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Chapter 1 The algebra and calculus of vectors 4

Problem 1 . 1

In terms of the standard basis setfi ; j ;kg, a D 2i � j � 2k, b D 3i � 4k and
c D i � 5j C 3k.

(i) Find 3a C 2b � 4c andja � b j2.
(ii) Find ja j, jb j anda � b. Deduce the angle betweena andb.

(iii) Find the component ofc in the direction ofa and in the direction ofb.
(iv) Find a�b, b�c and.a�b/�.b�c/.
(v) Finda � .b�c/ and.a�b/ �c and verify that they are equal. Is the setfa; b; cg

right- or left-handed?
(vi) By evaluating each side, verify the identitya�.b�c/ D .a � c/b � .a � b/c.

Solution

(i)

3a C 2b � 4c D 3.2i � j � 2k/C 2.3i � 4k/ � 4.i � 5j C 3k/

D 8i C 17j � 26k:

ja � b j2 D .a � b/ � .a � b/

D .�i � j C 2k/ � .�i � j C 2k/

D .�1/2 C .�1/2 C 22 D 6:

(ii)

jaj2 D a � a

D .2i � j � 2k/ � .2i � j � 2k/

D 22 C .�1/2 C .�2/2 D 9:

Hencejaj D 3.

jbj2 D b � b

D .3i � 4k/ � .3i � 4k/

D 32 C .�4/2 D 25:

Hencejbj D 5.

a � b D .2i � j � 2k/ � .3i � 4k/

D
�
2 � 3

�
C
�
.�1/ � 0

�
C
�
.�2/ � .�4/

�

D 14:
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Chapter 1 The algebra and calculus of vectors 5

The anglę betweena andb is then given by

cos˛ D a � b

jaj jbj

D 14

3 � 5
D 14

15
:

Thus˛ D tan�1 14
15

.

(iii) The component ofc in the direction ofa is

c �ba D c �

�
a

jaj

�

D .i � 5j C 3k/ �

�
2i � j � 2k

j2i � j � 2kj

�

D
�
1 � 2

�
C
�
.�5/ � .�1/

�
C
�
3 � .�2/

�

3

D 1

3
:

The component ofc in the direction ofb is

c �bb D c �

�
b

jbj

�

D .i � 5j C 3k/ �

�
3i � 4k

j3i � 4kj

�

D
�
1 � 3

�
C
�
.�5/ � 0

�
C
�
3 � .�4/

�

5

D �9

5
:

(iv)

a�b D .2i � j � 2k/�.3i � 4k/

D

ˇ̌
ˇ̌
ˇ̌
i j k

2 �1 �2

3 0 �4

ˇ̌
ˇ̌
ˇ̌

D
�
4 � 0

�
i �

�
.�8/� .�6/

�
j C

�
0 � .�3/

�
k

D 4i C 2j C 3k:
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b�c D .3i � 4k/�.i � 5j C 3k/

D

ˇ̌
ˇ̌
ˇ̌
i j k

3 0 �4

1 �5 3

ˇ̌
ˇ̌
ˇ̌

D
�
0 � 20

�
i �

�
9 � .�4/

�
j C

�
.�15/� 0

�
k

D �20i � 13j � 15k:

Hence

.a�b/�.b�c/ D .4i C 2j C 3k/�.�20i � 13j � 15k/

D

ˇ̌
ˇ̌
ˇ̌

i j k

4 2 3

�20 �13 �15

ˇ̌
ˇ̌
ˇ̌

D
�
.�30/� .�39/

�
i �

�
.�60/� .�60/

�
j C

�
.�52/� .�40/

�
k

D 9i � 12k:

(v)

a � .b�c/ D .2i � j � 2k/ � .�20i � 13j � 15k/

D
�
2 � .�20/

�
C
�
.�1/ � .�13/

�
C
�
.�2/ � .�15/

�

D 3:

.a�b/ � c D .4i C 2j C 3k/ � .i � 5j C 3k/

D
�
4 � 1/

�
C
�
2 � .�5/

�
C
�
3 � 3

�

D 3:

These values are equal and thisverifies the identity

a � .b�c/ D .a�b/ � c:

Sincea � .b�c/ is positive, the setfa;b; cg must beright-handed.

(vi) The left sideof the identity is

a�.b�c/ D .2i � j � 2k/�.�20i � 13j � 15k/

D

ˇ̌
ˇ̌
ˇ̌

i j k

2 �1 �2

�20 �13 �15

ˇ̌
ˇ̌
ˇ̌

D
�
15 � 26

�
i �

�
.�30/� 40

�
j C

�
.�26/� 20

�
k

D �11i C 70j � 46k:
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Since

.a � c/b D
��

2 � 1
�

C
�
.�1/ � .�5/

�
C
�
.�2/ � 3

��
b

D b

D 3i � 4k;

.a � b/ c D
��

2 � 3
�

C
�
.�1/ � 0

�
C
�
.�2/ � .�4/

��
c

D 14c D 14.i � 5j C 3k/

D 14i � 70j C 42k;

theright side of the identity is

.a � c/b � .a � b/c D .3i � 4k/ � .14i � 70j C 42k/

D �11i C 70j � 46k:

Thus the right and left sides are equal and thisverifies the identity.
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Problem 1 . 2

Find the angle between any two diagonals of a cube.

FIGURE 1.1 Two diagonals of a cube.

E

A

C

D

O

B
αααα

a

Solution
Figure 1.1 shows a cube of sidea; OE andAD are two of its diagonals. LetO

be the origin of position vectors and suppose the pointsA, B andC have position

vectorsai , aj , ak respectively. Then the line segment
�!
OE represents the vector

ai C aj C ak

and the line segment
�!
AD represents the vector

.aj C ak/ � ai D �ai C aj C ak:

Let ˛ be the angle betweenOE andAD. Then

cos˛ D .ai C aj C ak/ � .�ai C aj C ak/

jai C aj C akj j � ai C aj C akj

D �a2 C a2 C a2

�p
3a
��p

3a
� D 1

3
:

Hence theangle between the diagonalsis cos�1 1
3
, which is approximately70:5ı.
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Problem 1 . 3

ABCDEF is a regular hexagon with centreO which is also the origin of position
vectors. Find the position vectors of the verticesC , D, E, F in terms of the position
vectorsa, b of A andB.

FIGURE 1.2 ABCDEF is a regular
hexagon.

A

BC

D

E F

O a

b

Solution

(i) The position vectorc is represented by the line segment
�!
OC which has the

same magnitude and direction as the line segment
�!
AB. Hence

c D b � a:

(ii) The position vectord is represented by the line segment
�!
OD which has the

same magnitude as, butoppositedirection to, the line segment
�!
OA. Hence

d D �a:

(iii) The position vectore is represented by the line segment
�!
OE which has the

same magnitude as, butoppositedirection to, the line segment
�!
OB. Hence

e D �b:

(iv) The position vectorf is represented by the line segment
�!
OF which has the

c
 Cambridge University Press, 2006
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same magnitude as, butoppositedirection to, the line segment
�!
AB. Hence

e D �.b � a/ D a � b:
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 Cambridge University Press, 2006
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Problem 1 . 4

Let ABCD be a general (skew) quadrilateral and letP , Q, R, S be the mid-points
of the sidesAB, BC , CD, DA respectively. Show thatPQRS is a parallelogram.

Solution
Let the pointsA, B, C , D have position vectorsa, b, c, d relative to some origin
O . Then the position vectors of the pointsP , Q, R, S are given by

p D 1
2
.a C b/; q D 1

2
.b C c/; r D 1

2
.c C d/; s D 1

2
.d C a/:

Now the line segment
�!
PQ represents the vector

q � p D 1
2
.b C c/ � 1

2
.a C b/ D 1

2
.c � a/;

and the line segment
�!
SR represents the vector

r � s D 1
2
.c C d/ � 1

2
.d C a/ D 1

2
.c � a/:

The linesPQ andSR are therefore parallel. Similarly, the linesQR andPS are
parallel. The quadrilateralPQRS is therefore aparallelogram.
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 Cambridge University Press, 2006
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Problem 1 . 5

In a general tetrahedron, lines are drawn connecting the mid-point of each side with
the mid-point of the side opposite. Show that these three lines meet in a point that
bisects each of them.

Solution
Let the vertices of the tetrahedron beA, B, C , D and suppose that these points have
position vectorsa, b, c, d relative to some originO . ThenX , the mid-point ofAB,
has position vector

x D 1
2
.a C b/;

andY , the mid-point ofCD, has position vector

y D 1
2
.c C d/:

Hence the mid-point ofXY has position vector

1
2
.x C y/ D 1

2

�
1
2
.a C b/C 1

2
.c C d/

�
D 1

4

�
a C b C c C d

�
:

The mid-points of the other two lines that join the mid-points of opposite sides of
the tetrahedron are found to have the same position vector. These three points are
therefore coincident. Hencethe three lines that join the mid-points of opposite sides
of the tetrahedron meet in a point that bisects each of them.

c
 Cambridge University Press, 2006
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Problem 1 . 6

Let ABCD be a general tetrahedron and letP , Q, R, S be the median centres of the
faces opposite to the verticesA, B, C , D respectively. Show that the linesAP , BQ,
CR, DS all meet in a point (called thecentroidof the tetrahedron), which divides
each line in the ratio 3:1.

Solution
Let the vertices of the tetrahedron beA, B, C , D and suppose that these points

have position vectorsa, b, c, d respectively, relative to some originO . ThenP , the
median centre of the faceBCD has position vector

p D 1
3
.b C c C d/:

The point that divides the lineAP in the ratio 3:1 therefore has position vector

a C 3p

4
D 1

4

�
a C b C c C d

�
:

The corresponding points on the other three lines that join the vertices of the tetra-
hedron to the median centres of the opposite faces are all found to have the same
position vector. These four points are therefore coincident. Hencethe four lines
that join the vertices of the tetrahedron to the median centres of the opposite faces
meet in a point that divides each line in the ratio 3:1. It is the same point as was
constructed in Problem 1.5.
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Problem 1 . 7

A number of particles with massesm1;m2;m3; : : : are situated at the points with
position vectorsr1; r2; r3; : : : relative to an originO . The centre of massG of the
particles is defined to be the point of space with position vector

R D m1r1 C m2r2 C m3r3 C � � �
m1 C m2 C m3 C � � �

Show that if a different originO 0 were used, this definition would still placeG at
the same point of space.

Solution

Suppose the line segment
�!

OO 0 (that connects the two origins) represents the vector
a. Thenr 0

1, r 0
2, r 0

3; : : : , the position vectors of the masses relative to the originO 0,
are given by the triangle law of addition to be

r 0
i D r i � a:

The position vector of the centre of mass measured relative to O 0 is defined to be

R0 D
m1r 0

1
C m2r 0

2
C m3r 0

3
C � � �

m1 C m2 C m3 C � � �

D m1.r1 � a/C m2.r2 � a/C m3.r3 � a/C � � �
m1 C m2 C m3 C � � �

D
�

m1r1 C m2r2 C m3r3 C � � �
m1 C m2 C m3 C � � �

�
� a

D R � a:

By the triangle law of addition, this defines thesame point of spaceas before.
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 Cambridge University Press, 2006
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Problem 1 . 8

Prove that the three perpendiculars of a triangle are concurrent.

FIGURE 1.3 AL and BM are two of the
perpendiculars of the triangleABC .

A

B C

O

L

M
N

Solution
Let ABC be the triangle and construct the perpendicularsAL andBM from A and
B; let O be their point of intersection. Now construct the lineCO and extend it to
meetAB in the pointN . We wish to show thatCN is perpendicular toAB.

Suppose the pointsA, B, C have position vectorsa, b, c relative toO . Then,
sinceAL is perpendicular toBC , we have

a � .c � b/ D 0;

and, sinceBM is perpendicular toCA, we have

b � .a � c/ D 0:

On adding these equalities, we obtain

c � .a � b/ D 0;

which shows that the lineCN is perpendicular to the sideAB.

c
 Cambridge University Press, 2006
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Problem 1 . 9

If a1 D �1i C�1j C�1k, a2 D �2i C�2j C�2k, a3 D �3i C�3j C�3k, where
fi ; j ;kg is a standard basis, show that

a1 � .a2�a3/ D

ˇ̌
ˇ̌
ˇ̌
�1 �1 �1

�2 �2 �2

�3 �3 �3

ˇ̌
ˇ̌
ˇ̌ :

Deduce that cyclic rotation of the vectors in a triple scalarproduct leaves the value
of the product unchanged.

Solution
Since

a2�a3 D

ˇ̌
ˇ̌
ˇ̌

i j k

�2 �2 �2

�3 �3 �3

ˇ̌
ˇ̌
ˇ̌

D i

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌ � j

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌C k

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌ ;

it follows that

a1 � .a2�a3/ D
�
�1i C �1j C �1k

�
�

�
i

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌ � j

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌C k

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌
�

D �1

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌ � �1

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌C �1

ˇ̌
ˇ̌�2 �2

�3 �3

ˇ̌
ˇ̌

D

ˇ̌
ˇ̌
ˇ̌
�1 �1 �1

�2 �2 �2

�3 �3 �3

ˇ̌
ˇ̌
ˇ̌ :

Since the value of this determinant is unchanged a cyclic rotation of its rows, it
follows thatthe value of a triple scalar product is unchanged by a cyclic rotation of
its vectors.
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Problem 1 . 10

By expressing the vectorsa, b, c in terms of a suitable standard basis, prove the
identitya�.b�c/ D .a � c/b � .a � b/c.

Solution
The algebra in this solution is reduced by selecting a special basis setfi ; j ;kg so

that

a D a1i ;

b D b1i C b2j ;

c D c1i C c2j C c3k:

Such a choice is always possible. Then

b�c D

ˇ̌
ˇ̌
ˇ̌

i j k

b1 b2 0

c1 c2 c3

ˇ̌
ˇ̌
ˇ̌

D
�
b2c3 � 0

�
i �

�
b1c3 � 0

�
j C

�
b1c2 � b2c1

�
k

D b2c3 i � b1c3 j C
�
b1c2 � b2c1

�
k

and hence theleft sideof the identity is

a�.b�c/ D

ˇ̌
ˇ̌
ˇ̌

i j k

a1 0 0

b2c3 �b1c3 b1c2 � b2c1

ˇ̌
ˇ̌
ˇ̌

D
�
0 � 0

�
i �

�
a1.b1c2 � b2c1/ � 0

�
j C

�
a1.�b1c3/ � 0

�
k

D a1.b2c1 � b1c2/j � a1b1c3 k:

Theright side of the identity is

.a � c/b � .a � b/c D .a1c1/b � .a1b1/c

D a1c1

�
b1i C b2j

�
� a1b1 .c1i C c2j C c3k/

D a1.b2c1 � b1c2/j � .a1b1c3/k:

Thus the right and left sides are equal andthis proves the identity.

c
 Cambridge University Press, 2006
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Problem 1 . 11

Prove the identities

(i) .a�b/ � .c�d/ D .a � c/.b � d/ � .a � d/.b � c/

(ii) .a�b/�.c�d/ D Œa;b;d �c � Œa; b; c �d

(iii) a�.b�c/C c�.a�b/C b�.c�a/ D 0 (Jacobi’s identity)

Solution

(i)

.a�b/ � .c�d/ D a �
�
b�.c�d/

�

D a �
�
.b � d/c � .b � c/d

�

D .a � c/.b � d/ � .a � d/.b � c/:

(ii)

.a�b/�.c�d/ D
�
.a�b/ � d

�
c �

�
.a�b/ � c

�
d

D Œa; b;d �c � Œa; b; c �d :

(iii)

a�.b�c/C c�.a�b/C b�.c�a/

D
�
.a � c/b � .a � b/c

�
C
�
.c � b/a � .c � a/b

�
C
�
.b � a/c � .b � c/a

�

D
�
c � b � b � c

�
a C

�
a � c � c � a

�
b C

�
b � a � a � b

�
c

D 0:

c
 Cambridge University Press, 2006
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Problem 1 . 12 Reciprocal basis

Let fa; b; cg be any basis set. Then the correspondingreciprocal basisfa�;b�; c�g
is defined by

a� D b�c

Œa; b; c �
; b� D c�a

Œa; b; c �
; c� D a�b

Œa; b; c �
:

(i) If fi ; j ;kg is a standard basis, show thatfi �; j �;k�g D fi ; j ;kg.
(ii) Show that Œa�; b�; c� � D 1=Œa; b; c �. Deduce that iffa; b; c g is a right

handed set then so isfa�;b�; c� g.
(iii) Show thatf.a�/�; .b�/�; .c�/� � D fa; b; c g.
(iv) If a vectorv is expanded in terms of the basis setfa; b; c g in the form

v D �a C �b C � c;

show that the coefficients�, �, � are given by� D v � a�, � D v � b�,
� D v � c�.

Solution

(i) If fi ; j ;kg is a standard basis, then

i � D j �k

i � .j �k/

D i

i � i
D i

1

D i :

Similar arguments hold forj � andk� and hencefi �; j �;k�g D fi ; j ;kg.
(ii)

Œa�; b�; c� � D a�
�
�
b��c��

D a�
�

�
c�a

Œa; b; c �
� a�b

Œa; b; c �

�

D a�

Œa; b; c �2
�

�
.c�a/ � b/a � .c�a/ � a/b

�

D b�c

Œa; b; c �3
�

�
Œa; b; c �a � 0

�

D 1

Œa; b; c �
:

c
 Cambridge University Press, 2006
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If fa; b; c g is a right-handed basis set, thenŒa;b; c � is positive. It follows
that Œa�; b�; c� � must also be positive and therefore alsoright-handed.

(iii)

�
a��� D b��c�

Œa�;b�; c� �

D Œa;b; c �

�
c�a

Œa; b; c �
� a�b

Œa; b; c �

�

D 1

Œa; b; c �

�
.c�a/ � b/a � .c�a/ � a/b

�

D 1

Œa; b; c �

�
Œa; b; c �a � 0

�

D a:

Similar arguments hold for
�
b��� and.c�/� and hencef.a�/�; .b�/�; .c�/� g D

fa; b; c g.
(iv) Supposev is expanded in terms of the basis setfa;b; c g in the form

v D �a C �b C � c:

On taking the scalar product of this equation witha�, we obtain

v � a� D �a � a� C �b � a� C � c � a�

D �a �

�
b�c

Œa; b; c �

�
C �b �

�
b�c

Œa;b; c �

�
C � c �

�
b�c

Œa; b; c �

�

D �C 0 C 0

D �:

Hence� D v � a�, and, by similar arguments,� D v � b� and� D v � c�.

c
 Cambridge University Press, 2006



Chapter 1 The algebra and calculus of vectors 21

Problem 1 . 13

Lamé’s equationsThe directions in which X-rays are strongly scattered by a crystal
are determined from the solutionsx of Lamé’s equations, namely

x � a D L; x � b D M; x � c D N;

wherefa; b; cg are the basis vectors of the crystal lattice, andL, M , N areany
integers. Show that the solutions of Lamé’s equations are

x D La� C M b� C N c�;

wherefa�;b�; c�g is the reciprocal basis tofa; b; cg.

Solution
Let us seek solutions of Lamé’s equations in the form

x D �a� C �b� C � c�;

wherefa�; b�; c�g is thereciprocal basiscorresponding to the lattice basisfa;b; cg.
On substituting this expansion into Lamé’s equations, we find that� D L, � D M

and� D N . The onlysolution of Lamé’s equations(corresponding to given values
of L, M , N ) is therefore

x D La� C M b� C N c�:

c
 Cambridge University Press, 2006
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Problem 1 . 14

If r.t/ D .3t2 � 4/i C t3 j C .t C 3/k, wherefi ; j ;kg is a constant standard basis,
find Pr and Rr . Deduce the time derivative ofr� Pr .

Solution
If r.t/ D .3t2 � 4/i C t3 j C .t C 3/k, then

Pr D 6t i C 3t2 j C k;

Rr D 6i C 6t j :

Hence

d

dt

�
r� Pr

�
D Pr� Pr C r� Rr

D 0 C r� Rr

D

ˇ̌
ˇ̌
ˇ̌

i j k

3t2 � 4 t3 t C 3

6 6t 0

ˇ̌
ˇ̌
ˇ̌

D �6t.t C 3/i C 6.t C 3/j C 12t.t2 � 2/k:
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Problem 1 . 15

The vectorv is a function of the timet andk is a constant vector. Find the time
derivatives of (i)jv j2, (ii) .v � k/ v, (iii) Œv; Pv;k �.

Solution

(i)

d

dt
jv j2 D d

dt

�
v � v

�

D Pv � v C v � Pv

D 2v � Pv:

(ii)

d

dt

�
.v � k/v

�
D
�
Pv � k C v � Pk

�
v C .v � k/ Pv

D . Pv � k/v C .v � k/ Pv:

(iii)

d

dt
Œv; Pv;k � D Œ Pv; Pv;k �C Œv; Rv;k �C Œv; Pv; Pk �

D 0 C Œv; Rv;k �C 0

D Œv; Rv;k �:
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Problem 1 . 16

Find the unit tangent vector, the unit normal vector and the curvature of the circle
x D a cos� , y D a sin� , z D 0 at the point with parameter� .

Solution
Let i , j be unit vectors in the directionsOx, Oy respectively. Then the vector

form of the equation for the circle is

r D a cos� i C a sin� j :

Then

dr

d�
D �a sin� i C a cos� j

and so
ˇ̌
ˇ̌dr

d�

ˇ̌
ˇ̌ D a:

Theunit tangent vector to the circle is therefore

t.�/ D dr

d�

�ˇ̌
ˇ̌dr

d�

ˇ̌
ˇ̌ D � sin� i C cos� j :

By the chain rule,

dt

ds
D dt=d�

ds=d�
D dt=d�

jdr=d� j D � cos� i � sin� j

a
:

Hence theunit normal vector andcurvature of the circle are given by

n.�/ D � cos� i � sin� j ; �.�/ D 1

a
:

Theradius of curvature of the circle isa.
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Problem 1 . 17

Find the unit tangent vector, the unit normal vector and the curvature of the helix
x D a cos� , y D a sin� , z D b� at the point with parameter� .

Solution
Let i , j , k be unit vectors in the directionsOx, Oy, Oz respectively. Then the

vector form of the equation for the helix is

r D a cos� i C a sin� j C b� k:

Then

dr

d�
D �a sin� i C a cos� j C b k

and so
ˇ̌
ˇ̌dr

d�

ˇ̌
ˇ̌ D

�
a2 C b2

�1=2

:

Theunit tangent vector to the helix is therefore

t.�/ D dr

d�

�ˇ̌
ˇ̌dr

d�

ˇ̌
ˇ̌

D �a sin� i C a cos� j C b k
�
a2 C b2

�1=2 :

By the chain rule,

dt

ds
D dt=d�

ds=d�
D dt=d�

jdr=d� j

D �a cos� i � a sin� j

a2 C b2
:

Hence theunit normal vector andcurvature of the helix are given by

n.�/ D � cos� i � sin� j ; �.�/ D a

a2 C b2

Theradius of curvature of the helix is
�
a2 C b2

�
=a.
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Problem 1 . 18

Find the unit tangent vector, the unit normal vector and the curvature of the parabola
x D ap2, y D 2ap, z D 0 at the point with parameterp.

Solution
Let i , j be unit vectors in the directionsOx, Oy respectively. Then the vector

form of the equation for the parabola is

r D ap2i C 2apj :

Then

dr

dp
D 2ap i C 2aj and

ˇ̌
ˇ̌dr

dp

ˇ̌
ˇ̌ D 2a

�
p2 C 1

�1=2

:

Theunit tangent vector to the parabola is therefore

t.p/ D dr

dp

�ˇ̌
ˇ̌dr

dp

ˇ̌
ˇ̌

D p i C j
�
p2 C 1

�1=2 :

By the chain rule,

dt

ds
D dt=dp

ds=dp
D dt=dp

jdr=dpj

D 1

2a
�
p2 C 1

�1=2

 
i

�
p2 C 1

�1=2 � p.p i C j /
�
p2 C 1

�3=2

!

D i � pj

2a
�
p2 C 1

�2 :

Hence theunit normal vector andcurvature of the parabola are given by

n.�/ D i � pj
�
p2 C 1

�1=2 �.�/ D 1

2a
�
p2 C 1

�3=2 :

Theradius of curvature of the parabola is2a
�
p2 C 1

�3=2

.
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Problem 2 . 1

A particleP moves along thex-axis with its displacement at timet given byx D
6t2 � t3 C 1, wherex is measured in metres andt in seconds. Find the velocity and
acceleration ofP at timet . Find the times at whichP is at rest and find its position
at these times.

Solution
Since the displacement ofP at timet is

x D 6t2 � t3 C 1;

thevelocity of P at timet is given by

v D dx

dt
D 12t � 3t2 m s�1;

and theaccelerationof P at timet is given by

a D dv

dt
D 12 � 6t m s�2:

P is instantaneouslyat rest whenv D 0, that is, when

12t � 3t2 D 0:

This equation can be written in the form

3t.4 � t/ D 0

and its solutions are thereforet D 0 s andt D 4 s.
Whent D 0 s, the displacement ofP is x D 6.02/ � 03 C 1 D 1 m and when

t D 4 s, the displacement ofP is x D 6.42/ � 43 C 1 D 33 m.
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Problem 2 . 2

A particleP moves along thex-axis with its accelerationa at timet given by

a D 6t � 4 m s�2:

Initially P is at the pointx D 20 m and is moving with speed15 m s�1 in the
negativex-direction. Find the velocity and displacement ofP at timet . Find when
P comes to rest and its displacement at this time.

Solution
Since the acceleration ofP at timet is given to be

a D 6t � 4;

the velocityv of P at timet must satisfy the ODE

dv

dt
D 6t � 4:

Integrating with respect tot gives

v D 3t2 � 4t C C;

whereC is a constant of integration. The initial condition thatv D �15 whent D 0

gives

�15 D 3.02/� 4.0/C C;

from whichC D �15. Hence thevelocity of P at timet is

v D 3t2 � 4t � 15 m s�1:

By writing v D dx=dt and integrating again, we obtain

x D t3 � 2t2 � 15t C D;

whereD is a second constant of integration. The initial condition thatx D 20 when
t D 0 gives

20 D 03 � 2.02/ � 15.0/C D;
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from whichD D 20. Hence thedisplacementof P at timet is

x D t3 � 2t2 � 15t C 20 m:

P comes to rest whenv D 0, that is, when

3t2 � 4t � 15 D 0:

This equation can be written in the form

.t � 3/.3t C 5/ D 0

and its solutions are thereforet D 3 s andt D �5
3

s. The timet D �5
3

s isbeforethe
motion started and is therefore not a permissible solution.It follows thatP comes
to rest only whent D 3 s. Thedisplacementof P at this time is

x D 33 � 2.32/ � 15.3/C 20 D �16 m:
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Problem 2 . 3 Constant acceleration formulae

A particle P moves along thex-axis with constantaccelerationa in the positive
x-direction. InitiallyP is at the origin and is moving with velocityu in the positive
x-direction. Show that the velocityv and displacementx of P at timet are given
by

v D u C at; x D ut C 1
2
at2;

and deduce that

v2 D u2 C 2ax:

In a standing quarter mile test, the Suzuki Bandit 1200 motorcycle covered the quar-
ter mile (from rest) in 11.4 seconds and crossed the finish line doing 116 miles per
hour. Are these figures consistent with the assumption of constant acceleration?

Solution
When the accelerationa is aconstant, the ODE

dv

dt
D a

integrates to give

v D at C C;

whereC is a constant of integration. The initial conditionv D u whent D 0 gives

u D 0 C C;

from whichC D u. Hence thevelocity of P at timet is given by

v D u C at: (1)

On writingv D dx=dt and integrating again, we obtain

x D ut C 1
2
at2 C D;

whereD is a second constant of integration. The initial conditionx D 0 whent D 0

givesD D 0 so that thedisplacementof P at timet is given by

x D ut C 1
2
at2: (2)
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From equation (1),

v2 D .u C at/2

D u2 C 2uat C a2t2

D u2 C 2a
�
ut C 1

2
at2
�

D u2 C 2ax;

on using equation (1). We have thus obtained the relation

v2 D u2 C 2ax: (3)

In the notation used above, the results of the Bandit test runwere

u D 0; v D 116 mph.D 170 ft s�1/;

x D 1320 ft; t D 11:4 s;

in Imperial units.
Suppose that the Bandit does have constant accelerationa. Then formula (1)

gives

170 D 0 C 11:4 a;

from whicha D 14:9 ft s�2. However, formula (2) gives

1320 D 0 C 1
2
a.11:4/2

from whicha D 20:3 ft s�2. These two values fora do not agree and so the Bandit
must have hadnon constant acceleration.
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Problem 2 . 4

The trajectory of a charged particle moving in a magnetic field is given by

r D b cos�t i C b sin�t j C ct k;

whereb,� andc are positive constants. Show that the particle moves with constant
speed and find the magnitude of its acceleration.

Solution
Since the position vector ofP at timet is

r D b cos�t i C b sin�t j C ct k;

thevelocity of P at timet is given by

v D dr

dt
D ��b sin�t i C�b cos�t j C c k;

and theaccelerationof P at timet is given by

a D dv

dt
D ��2b cos�t i ��2b sin�t j :

It follows that

jvj2 D .��b sin�t/2 C .�b cos�t/2 C c2

D �2b2
�
sin2�t C cos2�t

�
C c2

D �2b2 C c2:

Hencejvj D
�
�2b2 C c2

�1=2
, which is a constant.

Furthermore,

jaj2 D .��2b cos�t/2 C .��2b sin�t/2

D �4b2
�
cos2�t C sin2�t

�

D �4b2:

Hencejaj D �2b, which is also a constant.
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Problem 2 . 5 Acceleration due to rotation and orbit of the Earth

A body is at rest at a location on the Earth’s equator. Find itsacceleration due to
the Earth’s rotation. [Take the Earth’s radius at the equator to be 6400 km.]

Find also the acceleration of the Earth in its orbit around the Sun. [Take the Sun
to be fixed and regard the Earth as a particle following a circular path with centre
the Sun and radius15 � 1010 m.

Solution

(i) The distance travelled by a body on the equator in one rotation of the Earth
is 2�R, whereR is the Earth’s radius. This distance is traversed in one day.
Thespeedof the body is therefore

v D 2� � 6; 400; 000

24 � 60 � 60
D 465 m s�1;

in S.I. units. Theaccelerationof the body is directed towards the centre of
the Earth and has magnitude

a D v2

R
D 0:034 m s�2:

(ii) The distance travelled by the Earth in one orbit of the Sun is 2�R, whereR

is now the radius of the Earth’sorbit. This distance is traversed in one year.
Thespeedof the Earth in its orbit is therefore

v D
2�
�
15 � 1010

�

365 � 24 � 60 � 60
D 3:0 � 104 m s�1;

in S.I. units. Theaccelerationof the Earth is directed towards the Sun and
has magnitude

a D v2

R
D 0:0060 m s�2:
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Problem 2 . 6

An insect flies on a spiral trajectory such that its polar coordinates at timet are given
by

r D be�t ; � D �t;

whereb and� are positive constants. Find the velocity and accelerationvectors of
the insect at timet , and show that the angle between these vectors is always�=4.

Solution
Thevelocity of the insect at timet is given by

v D Prbr C
�
r P�
�
b�

D
�
�be�t

�
br C

�
�be�t

�
b�

and theaccelerationof the insect at timet is given by

a D
�

Rr � r P�2
�
br C

�
r R� C 2 Pr P�

�
b�

D
�
�2be�t ��2be�t

�
br C

�
0 C 2�2be�t

�
b�

D 2�2be�t b�:

It follows that

jv j D
p

2�be�t and ja j D 2�2be�t :

Theangle˛ betweenv anda is then given by

cos˛ D v � a

jv jja j

D 2�3b2e2�t

�p
2�be�t

� �
2�2be�t

�

D 1p
2
:

Hence the angle between the vectorsv anda is always�=4.
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Problem 2 . 7

A racing car moves on a circular track of radiusb. The car starts from rest and
its speedincreases at a constant rate˛. Find the angle between its velocity and
acceleration vectors at timet .

Solution
Since the car has speedv D ˛t at timet , its velocity is

v D vb� D ˛tb�

and itsaccelerationis

a D
�

�v
2

b

�
br C Pvb� D

�
�˛

2t2

b

�
br C ˛br:

Theangleˇ betweenv anda is then given by

cosˇ D v � a

jv jja j

D ˛2t

˛t

�
˛4t4

b2
C ˛2

�1=2

D b
�
b2 C ˛2t4

�1=2 :

The angle between the vectorsv anda at timet is therefore

ˇ D cos�1

 
b

�
b2 C ˛2t4

�1=2

!
:

c
 Cambridge University Press, 2006



Chapter 2 Velocity, acceleration and scalar angular veloci ty 37

Problem 2 . 8

A particleP moves on a circle with centreO and radiusb. At a certain instant the
speed ofP is v and its acceleration vector makes an angle˛ with PO . Find the
magnitude of the acceleration vector at this instant.

FIGURE 2.1 The velocity and acceleration
vectors of the particleP .

αa

v

P

O

b

Solution
In the standard notation, thevelocity andaccelerationvectors ofP have the form

v D vb� ;

a D �v
2

b
br C Pvb�;

wherev is thecircumferential velocityof P .

Consider the component ofa in the direction
�!
PO . This can be written in the

geometrical formjaj cos˛ and also in the algebraic forma � .�br/. Hence

jaj cos˛ D a � .�br/

D
�

�v
2

b
br C Pvb�

�
� .�br/

D v2

b
:

It follows that

jaj D v2

b cos˛
:
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Problem 2 . 9 �

A bee flies on a trajectory such that its polar coordinates at time t are given by

r D bt

�2
.2� � t/ � D t

�
.0 � t � 2�/;

whereb and� are positive constants. Find the velocity vector of the bee at time t .
Show that the least speed achieved by the bee isb=� . Find the acceleration of

the bee at this instant.

Solution
Thevelocity vector of the bee is given by

v D Prbr C
�
r P�
�
b�

D 2b

�2
.� � t/br C bt

�3
.2� � t/b�:

It follows that

jv j2 D 4b2

�4
.� � t/2 C b2t2

�6
.2� � t/2

D b2

�6

�
t4 � 4� t3 C 8�2t2 � 8�3t C 4�4

�
;

after some simplification.
To find the maximum value ofjv j, consider the time derivative ofjv j2.

d

dt
jv j2 D b2

�6

�
4t3 � 12� t2 C 16�2t � 8�3

�

D 4b2

�6
.t � �/

�
t2 � 2� t C 2�2

�
:

The expressiont2 � 2� t C 2�2 is always positive and hence

d

dt
jv j2

8
<
:
< 0 for t < �;

D 0 for t D �;

> 0 for t > �:

Hencejv j achieves its minimum value whent D � . At this instant,

jv j D b

�
;
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which is therefore theminimum speedof the bee.

Theaccelerationvector of the bee at timet is given by

a D
�

Rr � r P�2
�
br C

�
r R� C 2 Pr P�

�
b�

D
�

�2b

�2
� bt

�4
.2� � t/

�
br C

�
0 C 4b

�3
.� � t/

�
b�

D �3b

�2
br ;

whent D � . Hence, when the speed of the bee is a minimum,

jaj D 3b

�2
:
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Problem 2 . 10 � A pursuit problem: Daniel and the Lion

The luckless Daniel (D) is thrown into a circular arena of radiusa containing a lion
(L). Initially the lion is at the centreO of the arena while Daniel is at the perimeter.
Daniel’s strategy is to run with his maximum speedu around the perimeter. The
lion responds by running at its maximum speedU in such a way that it remains
on the (moving) radiusOD. Show thatr , the distance ofL from O , satisfies the
differential equation

Pr2 D u2

a2

�
U 2a2

u2
� r2

�
:

Find r as a function oft . If U � u, show that Daniel will be caught, and find how
long this will take.

Show that the path taken by the lion is a circle. For the special case in which
U D u, sketch the path taken by the lion and find the point of capture.

D

O

u

ṙr θ˙

r

θ

L

FIGURE 2.2 Daniel D is pursued by the lionL. The lion
remains on the rotating radiusOD.

Solution
Let the lion have polar coordinatesr , � as shown in Figure 2.2. Then thevelocity
vector of the lion is

v D Prbr C
�
r P�
�
b�

D Prbr C
�ur

a

�
b�;
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since the lion remains on the radiusOD which is rotating with angular velocity
P� D u=a. Since the lion is running with speedU , it follows that

Pr2 C
�ur

a

�2

D U 2;

which can be written in the form

Pr2 D u2

a2

�
U 2a2

u2
� r2

�
:

This is theequationsatisfied by the radial coordinater .t/.
On taking square roots and selecting the positive sign, we obtain

Pr D u

a

�
U 2a2

u2
� r2

�1=2

;

which is a separable first order ODE. Separation gives

ut

a
D
Z �

U 2a2

u2
� r2

��1=2

dr

D sin�1
� ur

Ua

�
C C;

whereC is a constant of integration. The initial conditionr D 0 whent D 0 gives
C D 0 so that

ut

a
D sin�1

� ur

Ua

�
;

that is,

r D Ua

u
sin

�
ut

a

�
:

This is thesolution for r as a function oft .

Daniel will be caught whenr D a, that is, when

sin

�
ut

a

�
D u

U
:

If U � u, this equation has the real solution

t D a

u
sin�1 u

U
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and soDaniel will be caughtafter this time.

Since� D ut=a, the polar equation of thepath of the lion is

r D Ua

u
sin�:

In order to recognise this equation as a circle, we express itin Cartesian coordinates.
This is made easier if both sides are multiplied byr . The equation then becomes

x2 C y2 D
�

Ua

u

�
y;

the standard form of which is

x2 C
�

y � Ua

2u

�2

D
�

Ua

2u

�2

:

This is acircle with centre at.0;Ua=2u/ and radiusUa=2u. Note that the lion does
not traverse the full circle. Daniel will be caught when the lion has traversed an arc
of length.Ua=u/ sin�1.u=U /.

