 –1 +1 –1 –1 –1 +1 +1 –1 –1 +1 +1 +1 –1 +1 –1 y3 = b

4 +1 +1 –1 –1 +1 –1 –1 –1 –1 +1 –1 –1 +1 +1 +1 y4 = ab

5 –1 –1 +1 –1 +1 –1 +1 –1 +1 –1 +1 –1 +1 +1 –1 y5 = c

6 +1 –1 +1 –1 –1 +1 –1 –1 +1 –1 –1 +1 –1 +1 +1 y6 = ac

7 –1 +1 +1 –1 –1 –1 –1 +1 –1 –1 –1 +1 +1 –1 +1 y7 = bc

8 +1 +1 +1 –1 +1 +1 +1 +1 –1 –1 +1 –1 –1 –1 –1 y8 = abc

9 –1 –1 –1 +1 +1 +1 –1 +1 –1 –1 – +1 +1 +1 –1 y9 = d

10 +1 –1 –1 +1 –1 –1 +1 +1 –1 –1 +1 –1 –1 +1 +1 y10 = ad

11 –1 +1 –1 +1 –1 +1 –1 –1 +1 –1 +1 –1 +1 –1 +1 y11 = bd

12 +1 +1 –1 +1 +1 –1 +1 –1 +1 –1 –1 +1 –1 –1 –1 y12 = abd

13 –1 –1 +1 +1 +1 –1 –1 –1 –1 +1 +1 +1 –1 –1 +1 y13 = cd

14 +1 –1 +1 +1 –1 +1 +1 –1 –1 +1 –1 –1 +1 –1 –1 y14 = acd

15 –1 +1 +1 +1 –1 –1 –1 +1 +1 +1 –1 –1 –1 +1 –1 y15 = bcd

16 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 y16 = abcd

Block E1 or Block E+:
Experiences: 1, 4, 6, 7, 10, 11, 13, 16
Codes: (1), ab, ac, bc, ad, bd, cd, abcd

Block E2 or Block E–:
Experiences: 2, 3, 5, 8, 9, 12, 14, 15
Codes: a, b, c, abc, d, abd, acd, bcd

ABCD
unification

If we now suppose that the aim is to divide the CFE plan 24 into four blocks, we
can select one of the following unification relations: (i) ABCD coupled with one
from the three order interactions (ABC, ACD, BCD, etc.); (ii) ABCD coupled with
one from the two-order interactions (AB, AC, AD, etc.); (iii) two interactions of
three-order, etc. To establish which coupling is the most favourable, it is necessary
to know what type of information disappears in each case. For this purpose we
show here some of the multiplications of the ABCD interaction relations with
their possible coupling interaction relations where A2 = B2 = C2 = D2 = 1.

I: ABCD � BCD ¼ A II: ABCD � ABC ¼ D III: ABCD � ACD ¼ B

IV: ABCD � AB ¼ CD V: ABCD � AC ¼ BD VI: ABCD � AD ¼ BC::::
(5.170)
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From this result we can then conclude that: (i) for a four–three coupling in the data
processing, the information about the effect of the direct factor (A, B, C, D) action
on the process response disappears; it is obvious that, for actual cases, it is diffi-
cult to accept this situation; (ii) when a four–two coupling occurs, the information
that shows the effect of one interaction of order two disappears, however, this situ-
ation can sometimes be accepted in actual cases; (iii) it is not difficult to show that
for a three–three coupling we obtain the case of the four–two coupling.

The division of the CFE 24 plan into four blocks by means of the four–two couple
is useful to identify the weakest order two interactions that can be used with the
order four interactions as unification relations. At the same time, we can also ana-
lyze the three–three couple obtained with the most non-important order three in-
teractions. In fact, it is easy to accept that, for an investigated process, the effects
on the process response of the order three interactions are non-important for
most actual situations. Indeed, when for a CFE 24 plan, the ABC and BCD interac-
tions are the weakest, these interactions can be selected as relations for the unifi-
cation of the inter-blocks. Then, we can rapidly produce the division into four
blocks: E1 ¼ E��;E2 ¼ E�þ;E3 ¼ Eþ�;E4 ¼ Eþþ. Table 5.65 shows the blocks
and the corresponding experiments with their usual numbers and codes.

Table 5.65 The blocks repartition of a CFE 24 plan using the contrasts ABC, BCD.

ABC –1 +1 +1 –1 +1 –1 –1 +1 –1 +1 +1 –1 +1 –1 –1 +1

BCD –1 –1 +1 +1 +1 +1 –1 –1 +1 +1 –1 –1 –1 –1 +1 +1

yi (1) a b ab c ac bc abc d ad bd abd cd acd bcd abcd

Block E1 = E– Block E2 = E–+ Block E3 = E+– Block E1 = E+

(1)
bc
abd
acd

number 1
number 7
number 12
number 14

ab
ac
d
bcd

number 4
number 6
number 9
number 15

a
abc
bd
cd

number 2
number 8
number 11
number 13

b
c
ad
abcd

number 2
number 5
number 10
number 16

For the cases of 25and 26 CFE plans, the division into blocks must respect the
principles previously shown for a 24 plan. Considering a 25 plan, the recom-
mended contrast couplings are of the three–three–four type. If the coupling chain
is ABC–ADE–BCDE, then the main block F1 (analogue to E1 for the case of a CFE
24) will contain experiments (1)–bc–de–abd–acd–abc–ace–bcde.

We establish the repartition of the experiments for the remaining blocks by
multiplying the F1 chain by a, b and c; for these products we have a2 = b2 = c2 =
d2 = 1. So, the F2 will contain the next chain of experiments: a–abc–ade–bd–cd–
bc–ce–abde. The following application presents an actual case for a CFE 24 plan
where the separation has been obtained according to the contrasts ABC and BCD.
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Numerical application. This application concerns the conversion of one reactant
by an esterification reaction occurring in a discontinuous and stirred reactor. It is
a function of the temperature (factor A), the alcohol–acid molar ratio (factor B),
the reaction time (factor C) and the catalyst concentration (factor D). A CFE 24

plan is used to investigate the different effects of the factors. The levels of the fac-
tors have been established in order to obtain a good reactant conversion. These
levels are: temperatures: A1 = 110 �C, A2 = 130 �C; alcohol–acid molar ratio: B1 =
1.2, B2 = 1.5; reaction time: C1 = 3 h, C2 = 4 h; catalyst concentration: D1 = 1% g/g,
D2 = 2% g/g.

Three different qualities of alcohol have been used: recycled, distilled or recti-
fied. It is easy to observe that the quality of the alcohol introduces a systematic
influence towards factor B in the esterification reaction. Indeed, the development
of the experimental research is made with a 24 plan with four blocks. The ABC
and BCD have the contrasts considered for the blocks division. For the experi-
ments grouped in block E1, the first type of alcohol has been used. Distilled alco-
hol is the reactant used in the experiments of the second block (E2) and the recti-
fied alcohol for the experiments of the last two blocks (E3, E4). Table 5.66 presents
the initial data where the division of the blocks is not visible.

Table 5.66 The conversion for an esterification reaction in a CFE 24 plan.

Esterification
reaction
4 blocks

D1 D2

C1 C2 C1 C2

B1 B2 B1 B2 B1 B2 B1 B2

A1 (1)
28

b
31

c
26

bc
32

d
33

bd
33

cd
36

bcd
38

A2 a
20

ab
24

ac
20

abc
30

ad
24

abd
24

acd
37

abcd
31

Table 5.67 shows the conversions characterizing each block and the correspond-
ing columns of the sums, these data are necessary to compute the variance due to
the division into blocks. Indeed, these sums will be used for the computation of
the square sums showing the differences in the reaction conversion produced by
the alcohol quality (SM).
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Table 5.67 Presentation of the blocks in the example of an esterification reaction.

Block E1 Block E2 Block E3 Block E4

Experiment
code

Conversion Experiment
code

Conversion Experiment
code

Conversion Experiment
code

Conversion

(1) 28 a 20 b 31 d 33

abd 24 bd 33 ad 24 ab 24

acd 37 cd 36 abcd 31 ac 20

bc 32 abc 30 c 26 bcd 38

Total 121 Total 119 Total 112 Total 115

The computation for the analysis of the variances is carried out following the
procedure described in Section 5.6.3.1. When we begin to complete Table 5.52 as
recommended by this procedure, we can observe that we must add the effect of
the D factor as well as its interactions. Nevertheless, in this table, we cannot add
the unification of the interactions accepted by the data provided by the division
into blocks. In addition to the data described here, we have to realize the following
computations in order to complete Table 5.52:
. the sum of the squares of the sums of the conversion obtained for

each block divided by the number of blocks:

S1 = (1212 + 1192 + 1122 + 1172)/4 = 13642.75;

. the sum of the squares of each conversion divided by the total
number of the experiments:

S2 = (282 + 312 + 262 +.....+ 242 + 372 + 312)/16 = 13630.56;

. the sum of the squares showing the differences due to the alcohol
quality:

SM = S1 – S2 = 12.19;

. the sum of squares due to the unification of the interactions by
using the following algorithm:

(a) we compute EABC and EBCD using the general procedure
particularized to the data in Table 5.64:
EABC = –(1) + a + b – ab + c – ac – bc + abc – d + ad + bd –
abd + cd – acd – bcd + abcd = –28 + 20 + 31 – 24 + 26 – 20 –
32 + 30 – 33 + 24 + 33 – 24 + 36 – 30 – 38 + 37 = 0;
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EBCD = – (1) – a + b + ab + c + ac – bc – abc + d + ad – bd –
abd – cd – acd + bcd + abcd = –28 – 20 + 31 + 24 + 26 + 20 –
32 –30 + 33 + 24 – 33 – 24 – 36 – 37 + 38 + 31 = –13;

(b) we calculate SABC and SBCD using the values of the effects
EABC and EBCD:
SABC = (EABC)2/16 = 0, SBCD = (EBCD)2/16 = 132/16 = 10.65;

(c) we finish the algorithm by computing the squares sum of
SABC and SBCD: SINT = SABC + SBCD = 10.65.

At this point, we have to verify the correctness of the selection of the unification
relations. When SM@SINT we can conclude that our selection for the unification
relations is good; in this case, we can also note that the calculations have been
made without errors. Otherwise, if computation errors have not been detected, we
have to observe that the selected interactions for the unification of blocks are
strong and then they cannot be used as unification interactions. In this case, we
have to carry out a new experimental research with a new plan. However, part of
the experiments realized in the previous plan can be recuperated. Table 5.68 con-
tains the synthesis of the analysis of the variances for the current example of an
esterification reaction. We observe that, for the evolution of the factors, the molar
ratio of reactants (B) prevails, whereas all other interactions, except interaction AC
(temperature–reaction time), do not have an important influence on the process
response (on the reaction conversion). This statement is sustained by all zero
hypotheses accepted and reported in Table 5.68. It should be mentioned that the
alcohol quality does not have a systematic influence on the esterification reaction
efficiency. Indeed, the reaction can be carried out with the cheapest alcohol. As a
conclusion, the analysis of the variances has shown that conversion enhancement
can be obtained by increasing the temperature, reaction time and, catalyst concen-
tration, independently or simultaneously.
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Table 5.68 Synthesis of the variance analysis for CFE 24, example of an
esterification reaction.

Origin of the
variance

Sums of the
differences

Degrees
of freedom

Variances Computed value
of the Fischer
variable

Theoretical
value of the
Fischer variable

Decision

Temperature
variation
A

SA = 138.06 1 s2
A = 138.06 FA = s2

A/s2
rz

= 20.38
F1,6,a = 5.99 FA>F1,6,a

HA refused

Molar ratio
variation
B

SB = 22.56 1 s2
B = 22.05 FB = s2

B/s2
rz

= 2.63
F1,6,a = 5.99 FB<F1,6,a

HB accepted

Reaction time
variation
C

SC = 115.56 1 s2
C = 115.56 Fc = s2

B/s2
rz

= 17.36
F1,6,a = 5.99 FC>F1,6,a

HC refused

Catalyst conc.
variation
D

SD = 76.56 s2
D = 6.56 FD = s2

D/s2
rz

= 11.29
F1,6,a = 5.99 FD>F1,6,a

HC refused

Alcohol type
M

SM = 12.19 3 s2
M = 4.06 FM = s2

M/s2
rz

= 0.59
F3,6,a = 4.76 FM<F1,6,a

HM accepted

Interaction
AC

SAC = 52.56 1 s2
AC = 52.56 FAC = s2

AB/s2
rz

= 7.62
F1,6,a = 5.99 FAC>F1,6,a

HAB refused

Interaction
AB

SAB = 10.56 1 s2
AB = 10.56 FAB = s2

AB/s2
rz

= 1.55
F1,6,a = 5.99 FAB<F1,6,a

HAB accepted

Interaction
BC

SBC = 1.56 1 s2
BC = 1.56 FBC = s2

AB/s2
rz

= 0.23
F1,6,a = 5.99 FBC<F1,6,a

HBC accepted

Interaction
BD

SBD = 18.06 1 s2
BD = 18.06 FBD = s2

AB/s2
rz

= 2.66
F1,6,a = 5.99 FBD<F1,6,a

HBD accepted

Interaction
CD

SCD = 10.56 1 s2
CD = 10.56 FCD = s2

AB/s2
rz

= 1.55
F1,6,a = 5.99 FCD<F1,6,a

HCD accepted

Interaction
ABD

SABD = 0.56 1 s2
ABD = 0.56 FABD = s2

AB/s2
rz

= 0.07
F1,6,a = 5.99 FABD<F1,6,a

HABD accepted

Interaction
ACD

SACD = 6.00 1 s2
ACD = 6.00 FACD = s2

AC/s2
rz

= 0.88
F1,6,a = 5.99 FACD<F1,6,a

HACD accepted

Interaction
ABCD

SABCD = 0.06 1 s2
ABCD = 0.06 FABCD = s2

BC/s2
rz

= 0.01
F1,6,a = 5.99 FACBD<F1,6,a

HC accepted

Residual Sr = 47.36 6 s2
rz = 6.77 All interactions without AC
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5.7
Use of Neural Net Computing Statistical Modelling

At the beginning of this chapter, we introduced statistical models based on the
general principle of the Taylor function decomposition, which can be recognized
as non-parametric kinetic model. Indeed, this approximation is acceptable
because the parameters of the statistical models do not generally have a direct con-
tact with the reality of a physical process. Consequently, statistical models must be
included in the general class of connectionist models (models which directly con-
nect the dependent and independent process variables based only on their numer-
ical values). In this section we will discuss the necessary methodologies to obtain
the same type of model but using artificial neural networks (ANN). This type of
connectionist model has been inspired by the structure and function of animals’
natural neural networks.

Neural nets are computing programs that behave externally as multi-input
multi-output computing blocks. Although artificial neural networks were initially
devised for parallel processing, they are being used on sequential machines (von
Neumann) as well.

They have been used successfully in several diverse engineering fields [5.37–
5.39], such as process control engineering [5.40, 5.41] and non-parametric statis-
tics [5.42–5.44]. A neural network is readily programmed for kinetic prediction
where many strongly interacting factors do affect the process rate or when data
are either incomplete, not defined or even lacking. With reference to the “black
box” used by classical statistics to describe the action of internal parameters of pro-
cesses and their interaction on the process exit, the ANN methodology is strongly
different because it explains the mechanism working inside the black box.

5.7.1
Short Review of Artificial Neural Networks

As mentioned in the introduction, ANNs are models inspired by the structure and
the functions of the biological neurons, since they can also recognize patterns, dis-
ordered structure data and can learn from observation.

A network is composed of units or simple named nodes, which represent the neu-
ron bodies. These units are interconnected by links that act like the axons and den-
drites of their biological counterparts. A particular type of interconnected neural net is
shown in Fig. 5.12. In this case, it has one input layer of three units (leftmost circles),
a central or hidden layer (five circles) and one output (exit) layer (rightmost) unit. This
structure is designed for each particular application, so the number of the artificial
neurons in each layer and the number of the central layers is not a priori fixed.

The system behaves like synaptic connections where each value of a connection
is multiplied by a connecting weight and then the obtained value is transferred to
another unit, where all the connecting inputs are added. If the total sum exceeds a
certain threshold value (also called offset or bias), the neuron begins to fire [5.45,
5.46].

451



5 Statistical Models in Chemical Engineering

bi 

h4 

h1 

h2 

h3 

h5 
bo 

i1 

i2 

i3 

wi2h1 

x1 

x2 

x3 

y

Inside view of the

black map 

Figure 5.13 Layers of units and connection links in an artificial neuronal network.
I1–i3: input neurons, h1–h5: hidden neurons, bi, bo: exit and output bias neurons,
wi2h1: weight of transmission, i2–h1, x1–x3: input process variables and y: output
process variable.

The changes brought about in the pattern of neurons constitute the basis for
learning.

In biological neurons, learning is carried out by changing the synaptic resis-
tance associated to a change in the activation pattern of neurons.

Neural networks are able to learn because they can change the connection
weights between two units which are in direct contact. After learning, the knowl-
edge is somehow stored in the weights.

However, artificial neurons are much simpler than natural ones, the analogy
serves to highlight an important feature of ANNs: the ability to learn through
training. Just as the brain learns to infer from observations, an ANN learns the
key features of a process through repeated training with data and, like in natural
learning, its performance improves as it gains experience with a process.

The Latin expression “repetitio est mater studiorum”, can be used here to
describe the learning process with an ANN. The ANN repeats on and on, gradual-
ly adjusting the output to the imposed data output.
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5.7.2
Structure and Threshold Functions for Neural Networks

The information flow between two biological neurons is affected by a variable
synaptic resistance. In artificial systems, each connecting link has an associated
weight. If two units are linked by a connection, the activation value of the emitting
units is multiplied by the connecting weight before reaching the receiving unit.

The input value for an arbitrary unit, j, is then the sum of all activations coming
from the units of the preceding layer, multiplied by the respective weights, wkj,
plus the bias value hij. Thus, the total input to unit j, will be written as (5.171)
where n represents the number of the neurons preceding neuron j and ok shows
the output.

Ij ¼
P

n

k¼1
wkjok þ hij (5.171)

Even though, most networks use the same type of input, their output generation
may differ. In general, the output is computed by means of a transfer function,
also called activation function. Concerning the behaviour of the transfer function,
a gradual approach is required [5.47]. Therefore, a continuous threshold function
is selected, chiefly because its continuity and derivability at all points are required
features for the current optimization of the algorithms of learning. This type of
function is well suited to the learning procedure that will be described later. A typ-
ical continuous threshold function is the following exponential sigmoid:

oj ¼
1

1þ e�blJ
(5.172)

where oj is the activation value of neuron j, lj is the total input to neuron j (as cal-
culated by relation 5.171) and b is a constant which frequently takes a unitary val-
ue. The use of b, allows some modifications of the width of the region of the sig-
moid, a feature which is useful in setting the learning ability of the net. Table 5.69
shows some other sorts of threshold functions that can be successfully used for
developing an application.

Table 5.69 Common threshold functions used in ANN modeling.

Type Function expression Symbol signification

Linear oj ¼
aþ bIj ; 0 £ Ij � 1

1 ; Ij ‡ 1

�

Ij = total input to neuron j

Saturating linear oj ¼
Ij ; 0 � Ij � 1

1 ; Ij ‡ 1
0 ; Ij £ 0

8

<

:

oj = output from neuron j

Sigmoid classic oj ¼
1

1þ e�lJ
IT

j – transpose of Ij

Hyperbolic tangent oj ¼ tanh ðIjÞ rj standard deviation of Ij

Radial basis oj ¼ exp½�IT
J =ð2r2

j � a, b – numerical constants
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The function of the neural net depends not only on the information and pro-
cessing mode of each isolated unit, but also on its overall topology. The topology
considered in Fig. 5.12 must to be considered only as a didactic example. In the
case of questions about the necessity of the hidden layer, we can easily give an
answer: a hidden layer allows one to increase the network memory and provides
some flexibility in the learning process. With the very simple topology considered
in Fig. 5.13, the net is able to map linear and nonlinear relationships between
inputs and outputs. The number of units in the input layer is determined by the
variables that affect the response (x1, x2, x3 in Fig. 5.13). The number of units in
the hidden layer will be established during the learning process from a compro-
mise between predicting errors and the number of iterations needed to attain
them. In addition to the above units, two bias units are used (in Fig. 5.13, one for
the hidden layer and one for the output unit). Their inputs are zero and their out-
puts or activation values are equal to one. Their use provides the threshold values
to the hidden layer and to the output unit.

It is not difficult to observe that the application of an ANN to a problem involves
four steps:

1. selection of the network topology (i.e. the layout of the neu-
rons and their inter-connections),

2. specification of the transformation operator for each neuron
from the topology,

3. initial assignment of weights wkj, which are updated as the
network learns,

4. initial learning, called training, which involves choosing the
data and the training method.

As neural network theory has been developed, the empiricism associated with the
choices at each step, has given ways to heuristic rules and guidelines [5.48, 5.49].
Nevertheless, experience still plays an important part in designing a network. The
network depicted in Fig. 5.13 is the most commonly used and is called the feed-
forward network because all signals flow forward.

Even though a number of techniques have been developed for the development
of networks, they still remain iterative trial and error procedures. The heuristic
approach described here can be used to reduce the trial and error selection process.

A hidden layer, with its appropriate units is capable of mapping any input pre-
sentation [5.50] and is thus necessary to restrict the topology to one layer only. So
as to determine the optimum hidden units, the learning rate (vl) and the momen-
tum term (ms) will be assigned arbitrarily but with constant values and the gain
term will be fixed at a value of one. With all the parameters fixed, various net
topologies exhibit the same trends relative to each other, “vis-�-vis” the overall
absolute error as a function of the number of iterations in the training mode
[5.51]. Thus, it was found possible to determine the optimum net architecture
within 50–100 iterations and without using the whole graph which describes the
variation of the absolute error as a function of the number of iterations for each
topology.
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The number of iterations will be used as the criterion whenever on-line predic-
tions are to be made, such as for chemical process control where computation
time is important. The selection of vl and ms and the gain term is essentially a trial
and error procedure. Contrary to the usual approach, each of these parameters
has not been fixed at a constant value for the entire training period. These were
initially assigned with arbitrary values (vl = 0.8, ms = 0.8, gain = 1 for example, al-
though these values are not a priori imposed). Then, they were updated while the
parameters “jolted” the overall absolute error out of the local minima, which is
typically encountered in the mechanism of the descendent gradient. Once the net
parameters and the net architecture have been fixed, the minimum number of
training data sets required for adequate mapping will be determined by trial and
error procedures. The net is then ready to learn the data presented using the back-
propagation algorithm.

5.7.3
Back-propagation Algorithm

As described below, the required behaviour is taught to the neural net by back
propagation. This procedure is carried out by exposing the network to sets consist-
ing of one input vector and its corresponding output vector. By an iterated proce-
dure of trial and error, the convergence to determine the weight values that mini-
mizes a prescribed error value is then achieved.

Back propagation is a kind of rapid descendent method of optimization. How-
ever, some authors prefer other optimization algorithms rather than back propa-
gation, for example the Levenberg–Marquardt method [5.52]. The back-propaga-
tion algorithm with the delta rule is called a supervised learning method, because
weights are adapted to minimize the error between the desired outputs and those
calculated by the network. The error is calculated, for convenience, from the fol-
lowing expression in terms of squared deviations:

Uðwp
kjÞ ¼

1
2

X

r

p¼1

X

n

j¼1

ðyp
j � op

j Þ
2 (5.173)

where y
p
j is the desired value output unit j for the sample pair p, op

j is the observed
value for the same unit j and sample pair p, and p is the sum index for the total
number of pairs r.

The adjustment on weights wkj is done using the sensitivity of the error with
respect to that weight, as:

Dwkj ¼ �c
¶U

¶wkj
(5.174)

The expression for the weight change is obtained from Eqs. (5.171) and (5.172)
replacing them in the relation (5.174):

Dwhj ¼ acðyj � ojÞojð1� ojÞoh (5.175)
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where the indexes h and j refer to the nodes of the hidden and of the output layer
respectively. Equation (5.175) allows one to modify the weights between the hid-
den and the output layers. On the other hand, the group of equations for the
change of the weights between the hidden and output layer is obtained also, as:

Dwin k ¼ acoinokð1� okÞ
P

j
djwhj (5.176)

where the subscripts “in, h, j” now refer to the input layer, the hidden layer and
the output layer, respectively. As for the output layer, dj can be expressed as:

dj ¼ aðyj � ojÞojð1� ojÞ (5.177)

In this case a and c represent, respectively, the rate factor in output and the scal-
ing factor of the net. These relations are also related to the sigmoid threshold
function.

In order to modify the weights between the input and hidden layer it is neces-
sary to know the weights between the hidden units and the output units. There-
fore, during back propagation, first we change the connection weights between
the output and hidden layer, and then we change the remaining weights converse-
ly to the direction of information flow during the normal operation of the net-
work: from hidden layer to input layer backwards.

While training is performed, the weights are initialized with values between –
0.5 and 0.5 [5.48, 5.53] using a random procedure. The input–output experimental
pairs are successively shown to the net and the weights are changed simulta-
neously. When all pairs have been shown to the network, the error is computed. If
it is larger than the value allowed, all the pairs are shown to the network again in
order to induce more changes in the weights. This cycle is repeated until conver-
gence is achieved.

5.7.4
Application of ANNs in Chemical Engineering

The ANN techniques can be successfully applied in the field of chemical engineer-
ing. The examples presented here give a brief overview of the capacity of ANNs to
solve some chemical engineering problems. Readers interested in investigating
this topic further can refer to Bulsari’s book [5.41] or to other authors referenced
in the bibliography [5.39, 5.54]. In addition, to complete the information pre-
sented here, an important number of Internet sites can be used as well as some of
the current chemical engineering scientific publications, which have given impor-
tant attention to this subject.

Three major ways can be identified for the use of an ANN in chemical engineer-
ing:

1. as a substitute for the complicated models of transport phe-
nomena or stochastic based models;
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2. as data support, especially for the equilibrium and kinetic
data needed by models based on transport phenomena. This
kind of model is recognized as a hybrid neural –regression
model;

3. as a model for control and process operation.

In all the above-mentioned cases, once the learning processes have been com-
pleted, ANNs have an assistant function which gives one or many answers to an
argument of the complex modeled process (parameters, factors or independent
variables). When we use an ANN as a substitute for models for stochastic or com-
plicated transport phenomena, the learning process must be as shown in Fig. 5.14
which shows the coupling of an ANN and a complicated mathematical process.
The mathematical model gives the input and output vectors for the ANN, which,
in normal cases, are represented by the measured data. When the learning process
has been completed, the process mathematical model (PMM) and the optimizing
algorithm (OA) are decoupled and the ANN is ready to produce the simulation
results for the process. This procedure is also used to produce the ANN simula-
tors needed for the control of the processes or their usual automatic operation.

user layer 

input layer 

output layer 

y1 

y2 

Optimisation algorithm

wi j ac 

wi j cox1 

x2 

x3 

p1 

p2 

p3 

p4 

Solver for the  

   Process Mathematical Model

Figure 5.14 The architecture of assembly ANN-PMM-OA for the learning step
(ANN – substitute for the complicated PMM).
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5 Statistical Models in Chemical Engineering

In Fig. 5.14, it is shown that a previous formal user layer is necessary before
using the input layer [5.55, 5.56]. Nevertheless, it is not necessary to have the
same number of units in the input layer and in the user layer when each unit
introduces a parameter or a process variable for the model.

The design of the input layer, which is a parameter for the ANN topology, will
be coupled to the general problem of the topology of the ANN design.

The hybrid neural–regression model, shown in Fig. 5.15, uses one or more
ANN(s) as generator for some of the numerical values needed by the base model
process. As shown in Eq. (5.172) and in the equations reported in Table 5.69, the
obtained answer of the net is uncertain, particularly for the inputs near zero. For
those situations, the ANN will be assisted by one or more regression equations.
However, why should a regression equation be used instead of neural net comput-
ing alone? In fact, the neural system is capable of giving a precise guess in the
case of a kinetic yield at given P, T and one or more ys

i or yx
i variables (see Fig.

5.15) and time or position needed by the complex modeled process. However, this
response is not reliable when the value to be found is the time derivative of a
neural net-generated curve because in this curve there exist points for which there
is a maximum of the rate function.

mass and heat

transfer rate

Calculation of

Mass transfer

rate Selection of

Kinetic

Models

Regression

Equation

Neural Net  Kinetics

Exit conditions

temperature, T

pressure,  P

composition, y
i
x or y

i

Kinetics and equilibrium data 

y
i

x- x or y
i

-

Numerical Routine for Mass

Balance

Solutions

mass and heat

transfer rate

Calculation of

Mass transfer

rate Selection of

Kinetic

Models

Regression

Equation

Neural Net  Kinetics

Exit conditionsExit conditions

temperature, T

pressure,  P

composition, y
i
x τor y

i

Kinetics and equilibrium data 

Exit data

y
i

x-∆x or y
i

τ-∆τ∆τ

Numerical Routine for Mass

Balance

Solutions

Figure 5.15 Principle of mass transfer model integration with
a neural net (hybrid neural-regression model).

Neural networks can be used when traditional computing techniques can also
be applied, but they can perform some calculations that would otherwise be very
difficult to realize with current computing techniques. In particular, they can
design a model from training data. A neural network can also be adapted to per-
form many different analogue functions such as pattern recognition, image pro-
cessing, and trend analysis. These tasks are difficult to perform with conventional
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digital program computers. An important function of the neural network is its
ability to discover the trends in a collection of data. Indeed, trend analysis is very
important in dynamic chemical engineering problems, in process control, as well
as in chemical formulation, data mining, and decision support. Neural networks
are also particularly useful as data sensor analysis and processing of industrial
units or integrated chemical plants as well as in commercial activity in industrial
chemistry. If the researcher has a good algorithm capable of completely describing
the problem, then traditional calculation techniques can, in most cases, give the
best solution, but if no algorithm or other digital solution exists to address a com-
plex problem with many variables, then a neural network that learns from exam-
ples may provide a more effective solution to the problem.
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6
Similitude, Dimensional Analysis and Modelling

Although many practical engineering problems involving momentum, heat and
mass transport can be modelled and solved using the equations and procedures
described in the preceding chapters, an important number of them can be solved
only by relating a mathematical model to experimentally obtained data.

In fact, it is probably fair to say that very few problems involving real momen-
tum, heat, and mass flow can be solved by mathematical analysis alone. The solu-
tion to many practical problems is achieved using a combination of theoretical
analysis and experimental data. Thus engineers working on chemical and bio-
chemical engineering problems should be familiar with the experimental
approach to these problems. They have to interpret and make use of the data
obtained from others and have to be able to plan and execute the strictly necessary
experiments in their own laboratories. In this chapter, we show some techniques
and ideas which are important in the planning and execution of chemical and bio-
chemical experimental research. The basic considerations of dimensional analysis
and similitude theory are also used in order to help the engineer to understand
and correlate the data that have been obtained by other researchers.

One of the goals of the experimental research is to analyze the systems in order
to make them as widely applicable as possible. To achieve this, the concept of
similitude is often used. For example, the measurements taken on one system
(for example in a laboratory unit) could be used to describe the behaviour of other
similar systems (e.g. industrial units). The laboratory systems are usually thought
of as models and are used to study the phenomenon of interest under carefully
controlled conditions, Empirical formulations can be developed, or specific predic-
tions of one or more characteristics of some other similar systems can be made
from the study of these models. The establishment of systematic and well-defined
relationships between the laboratory model and the “other” systems is necessary
to succeed with this approach. The correlation of experimental data based on
dimensional analysis and similitude produces models, which have the same quali-
ties as the transfer based, stochastic or statistical models described in the previous
chapters. However, dimensional analysis and similitude do not have a theoretical
basis, as is the case for the models studied previously.
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6.1
Dimensional Analysis in Chemical Engineering

In order to explain dimensional analysis in chemical engineering, we present a
typical problem of chemical engineering that requires an experimental approach.
Consider the steady flow of an incompressible Newtonian fluid through a long,
smooth-walled, horizontal and circular pipe which is heated from the outside.

In this system two important characteristics are of interest to an engineer
designing the pipeline:

1. the pressure drop per unit length along the pipe as a result
of friction,

2. the heat transfer coefficient that shows the kinetics of heat
transfer from the pipe wall to the bulk fluid.

The first step in planning an experiment to study this problem would take into
consideration the choice of factors, or variables that affect the pressure drop (Dp/l)
and the heat transfer coefficient (a). As a first approach, we can consider the
effects of temperature and pressure separately. In fact, the temperature variation
has no direct effect on the pressure drop but has an effect on the fluid’s physical
properties.

We can formulate that the pressure drop is a function of the pipe diameter, d,
the fluid density, q, the fluid viscosity, g, and the mean velocity at which the fluid
is flowing in the pipe (w). Thus, we can express this relationship as:

Dp=l ¼ f ðd; r;g;wÞ (6.1)

The heat transfer coefficient is considered as a function of the parameters pre-
viously described and of the two thermal properties of the liquid: the heat capacity,
cp, and the thermal conductivity, k:

a ¼ f ðd; r;g; cp; k;wÞ (6.2)

To carry out the experiments in a meaningful and systematic way, it will be neces-
sary, first, to consider one of the parameters as a variable while keeping the others
constant and then to measure the corresponding pressure drop. The same type of
experiment is carried out for the measurement of the heat transfer coefficient.
Contrary to the mass transport pressure drop, which could be measured directly,
the heat transfer coefficient is obtained indirectly by measuring the temperature
of the wall and of the fluid at the entrance and exit of the pipe. The determination
of the functional relationship between Dp/l, a and the various parameters that
influence the process is illustrated in Fig. 6.1.
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Figure 6.1 Illustrative plots showing the dependence of Dp/l and a on the state
of different process factors. (a) d, q, g, cp, k constant, (b) w, q, g, cp, k constant,
(c) w, d, g, cp, k constant , (d) w, d, q, cp, k constant, (e) w, d, q, g, k constant,
(f) w, d, g, cp, q constant.

Some of the results shown in this figure have to be obtained from experiments
that are very difficult to carry out. For example, to obtain the data illustrated in
Fig. 6.1(c) we must vary the liquid density while keeping the viscosity constant.
For the data needed in Fig. 6.1(e), the thermal conductivity has to be varied while
the density, the thermal capacity and viscosity are kept constant. These curves are
actually almost impossible to obtain experimentally because the majority of the
studied parameters are dependent on each other. This problem could be solved
using a much simpler approach with the dimensionless variables that are
described below. In fact, we can combine the different parameters described in
Eqs. (6.1) and (6.2) in non-dimensional combinations of variables (called dimen-
sionless groups, products’ criteria)

Dp
rw2

d
l
¼ f

wdr
g

� �

(6.3)

and

ad
k
¼ U

wdr
g

;
cpg

k

� �

(6.4)
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6 Similitude, Dimensional Analysis and Modelling

Thus, instead of working with five parameters for the estimation of Dp/l, we have
only two. In the case of a, which depends on seven parameters, this has been
reduced to three dimensionless variables.

In the first case, the experimental work will simply consist of variation of the
dimensionless product wdq/g and determination of the corresponding value of
Dp/(qw2)(d/l). The results of the experiments can then be represented by a single
universal curve, as illustrated in Fig. 6.2(a). Varying the dimensionless product
wdq/g and determining, for the dimensionless group cpg/k, the corresponding
value of ad/k, makes it possible to obtain the results shown in Fig. 6.2(b) for the
pipe heat transfer. From these results we can conclude that carrying out the
experimental work will be much simpler, easier, and cheaper. The basis of these
simplifications lies in consideration of the involved variables’ dimensions. It is
known that the physical quantities can be given in terms of basic dimensions
such as mass, M, length, L, time, T, temperature, h, quantity of substance N and
light intensity, K. The derivation systems of basic dimensions also coexist between
them, F L T h N K are the most common.

wdρρ/η wdρ/η

∆p/(ρw
2
)(d/l) αd/λ

cpη/λ=1

cpη/λ=20

cpη/λ=100

   turbulent flow

   turbulent flow

a) b) 

Figure 6.2 An illustrative example for pressure drop and heat transfer
coefficient evaluation using dimensionless groups: (a) dimensionless
pressure drop, (b) dimensionless heat transfer coefficient.

For example Newton’s second law, F = ma, can be written as:

[F] = [m][a] = M L T–2 (6.5)

Here, the brackets are used to indicate an operation using the basic dimension of
the variables. It is not difficult to obtain the dimension formulae for the variables
presented in the previously discussed examples; these are:
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6.2 Vaschy–Buckingham Pi Theorem

[Dp/L] = ML–2 T–2, [w] = LT–1, [d] = L, [q] = ML–3, [g] = ML–1T–1, [cp] = L2T–2h–1,
[k] = MLT–3h–1, [a] = MT–3h–1.

A rapid check of the groups’ dimension, which appears in relationships (6.3) and
(6.4), shows that they actually are dimensionless criteria:

Dp
rw2

d
l

� �

¼ ML�2T�2L

ML�3ðLT�1Þ2
¼ M0L0T0 ;

wdr
g

� �

¼ ðLT�1ÞLðML�3Þ
ML�1T�1

¼ M0L0T0

and

ad
k

� �

¼ ðMT�3h�1ÞL
MLT�3h�1 ¼ M0L0T0h0 ;

cpg

k

� �

¼ ðL
2T�2h�1ÞðML�1T�1Þ

MLT�3h�1 ¼ M0L0T0h0

With this methodology, not only has the number of variables been reduced, but
also the new groups are dimensionless combinations of variables, which means
that the results presented in Fig. 6.2 will be independent of the system of units
used. This type of analysis is called dimensional analysis. The basis for its applica-
tion to a wide variety of problems is found in the Buckingham Pi Theorem
described in the next section. Dimensional analysis is also used for other applica-
tions such as:
. establishing the dimensional formula for the derived physical

variables,
. verifying the dimensional homogeneity of the physical relation-

ships and equations used for the characterization of a process,
. verifying whether the units of measurement used for process vari-

ables are correct.

6.2
Vaschy–Buckingham Pi Theorem

When researchers want to use dimensional analysis of a process, the first and fun-
damental question they have to answer concerns the number of dimensionless
groups that are required to replace the original list of process variables. The
answer to this question is given by the basic theorem of dimensional analysis,
which is stated as follows:

“If a process is characterized by an equation involving m physical variables,
then this equation can be reduced to a relationship between m – n independent
dimensionless groups, where n represents the number of basic dimensions used
to describe the variable”.

The dimensionless groups are frequently called “pi terms” due to the symbol
used by Buckingham [6.1] to define the fact that the dimensionless group is a
product. Their first modern presentation was given by Vaschy [6.2], even though
several early investigators, including Rayleigh, contributed to the development of
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the pi theorem. In spite of the simplicity of the pi Theorem, its improvement is
not simple. This will not, however, be presented here, because the detailed mathe-
matical improvement is beyond the scope of this chapter. Many books give a more
detailed treatment of the pi theorem and dimensional analysis [6.3–6.15].

The pi theorem is based on the idea of the dimensional homogeneity of the pro-
cess equations or on the relationships that characterize one particular process.
From this point of view, all the coefficients of statistical models that have already
been discussed in Chapter 5 have a physical dimension, because the dependent
and the independent process variables have a physical dimension. Essentially, we
assume that any physically meaningful equation, which characterizes one process
and which involves m variables, such as y1 ¼ f ðx1; x2::::xmÞ presents, for each
term contained on the right-hand side, the same dimension as for the left-hand
side. This equation could be transformed into a set of dimensionless products (pi
terms):

P1 ¼ fðP2;P3:::Pm�nÞ (6.6)

The required number of pi terms is lower than the number of original n variables,
where n is determined by the minimum number of basic dimensions required to
describe the original list of variables. For common momentum and mass transfer,
the basic dimensions are usually represented by M, L, and T. For heat transfer pro-
cesses, four basic dimensions – M, L, T, h – have to be used. Moreover, in a few
rare cases, the variables could be described by a combination of basic dimensions
such as, for any flow processes, M/T2 and L. The use of the pi theorem may
appear to be mysterious and complicated, although there are systematic and rela-
tively simple procedures to develop the pi theorem for a given problem.

6.2.1
Determination of Pi Groups

Several methods can be used to form the dimensionless pi terms in a dimensional
analysis. The most important are those applying a systematic determination of
the pi terms, but they can be used only when the terms are dimensionless and
independent. These methods, which will be described in detail later, are called
“method of base non-complete group” [6.16] or “method of repeating variables”
[6.17]. The determination of pi groups must be considered as the beginning of
modelling for a process using dimensional analysis. We can consider that a model
is completely established if a general characteristic process function, obtained
after the application of this method, can be particularized by experimental data.

One of the simplest analyses consists in dividing the method into a series of
distinct steps that can be followed for any given problem. The description given
below is very similar to the methodology generally applied in the production of a
mathematical model process as previously presented in Chapter 2.

466



6.2 Vaschy–Buckingham Pi Theorem

Step 1: List all the variables that are involved in the problem (process)
This step is one of the most difficult and is, of course, extremely important
because all pertinent variables have to be included in the analysis. The term vari-
able includes any physical quantity, dimensional and apparently non-dimensional
constant that plays a role in the phenomenon under investigation. The determina-
tion of the variables must take into account practical knowledge of the problem as
well as the physical laws governing the phenomenon. Variables typically include
the parameters that are necessary not only to describe the geometry of the system
(such as the diameter of the pipe in the example below), but also to define the
fluid properties (such as the density, viscosity, thermal capacity, thermal conduc-
tivity of the fluid, the diffusion coefficient for one species in the working fluid,
etc.) as well as to indicate the external effects that influence the system (such as
the driving pressure drop in the further discussed cases).

These general types of variables are intended to be as broad as possible in order
to be helpful in identification. However, in some cases, the variables may not easi-
ly fit into one of these categories. This is why each problem has to be carefully
analyzed.

Two conditions are very important during this analysis. First, generally, the
researchers wish to have a minimum number of variables in order to minimize
the experimental work. Secondly, these variables have to be independent. For
example, for a problem of flow in a pipe, the geometric dimensions such as the
pipe diameter and the section flow, could both be considered as variables. How-
ever, only the pipe diameter will be considered in the list of variables because the
section flow already contains the basic geometric dimension.

Step 2: Establishment of the dimensional formula for each variable from the
selected list
For a typical chemical engineering problem, the dimensions considered are gener-
ally M, L, T and h. The dimensions F, L, T, h can also be used but, in this case,
especially for heat transfer problems and for coupled heat and mass transfer pro-
cesses, complicated dimensional formulae are derived. To establish a dimensional
formula for a variable, it is necessary to have a relationship containing this vari-
able. This relationship can be independent of the process to which the dimen-
sional analysis is applied. The use of tables containing dimensional formulae for
physical variables can also be effective.

Step 3: Determination of the required number of pi terms
This step can be accomplished by means of the pi theorem which indicates that
the number of pi terms is equal to m – n, where m (determined in step 1) is the
number of selected variables and n (determined in step 2) is the number of basic
dimensions required to describe these variables. The reference dimensions
usually correspond to the basic dimensions and can be determined by a careful
inspection of the variables’ dimensions obtained in step 2. As previously noted,
the basic dimensions rarely appear combined, which results in a lower number of
reference dimensions than the number of basic ones.
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Step 4: Selection of a non-complete group containing the same number of variables
and basic dimensions
Here we select some variables from the original list in order to combine them
with the remaining variables to form the pi term. The variables contained in the
non-complete group do not change during the process of pi term production. All
the required reference (basic) dimensions must be included within the non-com-
plete group of repeating variables. Each repeating variable must be dimensionally
independent of the others (a similar consideration is taken into account when the
dimensions of one repeating variable cannot be reproduced by any combination
of the exponent product of the remaining repeating variables). In fact, we can con-
clude that the repeating variables cannot be combined with other repeating vari-
ables to form dimensionless criteria.

For any given problem, we are usually interested in determining how one par-
ticular variable influences (and is influenced by) other variables. A one-dimen-
sional analysis accepts only one dependent variable. It is recommended not to
choose the dependent variable as one of the repeating variables, since the repeat-
ing variable will generally appear in more than one pi group term and then the
variable separation cannot be carried out easily.

Step 5: Development of the pi terms one at a time by multiplying a non-repeating
variable by a non-complete group which has the repeating variable necessary to
obtain the arbitrary different exponents
Essentially, each pi term will be of the form xix

a
1xb

2xc
3 where xi is a non-repeating

variable and x1,x2, x3 represent the repeating variables of the non-complete group.
The exponents a, b, c are determined in order to give a dimensionless combina-
tion. The case presented here corresponds to a process where variables are intro-
duced with three basic dimensions (M, L, T). For heat transfer and the coupling of
heat and mass transfer processes, the form used for a pi term is xix

a
1xb

2xc
3xd

4. The
values of the exponents a, b, c are determined in this step by generating a system
of linear algebraic equations containing these exponents. The basis for the devel-
opment of the system is represented by the condition of the dimensionless pi
group.

Step 6: Checking all the resulting pi terms to make sure they are dimensionless
In order to prove that the pi terms are correctly formulated, their dimensionless
condition should be confirmed by replacing the variables in the dimensional for-
mula by the pi terms. This step can be carried out by writing the variables in
terms of M, L, T, h. If the dimensional analysis has been produced using F, L, T, h

as basic dimensions, then check the formula to make sure that the pi terms are
dimensionless.

Step 7: Establishment of the final form as a relationship among the pi terms
The most frequently used form of the final dimensional analysis is written as Eq.
(6.6) where P1 will contain the dependent variables in the numerator. It should be
emphasized that, if you have started out with a good list of variables (and the other
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steps of the analysis have been completed correctly), the relationship in terms of
the pi groups can be used as a basis to describe the investigated problem. All we
need to do is work with the pi groups and not with the individual variables. How-
ever, it should be clearly noted that the functional relationship between the pi
groups has to be determined experimentally. The result is a relationship criterion
able to show the main behaviour of the analyzed system or process. The chemical
engineering research methodologies can also result in obtaining a theoretical rela-
tionship criterion using various theoretical bases [6.18–6.20]

To illustrate the steps described above, we will consider the problem already
introduced at the beginning of this chapter, which was concerned with the pres-
sure drop and heat transfer of an incompressible Newtonian fluid flowing in a
pipe.

The first problem is the classical example used to show the scientific force of
the dimensional analysis – and especially of the pi theorem. Remember that we
are interested in the pressure drop per unit length (Dp/l) along the pipe. Accord-
ing to the experimenter’s knowledge of the problem and to step 1, we must list all
the pertinent variables that are involved; in this problem, it was assumed that:

Dp=l ¼ f ðd; r;g;wÞ

where d is the pipe diameter, q and g are the fluid density and viscosity, and w is
the mean fluid velocity.

In step 2, we express all the variables in terms of basic dimensions. Using M, L,
T as basic dimensions, it follows that:

Dp=l½ � ¼ F=S½ �
l½ � ¼

MLT�2L�2

L
¼ ML�2T�2

d½ � ¼ L

r½ � ¼ ML�3

g½ � ¼ ML�1T�1

w½ � ¼ LT�1

We could also use F, L, and T as basic dimensions. Now, we can apply the pi theo-
rem to determine the required number of pi terms (step 3). An inspection of the
variable dimensions obtained in step 2 reveals that the three basic dimensions are
all required to describe the variables. Since there are five (m = 5) variables (do not
forget to count the dependent variable, Dp/l) and three required reference dimen-
sions (n = 3), then, according to the pi theorem, two pi groups (5 – 3) will be re-
quired.

We need to select three out of the four variables (d, q, g, w) in the list of the
incomplete group with repeating variables (step 4) to be used to form the pi terms.
Remember that we do not want to use the dependent variable as one of the repeat-
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ing variables. Generally, we will try to select the dimensionally simplest repeating
variables. For example, if one of the variables has a length dimension, we can
choose it as one of the repeating variables. We can note that this incomplete group
has to contain all the basic dimensions established by step 2. For this step, we use
d, q and w as repeating variables in the incomplete group.