For the special case in whichU D u (that is, the lion and Daniel have the same
speed) the path of the lion is

x2 C
�
y � 1

2
a
�2

D
�

1
2
a
�2

;

which is a circle with centre at.0; 1
2
a/ and radius1

2
a. Daniel will be caught when

the lion has traversed half of this circle, as shown in Figure2.3. The point of capture
is .0; a/.
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D

L

C

FIGURE 2.3 The paths of Daniel and the lion whenU D
u. C is the point of capture.
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Problem 2 . 11 General motion with constant speed

A particle moves along any path in three-dimensional space with constant speed.
Show that its velocity and acceleration vectors must alwaysbe perpendicular to each
other. [Hint. Differentiate the formulav � v D v2 with respect tot .]

Solution
If P moves with constant speedv, its velocity vectorv satisfies the equation

v � v D v2

at all times. On differentiating this equation with respectto t , we obtain

Pv � v C v � Pv D 0;

that is,

a � v D 0;

wherea (D Pv) is theaccelerationvector ofP . Hence the velocity and acceleration
vectors ofP must always be perpendicular to each other.
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Problem 2 . 12

A particleP moves so that its position vectorr satisfies the differential equation

Pr D c�r;

wherec is a constant vector. Show thatP moves with constant speed on a circular
path. [Hint. Take the dot product of the equation first withc and then withr.]

Solution
First we take the scalar product of the equation

Pr D c�r;

with r . This gives

r � Pr D r � .c�r/

D 0:

This equation can be integrated with respect tot to give

r � r D R2;

whereR is a positive constant. The motion ofP is therefore restricted to the surface
of asphereS with centreO and radiusR.

Second we take the scalar product of the equation

Pr D c�r;

with c. This gives

Pr � c D .c�r/ � c

D 0:

This equation can be integrated with respect tot to give

r � c D constant;

which can be expressed in the more standard form

r �bc D p;
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wherebc is aunit vector parallel toc andp is a positive constant. The motion ofP is
therefore restricted to aplaneP perpendicular to the vectorc whose perpendicular
distance fromO is p.

It follows thatP must move on thecircle C that is the intersection of the sphere
S and the planeP. The axisfO; cg passes through the centre of the circle and is
perpendicular to its plane.

Finally, if Pr D v and Rr D a, then

d

dt
.v � v/ D 2v � a

D 2v � .c�v/

D 0:

Hencev � v is constant and soP moves along the circleC with constant speed.
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Problem 2 . 13

A large truck with double rear wheels has a brick jammed between two of its tyres
which are 4 ft in diameter. If the truck is travelling at 60 mph, find the maximum
speed of the brick and the magnitude of its acceleration. [Express the acceleration
as a multiple ofg D 32 ft s�2.]

Solution
From the theory of the rolling wheel (see the book pp. 38–40),themaximum speed
of the brick is 120 mph and occurs when the brick is in its highest position.

The acceleration of the brick is the same as that measured in areference frame
moving with the truck. (In other words, we can disregard thetranslational motion
of the wheel.) In Imperial units, theaccelerationof the brick has magnitude

jaj D v2

b

D 882

2
D 3; 872 ft s�2

D 121g:
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Problem 2 . 14

A particle is sliding along a smooth radial grove in a circular turntable which is
rotating with constant angular speed�. The distance of the particle from the rotation
axis at timet is observed to be

r D b cosh�t

for t � 0, whereb is a positive constant. Find the speed of the particle (relative
to a fixed reference frame) at timet , and find the magnitude and direction of the
acceleration.

Solution
Relative to a fixed reference frame, the polar coordinates ofthe particle at timet are

r D b cosh�t

� D �t:

Thevelocity vector ofP is therefore

v D Prbr C
�
r P�
�
b�

D .�b sinh�t/br C .�b cosh�t/b�:

Thespeedof P is therefore given by

jv j2 D �2b2 sinh2�t C�2b2 cosh2�t

D �2b2 cosh2�t:

Theaccelerationvector ofP is

v D
�

Rr � r P�2
�
br C

�
r R� C 2 Pr P�

�
b�

D
�
�2b cosh�t ��2b cosh�t

�
br C

�
0 C 2�2b sinh�t

�
b�

D
�
2�2b sinh�t

�
b�:

The acceleration ofP is therefore2�2b sinh�t in the circumferential direction.
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Problem 2 . 15

Book Figure 2.11 shows an eccentric circular cam of radiusb rotating with constant
angular velocity! about a fixed pivotO which is a distancee from the centreC .
The cam drives a valve which slides in a straight guide. Find the maximum speed
and maximum acceleration of the valve.

Solution
Thedisplacementx of the face of the valve fromC is

x D b C e cos�

D b C e cos! t:

Thevelocity v andaccelerationa of the valve are therefore

v D dx

dt
D �!e sin! t;

a D dv

dt
D �!2e cos! t:

Thus themaximum speedof the valve is!e and themaximum acceleration is
!2e.
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Problem 2 . 16

Book Figure 2.12 shows a piston driving a crankOP pivoted at the endO . The
piston slides in a straight cylinder and the crank is made to rotate with constant
angular velocity!. Find the distanceOQ in terms of the lengthsb, c and the angle
� . Show that, whenb=c is small,OQ is given approximately by

OQ D c C b cos� � b2

2c
sin2 �;

on neglecting.b=c/4 and higher powers. Using this approximation, find the maxi-
mum acceleration of the piston.

Solution
ThedistanceOQ is given by

OQ D b cos� C c cos�;

where� is the angleO bQP . By an application of the sine rule in the triangleOPQ,

sin�

b
D sin�

c

so that sin� D .b=c/ sin� and

cos� D
�

1 � b2

c2
sin2 �

�1=2

:

Hence

OQ D b cos� C c

�
1 � b2

c2
sin2 �

�1=2

D b cos� C c

 
1 � b2

2c2
sin2 � C O

�
b

c

�4
!

D c C b cos� � b2

2c
sin2 �

on neglecting.b=c/4 and higher powers. In this approximation, thedisplacement
OQ at timet is given by

x D c C b cos! t � b2

2c
sin2 ! t

D c C b cos! t � b2

4c
.1 � cos2! t/:
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Theaccelerationof the piston at timet is therefore

a D d2x

dt2
D �!2b cos! t � b2

c
cos2! t

and themaximum value achieved byjaj is

!2b

�
1 C b

c

�
:
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Problem 2 . 17

Book Figure 2.13 shows an epicyclic gear arrangement in which the ‘Sun’ gearG1

of radiusb1 and the ‘ring’ gearG2 of inner radiusb2 rotate with angular velocities
!1,!2 respectively about their fixed common centreO . Between them they grip the
‘planet’ gearG, whose centreC moves on a circle centreO . Find the circumferen-
tial velocity of C and the angular velocity of the planet gearG. If O andC were
connected by an arm pivoted atO , what would be the angular velocity of the arm?

Solution
Let v be the velocity of the centreC of the planet gearG and let! be its angular

velocity. Note that the radiusb of the planet gear is1
2
.b2 � b1/. Then the rolling

condition at the point of contact ofG and the Sun gearG1 gives

!1b1 D v � ! b

D v � 1
2
!.b2 � b1/:

The rolling condition at the point of contact ofG and the ring gearG2 gives

!2b2 D v C ! b

D v C 1
2
!.b2 � b1/:

It follows that the planet gear hasvelocity

v D 1
2
.!1b1 C !2b2/

andangular velocity

! D !2b2 � !1b1

b2 � b1

:

If O andC are connected by an arm pivoted atO , the lengthL of the arm is

L D b1 C 1
2
.b2 � b1/ D 1

2
.b1 C b2/

and theangular velocity� of the arm satisfies the equation�L D v. Hence

� D v

L
D !1b1 C !2b2

b1 C b2

:
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Problem 2 . 18

Book Figure 2.14 shows a straight rigid link of lengtha whose ends contain pins
P , Q that are constrained to move along the axesOX , OY . The displacementx
of the pinP at timet is prescribed to bex D b sin�t , whereb and� are positive
constants withb < a. Find the angular velocity! and the speed of the centreC of
the link at timet .

Solution
Let � be the angle between the rod and the negativex-axis. Then the angular

velocity of the rod (as shown in book Figure 2.14) is! D � P� . The angle� is
related to the displacementx by the formulax D a cos� from which it follows that
Px D � .a sin�/ P� . Hence

! D Px
a sin�

D �b cos�t

a sin�
D �b cos�t
�
a2 � a2 cos2 �

�1=2

D �b cos�t
�
a2 � b2 sin2�t

�1=2
:

This is theangular velocity of the rod at timet .

Let the centreC of the link have coordinates.X;Y /. Then

X D 1
2
a cos�;

Y D 1
2
a sin�;

and so

PX D �
�

1
2
a sin�

�
P�;

PY D
�

1
2
a cos�

�
P�:

Hence

PX 2 C PY 2 D 1
4

�
a2 sin2 �

�
P�2 C 1

4

�
a2 cos2 �

�
P�2

D 1
4
a2 P�2

D �2a2b2 cos2�t

4
�
a2 � b2 sin2�t

� :
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Thespeedof C at timet is therefore

�abj cos�t j

2
�
a2 � b2 sin2�t

�1=2
:
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Problem 2 . 19

An aircraft is to fly from a pointA to an airfieldB 600 km due north ofA. If a
steady wind of 90 km/h is blowing from the north-west, find thedirection the plane
should be pointing and the time taken to reachB if the cruising speed of the aircraft
in still air is 200 km/h.

v G

v W

α

β

v A

i

j

FIGURE 2.4 The ground velocityvG of the aircraft is the
sum of its air velocityvA and the wind velocityvW .

Solution
Let vA be the velocity of the aircraft relative to the surrounding air, let vG be

its ground velocity and letvW be the wind velocity;vA, vG andvW denote the
correspondingspeeds.

In still air, the aircraft can cruise with speedvA in any direction. When a steady
wind is blowing, this remains true when the aircraft is observed from a framemoving
with the wind. Hence, the ground velocityvG of the aircraft is given by

vG D vA C vW : (1)

The situation in the present problem is shown in Figure 2.4. The speedsvA and
vW (and the anglę ) are given, and we wish to choose the angleˇ so that the
velocity vG points north. Let the unit vectorsfi ; j g be as shown, withi pointing
east andj pointing north. Then, on taking components of equation (1) in thei - and
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j -directions, we obtain

0 D �vA sinˇ C vW sin˛;

vG D vA cosˇ � vW cos˛:

The first equation shows that theaircraft heading ˇ is

sinˇ D
�
vW

vA

�
sin˛;

and the second equation then determines theground speedvG .
In the present problem,vA D 200 km h�1, vW D 90 km h�1 and˛ D 45ı. It

follows that the headinǧ must be

ˇ D sin�1

�
90

200
� 1p

2

�
� 18:6ı;

and that the ground speedvG is

vG D 200 cosˇ � 90 cos˛ � 126 km h�1:

Thetime taken to fly to a destination 600 km to the north is therefore 600/126hours
D 4 h 46 m.
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Problem 2 . 20

An aircraft takes off from a horizontal runway with constantspeedU , climbing at
a constant anglę to the horizontal. A car is moving on the runway with constant
speedu directly towards the front of the aircraft. The car is distance a from the
aircraft at the instant of take-off. Find the distance of closest approach of the car and
aircraft. [Don’t try this one at home.]

αβ

a

C A

U

U ′

u

FIGURE 2.5 The velocities of the aircraft and the
car areU andu respectively. At the instant of take-
off, the car is atC and the aircraft atA.

Solution
Let U be the velocity of the aircraft andu the velocity of the car;U andu are the
correspondingspeeds. Let U 0 be the velocity of the aircraft in a framemoving with
the car. Then

U D u C U 0: (1)

Hence

jU 0 j2 D U 0
� U 0

D .U � u/ � .U � u/

D U 2 C u2 � 2U � u

D U 2 C u2 C 2u cos˛:

Also, on taking components of equation (1) in the vertical direction, we obtain

U 0 sinˇ D U sin˛;
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where the angles̨ andˇ are shown in Figure 2.5. Hence

sinˇ D U sin˛

U 0 D U sin˛
�
U 2 C u2 C 2u cos˛

�1=2 :

The distance ofclosest approachof the car and the aircraft isa sinˇ, that is,

aU sin˛
�
U 2 C u2 C 2u cos˛

�1=2 :
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Problem 2 . 21 �

An aircraft has cruising speedv and a flying range (out and back) ofR0 in still air.
Show that, in a north wind of speedu (u < v) its range in a direction whose true
bearing from north is� is given by

R0.v
2 � u2/

v.v2 � u2 sin2 �/1=2
:

What is the maximum value of this range and in what directionsis it attained?

u

v

v

α

u

θ

β
V

V

outward homeward

θ

FIGURE 2.6 The outward and homeward journeys of an aircraft in a steady
wind.

Solution

Outward leg
The outward leg is shown in Figure 2.6 (left). Note thatv (D jv j) and� are given
but the aircraft bearing̨ is unknown. The ground velocityV is given by

V D v C u
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and hence

v2 D v � v

D .V � u/ � .V � u/

D V 2 C u2 � 2V � u

D V 2 C u2 C 2V u cos�:

Theoutward ground speedV therefore satisfies the equation

V 2 C 2V u cos� � .v2 � u2/ D 0

and, on selecting the positive root, we find that

V out D �u cos� C
�
v2 � u2 sin2 �

�1=2

:

Homeward leg

The homeward leg is shown in Figure 2.6 (right). The quantitiesv and� are the
same as before anďis unknown. The ground speed is still given by

V D v C u;

but the velocitiesV andv arenot the same as on the outward leg. By proceeding
in the same way as before, we find that thehomeward ground speedsatisfies the
equation

V 2 � 2V u cos� � .v2 � u2/ D 0

and, on selecting the positive root, we find that

V back D u cos� C
�
v2 � u2 sin2 �

�1=2

:

The range

The rangeR is restricted by the flying time which must not exceed2R0=v. Since
the times taken to fly out and back areR=V out and R=V back respectively,R is
determined by

R

V out
C R

V back
D 2R0

v
;
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that is

R D 2R0V outV back

v .V out C V back/
:

On substituting in the values that we have obtained forV out andV back, we find that
theflying range in the direction whose true bearing from north is� is given by

R D R0.v
2 � u2/

v.v2 � u2 sin2 �/1=2
:

This range takes its maximum value when� D ˙1
2
� (that is, in directions at

right angles to the wind). In these cases, the range is

R0

�
1 � u2

v2

�1=2

;

which is still less than the range in still air.
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Problem 3 . 1

Four particles, each of massm, are situated at the vertices of a regular tetrahedron of
sidea. Find the gravitational force exerted on any one of the particles by the other
three.

Three uniform rigid spheres of massM and radiusa are placed on a horizontal
table and are pressed together so that their centres are at the vertices of an equilateral
triangle. A fourth uniform rigid sphere of massM and radiusa is placed on top of
the other three so that all four spheres are in contact with each other. Find the
gravitational force exerted on the upper sphere by the threelower ones.

FIGURE 3.1 The particlesA, B C and D

each have massm and are located at the ver-
tices of a regular tetrahedron.

A

B

C

D

M
N

α

Solution
By the law of gravitation, each of the particlesB, C andD attracts the particleA

with a force of magnitude

m2G

a2
:

By symmetry, the resultant forceF points in the directionAN and its magnitudeF
can be found by summing the components of the contributing forces in this direction.
Hence

F D 3

�
m2G cos˛

a2

�
;

where˛ is the angle shown in Figure 3.1. The angle˛ can be found by elementary
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geometry. By an application of Pythagoras,

BM 2 D BC 2 � CM 2 D a2 �
�

1
2
a
�2

D 3
4
a2;

and, sinceN is the centroid of the triangleBCD,

BN D 2
3
BM D ap

3
:

A second application of Pythagoras then gives

AN 2 D AB2 � BN 2 D a2 �
�

ap
3

�2

D 2
3
a2:

and so

cos˛ D AN

AB
D
q

2
3
:

Hence theresultant force exerted on particleA by the particlesB, C andD

acts in the directionAN and has magnitude

F D
p

6 m2G

a2
:

Since the four balls are spherically symmetric masses, their gravitational effect
is the same as if each one were replaced by a particle of massM at its centre. These
four ‘particles’ form a regular tetrahedron of side2a. Hence, the gravitational force
exerted on the upper ball by the three lower ones acts vertically downwards and has
magnitude

p
6 m2G

4a2
:
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Problem 3 . 2

Eight particles, each of massm, are situated at the corners of a cube of sidea. Find
the gravitational force exerted on any one of the particles by the other seven.

Deduce the total gravitational force exerted on the four particles lying on one
face of the cube by the four particles lying on the opposite face.

FIGURE 3.2 The particlesA, . . . ,H each
have massm and are located at the vertices
of a cube.

G

A

C

D

E

F

HH

αα
β

B

Solution
By the law of gravitation, each of the particlesB, C , . . . ,H attracts the particleA
with a force of magnitude

m2G

R2
;

whereR is the distance between them. By symmetry, the resultant forceF points in
the directionAG and so its magnitudeF can be found by summing the components
of the contributing forces in this direction. Hence

F D 3

�
m2G

a2

�
cos˛ C 3

 
m2G
�p

2a
�2

!
cosˇ C

 
m2G
�p

3a
�2

!

where˛. ˇ are the angles shown in Figure 3.2. By using elementary geometry, it is
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easily found that

cos˛ D
r

1

3
; and coš D

r
2

3
:

Hence theresultant force exerted on particleA by the particlesB, C , . . .H acts
in the directionAG and has magnitude

F D m2G

a2

 
p

3 C
r

3

2
C 1

3

!
:

By symmetry, the resultant force exerted by the particlesE, F , G H on the
particlesA, B, C , D points in the directionAE and its magnitudeF 0 can be found
by summing the components of the contributing forces in thisdirection. Now the
resultant force thatall the other particles exert on particleA has magnitudeF and
the component ofthis force in the directionAE is F cos˛. Since the the forces that
B, C , D exert onA have zero component in this direction,F cos˛ is equal to the
resultant force thatE, F , G, H exert onA, resolved in the directionAE. It follows
that the resultant force exerted by the particlesE, F , G H on the particlesA, B, C ,
D points in the directionAE and has magnitude

F 0 D 4F cos˛ D 4m2G

a2

�
1 C 1p

2
C 1

3
p

3

�
:
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Problem 3 . 3

A uniform rod of massM and length2a lies along the intervalŒ�a; a� of thex-axis
and a particle of massm is situated at the pointx D x0. Find the gravitational force
exerted by the rod on the particle.

Two uniform rods, each of massM and length2a, lie along the intervalsŒ�a; a�

andŒb � a; b C a� of thex-axis, so that their centres are a distanceb apart (b > 2a).
Find the gravitational forces that the rods exert upon each other.

F P

x

dx

{O

x′

x

FIGURE 3.3 The rod and the particle.

Solution
Consider the elementŒx; x C dx� of the rod which has massM dx=2a and exerts
an attractive force of magnitude

m.M dx=2a/G

.x0 � x/2

on P (see Figure 3.3). We must now sum these contributions but, since the rod is a
continuous distribution of mass, this sum becomes an integral. Theresultant force
F1 exerted by the rod is therefore given by

F1 D mMG

2a

Z a

�a

dx

.x0 � x/2

D mMG

2a

�
1

x0 � x

�xDa

xD�a

D mMG

2a

�
1

x0 � a
� 1

x0 C a

�

D mMG

x02 � a2
:
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Consider the elementŒx0; x0Cdx0� of the second rod which has massMdx0=2a.
The force exerted by the first rod on this element is towardsO and of magnitude

.M dx=2a/MG

.x0 � x/2
:

We must now sum these contributions but, since the second rodis also a continuous
distribution of mass, this sum also becomes an integral. Theresultant force F2 that
each rod exerts on the other is therefore given by

F2 D M 2G

2a

Z bCa

b�a

dx0

x02 � a2

D M 2G

4a2

Z bCa

b�a

�
1

x0 � a
� 1

x0 C a

�
dx0

D M 2G

4a2

h
ln.x0 � a/ � ln.x0 C a/

ibCa

b�a

D M 2G

4a2
ln

�
b2

b2 � 4a2

�
:
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Problem 3 . 4

A uniform rigid disk has massM and radiusa, and a uniform rigid rod has mass
M 0 and lengthb. The rod is placed along the axis of symmetry of the disk with one
end in contact with the disk. Find the forces necessary to pull the disk and rod apart.
[Hint. Make use of the solution in the ‘disk’ example.]

Solution
Let the axisOz be perpendicular to the disk withO at the centre, and suppose that
the rod occupies the interval0 � z � b. Consider the elementŒz; z C dz� of the rod
which has massM 0dz=b. The force exerted by the disk on this element acts towards
O and has magnitude

2MM 0G

a2b

 
1 � z

�
z2 C a2

�1=2

!
dz;

on using the result of Example 3.6. We must now sum these contributions but, since
the rod is a continuous distribution of mass, this sum becomes an integral. The
resultant force F that the disk exerts on the rod is therefore given by

F D 2MM 0G

a2b

Z b

0

 
1 � z

�
z2 C a2

�1=2

!
dz

D 2MM 0G

a2b

�
z �

�
z2 C a2

�1=2
�b

0

D 2MM 0G

a2b

�
a C b �

�
a2 C b2

�1=2�
:

This is theforce neededto pull the rod and the disk apart.
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Problem 3 . 5

Show that the gravitational force exerted on a particleinsidea hollow symmetric
sphere is zero. [Hint. The proof is the same as for a particleoutsidea symmetric
sphere, except in one detail.]

FIGURE 3.4 The particleP is inside a hol-
low gravitating sphere.

O

P

b r
dv

RR

θ

Solution
The only difference that occurs when the particleP is insidea hollow sphere is that
the polar coordinater is now alwaysgreater than the distanceb (see Figure 3.4).
The range of the variableR is thenr � b � R � r C b and the integral overR (see
the book , p. 66) is replaced by

Z rCb

r�b

�
1 C b2 � r2

R2

�
dR D

Z rCb

r�b

�
1 � r2 � b2

R2

�
dR

D
�
R C r2 � b2

R

�RDrCb

RDr�b

D
�
.r C b/C .r � b/

�
�
�
.r � b/C .r C b/

�

D 0:

(WhenP is outside the sphere, the corresponding value is4r .) It follows that the
gravitational force exerted on a particle inside a hollow sphere is zero.
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Problem 3 . 6

A narrow hole is drilled through the centre of auniform sphere of massM and
radiusa. Find the gravitational force exerted on a particle of massm which is inside
the hole at a distancer from the centre.

Solution
In this solution, we will neglect the material that was removed from the sphere to

make the hole. When the particleP is a distancer from the centre, it is

(i) exterior to a uniformsolidsphere of radiusr and mass.r=a/3M , and

(ii) interior to a uniformhollowsphere with inner radiusr and outer radiusa.

The solid sphere exerts the same force as that of a particle ofmass.r=a/3M

located at the centre, while (from Problem 3.5) the hollow sphere exerts no resultant
force. Theresultant force exerted onP when it is inside the hole is therefore

m
�
.r=a/3M

�
G

r2
C 0 D

�
mMG

a3

�
r:

This force acts towards the centre and is proportional tor . Hence, in the absence
of any other forces (such as air resistance or boiling lava!), P will perform simple
harmonic oscillations in the hole. Note that this result applies only to auniform
sphere.
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Problem 3 . 7

A symmetric sphere, of radiusa and massM , has its centre a distanceb (b > a)
from an infinite plane containing a uniform distribution of mass� per unit area. Find
the gravitational force exerted on the sphere.

!
b

P

R

θ

r

dA

O

F

α

P

FIGURE 3.5 The particleP is distanceb from a unform gravi-
tating plane.

Solution
This is basically the same problem as that in Example 3.6 where the disk now has

infinite radius (and therefore infinite mass). Despite this,the gravitational force it
exerts onP is still finite.

The force on the sphere is the same as that on a particleP of massM located at
its centre. Consider the elementdA of the plane shown in Figure 3.5. This element
has mass�dA and attracts the sphere with a force whose component perpendicular
to the plane is

�
M.�dA/G

R2

�
cos˛:

We must now sum these contributions but, since the plane is a continuous distrib-
ution of mass, this sum becomes an integral. Theresultant force F that the plane
exerts onP is therefore given by

F D M�G

Z

P

cos˛

R2
dA;
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whereP is the region occupied by the mass distribution.
This integral is most easily evaluated using polar coordinates. In this casedA D

.dr /.r d�/ D r dr d� , and the integrand becomes

cos˛

R2
D R cos˛

R3
D b

.r2 C b2/3=2
;

whereb is the distance ofP from the plane. The ranges of integration forr , � are
0 � r � 1 and0 � � � 2�. We thus obtain

F D bM�G

Z rD1

rD0

Z �D2�

�D0

�
1

.r2 C b2/3=2

�
r dr d�:

Since the integrand is independent of� , the� -integration is trivial leaving

F D 2�bM�G

Z rD1

rD0

r dr

.r2 C b2/3=2

D 2�bM�G
h
�.r2 C b2/�1=2

irD1

rD0

D �2�bM�G

�
0 � 1

b

�

D 2�M�G:

This is thegravitational force exerted on the sphere. It seems strange that this force
is independent of the distanceb, but this is because the attracting mass distribution
is aninfinite plane.
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Problem 3 . 8 �

Two uniform rigid hemispheres, each of massM and radiusa are placed in contact
with each other so as to form a complete sphere. Find the forces necessary to pull
the hemispheres apart.

FIGURE 3.6 The solid hemispheresHC and
H� attract each other.

z

r

dv
+

H

H
-

O

θ

Solution
Let the two hemispheresHC andH� be as shown in Figure 3.6. We wish to

calculate the forceF thatHC exerts onH�. SinceHC exerts no resultant force
uponitself, F is equal to the force thatHC exerts on thewhole sphereof mass2M .
It is tempting to say that this is equal to the force thatHC exerts on a particle of
mass2M located atO . However, this is not true since the mass ofHC lies inside
the whole sphere. We must therefore proceed in the same manner as in Problem 3.6.

Consider the volume elementdv of HC. This has mass�dv, where� is the
constant density. This element attracts the whole sphere with a force which is the
same as if the sphere were replaced by a particle of mass.r=a/3.2M / at its centre.
The component of this force in thez-direction is

�
2M.r=a/3.�dv/G

r2

�
cos�:

We must now sum these contributions but, sinceHC is a continuous distribution of

c
 Cambridge University Press, 2006



Chapter 3 Newton’s laws of motion and the law of gravitation 75

mass, this sum becomes an integral. Theresultant force F is therefore given by

F D 2M�G

a3

Z

HC

r cos� dv:

This integral is most easily evaluated using spherical polar coordinatesr , � ,
�. In this casedv D .dr /.r d�/.r sin� d�/ D r2 sin� dr d� d�, and the integral
becomes

F D 2M�G

a3

Z rDa

rD0

Z �D�=2

�D0

Z �D2�

�D0

r3 sin� cos� dr d� d�

D 4�M�G

a3

�Z rDa

rD0

r3 dr

� Z �D�=2

�D0

sin� cos� d�

!

D 4�M�G

a3

�
1
4
a4
� h

�1
4

cos2�
i�=2

0

D 1
2
�M�aG:

Finally, on using the relationM D 2
3
�a3�, we find that theresultant force that

HC exerts onH� is

F D 3M 2G

4a2
:

This is theforce neededto pull the hemispheres apart.
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Problem 4 . 1

Two identical blocks each of massM are connected by a light inextensible string
and can move on the surface of aroughhorizontal table. The blocks are being towed
at constant speed in a straight line by a rope attached to one of them. The tension in
the tow rope isT0. What is the tension in the connecting string? The tension inthe
tow rope is suddenly increased to4T0. What is the instantaneous acceleration of the
blocks and what is the instantaneous tension in the connecting string?

TT
F F

M M T0

FIGURE 4.1 The two blocks are linked together and towed by a forceT0.

Solution
Let the tension in the connecting string beT and the frictional force acting on each
block beF (see Figure 4.1). The two frictional forces are equal because the blocks
are physically identical and are travelling at the same speed.

(i) Suppose first that the whole system is moving atconstant speed. Then the
blocks have zero acceleration and theirequations of motionare therefore

T0 � T � F D 0;

T � F D 0:

Hence

T D 1
2
T0 and F D 1

2
T0:

The tension in the connecting string is therefore1
2
T0.

(ii) Suppose that the tension in the tow rope is increased to4T0 and that the
system then has accelerationa at time t . Theequations of motion for the
two blocks then become

4T0 � T � F D Ma;

T � F D Ma:

At any instant, the two blocks have the same speed and so the two frictional
forces do remainequal. However, we have no right to suppose that, as the
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speed of the system increases, the frictional forces will remainconstant. But,
at the instant that the tension in the tow rope is increased, the speed is (as yet)
unchanged and it will still be true thatF D 1

2
T0. Thus,at this instant, we

have

7
2
T0 � T D Ma;

T � 1
2
T0 D Ma:

Hence

T D 2T0 and a D 3T0

2M
:

Hence theinstantaneousacceleration of the blocks is3T0=2M and thein-
stantaneoustension in the connecting string is2T0. (If it happens to be true
that F is independent of the speed of the blocks, these values will remain
constant in the subsequent motion.)
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Problem 4 . 2

A body of massM is suspended from a fixed pointO by an inextensible uniform
rope of massm and lengthb. Find the tension in the rope at a distancez below
O . The point of support now begins to rise with acceleration2g. What now is the
tension in the rope?

FIGURE 4.2 The block of massM is sus-
pended from a support by a uniform rope of
massm and lengthb.

z

M

T

Solution
Consider the motion ofS 0, which is that part of the system that liesbelow the

horizontal plane shown dashed in Figure 4.2. This consists of the block of massM
and a segment of the rope of lengthb � z and massm.b � z/=b. Then:

(i) When the system is inequilibrium , the acceleration is zero and theequation
of motion for S 0 is

T � Mg � m
�
1 � z

b

�
g D 0;

whereT (D T .z/) be the tension in the rope at depthz. Hence, thetension
in the rope is

T D Mg C m
�
1 � z

b

�
g:

This tension takes itsmaximum valueof .M C m/g at z D 0.

(ii) When the support is accelerating upwards with acceleration 2g, theequation
of motion for S 0 becomes

T � Mg � m
�
1 � z

b

�
g D

�
Mg C m

�
1 � z

b

�� �
2g
�
:
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The tension in the rope is therefore

T D 3Mg C 3m
�
1 � z

b

�
g;

which is three times the static value.
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Problem 4 . 3

Two uniform lead spheres each have mass 5000 kg and radius 47 cm. They are
released from rest with their centres 1 m apart and move undertheir mutual gravita-
tion. Show that they will collide inlessthan 425 s. [G D 6:67 � 10�11 N m2 kg�2.]

Solution
The uniform spheres may be replaced by particles of mass 5000kg which are re-

leased from rest a distance 1 m apart. We wish to know how long it takes for each
particle to move a distance 3 cm.

Strictly speaking, this is a problem with non-constant accelerations, but we may
find anupper boundfor the time taken by replacing the non-constant acceleration of
each particle by itsinitial value. By the inverse square law, the subsequent accelera-
tions will be greater than this so that the true time will be less than that calculated by
this approximation. Theinitial acceleration of each particle is given by the inverse
square law to be

a D mG

R2
D 5000 � 6:67 � 10�11

12
D 3:335 � 10�7 m s�2:

If the particles moved with this constant acceleration, their displacements after time
t would be given by the constant acceleration formulax D 1

2
at2. The time� taken

for each sphere to move a distance 3 cm would then be

� D
�

2 � 0:03

3:335 � 10�7

�1=2

D 424.2 s:

Hence, (allowing a little for rounding error) thespheres will collidein lessthan 425
s.
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Problem 4 . 4

The block in Figure 4.2 is sliding down the inclined surface of a fixed wedge. This
time the frictional forceF exerted on the block is given byF D �N , whereN is
the normal reaction and� is a positive constant. Find the acceleration of the block.
How do the cases� < tan˛ and� > tan˛ differ?

Solution
We will make use of the results on p. 79 of the book. Theequations of motionfor
the block are

Mg sin˛ � F D M
dv

dt
;

N � Mg cos˛ D 0:

In the present problem, we are given thatF andN are related byF D �N , where
� is a positive constant. It follows thatv satisfies the equation

dv

dt
D .sin˛ � � cos˛/g:

Assuming that the block is moving at all, this is itsacceleration; it may be positive
or negative. If� > tan˛, the block will always come to rest and will thenremain at
rest. If � < tan˛, the block may come to rest (v may be negative initially), but will
then slide down the plane.
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Problem 4 . 5

A stuntwoman is to be fired from a cannon and projected a distance of 40 m over
level ground. What is the least projection speed that can be used? If the barrel of
the cannon is 5 m long, show that she will experience an acceleration of at least4g

in the barrel. [Takeg D 10 m s�2.]

Solution
We will make use of the projectile results on p. 89 of the book.In the absence of

air resistance, the least projection speed will be needed when the barrel is inclined
at45ı to the horizontal. In this case, the horizontal rangeR is given by

R D u2

g
;

in the standard notation. Hence, the stuntwoman must belaunched with speed

u D .Rg/1=2 D .40 � 10/1=2 D 20 m s�1:

Suppose that the acceleration of the stuntwoman in the barrel is a constanta.
Then the constant acceleration formulav2 � u2 D 2ax shows thata is given by

a D v2 � u2

2x
D 202 � 02

2 � 5
D 40 m s�2 D 4g:

This is the stuntwoman’saccelerationin the barrel, provided that it is constant. If
her acceleration is not constant, then there will be times atwhich it is less than4g

and other times at which it is greater than4g. In all cases then, an acceleration of
4g will be experienced by the stuntwoman.
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Problem 4 . 6

In an air show, a pilot is to execute a circular loop at the speed of sound (340 m s�1).
The pilot may black out if his acceleration exceeds8g. Find the radius of the small-
est circle he can use. [Takeg D 10 m s�2.]

Solution
Theaccelerationa of the pilot is given by

a D v2

R
D 3402

R
;

whereR is the radius of the circle in metres. Ifa is not to exceed8g, thenR must
satisfy

R � 3402

8 � 10
D 1445 m:

This is the radius ofsmallest circlethe pilot can use. This is nearly a mile, which is
surprisingly large.
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Problem 4 . 7

A body has terminal speedV when falling in still air. What is its terminal velocity
(relative to the ground) when falling in a steady horizontalwind with speedU ?

FIGURE 4.3 Terminal velocity in a steady
wind. i

k

U i

−V   k

α

v

Solution
In still air, the body has terminal speedV , which means that the equation of motion
for the body velocityv has the constant solutionv D �V k (see Figure 4.3). When
a steady horizontal windU i is present, let us view the motion of the body from
a frameF 0 moving with the wind. This is an inertial frame in which the air is at
rest. It follows that the equation of motion for the apparentbody velocityv0 has
the constant solutionv0 D �V k. When viewed from the fixed frame, this solution
becomesv D U i �V k. This is a constant solution for the body velocityv when the

wind is present. It represents aterminal velocity with speed
�
U 2 C V 2

�1=2
inclined

at an angle tan�1.U=V / to the downward vertical, as shown in Figure 4.3.
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Problem 4 . 8 Cathode ray tube

A particle of massm and chargee is moving along thex-axis with speedu when it
passes between two charged parallel plates. The plates generate a uniform electric
field E0j in the region0 � x � b and no field elsewhere.Find the angle through
which the particle is deflected by its passage between the plates. [The cathode ray
tube uses this arrangement to deflect the electron beam.]

i

j

x

y

b

α

FIGURE 4.4 A charged particle moves through a region in which there is a uniform
electric field.

Solution
While the particle is between the plates it experiences the forceeE0 j . Itsequation
of motion in this region is therefore

m
dv

dt
D eE0 j :

If we now writev D vxi C vyj and take components of this equation in thei - and
j -directions, we obtain the two scalar equations of motion

dvx

dt
D 0;

dvy

dt
D eE0

m
:

Simple integrations then give

vx D C; vy D
�

eE0

m

�
t C D;
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whereC andD are constants of integration. Suppose that the particle is at the origin
whent D 0. Then the initial conditionsvx D u andvy D 0 whent D 0 imply that
C D u andD D 0 so that thevelocity components of the particle are given by

vx D u; vy D
�

eE0

m

�
t:

The position of the particle at timet can now be found by integrating the expres-
sions forvx, vy and applying the initial conditionsx D 0 andy D 0 whent D 0.
This gives

x D u t; y D
�

eE0

2m

�
t2;

which is thetrajectory of the particle. On eliminating the timet between these two
equations, thepath of the particle is found to be

y D
�

eE0

2mu2

�
x2:

The angle through which the particle is deflected by its passage between the
plates is the anglę shown in Figure 4.4. Since

tan˛ D dy

dx

ˇ̌
ˇ̌
xDb

D ebE0

mu2
;

it follows that thedeflection angleis tan�1.ebE0=mu2/.
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Problem 4 . 9

An object is dropped from the top of a building and is in view for time � while
passing a window of heighth some distance lower down. How high is the top of the
building above the top of the window?

FIGURE 4.5 The body is released from the
top of the building and falls past the win-
dow.

O

H

h

z

Solution
Let the axisOz point vertically downwards, whereO is the point from which the

body is released. Then the displacement of the body after time t is

z D 1
2
gt2:

It follows that

H D 1
2
gT 2;

H C h D 1
2
g.T C �/2;

whereH is the height of the top of the building above the top of the window, andT

is the time taken for the body to fall this distance. We are asked to findH , but it is
easier to findT first. On subtracting the first of these equations from the second, we
obtain

h D 1
2
g
�
2T � C �2

�
;

from which it follows that

T D h

g�
� 1

2
�:
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On substituting this value forT into the equation forH , we find that theheight of
the top of the building above the top of the window is

H D 1

8g�2

�
2h � g�2

�2

:
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Problem 4 . 10

A particleP of massm moves under the gravitational attraction of a massM fixed
at the originO . Initially P is at a distancea from O when it is projected with the
critical escape speed.2MG=a/1=2 directly away fromO . Find the distance ofP
from O at timet , and confirm thatP escapes to infinity.