We are now ready to form the two pi groups and to identify the exponents asso-
ciated with the repeating variables from the incomplete group (step 5). Typically,
we will start with the dependent variable and combine it with the repeating vari-
ables to form the first pi term:

P1 ¼ ðDp=lÞdarbwc (6.7)

This combination has to be dimensionless and, in the particular example, only M,
L and T are presented:

P1½ � ¼ ðDp=lÞdarbwc½ � (6.8)

The dimensional relationship (6.8) is developed into Eq. (6.9). Then, exponents
a, b, c must be determined so that the resulting exponent of each of the basic di-
mensions M, L and T, is zero (it gives a dimensionless combination). Thus, we
can also write the relationship (6.10):

M0L0T0 ¼ ML�2T�2ðLÞaðML�3ÞbðLT�1Þc ¼ Mð1þbÞLð�2þa�3bþcÞTð�2�cÞ (6.9)

1þ b ¼ 0

� 2þ a� 3bþ c ¼ 0

� 2� c ¼ 0

8

>

<

>

:

(6.10)

Solution of the equation system (6.10) gives the desired values for a, b, c. It is easy
to observe that the following solution is obtained: a = 1, b = – 1, c = –2. Therefore,
the pi group is:

P1 ¼
Dp
rw2

d
l

This procedure is now repeated for the remaining non-repeating variables. In this
example, there is only one additional variable (g):

P2 ¼ gdarbwc (6.11)

By analogy with Eqs. (6.8) and (6.9), we can write Eqs. (6.12) and (6.13) which
allow one to build a system of linear algebraic equations (6.14). This system gives
the values of a, b, c associated with P2.
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P2½ � ¼ gdarbwk½ � (6.12)

M0L0T0 ¼ ML�1T�1ðLÞaðML�3ÞbðLT�1Þc ¼ Mð1þbÞLð�1þa�3bþcÞTð�1�cÞ (6.13)

1þ b ¼ 0

� 1þ a� 3bþ c ¼ 0

� 1� c ¼ 0

8

>

<

>

:

(6.14)

Solving Eq. (6.14), it follows that a = –1, b = –1, c = –1 and:

P2 ¼
g

wdr
(6.15)

At this point, we can check the dimensionless condition of the pi groups (step 6).
However, before checking, we have to write the dimensional formulae for the vari-
ables contained in the selected list using the basic dimensions F, L, T. To obtain
this transformation in the dimensional formulae used in step 2, the relationship
F = MLT–2 is used to replace the mass (M). The result obtained is:

Dp=l½ � ¼ FL�3 ; d½ � ¼ L ; r½ � ¼ FL�4T2 ; g½ � ¼ FL�2T ; w½ � ¼ LT�1

Now we can check whether the obtained pi groups are dimensionless:

P1½ � ¼
Dp
l

d
rw2

� �

¼ ðFL�3ÞðLÞ
ðFL�4T2ÞðLT�1Þ2

¼ F0L0T0

P2½ � ¼
g

wdr

� �

¼ FL�2T
ðLT�1ÞðLÞðFL�4T2Þ ¼ F0L0T0

or alternatively,

P1½ � ¼
Dp
l

d
rw2

� �

¼ ML�2T�2ðLÞ
ðML�3ÞðLT�1Þ2

¼ M0L0T0

P2½ � ¼
g

wdr

� �

¼ ML�1T�1

ðLT�1ÞðLÞðML�3Þ ¼ M0L0T0

Finally (step 7), we can express the result of dimensional analysis as:

Dp
rw2

d
l
¼ f

g

rwd

� �

(6.16)

This result indicates that this problem can be studied in terms of these two pi
terms, rather than in terms of the original five variables. Nevertheless, the dimen-
sional analysis will not provide the form of the function f. This can be obtained
from a suitable set of experiments. The power form for f has been successfully
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used in chemical engineering literature. Thus, Eq. (6.16) can be particularized
into Eq. (6.17) and, after the introduction of the Reynolds number, Eqs. (6.18) and
(6.19) are obtained. Eq. (6.19) is the famous Fanning expression for the fluid pres-
sure drop in the pipe. We can also derive the friction factor, kf, from Eqs. (6.18)
and (6.19):

Dp
rw2

d
l
¼ c

g

rwd

� �p

(6.17)

Dp ¼ c Re�p l
d

w2

2
r (6.18)

Dp ¼ kf
l
d

w2

2
r (6.19)

The second problem, introduced at the beginning of this chapter and discussed
here, is meant to show how – with the presented 7-step algorithm – we can obtain
a simple dimensionless relationship between the various process variables affect-
ing the heat transfer between the wall and the fluid.

Step 1 is rapidly resolved, based on the discussion of these problems at the
beginning of this chapter (Fig. 6.1). The list of variables considers that:

a ¼ Fðd; r;g; cp; k;wÞ

where the definition of each variable has been presented above.
Step 2 requires expressing all variables in terms of the basic dimensions. Using

M, L, T, and h as basic dimensions, the process variables show the dimensional
formulae:

a½ � ¼ MT�3h�1

d½ � ¼ L

r½ � ¼ ML�3

g½ � ¼ ML�1T�1

cp

h i

¼ L2T�2h�1

k½ � ¼ MLT�3h�1

w½ � ¼ LT�1

A similar result is obtained if we use F, L, T, h as basic dimensions. As previously
described, the M dimension is replaced by F. In the case of r½ �, the basic dimen-
sions of M, L, T, and h are replaced by F, L, T, and h. From F = MLT–2 we obtain
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6.2 Vaschy–Buckingham Pi Theorem

M = FL–1T2 which is used in the r½ � formula to finally obtain: r½ � = FL–1T2L–3 =
FL–4T2.

Step 3 begins with determining the number of basic dimensions (M, L, T, h). In
this case n = 4 and with m = 7 (the number of variables considered in the first
step) we conclude that the number of pi groups, np, is: np = m – n= 7 – 4 = 3.

In order to start step 4, we need to choose an incomplete group composed of n
variables; the variables of this incomplete group will be coupled one by one with
the remaining variables. Remember that we do not want to use the dependent
variable as one of the repeating variables. At the same time, the incomplete group
of repeating variables has to include all basic dimensions. We have chosen an
incomplete group which includes d, q, g and k because it has a very high number
of variables with simple dimensional formulae. We are now ready to form three pi
terms (step 5). To do so, we have to begin with the dependent variable and com-
bine it with the repeating variables. Therefore, the first pi term is:

P1 ¼ adbrcgdke (6.20)

Since this combination has to be dimensionless, we can write:

P1½ � ¼ adbrcgdke½ � (6.21)

or:

M0L0T0h0 ¼ MT�3h�1ðLÞbðML�3ÞcðML�1T�1ÞdðMLT�3h�1Þe (6.22)

Respectively:

M0L0T0h0 ¼ Mð1þcþdþeÞLðb�3c�dþeÞTð�3b�d�3eÞhð�e�1Þ (6.23)

Now we can identify the exponents b, c, d and e of the basic dimensions using the
equality between the exponents of the basic dimensions on the left-hand side and
the exponents on the right-hand side (Eq. (6.23)). Then we obtain the next system
of linear equations:

1þ cþ dþ e ¼ 0

b� 3c� dþ e ¼ 0

� 3b� d� 3e ¼ 0

1� e ¼ 0

8

>

>

>

<

>

>

>

:

(6.24)

The solution of this system of algebraic equations gives the desired values for b, c,
d and e. It is simple to obtain e= –1, b = 1, c = 0, d = 0 and therefore to write:

P1 ¼ Nu ¼ ad
k

(6.25)
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which is the classical Nusselt dimensionless number (Nu), currently used in heat
transfer processes. Step 5 must be repeated in order to obtain the dimensionless
groups P2 and P3. We still have some variables able to be coupled with the incom-
plete groups, which are the flow rate (w) and the liquid thermal capacity (cP).

If the selected variable is the flow rate, we can write the dimensionless expres-
sion:

P2 ¼ wdbrcgdke (6.26)

In this case, Eqs. (6.21)–(6.24) used for complete identification of this group,
show the following particularizations:

P2½ � ¼ wdbrcgdke½ � (6.27)

M0L0T0h0 ¼ LT�1ðLÞbðML�3ÞcðML�1T�1ÞdðMLT�3h�1Þe (6.28)

M0L0T0h0 ¼ MðcþdþeÞLð1þb�3c�dþeÞTð�1�d�3eÞhð�eÞ (6.29)

cþ dþ e ¼ 0

1þ b� 3c� dþ e ¼ 0

� 1� d� 3e ¼ 0

e ¼ 0

8

>

>

>

<

>

>

>

:

(6.30)

The solution of this system of algebraic equations gives the new values for b, c, d,
and e adapted to the P2 group. It is then simple to obtain e= –0, b = 1, c =1, d = –1
and therefore:

P2 ¼ Re ¼ wdr
g

(6.31)

If we carry out step 5 again, we obtain the group formed by coupling the liquid
thermal capacity with the incomplete group of repeating variables. After the usual
procedure P3 is written as:

P2 ¼ cpdbrcgdke (6.32)

The new values needed for b, c, d and e, will be obtained by applying the algo-
rithm to the P3 group in Eq. (6.32). The next relationships show the following
particularization:

P3½ � ¼ cpdbrcgdke
h i

(6.33)

M0L0T0h0 ¼ L2T�2h�1ðLÞbðML�3ÞcðML�1T�1ÞdðMLT�3h�1Þe (6.34)
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M0L0T0h0 ¼ MðcþdþeÞLð2þb�3c�dþeÞTð�2�d�3eÞhð�1�eÞ (6.35)

cþ dþ e ¼ 0

2þ b� 3c� dþ e ¼ 0

� 2� d� 3e ¼ 0

� 1� e ¼ 0

8

>

>

>

<

>

>

>

:

(6.36)

It is then simple to obtain the new values of b, c, d and e adapted to the P3 group.
These are:

e = –1, d = 1, c = 0 and b = 0 and therefore:

P3 ¼ Pr ¼
cpg

k
(6.37)

This dimensionless group is recognized as the Prandtl number, which is currently
used in heat transfer processes. This number is very important when the bound-
ary layer theory is applied because it shows the relationship between the corre-
sponding thickness of the heat transfer boundary layer and the hydrodynamic
boundary layer [6.12].

The next step consists in making sure that the pi groups obtained are dimen-
sionless (step 6). As explained above, the dimensional formulae for the variables
contained in this selected list will be produced in the case of basic dimensions F,
L, T and h. Therefore, in the dimensional equations used in step 2, mass M will be
replaced by force F using the relationship F = MLT–2:

a½ � ¼ FL�1T�1h�1 ; d½ � ¼ L ; r½ � ¼ FL�4T2 ; g½ � ¼ FL�2T ; w½ � ¼ LT�1 ;

cp

h i

¼ L2T�2h�1 ; k½ � ¼ FT�1h�1

Now, let us check whether the obtained pi groups (Nu, Re, Pr) are dimensionless:

P1½ � ¼ Nu½ � ¼ ad
k

� �

¼ ðFL�1T�1h�1ÞL
FT�1h�1 ¼ F0L0T0h0

P2½ � ¼ Re½ � ¼ wdr
g

� �

¼ ðLT�1ÞðLÞðFL�4T2Þ
FL�2T

¼ F0L0T0h0

P3½ � ¼ Pr½ � ¼
cpg

k

h i

¼ ðL
2T�2h�1ÞðFL�2TÞ

FT�1h�1 ¼ F0L0T0h0

or alternatively,

P1½ � ¼ Nu½ � ¼ ad
k

� �

¼ ðMT�3h�1ÞL
MLT�3h�1 ¼ M0L0T0h0
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P2½ � ¼ Re½ � ¼ wdr
g

� �

¼ ðLT�1ÞðLÞðML�3Þ
ML�1T�1

¼ M0L0T0h0

P3½ � ¼ Pr½ � ¼
cpg

k

� �

¼ ðL
2T�2h�1ÞðML�1T�1Þ

MLT�3h�1 ¼ M0L0T0h0

Finally (step 7), we can express the result of dimensional analysis as:

ad
k
¼ U

wdr
g

;
cpg

k

� �

(6.38)

Equation (6.38), which contains function U, has already been proved theoretically
[6.12] and experimentally [6.18]. The famous relationship (6.39), which is applic-
able when pipe flow is fully developed, is currently used to characterize the heat
transfer kinetics in other similar examples:

Nu ¼ 0:023 Re0:8 Pr0:33 (6.39)

To summarize, the methodology to be followed in performing a dimensional anal-
ysis using the method of incomplete groups of repeating variables, consists in fol-
lowing this series of steps:
. Step 1: List all variables that are involved in the investigated phe-

nomenon. This step needs a very good knowledge of these vari-
ables.

. Step 2: Each variable has to be described by its dimensional for-
mula.

. Step 3: Establish the required number of pi groups.

. Step 4: Select the incomplete group of repeating variables. The
number of repeating variables and basic dimensions involved in
the problem are identical.

. Step 5: Form the pi term by multiplying one of the non-repeating
variables by the incomplete group where the repeating variables
have arbitrary powers and identify the actual pi expression.
Repeat this step for all non-repeating variables.

. Step 6: Check all the resulting pi terms to make sure they are
dimensionless.

. Step 7: Express the final form as a relationship among pi terms
and add supplementary commentaries if necessary.
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6.3
Chemical Engineering Problems Particularized by Dimensional Analysis

The two cases analyzed above give a model used to produce a particularization of
the dimensional analysis to a chemical engineering problem. It has been observed
that dimensional analysis is a good tool to rapidly elaborate a dimensionless frame
for a system on which the experiments could be carried out by measuring the sug-
gested variables. A further advantage lies in the “scale invariance” of dimension-
less groups, thus enabling the only reliable scaling-up of the analyzed phenom-
ena.

In the description of the various steps, it has been established that there are
only two real problems in dealing with dimensional analysis. The first problem is
the listing of all the relevant parameters that describe the process. Because chemi-
cal engineering processes are influenced by a high number of parameters, it is
not easy to establish a good list of variables. The second problem is the determina-
tion of the process characteristics and of the real operational numbers, particularly
in the case of large-scale factors. From the viewpoint of dimensional analysis, the
descriptive chemical engineering model based on graphic representations is fre-
quently effective in obtaining the correct interpretation of a process. We shall
develop this problem in the following examples.

6.3.1
Dimensional Analysis for Mass Transfer by Natural Convection in Finite Space

We introduce this problem with two particular examples. The first is the etching
of a metal placket immersed in a large specifically formulated liquid, with no gas
production. The second is the drying of a recently built wall. In both cases, we
have a non-observable flow and a particularization of the dimensional analysis is
required.

These two examples do not appear to have any similarities. Nevertheless, after a
deep analysis, we can conclude that both cases consist of a natural convection pro-
cess produced by a concentration gradient.

This is presented schematically in Fig. 6.3, which also shows that the kinetics of
these processes is described by the transport rate of A from the wall to the adja-
cent media. Using Fig. 6.3, we can establish that two elementary processes are
presented in this system. The first is the flow induced by the concentration gradi-
ent and the second is the mass transfer sustained by the processes on the surface
(a chemical reaction in the case of the metal placket immersed in a specifically
formulated liquid and the transport through the porosity in the case of the drying
wall). The case presented here corresponds to the situation when, in respect of the
bulk density, the fluid density begins to decrease near the wall. This generates the
displacement of the media and the specific ascension force, which is equivalent to
the density difference. This phenomenon depends on the concentration difference
in fluid A DcA=(cAp – cA¥). From Fig. 6.3 we can write a list of process variables:
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k ¼ f ðH; r;g;DA; gbdDcAÞ (6.40)

where g represents the gravitational acceleration, bd is the density coefficient of
the density–concentration dependence and DcA is the gradient for the natural con-
vection. It is then easy to observe that the product bd DcA is dimensionless.

cAp

cA?

1

3

2

4

NA=kc(cAp-cA?)

H

5

6

Figure 6.3 Mass transfer mechanism of natural convection between a placket
and an adjacent medium. 1: placket or drying wall, 2: limit of adjacent medium,
3: concentration of A, 4: fluid velocity, 5 and 6: fluid global displacement. System
properties: Geometric properties: H: height of placket. Fluid properties:
CA: concentration of A, density (q), viscosity (g), diffusion coefficient of A (DA).
Displacement properties: specific ascension force (gbcDcA). Interaction properties:
mass transfer coefficient (kc).

We can now complete the first step of the dimensional analysis. The dimen-
sions of the variables, using the MLT system for basic dimensions, are:

k½ � ¼ LT�1

H½ � ¼ L

r½ � ¼ ML�3

g½ � ¼ ML�1T�1

DA½ � ¼ L2T�1

gbcDcA½ � ¼ LT�2
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We can observe that all the basic dimensions (also specific to moment and mass
transfer) are required to define the six variables, taking into consideration that,
according to the Buckingham pi theorem, three pi terms will be needed (six vari-
ables minus three basic dimensions, m – n= 6 – 3).

The next step is the selection of three repeating variables such as H, q, and g to
form the incomplete group of repeating variables. A quick inspection of these
reveals that they are dimensionally independent, since each of them contains a
basic dimension not included in the others. Starting with the dependent variable
kc, the first pi term can be formed combining kc with the repeating variables so
that:

P1 ¼ kcHarbgc (6.41)

in terms of dimensions we have:

P1½ � ¼ kcHarbgc½ � (6.42)

M0L0T0 ¼ LT�1ðLÞaðML�3ÞbðML�1T�1Þc (6.43)

or

M0L0T0 ¼ MðbþcÞLð1þa�3b�cÞTð�1�cÞ (6.44)

the dimensionless condition of P1 implies:

bþ c ¼ 0

1þ a� 3b� c ¼ 0

� 1� c ¼ 0

8

>

<

>

:

(6.45)

and, therefore a = 1, b = 1 and c = –1, the pi term then becomes:

P1 ¼
kcHr

g
(6.46)

The procedure is then repeated with the second non-repeating variable, DA:

P2 ¼ DAHarbgc (6.47)

It follows that

P2½ � ¼ DAHarbgc½ � (6.48)

M0L0T0 ¼ L2T�1ðLÞaðML�3ÞbðML�1T�1Þc (6.49)

M0L0T0 ¼ MðbþcÞLð2þa�3b�cÞTð�1�cÞ (6.50)
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and

bþ c ¼ 0

2þ a� 3b� c ¼ 0

� 1� c ¼ 0

8

>

<

>

:

(6.51)

The solution of this system is: a = 0, b = 1 and c = –1, and therefore:

P2 ¼ Sc ¼ DAr
g

(6.52)

where symbol Sc introduces the Schmidt criterion which is frequently used in
mass transfer problems. In the theory of boundary layers, the Schmidt criterion
gives the relationship between the diffusion and hydrodynamic boundary layers.
Figure 6.3 can be completed considering the additional thickness of the boundary
layers formed at the placket wall and adjacent medium. The remaining non-
repeating variable is gbcDcA, where the third pi term is:

P3 ¼ gbcDcAHarbgc (6.53)

and

P3½ � ¼ gbcDcAHarbgc½ � (6.54)

M0L0T0 ¼ LT�2ðLÞaðML�3ÞbðML�1T�1Þc (6.55)

M0L0T0 ¼ MðbþcÞLð1þa�3b�cÞTð�2�cÞ (6.56)

and, therefore,

bþ c ¼ 0

1þ a� 3b� c ¼ 0

� 2� c ¼ 0

8

>

<

>

:

(6.57)

Solving this system, we obtain a= 3, b = 2 and c = –2 and we can write:

P3 ¼ Grd ¼
gbcDcAH2r2

g2
(6.58)

Here Grd is the diffusion Grassoff number. It represents the natural convection
displacement based on the concentration difference.

We have obtained the three required pi terms, which have to be checked in
order to make sure that they are dimensionless. To do so, we use F, L and T, which
will also verify the correctness of the original dimensions used for the variables.
As explained earlier, we first have to replace M by F in the dimensional variable
formula. Then the result is:
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k½ � ¼ LT�1, H½ � ¼ L, r½ � ¼ FL�4T2, g½ � ¼ FL�2T, DA½ � ¼ L2T�1, gbcDcA½ � ¼ LT�2

The dimensionless verification gives:

P1½ � ¼
kcHr

g

� �

¼ ðLT�1ÞðLÞðFL�4T2Þ
FL�2T

¼ F0L0T0

P2½ � ¼
DAr

g

� �

¼ ðL
2T�1ÞðFL�4T2Þ

FL�2T
¼ F0L0T0

P3½ � ¼
gbcDcAH3r2

g2

� �

¼ ðLT�2ÞðLÞ3ðFL�4T2Þ2

ðFL�2TÞ2
¼ F0L0T0

If this analysis results in a bad agreement with the dimensionless condition, we
have to go back to the original list of variables and check the dimensional formula
of each variable as well as the algebra used to obtain the exponents a, b and c.

Before finishing the application, we show that each pi group obtained can be
replaced by a combination between this pi number and others. So, if we divide P1

by P3, we obtain:

P4 ¼ Sh ¼ P1

P2
¼ kcHr

g

g

DAr
¼ kcH

DA
(6.59)

where Sh represents the Sherwood number which encrypts the mass transfer
kinetics of the investigated process. Finally, we can represent the results of the
dimensional analysis particularization in the form of:

Sh ¼ f ðGrd;ScÞ (6.60)

However, at this stage of the analysis, the form and nature of the function f are
unknown. To continue, we will have to perform a set of experiments or we can
use one theoretical method able to show this function.

6.3.2
Dimensional Analysis Applied to Mixing Liquids

Mixing various components in a liquid medium is a chemical engineering opera-
tion with large industrial applications. Some examples of these applications are:
paint production, resin and pigment mixing, gas–liquid transfer or reaction by
bubbling in liquid, solid dissolution and solid crystallization in mixed liquid me-
dia, homogenous and heterogeneous chemical reactions involving liquid agitated
media, aerobic and anaerobic biochemical reactions with molecular transforma-
tions in the liquid phase. These examples show the importance of the optimiza-
tion of mixing liquids for the chemical industry.
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An important number of factors having a key influence on this unit operation
[6.19, 6.20], together with the examples described above, show how difficult it is to
formulate a complete and unitary mixing theory responding to the various techni-
cal questions such as mixing time, distribution of the residence time, power con-
sumption, heat and mass transfer kinetics in mixed media, scaling-up of a labora-
tory mixing plant etc.

In order to simplify the problem, we will apply dimensional analysis to liquid
mixing in a particular case. The studied example will take into account the interac-
tions showing:
. dependence of the power consumption with respect to process

factors,
. dependence of the mixing time with respect to process factors,
. dependence of the mass transfer kinetics with respect to process

factors in the case of dissolving suspended solids,
. dependence of the heat transfer kinetics with respect to process

factors in the case of a wall heated by an agitated liquid.

The first necessary condition [6.21] to be taken into account in all particularization
cases is the use of general mixing parameters (factors related to the geometry of
agitation, the properties of liquid media, the type of agitators and rotation speed)
as well as the use of the specific factors of the studied application. For example, in
the case of suspended solid dissolution, we can consider the mass transfer coeffi-
cient for dissolving suspended solids, the mean dimension of the suspended solid
particles, and the diffusion coefficient of the dissolved species in the liquid.

In this chapter, we present two particularizations: the first concerns the depen-
dence of the power consumption on the considered influencing factors; the sec-
ond shows the relationship between the mixing time and its affecting factors.

In order to establish the list of variables, we use the explicative Fig. 6.4 in both
cases. It especially shows the geometry of agitation, allowing the introduction of
geometric, material and dynamic factors.

In the first example, we considered that the power consumed by an agitator N,
depends on the agitator diameter d, on the geometric position of the agitator in
the liquid tank – expressed by the coordinates H, D, h, as well as on the rotation
speed of the agitator n, and on the liquid physical properties (density q, viscosity
g, and superficial tension r). The interest here consists in formulating a relation-
ship between the power consumption and the different affecting factors.

Considering Fig. 6.4, we can write (step 1 of the application procedure of the
dimensional analysis) the following list of variables:

N ¼ f ðd;D;H;h; b;n; r;g;rÞ (6.61)

Now we can write (step 2) all variables in terms of basic dimensions. Using M, L
and T it follows that:

N½ � ¼ ML2T�3, d½ � ¼ L, D½ � ¼ L, H½ � ¼ L, h½ � ¼ L, b½ � ¼ L, n½ � ¼ T�1, r½ � ¼ ML�3,
g½ � ¼ ML�1T�1, r½ � ¼ MT�2
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Figure 6.4 Schematic representation of mixing in liquid media.
1: Axis of paddle agitator, 2: tank of mixing system, 3: paddle of mixing system,
4: mixed liquid medium. System properties: geometric: agitator diameter (d) tank
diameter (D), liquid height (H), paddle width (b), bottom paddle position (h);
fluid: density (q), viscosity (g), superficial tension (r); displacement: rotation
speed (n); interaction: power consumption (N).

By applying the pi theorem (step 3), we obtain that the number of pi groups
required is 7 because m = 10 (process variables) and n = 3 (basic dimensions). The
repeating variables of the incomplete group have been selected according to d, q

and n and to the considerations of step 4. We can now form all the pi groups one
at a time. Typically, we begin with the coupling of the dependent variable (power
consumption, N) with the incomplete group. The formulation of the first pi term
is:

P1 ¼ Ndarbnc (6.62)

By applying the dimensional formulation to this relationship we have:

M0L0T0 ¼ ML2T�3ðLÞaðML�3ÞbðT�1Þc (6.63)

and

M0L0T0 ¼ Mð1þbÞLð2þa�3bÞTð�3�cÞ (6.64)

and, consequently, the system of equations obtained with the exponents is:
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1þ b ¼ 0

2þ a� 3b ¼ 0

� 3� c ¼ 0

8

>

<

>

:

(6.65)

The solution of this system gives the desired values for a, b and c. It follows that
a = –5, b = –1 and c = –3 and therefore:

P1 ¼ KN ¼
N

d5n3r
(6.66)

By repeating this calculation for the first independent variable, which has not
been used as repeating variables in the incomplete group (the diameter of the ves-
sel D), we have:

P2 ¼ Ddarbnc (6.67)

M0L0T0 ¼ LðLÞaðML�3ÞbðT�1Þc (6.68)

M0L0T0 ¼ M0Lð1þa�3bÞTð�cÞ (6.69)

b ¼ 0

1þ a� 3b ¼ 0

c ¼ 0

8

>

<

>

:

(6.70)

With these values for a, b and c (a = –1, b = 0 and c = 0) the second pi group is:

P2 ¼
D
d

(6.71)

For the other geometric factors, we obtain the next dimensionless relationships:

P3 ¼
H
d

, P4 ¼
h
d

, P5 ¼
b
d

The remaining two pi groups are now identified. For the non-repeating variable g,
the dimensional analysis calculation shows that:

P6 ¼ gdarbnc (6.72)

M0L0T0 ¼ ML�1T�1ðLÞaðML�3ÞbðT�1Þc (6.73)

M0L0T0 ¼ Mð1þbÞLð�1þa�3bÞTð�1�cÞ (6.74)

1þ b ¼ 0

� 1þ a� 3b ¼ 0

� 1� c ¼ 0

8

>

<

>

:

(6.75)
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The solution to this system is a = –2, b = –1 and c = –1 and the sixth pi group can
be written as:

P6 ¼ Re ¼ nd2r
g

(6.76)

This criterion is recognized as the Reynolds number for mixing in a fluid.
The last non-repeating independent variable included in the list of variables

gives the next formulation for the seventh pi group and generates all the calcula-
tion procedures for the identification of a, b and c:

P7 ¼ rdarbnc (6.77)

M0L0T0 ¼ MT�2ðLÞaðML�3ÞbðT�1Þc (6.78)

M0L0T0 ¼ Mð1þbÞLða�3bÞTð�2�cÞ (6.79)

1þ b ¼ 0

a� 3b ¼ 0

� 2� c ¼ 0

8

>

<

>

:

(6.80)

The group identified by the introduction of a, b and c values (a = 3, b = –1 and
c = –2) into Eq. (6.77) is called the Weber number for mixing in a fluid. We can
observe that, in this case, as in the previous one for the Re number, the original pi
groups are transformed by the inversion of the terms of their algebraic fraction:

P7 ¼We ¼ n2rd3

r
(6.81)

As in the previous examples, the next step (step 7) of the dimensional analysis
procedure (which is not presented here) allows one to confirm that the obtained
criteria are dimensionless. Now, finally, we can state the result of the dimensional
analysis as:

KN ¼ f
D
d
;
H
d
;
h
d
;
b
d
; Re;We

� �

(6.82)

The transformation of this relationship into the frequently used relationship for
the theoretical power consumption for mixing in a fluid (Eq. (6.83)) is easily
obtained. The We group relationship with KN and the geometry dependence of
the mixing constants a and b are needed for this transformation:

N ¼ ad5�bn3�br1�bgb (6.83)

When the mixing time sM represents the dependent variable of the mixing in the
fluid, all the independent variables used for the power consumption remain as
variables affecting the mixing time. We also have to introduce a specific indepen-
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dent variable which is the A diffusion coefficient (DA). The totality of the variables
for this case will be:

sM ¼ f ðd;D;H;h; b;n; r;g;r;DAÞ (6.84)

Because the dimensional formula of DA does not introduce a new basic dimen-
sion, we can establish that, in this case, the number of pi groups is 8 (eleven phys-
ical variables and three basic dimensions). If we use the incomplete group of the
repeating variables, as in the case of the dependence of the power consumption
factors, then we have to replace the KN group by a group introduced by the new
dependent variable (sM) and complete the established seven with a new group
which includes the DA factor. In this case, the formulation of the first pi group is
given by Eq. (6.85):

P1 ¼ sMdarbnc (6.85)

Applying the dimensional analysis procedure, we identify a = 0, b = 0 and c = –1
thus:

P1 ¼ sMn (6.86)

As far as the P2–P7 groups are the same as those identified in the case of the
power-factor dependence, we can identify the eighth pi group:

P8 ¼ DAdarbnc (6.87)

Exponents a, b and c have been identified by the following relationships:

M0L0T0 ¼ L2T�1ðLÞaðML�3ÞbðT�1Þc (6.88)

M0L0T0 ¼ MbLð2þa�3bÞTð�1�cÞ (6.89)

b ¼ 0

2þ a� 3b ¼ 0

� 1� c ¼ 0

8

>

<

>

:

(6.90)

from Eq. (6.90) we get that a = –2, b = 0 and c = –1 and that the P8 expression
could be written as:

P8 ¼
DA

nd2
(6.91)

This criterion is recognized as the Fourier number for mixing time in liquid me-
dia. Finally, for this case, we can express the result of dimensional analysis as:

sMn ¼ f
D
d
;
H
d
;
h
d
;
b
d
;
nd2r

g
;
n2rd3

r
;

DA

nd2

� �

(6.92)
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This result indicates that this problem can generally be studied in terms of eight
pi terms, or – for a fixed geometry – in terms of four pi terms, instead of the orig-
inal eleven variables we started with. It also shows the complexity of this currently
used chemical engineering operation.

6.4
Supplementary Comments about Dimensional Analysis

Despite the fact that other methods can be used to identify pi groups [6.22], we
think that the method of the incomplete group of repeating variables explained in
the preceding section, provides a systematic procedure for performing a dimen-
sional analysis that can be easy enough for beginners. Pi terms can also be formed
by inspection, as will be briefly discussed in the next sections. Regardless of the
basis of dimensional analysis application for a concrete case, certain aspects of
this important tool must seem a little baffling and mysterious to beginners and
sometimes to experienced researchers as well.

In this section, we will show some of the guidelines required for a logical good
start in a particular dimensional analysis. First, we need to have a good knowledge
of the case being studied; this condition is one of the most important for success-
ful application of this method. Some methodology guidelines will also be pre-
sented to establish a mathematical model (see, for example, the case of the condi-
tions of univocity for the mathematical model of a particular process.)

6.4.1
Selection of Variables

One of the most important and difficult steps when applying dimensional analy-
sis to any given problem, is the selection of the variables that are involved (see for
example the introduction in the natural convection application presented in the
preceding section). No simple procedure allows the variables to be easily identi-
fied. Generally, one must rely on a good understanding of the phenomena
involved and of their governing physical laws. If extraneous variables are included,
too many pi terms appear in the final solution, and it may then be difficult, and
time and money consuming, to eliminate them experimentally. However, when
important variables are omitted, an incorrect result will be produced.

These two aspects (introduction of extraneous variables and omission of impor-
tant variables) show that enough time and attention has to be given when the vari-
ables are determined. Most chemical engineering problems involve certain simpli-
fying assumptions that have an influence on the variables to be considered.
Usually, a suitable balance between simplicity and accuracy is a required goal. The
accuracy of the solution to be chosen depends on the objective of the study. For
example, if we are only concerned with the general trends of the process, some
variables that are thought to have a minor influence could be neglected for sim-
plicity.
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For all the engineering branches that use dimensional analysis as a methodolo-
gy, the pertinent variables of one process can be classified into four groups:
. the variables describing the geometry of the system when the

process occurs,
. the variables showing the properties of the materials involved in

the evolution of the process being analyzed,
. the variables showing the internal dynamics of the process,
. the variables imposed by the external effects and having an

important influence on the process dynamics.

6.4.1.1 Variables Imposed by the Geometry of the System
The geometric characteristics can usually be described by a series of lengths and
angles. The application related to the mixing in a liquid medium (described
above) shows the importance of geometry variables in a dimensional analysis
problem. As in the above-mentioned case, the geometry of the system plays an
important role in the majority of chemical engineering problems. Thus, a suffi-
cient number of geometric variables must be included to describe the system.
These variables can usually be identified quickly.

6.4.1.2 Variables Imposed by the Properties of the Materials
Fluid flow, heating and composition, which change by reaction or by transfer at
one interface, represent the specificity of the chemical engineering processes. The
response of a system to the applied effects that generate the mentioned cases
depends on the nature of the materials involved in the process. All the properties
of the materials such as density, viscosity, thermal capacity, conductivity, species
diffusivity or others relating the external effects to the process response must be
included as variables. The identification of these variables is not always an easy
task. A typical case concerns the variation of the properties of the materials, in a
nonlinear dependence with the operation variables. For example, when studying
the flow of complex non-Newtonian fluids such as melted polymers in an exter-
nally heated conduct, their non-classical properties and their state regarding the
effect of temperature make it difficult to select the properties of the materials.

6.4.1.3 Dynamic Internal Effects
Variables, such as the heat or mass transfer coefficients from or to the interface or
the flow friction coefficient for a given geometry, represent variables that can be
included in this group. They have a dynamic effect on the process state and gener-
ally represent the dependent variables of the process.
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6.4.1.4 Dynamic External Effects
This definition is used to identify any visible variables that produce or tend to pro-
duce a change in the process. Pressure, velocity, gravity and external heating are
some of the most frequently used variables from this group.

Since we wish to keep the number of variables to a minimum, it is important to
have a selected list which contains only independent variables. For example, in
the case of a flow problem, if we introduce the equivalent flow diameter (de), we
do not have to introduce the flow area (A) nor the wetted perimeter (P) into the
list of variables, because both variables have already been taken into consideration
by the equivalent flow diameter (de = 4A/P). Generally, if we have a problem in
which the variables are:

f(y, x1, x2, x3, x4, ......xn) (6.93)

and it is known that an additional relationship exists among some of the variables,
for example:

x3 = f(x4, ......xn) (6.94)

then x3 is not required and can be omitted. Conversely, if it is known that the vari-
ables x4,x5,...xn can only be taken into account through the relationship expressed
by the functional dependence (6.94), then the variables x4,x5,...xn can be replaced
by the single variable x3, thus reducing the number of variables.

In addition to these supplementary comments about dimensional analysis, we
can also discuss the following points, which are necessary to establish the list of
variables. To do so, indeed, we have to:

1. Define the problem clearly using a descriptive model and
auxiliary graphic presentation. Establish the main variable of
interest (which is the dependent variable of the process).

2. Consider the basic laws that govern the phenomenon or
accept an empirical theory describing the essential aspects of
the investigated process as an open procedure for identifying
independent variables.

3. Start the identification of the variables process by grouping
them into the four groups of variables presented above
(geometry, material properties, internal dynamic effects and
external dynamic effects).

4. Verify whether other variables not included in the four
groups of variables are important and must be considered
and ensure that the dimensional constant, which can be
introduced in the list of variables, has been accepted.

5. Make sure that all variables are independent and, to this end,
the relationships among the subsets of the variables must be
carefully observed.
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6.5
Uniqueness of Pi Terms

A review of the method of an incomplete group of repeating variables used for
identifying pi terms reveals that the specific pi terms obtained depend on the
somewhat arbitrary selection of this incomplete group. For example, in the prob-
lem of studying the heat transfer from a wall to a fluid flowing in the pipe, we
have selected d, q, g, and k as repeating variables. This has led to the formulation
of the problem in terms of pi terms:

ad
k
¼ F

wdr
g

;
cpg

k

� �

(6.95)

What will the result be if we select d, q, g, and cp as repeating variables? A quick
check will reveal that the pi term involving the heat transfer coefficient (a)
becomes:

P1 ¼
ad
gcp

and the next pi terms remain the same. Thus, we can express the second result
as:

ad
gcp
¼ F1

wdr
g

;
cpg

k

� �

(6.96)

Both results are correct, and will lead to the same final equation for a. Note, how-
ever, that the functions F and F1 in Eqs. (6.95) and (6.96) will be different because
the dependent pi terms are different for both relationships. From this example,
we can conclude that there is no unique set of pi terms arising from a dimen-
sional analysis. Nevertheless, the required number of pi terms has been fixed, and
once a correct set has been determined, other possible sets can be developed by a
combination of the products of the powers of the original set. This is a classical
algebra problem, which shows that, if we have n independent variables (the pi
terms obtained by the incomplete group method are independent variables), then
each of these can be modified by a combination of the others and the resulting
new set has n independent variables. For example, if we have a problem involving
three pi terms:P1 ¼ FðP2;P3Þ, we could form a new set from this initial one by
combining the pi terms in order to form the new pi term P2 ¢, and to give
P2 ¢ ¼ Pa

2P
b
3 , where a and b are arbitrary exponents. For a = –1 and b = 0 we

obtain the inversion of the P2 expression group. Then the relationship between
the dimensionless groups could be expressed as:

P1 ¼ F1ðP2 ¢;P3Þ or P1 ¼ F2ðP2;P2 ¢Þ

It must be emphasized, however, that the required number of pi terms cannot be
reduced by this manipulation; only their form is altered. Thanks to this technique,
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we can see that the pi terms in Eq. (6.96) can be obtained from those presented in
Eq. (6.95); then, if we multiply P1 from Eq. (6.95) by P3

–1 we have:

ad
k

� �

cpg

k

� ��1
¼ ad

gcp

which is the P1 of Eq. (6.96).
One may ask: which form is the best for the pi groups? Usually, we recommend

keeping pi terms as simple as possible. In addition, it is easier to use the pi terms
that could be improved by the experimental methodology used. The final choice
remains arbitrary and generally depends on the researcher’s background and
experience.

6.6
Identification of Pi Groups Using the Inspection Method

The previously presented method of the incomplete group of repeating variables,
provides a systematic procedure which, when properly executed, provides a cor-
rect, complete and unique set of pi terms. In other words, this method offers an
excellent algorithm for the calculus. In this case, only the list of variables has to be
determined by the researcher. Since the only restrictions for the pi terms are to be
(a) correct in number, (b) dimensionless, and (c) independent, it is possible to pro-
duce other identifying procedures. One of them is the production of pi terms by
inspection, without resorting to a more formal methodology.

To illustrate this approach, we will consider a new example: the case of a simple
tubular membrane reactor for which we wish to show the dependence between
the conversion (gr) of the main reactant and other variables which influence the
process.

The membrane reactor shown in Fig. 6.5 consists of a tubular shell containing a
tubular porous membrane. It defines two compartments, the inner and the outer
(shell) compartments. The reactants are fed into the inner compartment where
the reaction takes place. We can observe that when the reactants flow along the
reactor, one or more of the reaction participants can diffuse through the porous
membrane to the outer side. In this case, we assume that only one participant pre-
sents a radial diffusion. This process affects the local concentration state and the
reaction rate that determine the state of the main reactant conversion. The rate of
reaction of the wall diffusing species is influenced by the transfer resistance of the
boundary layer (1/kc) and by the wall thickness resistance (d/Dp).

As geometric variables, we can consider the diameter (d) and the length of the
tubular reactor (l). The apparent constant rate of the chemical reaction (kr) and
the diffusion coefficient (Dm) of the species diffusing through the wall could be
chosen as the internal dynamic variables of the process. The variables showing
the properties of the materials (density and viscosity) as well as the variables char-
acterizing the flow and the velocity (w) for example, can be considered, but these
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are already introduced by the mass transfer coefficient (kc). With this descriptive
introduction, we can appreciate that, in this case, the variables are:

gr ¼ f ðd; l; kr; kc;Dm;Dp=dÞ (6.97)

Using M, L and T as basic dimensions, the following dimensional formulae of the
variables are obtained:

gr½ � ¼ M0L0T0

d½ � ¼ L

l½ � ¼ L

kr½ � ¼ T�1

kc½ � ¼ LT�1

Dm½ � ¼ L2T�1

Dp=d
h i

¼ LT�1

In this dimensional analysis problem, five pi terms are needed because we have
seven variables and two reference dimensions. The first pi term is represented by
the conversion of the main reactant because this variable is dimensionless. The
construction of the second pi group begins with variable d. This has a length
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6.7 Common Dimensionless Groups and Their Relationships

dimension (L) and to form a dimensionless group, it must be multiplied by a vari-
able the dimension of which is L–1:

P2 ¼
d
l

Inspecting the remaining variable, we observe that [krd2] = L2T�1. Then, by multi-
plying krd2 by 1/Dm, we obtain the third pi group:

P3 ¼
Dm

krd2

The formulation of the fourth pi group (P4) takes into account the observation
that kc and Dp/d present the same dimensional formula and that their ratio is
therefore dimensionless:

P4 ¼
kcd

Dm

The last pi group (P5) can be obtained by multiplying kcd (which has L2T–1 dimen-
sion) by 1/Dm, which also results in a dimensionless formula:

P5 ¼
kcd
Dm

The last three pi groups are well known in chemical engineering (P3 is recognized
as the Fourier reaction number (For), P4 is the famous Biot diffusion number
(Bid) and P5 is the Sherwood number (Sh)).

Relationship (6.98) shows the last result of this particularized case of dimen-
sional analysis.

gr ¼ f ðd=l;For;Bid;ShÞ (6.98)

It is important to note that when pi terms are formulated by inspection, we have
to be certain that they are all independent. In this case or in any other general
case, no pi group could result from the combination of two or more formulated pi
groups. The inspection procedure of forming pi groups is essentially equivalent to
the incomplete group method but it is less structured.

6.7
Common Dimensionless Groups and Their Relationships

Approximately three hundred dimensionless groups [6.23] are used to describe
the most important problems that characterize chemical engineering processes.
Out of these, only a limited number is frequently used and can be classified
according to the flow involved in the investigated process, the transport and inter-
face transfer of one property (species, enthalpy, pressure) and the interactions of
the transport mechanisms of the properties. In order to be considered in this anal-
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6 Similitude, Dimensional Analysis and Modelling

ysis, the dimensionless groups have to present the following general characteris-
tics:
. Each dimensionless group provides a physical interpretation,

which can be helpful in assessing its influence in a particular
application.

. The dimensionless groups that characterize a particular applica-
tion are correlated with others by the dimensional analysis rela-
tionship.

. When the process involves a transfer through an interface, some
of the relationships between the dimensionless groups can be
considered as relationships between the kinetic transfer and the
interface properties.

6.7.1
Physical Significance of Dimensionless Groups

The physical interpretation of each dimensionless group is not an easy task.
Because each dimensionless group can present various physical interpretations,
the study of each particular dimensionless pi term has to be carefully carried out.

To illustrate this, we will discuss the example shown in Fig. 6.6, which presents
one deformable fluid particle moving along a streamline. We can describe this sys-
tem taking into account inertia, resistive (viscous) force and weight force. The
magnitude of the inertia force along the streamline can be written as:

Fi ¼ mas ¼ m
dws

ds
¼ m

dws

ds
ds
ds
¼ mws

dws

ds
(6.99)

where ds is measured along the streamline and m is the particle mass. Based on
the fact that a streamline is representative of a flow geometry when a mean flow
rate, w, and a characteristic length are known, we can produce the dimensionless
transformation for ws and dws/ds. The dimensionless velocity and streamline
position are respectively was = ws/w and sa = s/l. Then Eq. (6.99) becomes:

Fi ¼ m
w2

l
was

dwas

dsa
(6.100)

The weight force is described by Fg = mg, then the ratio between the inertia and
the gravitational force is:

Fi

Fg
¼ w2

gl
was

dwas

dsa
(6.101)

The ratio between forces Fi/Fg is proportional to w2/gl and its square root (w=
ffiffiffiffi

gl
p

)
is recognized as the Froude number. Its physical interpretation is the index of the
relative importance of the inertial forces acting on the fluid particles with respect
to the weight of these particles.
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6.7 Common Dimensionless Groups and Their Relationships

Now we consider the resistive force characterizing the movement of the particle
along the streamline expressed as the product between tensor sss and its normal
surface A (A = m/q.sd, where sd is the apparent height of the deformed particle)

Frs ¼ sssA ¼ g
dws

ds
m
rsd

(6.102)

Using the dimensionless velocity and streamline position, and completing these
values with the dimensionless height of the deformable particle sda = sd/l, Eq.
(6.102) can be written as:

Frs ¼
g

rl2
m
sda

dwas

dsa
(6.103)

Then, the ratio between the inertia and the resistive forces is:

Fi

Frs
¼ wlr

g

was

sda

dwas

dsa
¼ Re

was

sda

dwas

dsa
(6.104)

Here we can identify the Reynolds number (Re), which is a measure or an index
of the relative importance of the inertial and resistive (viscous) forces acting on
the fluid. If we write the general expression for the s direction rate of one property
when the transport is molecular and convective, we have:

~JJtAs ¼ �DCA
d~CCA

ds
þ ~wwSCA

we can obtain another physical interpretation for the Reynolds number, after par-
ticularizing the momentum transfer and replacing the corresponding terms
(DCA ¼ m ¼ g=r ; CA ¼ rws ,~JJtAs ¼~sstsy). This particularization gives:

~sstsy ¼ �g
d~wws

dy
þ ~wwsðrwsÞ (6.105)

Using the dimensionless velocity, we can write Eq. (6.106), which presents the
ratio between the right-hand side terms of Eq. (6.105).

wsðrwsÞ

g
dws

dy

¼ cwas
rwl
g
¼ cwas Re (6.106)

Equation (6.106) shows that the Reynolds number expresses the relationship be-
tween the momentum quantity supplied by the convection and the momentum
quantity supplied by the molecular movement. At the same time, because the con-
vective mechanism can be associated with the presence of the turbulence, we can
consider the following ratio:

Re ¼ Momentum quantity transferred by turbulent mechanism
Momentum quantity transferred by molecular mechanism
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Figure 6.6 Particle moving along a streamline.

The case of the Reynolds number discussed above shows that the physical inter-
pretation of one dimensionless group is not unique. Generally, the interpretation
of dimensionless groups used in the flow area in terms of different energies
involved in the process, can be obtained starting with the Bernoulli flow equation.
The relationship existing between the terms of this equation introduces one
dimensionless group.

6.6.2
The Dimensionless Relationship as Kinetic Interface Property Transfer Relationship

We begin this section by analyzing the case of free convection in an infinite medi-
um. The example chosen is shown in Fig. 6.7. A two-dimensional surface with
constant temperature tp transfers heat to the adjacent infinite media. As a result of the
temperature difference between the surface and the media, a natural convection flow
is induced. A dimensional analysis applied to this problem shows that:

Nu ¼ f ðGrtÞ

where the Nusselt number (Nu) and the Grashof number for thermal convection
(Grt) are given by:

Nu ¼ ad
k

; Grt ¼
gbtDtH3r2

g2
(6.107)

The goal of this analysis is to obtain a relationship describing the kinetics of the
heat transfer from the heated two-dimensional plate to the adjacent medium. This
relationship is one dimensionless pi group. Moreover, we can use this example as
a guide for the introduction of the relationships existing between dimensionless
groups such as the relationships for the property transfer kinetics. To write the
mathematical model for the problem of infinite medium natural heat convection,
we use the particularization of the property transport equations. The correspond-
ing equations were previously established in Chapter 3.
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t(x,y ) 

w x(x,y) 
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y 

Variables:

-Geometry: 

height of the heated plate H

-Material:

Fluid density ρ ,
Fluid viscosity η,

Fluid thermal conductivity λ,
Fluid thermal capacity cp.

tp

ta

q = α (tp-ta) 

-Internal dynamics : 

Specific ascension force ; gβt∆t

Heat transfer coefficient α

Figure 6.7 Heat transfer by natural convection from a plate to an infinite medium.

The momentum and energy transfer equation for the presented case may be
written as:

wx
¶wx

¶x
þ wy

¶wx

¶y
¼ t

¶2wx

¶y2
þ btgðt� t¥Þ (6.108)

wx
¶t
¶x
þ wy

¶t
¶y
¼ a

¶2t
¶y2

(6.109)

¶wx

¶x
þ
¶wy

¶y
¼ 0 (6.110)

where m = g/q is the kinematic viscosity and a = k/q cp is the thermal diffusivity of
the medium.