Solution
By symmetry, the motion ofP takes place in a straight line throughO . By the law
of gravitation, theequation of motion is

m
dv

dt
D �mMG

r2
;

wherer is the distanceOP . Since

dv

dt
D dv

dr
� dr

dt
D v

dv

dr
;

this can be written in the form

v
dv

dr
D �MG

r2
;

which is a first order separable ODE forv as a function ofr . Separation gives
Z
v dv D �MG

Z
dr

r2
;

so that

1
2
v2 D MG

r
C C;

whereC is the integration constant. On applying the initial conditionv D .2MG=a/1=2

whenr D a, we find thatC D 0. It follows that thevelocity of P when its displace-
ment isr is given by

v2 D 2MG

r
:

To find r as a function oft , we writev D dr=dt and solve the ODE

�
dr

dt

�2

D 2Mg

r
:
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After taking the positive square root of each side (dr=dt is certainly positive ini-
tially), the equation separates to give

Z
r1=2dr D .2MG/1=2

Z
dt:

Hence

2
3
r3=2 D .2MG/1=2t C D;

whereD is an integration constant. On applying the initial condition r D a when
t D 0, we find thatD D 2

3
a3=2 and, after some simplification, thedisplacementof

P at timet is found to be

r D
�
a3=2 C 3

2
.2MG/1=2t

�2=3

:

It is evident that the right side of this expression tends to infinity with t and
hence theparticle escapes.
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Problem 4 . 11

A particleP of massm is attracted towards a fixed originO by a force of magnitude
m
=r3, wherer is the distance ofP from O and
 is a positive constant. [It’s
gravity Jim, but not as we know it.] Initially,P is at a distancea from O , and is
projected with speedu directly away fromO . Show thatP will escape to infinity if
u2 > 
=a2.

For the case in whichu2 D 
=.2a2/, show that the maximum distance fromO
achieved byP in the subsequent motion is

p
2a, and find the time taken to reach

this distance.

Solution
By symmetry, the motion ofP takes place in a straight line throughO . From the

specified law of attraction, theequation of motion is

m
dv

dt
D �m


r3
;

wherer is the distanceOP . Since

dv

dt
D dv

dr
� dr

dt
D v

dv

dr
;

this can be written in the form

v
dv

dr
D � 


r3
;

which is a first order separable ODE forv as a function ofr . Separation gives

Z
v dv D �


Z
dr

r3
;

so that

1
2
v2 D 


2r2
C C;

whereC is the integration constant. On applying the initial condition v D u when
r D a, we find thatC D 1

2
u2 � 1

2

=a2. It follows that thevelocity of P when its

displacement isr is given by

v2 D 


r2
C
�
u2 � 


a2

�
:
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Suppose first thatu2 > 
=a2. Then we can write

u2 � 


a2
D V 2;

whereV is a positive constant. Then

v2 D 


r2
C V 2

> V 2:

Hencev always exceedsV and theparticle escapes.

Suppose now thatu2 D 
=.2a2/. The formula forv then becomes

v2 D 


r2
� 


2a2
:

In this case,v becomes zero when



r2
� 


2a2
D 0;

that is, whenr D
p

2a. Themaximum distancefrom O achieved by the particle is
therefore

p
2a.

To find the time taken to reach this distance, we writev D dr=dt and solve the
ODE

�
dr

dt

�2

D 


r2
� 


2a2
:

After taking the positive square root of each side (dr=dt � 0 in this outward mo-
tion), the equation separates to give

Z p
2a

a

r
�
2a2 � r2

�1=2 dr D
� 


2a2

�1=2
Z �

0

dt:

Here we have introduced the initial and final conditions directly into the limits of
integration;� is the elapsed time. Hence, thetime taken for the particle to achieve
its maximum distance is given by

� D
� 


2a2

��1=2
�
�
�
2a2 � r2

�1=2
�p

2a

a

D
� 


2a2

��1=2

a

D
�

2




�1=2

a2:
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Problem 4 . 12

If the Earth were suddenly stopped in its orbit, how long would it take for it to
collide with the Sun? [Regard the Sun as afixedpoint mass. You may make use of
the formula for the period of the Earth’s orbit.]

Solution
By symmetry, the motion takes place in a straight line through the Sun. From the

law of gravitation, theequation of motion is

m
dv

dt
D �mMG

r2
;

whereM is the mass of the Sun,m is the mass of the Earth andr is the distance of
the Earth from the Sun. Since

dv

dt
D dv

dr
� dr

dt
D v

dv

dr
;

this can be written in the form

v
dv

dr
D �MG

r2
;

which is a first order separable ODE forv as a function ofr . Separation gives
Z
v dv D �MG

Z
dr

r2
;

so that

1
2
v2 D MG

r
C C;

whereC is the integration constant. On applying the initial condition v D 0 when
r D R, whereR is the radius of the Earth’s orbit, we find thatC D �MG=R. It
follows that thevelocity of the Earth when it is distancer from the Sun is given by

v2 D 2MG

�
1

r
� 1

R

�
:

To find the time taken for the Earth to reach the Sun, we writev D dr=dt and
solve the ODE

�
dr

dt

�2

D 2MG

�
1

r
� 1

R

�
:
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After taking the square root of each side (and remembering that dr=dt < 0 in this
motion), the equation separates to give

Z 0

R

� r

R � r

�1=2

dr D �
�

2MG

R

�1=2 Z T

0

dt:

Here we have introduced the initial and final conditions directly into the limits of
integration;T is the elapsed time. Hence, thetime taken for the Earth to reach the
Sun is

T D
�

R

2MG

�1=2 Z R

0

� r

R � r

�1=2

dr:

This integral can be evaluated by making the substitutionr D R sin2 � . Thendr D
2R sin� cos� d� and

T D
�

R

2MG

�1=2 Z �=2

0

 
sin2 �

1 � sin2 �

!1=2

.2R sin� cos�/d�

D
�

R3

2MG

�1=2 Z �=2

0

2 sin2 � d� D
�

R3

2MG

�1=2 Z �=2

0

.1 � cos2�/d�

D
�

R3

2MG

�1=2 h
� � 1

2
sin2�

i�=2
0

D 1
2
�

�
R3

2MG

�1=2

:

We could substitute the numerical data directly into this formula, but it is neater
to observe thatT is related to� , the period of the Earth’s orbit (before it was brought
to rest!). Since�2 D 4�2R3=MG, it follows thatT is given by the simple formula

T D �

4
p

2
:

For the Earth, this is 65 days.
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Problem 4 . 13

A particle P of massm slides on a smooth horizontal table.P is connected to a
second particleQ of massM by a light inextensible string which passes through a
small smooth holeO in the table, so thatQ hangs below the table whileP moves on
top. Investigate motions of this system in whichQ remains at rest vertically below
O , while P describes a circle with centreO and radiusb. Show that this is possible
provided thatP moves with constant speedu, whereu2 D Mgb=m.

Tθ

Pb

T

M g

Q

FIGURE 4.6 The particleP slides on the table while particleQ hangs
below.

Solution
Since the particleQ is at rest, the resultant force acting on it is zero and so the

tensionT in the string must be equal toMg. Now consider the motion ofP . The
polarequations of motionare

m
�
0 � b P�2

�
D �Mg;

m
�
b R� C 0

�
D 0:

The second equation shows thatb P� D u, whereu is a constant that we can identify
as thecircumferential velocityof P . The first equation then requires that

mu2

b
D Mg:

Hence, circular motions of any radiusb are possible provided thatP moves with
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constant speed.Mgb=m/1=2.
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Problem 4 . 14

A light pulley can rotate freely about its axis of symmetry which is fixed in a hor-
izontal position. A light inextensible string passes over the pulley. At one end the
string carries a mass4m, while the other end supports a second light pulley. A sec-
ond string passes over this pulley and carries massesm and4m at its ends. The
whole system undergoes planar motion with the masses movingvertically. Find the
acceleration of each of the masses.

FIGURE 4.7 The double Attwood machine.

4 m

T

4 m g

m g

4 m

m

v1

v1

v   + v2 1

v   − v2 1

4 m g

1
T1

T2

T2

O

C

Solution
The system is shown in Figure 4.7. Letv1 be the upward velocity of the mass4m,
which is the same as the downward velocity of the centreC of the moving pulley.
Let v2 be the upward velocity of the massm measured relative toC ; this is the same
as the downward velocity of the (lower) mass4m relative toC . The corresponding
true velocities arev2 � v1 andv2 C v1 repectively. Note that, since the pulleys are
light, the strings have constant tensionsT1 andT2 respectively. Theequations of
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motion for the three masses are then

4m
dv1

dt
D T1 � 4mg; (1)

m
d

dt
.v2 � v1/ D T2 � mg (2)

4m
d

dt
.v2 C v1/ D 4mg � T2: (3)

Let a1 D dv1=dt anda2 D dv2=dt . We then have the four unknownsa1, a2, T1,
T2, but only three equations. However, an additional equationis provided by the
‘equation of motion’ of the moving pulley. Since this pulleyis of negligible mass,
theresultant force acting upon it must be zero, no matter how it is moving. It follows
that

T1 � 2T2 D 0: (4)

On eliminatingT1 andT2 from equations (1)–(4), we find that the accelerations
a1, a2 satisfy the equations

3a1 C 5a2 D 3g;

3a1 � a2 D �g;

from which it follows that

a1 D �1
9

g; a2 D 2
3

g:

Hence the three masses haveaccelerations�1
9

g, 7
9

g and 5
9

g respectively. Note
that, somewhat surprisingly, the (upper) mass4m acceleratesdownwards.
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Problem 4 . 15

A particleP of massm can slide along asmoothrigid straight wire. The wire has
one of its points fixed at the originO , and is made to rotate in the.x; y/-plane with
angular speed�. By using the vector equation of motion ofP in polar co-ordinates,
show thatr , the distance ofP from O , satisfies the equation

Rr ��2r D 0;

and find a second equation involvingN , whereNb� is the force the wire exerts on
P . [Ignore gravity in this question.]

Initially, P is at rest (relative to the wire) at a distancea from O . Find r as a
function of t in the subsequent motion, and deduce the corresponding formula for
N .

FIGURE 4.8 The particleP slides along the
rotating wire.

r

Ω t

P

O

N

Solution
Since the wire issmooth, the reactionN that it exerts onP must always be perpen-
dicular to the wire, as shown in Figure 4.8. The polarequations of motionfor P

are therefore

m
�

Rr � r�2
�

D 0;

m
�
0 C 2 Pr�

�
D N;

on using the fact thatP� D � and R� D 0. Hencer satisfies the equation

Rr ��2r D 0
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and the reaction of the wire is given byN D 2m� Pr . The equation forr is a second
order linear ODE with constant coefficients . Its general solution can be written in
the form

r D A cosh�t C B sinh�t;

whereA, B are arbitrary constants. The initial conditionsr D a and Pr D 0 when
t D 0 imply thatA D a andB D 0 so that theposition of P at timet is given by

r D a cosh�t:

On using this expression forr in the formula forN , thereaction of the wire at
time t is found to be

N D 2ma�2 sinh�t:
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Problem 4 . 16

A body of massm is projected with speedu in a medium that exerts a resistance
force of magnitude (i)mkjv j, or (ii) mKjv j2, wherek andK are positive constants
andv is the velocity of the body. Gravity can be ignored. Determine the subsequent
motion in each case. Verify that the motion is bounded in case(i), but not in case
(ii).

Solution

(i) Suppose that the motion starts from the origin and takes place along the pos-
itive x-axis. Then theequation of motion is

m
dv

dt
D �mkv;

wherev D Px. This is a separable first order ODE forv. On separating, we
obtain

Z
dv

v
D �k

Z
dt;

that is,

ln v D �kt C C;

whereC is an integration constant. The initial conditionv D u whent D 0

givesC D ln u and hence thevelocity of the body at timet is

v D ue�kt :

To find the displacement of the body, we writev D dx=dt and integrate
again. This gives

x D �u

k
e�kt C D;

whereD is a second integration constant. The initial conditionx D 0 when
t D 0 givesD D u=k and hence thedisplacementof the body at timet is

x D u

k

�
1 � e�kt

�
:

As t tends to infinity, the negative exponentiale�kt tends to zero and sox
tends tou=k. Hencex tends to afinite limit and themotion is bounded.
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(ii) Suppose that the motion starts from the origin and takesplace along the pos-
itive x-axis. Then theequation of motion is

m
dv

dt
D �mKv2;

wherev D Px. This is a separable first order ODE forv. On separating, we
obtain

Z
dv

v2
D �K

Z
dt;

that is,

�1

v
D �Kt C C;

whereC is an integration constant. The initial conditionv D u whent D 0

givesC D �1=u and hence thevelocity of the body at timet is

v D u

Kut C 1
:

To find the displacement of the body, we writev D dx=dt and integrate
again. This gives

x D 1

K
ln.Kut C 1/C D;

whereD is a second integration constant. The initial conditionx D 0 when
t D 0 givesD D 0 and hence thedisplacementof the body at timet is

x D 1

K
ln.Kut C 1/:

As t tends to infinity,x tends to infinity and so themotion is unbounded.
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Problem 4 . 17

A body is projected vertically upwards with speedu and moves under uniform grav-
ity in a medium that exerts a resistance force proportional to the square of its speed
and in which the body’s terminal speed isV . Find the maximum height above the
starting point attained by the body and the time taken to reach that height.

Show also that the speed of the body when it returns to its starting point is
uV =.V 2 C u2/1=2. [Hint. The equations of motion for ascent and descent are dif-
ferent.]

Solution
Suppose that the medium exerts a resistance force of magnitudemKv2 on the body,
whereK is a positive constant. Then, if the body were falling vertically downwards
with its terminal speedV , its acceleration would be zero and so

mg � mKV 2 D 0:

Hence, theterminal speedis related to the resistance constantK by the formula

V 2 D g

K
:

Upward motion Suppose that the upward motion starts from the origin and takes
place along thez-axis, which is pointing vertically upwards. Then the equation of
motion is

m
dv

dt
D �mg � mKv2;

wherev D Pz. On intoducing the terminal speedV instead ofK, this equation
becomes

dv

dt
D �g

�
1 C v2

V 2

�
;

which is theequation for upwards motion.

This is a separable first order ODE forv as a function of the timet . On separat-
ing, we obtain

Z
dv

v2 C V 2
D � g

V 2

Z
dt;

that is,

1

V
tan�1 v

V
D � g

V 2
t C C;
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whereC is an integration constant. The initial conditionv D u whent D 0 gives

C D 1

V
tan�1 u

V

and hence

t D V

g

�
tan�1 u

V
� tan�1 v

V

�
:

We could invert this expression to find a formula for the upward velocityv at time
t , but this manipulation is not neccessary. Sincev D 0 at the highest point, thetime
� taken to reach the maximum heightis given immediately by

� D V

g

�
tan�1 u

V

�
:

To find the maximum height itself, we will begin again with a modified form of
the equation of motion. Since

dv

dt
D dv

dz
� dz

dt
D v

dv

dz
;

the equation of motion can be written in themodified form

v
dv

dz
D �g

�
1 C v2

V 2

�
;

which a separable first order ODE forv as a function of the heightz. On separating,
we obtain

Z
v dv

v2 C V 2
D � g

V 2

Z
dz;

that is,

1
2

ln
�
v2 C V 2

�
D � g

V 2
z C D;

whereD is a second integration constant. The initial conditionv D u whenz D 0

gives

D D 1
2

ln
�
u2 C V 2

�
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and hence

z D V 2

2g
ln

�
u2 C V 2

v2 C V 2

�
:

We could invert this expression to find a formula for the upward velocityv at height
z, but this manipulation is not neccessary. Sincev D 0 at the highest point, the
maximum height H is given immediately by

H D V 2

2g
ln

�
1 C u2

V 2

�
:

Downward motion In the downward motion, it is best to take new axes withO at
the highest point andOz pointing verticallydownwards. The equation of motion is
then

m
dv

dt
D mg � mKv2;

wherev (D Pz) is thedownwardsvelocity of the body. On introducing the terminal
speedV instead ofK, this becomes

dv

dt
D g

�
1 � v2

V 2

�
;

which is theequation for downwards motion. We will take this equation in the
modified form

v
dv

dz
D g

�
1 � v2

V 2

�
;

which is a separable first order ODE forv as a function ofz. Separation gives
Z

v dv

V 2 � v2
D g

V 2

Z
dz;

that is,

�1
2

ln
�
V 2 � v2

�
D g

V 2
z C E;

whereE is a third integration constant. The initial conditionv D 0 whenz D 0

gives

E D �1
2

ln V 2
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and hence

z D V 2

2g
ln

�
V 2

V 2 � v2

�
:

The body returns to its starting point whenz D H , that is, when

V 2

2g
ln

�
V 2

V 2 � v2

�
D V 2

2g
ln

�
1 C u2

V 2

�
:

This equation solves quite easily forv to give

v D uV
�
u2 C V 2

�1=2 :

This is the downwardvelocity of the body on its return to its starting point.
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Problem 4 . 18 �

A body is released from rest and moves under uniform gravity in a medium that
exerts a resistance force proportional to the square of its speed and in which the
body’s terminal speed isV . Show that the time taken for the body to fall a distance
h is

V

g
cosh�1

�
egh=V 2

�
:

In his famous (but probably apocryphal) experiment, Galileo dropped different
objects from the top of the tower of Pisa and timed how long they took to reach the
ground. If Galileo had dropped two iron balls, of 5 mm and 5 cm radius respectively,
from a height of 25 m, what would the descent times have been? Is it likely that
this difference could have been detected? [Use the quadratic law of resistance with
C D 0:8. The density of iron is 7500 kg m�3.]

Solution
Suppose that the motion starts from the origin and takes place along thez-axis,

whereOz points verticallydownwards. Suppose also that the medium exerts a re-
sistance force of magnitudemKv2 on the body, whereK is a positive constant.
Then the equation of motion is

m
dv

dt
D mg � mKv2;

wherev (D Pz) is thedownwardsvelocity of the body.
In particular, if the body were falling with its terminal speedV , its acceleration

would be zero and so

mg � mKV 2 D 0:

Hence theterminal speedV is related to the resistance constantK by the formula

V 2 D g

K
:

On intoducing the terminal speedV instead ofK, we obtain

dv

dt
D g

�
1 � v2

V 2

�
;

which is theequation for downwards motion. This is a separable first order ODE
for v as a function of the timet . On separating, we obtain

Z
dv

V 2 � v2
D g

V 2

Z
dt:

c
 Cambridge University Press, 2006



Chapter 4 Problems in particle dynamics 109

Hence

g

V 2
t D

Z
dv

V 2 � v2

D 1

2V

Z �
1

V � v C 1

V C v

�
dv

D 1

2V
ln

�
V C v

V � v

�
C C;

whereC is an integration constant. The initial conditionv D 0 whent D 0 gives
C D 0 and hence

t D V

2g
ln

�
V C v

V � v

�
:

This formula can be now be inverted to givev as a function oft . After some manip-
ulation, we find that

v D V tanh
gt

V
:

This is thevelocity of the body at timet .

To find the displacementz of the body, we writev D dz=dt and integrate again.
This gives

z D V

Z
tanh

gt

V
dt

D V

Z
sinh.gt=V /

cosh.gt=V /
dt

D V 2

g
ln

�
cosh

gt

V

�
C D;

whereD is a second integration constant. The initial conditionz D 0 whent D 0

givesD D 0 and hence the downwarddisplacementof the body at timet is

z D V 2

g
ln

�
cosh

gt

V

�
:

This formula can be inverted to findt as a function ofz. After some manipula-
tion, we find that thetime � taken for the body to fall a distanceh is

� D V

g
cosh�1

�
egh=V 2

�
:
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To calculate the descent times in Galileo’s experiment, we must first find the
terminal speeds of the two iron balls. If a ball is falling with its terminal speedV ,
thenD D mg, whereD is the drag on the ball andm is its mass. [In this problem,
the buoyancy of the air is negligible.] With the quadratic law of resistance, this
requires that

C�a2V 2 D
�

4
3
�a3

�
�0g;

whereC is the drag coefficient of the sphere,a is its radius, and�, �0 are densities
of air and iron respectively. Theterminal speedof the ball is therefore given by

V D
�

4��0ga

3C�

�1=2

:

On using the data given in the problem (and Table 1 for the density of air), we
can now calculate the terminal speeds and hence thedescent timesof the balls. We
find that

(i) the ball of radius 5 mm has a terminal speed of 40 m s�1 and a descent time
of 2.32 s, and

(ii) the ball of radius 5 cm has a terminal speed of 127 m s�1 and a descent time
of 2.27 s.

Thus the larger ball arrives first but the time difference is too small to have been
observed by Galileo.
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Problem 4 . 19

A body is projected vertically upwards with speedu and moves under uniform grav-
ity in a medium that exerts a resistance force proportional to the fourth power its
speed and in which the body’s terminal speed isV . Find the maximum height above
the starting point attained by the body.

Deduce that, however largeu may be, this maximum height is always less than
�V 2=4g.

Solution
Suppose that the medium exerts a resistance force of magnitudemKv4 on the body,
whereK is a positive constant. Then, if the body were falling vertically downwards
with its terminal speedV , its acceleration would be zero and so

mg � mKV 4 D 0:

Hence, theterminal speedis related to the resistance constantK by the formula

V 4 D g

K
:

Suppose that the upward motion starts from the origin and takes place along the
z-axis, which is pointing vertically upwards. Then the equation of motion is

m
dv

dt
D �mg � mKv4;

wherev D Pz. On intoducing the terminal speedV instead ofK, this equation
becomes

dv

dt
D �g

�
1 C v4

V 4

�
;

which is theequation for upwards motion. To find the maximum height, we will
use the modified form of this equation. Since

dv

dt
D dv

dz
� dz

dt
D v

dv

dz
;

the equation of motion can be written in themodified form

v
dv

dz
D �g

�
1 C v4

V 4

�
;
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which is a separable first order ODE forv as a function of the heightz. On separat-
ing, we obtain

Z
v dv

v4 C V 4
D � g

V 4

Z
dz:

To perform the integral overv, we make the substitutionw D v2. Thendw D 2vdv

and we find that

� g

V 4
z D 1

2

Z
dw

w2 C V 4

D 1

2V 2
tan�1 w

V 2
C C

D 1

2V 2
tan�1 v

2

V 2
C C;

whereC is an integration constant. The initial conditionv D u whent D 0 gives

C D � 1

2V 2
tan�1 u2

V 2

and hence

z D V 2

2g

�
tan�1 u2

V 2
� tan�1 v

2

V 2

�
:

We could invert this expression to find a formula for the upward velocityv at height
z, but this manipulation is not neccessary. Sincev D 0 at the highest point, the
maximum height attained by the body is given immediately by

V 2

2g
tan�1 u2

V 2
:

No matter how largeu may be, tan�1.u2=V 2/ is always less than1
2
�. Hence, for

any projection speed, the height reached is always less than�V 2=4g.
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Problem 4 . 20 Millikan’s experiment

A microscopic spherical oil droplet, of density� and unknown radius, carries an
unknown electric charge. The droplet is observed to have terminal speedv1 when
falling vertically in air of viscosity�. When a uniform electric fieldE0 is applied
in the vertically upwards direction, the same droplet was observed to moveupwards
with terminal speedv2. Find the charge on the droplet. [Use the low Reynolds
number approximation for the drag.]

Solution
If the droplet is simply falling through air with terminal speedv1, thenD D mg,

whereD is the drag on the droplet andm is its mass. [In this problem, the buoyancy
of the air is negligible.] On using the Stokes formula forD, we obtain

6�a�v1 D
�

4
3
�a3

�
�0g;

wherea is the radius of the droplet,� is the viscosity of air, and�0 is the density
of the oil. [Since the droplet isnot a rigid body, one may wonder why the Stokes
formula can be used. Stokes’s analysis can be generalised tothe case of aliquid
sphere. This analysis shows that there is a correction to Stokes’s formula of order
O.�=�0/, where�0 is the viscosity of theoil. The ratio�=�0 is about10�4 for
air/oil and so (fortunately) the correction is negligible.] The radius of the droplet
is therefore

a D 3

�
�v1

2�0g

�1=2

:

Suppose that the droplet is now subject to an upwards electric field E0 and is
rising with terminal speedv2. TheneE0 D mgCD, wheree is the (positive) charge
on the droplet,m is its mass andD is the drag. On using the Stokes formula again,
we obtain

eE0 D
�

4
3
�a3

�
�0g C 6�a�v2

D 6�a�v1 C 6�a�v2

D 6�a� .v1 C v2/ :

Hence thechargecarried by the droplet is

e D 6�a� .v1 C v2/

E0

;

wherea D 3.�v1=2�
0g/1=2.
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Problem 4 . 21

A mortar gun, with a maximum range of 40 m on level ground, is placed on the
edge of a vertical cliff of height 20 m overlooking a horizontal plain. Show that the
horizontal rangeR of the mortar gun is given by

R D 40

�
sin˛ C

�
1 C sin2 ˛

�1

2

�
cos˛;

where˛ is the angle of elevation of the mortar above the horizontal.[Take g D
10 m s�2.]

EvaluateR (to the nearest metre) when̨ D 45ı and 35ı and confirm that
˛ D 45ı does not yield the maximum range.

Solution
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOz points vertically upwards. The path of the shell is then

z D x tan˛ �
� g

2u2 cos2 ˛

�
x2;

whereu is the muzzle speed and̨is elevation angle of the gun (see the book p.89).
Suppose that the plain is distanceh below the cliff. Then the shell lands when
z D �h, that is, when

�h D x tan˛ �
� g

2u2 cos2 ˛

�
x2:

Thex-coordinate of the landing point therefore satisfies the equation

x2 �
�

2u2 sin˛ cos˛

g

�
x � 2hu2 cos2 ˛

g
D 0:

TherangeR of the mortar is thepositiveroot of this equation, namely,

R D R0

"
sin˛ C

�
sin2 ˛ C 2gh

u2

�1=2
#

cos˛;

whereR0 D u2=g is the maximum range of the mortar onlevelground.

From the data in the problem,R0 D 40 m,h D 20 m,g D 10 m s�2 and so

R D 40

�
sin˛ C

�
sin2 ˛ C 1

�1=2
�

cos˛ m:

When˛ D 45ı, R D 55 m, and when̨ D 35ı, R D 57 m, correct to the
nearest metre. Thus̨D 45ı does not yield the maximum range in this problem.
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Problem 4 . 22

It is required to project a body from a point on level ground insuch a way as to clear
a thin vertical barrier of heighth placed at distancea from the point of projection.
Show that the body will just skim the top of the barrier if

�
ga2

2u2

�
tan2 ˛ � a tan˛ C

�
ga2

2u2
C h

�
D 0;

whereu is the speed of projection and̨is the angle of projection above the hori-
zontal.

Deduce that, if the above trajectory is to exist for some˛, thenu must satisfy

u4 � 2ghu2 � g2a2 � 0:

Find the least value ofu that satisfies this inequality.
For the special case in whicha D

p
3h, show that the minimum projection speed

necessary to clear the barrier is.3gh/
1

2 , and find the projection angle that must be
used.

Solution
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOz points vertically upwards. Then the path of the body is

z D x tan˛ �
� g

2u2 cos2 ˛

�
x2;

whereu is the projection speed and̨is the angle between the direction of projection
and the positivex-axis (see the book p.89). If the path just skims the top of the
barrier, thenu and˛ must satisfy the equation

h D a tan˛ �
� g

2u2 cos2 ˛

�
a2:

On using the trigonometric identity sec2 ˛ D 1Ctan2 ˛, this condition can be written
in the form

ga2 tan2 ˛ � 2au2 tan˛ C
�
ga2 C 2hu2

�
D 0;

which is a quadratic equation in the variable tan˛. A path skimming the barrier will
exist if this equation hasreal roots for tan̨ . The condition for real roots is

u4 � g
�
ga2 C 2hu2

�
;
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which can be written in the form

�
u2 � gh

�2

� g2
�
a2 C h2

�
:

Hence, a path skimming the top of the barrier will exist if theprojection speedu
satisfies the inequality

u2 � gh C
�
a2 C h2

�1=2

:

For the special case in whicha D
p

3h, this condition onu becomes

u2 � 3gh:

The corresponding value(s) of̨ are found by solving the quadratic equation for
tan˛. For the critical case in whichu2 D 3gh, the equation for tan̨ becomes

tan2 ˛ � 2
p

3 tan˛ C 3 D 0;

that is,

�
tan˛ �

p
3
�2

D 0:

Hence (in the critical case) only one projection angle is possible, namely˛ D
tan�1

p
3 D 60ı.
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Problem 4 . 23

A particle is projected from the origin with speedu in a direction making an angle
˛ with the horizontal. The motion takes place in the.x; z/-plane, whereOz points
vertically upwards. If the projection speedu is fixed, show that the particle can be
made to pass through the point.a; b/ for some choice of̨ if .a; b/ lies belowthe
parabola

z D u2

2g

�
1 � g2x2

u4

�
:

This is called theparabola of safety. Pointsabovethe parabola are ‘safe’ from the
projectile.

An artillery shell explodes on the ground throwing shrapnelin all directions
with speeds of up to30 m s�1. A man is standing at an open window 20 m above
the ground in a building 60 m from the blast. Is he safe? [Takeg D 10 m s�2.]

Solution
This is the same as Problem 4.22 except that now the projection speedu is fixed

from the start.
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOz points vertically upwards. Then the path of the body is

z D x tan˛ �
� g

2u2 cos2 ˛

�
x2;

whereu is the given projection speed and̨is the angle between the direction of
projection and the positivex-axis (see the book p.89). If the path passes through the
point .a; b/, thena, b and˛ must satisfy the equation

b D a tan˛ �
� g

2u2 cos2 ˛

�
a2:

On using the trigonometric identity sec2 ˛ D 1Ctan2 ˛, this condition can be written
in the form

ga2 tan2 ˛ � 2au2 tan˛ C
�
ga2 C 2bu2

�
D 0;

which is a quadratic equation in the variable tan˛. A path through the point.a; b/
will exist if this equation hasreal roots for tan̨ . The condition for real roots is

u4 � g
�
ga2 C 2bu2

�
;
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which can be written as a condition on the coordinateb in the form

b � u2

2g

�
1 � g2a2

u4

�
:

Hence, a path through.a; b/ will exist if .a; b/ liesbelowthe parabola

z D u2

2g

�
1 � g2x2

u4

�
:

This is theparabola of safety.

From the data given in the problem,u D 30 m s�1 andg D 10 m s�2 so that the
parabola of safety is

z D 45

�
1 � x2

8100

�
:

The window is at the point.60; 20/ which liesbelowthis parabola. It follows that
theman is not safe.
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Problem 4 . 24

A projectile is fired from the top of a conical mound of heighth and base radiusa.
What is the least projection speed that will allow the projectile to clear the mound?
[Hint. Make use of the parabola of safety.]

A mortar gun is placed on the summit of a conical hill of height60 m and base
diameter 160 m. If the gun has a muzzle speed of25 m s�1, can it shell anywhere
on the hill? [Takeg D 10 m s�2.]

Solution
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOz points vertically upwards. If the projection speed isu, then theparabola
of safety is

z D u2

2g

�
1 � g2x2

u4

�
:

The foot of the mound can be reached if the point.a;�h/ lies below this parabola,
that is, if

�h � u2

2g

�
1 � g2a2

u4

�
:

Hence the foot of the mound can be reached by the projectile ifits projection speed
u satisfies the condition

u4 C 2gh u2 � g2a2 � 0:

This inequality can be written in the form
�
u2 C gh

�2

� g2
�
a2 C h2

�
:

Hence, apath clearing the moundwill exist if the projection speedu satisfies the
condition

u2 > g
�
a2 C h2

�1=2

� gh:

From the data given in the problem,a D 80 m, h D 60 m andg D 10 m s�2.
All points on the hill can therefore be reached if the muzzle speedu satisfies

u2 � 10
�
802 C 602

�1=2

� 600 D 400;

that is, ifu � 20 m s�1. The actual muzzle speed of25 m s�1 is therefore more than
enough to shell anywhere on the hill.
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Problem 4 . 25

An artillery gun is located on a plane surface inclined at an angleˇ to the horizontal.
The gun is aligned with the line of steepest slope of the plane. The gun fires a shell
with speedu in the direction making an anglęwith the (upward) line of steepest
slope. Find where the shell lands.

Deduce the maximum rangesRU , RD , up and down the plane, and show that

RU

RD
D 1 � sinˇ

1 C sinˇ
:

ix

z

v

− m g k

u

α

β

V

k
kV

β

FIGURE 4.9 Projectile motion under uniform gravity on a plane inclinedat an-
gleˇ to the horizontal. The unit vectorkV pointsvertically upwards.

Solution
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOx points up the line of steepest slope of the plane andOz is perpendicular to
the plane;i andj are the corresponding unit vectors. Note that the upward vertical
is inclined at anglě to the axisOz (see Figure 4.9).

The vectorequation of motion for the shell is

m
dv

dt
D �mgkV ;

wherekV is the unit vector pointing vertically upwards. The initialcondition is
v D .u cos˛/i C .u sin˛/k when t D 0. If we now writev D vxi C vzk and
take components of this equation (and initial condition) inthe i - andk-directions,
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we obtain the two scalar equations of motion

dvx

dt
D �g sinˇ;

dvz

dt
D �g cosˇ;

with the respective initial conditionsvx D u cos˛ andvz D u sin˛ when t D 0.
Simple integrations then give the components of the shellvelocity at timet to be

vx D u cos˛ � g sinˇ t;

vz D u sin˛ � g cosˇ t:

Thepositionof the particle at timet can now be found by integrating the expressions
for vx , vz and applying the initial conditionsx D 0 andz D 0 whent D 0. This
gives

x D u cos˛ t � 1
2
g sinˇ t2;

z D u sin˛ t � 1
2
g cosˇ t2:

The shell lands whenz D 0 again, that is, when

t D 2u sin˛

g cosˇ
:

The value ofx at this instant is

x D u cos˛ t � 1
2
g sinˇ t2;

D u cos˛

�
2u sin˛

g cosˇ

�
� 1

2
g sinˇ

�
2u sin˛

g cosˇ

�2

D u2

g cos2 ˇ

�
sin2˛ cosˇ � sinˇ.1 � cos2˛/

�

D u2

g cos2 ˇ

�
sin.2˛ C ˇ/ � sinˇ

�
:

On allowing the elevation̨ of the gun to vary in the range0 < ˛ < �, we see
that the landing point of the shell varies in the range

u2

g cos2 ˇ

�
� 1 � sinˇ

�
� x � u2

g cos2 ˇ

�
1 � sinˇ

�
:
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It follows that theRU andRD , theranges of the shellup and down the plane, are
given by

RU D u2

g cos2 ˇ

�
1 � sinˇ

�

RD D u2

g cos2 ˇ

�
1 C sinˇ

�
:

In particular, the ratio of the two ranges is

RU

RD
D 1 � sinˇ

1 C sinˇ
:
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Problem 4 . 26

Show that, when a particle is projected from the origin in a medium that exertslinear
resistance, its position vector at timet has the general form

r D �˛.t/k C ˇ.t/u;

wherek is the vertically upwards unit vector andu is thevelocityof projection.
Deduce the following results:

(i) A number of particles are projected simultaneously fromthe same point,
with the same speed, but indifferent directions. Show that, at each later
time, the particles all lie on the surface of a sphere.

(ii) A number of particles are projected simultaneously from the same point, in
the same direction, but withdifferent speeds. Show that, at each later time,
the particles all lie on a straight line.

(iii) Three particles are projected simultaneously in a completely general manner.
Show that the plane containing the three particles remains parallel to some
fixed plane.

Solution
Suppose that the motion starts from the origin and takes place in the.x; z/-plane,

whereOz points vertically upwards;i andk are the corresponding unit vectors.
The solution to the projectile problem with linear resistance has been obtained in
the book on p. 90. The position of the body at timet was found to be

x D u cos˛

K

�
1 � e�K t

�
;

z D Ku sin˛ C g

K2

�
1 � e�K t

�
� g

K
t;

whereK is the resistance constant,u is the projection speed and̨ is the angle
between the direction of projection and the positivex-axis. Theposition vector of
the body at timet is therefore

r D x i C z k

D u cos˛

K

�
1 � e�K t

�
i C

�
Ku sin˛ C g

K2

�
1 � e�K t

�
� g

K
t

�
k

D 1

K

�
1 � e�K t

� �
u cos˛ i C u sin˛k

�
�
�
Kt �

�
1 � e�K t

�� g

K2
k

D �˛.t/k C ˇ.t/u;
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where

˛.t/D e�K t � 1 C Kt;

ˇ.t/D 1

K

�
1 � e�K t

�
;

andu (D u cos˛ i C u sin˛k) is the velocity of projection.
It follows that, if a number of particlesP1, P2, . . . aresimultaneouslyprojected

from O with velocitiesu1, u2, . . . , their position vectorsr1, r2, . . . at timet are
given by the formula

r i D �˛.t/k C ˇ.t/ui:

The geometrical interpretation of this formula is shown in Figure 4.10.

−α(t)k

β(t) u1
β(t) u2

β(t) u3

O

P1

P2

P3
C

FIGURE 4.10 The positons of three of the particles at timet .

(i) If the particles all have thesame initial speedu, then the distancesCP1, CP2,
. . . are all equal touˇ.t/. Hence the particles all lie on a sphere with centre
C and radiusuˇ.t/. Note that this sphere is both falling and expanding.

(ii) If the initial velocities of the particles are allparallel, then the line segments
�!

CP1,
�!

CP1, . . . are all parallel. Hence the particles all lie on a straight line
throughC . Note that this line is falling but remains ‘parallel to itself’.