The boundary conditions attached to the problem are:

y = 0, 0 < x < H, wx = 0, wy = 0, t = tp (6.111)

y = ¥, 0 < x < H, wx = 0, t = t¥ (6.112)

x = 0, y = 0, wx = wy = 0, t = tp (6.113)

We can now introduce the following dimensionless notation:

Grx ¼
gbtðtp � t¥Þx3

t2
; n ¼ y

x
Grx

4

� �1=4

(6.114)
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6 Similitude, Dimensional Analysis and Modelling

where Grx is the local Grashof number and n is a combination of the cartesian
coordinate. Therefore, if we use the method of the stream function w for the trans-
formation of the original model, we can write:

w ¼ 4m
Grx

4

� �1=4

uðnÞ (6.115)

and then:

wx ¼
dw

dn

dn

dy
¼

gbtðtp � t¥Þ
4t2

� �

4tx1=2u¢ðnÞ (6.116)

wy ¼ �
dw

dn

dn

dx
¼ tx�1=4 gbtðtp � t¥Þ

4t2

� �1=4

½nu¢ðnÞ � 3uðnÞ� (6.117)

With these conditions, the equations of the original model can be written as:

u†ðnÞ þ 3uðnÞu¢ðnÞ � 2½u¢ðnÞ�2 þ hðnÞ ¼ 0 (6.118)

h†ðnÞ þ Pr uðnÞh¢ðnÞ ¼ 0 (6.119)

where hðnÞ ¼ tðnÞ � t¥
tp � t¥

is the dimensionless temperature and Pr represents the

Prandtl number.

The boundary conditions are now the following:

n ¼ 0 u ¼ u¢ ¼ 0 ; h ¼ 1 (6.120)

n ¼ ¥ u¢ ¼ 0 ; h ¼ 0 (6.121)

With the approximation of u†ð0Þ and h¢ð0Þ, the model represented by assembling
Eqs. (6.118)–(6.121) can be readily solved by an adequate numeric method. The
Prandtl number is, in this case, a parameter of numerical integration.

The heat transfer kinetics is represented by the heat flux produced and trans-
ferred by the plate.

q ¼ k
dt
dy

� �

y¼0

¼ axðtp � t¥Þ (6.122)

The preceding expression can also be written as:

Nux ¼
axx
k
¼

k
dt
dy

� �

y¼0

x

kðtp � t¥Þ
¼

x
dt
dy

� �

y¼0

ðtp � t¥Þ
(6.123)

When we introduce the combined variable n and the dimensionless temperature
h(n) into Eq. (6.123) we have:
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Nux ¼
x

dhðnÞ
dn

dn

dy
dt
dh

� �

n¼0

ðtp � t¥Þ
¼ �h¢ð0Þ Grx

4

� �1=4

(6.124)

and

Nu ¼ 1
H

R

H

0
Nuxdx ¼ �0:404hð0ÞGr1=4 (6.125)

The values used to calculate the temperature gradient and the velocity gradient
near the heated vertical plate are given in Table 6.1.

Table 6.1 Some values of the temperature and velocity gradients
at the surface in the case of natural convection heat transfer.

Pr = cpg/k 0.01 0.793 1 2 10 100 1000

–h¢(0) 0.0812 0.5080 0.5671 0.7165 1.1694 2.191 3.966

u†(0) 0.9862 0.6741 0.6421 0.5713 0.4192 0.2517 0.1450

When the heated medium is air (Pr » 0.793) Eq. (6.125) takes the value of 0.508
for –h¢(0), then we have:

Nu ¼ 0:205Gr1=4
t (6.126)

In the Nusselt and Grashof numbers, the height of the heated plate is the charac-
teristic length.

The example presented here allows these important conclusions:
. when we solve the transport property equation, we obtain a

dimensionless relationship which characterizes the kinetics of
the transfer for the property near the interface,

. the form of the obtained relationship can be simplified to a power
type dependence.

Now we will consider the case of a transferable property for the contact between
two phases. The transfer kinetics is characterized by the two transfer coefficients
of the property given by Eq. (3.15). If we analyze the transport process with refer-
ence only to one phase, then we can write:

kC ¼
�DC

dC

dx

� �

x¼xi

ðC¥ � Cii
Þ (6.127)

where the index of the phase definition has been omitted and index i indicates the
interface position. If the preceding relationship is multiplied by the ratio between
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the characteristic length and the diffusion coefficient of the property (l/Dc), the
relationship becomes:

kCl
DC

¼

dC

dðx=lÞ

� �

x¼xi

ðCi � C¥i
Þ (6.128)

This equation can also be written as:

NuC ¼
dCa

dxa

� �

xa¼xai

(6.129)

where Ca is the concentration of the dimensionless property and xa represents the
dimensionless transport coordinate. NuC is used here as a generalized Nusselt
number and gives the transport kinetics for any kind of property (heat, species,
etc.). The dimensionless groups’ relationship that is able to explain the property
gradient near the interface, in terms of other dimensionless groups characterizing
the process, can be obtained from Eq. (6.129) if we consider that the interface is a
plane given by the equation x = xi. For this separated phase (for example, the left
side of the interface), the flow is considered as two-dimensional with a normal
and parallel direction with respect to the interface. We consider that the steady
state flow and the participating natural convection are not excluded. The consid-
ered flow is similar to that shown in Fig. 6.6. The continuity of x and y could be
written using the Navier–Stokes equations:

¶wx

¶x
þ
¶wy

¶y
¼ 0 (6.130)

wx
¶wx

¶x
þ wy

¶wx

¶y
¼ 1

r
¶p
¶x
þ t

¶2wx

¶x2
þ ¶2wx

¶y2

 !

(6.131)

wx

¶wy

¶x
þ wy

¶wy

¶y
¼ gybCDCþ 1

r
¶p
¶y
þ t

¶2wy

¶x2
þ
¶2wy

¶y2

 !

(6.132)

The flow equations are completed with the corresponding boundary conditions,
which, for example, show:
. a maximum velocity at the interface coupled with a constant pres-

sure:

x ¼ xi ; �yv £ y £ yv ; wx ¼ 0 ;
dwy

dx
¼ 0 ; p ¼ pi (6.133)

. the absence of the velocity component for planes y = yv and y = –yv

(normal planes at the interface) coupled with the linear pressure
state:

0£ x £ xi ; y ¼ �yv ; y ¼ yv ; wx ¼ wy ¼ 0 ; p ¼ pi þ rgðxi � xÞ (6.134)
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. a particular velocity state for plane x = 0:

x ¼ 0 ; �yv £ y £ yv ; wy ¼ f ðyÞ ; wx ¼ 0 (6.135)

The convective-diffusion equation characterizes the transport of the property for
the fluid placed on the left of the interface. Here, the property participates in a
reaction process, which is described by simple kinetics. Then, the particulariza-
tion of the convective property transport equation becomes:

wx
¶C

¶x
þ wy

¶C

¶y
¼ DC

¶2
C

¶x2
þ ¶2

C

¶y2

 !

� krCC (6.136)

The first boundary condition for the convective-diffusion equation shows that, at
the interface, the property flux is written using the transfer property coefficient:

x ¼ xi ; �yv £ y £ yv ; kCðCi � C0Þ ¼ DC

dC

dx
(6.137)

If, for the second boundary condition, we consider a constant concentration (C0)
of the property at plane x = 0, we can write:

x ¼ 0 ; �yv £ y £ yv ; C ¼ C0 (6.138)

The third boundary condition considers that planes ys = s–yv and ys = syv are
impermeable to the transferred property:

0£ x £ xi ; y ¼ �yv; y ¼ yv ;
dC

dy
¼ 0 (6.139)

The equations described above could be written in a dimensionless form taking
into account different dimensionless parameters. They include a geometrical
dimension such as the dimensionless coordinates xa = x/l and ya = y/l; the dimen-
sionless velocity, the pressure and property concentration:

wa
x ¼

wx

w
; wa

y ¼
wy

w
; pa ¼

p
Dp

; Ca ¼
C� C0

Ci � C0
(6.140)

where w is a stable, real or computed velocity, characteristic of the system and Dp
is the differential pressure (p0 – pi). With these dimensionless definitions, the ba-
sic model equations become:

¶wa
x

¶xa
þ
¶wa

y

¶ya
¼ 0 (6.141)

w2

l
wa

x
¶wa

x

¶xa
þ w2

l
wa

y
¶wa

x

¶y
¼ Dp

rl
¶pa

¶xa
þ tw

l2
¶2wa

x

¶x2
a
þ ¶2wa

x

¶y2
a

 !

(6.142)

w2

l
wa

x

¶wa
y

¶xa
þ w2

l
wa

y

¶wa
y

¶ya
¼ gybCDCþ Dp

rl
¶pa

¶y
þ tw

l2
¶2wa

y

¶x2
a
þ
¶2wa

y

¶y2
a

 !

(6.143)
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wðCi � C0Þ
l

wa
x
¶Ca

¶xa
þ wðCi � C0Þ

l
wa

y
¶Ca

¶ya
¼

DCðCi � C0Þ
l2

¶2
Ca

¶x2
a
þ ¶2

Ca

¶y2
a

 !

� krC½C0 þ CaðCi � C0Þ�
(6.144)

If we multiply Eqs. (6.142) and (6.143) by
l2

tw
and Eq. (6.144) by

l2

DCðCi � C0Þ
, we

obtain the new forms of this set of equations. These are dimensionless and conse-
quently include coefficients, which are dimensionless groups or combinations of
the dimensionless groups. Assembling Eqs. (6.145) and (6.154) shows the initial
model in its dimensionless form:

¶wa
x

¶xa
þ
¶wa

y

¶ya
¼ 0 (6.145)

Re wa
x
¶wa

x

¶xa
þ wa

y
¶wa

x

¶y

� �

¼ Eu:Re:
¶pa

¶xa
þ ¶2wa

x

¶x2
a
þ ¶2wa

x

¶y2
a

 !

(6.146)

Re wa
x

¶wa
y

¶xa
þ wa

y

¶wa
y

¶ya

� �

¼ GrC Re�1 þ Eu:Re:
¶pa

¶y
þ

¶2wa
y

¶x2
a
þ
¶2wa

y

¶y2
a

 !

(6.147)

Re:PrC wa
x
¶Ca

¶xa
þ wa

y
¶Ca

¶ya

� �

¼ ¶2
Ca

¶x2
a
þ ¶2

Ca

¶y2
a

 !

� ForCCa (6.148)

xa ¼ xa
i ; �ya

v £ ya £ ya
v ; wa

x ¼ 0 ;
dwa

y

dxa
¼ 0 ; p ¼ pa

i (6.149)

0£ xa £ xa
i ; ya ¼ �ya

v ; ya ¼ ya
v ; wa

x ¼ wa
y ¼ 0 ; pa ¼ pa

i þ rgðxa
i � xaÞ:l=Dp (6.150)

xa ¼ 0 ; �ya
v £ ya £ ya

v ; wa
y ¼ f ðyaÞ ; wa

x ¼ 0 (6.151)

xa ¼ xa
i ; �ya

v £ ya £ ya
v ; NuC ¼

dCa

dxa
(6.152)

xa ¼ 0 ; �ya
v £ ya £ ya

v ; Ca ¼ 0 (6.153)

0£ xa £ xa
i ; ya ¼ �ya

v; ya ¼ ya
v ;

dCa

dya
¼ 0 (6.154)

The formal solution for this complete dimensionless model can be obtained when
the flow equations can be resolved separately. Then we obtain:

wa
x ¼ f ðEu; Re;GrC; xa; yaÞ (6.155)
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wa
y ¼ gðEu; Re;GrC; xa; yaÞ (6.156)

where f and g define any particular function.
The solution for the concentration state of the transferable property can be writ-

ten as:

Ca ¼ hðRe;PrC; ForC;wa
x;wa

y; xa; yaÞ (6.157)

The substitution of Eqs. (6.155) and (6.156) into Eq. (6.157) gives a new form to
the concentration state of the transferable property:

Ca ¼ FðEu;GrC; Re;PrC;ForC; xa; yaÞ (6.158)

Using this last relationship, we can now appreciate the value of the concentration
dimensionless gradient of the transferable property near the interface. Then, the
result is:

dCa

dxa

� �

xa¼xi
a

¼ GðEu;GrC; Re;Pr
C
; ForC; ix; iyÞ (6.159)

where G is the F function derivative and ix and iy are the geometric simplex (ratio
between the interface coordinates and the characteristic geometrical length).

The combination of Eqs. (6.130) and (6.159) gives a relationship between the
general dimensionless groups characterizing the interface kinetic transfer of one
property:

NuC ¼ GðEu;GrC; Re;PrC;ForC; ix; iyÞ (6.160)

We can conclude that the transfer intensity is determined by pressure (introduced
by the Euler number (Eu)) as well as by natural convection (expressed by the non-
particularized Grashof number (GrC)), by controlled convection (given by the Rey-
nolds number (Re)), by chemical reaction (expressed by the reaction Fourier num-
ber (ForC)), by the transport properties of the medium (assigned by the Prandtl
number (PrC)) and finally by the geometry of the system (shown by the geometri-
cal simplex ix, iy). Moreover, some of these actions are over represented because
they cannot be used together. For example, the pressure action produces a con-
trolled flow, which is characterized by the Reynolds number. However, in Eq.
(6.160), the Euler number is not an independent parameter and can consequently
be eliminated. Another example shows that, in the case of an important convec-
tive action (turbulent flow), the effect of the natural convection can be neglected.
The same consideration shows that, in the cases of pure natural convection flow,
the Reynolds number is not important. Finally, in the case of gas transfer at mod-
erate pressures and temperatures, the generalized Prandtl number presents a con-
stant value and, consequently, its influence in the kinetic relationship is not
important.

503



6 Similitude, Dimensional Analysis and Modelling

Table 6.2 sums up these considerations in the case of transfer with no chemical
reaction. We observe, for example, that the geometry of the system, the Reynolds
number and the generalized Prandtl number, determine the intensity of the prop-
erty transfer in a liquid medium with a turbulent flow.

Table 6.2 Relationships of the kinetic transfer dimensionless groups.

Fluid Type of flow Particularization of
Eq. (6.160)

Particularization of
heat transfer

Particularization of
mass transfer

Liquid natural
convection

NuC ¼ GðGrC;PrC; ix; iyÞ Nu ¼ GðGrt;Pr; ix; iyÞ Sh ¼ GðGrd;Sc; ix; iyÞ

forced
convection

NuC ¼ GðRe;PrC; ix; iyÞ Nu ¼ GðGrt;Pr; ix; iyÞ Sh ¼ GðRe;Sc; ix; iyÞ

Gas natural
convection

NuC ¼ GðGrC; ix; iyÞ Nu ¼ GðGrt; ix; iyÞ Sh ¼ GðGrd; ix; iyÞ

forced
convection

NuC ¼ GðRe; ix; iyÞ Nu ¼ GðRe; ix; iyÞ Sh ¼ GðRe; ix; iyÞ

It is important to note that the classification presented above is not unique.
Indeed, each particular case has its G function. For example, when a chemical
reaction occurs, the generalized Fourier number (ForC) and its particularization
for heat and mass transfer can be introduced as a G function argument.

6.6.3
Physical Interpretation of the Nu, Pr, Sh and Sc Numbers

This section will present one of the possible physical interpretations of these
important dimensionless numbers. First, to show the meaning of Nusselt num-
ber, we consider the heat transfer flux in the x direction in the case of a pure mo-
lecular mechanism compared with the heat transfer characterizing the process
when convection is important. The corresponding fluxes are then written as:

qm ¼ �k
dt
dx

� �

x¼xi

(6.161)

qc ¼ aðti � t¥Þ (6.162)

where a, k and t have been defined above (for instance, see Fig. 6.7). Index i indi-
cates the position of the interface. By analogy with the model already used to
determine the significance of the Reynolds number, we calculate the ratio be-
tween both heat fluxes which is represented by the following relationship:
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qc

qm
¼ al

k

ðt¥ � tiÞ
dt

dðx=lÞ

� �

x¼xi

¼ Nu
dta

dxa

� �

xa¼xa
i

(6.163)

The result shows that the physical significance of the Nusselt number is:

Nu ¼ quantity of heat transferred by the convective mechanism
quantity of heat transferred by the molecular mechanism

As for the Prandtl number, we consider the heat transfer flux which can be writ-
ten with the use of the fluid enthalpy (Eq. (6.164)) and the molecular momentum
flux given by Eq. (6.165):

qm ¼ �
k

rcp

dðrcpt

dx

� �

x¼xi

(6.164)

smyx ¼ �
g

r

dðrwyÞ
dx

� �

x¼xi

(6.165)

The ratio between both fluxes shows that the Prandtl number is an index giving
the relative quantity of the momentum transported by the molecular mechanism
and of the heat transported by the same mechanism at the interface:

smxy

qm
¼

cpg

k

dðrwyÞ
dðrcpt

 !

x¼xi

¼ Pr
dðrwyÞ
dðrcpt

 !

x¼xi

(6.166)

As for the significance of the Sherwood number, the following mass transfer
fluxes for species A are used:
. the flux of component A transported to the interface by pure dif-

fusion (molecular mechanism):

NAm ¼ DA
dðrxAÞ

dx

� �

x¼xi

(6.167)

. the flux of component A transported to the interface by natural
and provoked/induced/forced convection;

NAc ¼ kc ðrxaÞi � ðrxAÞ¥
� 	

(6.168)

The ratio between both fluxes shows that the Sherwood number can be considered
as an index of the relative participation of the convective and molecular mecha-
nisms to the transport process.

The next relationship gives the mathematical form of this physical interpreta-
tion:

NAc

NAm
¼

kc ðrxAÞi � ðrxAÞ¥
� 	

DA
dðrxAÞ

dx

� �

x¼xi

¼ kcl
DA

ðrxAÞi � ðrxAÞ¥
� 	

dðrxAÞ
dðx=lÞ

� �

x¼xi

¼ Sh
1

dxa
A

dxa

� �

xa¼xa
i

(6.169)
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Sh ¼ Quantity of the species A transported to the interface by convective mechanism
Quantity of the species A transported to the interface by molecular mechanism

The Schmidt number is the mass transfer analogue of the Prandtl number.
Indeed, by analogy, we can note that the Schmidt number is a measure character-
izing the ratio between the quantity of the momentum transported to the interface
by the molecular mechanism and the quantity of species A transported to the
interface by the same mechanism. Equation (6.171) shows this statement:

smxy

NAm
¼ g

rD

dðrwyÞ
dðrxA

� �

x¼xi

¼ Sc
dðwyÞ
dðxAÞ

� �

x¼xi

(6.170)

6.6.4
Dimensionless Groups for Interactive Processes

When a process is produced under the divergent or convergent action of two dif-
ferent forces, the ratio between them represents a dimensionless number. The
heat and mass transfer enhanced by the supplementary action of a pulsating field
(vibration of apparatus, pulsation of one (or two) phase flow(s), ultrasound action
etc.) has been experimented and applied in some cases [6.25–6.27]. Then, the new

dimensionless number Ix ¼
g

x2A
has to be added to the list of dimensionless

groups presented above in this chapter.

As an example of an interactive process, we can mention the rapid drying of a
porous material when heat and mass transport occur simultaneously. This case
corresponds to very intensive drying such as high frequency or conductive drying.
In this case, a rapid transfer of humidity from the liquid to the vapour state, asso-
ciated with local change in pressure, induces a rapid vapour flow in the porous
structure. To establish the equations of water transport, we assume that the gradi-
ent is established from the material matrix to the outside. It results in additional
moisture and heat transfer induced by the hydrodynamic (filtration) motion of liq-
uid and vapours. The total pressure gradient within the material appears as the
result of evaporation and of the resistance of the porous skeleton during vapour
motion. The air from the adjacent medium flows by molecular and slip diffusion
in the capillarity of the system.

In the case of a high-rate heat- and mass-transfer process, heat and mass flows
are not described by the classical Onsager equations (as, for instance, in Eq.
(3.12)):

~jjk ¼
P

i
Lki
~XXi (6.171)

but by the following generalized equation:

~jjk ¼
P

i
Lki
~XXiþ LðrÞk

¶~jjk
¶s

(6.172)
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for example, the Fourier heat-conduction equation~qqm ¼ �k~��t will be replaced by:

~jjq ¼~qq ¼ k~��t� srq
¶~qq
¶s

(6.173)

Equation (6.173) is valid only for one-dimensional problems. For a multidimen-
sional study, it can be used as an approximation where the relaxation period of the
thermal stress srq is defined as one experimental constant. A similar relationship

is used for moisture diffusion. The term LðrÞk

¶~jjk
¶s

corresponds to the finite propaga-

tion velocity of a certain substance. The stress relaxation period srk of substance k
(mass, heat, etc.) is defined by:

srk ¼
Dk

v2
k

(6.174)

where vk is the finite propagation velocity and Dk the diffusivity of substance k.
From Eq. (6.172), we can now describe the flux of property with the local Ck con-
centration as:

~jjtk ¼
P

n

i¼1
DCkl~nni

~��Ckl

� �

þ ~ww�~CCk � srk
¶~jjk
¶s

(6.175)

When we particularize this relationship for the mass transport of the humidity
into a porous medium (~ww ¼ 0, because there is no microscopic displacement), we
can observe the superposition of the thermo-diffusion and of the diffusive filtra-
tion (where p is the humidity flowing by filtration) over the pure diffusion pro-
cess:

~JJtu ¼ Dm
~��uþ Dmd~��tþ Dmdp

~��p (6.176)

Based on Eq. (6.176), we obtain the next particularization for the general conserva-
tion relationship (see, for instance, Eq. (3.6)), which was established in Chapter 3:

srk
¶2

Ck

¶s2
þ ¶Ck

¶s
þ ~ww�~CCk

� �

¼ div
X

n

i¼1

Lkl~nni
~��Ckl

 !

þ jvk (6.177)

It is not difficult to particularize this relationship for the three simultaneous pro-
cesses occurring in the porous medium. The result is the Luikov [6.28] complete
relationships:

sru
¶2u
¶s2
þ ¶u

¶s
¼ K11�

2uþ K12�
2tþ K13�

2p (6.178)

srq
¶2t
¶s2
þ ¶t
¶s
¼ K21�

2uþ K22�
2tþ K23�

2p (6.179)

srp
¶2p
¶s2
þ ¶p

¶s
¼ K31�

2uþ K32�
2tþ K33�

2p (6.180)
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where the coefficients Kij (i, j = 1,2,3) correspond to:

K11 ¼ Dm , K12 ¼ Dmd ¼ ðDt
m1 þ Dt

m2Þ, K13 ¼ Dmdp ¼ kp=r0 (6.181)

K21 ¼ Dm
re
c

, K22 ¼ a, K32 ¼ Dm

erdp

c
(6.182)

K31 ¼ �Dm
e

cph
, K32 ¼ �Dm

ed

cph
, K33 ¼ Dp � Dm

edp

cph
(6.183)

where kp is the filtration moisture-coefficient defined by the equation

~JJp ¼ �kp
~��p; dp is the dimensionless filtration moisture flow, dp ¼ kp=Dmr0; ap is

the convective filtration diffusion coefficient, ap ¼
kp

cphr0
; cph is the coefficient of

humid air capacity in a porous material defined by the relationship
dðu1 þ u2Þ ¼ cphdp; u1 is the material moisture in the vapour state, u2 is the
moisture in the liquid state; e is the dimensionless fraction defined by

e ¼ Dm1

Dm1 þ Dm2
¼ Dm1

Dm
; a is the thermal diffusivity, and Dt

m1 and Dt
m2 are respec-

tively the thermo-diffusion coefficients of vapour and liquid humidity.

Taking into account the above description, the mass transfer similarity num-
bers, which characterize this process, can be formulated. The following similarity
numbers can then be formulated from the differential moisture transfer equa-
tions ((6.178) – (6.183)):

1. The homochronism of the transfer numbers of the field
potential referred to as Fourier numbers:

Foq ¼
as

l2
, Fom ¼

Dms

l2
, Fop ¼

aps

l2
(6.184)

These dimensionless groups are related by the criteria Lu
and Lup (drying Luikov dimensionless groups).

2. The mass transfer relaxation Fourier number:

Form ¼
Dmsrm

l2
(6.185)

It is then important to specify that this number is formed by
known magnitudes. The relaxation period of mass stress is
about 104 times the thermal stress relaxation. The Fourier
mass transfer number is, therefore, many times greater than
the Fourier heat transfer relaxation number: Forq ¼ asrq=l2.

3. The diffusion moisture-transfer number, with respect to the
heat diffusion or the moisture- flow diffusion number (dry-
ing Luikov number [6.23, 6.28]):
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Lu ¼ Dm

a
, Lup ¼

Dp

a
(6.186)

The Lu number is the ratio between the mass diffusion co-
efficient and the heat diffusion coefficient. It can be inter-
preted as the ratio between the propagation velocity of the
iso-concentration surface and the isothermal surface. In
other words, it characterizes the inertia of the temperature
field inertia, with respect to the moisture content field (the
heat and moisture transfers inertia number). The Lup diffu-
sive filtration number is the ratio between the diffusive filtra-
tion field potential (internal pressure field potential) and the
temperature field propagation.

For some moist materials, the Lu number increases with
the moisture content following a slow linear dependence.
From Eq. (6.184), we can appreciate that, for Lu>1, the prop-
agation velocity of the mass transfer potential is greater than
the propagation velocity of the temperature field potential.
The value of the diffusive filtration number of moisture Lup

is normally much higher than one. The total internal pres-
sure relaxation of the vapour–gas mixture in a capillary po-
rous body is 2–3 orders of magnitude higher than the relaxa-
tion of the temperature field. The relationships between Fou-
rier numbers may be expressed in terms of Lu and Lup:

Fom ¼ FoqLu, Fop ¼ FoqLup (6.187)

4. The Kossovich (Ko) and Posnov (Pn and Pnp) numbers
[(6.23), (6.28)] defined by Eqs. (6.188)–(6.190) are obtained
from the drying model (Eqs. (6.178)–(6.183) completed with
specific initial and boundary conditions). Moreover, they are
converted into a dimensionless form by applying the pi theo-
rem:

Ko ¼ rDu
cqDt

(6.188)

Pn ¼ dDt
Du
¼ Dt

mr0Dt
r0DmDu

(6.189)

Pnp ¼
dpDp

Du
¼

kpDp

r0DmDu
(6.190)

The Ko number shows the relationship between the heat
consumed by the liquid evaporation (rDu) and the heating of
the moist body (cqDt). The Pn number is an index of the
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ratio between the quantity of the humidity transported by
the thermal-diffusive mechanism and the pure diffusive
mechanism. A similar consideration can be advanced with
respect to the Pnp number.

5. Using the property of the dimensionless groups which show
that a mathematical combination of such groups gives a
dimensionless group, we introduce the Feodorov number
(Fe) [6.23, 6.28] which is as a dimensionless number describ-
ing the drying process of a porous material:

Fe ¼ eKoPn ¼ edr
cq

(6.191)

This number is independent of the heat and mass transfer
potentials because it is defined by coefficients e, d, r and cq

(the last two are, respectively, the vaporization latent heat of
moisture and the specific heat capacity of the moist body).

6. The Rebinder (Rb) number is formulated using the method-
ology described above in item 5. This dimensionless number
is given as the ratio between the dimensionless temperature
coefficient of drying and the Kossovich number:

Rb ¼ B
Ko
¼

b
Du
Dt

rDu
cqDt

¼
cqb

r
(6.192)

As in the case of the Fedorov number, the Rebinder number
is independent of the choice of the heat and mass transfer
potentials. This number is part of the fundamental heat bal-
ance of the drying process. Unlike the Pn number, the tem-
perature-drying coefficient describes the changes occurring
in the integral mean temperature (t) and in the mean mois-
ture content (u). In other words, it relates the kinetic proper-
ties of integral heat with moisture transfer properties,
whereas, the Pn number is concerned with local changes in
u and t.

7. The Biot numbers of heat and mass transfer could be
obtained from the boundary conditions of a third kind:
. the heat transfer Biot number:

Biq ¼

aex

rexcpex
l

a
@

aexl
km

(6.193)

. the mass transfer Biot number:

Bim ¼
kcexl
Dm

(6.194)
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Considering these Biot numbers, we can observe that they
are similar to the Nusselt and Sherwood numbers. The only
difference between these dimensionless numbers is the
transfer coefficient property characterizing the Biot num-
bers’ transfer kinetics for the external phase (aex: heat trans-
fer coefficient for the external phase, kcex: mass transfer coef-
ficient for the external phase). We can conclude that the Biot
number is an index of the transfer resistances of the contact-
ing phases.

When the boundary conditions of the third kind cannot be
established for heat (qintðsÞ) and mass flux (NAintðsÞ) flows,
then Biq and Bim are substituted by two Kirpichev ( Ki) [6.23,
6.28] numbers:

Kiq ¼
qintðsÞl
koDt

, Kim ¼
NAintðsÞl
DmDu

(6.195)

If fluxes qintðsÞ and NAintðsÞ are defined by the Newton laws,
these numbers (Bi and Ki) are related by simple equations:

Kiq ¼ Biq
tc � tint

Dt
, Kim ¼ Bim

uc � tint

Du
(6.196)

where indexes c and int indicate the central and interface
position of the moist body. Quantities Dt, Du and Dp, appear-
ing in the heat and mass transfer similarity numbers, are
chosen taking the conditions of the problem into account.

The problem here discussed can be considered as an example, which can be gen-
eralized when the different elementary processes interact. At the same time, it
shows the large potentialities of the chemical engineering methodologies in defin-
ing and using dimensionless groups for process characterization. All newly intro-
duced dimensionless groups can also be obtained through an adequate dimen-
sional analysis using the pi theorem procedure described earlier in this chapter.

6.6.5
Common Dimensionless Groups in Chemical Engineering

It is not easy to produce a basic list of the dimensionless groups frequently uti-
lized in chemical engineering problems. This is due to the very large number of
dimensionless groups that characterize the totality of chemical engineering pro-
cesses. Table 6.3 gives a list of variables, which are commonly encountered in this
type of analysis. Obviously, the list is not exhaustive but indicates a broad range of
variables typically found in chemical engineering problems. Moreover, we can
combine these variables with some of the common dimensionless groups given
in Table 6.4.
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6 Similitude, Dimensional Analysis and Modelling

Table 6.3 Some common variables typically used in chemical engineering.

Symbol Definition

l characteristic length

bd concentration convection coefficient

q density

D diffusion coefficient

DHr enthalpy of reaction

g gravity acceleration

heat transfer coefficient

kc mass transfer coefficient

x oscillation frequency

p,Dp pressure or pressure difference

kr reaction kinetics constant

c speed of sound

r surface tension

cp or cv thermal capacity

k thermal conductivity

bt thermal convection coefficient

w velocity

g viscosity

R universal constant of gases
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Table 6.4 Some dimensionless groups typically used in chemical engineering.

Name and
symbol

Definition
formula

Physical interpretation Type of application

Reynolds
number
Re

wlr
g

momentum quantity transfered by turbulent mechanism
momentum quantity transferd by molecular mechanism

all types of momentum,
heat and mass transfer
with forced convection

Froude
number
Fr

w
ffiffiffiffi

gl
p

inertia force
gravitational force

flow with a free surface,
pipe and packed bed
two phase flow

Euler
number
Eu

Dp
rw2

energy involved by the surface forces
energy involved by the inertia forces

problems in which
pressure or pressure dif-
ferences are of interest
(jets from nozzles,
injectors etc.)
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Name and
symbol

Definition
formula

Physical interpretation Type of application

Mach
number
Ma

w
c

inertia force
compressibility force

flow in which the com-
pressibility of the fluid
is important

Strouhal
number
St

xl
w

local inertia force
global inertia force

rotational steady and
unsteady flow

Weber
number
We

rw2l
r

energy involved by the inertia forces
energy involved by the surface tension forces

problems in which sur-
face tension is impor-
tant (bubbles, drops and
particles)

Archi-
medes
number
Ar

gl3rDr
g2

archimedian force
viscous force

flow of the particles,
drops and bubbles in
liquid and gaseous me-
dia, fluidized and
spurted bed

Grashof
thermal
number
Grt

gl3btDtr2

g2

thermal convection force
viscous force

flow and heat transfer
by natural thermal con-
vection

Grashof
diffusion
number
Grt

gl3bdDCr2

g2

concentration convection forces
viscous forces

flow and mass transfer
by natural convection

Nusselt
number
Nu

al
k

quantity of the heat transfered by convection
quantity of heat transfered by the molecular mechanism

all heat transfer prob-
lems

Prandtl
number
Pr

cpg

k

momentum quantity transfered by molecular mechanism
heat quantity transfered by molecular mechanism

all heat transfer prob-
lems in forced convec-
tion

Biot
number
Bi

d=k

1=a

conductive resistance media
convective resistance media

all heat transfer prob-
lems with interface flux
condition

Fourier
reaction
number
For

krl2

D2

quantity of species consumed by reaction
quantity of species transported by molecular mechanism

mass transfer problems
with chemical reaction

Schmidt
number
Sc

g

rD
momentum quantity transfered by molecular mechanism

species quantity transfered by molecular mechanism

all mass transfer prob-
lems with forced convec-
tion

Sherwood
number
Sh

kcl
D

species quantity transported by convective mechanism
species quantity transported by molecular mechanism

all mass transfer prob-
lems
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Some additional details or commentaries about these important dimensionless
groups are discussed in the next sections.

Reynolds Number (Re)
This dimensionless number is undoubtedly the most famous parameter in chemi-
cal engineering and fluid mechanics. It was named after Osborne Reynolds
(1842–1912), a British engineer, who, with his famous experiment called the “Rey-
nolds experiment” (1892) showed for the first time that this combination of vari-
ables could be used as a criterion to characterize laminar and turbulent flows. The
Reynolds number is the measure of the ratio between the inertia and the viscous
forces of a fluid element. The flow occurring in different systems such as mono-
phase, two-phase and three-phase flows in a packed bed, two-phase and three-
phase flows in trays can also be characterized by different Reynolds numbers.
In addition, in chemical engineering, all the kinetic relationships, where
forced convection is present (see for instance Table 6.2), can be described accord-
ing to the Reynolds number. For example, the general kinetic relationship
NuC ¼ GðRe;PrC; ix; iyÞ will show a particular form of the function G for a lami-
nar flow and another particular form of the same function when turbulent flow
occurs. The small values of the Reynolds number indicate that the viscous forces
are dominant in the system and that we can consequently eliminate the participa-
tion of the forced convective mechanism in the flux property equation. It results
in simplified forms of the equations related to flow field and to property field. In
some cases, this type of simplification allows an analytical solution. Another
example can be shown in the case of flow occurring over an immersed body
(packed bed, sedimentation, etc.). In this example, for very large Reynolds num-
bers, inertial effects predominate over viscous effects and it may be possible to
neglect the effect of viscosity and consider the problem as if it involved a ’non-vis-
cous’ fluid. In this case the Navier–Stokes equations can easily be reduced to the
Euler equations for flow.

Froude Number (Fr)
The Froude number is named after William Froude (1810–1879), a British civil
engineer, mathematician, and naval expert who pioneered the use of towing tanks
of ship design. In some scientific papers the Froude number is defined as the
square of the mathematical equation considered here, (for instance, see Table
6.8). This dimensionless number shows the importance of the gravitational force
in some chemical engineering processes. This is typically the case for natural con-
vection and surface flows. Figure 6.8 shows two examples of chemical engineering
processes, which are used to separate or put into contact two different phase
fluids. In case A, where a two-phase flow occurs in a contacting tray device, the
Froude number is used to characterize the hydrodynamics and stability of the
flow, whereas, in case B, where we have a co-current two-phase pipe flow, it
defines the different states of the flow.
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 increase Frg number 

gas and liquid

gas and liquid 

A B

1 2 3 4

gas

gas
liquid

liquid 

Figure 6.8 Two specific chemical engineering processes where the Fr number
is applied. A: device with trays for contacting two phases; B: two-phase pipe flow
in co-current configuration. 1: bubble flow; 2: aggregated flow; 3: plug flow;
4: annular flow.

Euler Number (Eu)
The Froude number described above is frequently used for the description
of radial and axial flows in liquid media when the pressure difference along a mix-
ing device is important. When cavitation problems are present, the dimensionless
group ðpr � pvÞ=rw2 – called the Euler number – is commonly used. Here pv is
the liquid vapour saturation pressure and pr is a reference pressure. This number
is named after the Swiss mathematician Leonhard Euler (1707–1783) who per-
formed the pioneering work showing the relationship between pressure and flow
(basic static fluid equations and ideal fluid flow equations, which are recognized
as Euler equations).

Mach Number (Ma)
The Austrian physicist E. Mach (1838–1916) is the recognized founder of this
dimensionless group. This number is not very useful for most of the chemical
engineering flow problems because it considers that the flowing fluid density is
not affected by the field flow. In chemical engineering processes the Mach num-
ber takes values lower than 0.3. This means that this type of process is placed on
the boundary between flows without and with compressibility effects. However, in
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some cases where the sound field has been introduced as the active factor to
enhance a specific unit operation (for example absorption) characterization using
this number could be useful. This number is the more commonly used parameter
in the fields of gas dynamics and aerodynamics.

Strouhal Number (St)
This number is used to characterize the stationary and unsteady oscillatory flow
when the oscillatory field frequency presents a significant value. This type of flow
can be generated for example, when a fluid is transported by piston pumps. In
this case, the frequency flow parameters could be described by a combination of
Strouhal number and Reynolds number:

Ff ¼ St:Re ¼ rxl2

g

A second example can be generated when an intensive flow over a body produces
closed field lines (called a vortex) at variable distances. This effect was observed by
Strouhal (1850–1912) when some flow of air over wires produced a song. The
Strouhal’s �singing wires’ give the measure of the frequency that characterizes the
vortex flow. This type of flow has been used to produce the so-called grid turbu-
lence, which has various applications in the forced cooling of electronic devices
[6.29].

Weber Number (We)
The Weber number is used when the surface tension forces acting on a fluid ele-
ment are important. The Weber number for this special flow case is introduced by
applying the pi theorem particularized to mixing in a liquid medium. In this case,
it characterizes the ratio between the surface forces along the paddle that retain
the flowing fluid element and the inertial forces that displace the flowing fluid
element. This dimensionless number may be useful for the characterization of
thin film flow and for the formation and breaking of droplets and bubbles. How-
ever, not all the problems involving a flow with an interface will require the inclu-
sion of the surface tension.

When surface tension differences appear or are produced between some points
or some small regions of an interface, the flow produced is called the Marangoni
flow or flow with Marangoni effect. The Marangoni number, used to characterize
the flow shown on Fig. 6.9, is a combination of the Reynolds number, the Weber
number and the Schmidt number:

Mn ¼ ReaWebScc

if we make the assumption that the Mn number is dimensionless we obtain

a = 2, b = –1, c = 1

Then the Marangoni number could be written as:
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Mn ¼ Dr l
rD

where Dr will be ¶r=¶t � Dt when the Marangoni flow is caused by a temperature
gradient or where Dr will be ¶r=¶c � Dc when it is produced by the concentration
gradient.

ll 

l

y 

x

∆σσσσ

low σσσσ liquid (fine drops)

interface surface 

Figure 6.9 Flow and surface forces produced by surface tension gradients (Dr).

Grashof Numbers (Grt, Grd)
These two numbers (diffusion Grashof number and thermal Grashof number) are
used to characterize the natural convection produced by a thermal or concentra-
tion gradient. At moderate temperature or concentration gradient values, the nat-
ural convection flow keeps the properties of a laminar flow. However, higher gra-
dient values of temperature and/or concentration can be caused by a turbulent
natural convection flow. All the flows associated with heat and mass transfer pro-
cesses, which occur without an important external action, are characterized with
the Grashof number. Grashof numbers are also used in meteorology. Grashof
numbers and the Froude number are the most used dimensionless groups that
include gravitational acceleration as a physical parameter.

Nusselt Number (Nu)
This number is the main dimensionless group for heat transfer problems. With
the partial heat transfer coefficient as physical parameter, it characterizes the
kinetics of interface heat transfer. Unfortunately we cannot generally appreciate
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the intensity of the heat transfer from the Nu number values because, in some
cases, the intensity of the heat transfer process is not directly related to the Nu
value. For example, the Nusselt number computed for liquid boiling, which is a
very intensive heat transfer operation, can be lower than the Nusselt number com-
puted for heat transfer from a heating device to adjacent media. This is caused by
the differences between the characteristic lengths. Table 6.2 shows that the Nus-
selt number is coupled with other dimensionless groups by various relationships.
Different ways are used in chemical engineering to particularize these relation-
ships: the analytical and numerical solution of the equations of heat and mass
transfer at steady state, particularized for a system of simple geometry; the parti-
cularizations of the boundary layer theory for a heat transfer case; the particulari-
zation of the transfer analogies for an actual heat transfer case and finally the
experimental data correlation.

Prandtl Number (Pr)
The significance of the Prandtl number has been given earlier in this chapter.
Another meaning is given by the boundary layer heat transfer theory and it shows
that we can consider the Prandtl number as a relationship between the heat
boundary layer and the hydrodynamics boundary layer associated in a concrete
case.

We should also note that the boundary layer is the region where the solid inter-
acts mechanically and thermally with the surrounding flow. A practical spin-off of
Prandtl’s recognition of the boundary layer is the understanding of the mecha-
nisms of skin friction and heat transfer. This number is named after Ludwig
Prandtl (1875–1953). Indeed, his discovery of the boundary layer is regarded as
one of the most important breakthroughs of all time in fluid mechanics and has
earned Prandtl the title of “Father of Modern Fluid Mechanics”. The heat and
mass transfer analogies frequently used in chemical engineering are based on the
Prandtl theory (Prandtl and Prandtl–Taylor boundary layer analogies). For heat
transfer in gaseous media at moderate pressures, the Prandtl number can be
neglected since, in this case, its values are between 0.7 and 1.

Schmidt Number (Sc)
As explained earlier, with respect to the heat and mass transfer analogies, the
Schmidt number is the Prandtl number analogue. Both dimensionless numbers
can be appreciated as dimensionless material properties (they only contain trans-
port media properties). For gases, the Sc number is unity, for normal liquids it is
600–1800. The refined metals and salts can have a Sc number over 10 000.

Sherwood Number (Sh)
Initially called the diffusion Nusselt number, this number characterizes the mass
transfer kinetics when expressed in dimensionless terms.

All the statements given before for the Nusselt number have the same signifi-
cance for the Sherwood number if we change the words “couple heat transfer” to
“couple mass transfer”. We have to specify that, as far as the Sherwood number is
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concerned, we can use the mass transfer coefficient apparent values. This is the
case for tray columns when the mass transfer coefficients are reported for the geo-
metric active tray area, not for the real mass transfer tray area. This is very useful
in problems when a precise value of the real mass transfer area cannot be pre-
cisely established.

6.7
Particularization of the Relationship of Dimensionless Groups Using Experimental
Data

After establishment of the general dimensional analysis relationship for a con-
crete case, we have to formulate an adequate theory or an experimental investiga-
tion that will show the specific relationships between dimensionless groups. At
the same time, the obtained relationships have to be justified as usable. The
beginning of this chapter shows that dimensional analysis is an aid in the efficient
interpretation of experimental data. As previously shown, a dimensional analysis
cannot provide a complete answer to any specific relationship among the groups
which are unknown. The general methods used to produce groups of relation-
ships have been mentioned earlier; they are:

1. the analytical solution of the equations of all transfer proper-
ties for a particular example,

2. the numerical solution of the equations of all transfer prop-
erties supplemented with a correlation and regression analy-
sis with respect to the relationships between the dimension-
less groups,

3. the particularization of the boundary layer theory if, for the
studied case, a stable boundary layer can be defined,

4. the particularization of the transfer analogies and their
experimental validation,

5. the development of a consistent experimental research pro-
gramme supplemented with a correlation and regression
analysis with respect to the relationships between the dimen-
sionless groups.

In the last case, when the determination of the relationships between the dimen-
sionless groups is based on suitable experimental data, all the methods presented
here can be used successfully. The degree of difficulty involved in this process
depends on the number of pi terms and the nature of the experiments (for exam-
ple experiments that require a change in the geometric simplex cannot be
accepted because they require new experimental plants).

For a chemical engineering problem, the concrete activity of the correlation of
experimental data shows the following two particularities:

1. No more than three, exceptionally four, pi non-geometric
groups characterize the majority of analyzed problems.
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2. The power form of the dimensionless pi groups is the one
most used from among the possible relationships.

The simplest problem concerns only one pi term. The complexity of the analysis
increases rapidly with increasing number of pi terms because then the choice of
the experimental plan related to the proposed relationship for the dimensionless
pi groups cannot be solved by an automatic procedure.

6.7.1
One Dimensionless Group Problem

When a one-dimensional analysis problem shows that the difference m – n (m =
number of process variables, n = number of basic dimensions associated with the
process variables) is unitary, then only one pi term is required to describe the pro-
cess. The functional relationship that can be used for one pi term is:

P1 ¼ C

where C is a constant. The value of the constant, however, has to be determined
experimentally. Normally, only one experiment is needed for the identification of
C.

The case of Stokes settling velocity is considered as an illustrative example. If
we assume that the stationary settling velocity, w0, of a small particle flowing into
a liquid or gaseous medium is a function of its diameter, d, specific weight, gDq,
and the viscosity of the gaseous or liquid medium, it follows that:

w0 ¼ f ðd; gDr;gÞ

and the dimensions of the variables are:

½w0� ¼ LT�1 ½d� ¼ L ½gDr� ¼ ½gðrp � rÞ� ¼ ML�1T�2 ½g� ¼ ML�1T�1.

We observe that four variables and three basic dimensions (M, L, T) are required
to describe the variables. For this problem, one pi term (group) can be produced
according to the pi theorem. This pi group can easily be expressed as:

P1 ¼
w0g

gDrd2

Since there is only one pi group, it follows that:

w0g

gDrd2
¼ C

or

520



6.7 Particularization of the Relationship of Dimensionless Groups Using Experimental Data

w0 ¼ Cgd2 Dr
g

Thus, for a given particle and fluid, the gravitational settling velocity varies directly
with d2, Dq, and with 1/g. However, we cannot predict the value of the settling
velocity since the constant C is unknown. In this case, we have to carry out experi-
ments to measure the particle velocity and diameter, the density difference and
the fluid viscosity. We can run a single experimental test but we will certainly have
to repeat it several times in order to obtain a reliable value for C. It should be
emphasized that once the value of C is determined, it is not necessary to run sim-
ilar tests using different spherical particles and fluids because C is a universal
constant. Indeed, the settling velocity of the small particles is a function only of
the diameter and the specific weight of the particles and the fluid viscosity.

An approximate solution to this problem can also be obtained with the particu-
larization of the Hadamard–Rybczynski problem [6.30, 6.31] from which it is
found that C = 1/18 so that:

w0 ¼
1
18

gd2 ðrp � rÞ
g

(6.197)

This relationship is commonly called the “Stokes settling velocity” and is applic-
able for Re = w0dq/g <1 and when particle interactions are not present during the
settling process.

6.7.2
Data Correlation for Problems with Two Dimensionless Groups

The chemical engineering processes which can be characterized by two dimen-
sionless groups are important, especially for heat and mass transfer with gaseous
media, as shown in Table 6.4. If the phenomenon can be described with two pi
terms we have:

P1 ¼ UðP2Þ

the form of the U function can be identified by varying P2 experimentally and
measuring the corresponding P1 value. The results can be conveniently presented
in graphical form as in Fig. 6.10. Here the uniqueness of the relationship between
P1 and P2, is shown.

Nevertheless, since it is an empirical relationship, we can only conclude that it
is valid over the range of P2 dealt with by the experiments. It would be unwise to
extrapolate beyond this range since, as illustrated with the dashed lines in the fig-
ure, the nature of the phenomenon can dramatically change if the range of P2 is
extended.

For the valid range, we clearly obtain a curve with a break (B), then for each
part, we will produce a particularization of the function U from the general P1

and P2 relationship.
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Figure 6.10 P1 versus P2 and illustration of the effect of
extrapolation data over the valid range (A: continuous curve,
B: curve with a break; 1,1¢, 2, 2¢, 3; 3¢ possible extrapolations).

The break in the curve can be associated with a fundamental change in the pro-
cess mechanism (such as, for example: a change from laminar to turbulent flow, a
change from moderate natural convection to turbulent natural convection, etc.)

If we assume that the function U from the general P1 and P2 relationship is a
power expression, then the relationship P1 ¼ aPb

2 will be obtained. If we apply
the logarithm to this relationship, we can identify a and b using a normalized lin-
ear system Eq. (5.15).

To illustrate this methodology, we show the case of pressure drop per unit
length for one-phase flow in a packed bed. In laboratories, the pressure drop is
measured over a 0.1 m length of packed bed using an apparatus as shown in Fig.
6.11. The fluid used is water at 20 �C (q = 1000 kg/m3, g = 10–3 kg/ms). While the
tests are carried out the velocity is varied and the corresponding pressure drop is
measured. Table 6.5 shows the results of these tests.
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Table 6.5 Measurements of packed bed pressure drop for the experimental
device from Fig. 6.11.