(iii) Consider three particlesA, B, C with initial velocitiesuA, uB, uC . Then
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their position vectors at timet are

a D �˛.t/k C ˇ.t/uA;

b D �˛.t/k C ˇ.t/uB;

c D �˛.t/k C ˇ.t/uC :

Hence, the vector.b � a/�.c � a/, which isnormal to the planeABC , is
given by

.b � a/�.c � a/ D ˇ.t/2
�
uB � uA

�
�
�
uC � uA

�
:

This vector has constant direction and so the planeABC remains ‘parallel to
itself’.

c
 Cambridge University Press, 2006



Chapter 4 Problems in particle dynamics 126

Problem 4 . 27

A body is projected in a steady horizontal wind and moves under uniform gravity
and linear air resistance. Show that the influence of the wind is the sameas if the
magnitude and direction of gravity were altered. Deduce that it is possible for the
body to return to its starting point. What is the shape of the path in this case?

Solution
Let the unit vectork point vertically upwards and letU i be the constant wind

velocity. Suppose the motion is viewed from a reference frame moving with the
wind. In this frame, the air is still and the equation of motion for the apparent
velocityv0 is

m
dv0

dt
D �mgk � mKv0;

whereK is the linear resistance constant. This equation can be written in the form

dv0

dt
D �g

�
k C v0

V

�
;

whereV is the terminal speed of the bodyin still air . Since the true velocityv is
related to the apparent velocityv0 by

v D v0 C U i ;

it follows that theequation of motion for the true velocity is

dv

dt
D �g

�
k C v � U i

V

�
:

This equation can be written in the form

dv

dt
D �g�

�
k� C v

V �

�
:

where

g� D g

�
1 C U 2

V 2

�1=2

; k� D V k � U i
�
U 2 C V 2

�1=2 ; V � D
�
U 2 C V 2

�1=2

:

This is the same as the equation with no wind, except thatg, k andV are replaced
by g�, k� andV �. The quantitiesg� and�k� can be regarded as the magnitude
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and direction ofmodified gravity, andV � is themodified terminal speed. This
terminal speed is consistent with that calculated in Problem 4.7.

The body will return to its starting point if it is projected in the direction ofk�.
In this case, the path is a straight line inclined into the wind from the vertical by an
angle tan�1.U=V /.
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Problem 4 . 28

The radius of the Moon’s approximately circular orbit is 384,000 km and its period
is 27.3 days. Estimate the mass of the Earth. [G D 6:67 � 10�11 N m2 kg�2.] The
actual mass is5:97�1024 kg. What is the main reason for the error in your estimate?

An artificial satellite is to be placed in a circular orbit around the Earth so as to
be ‘geostationary’. What must the radius of its orbit be? [The period of the Earth’s
rotation is 23 h 56 m,not24 h. Why?]

Solution
Example 4.8 in the book solves the problem of a body moving in acircular orbit

about afixedgravitating mass. The period� of the motion was found to be

�2 D 4�2R3

MG
;

whereR is the radius of the orbit andM is the fixed mass.

(i) If the radius and period of a circular orbit are known, thegravitating mass
M can be found from the formula

M D 4�2R3

G�2
:

In the orbit of the moon about the Earth,R D 384; 000 km and� D 27:3

days. The calculated value of themass of the Earthis then

M D 4�2 � .3:84 � 108/3

.6:67 � 10�11/ � .27:3 � 1436 � 60/2

D 6:06 � 1024 kg:

This figure overestimates the actual mass of the Earth, whichis5:97�1024 kg.
Most of this small error arises because we have ignored the motion of the
Earth induced by the Moon.

(ii) If we need to produce a satellite orbit that has a given period � , then theorbit
radius R must be taken to be

R D
�

MG�2

4�2

�1=3

:

For a geostationary satellite,M D 5:97 � 1024 kg and� D 1436 min. The
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calculatedradius of the geostationary orbit is then

R D
�
.5:97 � 1024/ � .6:67 � 10�11/ � .1436 � 60/2

4�2

�1=3

D 4:23 � 107 m

D 42; 300 km:

c
 Cambridge University Press, 2006



Chapter 4 Problems in particle dynamics 130

Problem 4 . 29 Conical pendulum

A particle is suspended from a fixed point by a light inextensible string of length
a. Investigate ‘conical motions’ of this pendulum in which the string maintains a
constant anglę with the downward vertical. Show that, for any acute angle˛, a
conical motion exists and that the particle speedu is given byu2 D ag sin˛ tan˛.

FIGURE 4.11 The conical pendulum.

O

P

a

m g

T

α

uC

Solution
Suppose the pendulum is in conical motion with the string inclined at anglę to

the downward vertical (see Figure 4.11). Let the speed of themass beu. Then the
vertical component of theequation of motiongives

0 D T cos˛ � mg;

the component in the direction
�!
PC gives

m

�
u2

a sin˛

�
D T sin˛;

and the component in the direction of motion is satisfied identically if u is constant.
HenceT D mg= cos˛ and aconical motion at angle˛ is possibleif the speed of
the mass is given by

u2 D ag sin˛ tan˛:
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Problem 4 . 30

A particle of massm is attached to the highest point of asmoothrigid sphere of
radiusa by a light inextensible string of length�a=4. The particle moves in contact
with the outer surface of the sphere, with the string taut, and describes a horizontal
circle with constant speedu. Find the reaction of the sphere on the particle and
the tension in the string. Deduce the maximum value ofu for which such a motion
could take place. What will happen ifu exceeds this value?

FIGURE 4.12 The ‘conical’ pendulum on a
sphere.

NT

m g

π/4 a

PC

Solution
The system is shown in Figure 4.12. The vertical component ofthe equation of

motion gives

0 D Tp
2

C Np
2

� mg;

the component in the direction
�!
PC gives

m

 p
2 u2

a

!
D Tp

2
� Np

2
;

and the component in the direction of motion is satisfied identically if u is constant.
On solving these simultaneous equations, we find that

T D mgp
2

C mu2

a
; N D mgp

2
� mu2

a
:

The motion as described is possible provided thatN � 0; otherwise the particle
will leave the sphere. Thus theparticle remains on the sphereif the speedu of the
mass satisfies the inequality

u2 � agp
2
:
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Problem 4 . 31

A particle of massm can move on aroughhorizontal table and is attached to a fixed
point on the table by a light inextensible string of lengthb. The resistance force
exerted on the particle is�mKv, wherev is the velocity of the particle. Initially the
string is taut and the particle is projected horizontally, at right angles to the string,
with speedu. Find the angle turned through by the string before the particle comes
to rest. Find also the tension in the string at timet .

Solution
Let the fixed point on the table be the originO , and letr , � be the plane polar

coordinates of the particle. Thenr D b and thevelocity andaccelerationof the
particle are given by

v D vb� ;

a D �
�
v2

b

�
br C Pvb�;

wherev (D b P�) is the circumferential velocity. Theequation of horizontal motion
is therefore

m

�
�
�
v2

b

�
br C Pvb�

�
D �mK

�
vb�
�

� Tbr;

whereT is the tension in the string. This vector equation is equivalent to the two
scalar equations

mv2

b
D T;

Pv C Kv D 0:

The general solution of the ODE forv is

v D C e�K t ;

whereC is an integration constant. The initial conditionv D u whent D 0 gives
C D u and so thecircumferential velocity of the particle at timet is

v D ue�K t :

On making use of this formula forv, the tension in the string at timet is found to
be

T D
�

mu2

b

�
e�2K t :
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To find the angle turned by the string at timet , we writev D b.d�=dt/ and
integrate again. This gives

� D �
� u

Kb

�
e�K t C D;

whereD is a second integration constant. The initial condition� D 0 whent D 0

givesD D u=Kb so that theangle turnedby the string at timet is

� D u

Kb

�
1 � e�K t

�
:

The particle never actually comes to rest, but, ast tends to infinity,v tendsto
zero and� tendsto the valueu=Kb.
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Problem 4 . 32 Mass spectrograph

A stream of particles of various masses, all carrying the same chargee, is moving
along thex-axis in the positivex-direction. When the particles reach the origin they
encounter an electronic ‘gate’ which allows only those particles with a specified
speedV to pass. These particles then move in a uniform magnetic fieldB0 acting
in thez-direction. Show that each particle will execute a semicircle before meeting
the y-axis at a point which depends upon its mass. [This provides amethod for
determining the masses of the particles.]

Solution
The equation of motion for a particle of massm and chargee moving in the

uniform magnetic fieldB0k is

m
dv

dt
D ev�.B0k/ ;

which can be written in the form

dv

dt
D �v�k;

where� D eB0=m. This vector equation is equivalent to the three scalar equations

dvx

dt
D �vy ;

dvy

dt
D ��vx ;

dvz

dt
D 0:

It follows thatvy satisfies the equation

d2vy

dt2
C�2vy D 0:

This second order linear ODE has the general solution

vy D C cos�t C D sin�t;

whereC andD are arbitrary constants. The corresponding expression forvx is then

vx D C sin� � D cos�t:

The initial conditionsvx D V andvy D 0 whent D 0 give C D 0 andD D �V

and so thevelocity componentsvx andvy at timet are given by

vx D V cos�t;

vy D �V sin�t:
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The velocity componentvz is easily shown to be zero.
To find the position of the particle at timet , we writevx D dx=dt , vy D dy=dt ,

vz D dz=dt and integrate again. This gives

x D V

�
sin�t C E;

y D V

�
cos�t C F;

z D G;

whereE, F , G are integration constants. The initial conditionsx D y D z D 0

whent D 0 giveE D 0, F D �V =�, G D 0 and so theposition of the particle at
time t is given by

x D V

�
sin�t;

y D �V

�

�
1 � cos�t

�
;

z D 0:

Thus the particle moves on a circle with centre at.0;V =�/ and radiusV =�.

The particle next meets they-axis whent D �=�; by this time, the particle will
have executed asemi-circle. The meeting point is at.0;Y /, where

Y D �2V

�
D �2mV

eB0

:

The distance of this point fromO is thusproportional to the massm of the particle
and this provides a method for measuring particle masses.
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Problem 4 . 33 The magnetron

An electron of massm and charge�e is moving under the combined influence of a
uniform electric fieldE0j and a uniform magnetic fieldB0k. Initially the electron
is at the origin and is moving with velocityui . Show that the trajectory of the
electron is given by

x D a.�t/C b sin�t; y D b.1 � cos�t/; z D 0;

where� D eB0=m, a D E0=�B0 andb D .uB0 � E0/=�B0. Use computer
assistance to plot typical paths of the electron for the casesa < b, a D b anda > b.
[The general path is called atrochoid, which becomes acycloid in the special case
a D b. Cycloidal motion of electrons is used in themagnetronvacuum tube, which
generates the microwaves in a microwave oven.]

Solution
Theequation of motionof the electron is

m
dv

dt
D �eE0j � ev�.B0k/ ;

which can be written in the form

dv

dt
D �

�
�E0

B0

�
j ��v�k;

where� D eB0=m. This vector equation is equivalent to the three scalar equations

dvx

dt
D ��vy ;

dvy

dt
D ��E0

B0

C�vx ;
dvz

dt
D 0:

It follows thatvy satisfies the equation

d2vy

dt2
C�2vy D 0:

This second order linear ODE has the general solution

vy D C cos�t C D sin�t;

whereC andD are arbitrary constants. The corresponding expression forvx is then

vx D E0

B0

� C sin�t C D cos�t:
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The initial conditionsvx D u andvy D 0 when t D 0 give C D 0 andD D
u � .E0=B0/ and so thevelocity componentsvx andvy at timet are given by

vx D
�

u � E0

B0

�
cos�t C E0

B0

;

vy D
�

u � E0

B0

�
sin�t:

The velocity componentvz is easily shown to be zero.
To find the position of the particle at timet , we writevx D dx=dt , vy D dy=dt ,

vz D dz=dt and integrate again. This gives

x D 1

�

�
u � E0

B0

�
sin�t C

�
E0

B0

�
t C E;

y D � 1

�

�
u � E0

B0

�
cos�t C F;

z D G;

whereE, F , G are integration constants. The initial conditionsx D y D z D 0

whent D 0 give

E D 0; F D 1

�

�
u � E0

B0

�
; G D 0;

and so the position of the particle at timet is given by

x D 1

�

�
u � E0

B0

�
sin�t C

�
E0

B0

�
t;

y D 1

�

�
u � E0

B0

� �
1 � cos�t

�
;

z D 0:

This is thetrajectory of the particle ; the path is called atrochoid. It can be written
in the more compact form

x D b sin�t C a�t;

y D b
�
1 � cos�t

�
;

z D 0;
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where

a D E0

�B0

and b D 1

�

�
u � E0

B0

�
:

Three examples of trochoidal motion (corresponding to the casesa < b, a D b and
a > b) are shown in Figure 4.13.

FIGURE 4.13 Three examples of trochoidal
motion (two cycles of each are shown):
Top: a < b.
Centre: a D b (the cycloid),
Bottom: a > b. x

x

x

y

y

y
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Problem 5 . 1

A certain oscillator satisfies the equation

Rx C 4x D 0:

Initially the particle is at the pointx D
p

3 when it is projected towards the origin
with speed2. Show that, in the subsequent motion,

x D
p

3 cos2t � sin2t:

Deduce the amplitude of the oscillations. How long does it take for the particle to
first reach the origin?

Solution
Thegeneral solutionof the equation of motion is

x D A cos2t C B sin2t;

whereA, B are arbitrary constants. Theinitial conditions x D
p

3 and Px D �2

whent D 0 giveA D
p

3 andB D �1 respectively. Themotion of the particle is
therefore given by

x D
p

3 cos2t � sin2t:

Theamplitude of the oscillations is therefore
�
.
p

3/2 C .�1/2
�1=2

D 2.

The particle is at the origin when

p
3 cos2t � sin2t D 0;

that is, when

tan2t D
p

3:

Thisfirst occurs whent D 1
6
�.
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Problem 5 . 2

When a body is suspended from a fixed point by a certain linear spring, the angular
frequency of its vertical oscillations is found to be�1. When a different linear spring
is used, the oscillations have angular frequency�2. Find the angular frequency of
vertical oscillations when the two springs are used together (i) in parallel, and (ii) in
series. Show that the first of these frequencies is at least twice the second.

Solution
In each case, we are being asked to find the effective strengthof the composite

spring.

(i) Springs in parallel
Let x be thecommon extensionof the springs and let the tensions beT1, T2

respectively. Then the total restoring force isT1 CT2. Theeffective strength
˛P of the springs in parallel is then

˛P D T1 C T2

x

D T1

x
C T2

x

D ˛1 C ˛2

D m�2
1 C m�2

2:

Hence theangular frequency�P when the body is suspended from springs
in parallel is given by

m
�
�P

�2

D m�2
1 C m�2

2;

that is,

�P D
�
�2

1 C�2
2

�1=2

:

(ii) Springs in series
Let T be thecommon tensionof the two springs and let the extensions bex1,
x2 respectively. Then the total extension isx1 C x2. Theeffective strength
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˛S of the springs in series is then

˛S D T

x1 C x2

D T

.T=˛1/C .T=˛2/

D ˛1˛2

˛1 C ˛2

D
m�2

1
�2

2

�2
1

C�2
2

:

Hence theangular frequency�S when the body is suspended from springs
in series is given by

m
�
�S

�2

D
m�2

1
�2

2

�2
1

C�2
2

;

that is,

�S D �1�2
�
�2

1
C�2

2

�1=2 :

From the above formulae, it follows that

�P

�S
D
�2

1
C�2

2

�1�2

D .�1 ��2/
2 C 2�1�2

�1�2

D .�1 ��2/
2

�1�2

C 2

� 2;

since.�1 � �2/
2=�1�2 is positive. Hence, whatever the values of�1, �2, it is

always true that

�P � 2�S :
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Problem 5 . 3

A particle of massm moves along thex-axis and is acted upon by the restoring force
�m.n2 C k2/x and the resistance force�2mk Px, wheren, k are positive constants.
If the particle is released from rest atx D a, show that, in the subsequent motion,

x D a

n
e�kt .n cosnt C k sinnt/:

Find how far the particle travels before it next comes to rest.

Solution
Theequation of motion for the particle is

m Rx D �m.n2 C k2/x � 2mk Px;

that is,

Rx C 2k Px C
�
n2 C k2

�
x D 0:

The solution procedure is the same as that on pp.109–110 of the book. We seek
solutions of the formx D e�t . Then� must satisfy the equation

�2 C 2k�C
�
n2 C k2

�
D 0;

the roots of which are� D �k ˙ i n. We have thus found the pair of complex
solutions

x D e�kte˙int ;

which form a basis for the space of complex solutions. The real and imaginary parts
of the first complex solution are

x D
�

e�kt cosnt

e�kt sinnt

and these functions form a basis for the space of real solutions. Thegeneral real
solution of the equation of motion is therefore

x D e�kt .A cosnt C B sinnt/ ;

whereA andB are real arbitrary constants. The initial conditionx D a whent D 0

givesA D a, and the conditionPx D 0 when t D 0 then givesB D ak=n. The
motion of the particle is therefore given by

x D a

n
e�kt .n cosnt C k sinnt/:
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The particle is (instantaneously) at rest whenPx D 0. On using the above formula
for x, we find that

Px D �a

n

�
n2 C k2

�
e�kt sinnt;

which is zero when sinnt D 0. This next happens whent D �=n and, at this instant,
the particle is at the point

x D �a e��k=n:

Since the motion starts at the pointx D a, the particle therefore travels adistance

a
�
1 C e��k=n

�

before it next comes to rest.
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Problem 5 . 4

An overdamped harmonic oscillator satisfies the equation

Rx C 10 Px C 16x D 0:

At time t D 0 the particle is projected from the pointx D 1 towards the origin with
speedu. Findx in the subsequent motion.

Show that the particle will reach the origin at some later time t if

u � 2

u � 8
D e6t :

How large mustu be so that the particle will pass through the origin?

Solution
The equation of motion is solved in the standard manner by seeking solutions of the
form x D e�t . Then� must satisfy the equation

�2 C 10�C 16 D 0;

the roots of which are� D �2;�8. We have thus found the pair of solutions

x D
�

e�2t ;

e�8t :

Thegeneral solutionof the equation of motion is therefore

x D Ae�2t C Be�8t ;

whereA andB are arbitrary constants. The initial conditionsx D 1 and Px D �u

whent D 0 give the equations

A C B D 1;

2A C 8B D u;

from which it follows thatA D �1
6
.u � 8/, B D 1

6
.u � 2/. The motion of the

particle is therefore given by

x D 1
6
.u � 2/e�8t � 1

6
.u � 8/e�2t :

The particle is at the origin at timet if

1
6
.u � 2/e�8t � 1

6
.u � 8/e�2t D 0;
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that is, if

e6t D u � 2

u � 8
:

Such a value oft will exist if u is such thatF.u/ > 1, where

F D u � 2

u � 8
:

1

8
u

F

FIGURE 5.1 The functionF.u/.

The graph ofF is shown in Figure 5.1. The conditionF > 1 is satisfied if
u > 8, but not otherwise. Hence the particle willpass through the origin if u > 8.
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Problem 5 . 5

A damped oscillator satisfies the equation

Rx C 2K Px C�2x D 0

whereK and� are positive constants withK < � (under-damping). At timet D 0

the particle is released from rest at the pointx D a. Show that the subsequent
motion is given by

x D ae�K t

�
cos�D t C K

�D

sin�D t

�
;

where�D D .�2 � K2/1=2.
Find all the turning points of the functionx.t/ and show that the ratio of succes-

sive maximum values ofx is e�2�K=�D .
A certain damped oscillator has mass 10 kg, period 5 s and successive maximum

values of its displacement are in the ratio3 W 1. Find the values of the spring and
damping constants̨ andˇ.

Solution
By using the method given on p.110 of the book, thegeneral solutionof the equa-
tion of motion is found to be

x D e�K t
�
A cos�D t C B sin�D t

�
;

where�D D .�2 � K2/1=2. The corresponding formula forPx is

Px D e�K t
��
�DB � KA

�
cos�D t �

�
�DA C KB

�
sin�D t

�
:

Theinitial conditions x D a and Px D 0 whent D 0 giveA D a andB D Ka=�D .
Themotion of the body is therefore given by

x D ae�K t

�
cos�D t C K

�D

sin�D t

�
:

The turning points of the functionx.t/ occur whenPx D 0, where Px is given by

Px D �ae�K t

�
�D C K2

�D

�
sin�D t

D �a

�
�2

�D

�
e�K t sin�D t:
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This is zero when sin�D t D 0, that is, whent D 0, �=�D , 2�=�D , . . . . The
maxima of x occur whent D 0, 2�=�D , 4�=�D , . . . , and the values ofx at these
maxima are

a; ae�2�K=�D ; ae�4�K=�D ;

and so on. Theratio of successive maximum valuesof x is thereforee�2�K=�D .

Suppose we have a damped oscillator with period� and for which the successive
maximum values of its displacement are in the ratio
 W 1. Then

2�

�D

D �;

e�2�K=�D D 1



;

where�D D
�
�2 � K2

�1=2
. It then follows that

K D 1

�
ln 
; �2 D

4�2 C
�

ln 

�2

�2
:

On using the values� D 5 s and
 D 3 given in the question, we find thatK D
0:22 s�1 and� D 1:28 s�1 approximately. Thespring constant˛ anddamping
constantˇ therefore have the approximate values

˛ D m�2 D 16:3 N m�1;

ˇ D 2mK D 4:4 N s m�1:
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Problem 5 . 6 Critical damping

Find the general solution of the damped SHM equation for the special case of crit-
ical damping, that is, whenK D �. Show that, if the particle is initially released
from rest atx D a, then the subsequent motion is given by

x D ae��t .1 C�t/ :

Sketch the graph ofx againstt .

Solution
WhenK D �, theequation of motionbecomes

Rx C 2� Px C�2x D 0:

This equation is solved in the standard manner by seeking solutions of the form
x D e�t . Then� must satisfy the equation

�2 C 2��C�2 D 0;

which has therepeated root� D ��. In this special case, the functions

x D
�

e��t ;

te��t :

are a pair of solutions. Thegeneral solutionof the equation of motion is therefore

x D e��t.A C Bt/;

whereA andB are arbitrary constants.
The initial conditions x D a and Px D 0 whent D 0 giveA D a andB D a�.

Themotion of the particle is therefore given by

x D ae��t.1 C�t/:

The graph ofx is shown in Figure 5.2. Qualitatively, it is indistinguishable from
the corresponding over-damped problem.
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FIGURE 5.2 The graph ofx againstt in
Problem 5.6.

x

t
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Problem 5 . 7 � Fastest decay

The oscillations of a galvanometer satisfy the equation

Rx C 2K Px C�2x D 0:

The galvanometer is released from rest withx D a and we wish to bring the reading
permanently within the interval��a � x � �a as quickly as possible, where� is
a small positive constant. What value ofK should be chosen? One possibility is to
choose a sub-critical value ofK such that the first minimum point ofx.t/ occurs
whenx D ��a. [Sketch the graph ofx.t/ in this case.] Show that this can be
acheived by setting the value ofK to be

K D �

"
1 C

�
�

ln.1=�/

�2
#�1=2

:

If K has this value, show that the time taken forx to reach its first minimum is
approximately��1 ln.1=�/ when� is small.

Solution
By using the method given on p.110 of the book, thegeneral solutionof the equa-
tion of motion is found to be

x D e�K t
�
A cos�D t C B sin�D t

�
;

where�D D .�2 � K2/1=2. The corresponding formula forPx is

Px D e�K t
��
�DB � KA

�
cos�D t �

�
�DA C KB

�
sin�D t

�
:

Theinitial conditions x D a and Px D 0 whent D 0 giveA D a andB D Ka=�D .
Themotion of the galvanometeris therefore given by

x D ae�K t

�
cos�D t C K

�D

sin�D t

�
:

The stationary points of the functionx.t/ occur whenPx D 0, where Px is given
by

Px D �ae�K t

�
�D C K2

�D

�
sin�D t

D �a

�
�2

�D

�
e�K t sin�D t:
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This is zero when sin�D t D 0, that is, whent D 0, �=�D , 2�=�D , . . . . Thefirst
minimum of the functionx.t/ thus occurs whent D �=�D , and the value ofx at
this instant is

x D �ae��K=�D :

x

t

ǫ a

−ǫ a

a

π/ΩD

FIGURE 5.3 The damping constantK is chosen so that the first turning
point of the motion lies on the linex D ��a.

The suggestion in the question is to selectK so that this first minimum ofx
occurs whenx D ��a; this is shown in Figure 5.3. For this to happen,K must be
chosen to satisfy the equation

e��K=�D D �;

that is,

�K
�
�2 � K2

�1=2 D ln.1=�/:

On solving this equation, we find that therequired value of K is

K D �

 
1 C �2

�
ln.1=�/

�2

!�1=2

:
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When� is small, this isjust lessthan critical damping.
The time taken to reach the first minimum value ofx is �=�D where

�2
D D �2 � K2

D �2 ��2

 
1 C �2

�
ln.1=�/

�2

!�1

D �2�2

�
ln.1=�/

�2 C �2
;

after a little algebra. Thetime � taken for x to reach its first minimum is therefore

� D ln.1=�/

�

 
1 C �2

�
ln.1=�/

�2

!1=2

:

When� tends to zero,1= ln.1=�/ also tends to zero and� is given approximately by

T D ln.1=�/

�
:

With this choice ofK, the galvanometer settles down remarkably quickly. For exam-
ple, if � D 10�4, then� � 9:7=�, which is less than two periods of the undamped
galvanometer.
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Problem 5 . 8

A block of massM is connected to a second block of massm by a linear spring of
natural length8a. When the system is in equilibrium with the first block on the floor,
and with the spring and second block vertically above it, thelength of the spring is
7a. The upper block is then pressed down until the spring has half its natural length
and is then resleased from rest. Show that the lower block will leave the floor if
M < 2m. For the case in whichM D 3m=2, find when the lower block leaves the
floor.

Solution
Since the spring provides the restoring forcemg when its extension is�a, the

spring constant˛ is given by

˛ D mg

a
:

Letx be the upwards displacement of the upper block,measured from its equilibrium
position. Then, providing that the lower block does not leave the floor, theequation
of motion of the upper block is

m Rx D �˛x;

that is

Rx C !2x D 0;

where! D .g=a/1=2. Thegeneral solutionof this SHM equation is

x D A cos! t C B sin! t;

whereA andB are arbitrary constants. Theinitial conditions x D �3a and Px D 0

whent D 0 giveA D �3a andB D 0. Themotion of the upper block is therefore
given by

x D �3a cos! t;

where! D .g=a/1=2.

At time t , the extension of the spring isx � a and thetensionT is therefore

T D ˛.x � a/ D mg

a
.x � a/ D �mg.3 cos! t C 1/:
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This tension also actsupwardson the lower block. The lower block will therefore
remain in place so long asT � Mg, that is,

�mg.3 cos! t C 1/ � Mg:

Since cos! t lies in the rangeŒ�1; 1�, the left side of this inequality lies in the range
Œ�4mg; 2mg�. Hence, thelower block will never move if M � 2m. If M < 2m,
the lower block will leave the floor when

�mg.3 cos! t C 1/ D Mg:

For the special case in whichM D 3
2
m, this condition reduces to

6 cos! t D �5

so that thelower block leaves the floorwhen

t D
�

a

g

�1=2

cos�1
�
�5

6

�
� 2:56

�
a

g

�1=2

:
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Problem 5 . 9

A block of mass 2 kg is suspended from a fixed support by a springof strength
2000 N m�1. The block is subject to the vertical driving force36 cospt N. Given
that the spring will yield if its extension exceeds 4 cm, find the range of frequencies
that can safely be applied. [Takeg D 10 m s�2.]

Solution
Let x be the downward displacement of block (in metres),measured from the equi-
librium position. Then theequation of motionof the block is

2
d2x

dt2
D �2000x C 36 cospt;

that is

Rx C 1000x D 18 cospt:

When damping is absent, it is not neccessary to use the complex method to find the
driven response. One can simply seek a response of the form

xD D A cospt;

where the constantA is to be determined. On substituting this form of solution into
the equation of motion, we find that

A D 18

1000 � p2

so that thedriven responseof the block is

xD D 18 cospt

1000 � p2
:

Theamplitude a of the driven response is therefore

a D 18

j1000 � p2 j :

In the equilibrium position, the force applied to the springis 20 N and so the
extension is 1

100
m. Themaximumextension� of the spring in the driven motion is

therefore given by

� D 1

100
C 18

j1000 � p2 j
metres:
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The spring is safe if� � 4
100

, that is, if

1800

j1000 � p2 j � 3:

There are two cases:

(i) If p2 < 1000, then the spring is safe if

1800 � 3.1000 � p2/;

that is, ifp � 20.

(ii) If p2 > 1000, then the spring is safe if

1800 � 3.p2 � 1000/;

that is, ifp � 40.

Hence, thespring is safeif either (i) p � 20 rads s�1 or (ii) if p � 40 rads s�1.
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Problem 5 . 10

A driven oscillator satisfies the equation

Rx C�2x D F0 cosŒ�.1 C �/t �;

where� is a positive constant. Show that the solution that satisfiesthe initial condi-
tionsx D 0 and Px D 0 whent D 0 is

x D F0

�.1 C 1
2
�/�2

sin 1
2
��t sin�.1 C 1

2
�/t:

Sketch the graph of this solution for the case in which� is small.

Solution
First we find thedriven responsexD . When damping is absent, it is not neccessary
to use the complex method. One can simply seek a response of the form

xD D A cos�.1 C �/t;

where the constantA is to be determined. On substituting this form of solution into
the equation of motion, we find that

A D F0

�2 ��2.1 C �/2
D � F0

�.2 C �/�2

so that thedriven responseof the block is

xD D �F0 cos�.1 C �/t

�.2 C �/�2
:

Next we find thecomplementary functionxCF . This is the general solution of
the corresponding undriven equation

d2x

dt2
C�2x D 0;

which is known to be

xCF D A cos�t C B sin�t;

whereA andB are arbitrary constants. Thegeneral solutionof the equation of
motion is therefore

x D xCF C xD

D A cos�t C B sin�t � F0 cos�.1 C �/t

�.2 C �/�2
:
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It remains to chooseA andB so that theinitial conditions are satisfied. The condi-
tion x D 0 whent D 0 gives

A D F0

�.2 C �/�2

and the conditionPx D 0 whent D 0 givesB D 0. Therequired solution satisfying
the given initial conditions is therefore

x D F0 cos�t

�.2 C �/�2
� F0 cos�.1 C �/t

�.2 C �/�2

D F0

�.1 C 1
2
�/�2

sin 1
2
��t sin�.1 C 1

2
�/t:

Figure 5.4 shows the graph of a typical solution when� is small. The slow modula-
tion in the amplitude of the oscillations is the phenomenon known asbeats.

t

x

FIGURE 5.4 The solution to Problem 5.10 when� D 0:2.
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Problem 5 . 11

Book Figure 5.12 shows a simple model of a car moving with constant speedc
along a gently undulating road with profileh.x/, whereh0.x/ is small. The car is
represented by a chassis which keeps contact with the road, connected to an upper
massm by a spring and a damper. At timet the upper mass has displacementy.t/

above its equilibrium level. Show that, under suitable assumptions,y satisfies a
differential equation of the form

Ry C 2K Py C�2y D 2Kch0.ct/C�2h.ct/

whereK and� are positive constants.
Suppose that the profile of the road surface is given byh.x/ D h0 cos.px=c/,

whereh0 andp are positive constants. Find the amplitudea of thedriven oscilla-
tions of the upper mass.

The vehicle designer adjusts the damper so thatK D �. Show that

a � 2p
3

h0;

whatever the values of the consants� andp.

Solution
Since the undulations in the road are small, we may suppose that the horizontal

displacement of the car at timet is simply given byx D ct . Then the extension�
of the spring at timet is

� D y � h.ct/

and

P� D Py � ch0.ct/:

Theequation of motion for the vertical oscillations of the car is therefore

m Ry D �˛�� ˇ P�;

wherem is the suspended mass of the car,˛ is the spring constant, anď is the
resistance constant. On writing̨D m�2 andˇ D 2mK, the equation of motion
takes the form

Ry D ��2
�
y � h.ct/

�
� 2K

�
Py � ch0.ct/

�
;

c
 Cambridge University Press, 2006



Chapter 5 Linear oscillations and normal modes 161

that is,

Ry C 2K Py C�2y D 2Kch0.ct/C�2h.ct/:

When the road surface has the profileh.x/ D h0 cos.px=c/, this equation be-
comes

Ry C 2K Py C�2y D �2h0Kp sinpt C h0�
2 cospt:

To find thedriven responseexcited by these undulations, consider the complex
equation

Ry C 2K Py C�2y D h0

�
2iKp C�2

�
eipt :

On seeking a solution of this equation of the formx D Ceipt , we find that the
complex amplitudeC of the driven oscllations is

C D
h0

�
2iKp C�2

�

�2 � p2 C 2iKp
:

Theamplitude a of the driven oscillationsis therefore

a D jC j

D h0j2iKp C�2 j
j�2 � p2 C 2iKp j

D h0

 
4K2p2 C�4

�
�2 � p2

�2 C 4K2p2

!1=2

:

In the special case in whichK D �, this formula can be written in the form

a2

h2
0

D 4u C 1

.u C 1/2
;

whereu D p2=�2. To find the maximum value ofa (considered as a function ofp

with� fixed), we must find the maximum value attained by the function

F D 4u C 1

.u C 1/2
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whenu is positive. Now

F 0 D 4.1 C u/2 � 2.1 C 4u/.1 C u/

.1 C u/4

D 2.1 � 2u/

.1 C u/3

8
<̂

:̂

> 0 for 0 � u < 1
2
;

D 0 for u D 1
2
;

< 0 for u > 1
2
:

It follows that the maximum value of the functionF.u/ in the interval0 � u < 1
is F.1

2
/ D 4

3
. Hence, whatever the values of the frequencies� andp,

a2

h2
0

� 4

3

and so

a � 2p
3

h0:
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Problem 5 . 12 Solution by Fourier series

A driven oscillator satisfies the equation

Rx C 2K Px C�2x D F.t/;

whereK and� are positive constants. Find the driven response of the oscillator to
the saw tooth’ input, that is, whenF.t/ is given by

F.t/ D F0 t .�� < t < �/

andF.t/ is periodic with period2�. [It is a good idea to sketch the graph of the
functionF.t/.]

Solution
Figure 5.5 shows the graph of the ‘saw tooth’ functionF.t/.

F

π F0

π 2 π 3 π
t

−π

FIGURE 5.5 The ‘saw tooth’ functionF.t/.

The first step is to find the Fourier series of the functionF.t/. This function has
period2� and so the Fourier formulae on p.117 of the book apply. The coefficient
an is given by

an D 1

�

Z �

��
F.t/ cosnt dt

D F0

�

Z �

��
t cosnt dt

D 0:
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The last step follows since the integrand is anodd function of t and the range of
integration is symmetrical aboutt D 0; the contributions from the intervalsŒ��; 0�
andŒ0; �� therefore cancel.

In the same way,

bn D 1

�

Z �

��
F.t/ sinnt dt

D F0

�

Z �

��
t sinnt dt

D 2F0

�

Z �

0

t sinnt dt;

since this time the contributions from the intervalsŒ��; 0� and Œ0; �� are equal.
Hence

bn D 2F0

�

�
t

�� cosnt

n

���

0

� 2F0

�

Z �

0

�
1
� �� cosnt

n

�
dt

D 2F0

�n

�
� �.�1/n � 0

�
C 2F0

�n

Z �

0

cosnt dt

D 2F0.�1/nC1

n
C 2F0

�n2

h
sinnt

itD�

tD0

D 2F0.�1/nC1

n
C 0

D 2F0.�1/nC1

n
:

Hence theFourier seriesof the functionF.t/ is

F.t/ D
1X

nD1

2F0.�1/nC1

n
sinnt:

The next step is to find the driven response of the oscillator to the forcing term
bn sinnt . That is, we need the particular integral of the equation

d2x

dt2
C 2K

dx

dt
C�2x D bn sinnt:

The complex counterpart of this equaton is

d2x

dt2
C 2K

dx

dt
C�2x D bneint
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for which the particular integral isceint , where the complex amplitudec is given by

c D bn

�2 � n2 C 2iKn
:

The particular integral of the real equation is then given by

=
�

bneint

�2 � n2 C 2iKn

�
D bn

�
.�2 � n2/ sinnt C 2Kn cosnt

.�2 � n2/2 C 4K2n2

�
:

Finally we add together these separate responses to find thedriven response
of the oscillator to the forceF.t/. On inserting the value of the coefficientbn, this
gives

x D 2F0

1X

nD1

.�1/nC1

n

�
.�2 � n2/ sinnt C 2Kn cosnt

.�2 � n2/2 C 4K2n2

�
:
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Problem 5 . 13

A particle of massm is connected to a fixed pointO on a smooth horizontal table
by a linear elastic string of natural length2a and strengthm�2. Initially the particle
is released from rest at a point on the table whose distance from O is 3a. Find the
period of the resulting oscillations.

Solution
This problem has the feature that, when the distance of the particle from O is

less than2a, the string goes slack andexerts no forceon the particle. Hence, the
restoring force is non-linear. It is convenient to split the motion into a number of
parts, in each of which the equation of motion is linear.

(i) Suppose that the motion takes place along the axisOx. Then the particle is
initially at rest at the pointx D 3a. In this position the string is taut and a
motion begins. Theequation of motion is

m
d2x

dt2
D �m�2.x � 2a/;

which can be written in the form

Ry C�2y D 0;

wherey D x � 2a. This equation holds whiley � 0. The solution corre-
sponding to the initial conditionsy D a and Py D 0 is

y D a cos�t:

This is an SHM with amplitudea and period2�=�. Thus, after a quarter of
an oscillation, the particle reachesy D 0 (that is,x D C2a) moving with
speeda� in the negativex-direction. The time that elapses during this part
of the motion is therefore a quarter of a period, that is,�=2�.

(ii) This part of the motion begins with the particle atx D C2a and moving
with speeda� in the negativex-direction. The string is slack and the particle
continues to move with speeda� until it reaches the pointx D �2a. The
time that elapses during this part of the motion is4a=a� D 4=�.