Fictive water
velocity (m/s)

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Pressure drop
for 1m bed height
(N/m2)

10930 21350 32760 43736 142727 198217 261759 332893 417838 497497
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H 

3 

2

1

6

4

5

water from a constant  level tank

Figure 6.11 Device with a packed bed one-phase flow for the measurement
of the pressure drop. 1: glass spherical particles (diameter = 1.5 mm),
2: glass column (diameter = 30 mm, H = 0.1 m), 3: differential manometer,
4: flow meter, 5: control valve, 6: water collector.

We will use these data to obtain a general relationship between the pressure
drop per unit height of packed bed and the other variables. To search for an actual
solution to this problem, we begin by performing a dimensional analysis, which
can be realized without any experiment. We will assume that the pressure drop
per unit height of packed bed, Dp/H, is a function of the equivalent packed body
diameter, de, the fluid density, q, the fluid viscosity, g, and the mean packed bed
fluid velocity, w.

The equivalent packed body diameter, de, is related to the bed holdup, e, and
specific packed surface, s, as well as via the relationship de = 4e/r. For the packed
bed from spherical bodies (e = 0.44 and r = 6/dp), the equivalent packed body di-
ameter depends only on the sphere diameter. The mean internal packed bed fluid
velocity represents the ratio between the fictive velocity and the packed bed porosi-
ty (e). According to these data, we can write:

Dp
H
¼ f ðde; r;g;wÞ
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the application of the pi theorem yields:

Dp
rw2

de

H
¼ U

wder
g

� �

The simplest way to obtain
Dp
rw2

de

H
for various Re ¼ wder

g
¼ 4wfr

rg
is to vary the

fictive velocity.
Based on the data given in Table 6.5, we can calculate the values for both pi

terms. The results obtained are given in Table 6.6. A plot of these pi terms can
now be made as a function of the Reynolds number. The results are shown in Fig.
6.12.

Table 6.6 Packed bed pressure drop in dimensionless terms.

Dp
rw2

de

H
7 3.5 2.33 1.75 3.65 3.50 3.42 3.33 3.25 3.18

wder
g
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Figure 6.12 Dimensionless packed bed pressure drop versus Reynolds number.

The correlation appears to be quite good and shows that the valid range is
divided into two parts. The first part corresponds to a Reynolds number lower
than 40, which corresponds to the laminar flow range in the packed bed. The
apparent turbulent flow range in the packed bed is obtained in the second part,
corresponding to Reynolds numbers greater than 50 [6.32].

A wrong correlation may be due either to important experimental errors or to
the omission of an important variable. The curve shown in Fig. 6.12 represents
the general relationship between the pressure drop and the other factors for Rey-
nolds numbers between 10 and 100. For this range of Reynolds number, as far as
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the provided independent variables (de, q, g, w) are the only important parame-
ters, it is not necessary to repeat the test for other packed beds or fluids. In order
to determine the power of the relationships of pi terms, the data from Table 6.5
allow the identification of the next equations:

Dp
rw2

de

H
¼ 70

Re
for Re <40

and:

Dp
rw2

de

H
¼ 8

ðReÞ0:2
for Re >40

It is then not difficult to write:

Dp ¼ f
Hr

8e3
w2

f r ; f ¼ 140=Re for Re <40; f ¼ 16=ðReÞ0:2 for Re >40;

Re ¼ ð4wfrÞ=ðrgÞ

which represents the Javoronkov procedure for packed bed pressure drop on
phase flow calculation [6.32]. This so-called Javoronkov procedure is based on nu-
merous experimental results similar to the type used in this example.

6.7.3
Data Correlation for Problems with More than Two Dimensionless Groups

When the number of pi groups involved in the dimensional problems increases, it
becomes more difficult to organize the experimental research, to display the
results in a convenient graphical form and to determine a specific empirical equa-
tion describing the phenomenon. If we accept that a power relationship between
the pi groups is validated for all experimental ranges or for clearly identified por-
tions of a range, we can easily identify the coefficients that characterize this rela-
tionship.

In this case, we can use a special experiment planning characterized by the rep-
etition of a classical second order planning, where the centre of the plan is
changed to cover a large range of each pi group and to discover the possible breaks
in the state of dependent pi groups. In the previous chapter, it was shown that the
majority of the functional dependences can be reduced to a multiple linear regres-
sion. If we propose for the relationships between the pi groups equations different
from powers then they can be identified by using the particularized system of
equations of the multiple regression. For most of the problems involving heat and
mass transfer, the dependent pi groups are represented by Nusselt and Sherwood
numbers, the independent pi groups characterizing the flow by the Reynolds or
Grashof numbers and the media properties by the Prandtl and Schmidt numbers.

Changes in the fundamental flow mechanism are expected if large ranges of
the pi groups characterizing the flow are considered. Consequently, a transition
zone in the state of pi dependent groups has to be observed. This case is illustrat-
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ed in Fig. 6.13. We have to specify that the general dependences considered in this
figure cannot be extended to heat and mass transfers associated with phase trans-
formations, because this case is more complicated. In complicated systems it is
often more feasible to use models to predict specific characteristics of the system
rather than to try to develop general correlations. If we extend the situation shown
by the figure below to more than three terms, we obtain a very complicated prob-
lem where a graphical representation and a suitable empirical equation become
intractable.

the most important flow pi group (Re or Gr)
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Figure 6.13 The graphical presentation of data for chemical engineering problems
involving three pi dimensionless groups.

6.8
Physical Models and Similitude

To validate models based on transfer equations or stochastic models and, espe-
cially, to develop a coherent and planned experimental investigation of the studied
process, the researcher has to imagine and build up a reduced scale experimental
installation (laboratory device or model, LM). The goal using this reduced scale
pilot plant is to obtain the experimental data necessary to validate the models.

Major chemical engineering projects involving structures, tray or packed col-
umns, reactors, separators, heat exchangers and heaters, reservoirs and special
deposits, fluid pumping as well as compressing devices, frequently involve the
use of small scale studies using laboratory scale devices. According to the context,
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the term “laboratory model”, “engineering model”, “physical model”, “laboratory
pilot unit” or “small prototype” may be used. It is important to note that, as
explained above, the term LM concerns one small pilot unit, which is different
from the term “mathematical model” currently used throughout this book.

The pilot laboratory units, which are generally a different size, may involve dif-
ferent fluids, and often operate under different conditions (temperature, pressure,
velocity, etc.). These units are frequently designed so that the parameters can be
varied independently. The idea is not only to facilitate the study of the influence of
the different process parameters but also to include the complexity of industrial
scale units in the study.

Until now, the classical way to scale up industrial plants using laboratory scale
units was very tedious and laborious: it consisted in systematically studying all the
influencing parameters and operating conditions. In addition, many works were
based on the use of different increasing scale. Consequently, methods concerning
the characterization by a more rapid jump from laboratory small pilot to larger
scale plants began to be developed [6.22, 6.33, 6.34]. These methods are therefore
based on mathematical model simulations with incomplete laboratory experimen-
tal data for one actual problem [6.35]. There is, of course, an inherent danger in
the use of models if the predictions realized are not correctly validated, because
they can be erroneous and it may not be possible to detect errors until the indus-
trial size plant is found not to perform as predicted. It is, therefore, imperative to
have a properly designed and tested model, as well as correctly interpreted results.
This is the basic question of the similitude theory: “To what extent can experimen-
tal data be relied upon when the dimensions of the experimental devices increase
or decrease?”

In the following sections we will present some procedures and examples which
show how LM can be designed in order to have a similar behaviour evolution for
different device scales such as laboratory device (small scale) and prototype units
(medium scale).

6.8.1
The Basis of the Similitude Theory

Which mathematical models or designing procedures were used to build the
Egyptian pyramids or the gothic cathedrals? Since the ancient times, geometric
scaling-up procedures have been used. These rules are based on similitude laws,
which are still used today.

It is recognized that a phenomenon which occurs in an apparatus or a plant at
different scales (various geometrical dimensions) presents the same evolution for
all scales only if the conditions of the geometric similarity (geometric similitude),
material similarity (material similitude), dynamic similarity (dynamic similitude)
are respected and if the phenomenon shows the same initial state in all cases. The
parametric description of a phenomenon occurring at laboratory and prototype
scales is given in Table 6.7. In this case, we consider that the initial state of the
phenomenon is identical for both scales.
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Table 6.7 Determinant general parameters for the phenomenon
evolution (two dimension scales).

Name of parameters Symbolic notations for
the laboratory model

Symbolic notations
for the prototype

1 Characteristic geometric parameters
(geometric dimensions of apparatus or plant)

l0 , l1, l2, .....ln L0 , L1, L2, .....Ln

2 Characteristic material parameters
(specific properties of the materials used in
experiments: density, viscosity, etc.)

c0, c1, c2, ....cr C0, C1, C2, ....Cr

3 Characteristic parameters for the phenomenon
dynamics
(flow velocities, mixing flow, heating rate, mass
transfer rate, reaction rate, etc.)

s0, = s1, s2, ....sq T0, T1, T2, ....Tq

With respect to the evolution of the phenomenon considered in Table 6.7, if ag,
ac and as are the scaling factors (the coefficients that multiply the laboratory model
parameters in order to obtain the value of the prototype’s parameters) then these
can be written as:

ag ¼
L0

l0
¼ L1

l1
¼ L2

l2
¼ :::::: ¼ Ln

ln
(6.198)

ac ¼
C0

c0
¼ C1

c1
¼ C2

c2
¼ ::::::: ¼ Cr

cr
(6.199)

as ¼
T0

s0
¼ T1

s1
¼ T2

s2
¼ ::::::: ¼

Tq

sq
(6.200)

It is obvious that ac = 1 or c0 = C0, c1 = C1, c2 = C2, cr = Cr when the same materials
are used for the LM and for the prototype unit.

Equations (6.198)–(6.200) can be arranged to show dimensionless or dimen-
sional ratios, which express only the LM or the prototype. These dimensionless or
dimensional relations are called similitude simplexes when they result from the
same type of parameters and similitude multiplexes when they are composed of
different types of parameters.

Using l0 and L0, c0 and C0 and s0 and T0 as the characteristic parameters for the
laboratory device and prototype geometry, used materials and phenomenon
dynamics respectively we transform the preceding relationships as:

ig1 ¼
l1
l0
¼ L1

L0
; ig2 ¼

l2
l0
¼ L2

L0
; ::::::::; ign ¼

ln
l0
¼ Ln

L0
(6.201)

ic1 ¼
c1

c0
¼ C1

C0
; ic2 ¼

c2

c0
¼ C2

C0
; ::::::::; icr ¼

cr

c0
¼ Cr

C0
(6.202)
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is1 ¼
s1

s0
¼ T1

T0
; is2 ¼

s2

s0
¼ T2

T0
; ::::::::; isq ¼

sq

s0
¼

Tq

T0
(6.203)

where ig1, ig2,....., ign are the geometric simplexes, ic1, ic2,......, icr are the dimen-
sional material simplexes or multiplexes and is1, is2, ........isq are the dynamic
dimensional multiplexes. Then we can postulate that “the phenomenon occurring
in the laboratory device and in the prototype present the same evolution only
when all ig1, ig2,....., ign , ic1, ic2,......, icr, is1, is2, ...isq are the same ( ig1, ig2,....., ign , ic1,
ic2,......, icr, is1, is2, ...isq stay unchanged when the dimensions of the model increase
or decrease)”

Because all the dimensional material and dynamic multiplexes are reported
only for the LM or for the prototype, we can combine these r*q dimensional mul-
tiplexes and the characteristic geometric parameters (so we have r*q+1 dimen-
sional terms) to formulate new dimensionless independent multiplexes. It is not
difficult to observe that these independent dimensionless multiplexes are the
dimensionless pi groups that characterize the evolution of the phenomenon. If
P1, P2,....Ps represent the dimensionless groups that characterize the evolution
of the phenomenon in the laboratory device or in the prototype, we transform the
similitude postulate into the next new statement:

“One phenomenon occurring in two differently scaled devices (models) pre-
sents the same evolution only if the dimensionless pi groups characterizing the
phenomenon have the same values. In other words, we have similitude if the
dimensionless pi groups characterizing the phenomenon stay unchanged when
the dimension of the device (model) changes”.

The theory of the models can be readily developed using the principles of
dimensional analysis. It has been shown that any given problem can be described
in terms of a set of pi terms as:

P1 ¼ UðP2;P3; :::PsÞ (6.204)

Once this relationship is formulated, all we need to know is the general nature of
the physical phenomenon and variables. Specific values for variables (size of com-
ponents, fluid proprieties, etc.) are not needed to perform the dimensional analy-
sis. This relationship could be applied to any system, if it is governed by the same
variables and laws. If Eq. (6.204) describes the behaviour of a laboratory device, a
similar relationship can be written for evolution of the phenomenon in the proto-
type:

P1p ¼ UðP2p;P3p; :::PspÞ (6.205)

where the subscript p shows that this is the case of the evolution of the phenome-
non in the model prototype.

The pi terms can be developed so that P1p contains the variables that have to be
predicted from the observation made on the laboratory apparatus. Therefore, if
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the prototype is designed and operated, in relationship to the LM, under the fol-
lowing conditions:

P2p ¼ P2; P3p ¼ P3; ::::::::::;Psp ¼ Ps (6.206)

then, with the presumption that the form of function U is the same for the LM
and for the prototype, it follows that:

P1p ¼ P1 (6.207)

Equation (6.207) indicates that the measured value of P1 for the LM will be identi-
cal to the corresponding P1 for the prototype as long as the other pi terms are
similar.

The conditions specified by Eq. (6.206) provide the conditions required to
design the model, also called similarity requirements or modeling laws. The same
analysis could be carried out for the governing differential equations or the partial
differential equation system that characterize the evolution of the phenomenon
(the conservation and transfer equations for the momentum). In this case the ba-
sic theorem of the similitude can be stipulated as: “A phenomenon or a group of
phenomena which characterizes one process evolution, presents the same time
and spatial state for all different scales of the plant only if, in the case of identical
dimensionless initial state and boundary conditions, the solution of the dimen-
sionless characteristic equations shows the same values for the internal dimen-
sionless parameters as well as for the dimensionless process exits”.

As an example of this methodology, we can consider the problem of determin-
ing the heat loss of a rectification column which is placed perpendicularly to a
fluid flowing at the velocity w. (see Fig. 6.14). The dimensional analysis of this
problem shows that:

a ¼ f ðd;H;g; r; k;wÞ

where a represents the heat transfer coefficient, d, the column diameter, H, the
column height, k, the fluid thermal, while g and q show the fluid viscosity and
density conductivity and w, represents the incident air velocity. Application of the
pi theorem gives:

ad
k
¼ U

H
d
;
wdr

g

� �

(6.208)

We are now concerned with the design of a laboratory device which can be used to
predict the heat loss on a different-sized prototype.
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d
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Karman vortices 

flowing fluid (air) with w, ,ρ η λ
q=α∆t

,

Figure 6.14 Heat loss in a rectification column (flow around the column).
Fluid characteristics: w: velocity, g: viscosity, q: density, k: thermal conductivity.
Column characteristics: d: diameter, H: height. Dt: differential temperature
between the air and the column surface.

Since the relationship expressed by Eq. (6.208) applies to both prototype and
laboratory models, we can assume that for the prototype, a similar relationship
could be written:

apdp

kp
¼ U

Hp

dp
;
wpdprp

gp

 !

(6.209)

the design conditions, or similarity requirements are therefore:

H
d
¼

Hp

dp
;

wdr
g
¼

wpdprp

gp
(6.210)

the size of the laboratory device is obtained from the first requirement which indi-
cates that:

d ¼ H
Hp

dp (6.211)

we can then establish the height ratio H/Hp, and the diameter of the laboratory
device d is fixed in accordance with Eq. (6.210).

The second similarity requirement indicates that the LM and the prototype
must be operated at the same Reynolds number. The required velocity for the lab-
oratory model is obtained from the relationship:

w ¼ g

gp

rp

r

dp

d
wp (6.212)
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Note that this model design requires not only geometric scaling, as specified in
Eq. (6.211), but also the correct scaling of the velocity in accordance with Eq.
(6.212). This result is typical of most design procedures, where the scaling up is
more difficult than simply scaling the geometry.

With the foregoing similarity requirement satisfied, the equation for the predic-
tion of the column heat loss is:

apdp

kp
¼ ad

k

or

ap ¼ a
d
dp

kp

k

or

Qp ¼ appdpHpDt ¼ a
d
dp

kp

k
pdpHpDt ¼ Q

Hp

H

� �

kp

k

� �

(6.213)

where Q represents the heat loss of the laboratory size column that is operated
with a temperature difference (Dt ) between its surface and the incident flowing
fluid. Once the heat loss is measured on the laboratory device, Q has to be multi-
plied by the ratios corresponding to the height of the columns and the conductiv-
ity of the flowing fluids in order to obtain the predicted value of the heat loss for a
real column.

If we analyze the case of the rectification column which loses heat by natural
convection, then we change the list of variables by considering the specific ascen-
sion force, gbtDt, as an important variable and by removing the fluid velocity, w.
In this case, the application of the pi theorem shows that:

aH
k
¼ U

d
H
;
gbtDtH3r2

g2

� �

(6.214)

the design conditions, or similarity requirements are therefore:

d
H
¼

dp

Hp
;

gbtDtH3r2

g2
¼

gbtDtH3
pr2

p

g2
p

(6.215)

if the same fluid is used for both geometric scales, then the size of LM cannot be
established because we obtain:

d ¼ dp
H
Hp

; H ¼ Hp

the same result will be obtained when we remove the diameter (d), from the list of
variables.

This very simple example shows that sometimes it is not possible to use this
scaling-up procedure. Fortunately, the majority of the problems presenting scal-
ing-up impossibilities can be solved using other methodologies. As illustrated in
this example, to achieve the similarity between the behaviour of both the laborato-
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ry model and the prototype, all the corresponding pi terms must be equated be-
tween these two scales. Usually, one or more pi terms involve ratios of important
lengths (such as H/d in the foregoing example). Thus, when we equate the pi
terms involving length ratios we are requiring “a complete geometric similarity”
to exist between the laboratory device and the prototype. Geometric scaling could
be extended to the finest feature of the system, such as surface roughness, or
small protuberances on a structure, since the surface state also determines the
flow pattern. When a deviation from the complete geometric scaling must be con-
sidered, a careful analysis has to be carried out. For example, the design of one
new packed body, or of a new sort of tray, cannot be produced without a complete
geometric scaling.

Other groups of characteristic pi terms (such as Re ¼ wdr
g

in the foregoing

example) involve mechanisms’ ratio or forces’ ratio as noted in Table 6.4. The
equality of these pi terms requires the same mechanisms’ or forces’ ratios in labo-
ratory devices and prototypes. Thus, for similar Reynolds numbers, the values
defining the turbulent and laminar flow mechanisms have to be the same for
both devices. If other pi groups are involved, such as the Froude, Weber, Archi-
mede or Grashof numbers, a similar conclusion can be drawn; that is, the equality
of these pi groups requires identical ratios of identical forces for the laboratory
apparatus and for the prototype. In the case of similar pi terms, we can say that
we have a “hydrodynamic similarity”.

Other similarities used in chemical engineering concern the “field concentra-
tion similarity” and the “property transfer similarity”. The field concentration of
the property is characterized by the Prandtl, Schmidt or reaction Fourier numbers
(Table 6.4). It has been shown here that if the geometric and hydrodynamic simi-
larities are respected, the transfer similarities exist between the laboratory device
and the prototype. These last two similarity conditions represent the conditions of
“transfer kinetic similarity”. In order to have complete similarity, we need to main-
tain the similarity between the geometry, dynamics and transfer kinetics between
both units. If scaling up is found to be impossible, we have to ascertain whether
all important variables are included in the dimensional analysis, and whether all
the similarity requirements based on the resulting pi groups are satisfied.

6.8.2
Design Aspects: Role of CSD in Compensating for Significant Model Uncertainties

The experimental studies with one laboratory device, generally involve simplifying
assumptions concerning the variables to be considered. In spite of the fact that
the number of assumptions is less restrictive than required for mathematical
models they introduce some uncertainty into the design of the device. It is, there-
fore, desirable to check the design experimentally whenever possible. Generally,
the purpose of the LM is to predict the effects of certain changes proposed in a
given prototype or in a larger-scale device. The LM has to be designed, con-
structed, and tested and then the predictions can be compared with the available
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data from larger-scale devices. If the agreement is satisfactory, then the changes
allowing one to build a bigger model can be accepted with increased confidence.
Another useful procedure is to run tests with a series of LM having different sizes,
where one of the devices can be considered as the prototype and the others as
models of this prototype. With the devices designed and operated on this basis,
we also need to improve other conditions for the validity of the LM design: accu-
rate predictions have to be made between any pair of devices, since each of them
can always be considered as the model of another one.

It is important to note that a good agreement in the validation tests described
above does not unequivocally indicate that the scaling up is correct, especially
when the dimensions of the scales between the different LMs are significantly dif-
ferent from those required by the basic laboratory model. However, if the agree-
ment between the various models is not good, it is impossible to use the same
model design to predict the behaviour of the basic laboratory model.

Some designing cases show that the general ideas, which establish similarity
conditions for models when we use simple corresponding pi terms, are not always
able to satisfy all the known requirements. To illustrate such a case: if, for a rela-
tionship P1 ¼ UðP2;P3; :::;PsÞ one or more similarity requirements are not
respected, such as, for example: P2 „P2p, then it follows that the prediction rela-
tionship P1 ¼ P1p is not true. The models designed without satisfying all the
requirements are called limited models or distorted models.

The classic example of a distorted model occurs in the study of liquid media
which are mixed mechanically as described earlier in this chapter. The dimen-
sional analysis shows that:

KN ¼ U
H
d
;
h
d
;
b
d
; Re;We

� �

where:

KN ¼
N

d5n3r
; Re ¼ nd2r

g
; We ¼ rn2d3

r

If we consider that heat transfer occurs during the mixing, the dimensional analy-
sis shows that:

Nu ¼ U
H
d
;
h
d
;
b
d
;KN; Re;We

� �

(6.216)

where the Nusselt number is Nu ¼ ðadÞ=k where a is the heat transfer coefficient
to the wall of the mixing unit and k the thermal conductivity of the mixed fluid. If
ag is the geometric scaling factor the geometric similarity requires:

Hp ¼ Hag ; hp ¼ hag ; bp ¼ bag

The similarity of the Euler number (the group KN is a form of the Euler number
for mixing) requires:
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Np
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The similarity of the Reynolds number requires:
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Whereas the similarity of the Weber number requires:
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Since the scale of the speed of rotation
np

n

� �

is expressed by two relationships,
their combination could be written as:

gp

g

r

rp

 !1=2

¼ a1=2
g (6.217)

When we use the same fluid for the LM and the prototype, we obtain ag=1 which
is unacceptable. Apparently, with a different fluid, it may be possible to satisfy this
design condition but it may be quite difficult, if not impossible, to find a suitable
model fluid, particularly for a small scale unit. When the identity requirement of
the Weber numbers is eliminated, we obtain a distorted model, which gives a
good approach to intensive mixing (a large Reynolds number shows that inertia
forces are dominant in the mixing process). A distorted model could also be
obtained when the identity requirements of the Reynolds numbers are eliminated.
Then these models are good for the description of cases in which the mechanical
mixing is slow but intensive because the forces at the surface are important.

Distorted models can be used successfully, but the interpretation of the results
obtained using this type of model is obviously difficult compared to the true mod-
els for which all similarity requirements are obtained. The success of using dis-
torted models is dependent on the skill and experience of the investigator respon-
sible for the design of the model and on the interpretation of the experimental
data produced with the model. In many cases, the distorted models are associated
with one or more uncertainties and the use of their data in the scaling-up design
of the complex processes must be appreciated and compensated using an ade-
quate control system design (CSD).

6.8.2.1 Impact of Uncertainties and the Necessity for a Control System Design
While designing complex systems, we can basically encounter two types of uncer-
tainties. In the first, we know that the system will work but it is difficult to deter-
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mine its scale. Typical examples of these are the uncertainties in physical proper-
ties such as heat transfer coefficients, mass transfer coefficients, tray efficiency
etc. [6.36–6.39]. A judicious over design will solve the uncertainties. If we extend
the observation, we can appreciate that their main impact concerns the capacity of
the plant. Under-sized equipment will bottleneck the process. The important
point is that a judicious over-size design is relatively cheap, while retrofitting to
relieve bottlenecks is expensive in both low-cost capacity and capital cost. This is
the more critical type of uncertainty, which, if not adequately addressed, can lead
to a total process failure. We can illustrate this case with important examples
extracted from the experience of some chemical industries [6.40] when the scal-
ing-up of one plant ended up in a great fiasco. Even if the plant was not entirely
abandoned, extensive and expensive modifications were required to operate it.

However, this problem can be easily avoided through straightforward concur-
rent design. One might also argue that building a large pilot plant or a small dem-
onstration plant could minimize some of these difficulties and risk involved. For
example, the Exxon case, in which an expensive demonstration plant was built to
demonstrate the new Fischer-Tropsch process, is well known [6.40]. This type of
expensive unit can be justified in some special cases but will not always be neces-
sary.

Pilot plants are not often designed to provide the essential information for a
scaling up. Instead, they are operated to demonstrate a single steady state that
gives acceptable results. They are seldom meant to investigate the impact of the
process variables, which is essential for safe scaling up and control design. There
is no great difference between designing a large pilot plant or a commercial plant.
In both cases we have to make certain that the design can deal with the risks of
scaling up.

To avoid any misunderstanding, we would like to emphasize that our main con-
cern here includes such critical parts of the plant as new chemical reactors, pro-
cesses or some complex separations that cannot be reliably modelled from a lim-
ited set of experiments carried out in a laboratory or on a small-scale pilot plant.
For the remaining and more classical plant devices we can use modern simulators
that provide all sorts of mathematical models and that have had a tremendous
impact on the modern designing of plants. At the same time, we must note that
the scaling-up based on combining complete complex mathematical models with
experimental data from small-sized laboratory units [6.41–6.47] begins to be fre-
quently used for the needs of the design and also for better operation of existing
plants.

Nevertheless, we have to specify that the scaling up of one process must be con-
sidered as a complex problem with not only controlled goals determined by the
dominant process variables but also independent degrees of freedom. Here, the
efficiency of the process, the process modelling and design procedure have to be
identified, computed, changed if necessary and used in order to perform an effi-
cient process control. For a process scaling-up or design, the following objectives
of control have to be considered:
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1. Allow the system to meet the specifications. Allow on-line
change of the specifications.

2. Stabilize the system.
3. Compensate for changes in feedstock, in properties of the

catalyst (if the core process is a catalytic reaction) and
unknown dynamic and persistent perturbations.

4. Allow compensation for uncertainties in the design and scal-
ing-up of the unit.

To achieve these goals, both dynamic and steady state controls are required. For
most chemical plants, the control to meet specifications is the primary objective.
The capacity to stabilize and reject perturbations is essential to achieve the goals
mentioned above.

Before proceeding to the designing methodology itself, it will be helpful to
review and define some of the principles and concepts of partial control. We are
concerned with the control of a system in which the number of process variables
to be controlled is higher than the number of variables which are manipulated to
realize this control. If all the process variables have to be controlled according to
exact set points, the process has to abandoned or the design modified in order to
provide the requisite number of manipulated variables. However, it is quite often
the case that many of these variables need only be controlled within prescribed
limits, hence the terminology of partial control.

Dominant variables are characterized by observation, which shows that they
exert a strong influence on many of the other interesting process variables. The
operating temperature of the reactor is a typical example, because changes in this
parameter generally modify the reactant conversion and product composition.
Thus, by controlling the dominant variables, we can maintain the other process
variables of concern within their prescribed limits. A variable is dominant for the
stability if, by controlling it, we exert an effect on the system stability. This is par-
ticularly important if the system is an unstable open loop. It is very important to
identify which variables are dominant in the laboratory. Strictly speaking, each
apparatus presents its dominant variables. For example, potential dominant vari-
able candidates for a catalytic reactor are: the temperature, pressure, space veloci-
ty, catalyst activity, and the properties of the reactants.

While the impact of dominant variables on process outputs can be identified
and measured in the laboratory, this is not always true for stability. In this case,
we have to rely on the availability of used models to identify possible dominant
variables. It is clear that all dominant variables for stability are also dominant vari-
ables for outputs.

In conventional control (design control, evolution control), the number of
degrees of freedom is considered as the number of available manipulated vari-
ables. We define the practical degrees of freedom as the number of dominant vari-
ables that can be controlled independently. The ability to have an impact on the
outputs and stability of one chemical system is limited by the number of indepen-
dently controllable dominant variables available in the design. The design of a
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control system is one part of the whole design and is completely dependent on the
scaling-up process. In the situation with one system of control, the choice of the
dominant variables and the independent degrees of freedom is deemed to be suf-
ficient if they provide the management with adequate constraints and also result
in a good stabilization of the system.

For the design of any complex system, including or not a chemical reactor, we
do not need a complete model but rather minimal information of the model,
which strongly depends on the design itself. The laboratory identification of all
dominant variables is essential, together with sufficient data on their impact on
the most important outputs of the process. This is essential for a safe scaling-up
and to produce a preliminary model. It is also important to know how the mini-
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6.9 Some Important Particularities of Chemical Engineering Laboratory Models

mal information of the model determines the choice of the basic design and the
control design.

In all cases the design key features are:
. the identification of the control system goals (specifications),
. the generation of the model information that adequately charac-

terizes the system,
. the identification of the dominant process variables,
. the determination of the effective degrees of freedom,
. the determination of the control structure.

Figure 6.15 shows the general detailed structure of the working steps for the
design of a scaling-up and control unit for a chemical fabrication. It is observable
that we can generate a number of alternate process designs, either sequentially or
in parallel. Then, one must also develop and evaluate the best partial structure
control for each of these designs. The design which represents the best compro-
mise between cost and controllability in the face of uncertainty could be consid-
ered as the final design.

6.9
Some Important Particularities of Chemical Engineering Laboratory Models

Generally, the chemical engineering processes include steps where interface
transfer with or without a chemical reaction is dominant. In these cases the sur-
face of transfer is one the parameters which controls the transfer efficiency. Some
of the various technical solutions which have been developed to increase the sur-
face of transfer are:
. the use of packed beds of small bodies for the differential transfer

apparatus involved in the phase contacting procedure,
. the development of the highly efficient tray equipped with devices

that produce small bubbles or drops with dense and uniform spa-
tial distribution.

. the use of catalytic fixed beds with catalytic pellets with a diameter
not exceeding 10–15 mm as well as fluidized beds with catalysts
in powder form.

For all the examples given above, the analysis of the characteristic geometric
length shows that this dimension is very small (diameter of packed body, bubble
or drop diameter, catalyst particle diameter). In this section, we have shown that
both the laboratory plant and the scaling-up apparatus (plant) have to be designed
to work with the same characteristic geometric lengths. We can conclude that the
relationship l/lp = 1 is necessary in the case of the geometric scaling-up of labora-
tory models. In addition, since the majority of the laboratory models are designed
to use real fluids (those that will be used in the extended model) in their tests, we
can appreciate that we have scales of the same unitary value for all materials.
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If we analyze the fundamental dynamics aspects of the fluids contacting in the
laboratory device, we can easily observe that the velocities and other dynamic pa-
rameters of the specific phases, could be identical to those of the extended model.
If we neglect the wall effects, which, in the case of LM could be important, we can
easily conclude that the dimensionless pi terms that characterize the dynamics of
the process present the same values for the laboratory plant and for the extended
model. Taking these observations into consideration, we can see that LMs do not
require a scaling up of the data and information obtained when we want to use
them on experimental investigations of a physico-chemical process. This means
that the relationships, the curves and the qualitative observations obtained with
an LM could be directly applicable to larger devices.

We cannot finish without presenting some uncertainties, which show the differ-
ences between the LMs and their real homologue:
. the chemical processes are frequently studied at laboratory scale

taking into account only the critical parts. This means that the
elements are considered as new or unknown. Then, the studied
problems may be presented when computed and experimented
parts are assembled.

. The stationary time of laboratory models is quite small when
compared with the corresponding time for extended models. This
fact introduces important uncertainties in the capacity of the
experimental data to predict the states of the system not covered
by experimentation (in, for example, concentration and tempera-
ture fields).

. Frequently the experimental models are tested with boundary
conditions that are not identical to those of the extended model.
This is sustained by the different evolution of the temperature
and concentration fields described above.

If we can ensure the control and compensation of these uncertainties, then we
can appreciate the enormous importance of the experimental chemical engineer-
ing research for developing new processes or for modernizing those that are
already in use.
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initial conditions 56
injector 306
inks 18
innovations 32 f.
interaction analysis 426 ff., 432 ff.
interaction coefficent 377
interaction effects 376, 380, 414, 422 ff., 429,

483
interphase transfer kinetics 42
inverse operator transformation 362
inversion translator (IT) 178
ion exchange 284, 305
isomorphism principle 21
isotherm 172

j
Javoronkov procedure 525
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Kafarov analysis 194
Kalman filter (KF) 140, 177 ff., 185
– equations 179, 183 f.
– extended (KFE) 178 f.
– problem 179
– tracking 186
Kernel expression 250
key object 27
kinetic transfer 504
Kirpichev number 511
knowledge 27, 33
– management 33
Knudsen criterion 49
Knudsen diffusion 142 f., 286
Knudsen number 122
Knudsen theory 285
Kolmogorov equation 224, 228, 231
Kossovic number 509

l
laboratory
– device 526 ff.
– pilot unit 527, 538
– prototype 527 ff.
– scale 17, 20, 70, 439 f., 482, 526 f.
Lagrange multiplicators 146 f.
laminar flow 296, 514, 517
Langmuir isotherm 308
Langmuir model 172
Laplace’s transformation 72 ff., 212 ff.,

251 ff., 262 f.
Latin squares 437 ff.
learning 27, 451 ff.
least squares method 275, 329, 362
level 371
Levenberg-Marquardt model 455
Levenspiels’s equation 87
limit stochastic models 234
linear regression 354 ff.
liquid
– axial mixing 272 ff.
– element 293, 294
– evolution 260 f., 264
– flow 257 f., 288
– hold-up 266 ff.
– fluidisation 294 f.
liquid medium
– ethanol 269
– glycerol 269
– water 269
lubricants 18
Luikov dimensionless group 508

Luikov number 508 f.
Luikov relationships 507

m
Mach criterion 49
Mach number 513, 515
maintenance 30
manufacturing
– cost 16
– response 28
Marangoni number 516 f.
market 16
Markov chains 191 f., 197, 205 f., 216 ff.,

237
Markov connection 196, 233, 235, 238 ff.,

288, 294, 299, 314
Markov evolution 313
Markov process 224 ff., 238, 260, 306
mass transport 35, 40, 123, 127, 133, 232,

286, 458, 466, 467 f., 482, 488, 506 ff.
– mechanism 478
material conditions 44, 56
– in composite medium 109 ff.
material safety data 28
MathCAD 94, 100, 145
Mathematica 30
mathematical
– computing software 30
– programming 29
Matlab 30, 100, 201
maximum degree of transformation 327
maximum likelihood 140
– method (MLM) 176 ff.
Maxstill 97
measurement 324
Melin-Fourier transformation 252
membrane 132 ff., 141, 292, 371 f.
membrane processes 284, 292

see also gas, permeation
– dialysis 284
– osmosis 284
metal placket 477 ff.
microanalysers 18
microflow 83
micro-laboratory transport 21
microparticle 295, 303
microreactors 18
microseparators 18
microtechnology 16 ff.
miniaturization 18
minimal function value (MFV) 167
Mint model 297 ff.
mixer 26, 69
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mixing
– apparatus 194 ff.

– topology 194 f.
– effectiveness 194
– liquids 481 ff.
mobile phase 306
model 6
– analytical solution 247
– applicability 31
– building 20

– convergence way 20
– divergence way 20

– classification 23 ff.
– complete mathematical 45, 57
– complex 97, 167
– concentrated parameters 24
– confidence 361, 366
– correctness 31
– descriptive 43 ff., 50, 192, 206

– cooling 106
– device 23
– diffusion 24
– distributed parameters 24
– equations 10
– flow 69 ff., 89

– dispersion 83 ff.
– flow-sheet 14, 25
– four-brick heating 111 ff.
– general 43 ff., 218
– hyperbolic 210 ff., 289 ff.
– mathematical development 23 f.
– non-deterministic 24
– packed bed 8
– parabolic 289 ff.
– particularized 43 ff., 56, 128, 192, 206, 218,

240, 246, 256, 261, 271, 275, 290, 307, 353 f.,
366, 443, 519

– physical 526 f.
– plant 6, 23
– pore 7
– process 2 ff., 136, 140

– dynamic 19, 25, 124
– unsteady-state see dynamic

– random parameters 24
– reliabitlity 31
– rigid 24
– seed 8
– steady-state 25, 255
modelling 1 ff., 10 f., 13 ff., 461 ff.
– detailed engineering 14
– limits 48
– mathematical (MM) 35 ff., 43, 136 ff.

– asymptotic polystochastic 235 ff.

– continuous polystochastic 216 ff.
– discrete polystochastic 216 ff.
– general 51
– process (PMM) 457
– stochastic 191 ff., 234 ff., 242 ff.

see also limit stochastic models,
asymptotic stochastic models

– methodology 6 ff.
– molecular 25 f.
– operating 14 ff.
– pilot 13
– statistical 323 ff.

– polynomial state 329
modularization 18
molecular dynamics 286
molecular transport 232, 305
momentum transport 21, 35, 40
monodimensional cooling problem 117
mono-phase flow 7
motion 286, 310
– liquid 286
– solid 207
– velocity 268, 288, 306
movements
– atmospheric 257
– atomic 257
– capital 257
– fund 257
– molecular 257
– particle 495
– species 284
multiphase 26
multiple regression
– linear 31, 362 ff.

– matrix forms 366 ff.
– monomial 370
multivariate calibration 31

n
nanoparticles 19
nanoscale 17
natural convection 477 f., 504, 522
natural-language recognition 27
Navier-Stokes equation 26, 39, 51, 69, 500, 514
networks 257
– biological 451 ff.
– neural 27 f., 324, 451 f., 453, 459
– structure 453
– threshold function 453

– artificial (ANN) 325, 451 f., 456 f.
Newton
– laws 511

– second 464

Index548



Newton method 161
Newton-Gauss method 174 f.
Newtonian fluid
– incompressible 462, 469
noise 324
non-Newtonian liquid 18, 488
non-polluting technology 19
normal distribution 324, 337 ff.
normalisation 363, 374
Nusselt number 474 f., 496, 499, 504 f. , 513,

517 f., 525
nutshell 167 ff.

o
oil 7 f.
– seed 7 f.
on-line process analysis 407 f.
Onsager equation 506
operability 29
operation 30
optimal design of experiments see design,

experimental
optimal solution 21
optimisation 15, 25, 27, 30, 255 ff., 325, 332
– algorithm (OA) 457
– software 27
organic synthesis 408
orthogonal plan 383
– second order 387 ff.

p
packed bed 7, 222, 512, 514, 522 ff.
– mobile flooded (MFPB) 258, 278, 283 f.
– mobile wetted (MWPB) 257 ff., 272 ff.
paint production 481
parabolic regression 361f
parameter estimation 15, 29
parameter identification 46, 136, 162 ff., 269,

329, 332
– analytical methods 139 f.

– Lagrange coefficients 139
– variational 139

– combined methods 140
– gradient methods 139, 147
– mathematical programming 139

– dynamic programming 139
– geometrical 139
– linear programming 139

– steepest slope method (SSM) 150 ff.
parallel connection 76
partial differential equation
– temperature distribution in composite

medium 109

partial least squares regression 31
passive experiment 326
pattern recognition 27, 31, 451, 458
Peclet criterion 85 f., 94
Peclet number 272 ff., 295
percolation 7 f.
perfect mixing (PM) 72 ff., 91, 152, 389, 408

see also reactors
– continuous (CPM) 154
– parallel 77
– series 77
perturbation see disturbance
physical significance 494
pi groups 466, 468, 491
pi terms 467 f., 490 ff., 529
pi theorem 524
pigment mixing 481
pinch analysis 29 f.
pipe 26, 69, 462, 467 ff., 512
2

k
plan 371 ff., 383, 386, 397, 426 ff.

– 2
2

386, 422, 426, 430
– 2

3
372 f., 443 f.

– 2
4

390, 444 ff.
– 2

5
446

– 2
6

446
– fractionary reply see fractionary factorial

experiment
3

k
plan 385

plastics 18
plug flow (PF) 73 ff., 91 ff., 125 ff., 312,

515
Poisson distribution 314
pollution 16
polymerisation 99
polymers
– hydrosoluble 18
population 323 f., 334 ff., 348 f., 423
pore 284 ff.
– blocking 61
– radius 141 ff., 284 f.
– size 284, 286

– distribution 286
– macropores 284
– mesopores 284
– micropores 284

porosity 288, 292, 294, 371 f.
porous body 286 ff., 305, 310
porous medium 284 ff., 303, 507, 510
porous structure 285 f., 293, 296, 371
porous support 16
porous wall see membrane
Posnov number 509 f.
power plant design 30
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Prandtl number 127, 475, 498 f. , 503 ff., 513,
518, 525, 533

Prandtl theory 518
Prandtl-Taylor boundary layer analogies 518
precipitation 19, 294
prediction error 176 f.
pressure drop 462 f., 522 f.
prilling 19
probability
– densities 225, 227
– sum 260
problem solving 27
process 2 ff., 20, 43, 325
– availability 25
– components 192 f., 217
– connection 192 f.
– control 16, 28
– design 25
– development 16, 25
– dynamic 325
– efficiency 16
– elementary 192, 196, 206, 286
– evolution 206, 238, 286
– factors 463
– improvement 25
– industrial 206
– integration 29
– interactive 506
– life-cycle 10 ff., 15 f., 32, 99
– management 16, 206
– membrane 99
– physical 20
– quantities 9
– random 2 f., 205, 238
– reliability 25
– safety 25
– scale 68
– shutdown 25
– synthesis 30
– start-up 25
– variables 24, 253
product 18
– chemical 18
– quality 16
production 11
productivity 16
property
– accumulated 36 f.
– conservation 35 f., 38 f., 123, 229 f.
– generated 35 ff.
– surplus 36 f.
– transport 229 ff., 289
pulsating field 506

pump 26, 49, 69, 306
– piston 516
– pressure 63, 306

– oscillations 61, 64, 68
pyrolysis 167 ff.

q
quadratic displacement function 364
quality 28

r
random chains 217 ff.
reactant concentration 335, 361
– limiting 327, 345, 348
reactant conversion 358, 361
reaction 223
– biochemical

– aerobic 481
– anaerobic 481

– catalytic 90, 417, 420
– chemical 481, 503
– chloride and hydrogen 125
– combustion of hydrocarbon 125
dehydrogenation of butane 90
– efficiency 327
– endothermic decomposition 152
– enthalpy 153
– esterification 447 ff.
– exothermic 126 ff.
– Friedel-Crafts 432 ff.

– chlorination degree 439 f.
– kinetics 124
– liquid media 88
– nitration of aromatic hydrocarbon 389 ff.
– oxidation of aromatic hydrocarbon 430
– oxidation of sulphur dioxide 417, 420 ff.
– runaway 128
– thermodynamically-limited

– conversion enhancement 135
reactor 26, 49, 69, 90
– batch 167 ff., 402
– biochemical 99
– catalytic 68, 92 f.
– continuously stirred (CSR) 358
– discontinuous 389, 402, 447
– feed 345
– fluidised bed see fluidised bed
– fixed bed 92
– mechanically mixed 80 f., 88 ff.
– membrane 135, 492
– multiphase 99
– permanent perfect mixing 81
– simplified and actual (SPMR) 81 f.
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– stirred 447
– tubular 125, 492
– unsteady state perfect mixing 152 ff.
– walls 128 ff.
Rebinder number 510
rectification column 530 f.
recycling 77, 318
refinery processing 30
regression 303, 350, 381
– analysis 326, 353 f.
– coefficients 328 f., 355 ff., 369, 375, 378,

383, 393
– relationship 383
– surface 363
repartition functions 342, 348 ff.
reproducibility 354 ff., 365, 379, 393, 398
research 16 ff., 46 f., 136, 334, 398
– and development 10 ff., 32
– pilot 11
residence time 318, 482
– average 203 f.
– distribution 70 ff., 197, 205, 214, 263, 311
– liquid in MPWB 269, 273
– mean 86, 215, 259, 273, 311
– repartition 74 f.
resin 481
resistive force 494
response 371, 377, 401
response function 385
response plans 28
response surface 326
– great curvature domain 384 f., 399
retention 259, 295
retrofitting systems 26
Reynolds number 296, 475, 485, 495 f.,

503 f., 512, 514 ff., 524 f., 531, 533
rheology 18
rotable plan 395f

s
safety 16, 28 f.
sample
– statistical 323 f., 338
sand 294, 301
scaling-up 26
SCILAB 179
Schmidt criterion 480
Schmidt number 127, 504 ff., 513, 516, 518,

525, 533
Schmidt relation 236
Schmidt numerical solution 117
seals 26, 69
sedimentation 514

selection from alternatives 27
selectivity 16
sensor 17, 28
separation 30
– chromatographic 205 ff.
separators 26, 49, 69
– hydrodynamic 99, 506
sheet expiry date 28
Sherwood number 493, 504 ff., 513, 518, 525
signal introduction 71
significance level 345, 356, 379, 398
significance limit 343
similarity 527
similitude 1 f., 14 f., 192, 461 ff., 526 f.
simplex method 139
simplex regular plan (SRP) 398 ff.
simulated annealing 30
simulation 1 f., 14 f., 20 f., 24 f., 31 ff., 59 ff.,

112 ff., 202 ff.
– development 33
– numerical 19, 25, 57
– physical packages 25
– thermodynamic packages 25
– unit operation models 25
simulator 50, 97
– advanced process 48
– non-verified 46, 57
– verified 46
singing wires 516
skin friction 518
slip flow effect 80 ff.
small squares method 139
sodium chloride
– impulse 274 f.
soil 304
– species penetration 285
sol 294
solid 278
– concentration factor 61
– conveying 18
– drying 284
– granular 294
– intelligent 18
solid-fluid interaction 285
species transformation 21
species transport 21, 285, 305
specific ascension force 478
spurted bed 513
stagnant zone 75 f., 81, 90
statistical selection 333
steam activation 171
Stefan-Maxwell equation 286
steric exclusion 305
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stirring
– mechanical 193, 203 f., 309
stochastic differential equation (SDE)

systems 232 f.
Stokes number 295
Stokes settling velocity 295, 520 f.
Strouhal number 513, 516
Student distribution 337, 340, 355
Student test 360, 394, 398
Student variable 341, 344, 357, 378
sulfonitric mixture 390
supramolecular building block 17
surfactants 18
suspensions 18, 278, 284, 297
– iron(III) hydroxide 301 ff.
sustainable development 29
system of normal equations 330
systematic influences 438

t
Taylor expansion 281, 287, 307, 327 f., 362
Taylor function decomposition 451
technology transfer 33
temperature condition
– in composite medium 110
temperature state 312
tendency conditions 44
theoretical analysis 461
thermal capacity 313 f., 462, 467
thermal conductivity 101, 114, 462, 467
thermal parameter 162 ff.
titration
– potassium manganate 168
tortuosity 141 ff.
total gradient method (TGM) 151
training 28
– quality 16
transcendental regression 361
transfer function 72 ff.
transport 23, 36
– phenomena 35 ff., 48 ff., 192, 208
– vector 38
troubleshooting 26
Truesdell criterion 49
turbulence 26, 37, 41, 83, 512, 522
turbidity 301
turbulent
– flow 503, 514
– motion model 271

u
unitary impulse 70, 88, 92, 290
– inverse 275

universities 33
univocity condition 206, 245 ff., 261 f., 271,

289 f., 298 ff., 307 f.

v
validation 46, 349
– experimental 265
– statistical 323
valves 26, 69
Van der Waals force 296
variable 468
– dependent 324 ff., 350 ff., 370, 479
– independent 324 ff., 350 ff., 366, 370
– random 335, 337 ff., 358, 418
– selection 487 f.
variance 335 ff., 338, 346 f., 354 ff., 365, 394

see also dispersion, statistical
– analysis 414 ff.

– monofactor processes 415 ff.
– two factors processes 418

– homogeneity 355 ff.
– mean square root 357
– residual 354, 359, 362, 369, 379, 395
– sum 356
Vaschy-Buckinghmam pi theorem 465 f.
very high slope method 130
very important person (VIP) 309
Visimix 193
visualisation of data 31
virtual experiment 257
vortex 516

w
waste
– emission 16
– minimisation 30
water
– solution 175
– treatment 294
– vapour

– overheated 167
Weber number 485, 513, 516, 534 f.
weigth force 494

y
yield 30

z
zeolite 371 f.
zone refining 100 f.
– multi-pass 108
– purification 105
– silicium 103
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