(iii) This part of the motion begins with the particle atx D �2a and moving
with speeda� in the negativex-direction. The string becomes taut and the
equation of motion is

m
d2x

dt2
D �m�2.x C 2a/;
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which can be written in the form

Rz C�2z D 0;

wherez D x C 2a. This equation holds whilez � 0. The solution corre-
sponding to the initial conditionsz D 0 and Pz D �a� is

z D �a sin�t;

where the initial time has been reset to zero. This is also an SHM with ampli-
tudea and period2�=�. Thus the particle executes half an oscillation of the
SHM and returns toz D 0 (that isx D �2a) with speeda� in the positive
x-direction. The time that elapses during this part of the motion is therefore
half a period, that is,�=�.

(iv) This part of the motion begins with the particle atx D �2a and moving
with speeda� in the positivex-direction. The string is slack and the particle
continues to move with speeda� until it reaches the pointx D C2a. The
time that elapses during this part of the motion is4a=a� D 4=�.

(v) This part of the motion begins with the particle atx D C2a and moving
with speeda� in the positivex-direction. The string becomes taut and the
equation of motion is

m
d2x

dt2
D �m�2.x � 2a/;

which can be written in the form

Ry C�2y D 0;

wherey D x � 2a. This equation holds whiley � 0. The solution corre-
sponding to the initial conditionsy D 0 and Py D a� is

y D a sin�t;

where the initial time has again been reset to zero. This is anSHM with
amplitudea and period2�=�. Thus the particle comes to rest aty D a (that
is, x D 3a) after a quarter of an oscillation. The time that elapses during this
part of the motion is therefore�=2�.

The particle has thus come to rest at its starting point and the whole cycle is then
repeated indefinitely. Hence,the motion is periodicand theperiod � is given by

� D �

2�
C 4

�
C �

�
C 4

�
C �

2�
D 2� C 8

�
:
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Problem 5 . 14 Coulomb friction

The displacementx of a spring mounted mass under the action of Coulomb friction
satisfies the equation

Rx C�2x D
�

�F0 Px > 0

F0 Px < 0

where� andF0 are positive constants. Ifjxj > F0=�
2 when Px D 0, then the

motion continues; ifjxj � F0=�
2 when Px D 0, then the motion ceases. Initially

the body is released from rest withx D 9F0=2�
2. Find where it finally comes to

rest. How long was the body in motion?

Solution
This Problem has the feature that theresistance force is non-linear. It is convenient
to split the motion into a number of parts, in each of which theequation of motion
is linear.

First leg
On the first leg, the block is initially at rest at the pointx D 9F0=�

2. In this position
�2jxj > F0 and a motion begins. Theequation of motion is

Rx C�2x D CF0;

which is the SHM equation with a constant right hand side. Theparticular integral
is the constantF0=�

2 and thegeneral solutionis

x D A cos�t C B sin�t C F0

�2
:

The initial conditions x D 9F0=2�
2 and Px D 0 whent D 0 give A D 7F0=2�

2

andB D 0. Themotion of the block is therefore given by

x D 7F0

�2
cos�t C F0

�2
:

This solution holds until the block next comes to rest. Since

Px D �7F0

2�
sin�t;

this happens whent D �=�. At this instant, the block is at the pointx D
�5F0=2�

2.
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Second leg
On the second leg, the block is initially at rest at the pointx D �5F0=2�

2. In this
position�2jxj > F0 and a motion begins. Theequation of motion is now

Rx C�2x D �F0:

The particular integral is the constant�F0=�
2 and thegeneral solutionis

x D A cos�t C B sin�t � F0

�2
:

If we now reset the initial time to zero, theinitial conditions x D �5F0=�
2 and

Px D 0 whent D 0 give A D �3F0=2�
2 andB D 0. Themotion of the body is

therefore given by

x D � 3F0

2�2
cos�t � F0

�2
:

This solution holds until the block next comes to rest. Since

Px D 3F0

2�
sin�t;

this happens whent D �=�. At this instant, the block is at the pointx D F0=2�
2.

Third leg
On the third leg, the block is initially at rest at the pointx D F0=2�

2. In this
position�2jxj < F0 andno motion takes place.

Hence, theblock comes to permanent restat the pointx D CF0=2�
2. The

time � for which the block was in motion is given by

� D �

�
C �

�
D 2�

�
:
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Problem 5 . 15

A partially damped oscillator satisfies the equation

Rx C 2� Px C�2x D 0;

where� is a positive constant and� is given by

� D
�

0 x < 0

K x > 0

whereK is a positive constant such thatK < �. Find the period of the oscillator
and the ratio of successive maximum values ofx.

Solution
This problem has the feature that theresistance force is non-linear. It is convenient
to split the motion into a number of parts, in each of which theequation of motion
is linear.

(i) Suppose that the particle is initially at the origin and is moving with speed
u1 in the positivex-direction. [We must havesomeinitial conditions.] The
particle immediatelyentersthe resisting medium and theequation of motion
is

Rx C 2K Px C�2x D 0:

This equation holds whilex � 0. The solution of this damped SHM equation
corresponding to the initial conditionsx D 0 and Px D u1 is

x D u1

�D

e�K t sin�D t;

where�D D
�
�2 � K2

�1=2
. Thus the particle returns to the origin after time

�=�D moving with speedu2 in the negativex-direction, where

u2 D u1e��K=�D :

(ii) This part of the motion begins with the particle at the origin and moving with
speedu2 in the negativex-direction. The particle immediatelyleavesthe
resisting medium and theequation of motion is

Rx C�2x D 0:
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This equation holds whilex � 0. The solution of this SHM equation corre-
sponding to the initial conditionsx D 0 and Px D �u2 is

x D �u2

�
sin�t;

where the initial time has been reset to zero. Thus the particle returns to the
origin after time�=�moving with speedu2 in the positivex-direction.

This completes the first oscillation. The only difference between the second
oscillation and the first is that the initial conditionPx D u1 is now replaced by
Px D u2. This change affects theamplitudeof the second cycle, but not its period.
Hence, there are infinitely manyperiodic oscillationsand theperiod � is given by

� D �

�D

C �

�
D �

�
1

�D

C 1

�

�
:
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Problem 5 . 16

A particleP of mass3m is suspended fron a fixed pointO by a light linear spring
with strength̨ . A second particleQ of mass2m is in turn suspended fromP by
a second spring of the same strength. The system moves in the vertical straight line
throughO . Find the normal frequencies and the form of the normal modesfor this
system. Write down the form of the general motion.

Solution
Let x, y be the downward displacements of the particlesP , Q measured from

their equilibrium positions. Then the extensions of the springs arex andy � x

respectively. Theequations of motionfor P andQ are therefore

3m Rx D �˛x C ˛.y � x/;

2m Ry D �˛.y � x/;

which can be written in the form

3 Rx C 2n2x � n2y D 0;

2 Ry � n2x C n2y D 0;

wheren2 D ˛=m.
These equations havenormal modesolutions of the form

x D A cos.! t � 
 /;

y D B cos.! t � 
 /;

when the simultaneous linear equations

.2n2 � 3!2/A � n2B D 0;

�n2A C .n2 � 2!2/B D 0;

have anon-trivial solution for the amplitudesA, B. The condition for this is

det

 
2n2 � 3!2 �n2

�n2 n2 � 2!2

!
D 0:

On simplification, this gives

6!4 � 7n2!2 C n4 D 0; (1)
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a quadratic equation in the variable!2. This equation factorises and the roots are
found to be

!2
1 D 1

6
n2; !2

2 D n2:

Hence there aretwo normal modeswith normal frequenciesn=
p

6 andn respec-
tively.

Slow mode: In the slow mode we have!2 D n2=6 so that the linear equations for
the amplitudesA, B become

3
2
n2A � n2B D 0;

�n2A C 2
3
n2B D 0:

These two equations are each equivalent to the single equation 3A D 2B so that
we have the family of non-trivial solutionsA D 2ı, B D 3ı, whereı can take any
(non-zero) value. Theslow normal modetherefore has the form

x D 2ı cos.!1t � 
 /;

y D 3ı cos.!1t � 
 /;

where!1 D n=
p

6 and the amplitude factorı and phase factor
 can take any
values. In the slow mode, the two particles always move in thesamedirection.

Fast mode: In the fast mode we have!2 D n2 and, by following the same proce-
dure, we find that the form of thefast normal mode is

x D ı cos.!2t � 
 /;
y D �ı cos.!2t � 
 /;

where!2 D n and the amplitude factorı and phase factor
 can take any values. In
the fast mode, the two particles always move inoppositedirections.

The general motion is now the sum of the first normal mode (with amplitude
factorı1 and phase factor
1) and the second normal mode (with amplitude factor
ı2 and phase factor
2). This gives

x D 2ı1 cos.!1t � 
1/C ı2 cos.!2t � 
2/;

y D 3ı1 cos.!1t � 
1/ � ı2 cos.�2t � 
2/:
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Problem 5 . 17

Two particlesP andQ, each of massm, are secured at the points of trisection of
a light string that is stretched to tensionT0 between two fixed supports a distance
3a apart. The particles undergo smalltransverseoscillations perpendicular to the
equlilibrium line of the string. Find the normal frequencies, the forms of the normal
modes, and the general motion of this system. [Note that the forms of the modes
could have been deduced from the symmetry of the system.] Is the general motion
periodic?

Solution
This solution is obtained under the same simplifying assumptions as were made in
Example 5.4 of the book.

Let x, y be the transverse displacements of the particlesP , Q from their equi-
librium positions. Then theequations of transverse motionfor P andQ are

m Rx D �T0

�x

a

�
C T0

�y � x

a

�
;

m Ry D �T0

�y � x

a

�
� T0

�y

a

�
;

which can be written in the form

Rx C 2n2x � n2y D 0;

Ry � n2x C 2n2y D 0;

wheren2 D T0=ma.
These equations havenormal modesolutions of the form

x D A cos.! t � 
 /;

y D B cos.! t � 
 /;

when the simultaneous linear equations

.2n2 � !2/A � n2B D 0;

�n2A C .2n2 � !2/B D 0;

have anon-trivial solution for the amplitudesA, B. The condition for this is

det

 
2n2 � !2 �n2

�n2 2n2 � !2

!
D 0:
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On simplification, this gives

!4 � 4n2!2 C 3n4 D 0; (1)

a quadratic equation in the variable!2. This equation factorises and the roots are
found to be

!2
1 D n2; !2

2 D 3n2:

Hence there aretwo normal modeswith normal frequenciesn and
p

3n respec-
tively.

Slow mode: In the slow mode we have!2 D n2 so that the linear equations for the
amplitudesA, B become

n2A � n2B D 0;

�n2A C n2B D 0:

These two equations are each equivalent to the single equation A D B so that we
have the family of non-trivial solutionsA D ı, B D ı, whereı can take any (non-
zero) value. Theslow normal modetherefore has the form

x D ı cos.!1t � 
 /;

y D ı cos.!1t � 
 /;

where!1 D n and the amplitude factorı and phase factor
 can take any values. In
the slow mode, the two particles always move in thesamedirection.

Fast mode: In the fast mode we have!2 D 3n2 and, by following the same proce-
dure, we find that the form of thefast normal mode is

x D ı cos.!2t � 
 /;
y D �ı cos.!2t � 
 /;

where!2 D
p

3n and the amplitude factorı and phase factor
 can take any values.
In the fast mode, the two particles always move inoppositedirections.

The general motion is now the sum of the first normal mode (with amplitude
factorı1 and phase factor
1) and the second normal mode (with amplitude factor
ı2 and phase factor
2). This gives

x D ı1 cos.!1t � 
1/C ı2 cos.!2t � 
2/;

y D ı1 cos.!1t � 
1/ � ı2 cos.�2t � 
2/:

The general motion is periodic if!1=!2 is a rational number. In the present
problem,!1=!2 D 1=

p
3, which is anirrational number. The general motion is

thereforenot periodic.
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Problem 5 . 18

A particleP of mass3m is suspended from a fixed pointO by a light inextensible
string of lengtha. A second particleQ of massm is in turn suspended fromP by
a second string of lengtha. The system moves in a vertical plane throughO . Show
that the linearised equations of motion forsmall oscillations near the downward
vertical are

4 R� C R� C 4n2� D 0;

R� C R� C n2� D 0;

where� and� are the angles that the two strings make with the downward vertical,
andn2 D g=a. Find the normal frequencies and the forms of the normal modes for
this system.

Solution

FIGURE 5.6 The double pendulum in Prob-
lem 5.18.

O

3 m

m

θ

φ

T1

T2

mg

3 mg

T2

The system is shown in Figure 5.6. Letx1, x2 be the horizontal displacements
of P , Q from their equilibrium positions, and letz1, z2 be the corresponding vertical
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displacements. Then theexact equations of motionfor P andQ are

3m Rx1 D T2 sin� � T1 sin�;

3mRz1 D T1 cos� � T2 cos� � 3mg;

m Rx2 D �T2 sin�;

mRz2 D T2 cos� � mg;

whereT1, T2 are the tensions in the strings. These are a complicated set of cou-
plednon-linearequations infour unknowns. The situation simplifies greatly if we
suppose the motion is small enough so that the squares of the angles� , � can be
neglected. In thislinear approximation , x1 D a� , x2 D a� C a� and the vertical
displacementsz1, z2 are negligible. The equations of motion then simplify to give

3ma R� D T2� � T1�;

0 D T1 � T2 � 3mg;

ma
�

R� C R�
�

D �T2�;

0 D T2 � mg:

HenceT1 D 4mg andT2 D mg. [Thus, in the linear approximation, motions in
thez-direction are negligible as are changes in the tensions.] The equations for the
angles� , � can now be written in the form

3 R� C 4n2� � n2� D 0;

R� C R� C n2� D 0;

wheren2 D g=a. These are a nice set of coupledlinear equations intwounknowns.
[They are not identical with the equations quoted in the question, but they are equiv-
alent. The first equation in the question is just the sum of thetwo equations above.]

These equations havenormal modesolutions of the form

� D A cos.! t � 
 /;
� D B cos.! t � 
 /;

when the simultaneous linear equations

.4n2 � 3!2/A � n2B D 0;

�!2A C .n2 � !2/B D 0;
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have anon-trivial solution for the amplitudesA, B. The condition for this is

det

 
4n2 � 3!2 �n2

�!2 n2 � !2

!
D 0:

On simplification, this gives

3!4 � 8n2!2 C 4n4 D 0; (1)

a quadratic equation in the variable!2. This equation factorises and the roots are
found to be

!2
1 D 2

3
n2; !2

2 D 2n2:

Hence there aretwo normal modeswith normal frequencies
q

2
3

n and
p

2 n re-
spectively.

Slow mode: In the slow mode we have!2 D 2
3
n2 so that the linear equations for

the amplitudesA, B become

2n2A � n2B D 0;

�2
3
n2A C 1

3
n2B D 0:

These two equations are each equivalent to the single equation 2A D B so that
we have the family of non-trivial solutionsA D ı, B D 2ı, whereı can take any
(non-zero) value. Theslow normal modetherefore has the form

x D ı cos.!1t � 
 /;
y D 2ı cos.!1t � 
 /;

where!1 D
q

2
3

n and the amplitude factorı and phase factor
 can take any values.

Fast mode: In the fast mode we have!2 D 2n2 and, by following the same proce-
dure, we find that the form of thefast normal mode is

x D ı cos.!2t � 
 /;
y D �2ı cos.!2t � 
 /;

where!2 D
p

2 n and the amplitude factorı and phase factor
 can take any values.
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Problem 6 . 1

A particleP of mass 4 kg moves under the action of the forceF D 4i C 12t2 j N,
wheret is the time in seconds. The initial velocity of the particle is 2i C j C 2k

m s�1. Find the work done byF , and the increase in kinetic energy ofP , during the
time interval0 � t � 1. What principle does this illustrate?

Solution
Theequation of motionof the particle is

4
dv

dt
D 4i C 12t2 j ;

which has the general solution

v D t i C t3 j C C ;

whereC is the integration constant. Theinitial condition v D 2i C j C 2k when
t D 0 givesC D 2i C j C 2k and hence thevelocity of the particle at timet is

v D .t C 2/i C .t3 C 1/j C 2k:

Thework W doneby the force during the time interval0 � t � 1 is therefore

W D
Z 1

0

F � v dt

D
Z 1

0

�
4i C 12t2 j

�
�
�
.t C 2/i C .t3 C 1/j C 2k

�
dt

D
Z 1

0

4.t C 2/C 12t2.t3 C 1/ dt

D
h
2t6 C 4t3 C 2t2 C 8t

i1

0

D 16 J:

During the same time interval, theincrease�T in thekinetic energyof the particle
is

�T D 2jv.1/j2 � 2jv.0/j2

D 2j3i C 2j C 2kj2 � 2j2i C j C 2kj2

D 34 � 18 D 16 J:

This verifies theenergy principle for the particle.
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Problem 6 . 2

In a competition, a man pushes a block of mass 50 kg with constant speed2 m s�1

up a smooth plane inclined at30ı to the horizontal. Find the rate of working of the
man. [Takeg D 10 m s�2.]

Solution
The weight of the block is500 N. Since the plane issmooth, the force that the

man must apply to the block so that it moves up the plane with constant speed
is 500 sin30ı D 250 N. The rate of working of the man is thereforeF � v D
250 � 2 D 500 W.
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Problem 6 . 3

An athlete putts a shot of mass 7 kg a distance of 20 m. Show thatthe athlete must
do to at least 700 J of work to achieve this. [ Ignore the heightof the athlete and take
g D 10 m s�2.]

Solution
In order to project the shot a distanceR, the leastprojection speedu that can be

used is

u D .Rg/1=2:

This is the projection speed needed when the elevation angleis 45ı. Thus a putt
of 20 m can be achieved with a projection speed of10

p
2 m s�1. In this case, the

kinetic energy of the shot at the instant of release is1
2

� 7 � 200 D 700 J. By the
energy principle, this increase in the kinetic energy of the shot is equal to the work
done on the shot by the athlete. Hence thework done by the athleteis 700 J. If the
shot were projected at any other angle of elevation, a biggerprojection speed would
be neccessary and the athlete would have to domorework.
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Problem 6 . 4

Find the work needed to lift a satellite of mass 200 kg to a height of 2000 km above
the Earth’s surface. [Take the Earth to be spherically symmetric and of radius 6400
km. Take the surface value ofg to be9:8 m s�2.]

Solution
Let the satellite have massm and suppose the Earth is spherically symmetric with

massM and radiusR. Then the forceF that the Earth exerts on the satellite when
it is distancer from thecentreof the Earth is

F D �
�

mMG

r2

�
br;

wherebr is the unit vector pointing radially outwards. When the satellite is at the
Earth’s surface,r D R andjF j D mg, whereg is thesurface valueof the gravita-
tional acceleration. HenceMG D R2g and the formula forF can be written

F D �mg

�
R

r

�2

br:

This is a conservative force field with potential energy

V D �mgR2

r
:

Suppose that the satellite is also subject to a forceG and moves from a pointA on
the Earth’s surface to a pointB at heighth. Then, by theenergy principle,

W F C W G D TB � TA;

whereW F , W G are the works done by the forcesF , G in this motion, andT A,
T B are the kinetic energies of the satellite at the pointsA, B. Now

W F D V .A/� V .B/

D �mgR2

�
1

R
� 1

R C h

�

D mgRh

R C h
:

Hence

W G D mgRh

R C h
C TB � TA:

c
 Cambridge University Press, 2006



Chapter 6 Energy conservation 184

In particular, if the satellite starts and finishes at rest,T A D T B D 0 and

W G D mgRh

R C h
:

This is the work done by the forceG . On using the numerical data given in the
question, we find that thework done by G in raising the satellite to a height of
2000 km is approximately3:0 � 109 J.

Note. This calculation ignores the contribution toTA made by the Earth’s rotation.
However, a quick calculation shows thatTA is about2 � 107 J, which is relatively
insignificant. Hence the rotation of the Earth can be safely disregarded.

On the other hand, if the forceG is required to place the satellite in acircular
orbit at height 2000 km, thenTB is approximately4:8 � 109 J, which is larger than
the work done against the Earth’s gravity.
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Problem 6 . 5

A particleP of unit mass moves on the positivex-axis under the force field

F D 36

x3
� 9

x2
.x > 0/:

Show that each motion ofP consists of either (i) a periodic oscillation between
two extreme points, or (ii) an unbounded motion with one extreme point, depending
upon the value of the total energy. InitiallyP is projected from the pointx D 4 with
speed 0.5. Show thatP oscillates between two extreme points and find the period
of the motion. [You may make use of the formula

Z b

a

x dx

Œ.x � a/.b � x/�1=2
D �.a C b/

2
: �

Show that there is a single equilibrium position forP and that it is stable. Find
the period ofsmalloscillations about this point.

Solution
Thepotential energyof the force fieldF.x/ is

V D �
Z

F.x/ dx

D �
Z �

36

x3
� 9

x2

�
dx

D 18

x2
� 9

x
;

Theenergy conservationequation is then

1
2
v2 C V .x/ D E;

wherev D Px andE is the constant total energy.
The graph of the functionV .x/ is shown in Figure 6.1. The possible motions of

the particle can be classified as follows:

(i) If E < 0 then the motion is a periodic oscillation between two extreme points.

(ii) If E > 0 then the motion is unbounded with one extreme point.

Consider now the motion arising from the initial conditionv D 0:5 whenx D 4.
In this case,E D �1 and so the motion must be a periodic oscillation between two
extreme points. At the extreme points,v D 0 andx must satisfy the equation

18

x2
� 9

x
D �1;
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bounded

unbounded

x

V

E > 0

E  > 0

FIGURE 6.1 The potential energy functionV .x/ in Problem 6.5.

that is,

x2 � 9x C 18 D 0:

This quadratic equation factorises and the roots arex D 3 andx D 6. These are the
extreme pointsof the motion.

To find the period� , we must integrate the energy equation

1
2

Px2 C 18

x2
� 9

x
D �1;

which can be written in the form

Px2 D 2

x2
.x � 3/.6 � x/:

When the particle is moving to theright, we have

dx

dt
D C

p
2

x

�
.x � 3/.6 � x/

�1=2
;

which is a separable first order ODE for the functionx.t/. On separating we obtain

Z �=2

0

dt D 1p
2

Z 6

3

x dx
�
.x � 3/.6 � x/

�1=2
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so that theperiod of the oscillationsis

� D
p

2

Z 6

3

x dx
�
.x � 3/.6 � x/

�1=2 D 9�p
2
;

on using the formula given in the question.

The equilibrium positions of the particle are the stationary points of the function
V .x/. Since

V 0 D �F D 9

x2
� 36

x3
;

the only stationary point ofV is atx D 4. This is the onlyequilibrium position of
the particle. Now

V 00 D 108

x4
� 18

x3

D 9

64

whenx D 4. SinceV 00.4/ > 0, this equlibrium position isstable. The angular
frequency� of small oscillatons aboutx D 4 is given by

� D
�

V 00.4/

m

�1=2

D
�

9=64

1

�1=2

D 3

8
:

Theperiod � of small oscillationsaboutx D 4 is therefore

� D 2�

�
D 16�

3
:
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Problem 6 . 6

A particle P of massm moves on thex-axis under the force field with potential
energyV D V0.x=b/

4; whereV0 and b are positive constants. Show that any
motion ofP consists of a periodic oscillation with centre at the origin. Show further
that, when the oscillation has amplitudea, the period� is given by

� D 2
p

2

�
m

V0

�1=2
b2

a

Z 1

0

d�

.1 � �4/1=2
:

[Thus, the larger the amplitude, the shorter the period!]

Solution

FIGURE 6.2 The potential energy function
V .x/ in Problem 6.6.

x

V

E

a−a

Theenergy conservationequation for the particle is

1
2
mv2 C V0

�x

b

�4

D E;

wherev D Px andE is the constant total energy. The graph of the potential energy
functionV .x/ is shown in Figure 6.2. It is evident thateverymotion of the particle
is a periodic oscillation that is symmetrical about the origin.

Consider an oscillating motion of amplitudea. In this case,v D 0 at x D ˙a

and so

E D V0

�x

b

�4

and the energy conservation equation becomes

Px2 D 2V0

mb4

�
a4 � x4

�
:
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To find the period� , we must integrate the energy equation. When the particle
is moving to theright,

dx

dt
D C

�
2V0

mb4

�1=2 �
a4 � x4

�1=2

which is a separable first order ODE for the functionx.t/. On separating we obtain

�
2V0

mb4

�1=2 Z �=4

0

dt D
Z a

0

dx
�
a4 � x4

�1=2

so that theperiod of the oscillationsis

� D 2
p

2

�
mb4

V0

�1=2 Z a

0

dx
�
a4 � x4

�1=2

D 2
p

2

�
m

V0

�1=2
b2

a

Z 1

0

d�
�
1 � �4

�1=2

on making the substitutionx D a�.

[Just for the record,
Z 1

0

d�

.1 � �4/1=2
D

p
� �.5=4/

�.3=4/
;

where�.z/ is the Gamma function. The numerical value of the integral is1.31 approxi-
mately.]

c
 Cambridge University Press, 2006



Chapter 6 Energy conservation 190

Problem 6 . 7

A particle P of massm, which is on the negativex-axis, is moving towards the
origin with constant speedu. WhenP reaches the origin, it experiences the force
F D �Kx2; whereK is a positive constant. How far doesP get along the positive
x-axis?

Solution
Thepotential energyof the force fieldF is

V D �
Z

F dx D K

Z
x2 dx

D 1
3
Kx3:

Hence, while the particle is in the regionx � 0, its energy conservationequation
is

1
2
mv2 C 1

3
Kx3 D E;

wherev D Px andE is the constant total energy. Consider the motion arising from
the initial conditionv D u whenx D 0. In this case,

E D 1
2
mu2

and the energy conservation equation becomes

1
2
mv2 C 1

3
Kx3 D 1

2
mu2:

The maximum value ofx is attained whenv D 0, that is, whenx satisfies the
equation

0 C 1
3
Kx3 D 1

2
mu2:

Hence thefarthest point along thex-axis reached by the particle is

x D
�

3mu2

2K

�1=3

:
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Problem 6 . 8

A particleP of massm moves on thex-axis under the combined gravitational at-
traction of two particles, each of massM , fixed at the points.0;˙a; 0/ respectively.
Example 3.4 shows that the force fieldF.x/ acting onP is given by

F D � 2mMGx

.a2 C x2/3=2
:

Find the corresponding potential energyV .x/.
Initially P is released from rest at the pointx D 3a=4. Find the maximum speed

achieved byP in the subsequent motion.

Solution
Thepotential energyof the force fieldF.x/ is

V D �
Z

F dx

D 2mMG

Z
x dx

.a2 C x2/3=2

D � 2mMG
�
a2 C x2

�1=2 :

Hence theenergy conservationequation for the particle is

1
2
mv2 � 2mMG

�
a2 C x2

�1=2 D E

wherev D Px andE is the constant total energy. Consider now the motion arising
from the initial conditionv D 0 whenx D 3

4
a. In this case,

E D 0 � 2mMG
�
a2 C 9

16
a2
�1=2

D �8mMG

5a
;

and the energy conservation equation is

1
2
mv2 D 2mMG

�
a2 C x2

�1=2 � 8mMG

5a
:
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The maximum valueV of the speedjv j is achieved whenx D 0. Hence

1
2
mV 2 D 2mMG

a
� 8mMG

5a

and so

V D
�

4MG

5a

�1=2

:
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Problem 6 . 9

A particleP of massm moves on the axisOz under the gravitational attraction of
a uniform circular disk of massM and radiusa. Example 3.6 shows that the force
field F.z/ acting onP is given by

F D �2mMG

a2

�
1 � z

.a2 C z2/1=2

�
.z > 0/:

Find the corresponding potential energyV .z/ for z > 0.
Initially P is released from rest at the pointz D 4a=3. Find the speed ofP

when it hits the disk.

Solution
Thepotential energyof the force fieldF.z/ is

V D �
Z

F dx

D 2mMG

a2

Z �
1 � z

.a2 C z2/1=2

�
dx

D 2mMG

a2

�
z � .a2 C z2/1=2

�
:

Hence theenergy conservationequation for the particle is

1
2
mv2 C 2mMG

a2

�
z � .a2 C z2/1=2

�
D E

wherev D Pz andE is the constant total energy. Consider now the motion arising
from the initial conditionv D 0 whenz D 4

3
a. In this case,

E D 0 C 2mMG

a2

�
4a

3
� 5a

3

�

D �2mMG

3a
;

and the energy conservation equation is

1
2
mv2 D 2mMG

a2

�
.a2 C z2/1=2 � z

�
� 2mMG

3a
:

On substitutingz D 0 into this formula, we find that thespeed of the particlewhen
it hits the disk is

�
8MG

3a

�1=2

:
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Problem 6 . 10

A catapult is made by connecting a light elastic cord of natural length 2a and
strength˛ between two fixed supports, which are distance2a apart. A stone of
massm is placed at the center of the cord, which is pulled back a distance3a=4

and then released from rest. Find the speed with which the stone is projected by the
catapult.

Solution

V

Initial state Final state

FIGURE 6.3 The catapult in Problem 6.10.

This is a ‘before and after’ problem. We do not obtain an equation of motion;
instead we simply equate the initial and final values of the total energy.

Initial state: In the initial state, the stone is at rest and so itskinetic energy is
zero. The main problem is to find the internal energy of the stretched elastic cord.
Consider either of the the two equal segments that make up thecord. In the initial
state, the length of the segment is

�
a2 C

�
3
4
a
�2�1=2

D 5
4
a

so that its extension is1
4
a. The strength of the cord is̨, but the strength of the

segmentis 2˛. (If the whole cord and the segment were both subjected to thesame
tension, the extension of the cord would betwice the extension of the segment.)

Hence, the internal energy of the segment is1
2
.2˛/

�
1
4
a
�2 D 1

16
˛a2. The internal
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energyof the cord is therefore1
8
˛a2 and thetotal energy E is therefore

E D 0 C 1
8
˛a2 D 1

8
˛a2:

Final state: In the final state, the stone is moving with unknown speedV and so its
kinetic energy is 1

2
mV 2. In the final state, each segment of the cord has its natural

length and so the totalinternal energy is zero. Thetotal energyE is therefore

E D 1
2
mV 2 C 0 D 1

2
mV 2:

Since thetotal energy is conservedin this problem, the initial and final values of
E are equal. Hence

1
2
mV 2 D 1

8
˛a2

and thespeedwith which the stone is projected is therefore

V D
�
˛a2

4m

�1=2
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Problem 6 . 11

A light spring of natural lengtha is placed on a horizontal floor in the upright po-
sition. When a block of massM is resting in equilibrium on top of the spring, the
compression of the spring isa=15. The block is now lifted so that its underside is
at height3a=2 above the floor and then released from rest. Find the compression of
the spring when the block first comes to rest.

Solution

FIGURE 6.4 The system in Problem 6.11. Final stateInitial state

3a/2

x

This is a ‘before and after’ problem. We do not obtain an equation of motion;
instead we simply equate the initial and final values of the total energy.

Initial state: In the initial state, the block is at rest and the spring is unstretched.
Hence thekinetic energy of the block and theinternal energy of the spring are

zero. Thegravitational potential energy of the block isMg
�

3
2
a C h

�
, whereM

is the mass of the block and2h is its thickness. Hence, thetotal energyE is

E D 0 C 0 C Mg
�

3
2
a C h

�
:

Final state: In the final state, the block is again at rest and so itskinetic energy is
zero. The internal energy of the spring is1

2
˛.a � x/2, where˛ is its strength andx

is the length to which it has been compressed when the block comes to rest. Since
˛ D Mg=. 1

15
a/ D 15Mg=a, theinternal energy of the spring is15

2
Mg.a�x/2=a.

Thegravitational potential energy of the block isMg.x C h/. Hence, thetotal
energyE is

E D 0 C 15Mg

2a
.a � x/2 C Mg.x C h/:
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Since thetotal energy is conservedin this problem, the initial and final values
of E are equal. Hence

Mg
�

3
2
a C h

�
D 15Mg

2a
.a � x/2 C Mg.x C h/;

which reduces to

15x2 � 28ax C 12a2 D 0:

This quadratic equation factorises and its roots arex D 2
3
a andx D 6

5
a. The second

root is unphysical since it would require the block to come torestbeforeit had even
met the spring. Thecompression of the springwhen the block first comes to rest
is thereforea � 2

3
a D 1

3
a.
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Problem 6 . 12

A particleP carries a chargee and moves under the influence of the static magnetic
field B.r/ which exerts the forceF D ev�B on P , wherev is the velocity ofP .
Show thatP travels with constantspeed.

Solution
SinceF D ev�B , the rate at whichF does work on the particle is

F � v D e
�
v�B

�
� v D 0:

ThusF does no work and sothe kinetic energy of the particle is a constant of the
motion. Hence the particle moves withconstant speed(but not neccessarily with
constantvelocity!)
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Problem 6 . 13 �

A mortar shell is to be fired from level ground so as to clear a flat topped building
of heighth and widtha. The mortar gun can be placed anywhere on the ground and
can have any angle of elevation. What is the least projectionspeed that will allow
the shell to clear the building? [Hint How is the reqired minimum projection speed
changed if the mortar is raised to rooftop level?]

For the special case in whichh D 1
2
a, find the optimum position for the mortar

and the optimum elevation angle to clear the building.

Solution

x

A B BA

C D C D

zu

U

β

α

FIGURE 6.5 Left : A general trajectory that clears the building.Right: The optimum trajectory.

A typical trajectory that clears the building is shown in Figure 6.5 (left). The
problem is to choose the projection pointA and the elevation anglę so that the
building can be cleared using the least value ofU . Suppose the path first cuts the
horizontal plane at rooftop level atC at which point the speed of the shell isu and
the elevation angle iš. Then, byenergy conservation, U andu are related by

U 2 D u2 C 2gh:

HenceU 2 andu2 differ by a constant. It follows that the original problem is equiv-
alent to the problem of choosingC andˇ so that the building can be cleared using
the least value ofu. But the solution to this second problem is well known. This
is solved by taking (i)C to be at the top corner of the building, (ii) the angleˇ to
be45ı, and (iii) the speedu to be.ga/1=2. This optimum trajectory is shown in
Figure 6.5 (right). The value of theinitial projection speedU in this trajectory is
then given by

U 2 D u2 C 2gh D ga C 2gh D g.a C 2h/:
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Hence theleast projection speedthat will allow the shell to clear the building is�
g.a C 2h/

�1=2
.

To find the position ofA and the elevation̨ , we must investigate the optimum
trajectory in more detail. Take axesCxz as shown in Figure 6.5 (right). Then the
optimum path is

z D x

a
.a � x/:

This path intersects the ground whenz D �h, that is, when

x2 � ax � ah D 0:

The two roots of this quadratic equation are the coordinatesof the pointsA, B

in Figure 6.5 (right). From now on, we will work with thespecial casein which
h D 1

2
a. In this case, the equation forx becomes

2x2 � 2ax � a2 D 0;

the roots of which arex D 1
2

�
1 ˙

p
3
�

a. It follows that (in the special case when

h D 1
2
a) the mortar should be placeda distance1

2

�p
3 � 1

�
a from the wall of

the building. The corresponding value of the elevation˛ is given by

tan˛ D dz

dx

ˇ̌
ˇ̌
xD 1

2.1�
p

3/a

D
�
1 � 2x

a

�

xD 1
2.1�

p
3/a

D
p

3:

Hence (in the special case whenh D 1
2
a) the elevation of the mortar should be

taken to be60ı.
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Problem 6 . 14 �

An earthedconducting sphere of radiusa is fixed in space, and a particleP , of mass
m and chargeq, can move freely outside the sphere. InitiallyP is a distanceb .> a/

from the centreO of the sphere when it is projected directly away fromO . What
must the projection speed be forP to escape to infinity? [Ignore electrodynamic
effects. Use the method of images to solve the electrostaticproblem.]

Solution

q

O P
v

I

q′

FIGURE 6.6 The chargeq and its image chargeq0.

The system is shown in Figure 6.6. When electrodynamiceffects are neglected,
the electric field outside the sphere is the sameas if the sphere were removed and an
‘image charge’q0 placed at the ‘image point’I , whereq0 D �qa=r andOI D a2=r .
The outwardforce F experienced byP is therefore

F D qq0

IP2
D

q
�
�qa

r

�

�
r � a2

r

�2

D � q2ar
�
r2 � a2

�2 :

This formula is correct in cgs/electrostatic units.
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Thepotential energyof this force field is

V D �
Z

F dr

D q2a

Z
r dr

�
r2 � a2

�2

D � q2a

2
�
r2 � a2

� :

Theenergy conservationequation for the particle is therefore

1
2
mv2 � q2a

2
�
r2 � a2

� D E;

wherev D Pr andE is the constant total energy. Consider the motion that arises
from the initial conditionv D u whenr D b. In this case

E D 1
2
mu2 � q2a

2
�
b2 � a2

�

and the energy conservation equation becomes

mv2 D
�

mu2 � q2a

b2 � a2

�
C q2a

r2 � a2
:

Thecondition for escapeis that the quantity in the brackets ispositive, that is,

u2 � q2a

m
�
b2 � a2

� :
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Problem 6 . 15 �

An unchargedconducting sphere of radiusa is fixed in space and a particleP , of
massm and chargeq, can move freely outside the sphere. InitiallyP is a distance
b .> a/ from the centreO of the sphere when it is projected directly away from
O . What must the projection speed be forP to escape to infinity? [Ignore elec-
trodynamiceffects. Use the method of images to solve the electrostaticproblem.]

Solution

q

O P
v

I

q′−q′

FIGURE 6.7 The chargeq and its image chargesq0 and�q0.

The system is shown in Figure 6.7. When electrodynamiceffects are neglected,
the electric field outside the sphere is the sameas if the sphere were removed and
‘image charges’q0 and�q0 were placed at the ‘image points’I andO , whereq0 D
�qa=r andOI D a2=r . The outwardforce F experienced byP is therefore

F D qq0

IP2
� qq0

OP2
D

q
�
�qa

r

�

�
r � a2

r

�2
C

q
�qa

r

�

r2

D � q2ar
�
r2 � a2

�2 C q2a

r3
:

This formula is correct in cgs/electrostatic units.
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Thepotential energyof this force field is

V D �
Z

F dr

D q2a

Z  
r

�
r2 � a2

�2 � 1

r3

!
dr

D � q2a

2
�
r2 � a2

� C q2a

2r2
:

Theenergy conservationequation for the particle is therefore

1
2
mv2 � q2a

2
�
r2 � a2

� C q2a

2r2
D E;

wherev D Pr andE is the constant total energy. Consider the motion that arises
from the initial conditionv D u whenr D b. In this case

E D 1
2
mu2 � q2a

2
�
b2 � a2

� C q2a

2b2

and the energy conservation equation becomes

mv2 D
�

mu2 � q2a

b2 � a2
C q2a

b2

�
C q2a

r2 � a2
:

Thecondition for escapeis that the quantity in the brackets ispositive, that is,

u2 � q2a3

mb2
�
b2 � a2

� :
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Problem 6 . 16

A bead of massm can slide on a smooth circular wire of radiusa, which is fixed
in a vertical plane. The bead is connected to the highest point of the wire by a
light spring of natural length3a=2 and strength̨ . Determine the stability of the
equilibrium position at the lowest point of the wire in the cases (i)˛ D 2mg=a, and
(ii) ˛ D 5mg=a.

Solution

FIGURE 6.8 The system in Problem 6.16.

A

O

P

a

aθ

B

Since the wire issmooththe constraint force that it exerts on the particle does
no work. Thus energy conservation holds in its standard form.

Let � be the angle between the radiusOP and the downwards vertical, as shown
in Figure 6.8. The length of the spring is2a cos1

2
� and itsinternal energy is there-

fore

1
2
˛
�
2a cos1

2
� � 3

2
a
�2

D ˛a2

8

�
4 cos1

2
� � 3

�2

:

Thegravitational potential energy of the particle is�mga cos� . Thetotal poten-
tial energy of the system is therefore

V D ˛a2

8

�
4 cos1

2
� � 3

�2

� mga cos�:
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On differentiating, we find that

V 0 D 3
2
˛a2 sin 1

2
� C

�
mga � ˛a2

�
sin�

and

V 00 D 3
4
˛a2 cos1

2
� C

�
mga � ˛a2

�
cos�:

Hence

V 0.0/ D 0 and V 00.0/ D mga � 1
4
˛a2:

This confirms that� D 0 is an equilibrium position of the particle and shows that
the equilibrium there isstablewhen˛ < 4mg=a andunstablewhen˛ > 4mg=a.
Hence:

(i) When˛ D 2mg=a, the equilibrium isstable.

(ii) When˛ D 5mg=a, the equilibrium isunstable.
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Problem 6 . 17

A smooth wire has the form of the helixx D a cos� , y D a sin� , z D b� , where
� is a real parameter, anda, b are positive constants. The wire is fixed with the axis
Oz pointing vertically upwards. A particleP , which can slide freely on the wire, is
released from rest at the point.a; 0; 2�b/. Find the speed ofP when it reaches the
point .a; 0; 0/ and the time taken for it to do so.

Solution
Since the wire issmooththe constraint force that it exerts does no work. Hence

energy conservation holds in its standard form. Theenergy conservation equation
is therefore

1
2
mv2 C mgz D E;

wherem is the mass of the particle,v is its speed andE is the constant total energy.
The initial conditionsz D 2�b andv D 0 whent D 0 give E D 2�mgb and the
energy equation can be written

v2 D 2g.2�b � z/:

Hence, providing that the particle arrives atz D 0 at all, its arrival speed is
2.�gb/1=2, whatever the shape of the wire.

To find the time taken, we must investigate the motion in more detail. For the
helical wire given,

v2 D Px2 C Py2 C Pz2

D
�
�a sin� P�

�2

C
�
a cos� P�

�2

C
�
b P�
�2

D
�
a2 C b2

�
P�2;

and the energy equation can be written
�
a2 C b2

�
P�2 D 2gb.2� � �/:

Since� is decreasingin this motion, we have
�
a2 C b2

�1=2 P� D �.2gb/1=2.2� � �/1=2;

which is a separable first order ODE for� . On separating, we obtain

�
a2 C b2

�1=2
Z 0

2�

d�

.2� � �/1=2
D �.2gb/1=2

Z �

0

dt;
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where� is the duration of the motion. Hence

� D
�

a2 C b2

2gb

�1=2 Z 2�

0

d�

.2� � �/1=2

D
�

a2 C b2

2gb

�1=2 h
�2.2� � �/1=2

i2�

0

D 2

 
�
�
a2 C b2

�

gb

!1=2

:

This is thetime taken for the particle to reach the point.a; 0; 0/.
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Problem 6 . 18

A smooth wire has the form of the parabolaz D x2=2b, y D 0, whereb is a positive
constant. The wire is fixed with the axisOz pointing vertically upwards. A particle
P , which can slide freely on the wire, is performing oscillations withx in the range
�a � x � a. Show that the period� of these oscillations is given by

� D 4

.gb/1=2

Z a

0

�
b2 C x2

a2 � x2

�1=2

dx:

By making the substitutionx D a sin in the above integral, obtain a new formula
for � . Use this formula to find a two-term approximation to� , valid when the ratio
a=b is small.

Solution
Since the wire issmooththe constraint force that it exerts does no work. Hence

energy conservation holds in its standard form. Theenergy conservation equation
is therefore

1
2
mv2 C mgz D E;

wherem is the mass of the particle,v is its speed andE is the constant total energy.
In the present problem,z D x2=2b and

v2 D Px2 C Pz2

D Px2 C
�

x Px
b

�2

D
�

1 C x2

b2

�
Px2;

so that the energy equation becomes

1
2
m

�
1 C x2

b2

�
Px2 C mgx2

2b
D E:

Consider an oscillatory motion of amplitudea. In this case,v D 0 x D ˙a and so
E D mga2=2b. The energy equation for this motion is therefore

�
b2 C x2

�
Px2 D gb

�
a2 � x2

�
:

To find the period� , we must integrate the energy equation. When the particle is
moving to theright, we have

�
b2 C x2

�1=2 dx

dt
D C .gb/1=2

�
a2 � x2

�1=2

;
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which is a separable first order ODE for the functionx.t/. On separating we obtain

.gb/1=2
Z �=4

0

dt D
Z a

0

�
b2 C x2

a2 � x2

�1=2

dx

so that theperiod of the oscillationsis

� D 4

.gb/1=2

Z a

0

�
b2 C x2

a2 � x2

�1=2

dx:

On making the substitutionx D a sin in the integral, this formula becomes

� D 4

�
b

g

�1=2 Z �=2

0

�
1 C a2

b2
sin2  

�1=2

d :

When the ratioa=b is small, the integrand can be expanded in the form

�
1 C a2

b2
sin2 

�1=2

D 1 C a2

2b2
sin2 C O

�
a4

b4

�

from which it follows that

� D 4

�
b

g

�1=2 Z �=2

0

�
1 C a2

2b2
sin2 C O

�
a4

b4

��
d 

D 4

�
b

g

�1=2 �
�

2
C a2

2b2

��
4

�
C O

�
a4

b4

��

D 2�

�
b

g

�1=2 �
1 C a2

4b2
C O

�
a4

b4

��
:

This is the requiredtwo term approximation to the period, valid when the ratio
a=b is small.
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Problem 6 . 19 �

A smooth wire has the form of the cycloidx D c.� C sin�/, y D 0, z D c.1 �
cos�/, wherec is a positive constant and the parameter� lies in the range�� �
� � �. The wire is fixed with the axisOz pointing vertically upwards. [Make a
sketch of the wire.] A particle can slide freely on the wire. Show that the energy
conservation equation is

.1 C cos�/ P�2 C g

c
.1 � cos�/ D constant:

A new parameteru is defined byu D sin 1
2
� . Show that, in terms ofu, the equation

of motion for the particle is

Ru C
� g

4c

�
u:

Deduce that the particle performs oscillations with period4�.c=g/1=2, independent
of the amplitude!

Solution

x

z

FIGURE 6.9 The cycloidal wire in Problem 6.19.

Since the wire issmooththe constraint force that it exerts does no work. Hence
energy conservation holds in its standard form. Theenergy conservation equation
is therefore

1
2
mv2 C mgz D E;

wherem is the mass of the particle,v is its speed andE is the constant total energy.
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In the present problem,x D c.� C sin�/ andz D c.1 � cos�/ so that

v2 D Px2 C Pz2

D c2.1 C cos�/2 P�2 C c2 sin2 � P�2

D 2c2 .1 C cos�/ P�2:

The energy equation then becomes

mc2 .1 C cos�/ P�2 C mgc.1 � cos�/ D E;

which is the form required.
If we make the substitutionu D sin 1

2
� , then

1 � cos� D 2 sin2 1
2
� D 2u2;

.1 C cos�/ P�2 D 2 cos2 1
2
� P�2 D 8 Pu2

and the energy equation becomes

8mc2 Pu2 C 2mgc u2 D E:

This is actually the energy equation for the simple harmonicoscillator. On differen-
tiating with respect tot , we obtain

Ru C
� g

4c

�
u D 0;

which is the SHM equation with�2 D g=4c. Hence theperiod � of the oscillations
is

� D 4�

�
c

g

�1=2

;

independent of the amplitude.

c
 Cambridge University Press, 2006



Chapter 6 Energy conservation 213

Problem 6 . 20

A smooth horizontal table has a vertical post fixed to it whichhas the form of a
circular cylinder of radiusa. A light inextensible string is wound around the base of
the post (so that it does not slip) and its free end of the string is attached to a particle
that can slide on the table. Initially the unwound part of thestring is taut and of
lengthb. The particle is then projected with speedu at right angles to the string so
that the string winds itselfon to the post. How long does it take for the particle to
hit the post?

Solution

θ θ
a

b

b−a θ

C

P
v

u

FIGURE 6.10 The system in Problem 6.20.

Since the string does not slip on the post, the points of the string that are in
contact with the post are at rest. In particular, this applies to the pointC shown in
Figure 6.10. The free part of the string is therefore (instantaneously) rotating about
C . The velocity of the particle is therefore perpendicular toCP and so thetension
in the string does no work. Theenergy conservation equationfor the particle is
therefore

1
2
mv2 D E;

wherem is the mass of the particle,v is its speed, andE is the constant total energy.
The particle therefore moves withconstant speed.
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Let � be the angle between the direction of the free string at timet and its initial
direction, as shown in Figure 6.10. Since the length of the free string at timet is
b � a� , it follows thatv D .b � a�/ P� . On using the initial conditionv D u when
t D 0, theenergy conservation equationbecomes

.b � a�/ P� D u:

This is a separable first order ODE for�.t/. On separating, we obtain

Z b=a

0

.b � a�/d� D u

Z �

0

dt;

where� is the time taken for the particle to hit the post. Hence

� D 1

u

Z b=a

0

.b � a�/d�

D 1

u

h
b� � 1

2
a�2

ib=a

0

D b2

2au
:

This is thetime taken for the particle to hit the post.
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Problem 6 . 21

A heavy ball is suspended from a fixed point by a light inextensible string of length
b. The ball is at rest in the equilibrium position when it is projected horizontally
with speed.7gb=2/1=2. Find the angle that the string makes with the upward vertical
when the ball begins to leave its circular path. Show that, inthe subsequent projectile
motion, the ball returns to its starting point.

Solution

FIGURE 6.11 The system in Problem 6.21.

θ

β

b
O

U

v

X

Z

A

B

u

β

P

Since the tension in the string does no work, energy conservation holds in its
standard form. Theenergy conservation equationis therefore

1
2
mv2 C mgz D E;

wherem is the mass of the ball,v is its speed,z is its vertical displacement above
O , andE is the constant total energy. In the present problem,z D �b cos� so that

1
2
mv2 � mgb cos� D E:

The initial conditionv D .7gb=2/1=2 when� D 0 gives

E D 7
4
mgb � mgb D 3

4
mgb
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and the energy equation becomes

v2 D 1
2
gb.3 C 4 cos�/:

The tensionT in the string can be found by using the Second Law in reverse.

Consider the component of the Second LawF D ma in the direction
�!
PO. This

gives

T � mg cos� D mv2

b
;

and, on using the formula forv2 provided by the energy equation, we find that

T D 3
2
mgb.1 C 2 cos�/:

This formula holdswhile the ball moves on the circular path.

Theball leaves the circlewhenT D 0, that is, when� D 120ı. The anglě
shown in Figure 6.11 is therefore60ı. Thespeedu of the ball at this instant is given
by the energy equation to beu D .gb=2/1=2. The subsequent trajectory is given by
standard projectile theory. In the coordinate systemBXZ shown in Figure 6.11, the
path of the ball is

Z D tanˇX �
�

g

2u2 cos2 ˇ

�
X 2

D
p

3 X � 4X 2

b
;

on using the calculated values ofˇ andu. The starting pointA has coordinates

X D b sinˇ D
p

3 b

2
;

Z D �b cosˇ � b D �3b

2
;

and it is easily verified that this point does lie on the path ofthe ball. The ball
thereforereturns to its starting point .
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Problem 6 . 22 �

A newavant gardemathematics building has a highly polished outer surface inthe
shape of a huge hemisphere of radius 40 m. The Head of Department, Prof. Oldfart,
has his student, Vita Youngblood, hauled to the summit (to bephotographed for
publicity purposes) but a small gust of wind causes Vita to begin to slide down.
Oldfart’s displeasure is increased when Vita lands on (and severely damages) his car
which is parked nearby. How far from the outer edge of the building did Oldfart
park his car? Did he get what he deserved? (Happily, Vita escaped injury and found
a new supervisor.)

Solution

a
v

X

Z

O

A

u

P

θ B β
a

FIGURE 6.12 The system in Problem 6.22.

Since the surface of the building issmooth, the reaction that it exerts does no
work. Hence energy conservation holds in its standard form.Theenergy conserva-
tion equation is therefore

1
2
mv2 C mgz D E;

wherem andv are Vita’s mass and speed,z is her height above the ground, andE is
the constant total energy. Let� be the angle shown in Figure 6.12. Thenz D a cos�
and we have

1
2
mv2 C mga cos� D E:

The initial conditionv D 0 when� D 0 gives

E D mga
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so that the energy equation becomes

v2 D 2ga.1 � cos�/:

The normal reactionR exerted by the roof can be found by using the Second Law
in reverse. Consider the component of the Second LawF D ma in the direction
�!
PO. This gives

mg cos� � R D mv2

b
;

and, on using the formula forv2 provided by the energy equation, we find that

R D mgb.3 cos� � 2/:

This formula holdswhile Vita remains in contact with the roof.

Vita leaves the roofwhenR D 0, that is, when� D cos�1 2
3
. This is the anglě

shown in Figure 6.11. Vita’sspeedu at this instant is given by the energy equation
to beu D .2ga=3/1=2. Her subsequent trajectory is given by standard projectile
theory. In the coordinate systemBXZ shown in Figure 6.11, her path is

Z D � tanˇX �
�

g

2u2 cos2 ˇ

�
X 2

D �
p

5

2
X � 27X 2

16a
;

on using the calculated values ofˇ andu. This path intersects the ground when
Z D �a cosˇ, that is, when

�2

3
a D �

p
5

2
X � 27X 2

16a
:

TheX coordinate of the landing point therefore satisfies the quadratic equation

27X 2 C 8
p

5aX � 32
3

a2 D 0

the roots of which are

X D
 

�4
p

5 ˙ 4
p

23

27

!
a:

The physically appropriate root is thepositiveone,X C, which is0:379a approxi-
mately. The distance of Vita’s landing point from the wall ofthe building is therefore
a sinˇ C X C � a D 0:125a approximately. Whena D 40 m, this is approximately
5 m. Hence Oldfart’scar was parked5 m from the wall of the building.
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Problem 6 . 23 ��

A heavy ball is attached to a fixed pointO by a light inextensible string of length2a.
The ball is drawn back until the string makes an acute angle˛ with the downward
vertical and is then released from rest. A thin peg is fixed a distancea vertically
belowO in the path of the string, as shown in book Figure 6.6. In a gameof skill,
the contestant chooses the value of˛ and wins a prize if the ball strikes the peg.
Show that the winning value of̨ is approximately86ı.

Solution

θ

β

a
O

v

X

Z

B

u

β

P

FIGURE 6.13 The system in Problem 6.23 after the
string has met the peg.

Once the string has met the peg, the ball moves on a circular path of radiusa, as
shown in figure 6.13. Suppose that the ball leaves this circular path at the pointB,
where its speed isu and its direction of motion makes an angleˇ with the horizontal.
At this instant, the tension in the string is zero. Then the Second Law, resolved in

the direction
�!
BO , gives

mg cosˇ D mu2

a
:
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Henceu andˇ are related byu2 D ga cosˇ. Once the string has become slack, the
trajectory of the ball is given by standard projectile theory. In the coordinate system
BXZ shown in Figure 6.13, the path of the ball is

Z D tanˇX �
�

g

2u2 cos2 ˇ

�
X 2

D tanˇX �
�

1

2a cos3 ˇ

�
X 2:

on using the relationu2 D ga cosˇ. If the ball is to hit the peg, we must have
Z D �a cosˇ whenX D a sinˇ. This requires that

� cosˇ D sinˇ tanˇ � sin2 ˇ

2 cos3 ˇ
;

which reduces to the simple equation3 cos2 ˇ D 1. The physically appropriate root
of this equation is thepositive acuteangleˇ D cos�1.1=

p
3/. This determines the

angleˇ and, on making use of the relationu2 D ag cosˇ again, thespeedof the

ball atB is found to beu D
�
ag=

p
3
�1=2

.
The initial inclination˛ of the string can now be found by energy conservation.

Since the tension in the string and the reaction of the peg do no work, energy conser-
vation holds in its standard form. Theenergy conservation equationis therefore

1
2
mv2 C mgz D E;

wherem is the mass of the ball,v is its speed,z is its vertical displacement aboveO ,
andE is the constant total energy. The initial conditionv D 0 whenz D a�2a cos˛
givesE D mga.1 � 2 cos˛/ so that the energy equation becomes

v2 C 2gz D 2ga.1 � 2 cos˛/:

In particular, when the ball is atB, z D a=
p

3 andv2 D ag=
p

3. Hence

agp
3

C 2gap
3

D 2ga.1 � 2 cos˛/

from which it follows that

cos˛ D 1
4
.2 �

p
3/:

Hencę D cos�1
�

1
4
.2 �

p
3/
�

D 86ı approximately.
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Problem 7 . 1

A particleP of massm moves under the repulsive inverse cube fieldF D .m
=r3/br .
Initially P is at a great distance fromO and is moving with speedV towardsO along
a straight line whose perpendicular distance fromO is p. Find the equation satisfied
by the apsidal distances. What is the distance of closest approach ofP to O?

Solution
The (specific)potential energycorresponding to the force fieldF D .m
=r3/br is

V D 


2r2
;

and, from the initial conditions, the energy and angular momentum constants are
E D 1

2
V 2 andL D pV . The energy and angular momentumconservation equa-

tions are therefore

1
2

�
Pr2 C r2 P�2

�
C 


2r2
D 1

2
V 2;

r2 P� D pV:

On eliminating P� between these two equations, we obtain theradial motion equa-
tion

1
2

Pr2 C V � D 1
2
V 2;

where theeffective potentialV � is given by

V � D
�

 C p2V 2

� 1

2r2
:

Since Pr D 0 at an apse, it follows that the apsidal distances satisfy theequation
V �.r / D 1

2
V 2, that is,

r2 D p2 C 


V 2
:

Hence the onlyapsidal distanceis r D
�
p2 C 
=V 2

�1=2
.

The graph of the effective potentialV � is shown in Figure 7.1. It is evident that,
whatever the values of the constantsE andL, this unique apsidal distance is the
minimumvalue achieved byr . Thedistance of closest approachr min is therefore
given by

r min D
�
p2 C 


V 2

�1=2

:
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E

r

V *

r min

FIGURE 7.1 The effective potentialV � in Problem 7.1.
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Problem 7 . 2

A particleP of massm moves under the attractive inverse square fieldF D �.m
=r2/br .
Initially P is at a pointC , a distancec from O , when it is projected with speed
.
=c/1=2 in a direction making an acute angle˛ with the lineOC . Find the apsidal
distances in the resulting orbit.

Given that the orbit is an ellipse withO at a focus, find the semi-major and
semi-minor axes of this ellipse.

Solution
The (specific)potential energycorresponding to the force fieldF D �.m
=r2/br
is

V D �

r
;

and, from the initial conditions, the energy and angular momentum constants are
given by

E D 


2c
� 


c
D � 


2c
;

L D c
�


c

�1=2

sin˛ D .
 c/1=2 sin˛:

The energy and angular momentumconservation equationsare therefore

1
2

�
Pr2 C r2 P�2

�
� 


r
D � 


2c
;

r2 P� D .
 c/1=2 sin˛:

On eliminating P� between these two equations, we obtain theradial motion equa-
tion

1
2

Pr2 C V � D � 


2c
;

where theeffective potentialV � is given by

V � D �

r

C 
 c sin2 ˛

2r2
:

Since Pr D 0 at an apse, it follows that the apsidal distances satisfy theequation
V �.r / D �
=2c, that is,

r2 � 2cr C c2 sin2 ˛ D 0:
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Theapsidal distancesare thereforer D c.1˙cos˛/. Since the initial value ofr lies
betweenthese distances, it follows thatr must oscillate in the rangec.1 � cos˛/ �
r � c.1 C cos˛/. Hence theleastandgreatest distancesfrom O achieved by the
particle are

r min D c.1 � cos˛/;

r max D c.1 C cos˛/;

α

(γ/c)
1/2

c

P

O

B

A
C

FIGURE 7.2 The orbit in Problem 7.2. The pointsA andB are
the apses of the orbit.

Since we are given that the orbit is an ellipse withO at a focus, we know that

r min D OA D a.1 � e/;

r max D OB D a.1 C e/;

wherea, e are thesemi-major axis, and theeccentricity, of the orbit. Hence

c.1 � cos˛/ D a.1 � e/;

c.1 C cos˛/ D a.1 C e/;

from which it follows thata D c ande D cos˛. Thesemi-minor axis b is then
given by

b2 D a2.1 � e2/ D c2.1 � cos2 ˛/ D c2 sin2 ˛:

Henceb D c sin˛:
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Problem 7 . 3

A particle of massm moves under the attractive inverse square fieldF D �.m
=r2/br :
Show that the equation satisfied by the apsidal distances is

2Er2 C 2
 r � L2 D 0;

whereE andL are the specific total energy and angular momentum of the particle.
WhenE < 0, the orbit is known to be an ellipse withO as a focus. By considering
the sum and product of the roots of the above equation, establish the elliptic orbit
formulae

L2 D 
b2=a; E D �
=2a:

Solution
The (specific)potential energycorresponding to the force fieldF D �.m
=r2/br
is

V D �

r
:

The energy and angular momentumconservation equationstherefore have the form

1
2

�
Pr2 C r2 P�2

�
� 


r
D E;

r2 P� D L;

whereE, L are the energy and angular momentum constants of the orbit. On elimi-
nating P� between these two equations, we obtain theradial motion equation in the
form

Pr2 D 2E C 2


r
� L2

r2
:

SincePr D 0 at an apse, it follows that the apsidal distances satisfy theequation

Q.r / D 0; (1)

whereQ.r / D 2.�E/r2 � 2
 r C L2. When the energyE < 0, equation (1)
generally has two distinct roots. (The special case in whichthe roots are coincident
corresponds to a circular orbit.) Hence there aretwo possible apsidal distances.
SincePr2 cannot be negative,r is restricted to those values that satisfy the inequality

2E C 2


r
� L2

r2
� 0;
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which is equivalent to

Q.r / � 0:

r
r min r max

Q

FIGURE 7.3 The functionQ.r/ when the energyE < 0.

It is evident from Figure 7.3 that, whenE < 0, the permitted range ofr lies
betweenthe roots of the equationQ.r / D 0. It follows thatr must oscillate in the
ranger min � r � r max, wherer min is the smaller of We note that the sum and
product of these distances are given by

r min C r max D � 

E
;

r min � r max D � L2

2E
:

Since we are given that the orbit is an ellipse withO at a focus, we know that

r min D a.1 � e/;

r max D a.1 C e/;

wherea, e are thesemi-major axisand theeccentricity of the orbit. Hence the sum
and product ofr min andr max can also be expressed as

r min C r max D 2a;

r min � r max D a2
�
1 � e2

�
D b2:
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On equating these different expressions for the sum and product of r min andr max,
we obtain

E D � 


2a
;

L2 D �2Eb2 D 
b2

a
;

which are theE- and L-formulae for the attractive inverse square elliptic orbit.
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Problem 7 . 4

A particleP of massm moves under the simple harmonic fieldF D �.m�2r /br ;
where� is a positive constant. Obtain the radial motion equation and show that all
orbits ofP are bounded.

Initially P is at a pointC , a distancec from O , when it is projected with speed
�c in a direction making an acute angle˛ with OC . Find the equation satisfied by
the apsidal distances. Given that the orbit ofP is an ellipse with centreO , find the
semi-major and semi-minor axes of this ellipse.

Solution
The (specific)potential energycorresponding to the force fieldF D �m�2rbr is

V D 1
2
�2r2:

The energy and angular momentumconservation equationstherefore have the form

1
2

�
Pr2 C r2 P�2

�
C 1

2
�2r2 D E;

r2 P� D L;

whereE, L are the energy and angular momentum constants of the orbit. On elimi-
nating P� between these two equations, we obtain theradial motion equation in the
form

1
2

Pr2 C V � D E;

where theeffective potentialV � is given by

V � D 1
2
�2r2 C L2

2r2
:

Since Pr2 cannot be negative,r is restricted to those values that satisfy the in-
equalityV � � E. It is evident from the graph ofV � shown in Figure 7.4, that,
whatever the values ofE andL, r must oscillate between two apsidal distancesr min

andr max. Thusall orbits are bounded.

With the special initial conditions given,

E D 1
2
�2c2 C 1

2
�2c2 D �2c2

L D �c2 sin˛;
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E

r

V *

r min r max

FIGURE 7.4 The effective potentialV � in Problem 7.4.

andV � becomes

V � D 1
2
�2r2 C �2c4 sin2 ˛

2r2
:

Since Pr D 0 at an apse, it follows that the apsidal distances satisfy theequation
V �.r / D E, that is,

r4 � 2c2r2 C c4 sin2 ˛ D 0:

Theapsidal distancesof the orbit are thepositiveroots of this equation. Hence

r max D
p

2c cos1
2
˛;

r min D
p

2c sin 1
2
˛:

Since we are given that the orbit is an ellipse with itscentreat O , we know that
r max andr min are themajor andminor axesof this ellipse. Hencea D

p
2c cos1

2
˛

andb D
p

2c sin 1
2
˛.
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Problem 7 . 5

A particleP moves under the attractive inverse square fieldF D �.m
=r2/br : Ini-
tially P is at the pointC , a distancec from O , and is projected with speed.3
=c/1=2

perpendicular toOC . Find the polar equation of the path make a sketch of it. De-
duce the angle betweenOC and the final direction of departure ofP .

Solution
In the force fieldF D �.m
=r2/br, the outward force per unit mass isf .r / D

�
=r2 and sof .1=u/ D �
u2. Also, from the initial conditions, the angular mo-
mentum constant of the orbit isL D c.3
=c/1=2 D .3
 c/1=2. Thepath equation
for the orbit is therefore

d2u

d�2
C u D 1

3c
;

which is a second order linear ODE with constant coefficients. Its general solution
is

u D 1

3c
C A cos� C B sin�;

whereA andB are arbitrary constants.
The values of the constantsA, B can be determined from theinitial conditions.

Take the line� D 0 of the polar coordinate system to pass through the initial position
C of the particle (see Figure 7.5). Then

(i) the initial conditionr D c whent D 0 givesu D 1=c when� D 0, and

(ii) the initial condition Pr D 0 whent D 0 gives

du

d�
D � Pr

L
D 0;

when� D 0.

The conditionu D 1=c when � D 0 gives A D 2=3c and the condition
du=d� D 0 when� D 0 givesB D 0. Thepolar equation of the orbit is therefore

u D 1

3c
C 2

3c
cos�;

that is,

r D 3c

1 C 2 cos�
:
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P

C
O

c α
θ = 0

FIGURE 7.5 The orbit in Problem 7.5 (not to scale).

The graph of the orbit is shown in Figure 7.5. The particledeparts to infinity when

1 C 2 cos� D 0;

that is, when� D 120ı. This is the anglę shown in Figure 7.5.
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Problem 7 . 6

A comet moves under the gravitational attraction of the Sun.Initially the comet
is at a great distance from the Sun and is moving towards it with speedV along
a straight line whose perpendicular distance from the Sun isp. By using the path
equation, find the angle through which the comet is deflected and the distance of
closest approach.

Solution
In this problem, the force field isF D �.m
=r2/br, where
 D MˇG andMˇ

is the mass of the Sun. The outward force per unit mass isf .r / D �
=r2 and so
f .1=u/ D �
u2. Also, from the initial conditions, the angular momentum constant
of the orbit isL D pV . Thepath equation for the orbit is therefore

d2u

d�2
C u D 


p2V 2
;

which is a second order linear ODE with constant coefficients. Its general solution
is

u D 


p2V 2
C A cos� C B sin�;

whereA andB are arbitrary constants.
The values of the constantsA, B can be determined from theinitial conditions.

Take the line� D 0 of the polar coordinate system to be parallel to the direction of
approach of the comet (see Figure 7.6). Then

(i) the condition thatr ! 1 ast ! �1 givesu D 0 when� D 0, and

(ii) the condition thatPr ! �V ast ! �1 gives

du

d�
D � Pr

L
D �.�V /

pV
D 1

p

when� D 0.

The initial conditionu D 0 when� D 0 givesA D �
=p2V 2 and the initial
conditiondu=d� D 1=p when� D 0 givesB D 1=p. Thepolar equation of the
orbit is therefore

p

r
D 


pV 2
.1 � cos�/C sin�:
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C

S
θ = 0

α

FIGURE 7.6 The orbit in Problem 7.6.

The graph of the orbit is shown in Figure 7.6. The cometdeparts to infinity
when




pV 2
.1 � cos�/C sin� D 0:

This equation is best solved by expressing it in terms of the angle 1
2
� in which case

it becomes

tan1
2
� D �pV 2



:

Thedeflection anglę .D � � �/ shown in Figure 7.6 is therefore given by

tan1
2
˛ D tan

�
1
2
� � 1

2
�
�

D � cot 1
2
� D 


pV 2
:

Hence

˛ D 2 tan�1 


pV 2
:

To find thedistance of closest approachof the comet, consider the function

q.1 � cos�/C sin�:

whereq D 
=pV 2. Thelargestvalue attained by this function in the range0 � � �
˛ C � is

q C
�
q2 C 1

�1=2

and hence

r min D p

q C
�
q2 C 1

�1=2 D p
��

q2 C 1
�1=2 � q

�
D
�

 2

V 4
C p2

�1=2

� 


V 2
:
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Problem 7 . 7

A particleP of massm moves under the attractive inverse cube fieldF D �.m
 2=r3/br ;
where
 is a positive constant. InitiallyP is at a great distance fromO and is pro-
jected towardsO with speedV along a line whose perpendicular distance fromO

is p. Obtain the path equation forP .
For the case in which

V D 15
p
209 p

;

find the polar equation of the path ofP and make a sketch of it. Deduce the distance
of closest approach toO , and the final direction of departure.

Solution
In the force fieldF D �.m
 2=r3/br, the outward force per unit mass isf .r / D

�
 2=r3 and sof .1=u/ D �
 2u3. Also, from the initial conditions, the angular
momentum constant of the orbit isL D pV . Thepath equation for the orbit is
therefore

d2u

d�2
C
�

1 � 
 2

p2V 2

�
u D 0:

For the special case in which

V D 15
p
209 p

;

the path equation reduces to

d2u

d�2
C 16

225
u D 0;

which is the SHM equation with� D 4
15

. Its general solution is

u D A cos�� C B sin��;

whereA andB are arbitrary constants.
The values of the constantsA, B can be determined from theinitial conditions.

Take the line� D 0 of the polar coordinate system to be parallel to the direction of
approach of the particle (see Figure 7.6). Then

(i) the condition thatr ! 1 ast ! �1 givesu D 0 when� D 0, and
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(ii) the condition thatPr ! �V ast ! �1 gives

du

d�
D � Pr

L
D �.�V /

pV
D 1

p

when� D 0.

The initial conditionu D 0 when� D 0 givesA D 0 and the initial condition
du=d� D 1=p when� D 0 givesB D 1=�p. Thepolar equation of the orbit is
therefore

r D 4p

15 sin 4
15
�
:

P

θ = 0

α

FIGURE 7.7 The orbit in Problem 7.7.

The graph of the orbit is shown in Figure 7.7. The particledeparts to infinity
when

sin 4
15
� D 0;

that is, when� D 15
4
�. The anglę .D 2� � �/ shown in Figure 7.7 is therefore

45ı.
Thedistance of closest approachis achieved when sin4

15
� takes itsmaximum

value for� in the range0 � � � 15
4
�. This maximum isC1 and hence

r min D 4
15

p:
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Problem 7 . 8 �

A particleP of massm moves under the central fieldF D �.m
 2=r5/br; where

 is a positive constant. InitiallyP is at a great distance fromO and is projected
towardsO with speed

p
2
=p2 along a line whose perpendicular distance fromO

is p. Show that the polar equation of the path ofP is given by

r D pp
2

coth

�
�p
2

�
:

Make a sketch of the path.

Solution
In the force fieldF D �.m
 2=r5/br, the outward force per unit mass isf .r / D

�
 2=r5 and sof .1=u/ D �
 2u5. Also, from the initial conditions, the angular mo-

mentum constant of the orbit isL D p
�p

2
=p2
�

D
p

2
=p. Thepath equation
for the orbit is therefore

d2u

d�2
C u D 1

2
p2u3;

which is anon-linearsecond order ODE. Such equations cannot usually be solved,
but, when the independent variable does not appear explicitly, the equation can al-
ways be reduced to first order. Letv D du=d� . Then

d2u

d�2
D dv

d�
D dv

du
� du

d�
D v

dv

du
;

and the path equation can be written

v
dv

du
C u D 1

2
p2u3:

This is a separable first order ODE forv as a function ofu. On separating, we obtain

1
2
v2 D 1

8
p2u4 � 1

2
u2 C C;

whereC is the integration constant.
Take the line� D 0 of the polar coordinate system to be parallel to the direction

of approach of the particle (see Figure 7.8). Then

(i) the condition thatr ! 1 ast ! �1 givesu D 0 when� D 0, and
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(ii) the condition thatPr ! �V ast ! �1 gives

v D du

d�
D � Pr

L
D �.�V /

pV
D 1

p

when� D 0.

The conditionv D 1=p whenu D 0 givesC D 1=2p2 and hence

v2 D 1

4p2

�
2 � p2u2

�2

:

The initial condition onPr implies thatr initially decreasesso thatu initially in-
creases. Henceu satisfies the equation

du

d�
D C 1

2p

�
2 � p2u2

�
:

We have thus reduced the path equation to a first order separable ODE for u as a
function of� . On separating, we obtain

� D 2p

Z
du

2 � p2u2

D
p

2 C D;

on making the substitutionpu D
p

2 tanh . The initial conditionu D 0 when
� D 0 givesD D 0 and the solution is

tanh

�
�p
2

�
D pup

2
;

that is,

r D pp
2

coth

�
�p
2

�
:

This is thepolar equation of the orbit.
The graph of the orbit is shown in Figure 7.8. The path spiralsinwards and is

asymptotic to the circler D p=
p

2.
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P

O
θ = 0

FIGURE 7.8 The orbit in Problem 7.8.
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Problem 7 . 9 �

A particle of massm moves under the central field

F D �m
 2

�
4

r3
C a2

r5

�
br ;

where
 anda are positive constants. Initially the particle is at a distancea from
the centre of force and is projected at right angles to the radius vector with speed
3
=

p
2a. Find the polar equation of the resulting path and make a sketch of it.

Find the time taken for the particle to reach the centre of force.

Solution
In the given force field, the outward force per unit mass is

f .r / D �
 2

�
4

r3
C a2

r5

�

and sof .1=u/ D �
 2
�
4u3 C a2u5

�
. Also, from the initial conditions, the angu-

lar momentum constant of the orbit isL D a
�
3
=

p
2 a
�

D 3
=
p

2. The path
equation for the orbit is therefore

d2u

d�2
C u D 2

9

�
4u C a2u3

�
;

that is

d2u

d�2
D 2

9
a2u3 � 1

9
u:

This is anon-linearsecond order ODE. Such equations cannot usually be solved,
but, when the independent variable does not appear explicitly, the equation can al-
ways be reduced to first order. Letv D du=d� . Then

d2u

d�2
D dv

d�
D dv

du
� du

d�
D v

dv

du
;

and the path equation can be written

v
dv

du
D 2

9
a2u3 � 1

9
u:

This is a separable first order ODE forv as a function ofu. On separating, we obtain

1
2
v2 D 1

18
a2u4 � 1

18
u2 C C;
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whereC is the integration constant.
Take the line� D 0 of the polar coordinate system to pass through the pointA

where the motion begins(see Figure 7.9). Then

(i) the conditionr D a whent D 0 givesu D 1=a when� D 0, and

(ii) the condition thatPr D 0 whent D 0 gives

v D du

d�
D � Pr

L
D 0

when� D 0.

The conditionv D 0 whenu D 1=a givesC D 0 and hence

du

d�
D ˙1

3
u
�
a2u2 � 1

�1=2

:

It is not immediately clear which sign to take sincePr D 0 initially. However, since
the initial value ofd2u=d�2 is positive, u mustincreaseinitially. Henceu satisfies
the equation

du

d�
D C1

3
u
�
a2u2 � 1

�1=2

:

We have thus reduced the path equation to a first order separable ODE for u as a
function of� . On separating, we obtain

� D 3

Z
du

u
�
a2u2 � 1

�1=2

D 3 C D;

on making the substitutionau D sec . The initial conditionu D 1=a when� D 0

givesD D 0 and the solution is

sec1
3
� D au;

that is,

r D a cos1
3
�:

This is thepolar equation of the orbit. The graph of the orbit is shown in Figure
7.8. The path spirals inwards and reaches the centre when� D 3

2
�.
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P

O θ = 0
A

a

FIGURE 7.9 The orbit in Problem 7.9.

To find thetime taken to reach the centre, consider theangular momentum
conservationequation

r2 P� D 3
p
2
:

Since we now know that the path of the particle isr D a cos1
3
� , it follows that�

satisfies the equation

�
a2 cos2 1

3
�
�

P� D 3
p
2
:

This is a separable first order ODE for� as a function oft . On separating, we obtain

a2

Z 3�=2

0

cos2 1
3
� d� D 3
p

2

Z �

0

dt;

where� is the required time. Hence

� D
p

2 a2

3


Z 3�=2

0

cos2 1
3
� d�

D �a2

2
p

2 

:
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Problem 7 . 10

A particle of massm moves under the central field

F D �m

 

 e��r=a

r2

!
br ;

where
 , a and� are positive constants. Find the apsidal angle for a nearly circular
orbit of radiusa. When� is small, show that the perihelion of the orbit advances by
approximately�� on each revolution.

Solution
Let the nearly circular orbit of radiusa be

u D 1

a
C �;

whereu D 1=r and� D �.�/. Then, in the linear approximation,� satisfies the
equation

d2�

d�2
C�2� D 0;

where

�2 D 3 C af 0.a/

f .a/

andf .r / is theinward force per unit mass (see section 7.4 of the book).

In the present problem,

f .r /D 
 e��r=a

r2
;

f 0.r /D �2
 e��r=a

r3
� 
�e��r=a

ar2
;

so that

f .a/ D 
 e��

a2
;

f 0.a/ D �.2 C �/
 e��

a3
;
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and

�2 D 3 C af 0.a/

f .a/
D 1 � �:

The general solution for� has the form

� D C cos.�� C ı/;

whereC andı are arbitrary constants. Theapsidal angleof the orbit is therefore

˛ D �

�

D �.1 � �/�1=2

D �
�
1 C 1

2
�
�

in the linear approximation when� is small. Hence theperihelion advancesby
approximately�� on each revolution.
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Problem 7 . 11 Solar oblateness

A planet of massm moves in the equatorial plane of a star that is a uniform oblate
spheroid. The planet experiences a force field of the form

F D �m


r2

�
1 C � a2

r2

�
br;

approximately, where
 , a and� are positive constants and� is small. If the planet
moves in a nearly circular orbit of radiusa, find an approximation to the ‘annual’
advance of the perihelion. [It has been suggested that oblateness of the Sun might
contribute significantly to the precession of the planets, thus undermining the suc-
cess of general relativity. This point has yet to be resolvedconclusively.]

Solution
Let the nearly circular orbit of radiusa be

u D 1

a
C �;

whereu D 1=r and� D �.�/. Then, in the linear approximation,� satisfies the
equation

d2�

d�2
C�2� D 0;

where

�2 D 3 C af 0.a/

f .a/

andf .r / is theinward force per unit mass (see section 7.4 of the book).

In the present problem,

f .r /D 


r2

�
1 C �a2

r2

�
;

f 0.r /D � 


r3

�
2 C 4�a2

r2

�
;

so that

f .a/ D 


a2
.1 C �/;

f 0.a/ D � 


a3
.2 C 4�/;
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and

�2 D 3 C af 0.a/

f .a/
D 1 � �

1 C �

The general solution for� has the form

� D C cos.�� C ı/;

whereC andı are arbitrary constants. Theapsidal angleof the orbit is therefore

˛ D �

�

D �

�
1 � �

1 C �

��1=2

D �.1 C �/

in the linear approximation when� is small. Hence the ‘annual’advance of the
perihelion of the orbit is approximately2��.
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Problem 7 . 12

Suppose the solar system is embedded in a dust cloud of uniform density�. Find
an approximation to the ‘annual’ advance of the perihelion of a planet moving in a
nearly circular orbit of radiusa. (For convenience, let� D �M=a3, whereM is the
solar mass and� is small.)

Solution
Suppose that the dust cloud is spherically symmetric about the Sun. Then the grav-
itational force that it exerts on a planet of massm acts towards the Sun and has
magnitude

mG

r2

�
4
3
�r3�

�
D mMG

�
4��

3a3

�
r;

wherer is the distance of the planet from the Sun,� D �a3=M , andM is the mass
of the Sun. The total inward force per unit mass acting on the planet is therefore

f .r / D 


r2
C 


�
4��

3a3

�
r;

where
 D MG.
Suppose the planet has the nearly circular orbit

u D 1

a
C �;

whereu D 1=r and� D �.�/. Then, in the linear approximation,� satisfies the
equation

d2�

d�2
C�2� D 0;

where

�2 D 3 C af 0.a/

f .a/

andf .r / is theinward force per unit mass (see section 7.4 of the book).

In the present problem,

f .r /D 


r2
C 


�
4��

3a3

�
r;

f 0.r /D �2


r3
C 


�
4��

3a3

�
;
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so that

f .a/ D 


a2

�
1 C 4

3
��
�
;

f 0.a/ D � 


a3

�
2 � 4

3
��
�
;

and

�2 D 3 C af 0.a/

f .a/
D

1 C 16
3
��

1 C 4
3
��

The general solution for� has the form

� D C cos.�� C ı/;

whereC andı are arbitrary constants. Theapsidal angleof the orbit is therefore

˛ D �

�

D �

 
1 C 16

3
��

1 C 4
3
��

!�1=2

D �.1 � 2��/

in the linear approximation when� is small. Hence the ‘annual’advance of the
perihelion of the planetary orbit is approximately�4�2� .
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Problem 7 . 13 Orbits in general relativity

In the theory of general relativity, the path equation for a planet moving in the
gravitational field of the Sun is, in the standard notation,

d2u

d�2
C u D MG

L2
C
�

3MG

c2

�
u2;

wherec is the speed of light. Find an approximation to the ‘annual’ advance of the
perihelion of a planet moving in a nearly circular orbit of radiusa.

Solution
The general relativistic path equation for a planet is the same as that in Newtonian
mechanics with a slightly modified law of force. The modified inward forcef .r /
per unit mass is chosen so that

f .1=u/

L2u2
D MG

L2
C
�

3MG

c2

�
u2;

that is,

f .r / D MG

r2

�
3MGL2

c2

�
1

r4
:

We will take the value of the constantL to be that in a non-relativistic circular orbit
of radiusa, that is,L2 D MGa. Themodified law of force then has the form

f .r / D MG

r2

�
1 C 3�a2

r2

�
;

where the dimensionless constant� is defined by� D MG=ac2. In the context
of the solar system, the parameter� is very small, being about10�7 for the planet
Mercury.

Suppose the planet has the nearly circular orbit

u D 1

a
C �;

whereu D 1=r and� D �.�/. Then, in the linear approximation,� satisfies the
equation

d2�

d�2
C�2� D 0;
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where

�2 D 3 C af 0.a/

f .a/

andf .r / is theinward force per unit mass (see section 7.4 of the book).

In the present problem,

f .r /D MG

r2

�
1 C 3�a2

r2

�
;

f 0.r /D �MG

r3

�
2 C 12�a2

r2

�
;

so that

f .a/ D 


a2
.1 C 3�/;

f 0.a/ D � 


a3
.2 C 12�/;

and

�2 D 3 C af 0.a/

f .a/
D 1 � 3�

1 C 3�
:

The general solution for� has the form

� D C cos.�� C ı/;

whereC andı are arbitrary constants. Theapsidal angleof the orbit is therefore

˛ D �

�

D �

�
1 � 3�

1 C 3�

��1=2

D �.1 C 3�/

in the linear approximation when� is small. Hence the ‘annual’advance of the
perihelion of the planetary orbit is approximately6��, where� D MG=ac2. This
is Einstein’s famous formula (specialised to the case of a nearly circular orbit).
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Problem 7 . 14

A uniform flux of particles is incident upon a fixed hard sphereof radiusa. The
particles that strike the sphere are reflected elastically.Find the differential scattering
cross section.

Solution

θ

ap

FIGURE 7.10 An incident particle with impact parameterp is elasti-
cally scattered through an angle� . The angles marked with a bullet
(�) are all equal.

Consider an incident particle with impact parameterp as shown in Figure 7.10.
Let the ‘angle of incidence’ of the particle be ; then, since the collision is elastic,
all the angles marked with a bullet.�/ are equal to . Then

p D a sin 

and the scattering angle� is

� D � � 2 :

On eliminating between these two formulae, we obtain

p D a cos1
2
�;

which expresses the impact parameterp as a function of the scattering angle� .
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Thedifferential scattering cross section� is now given by

� D � p

sin�

dp

d�

D �
a cos1

2
�

sin�

�
�1

2
a sin 1

2
�
�

D 1
4
a2:

Thus (somewhat surprisingly) the particles arescattered equally in all directions.

Thetotal scattering cross sectionS is given by

S D
Z �D�

�D0

Z �D2�

�D0

� sin� d� d�

D 2�
�

1
4
a2
� Z �D�

�D0

sin� d�

D �a2:

This is the answer expected since the particles that are scattered are those with im-
pact parametersp � a.
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Problem 7 . 15

A uniform flux of particles, each of massm and speedV , is incident upon a fixed
scatterer that exerts the repulsive radial forceF D .m
 2=r3/br : Find the impact
parameterp as a function of the scattering angle� , and deduce the differential scat-
tering cross section. Find the total back-scattering cross-section.

Solution
In the force fieldF D .m
 2=r3/br , the outward force per unit mass isf .r / D

 2=r3 and sof .1=u/ D 
 2u3. Consider a particle with impact parameterp. Then
the angular momentum constant of its orbit isL D pV . Thepath equation for this
particle is therefore

d2u

d�2
C
�

1 C 
 2

p2V 2

�
u D 0:

which is the SHM equation with

�2 D 1 C 
 2

p2V 2
:

The general solution is

u D A cos�� C B sin��;

whereA andB are arbitrary constants.
The values of the constantsA, B can be determined from theinitial conditions.

Take the line� D 0 of the polar coordinate system to be parallel to the direction of
approach of the particle. Then

(i) the condition thatr ! 1 ast ! �1 givesu D 0 when� D 0, and

(ii) the condition thatPr ! �V ast ! �1 gives

du

d�
D � Pr

L
D �.�V /

pV
D 1

p

when� D 0.

The initial conditionu D 0 when� D 0 givesA D 0 and the initial condition
du=d� D 1=p when� D 0 givesB D 1=�p. Thepolar equation of the orbit is
therefore

r D �p

sin��
:
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The particledeparts to infinity when

sin�� D 0;

that is, when� D �=�. Thescattering angle‚ .D � � .�=�// is therefore

‚ D � � �
�

1 C 
 2

p2V 2

��1=2

:

On makingp the subject of this formula, we obtain

p2 D 
 2.� �‚/2
V 2‚.2� �‚/;

which is the required expression for theimpact parameter p as a function of the
scattering angle‚.

Thedifferential scattering cross section� is now given by

� D � p

sin‚

dp

d‚

D � 1

2 sin‚

dp2

d‚

D �
�


 2

2V 2 sin‚

�
d

d‚

�
.� �‚/2
‚.2� �‚/

�

D �2
 2.� �‚/

V 2‚2.2� �‚/2 sin‚
:

The totalback scattering cross sectionSB is then given by

SB D
Z ‚D�

‚D�=2

Z �D2�

�D0

� sin‚d‚ d�

D 2�3
 2

V 2

Z ‚D�

‚D�=2

� �‚
‚2.2� �‚/2 d�

D ��
3
 2

V 2

�
1

‚.2� �‚/

��

�=2

D �
 2

3V 2
:

c
 Cambridge University Press, 2006



Chapter 7 Orbits in a central field 255

Problem 7 . 16

In Yuri Gagarin’s first manned space flight in 1961, the perigee and apogee were
181 km and 327 km above the Earth. Find the period of his orbit and his maximum
speed in the orbit.

Solution
Suppose that the perigee and apogee of a satellite orbit are at heighth andH above
the Earth. The corresponding apsidal distances are therefore R C h andR C H

respectively, whereR is the Earth’s radius. Then

.R C h/C .R C H / D 2a;

wherea is the semi-major axis of the orbit. The parametera is therefore given by

a D R C 1
2
.h C H /:

Theperiod � of the orbit can now be found from the period formula

�2 D 4�2a3

MG
;

whereM is the mass of the Earth.
Let V be the speed of the satellite at the perigee. Then, from the energy conser-

vation equation and the E-formula,

1
2
V 2 � MG

R C h
D �MG

2a
;

so that thespeedat theperigeeis given by

V 2 D MG

�
2

R C h
� 1

a

�
:

On using the given data , we find that� D 89:6 min andV D 7:84 km s�1.
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Problem 7 . 17

An Earth satellite has a speed of 8.60 km per second at its perigee 200 km above the
Earth’s surface. Find the apogee distance above the Earth, its speed at the apogee,
and the period of its orbit.

Solution
Suppose a satellite has speedV at its perigee, which is heighth above the Earth.

The corresponding apsidal distance is thereforeRCh, whereR is the Earth’s radius.
Then, from the energy conservation equation and the E-formula,

1
2
V 2 � MG

R C h
D �MG

2a
;

whereM is the mass of the Earth anda is the semi-major axis of the orbit. Hence

a D MG.R C h/

2MG � V 2.R C h/
;

and theperiod � of the orbit can now be found from the period formula

�2 D 4�2a3

MG
:

Let H be the height of the satellite above the Earth at the apogee. Then

.R C h/C .R C H / D 2a

so thatH is given by

H D 2a � 2R � h:

Thespeedv at theapogeecan now be found from the angular momentum con-
servation formula

.R C h/V D .R C H /v;

which gives

v D
�

R C h

R C H

�
V:

On using the given data , we find that� D 128 min, H D 3910 km, andv D
5:50 km s�1.
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Problem 7 . 18

A spacecraft is orbiting the Earth in a circular orbit of radiusc when the motors are
fired so as to multiply the speed of the spacecraft by a factork .k > 1/, its direction
of motion being unaffected. [You may neglect the time taken for this operation.]
Find the range ofk for which the spacecraft will escape from the Earth, and the
eccentricity of the escape orbit.

Solution
In a circular orbit of radiusc the spacecraft has speed.
=c/1=2, where
 D MG,
M being the mass of the Earth. Firing the motors causes the speed to suddenly
increase tok.
=c/1=2. The energyE of the new orbit is therefore

E D 1
2
k2
�


c

�
� 


c

D 


2c

�
k2 � 2

�
:

The spacecraft willescapeif E � 0, that is, ifk �
p

2.

Suppose then thatk �
p

2 so that the new orbit is a hyperbola. The E-formula
then gives




2c

�
k2 � 2

�
D C 


2a
;

wherea is the standard hyperbola parameter. Hence

a D c

k2 � 2
:

The angular momentum of the new orbit is

L D ck
�


c

�1=2

D k.
 c/1=2:

The L-formula then gives


b2

a
D k2
 c;

whereb is the other standard hyperbola parameter. Hence

b2

a
D k2c:
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Theeccentricity e of the new orbit is given by

e2 D 1 C b2

a2

D 1 C k2
�
k2 � 2

�

D
�
k2 � 1

�2

:

Hencee D k2 � 1.
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Problem 7 . 19

A spacecraft travelling with speedV approaches a planet of massM along a straight
line whose perpendicular distance from the centre of the planet is p. When the
spacecraft is at a distancec from the planet, it fires its engines so as to multiply its
current speed by a factork .0 < k < 1/, its direction of motion being unaffected.
[You may neglect the time taken for this operation.] Find thecondition that the
spacecraft should go into orbit around the planet.

Solution
In the initial orbit, the total energy is1

2
V 2. Suppose that, when the spacecraft is

distancec from the planet, its speed isv. Then, by energy conservation,

1
2
v2 � 


c
D 1

2
V 2;

where
 D MG, M being the mass of the planet. Hence the speed of the spacecraft
just before the motors are fired is

v D
�

V 2 C 2


c

�1=2

:

Firing the motors causes the speed to suddenly increase to

k

�
V 2 C 2


c

�1=2

:

The total energyE of the new orbit is therefore

E D 1
2
k2

�
V 2 C 2


c

�
� 


c
:

The spacecraft willgo into orbit around the planet ifE < 0, that is, if

k2 <
2

2 C ˛
;

where˛ D cV 2=MG.
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Problem 7 . 20

A body moving in an inverse square attractive field traversesan elliptical orbit with
major axis2a. Show that the time average of the potential energyV D �
=r is
�
=a. [Transform the time integral to an integral with repect to the eccentric angle
 .]

Deduce the time average of the kinetic energy in the same orbit.

Solution
The time average of the potential energyV over a period� of the motion is

V D 1

�

Z �

0

V dt

D 1

�

Z �

0

�
�


r

�
dt

D �

�

Z 2�

0

1

r

�
dt

d�

�
d�

D �

�

Z 2�

0

�
r

r2 P�

�
d�

D � 


�L

Z 2�

0

r d�

D 
b2

�La

Z 2�

0

d�

1 C e cos�
:

This integral can be evaluated by standard methods (for example, by making the
substitutiont D tan1

2
� ), but the easiest way is to transform the integration variable

to the eccentric angle by means of the formulae

.1 � e cos /.1 C e cos�/ D b2

a2
;

d�

d 
D b

a.1 � e cos /
;
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(see the book p.175). This gives

V D �
b

�L

Z 2�

0

d 

D �2�
b

�L

D �

a
;

on making use of the L-formulaL2 D 
b2=a and the period formula�2 D 4�2a3=
 .
This is the required time average of thepotential energyover a period of the motion.
It is exactlythe same as if the orbit were a circle of radiusa.

SinceT C V D �
=2a, it follows that

T C V D � 


2a

and hence that

T D 


2a
:

This is the required time average of thekinetic energy over a period of the motion.
It is alsoexactlythe same as if the orbit were a circle of radiusa.
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Problem 7 . 21

A body moving in an inverse square attractive field traversesan elliptical orbit with
eccentricitye and major axis2a. Show that the time average of the distancer of
the body from the centre of force isa.1 C 1

2
e2/. [Transform the time integral to an

integral with respect to the eccentric angle .]

Solution
The time average of the radial distancer over a period� of the motion is

r D 1

�

Z �

0

r dt

D 1

�

Z 2�

0

r

�
dt

d�

�
d�

D 1

�

Z 2�

0

�
r3

r2 P�

�
d�

D 1

�L

Z 2�

0

r3 d�

D b6

�La3

Z 2�

0

d�

.1 C e cos�/3
:

This integral can be evaluated by standard methods (for example, by making the
substitutiont D tan1

2
� ), but the easiest way is to transform the integration variable

to the eccentric angle by means of the formulae

.1 � e cos /.1 C e cos�/ D b2

a2
;

d�

d 
D b

a.1 � e cos /
;

(see the book p.175). This gives

r D a2b

�L

Z 2�

0

.1 � e cos /2 d 

D a2b

�L

h
2� C �e2

i

D a
�
1 C 1

2
e2
�
;
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on making use of the L-formulaL2 D 
b2=a and the period formula�2 D 4�2a3=
 .
This is the required time average of theradial distanceover a period of the motion.
Note that it is alwaysgreaterthana.
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Problem 7 . 22

A spacecraft is ‘parked’ in a circular orbit 200 km above the Earth’s surface. The
spacecraft is to be sent to the Moon’s orbit by Hohmann transfer. Find the velocity
changes�vE and�vM that are required at the Earth and Moon respectively. How
long does the journey take? [The radius of the Moon’s orbit is384,000 km. Neglect
the gravitation of the Moon.]

Solution
Let A be the radius of the initial orbit of the spacecraft andB be the radius of the

Moon’s orbit. Then

A C B D 2a;

wherea is the semi-major axis of the connecting Hohmann orbit. Hence

a D 1
2
.A C B/:

The journey time T is then given by the period formula to be

T D 1
2
� D

�
�2a3

MG

�1=2

D
�
�2.B C A/3

8MG

�1=2

;

whereM is the mass of the Earth.

Let vE be the speed of the spacecraft at the perigee of the connecting orbit.
Then, by energy conservation and the E-formula,

1
2

�
vE
�2

� MG

A
D �MG

2a
;

from which it follows that

vE D
�

2MGB

A.B C A/

�1=2

:

By a similar argument, the speedvM of the spacecraft at the apogee of the connect-
ing orbit is

vM D
�

2MGA

B.B C A/

�1=2

:
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The requiredspeed boostsat the Earth and Moon are therefore

�vE D
�

2MGB

A.B C A/

�1=2

�
�

MG

A

�1=2

;

�vM D
�

MG

B

�1=2

�
�

2MGA

B.B C A/

�1=2

;

respectively.

On using the given data , we find that thejourney time is 119 hours, and the
speed boostsrequired are3:13 km s�1 at the Earth and0:83 km s�1 at the Moon.
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Problem 7 . 23 �

A spacecraft is ‘parked’ in anelliptic orbit around the Earth. What is the most fuel
efficient method of escaping from the Earth by using a single impulse?

Solution

OA

P

r

v

∆v

FIGURE 7.11 The initial orbit in Problem 7.23.

Suppose that the spacecraft is at a general pointP of its orbit when it receives
a velocity boost�v as shown in Figure 7.11. Then the total energyE of the new
orbit is

E D 1
2
jv C�v j2 � 


r

D 1
2
jv j2 C v ��v C 1

2
j�v j2 � 


r

D v ��v C 1
2
j�v j2 C E0;

whereE0 .D �
=2a/ is the total energy of the original orbit. Thespacecraft will
escapeif E � 0, that is, if

v ��v C 1
2
j�v j2 � �E0:

We wish to choose the pointP , and thedirectionof�v, so that this is achieved with
the least value ofj�v j.

Theoptimum direction of�v must be parallel tov. Suppose the least possible
value ofj�v j is achieved withj�vj not parallel tov. Then it would be possible to
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increase the left side of the above inequality by changing only the directionof �v,
after whichj�v j could be reduced without violating the inequality. With�v made
parallel tov, the condition for escape becomes

jv j j�v j C 1
2
j�vj2 � �E0:

Theoptimum position of the pointP must be such thatjv j has its maximum value
there. If jv j werenot a maximum at the optimum point, then it would be possible
to increase the left side of the above inequality by changingonly the position of
P , after whichj�v j could be reduced without violating the inequality. Since the
maximum value ofjv j is achieved at theperigeeof the orbit, this is where the boost
should be applied.
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Problem 7 . 24

A satellite already in the Earth’s heliocentric orbit can fire its engines only once.
What is the most fuel efficient method of sending the satellite on a ‘flyby’ visit to
another planet? The satellite can visit either Mars or Venus. Which trip would use
less fuel? Which trip would take the shorter time? [The orbits of Mars and Venus
have radii 1.524 AU and 0.723 AU respectively.]

Solution
Although this single-impulse problem is not the same as the two-impulse problem
discussed in section 7.6 of the book, TheHohmann orbit still provides the optimum
fuel conserving strategy. This can be shown by modifying theoptimality proof given
in Appendix B to Chapter 7 so as to include only the velocity boost�vA.

Let A be the radius of the Earth’s orbit andB be the radius of the orbit of the
other planet. Then

A C B D 2a;

wherea is the semi-major axis of the connecting Hohmann orbit. Hence

a D 1
2
.A C B/:

The (one way)journey time T is then given by the period formula to be

T D 1
2
� D

�
�2a3

MˇG

�1=2

D
�
�2.B C A/3

8MˇG

�1=2

;

whereMˇ is the mass of the Sun.

Let vA be the speed of the spacecraft at the perigee of the connecting orbit.
Then, by energy conservation and the E-formula,

1
2

�
vA
�2

� MˇG

A
D �MˇG

2a
;

from which it follows that

vA D
�

2MˇGB

A.B C A/

�1=2

:

The requiredspeed boostis therefore

�vA D
�

2MˇGB

A.B C A/

�1=2

�
�

MˇG

A

�1=2

:
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On using the given data , we find that:

Mars: The journey time is 259 days, and thespeed boostrequired is2:95 km s�1.
Venus: Thejourney time is 146 days, and thespeed ‘boost’required is�2:50 km s�1.

Thus the Venus flyby uses less fuel and takes a shorter time.
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Problem 7 . 25

A satellite is ‘parked’ in a circular orbit 250 km above the Earth’s surface. What is
the most fuel efficient method of transferring the satelliteto an (elliptical) synchro-
nous orbit by using a single impulse? [A synchronous orbit has a period of 23 hr 56
m.] Find the value of�v and apogee distance.

Solution

FIGURE 7.12 The initial orbit in Problem
7.25.

v ∆v

Suppose that the spacecraft is moving in a circular orbit of radiusA. Its speed is
then.MG=A/1=2, whereM is the mass of the Earth. At some point of the orbit, the
spacecraft receives a velocity boost�v shown in Figure 7.11. Then the total energy
E of the new orbit is

E D 1
2
jv C�v j2 � MG

A

D 1
2
jv j2 C v ��v C 1

2
j�v j2 � MG

A

D v ��v C 1
2
j�v j2 � MG

2A
:

The new orbit is required to have a specified period� . From the period formula

�2 D 4�2a3

MG
;

this is equivalent to specifying the parametera and, by the E-formula

E D �MG

2a
;
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this is in turn equivalent to specifying the total energyE of the new orbit. The new
orbit will therefore have the correct period if�v is such that

v ��v C 1
2
j�v j2 D E C MG

2A
;

whereE is the value of the total energy that corresponds to the required period� .
We wish to choose thedirectionof�v so that this is achieved with the least possible
value ofj�v j.

Suppose that the required period islongerthan the period of the origional circu-
lar orbit; then the right side of the above period conditionpositive. Theoptimum
direction of �v must be parallel tov. Suppose the least possible value ofj�vj
is achieved withj�v j not parallel tov. Then it would be possible to increase the
left side of the above equality by changing only thedirection of �v, after which
the period condition could be satisfied again byreducingj�vj. Hence the optimum
strategy is toapply the impulse in the direction of motion. It does not matter at
what point of the orbit this impulse is applied.

For a synchronous orbit of 1436 mins, the semi-major axis of the new orbit is re-
quired to be 42,170 km. Since the perigee distance is 6630 km,theapogee distance
must be 77,720 km. The speed that the spacecraft must have at the perigee of this or-
bit is 10:53 km s�1 in contrast with the constant speed of7:76 km s�1 that the space-
craft has in its circular orbit. Thevelocity boostneeded is thereforeC2:77 km s�1.
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Problem 7 . 26

A satellite of massm moves under the attractive inverse square field�.m
=r2/br
and is also subject to the linear resistance force�mKv, whereK is a positive con-
stant. Show that the governing equations of motion can be reduced to the form

Rr C K Pr C 


r2
�

L2
0

e�2K t

r3
D 0; r2 P� D L0 e�K t ;

whereL0 is a constant which will be assumed to be positive.
Suppose now that the effect of resistance is slight and that the satellite is exe-

cuting a ‘circular’ orbit of slowly changing radius. By neglecting the terms inPr and
Rr , find an approximate solution for the time variation ofr and� in such an orbit.
Deduce that small resistance causes the circular orbit to contract slowly, but that the
satellite speeds up!

Solution
Newton’s equations of motion for the satellite are

Rr � r P�2 D � 


r2
� K Pr ;

r R� C 2 Pr P� D �Kr P�:

On mutiplying through byr , the second equation can be written

dL

dt
D �KL;

whereL D r2 P� . Note thatL is the angular momentum at timet ; in this problem,L
is not a constant. On solving this ODE, the time dependence ofL is found to be

L D L0 e�K t ;

whereL0 is a constant determined by the initial conditions. On making the substi-
tution

P� D L0e�K t

r2

into the first Newton equation, we obtain

Rr C K Pr C 


r2
�

L2
0

e�2K t

r3
D 0:
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This is theradial motion equation.

If Pr and Rr are negligible compared to the other terms in this equation,then the
time variation ofr is given approximately by

r D
 

L2
0




!
e�2K t ;

so that theorbit slowly contracts. From the angular momentum equation, the cor-
responding time variation ofP� is

P� D
 

 2

L3
0

!
eC3K t :

The time variation of thecircumferential velocity v .D r P�/ is therefore

v D
�



L0

�
eCK t ;

which is anincreasingfunction of t . Thus, contrary to most expectations, the effect
of small resistance is that thesatellite speeds up. This is not contrary to energy
conservation however since potential energy is lost as the orbit contracts.
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Problem 7 . 27

Repeat the last problem for the case in which the particle moves under the simple
harmonic attractive field�.m�2r /br with the same law of resistance. Show that, in
this case, the body slows down as the orbit contracts. [This problem can be solved
exactly in Cartesian coordinates, but do not do it this way.]

Solution
Newton’s equations of motion are

Rr � r P�2 D ��2r � K Pr ;
r R� C 2 Pr P� D �Kr P�:

On mutiplying through byr , the second equation can be written

dL

dt
D �KL;

whereL D r2 P� . Note thatL is the angular momentum at timet ; in this problem,L
is not a constant. On solving this ODE, the time dependence ofL is found to be

L D L0 e�K t ;

whereL0 is a constant determined by the initial conditions. On making the substi-
tution

P� D L0e�K t

r2

into the first Newton equation, we obtain

Rr C K Pr C�2r �
L2

0 e�2K t

r3
D 0:

This is theradial motion equation.

If Pr and Rr are negligible compared to the other terms in this equation,then the
time variation ofr is given approximately by

r D
�

L0

�

�1=2

e� 1
2

K t ;

so that theorbit slowly contracts. From the angular momentum equation, the cor-
responding time variation ofP� is

P� D �
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so thatP� is constant in this approximation. The time variation of thecircumferential
velocity v .D r P�/ is therefore

v D .�L0/
1=2 e

� 1
2

K t
;

which is adecreasingfunction of t . Hence thebody slows downas the orbit con-
tracts.

c
 Cambridge University Press, 2006



Chapter Eight

Non-linear oscillations
and phase space

c
 Cambridge University Press, 2006



Chapter 8 Non-linear oscillations and phase space 277

Problem 8 . 1

A non-linear oscillator satisfies the equation
�
1 C �x2

�
Rx C x D 0;

where� is a small parameter. Use Linstedt’s method to obtain a two-term approx-
imation to the oscillation frequency when the oscillation has unit amplitude. Find
also the corresponding two-term approximation tox.t/. [You will need the identity
4 cos3 s D 3 coss C cos3s.]

Solution
The problem is solved usingLindstedt’s method. Define the new independent vari-
ables (the dimensionless time) bys D !.�/ t , where!.�/ is the angular frequency
of the required solution. Thenx.s; �/ satisfies the equation

�
!.�/

�2 �
1 C �x2

�
x00 C x D 0;

with the initial conditionsx D 1 andx0 D 0 whens D 0. (Here 0 meansd=ds.)
These initial conditions correspond to an oscillation of unit amplitude. We now
expandx and! in theperturbation series

x.s; �/ D x0.s/C �x1.s/C �2x2.s/C � � � ;
!.�/D 1 C �!1 C �2!2 C � � � ;

which is possible when� is small. By construction, this solution must have period
2� for all � from which it follows that each of the functionsx0.s/, x1.s/, x2.s/,
. . . must also have period2�. On substituting these expansions into the governing
equation and its initial conditions, we obtain:

�
1 C !1� C � � �

�2 �
1 C �

�
x0 C �x1 C � � �

�2� �
x00

0 C �x00
1 C � � �

�

C .x0 C �x1 C � � � / D 0;

with

x0 C �x1 C �2x2 C � � � D 1;

x0
0 C �x0

1 C �2x0
2 C � � � D 0;

whens D 0. If we now equate coefficients of powers of� in these equalities, we
obtain a succession of ODEs and initial conditions, the firsttwo of which are as
follows:
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� From coefficients of�0, we obtain thezero order equation

x00
0 C x0 D 0;

with x0 D 1 andx0
0

D 0 whens D 0.

� From coefficients of�1, we obtain thefirst order equation

x00
1 C x1 D �2!1x00

0 � x2
0x00

0 ;

with x1 D 0 andx0
1

D 0 whens D 0.

The solution of thezero order equation and initial conditions is

x0 D coss

and this can now be substituted into the first order equation to give

x00
1 C x1 D 2!1 coss C cos3 s

D 1
4
.8!1 C 3/ coss C 1

4
cos3s; (1)

on using the trigonometric identity4 cos3 s D 3 coss C cos3s. The coefficient of
coss on the right side of this equation must be zero, for otherwisex1.s/ would not
be periodic. Hence

!1 D �3

8
:

The general solution of thefirst order equation is then

x1 D � 1

32
cos3s C A1 coss C B1 sins;

whereA1, B1 are arbitrary constants. The initial conditionsx1 D x0
1

D 0 when
s D 0 giveA1 D 1

32
andB1 D 0 so that

x1 D 1
32
.coss � cos3s/:

Hence, when� is small,approximate frequencyof the oscillation of unit am-
plitude is given by

! D 1 � 3
8
� C O

�
�2
�
;

and theapproximate displacementat timet is given by

x D coss C 1
32

�
coss � cos3s

�
� C O

�
�2
�
;

wheres D
�
1 � 3

8
� C O

�
�2
��

t .
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Problem 8 . 2

A non-linear oscillator satisfies the equation

Rx C x C �x5 D 0;

where� is a small parameter. Use Linstedt’s method to obtain a two-term approx-
imation to the oscillation frequency when the oscillation has unit amplitude. [You
will need the identity16 cos5 s D 10 coss C 5 cos3s C cos5s.]

Solution
The problem is solved usingLindstedt’s method. Define the new independent vari-
ables (the dimensionless time) bys D !.�/ t , where!.�/ is the angular frequency
of the required solution. Thenx.s; �/ satisfies the equation

�
!.�/

�2
x00 C x C �x5 D 0;

with the initial conditionsx D 1 andx0 D 0 whens D 0. (Here 0 meansd=ds.)
These initial conditions correspond to an oscillation of unit amplitude. We now
expandx and! in theperturbation series

x.s; �/ D x0.s/C �x1.s/C �2x2.s/C � � � ;
!.�/D 1 C �!1 C �2!2 C � � � ;

which is possible when� is small. By construction, this solution must have period
2� for all � from which it follows that each of the functionsx0.s/, x1.s/, x2.s/,
. . . must also have period2�. On substituting these expansions into the governing
equation and its initial conditions, we obtain:

�
1 C !1� C � � �

�2�
x00

0 C �x00
1 C � � �

�
C .x0 C �x1 C � � � /

C �.x0 C �x1 C � � � /5 D 0;

with

x0 C �x1 C �2x2 C � � � D 1;

x0
0 C �x0

1 C �2x0
2 C � � � D 0;

whens D 0. If we now equate coefficients of powers of� in these equalities, we
obtain a succession of ODEs and initial conditions, the firsttwo of which are as
follows:
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� From coefficients of�0, we obtain thezero order equation

x00
0 C x0 D 0;

with x0 D 1 andx0
0

D 0 whens D 0.

� From coefficients of�1, we obtain thefirst order equation

x00
1 C x1 D �2!1x00

0 � x5
0 ;

with x1 D 0 andx0
1

D 0 whens D 0.

The solution of thezero order equation and initial conditions is

x0 D coss

and this can now be substituted into the first order equation to give

x00
1 C x1 D 2!1 coss � cos5 s

D 1
8
.16!1 � 5/ coss � 1

16

�
cos5s C 5 cos3s

�
; (1)

on using the trigonometric identity16 cos5 s D 10 coss C 5 cos3s C cos5s. The
coefficient of coss on the right side of this equation must be zero, for otherwise
x1.s/ would not be periodic. Hence

!1 D 5

16
:

The general solution of thefirst order equation is then

x1 D 1
384

�
cos5s C 15 cos3s

�
C A1 coss C B1 sins;

whereA1, B1 are arbitrary constants. The initial conditionsx1 D x0
1

D 0 when
s D 0 giveA1 D � 1

24
andB1 D 0 so that

x1 D 1
384

�
cos5s C 15 cos3s � 16 coss

�
:

Hence, when� is small,approximate frequencyof the oscillation of unit am-
plitude is given by

! D 1 C 5
16
� C O

�
�2
�
;

and theapproximate displacementat timet is given by

x D coss C 1
384

�
cos5s C 15 cos3s � 16 coss

�
� C O

�
�2
�
;

wheres D
�
1 C 5

16
� C O

�
�2
��

t .
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Problem 8 . 3 Unsymmetrical oscillations

A non-linear oscillator satisfies the equation

Rx C x C �x2 D 0;

where� is a small parameter. Explain why the oscillations are unsymmetrical about
x D 0 in this problem.

Use Linstedt’s method to obtain a two-term approximation tox.t/ for the oscil-
lation in which themaximumvalue ofx is unity. Deduce a two-term approximation
to theminimumvalue achieved byx.t/ in this oscillation.

Solution
In this problem, the effective spring stiffness depends on the sign ofx. For� > 0,
we have ahardeningspring whenx is positive, and asofteningspring whenx is
negative. Hence theoscillations are unsymmetricalaboutx D 0.

The problem is solved usingLindstedt’s method. Define the new independent
variables (the dimensionless time) bys D !.�/ t , where!.�/ is the angular fre-
quency of the required solution. Thenx.s; �/ satisfies the equation

�
!.�/

�2
x00 C x C �x2 D 0;

with the initial conditionsx D 1 andx0 D 0 whens D 0. (Here 0 meansd=ds.)
These initial conditions correspond to an oscillation in which theright amplitude is
unity. We now expandx and! in theperturbation series

x.s; �/ D x0.s/C �x1.s/C �2x2.s/C � � � ;
!.�/D 1 C �!1 C �2!2 C � � � ;

which is possible when� is small. By construction, this solution must have period
2� for all � from which it follows that each of the functionsx0.s/, x1.s/, x2.s/,
. . . must also have period2�. On substituting these expansions into the governing
equation and its initial conditions, we obtain:

�
1 C !1� C � � �

�2�
x00

0 C �x00
1 C � � �

�
C .x0 C �x1 C � � � /

C �.x0 C �x1 C � � � /2 D 0;

with

x0 C �x1 C �2x2 C � � � D 1;

x0
0 C �x0

1 C �2x0
2 C � � � D 0;
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whens D 0. If we now equate coefficients of powers of� in these equalities, we
obtain a succession of ODEs and initial conditions, the firsttwo of which are as
follows:

� From coefficients of�0, we obtain thezero order equation

x00
0 C x0 D 0;

with x0 D 1 andx0
0

D 0 whens D 0.

� From coefficients of�1, we obtain thefirst order equation

x00
1 C x1 D �2!1x00

0 � x2
0 ;

with x1 D 0 andx0
1

D 0 whens D 0.

The solution of thezero order equation and initial conditions is

x0 D coss

and this can now be substituted into the first order equation to give

x00
1 C x1 D 2!1 coss � cos2 s

D 2!1 coss � 1
2

�
cos2s C 1

�
:

The coefficient of coss on the right side of this equation must be zero, for otherwise
x1.s/ would not be periodic. Hence

!1 D 0;

which means that there is no correction to the oscillation frequency at first order.
The general solution of thefirst order equation is then

x1 D �1
2

C 1
6

cos2s C A1 coss C B1 sins;

whereA1, B1 are arbitrary constants. The initial conditionsx1 D x0
1

D 0 when
s D 0 giveA1 D 1

3
andB1 D 0 so that

x1 D 1
6

�
cos2s C 2 coss � 3

�
:

Hence, when� is small, theapproximate frequency of the oscillation of unit
right amplitude is given by

! D 1 C O
�
�2
�
;
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and theapproximate displacementat timet is given by

x D coss C 1
6

�
cos2s C 2 coss � 3

�
� C O

�
�2
�
;

wheres D
�
1 C O

�
�2
��

t .

To find theleft amplitude of the oscillation, considerPx, which, correct to order
�, is given by

Px D � sint � 1
3

�
sin2t C sint

�
�

D � sint
h
1 C 1

3

�
2 cost C 1

�
�
i
:

Since� is small, the factor in the square brackets is close to unity and is therefore
never zero. Hence the stationary points ofx.t/ occur when sint D 0, that is, when
t D 0;˙�;˙2�; : : :. The valuest D 0;˙2�;˙4� : : : correspond tox achieving
its right amplitude while the valuest D ˙�;˙3� : : : correspond tox achieving its
left amplitude. In the latter case,

x D �1 � 2
3
�

and hence theapproximate left amplitude of the oscillation is1C 2
3
�. As expected,

this is bigger than the right amplitude when� is positive.
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Problem 8 . 4 � A limit cycle by perturbation theory

Use perturbation theory to investigate the limit cycle ofRayleigh’s equation, taken
here in the form

Rx C �
�

1
3

Px2 � 1
�

Px C x D 0;

where� is a small positive parameter. Show that the zero order approximation to the
limit cycle is a circle and determine its centre and radius. Find the frequency of the
limit cycle correct to order�2, and find the functionx.t/ correct to order�.

Solution
The difference between this problem and problems 8.1–8.3 isthat theamplitude of
the limit cycle cannot be prescribed. It must be determined along with the rest of the
solution. This is because the limit cycle is anisolatedperiodic solution rather than a
member of a family of such solutions. With this modification,the problem is solved
usingLindstedt’s method.

Define the new independent variables (the dimensionless time) bys D !.�/ t ,
where!.�/ is the angular frequency of the limit cycle. Thenx.s; �/ satisfies the
equation

�
!.�/

�2
x00 C �

�
1
3
x02 � 1

�
x0 C x D 0;

with the initial conditionsx D a andx0 D 0 whens D 0, wherea .D a.�// is the
unknown amplitude of the limit cycle. (Here0 meansd=ds.) We now expandx, !
anda in theperturbation series

x.s; �/ D x0.s/C �x1.s/C �2x2.s/C � � � ;
!.�/D 1 C �!1 C �2!2 C � � � ;
a.�/ D a0 C �a1 C �2a2 C � � � ;

which we assume to be possible when� is small. By construction, this solution
must have period2� for all � from which it follows that each of the functionsx0.s/,
x1.s/, x2.s/, . . . must also have period2�. On substituting these expansions into
the governing equation and its initial conditions, we obtain:

�
1 C !1� C � � �

�2�
x00

0 C �x00
1 C � � �

�
C

�
�

1
3

�
x0

0 C �x0
1 C � � �

�2 � 1
� �

x0
0 C �x0

1 C � � �
�

C
�
x0 C �x1 C � � �

�
D 0;

c
 Cambridge University Press, 2006



Chapter 8 Non-linear oscillations and phase space 285

with

x0 C �x1 C �2x2 C � � � D a0 C �a1 C �2a2 C � � � ;
x0

0 C �x0
1 C �2x0

2 C � � � D 0;

whens D 0. If we now equate coefficients of powers of� in these equalities, we
obtain a succession of ODEs and initial conditions, the firstthree of which are as
follows:

� From coefficients of�0, we obtain thezero order equation

x00
0 C x0 D 0;

with x0 D a0 andx0
0

D 0 whens D 0.

� From coefficients of�1, we obtain thefirst order equation

x00
1 C x1 D �2!1x00

0 �
�

1
3
x0

0
2 � 1

�
x0

0

with x1 D a1 andx0
1

D 0 whens D 0.

� From coefficients of�2, we obtain thesecond orderequation

x00
2 C x2 D �2!1x00

1 �
�
!2

1 C 2!2

�
x00

0 � x0
0

2
x0

1 C x0
1

with x2 D a2 andx0
2 D 0 whens D 0.

The solution of thezero order equation and initial conditions is

x0 D a0 coss;

where the positive constanta0 cannot be determined at the zero order stage. On
substituting this expression forx0 into the first order equation, we obtain

x00
1 C x1 D 2a0!1 coss C

�
1
3
a2

0 sin2 s � 1
�

a0 sins

D 2a0!1 coss C 1
12

a0

h�
3a2

0 � 12
�

sins � a2
0 sin3s

i
;

on using the trigonometric identity4 sin3 s D 3 sins � sin3s. The coefficients of
coss and sins on the right side of this equation must both be zero, for otherwise
x1.s/ would not be periodic. Sincea0 is positive, this implies that!1 D 0 and
a0 D 2. Hence thezero order approximation to the limit cycle is

x D 2 coss;
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wheres D
�
1 C O

�
�
��

t .

Thefirst order equation now reduces to

x00
1 C x1 D �2

3
sin3s;

the general solution of which is

x1 D 1

12
sin3s C A1 coss C B1 sins;

whereA1, B1 are arbitrary constants. The initial conditionsx1 D a1 andx0
1

D 0

whens D 0 giveA1 D a1 andB1 D �1
4

so that

x1 D 1
12
.sin3s � 3 sins/C a1 coss;

where the constanta1 cannot be determined at the first order stage.

To determinea1, and to find the leading correction to the frequency, we must
proceed to the second order. On substituting the expressions for x0 andx1 into the
second order equation, we obtain

x00
2 C x2 D �2!1x00

1 �
�
!2

1 C 2!2

�
x00

0 � x0
0

2
x0

1 C x0
1

D 4!2 coss � sin2 s.cos3s � coss/C 4a1 sin3 s C 1
4
.cos3s � coss/ � a1 sins

D
�
4!2 C 1

4

�
coss C a1 sins � 1

2
cos3s � a1 sin3s C 1

4
cos5s;

after some trigonometric simplification. The coefficients of coss and sins on the
right side of this equation must both be zero, for otherwisex2.s/ would not be
periodic. Hencea1 D 0 and that!2 D � 1

16
. Mercifully, this is as far as we need to

go.

Hence, when� is small, theapproximate frequencyof the limit cycle is

! D 1 � 1
16
�2 C O

�
�3
�
;

and theapproximate displacementat timet is given by

x D 2 coss C 1
12
.sin3s � 3 sins/� C O

�
�2
�
;

wheres D
�
1 C O

�
�2
��

t .
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Problem 8 . 5 Phase paths in polar form

Show that the system of equations

Px1 D F1.x1;x2; t/; Px2 D F2.x1;x2; t/

can be written in polar coordinates in the form

Pr D x1F1 C x2F2

r
; P� D x1F2 � x2F1

r2
;

wherex1 D r cos� andx2 D r sin� .
A dynamical system satisfies the equations

Px D �x C y;

Py D �x � y:

Convert this system into polar form and find the polar equations of the phase paths.
Show that every phase path encircles the origin infinitely many times in the clock-
wise direction. Show further that every phase path terminates at the origin. Sketch
the phase diagram.

Solution
From the relationsx1 D r cos� , x2 D r sin� , it follows that

r D
�
x2

1 C x2
2

�1=2

;

� D tan�1

�
x2

x1

�
;

and on differentiating these formulae with respect tot , we obtain

Pr D
�
x2

1 C x2
2

��1=2

x1 Px1 C
�
x2

1 C x2
2

��1=2

x2 Px2 D x1 Px1 C x2 Px2

r
;

P� D 1

1 C
�
x2=x1

�2

 
x1 Px2 � x2 Px1

x2
1

!
D x1 Px2 � x2 Px1

r2
:

Hence, ifx1, x2 satisfy the equationsPx1 D F1, Px2 D F2, thenr , � must satisfy the
equations

Pr D x1F1 C x2F2

r
;

P� D x1F2 � x2F1

r2
;
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wherex1 D r cos� andx2 D r sin� .

The system of equations

Px D �x C y;

Py D �x � y

can be expressed in thepolar form

Pr D x.�x C y/C y.�x � y/

r
D �r;

P� D x.�x � y/� y.�x C y/

r2
D �1:

The general solution of this pair of (now) uncoupled ODEs is

r D ae�t ;

� D �t C ˛;

wherea and˛ are integration constants. We see that, whatever the initial conditions,
� tends to negative infinity andr tends to zero ast tends to infinity. In other words,
every phase path encircles the origin infinitely many times in the clockwise direction,
andevery phase path terminates at the origin. Figure 8.1 shows some typical phase
paths.

x

y

FIGURE 8.1 Three typical phase paths in problem 8.5.
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Problem 8 . 6

A dynamical system satisfies the equations

Px D x � y � .x2 C y2/x;

Py D x C y � .x2 C y2/y:

Convert this system into polar form and find the polar equations of the phase paths
that begin in the domain0 < r < 1. Show that all these phase paths spiral anti-
clockwise and tend to the limit cycler D 1. Show also that the same is true for
phase paths that begin in the domainr > 1. Sketch the phase diagram.

Solution
The system of equations

Px D x � y � .x2 C y2/x;

Py D x C y � .x2 C y2/y

can be expressed in thepolar form

Pr D x.x � y � r2x/C y.x C y � r2y/

r
;

P� D x.x C y � r2y/� y.x � y � r2x/

r2
;

that is,

Pr D r
�
1 � r2

�
;

P� D 1:

The general solution of the second equation is� D t C˛, where˛ is the integration
constant. It follows that, whatever the initial conditions, every phase path encircles
the origin infinitely many times in the anti-clockwise direction. The first equation is
a separable first order ODE whose general solution is

t D
Z

dr

r
�
1 � r2

� :

The integral on the right can be evaluated by first writing theintegrand in partial
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fractions and the result is

t C � D

8
ˆ̂̂
<
ˆ̂̂
:

1
2

ln

�
r2

1 � r2

�
.r < 1/;

1
2

ln

�
r2

r2 � 1

�
.r > 1/;

where� is the integration constant. Hence the time variation ofr is given by

r2 D

8
ˆ̂<
ˆ̂:

1

1 C e�2.tC�/ .r < 1/;

1

1 � e�2.tC�/ .r > 1/:

We see that ifr < 1 initially, then r increaseswith time and tends to unity from
below. Conversely, ifr > 1 initially, then r decreaseswith time and tends to unity
from above. Thus, whatever the initial conditions,every phase path spirals anti-
clockwise and tends to the limit cycler D 1. Figure 8.2 shows some typical phase
paths.

x

y

FIGURE 8.2 Three typical phase paths tending to the limit cycle in problem 8.6.
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Problem 8 . 7

A damped linear oscillator satisfies the equation

Rx C Px C x D 0:

Show that the polar equations for the motion of the phase points are

Pr D �r sin2 �; P� D �
�
1 C 1

2
sin2�

�
:

Show that every phase path encircles the origin infinitely many times in the clock-
wise direction. Show further that these phase paths terminate at the origin.

Solution
The second order ODE

Rx C Px C x D 0

is equivalent to the system of first order ODEs

Px D v;

Pv D �x � v:

These equations can be expressed in thepolar form

Pr D xv C v.�x � v/

r
;

P� D x.�x � v/ � v2

r2
;

that is,

Pr D �r sin2 �;

P� D �
�
1 C 1

2
sin2�

�
:

We first wish to show that� tends to negative infinity ast tends to infinity.
Although the second equation can be integrated explicitly,it is a very messy job.
One can however argue that sinceP� � �1

2
for all t , then

� � ˛ � �1
2
t;
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where˛ is the initial value of� . It follows immediately that, whatever the initial
conditions,� tends to negative infinity ast tends to infinity. This simple argument
does not provide thevalueof � at timet , but it does yield the required result.

We proceed in a similar way to show thatr tends to zero ast tends to infinity.
In order not to get confused by the negative signs, we introduce the new variable
� 0 D �� so that1

2
� P� 0 � 3

2
and� 0 tends topositiveinfinity as t tends to infinity.

The first ODE then becomes

Pr D �r sin2 � 0

and hence

� ln r D
Z

sin2 � 0 dt

D
Z

sin2 � 0

P� 0
d� 0

� 2
3

Z
sin2 � 0 d� 0

D 1
3

�
� 0 � 1

2
sin2� 0�C C;

whereC is the integration constant. Whatever the value ofC , this tends to infinity
as� 0 tends to infinity. Thus� ln r tends to infinity and hencer tends to zero. Thus,
whatever the initial conditions,r tends to zero ast tends to infinity. As before,
this simple argument does not provide thevalueof r at timet , but it does yield the
required result.
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Problem 8 . 8

A non-linear oscillator satisfies the equation

Rx C Px3 C x D 0:

Find the polar equations for the motion of the phase points. Show that phase paths
that begin within the circler < 1 encircle the origin infinitely many times in the
clockwise direction. Show further that these phase paths terminate at the origin.

Solution
The second order ODE

Rx C Px3 C x D 0:

is equivalent to the system of first order ODEs

Px D v;

Pv D �x � v3:

These equations can be expressed in thepolar form

Pr D
xv C v

�
� x � v3

�

r
;

P� D
x
�

� x � v3
�

� v2

r2
;

that is,

Pr D �r3 sin4 �;

P� D �1 � r2 cos� sin3 �:

Since this pair of coupled equations cannot be solved explicitly, we must use
inequalities in the remainder of the problem. It is clear from the first equation thatr
is a decreasing function oft . It follows that any phase path that begins in the region
r � R remains there. Suppose thatR < 1. On phase paths that begin in this region,

P� D �1 � r2 cos� sin3 �

� �1 C R2

and hence

� � ˛ � �
�
1 � R2

�
t;
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where˛ is the initial value of� . It follows that, whatever the initial conditions,
� tends to negative infinity ast tends to infinity. This simple argument does not
provide thevalueof � at timet , but it does yield the required result.

We proceed in a similar way to show thatr tends to zero ast tends to infinity.
In order not to get confused by the negative signs, we introduce the new variable
� 0 D �� so that1 � R2 � P� 0 � 1 C R2 and� 0 tends topositiveinfinity as t tends
to infinity. The first ODE then becomes

Pr D �r3 sin4 � 0

and hence

1

r2
D 2

Z
sin4 � 0 dt

D 2

Z
sin4 � 0

P� 0
d� 0

� 2

1 C R2

Z
sin4 � 0 d� 0:

We could evaluate this integral but it obviously tends to infinity as� 0 tends to infinity
since the integrand is positive and periodic. Thus1=r2 tends to infinity and hence
r tends to zero. Thus, whatever the initial conditions,r tends to zero ast tends to
infinity. As before, this simple argument does not provide thevalueof r at timet ,
but it does yield the required result.
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Problem 8 . 9

A non-linear oscillator satisfies the equation

Rx C
�
x2 C Px2 � 1

�
Px C x D 0:

Find the polar equations for the motion of the phase points. Show that any phase
path that starts in the domain1 < r <

p
3 spirals clockwise and tends to the limit

cycler D 1. [The same is true of phase paths that start in the domain0 < r < 1.]
What is the period of the limit cycle?

Solution
The second order ODE

Rx C
�
x2 C Px2 � 1

�
C x D 0:

is equivalent to the system of first order ODEs

Px D v;

Pv D �x �
�
x2 C v2 � 1

�
v:

These equations can be expressed in thepolar form

Pr D
xv C v

�
�x � .x2 C v2 � 1/v

�

r
;

P� D
x
�
�x � .x2 C v2 � 1/v

�
� v2

r2
;

that is,

Pr D �r
�
r2 � 1

�
sin2 �;

P� D �1 � 1
2

�
r2 � 1

�
sin2�:

Since this pair of coupled equations cannot be solved explicitly, we use inequal-
ities in the remainder of the problem. Consider those phase paths that begin in the
domain1 < r < R. Such a phase path cannot cross the circler D 1. This is
because the circler D 1 is itself a phase path (by virtue of the fact thatr D 1,
P� D �1 satisfies the above equations) and phase paths of an autonomous system
cannot cross each other. The phase path is therefore restricted to the domainr > 1.
But it then follows from the first equation thatr must be adecreasingfunction of t ,
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that is, the phase point must moveinwards. The second equation then implies that,
on such a path,

P� D �1 � 1
2

�
r2 � 1

�
sin2�

� �1 C 1
2

�
R2 � 1

�

D �1
2

�
3 � R2

�

and hence

� � ˛ � �1
2

�
3 � R2

�
t;

where˛ is the initial value of� . Suppose now thatR <
p

3. Then, whatever the
initial conditions,� tends to negative infinity ast tends to infinity.

We proceed in a similar way to show thatr tends to unity ast tends to infinity.
In order not to get confused by the negative signs, we introduce the new variable
� 0 D �� so that

1
2

�
3 � R2

�
� P� 0 � 1

2

�
R2 C 1

�

and� 0 tends topositiveinfinity as t tends to infinity. The first ODE then becomes

Pr D �r
�
r2 � 1

�
sin2 � 0

and hence

�
Z

dr

r
�
r2 � 1

� D
Z

sin2 � 0 dt:

The integral on the left can be evaluated by first putting the integrand into partial
fractions. This gives

ln

�
r2

r2 � 1

�
D 2

Z
sin2 � 0 dt

D 2

Z
sin2 � 0

P� 0
d� 0

� 4

R2 C 1

Z
sin2 � 0 d� 0

D 2

R2 C 1

�
� 0 � 1

2
sin2� 0

�
C C;
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whereC is the integration constant. Whatever the value ofC , this tends to infinity
as� 0 tends to infinity. Thus ln

�
r2=.r2 � 1/

�
tends to infinity and hencer tends to

unity. Thus, whatever the initial conditions,r tends to unity ast tends to infinity.
The above analysis, together with the corresponding resultfor phase paths that

start in the domain0 < r < 1, shows that the periodic solutionr D 1, P� D �1 is a
limit cycle. (It also shows that there are no other limit cycles lying wholly or partly
in the domain0 < r <

p
3.) This limit cycle is executed in the clockwise sense and

its period is 2�.
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Problem 8 . 10 Predator–prey

Consider the symmetrical predator–prey equations

Px D x � xy; Py D xy � y;

wherex.t/ andy.t/ are positive functions. Show that the phase paths satisfy the
equation

.xe�x/ .ye�y/ D A;

whereA is a constant whose value determines the particular phase path. By consid-
ering the shape of the surface

z D .xe�x/ .ye�y/ ;

deduce that each phase path is a simple closed curve that encircles the equilibrium
point at.1; 1/. Henceevery solutionof the equations is periodic! [This prediction
can be confirmed by solving the original equations numerically.]

Solution
The phase paths of the predator prey system satisfy the equation

dy

dx
D xy � y

x � xy
;

which is a separable first order ODE. On separating and solving, we find that

ln y � y D x � ln x C constant;

which can be written in the form

xye�x�y D A;

whereA is a constant whose value determines the particular phase path. Thephase
pathsare therefore the curves in which the surface

z D xye�x�y

meets the family of planesz D A.
The surfacez D xye�x�y is shown in Figure 8.3 (left). It has a single maximum

at the equilibrium point.1; 1/, it is zero on the axesx D 0 andy D 0 and it tends

c
 Cambridge University Press, 2006



Chapter 8 Non-linear oscillations and phase space 299

z z
y y

xx

FIGURE 8.3 Left : The surfacez D
�
xe�x

�
.ye�y/. Right: The intersection of the surface

with the planez D constant is aclosedcurve.

to zero as
�
x2 C y2

�1=2
tends to infinity. The intersection of this surface with a

typical planez D A is shown in Figure 8.3 (right). It is evident from the shape of
the surface that the intersection must be a simple closed curve that (when projected
down on to the.x;y/-plane) encircles the equilibrium point at.1; 1/. Henceevery
solution of the predator prey system must be periodic. Some typical phase paths are
shown in Figure 8.4.

FIGURE 8.4 Three typical phase paths of
the predator-prey equations.E is the equi-
librium point.

E

x

y
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Problem 8 . 11

Use Poincaré-Bendixson to show that the system

Px D x � y � .x2 C 4y2/x;

Py D x C y � .x2 C 4y2/y;

has a limit cycle lying in the annulus1
2
< r < 1.

Solution
The equilibrium points of the system satisfy the equations

x � y � .x2 C 4y2/x D 0;

x C y � .x2 C 4y2/y D 0:

On multiplying the first equation byy and the second equation byx and then sub-
tracting, we find thatx2 Cy2 D 0. Hence the onlyequilibrium point of the system
is at the origin.

The system of equations

Px D x � y � .x2 C 4y2/x;

Py D x C y � .x2 C 4y2/y

can be expressed in thepolar form

Pr D
x
�
x � y � .x2 C 4y2/x

�
C y

�
x C y � .x2 C 4y2/y

�

r
;

P� D
x
�
x C y � .x2 C 4y2/y

�
� y

�
x � y � .x2 C 4y2/x

�

r2
;

that is,

Pr D r
�
1 � r2 cos2 � � 4r2 sin2 �

�
;

P� D 1:

At points on the circler D 1,

Pr D 1 � cos2 � � 4 sin2 �

D �3 sin2 �

� 0:
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Hence, exceptpossiblyfor the two points.˙1; 0/, phase points that start on the
circle r D 1 move towards the origin.

Similarly. at points on the circler D 1
2
,

Pr D 1
2

�
1 � 1

4
cos2 � � sin2 �

�

D 3
8

cos2 �

� 0:

Hence, exceptpossiblyfor the two points.0;˙1
2
/, phase points that start on the

circle r D 1
2

move away from the origin.
We are now in a position to apply thePoincaré-Bendixsontheorem. LetD be

the annular domain1
2
< r < 1. Then, with perhaps four exceptions, phase points

that start anywhere on the boundariesr D 1
2

andr D 1 enter the domainD. It
follows thatinfinitely many phase paths enter the domainD and never leave. Since
D is aboundeddomain withno equilibrium pointswithin it or on its boundaries, it
follows from Poincaré-Bendixson that any such path must either be a simple closed
loop or tend to a limit cycle. In fact these phase paths cannotclose themselves (that
would mean leavingD) and so can only tend to a limit cycle. It follows that the
system must have (at least one)limit cycle lying in the domainD. Some typical
phase paths tending to the limit cycle are shown in Figure 8.5.

x

y

FIGURE 8.5 Three typical phase paths tending to the limit cycle in
problem 8.11.
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Problem 8 . 12 Van der Pol’s equation

Show that Van der Pol’s equation

Rx C � Px
�
x2 � 1

�
C x D 0

is equivalent to the system of first order equations

Pu D �x;

Px D u � �x
�

1
3
x2 � 1

�
;

and, by making appropriate changes of variable, that this system is in turn equivalent
to the system

PX D V;

PV D �X � �V
�
V 2 � 1

�
:

By comparing this last system with the system (8.20) discussed in Example 8.4,
deduce that Van der Pol’s equation has a limit cycle for any positive value of the
parameter�.

Solution
Van der Pol’s equation can be written in the form

d

dt

�
Px C �

�
1
3
x3 � x

��
C x D 0;

that is,

Pu C x D 0;

whereu D Px C �x
�

1
3
x2 � 1

�
. Thus Van der Pol’s equation is equivalent to the

system of first order equations

Pu D �x;

Px D u � �x
�

1
3
x2 � 1

�
:

If we now make the changes of varaiblex D
p

3V , u D �
p

3X , thenX , V satisfy
the system of equations

PX D V;

PV D �X � �V
�
V 2 � 1

�
;
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as required. These equations are identical to equations (8.20), which were obtained
from Rayleigh’s equation (see Example 8.4). Since we have already proved that
these equations have a limit cycle for all positive values of�, it follows that the same
must be true of Van der Pol’s equation.
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Problem 8 . 13

A driven non-linear oscillator satisfies the equation

Rx C � Px3 C x D cospt;

where�, p are positive constants. Use perturbation theory to find a two-term ap-
proximation to the driven response when� is small. Are there any restrictions on
the value ofp?

Solution
The driven response satisfies the equation

Rx C � Px3 C x D cospt

and has period2�=p. We expand the required solution in theperturbation series

x.t; �/ D x0.t/C �x1.t/C �2x2.t/C � � � ;

where the expansion functionsx0.t/, x1.t/, x2.t/, . . . each have period2�=p. If
we now substitute this series into the equation and equate coefficients of powers of
�, we obtain a succession of ODEs the first two of which are as follows:

� From coefficients of�0:

Rx0 C x0 D cospt:

� From coefficients of�1:

Rx1 C x1 D � Px3
0 : (1)

Forp ¤ 1, the general solution of the zero order equation is

x0 D cospt

1 � p2
C A0 cost C B0 sint;

whereA0 andB0 are arbitrary constants. Sincex0 is known to have period2�=p,
it follows thatA0 andB0 must be zero unless1=p is an integer; we will assume this
is not the case. Then the required solution of thezero order equation is

x0 D � cospt

p2 � 1
:
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Thefirst order equation can now be written

Rx1 C x1 D �
�

p

p2 � 1

�3

sin3 pt

D � p3

4.p2 � 1/3

�
3 sinpt � sin3pt

�
;

on using the trigonometric identity4 sin3 � D 3 sin� � sin3� . Since1=p is not an
integer, the only solution of this equation that has period2�=p is

x1 D p3

4.p2 � 1/3

�
3 sinpt

p2 � 1
� sin3pt

9p2 � 1

�
:

Hence thedriven responseof the oscillator is given by

x.t/ D � cospt

p2 � 1
C
�

3p3 sinpt

4.p2 � 1/4
� p3 sin3pt

4.p2 � 1/3.9p2 � 1/

�
� C O

�
�2
�

This is the approximate solution correct to the first order inthe small parameter�.
In the course of the derivation we have assumed that1=p is not an integer. When
1=p D 1; 3; : : :, this expression is clearly invalid. When1=p D 2; 4; : : :, it does
provide a solution (although possibly not the only one).
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Problem 9 . 1

Book Figure 9.12 shows two particlesP and Q, of massesM and m, that can
move on the smooth outer surface of a fixed horizontal cylinder. The particles are
connected by a light inextensible string of length�a=2. Find the equilibrium con-
figuration and show that it is unstable.

Solution
In the configuration shown, the potential energy of the system is

V D Mga cos� C mga sin�:

In equilibrium, it is necessary thatV 0.�/ D 0, which implies that� must satisfy

m cos� � M sin� D 0:

Theequilibrium positions are therefore

� D tan�1
� m

M

�
and � D � C tan�1

� m

M

�
:

In the present problem, only the first value is permissible. (The second value would
also be permissible if the particles were sliding on a circular wire.)

To investigatestability , we examine the value ofV 00 at the equilibrium position.

V 00 D �ga
�
M cos� C m sin�

�

D �ga
�
M 2 C m2

�1=2

when� D tan�1.m=M /. This value ofV 00 is negativeand soV has a localmaxi-
mumat � D tan�1.m=M /. This equilibrium position is thereforeunstable.
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Problem 9 . 2

A uniform rod of length2a has one end smoothly pivoted at a fixed pointO . The
other end is connected to a fixed pointA, which is a distance2a vertically above
O , by a light elastic spring of natural lengtha and modulus1

2
mg. The rod moves

in a vertical plane throughO . Show that there are two equilibrium positions for the
rod, and determine their stability. [The vertically upwards position for the rod would
compress the spring to zero length and is excluded.]

A

B

G

O

θ

FIGURE 9.1 The rod and the spring in Problem 9.2.

Solution
The system of the rod and the spring is shown in Figure 9.1. In this configuration,
the spring has lengthAB D 4a sin 1

2
� and the extension� is therefore

� D a
�
4 sin 1

2
� � 1

�
:

The modulus of the spring is given to be1
2
mg so that the strength (as defined in

Section 5.1, p. 106) is1
2
mg=a. The potential energy of the spring is therefore

V S D 1
2

�mg

2a

�
�2

D 1
4
mga

�
4 sin 1

2
� � 1

�2

:

The gravitational potential energy of the rod is simplyV G D mga cos� and so the
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totalpotenetial energyof the system is

V D V S C V G

D 1
4
mga

�
4 sin 1

2
� � 1

�2

C mga cos�

D 1
4
mga

�
8 sin2 1

2
� � 8 sin 1

2
� C 5

�
;

on using the trigonometric identity cos� D 1 � 2 sin2 1
2
� .

In equilibrium, it is necessary thatV 0.�/ D 0, which implies that� must satisfy

cos1
2
�
�
2 sin 1

2
� � 1

�
D 0:

Theequilibrium positions are therefore

� D � and � D 1
3
�:

To investigatestability , we examine the value ofV 00 at each of the equilibrium
positions. It is easily shown thatV 00.�/ < 0 andV 00�1

3
�
�
> 0 so that

(i) the vertically downwards position of the rod isunstable, and

(ii) the position with� D 1
3
� is stable.
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Problem 9 . 3

The internal potential energy function for a diatomic molecule is approximated by
theMorse potential

V .r / D V0

�
1 � e�.r�a/=b

�2

� V0;

wherer is the distance of separation of the two atoms, andV0, a, b are positive
constants. Make a sketch of the Morse potential.

Suppose the molecule is restricted tovibrational motion in which the centre of
massG of the molecule is fixed, and the atoms move on a fixed straight line through
G. Show that there is a single equilibrium configuration for the molecule and that
it is stable. If the atoms each have massm, find the angular frequency of small
vibrational oscillations of the molecule.

r

V

− V0

a

FIGURE 9.2 The Morse potential.

Solution
If V is theMorse potential

V .r / D V0

�
1 � e�.r�a/=b

�2

� V0;

thenV 0 is given by

V 0 D 2V0

�
1 � e�.r�a/=b

��1

b
e�.r�a/=b

�

D 2V0

b

�
e�.r�a/=b � e�2.r�a/=b

�
:
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Hence, at the stationary points ofV , r must satisfy the equation

e�.r�a/=b � e�2.r�a/=b D 0;

which has the single solutionr D a. To determine the nature of this stationary point,
we examine the value ofV 00.

V 00 D 2V0

b2

�
2e�2.r�a/=b � e�.r�a/=b

�

D C2V0

b2

whenr D a. The pointr D a is therefore a localminimum point of the function
V .r /. The graph of the Morse potential is shown in Figure 9.2.

In rectilinear vibrational motion, the molecule haskinetic energy

T D 1
2
m
�

1
2

Pr
�2

C 1
2
m
�

1
2

Pr
�2

D 1
4
mPr2

and theenergy conservationequation is

1
4
mPr2 C V .r / D E;

whereV .r / is the Morse potential. On differentiating this equation with respect tot
(and cancelling byPr ), we obtain the vibrationalequation of motion

1
2
mRr C V 0.r / D 0:

In smallvibrational motions nearr D a, we can approximateV 0.r / by the first
two terms of its Taylor series, namely,

V 0.r /D V 0.a/C .r � a/V 00.a/C � � �

D 2V0

b2
.r � a/C � � � :

The linearised equationfor small vibrations is therefore

1
2
mRr C 2V0

b2
.r � a/ D 0;

which can be written in the form

d2

dt2

�
r � a

�
C 4V0

mb2

�
r � a

�
D 0:
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This is the SHM equation withangular frequency� given by

�2 D 4V0

mb2
:

Theperiod � of small extensional vibrations of the molecule is therefore

� D 2�

�
D �

�
mb2

V0

�1=2

:
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Problem 9 . 4 �

The internal gravitational potential energy of a system of masses is sometimes called
the self energyof the system. (The reference configuration is taken to be onein
which the particles are all a great distance from each other.) Show that the self
energy of a uniform sphere of massM and radiusR is �3M 2G=5R. [Imagine that
the sphere is built up by the addition of successive thin layers of matter brought in
from infinity.]

Solution
When the sphere has been built up to radiusr , its mass isM.r=R/3. Suppose that
a new layer of thicknessdr is now added. The volume of this layer is4�r2dr and
its mass is

M

 
4�r2dr

4
3
�R3

!
D 3M r2dr

R3
:

Since the gravitation of the sphere is the same as that of a particle of equal mass at
the centre, the potential energy of the new layer is

dV D
�

M r3

R3

��
3M r2dr

R3

�
G

r
D
�

3M 2G

R6

�
r4 dr;

whereG is the constant of gravitation. Thepotential energyof the complete sphere
of radiusR is therefore given by

V D �
�

3M 2G

R6

�Z R

0

r4 dr

D �
�

3M 2G

R6

��
R5

5

�

D �3M 2G

5R
:
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Problem 9 . 5

Book Figure 9.13 shows two blocks of massesM andm that slide on smooth planes
inclined at angles̨ andˇ to the horizontal. The blocks are connected by a light
inextensible string that passes over a light frictionless pulley. Find the acceleration
of the block of massm up the plane, and deduce the tension in the string.

Solution
Let x be the displacement of the massm up the plane, measured from some refer-
ence configuration, and letv .D Px/ be the velocity ofm. Then thekinetic energy
of the system is

T D 1
2
mv2 C 1

2
M v2;

thepotential energy is

V D mgx sinˇ � Mgx sin˛;

and theenergy conservationequation is

1
2

�
m C M

�
v2 C g

�
m sinˇ � M sin˛

�
x D E:

If we now differentiate this equation with respect tot (and cancel byv), we obtain
theequation of motion

.m C M /
dv

dt
C g

�
m sinˇ � M sin˛

�
D 0:

Theaccelerationof the massm up the plane is therefore

dv

dt
D
�

M sin˛ � m sinˇ

M C m

�
g;

which is a constant.
To find thetensionS the string, consider the Newton equation for the massm

resolved parallel to the plane. This gives

m
dv

dt
D S � mg sinˇ;

which, on using the calculated value fordv=dt , gives

S D
M mg

�
sin˛ C sinˇ

�

M C m
:
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Problem 9 . 6

Consider the system shown in book Figure 9.12 for the specialcase in which the
particlesP , Q have masses2m, m respectively. The system is released from rest in
a symmetrical position with� , the angle betweenOP and the upward vertical, equal
to �=4. Find the energy conservation equation for the subsequent motion in terms
of the coordinate� .

� Find the normal reactions of the cylinder on each of the particles. Show that
P is first to leave the cylinder and that this happens when� D 70ı approximately.

Solution
In terms of the coordinate� , thekinetic energy of the system is

T D 1
2
M
�
a P�
�2 C 1

2
m
�
a P�
�2 D 1

2
.M C m/a2 P�2;

thepotential energy is

V D Mga cos� C mga sin�;

and theenergy conservationequation has the form

1
2

�
m C M

�
a2 P�2 C ga

�
M cos� C m sin�

�
D E:

For the special case in whichM D 2m, this becomes

3
2
ma2 P�2 C mga

�
2 cos� C sin�

�
D E:

The initial conditions� D �=4 and P� D 0 whent D 0 imply thatE D 3mga=
p

2

and the final form of the energy conservation equation is therefore

P�2 D g

3a

�
3
p

2 � 4 cos� � 2 sin�
�
:

To find thenormal reaction RP exerted on the particleP , consider the Newton
equation forP resolved in the radial direction. This is

2mg cos� � RP D .2m/.a P�/2
a

which gives

RP D 2mg

3

�
7 cos� C 2 sin� � 3

p
2
�
:
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θ

R /mg

Q

P

α

FIGURE 9.3 The (dimensionless) normal reactionsRP=mg and
RQ=mg for �=4 � � � �=2.

In the same way, thenormal reaction RQ exerted on the particleQ is found to be

RQ D mg

3

�
4 cos� C 5 sin� � 3

p
2
�
:

Figure 9.3 shows the dimensionless normal reactionsRP=mg andRQ=mg for
�=4 � � � �=2. AlthoughRP is initially larger thanRQ, it is the first to become
zero as� increases. A numerical evaluation gives˛ D 70ı approximately.

This value can be obtained analytically by solving the trigonometric equation

7 cos� C 2 sin� � 3
p

2 D 0:

On writing

7 cos� C 2 sin� D
�
72 C 22

�1=2

cos.� � ˇ/;

whereˇ D tan�1 2
7
, the equation becomes

cos.� � ˇ/ D 3
p

2p
53

and the solution is

� D tan�1

�
2

7

�
C cos�1

 
3
p

2p
53

!
� 70ı:
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Problem 9 . 7

A heavy uniform rope of length2a is draped symmetrically over athin smooth
horizontal peg. The rope is then disturbed slightly and begins to slide off the peg.
Find the speed of the rope when it finally leaves the peg.

FIGURE 9.4 Rope sliding off a smooth fixed
peg.

x

v

Solution
Let x be the downward displacement of the rope (see Figure 9.4) andlet v D Px.

Then, since every particle of the rope has the same speed, thekinetic energy of the
rope is

T D 1
2
M v2

whereM is the total mass.
The displaced configuration is the same as if the rope were held still and a length

x were cut from the left side and hung from the end of the right side. The mass of
this segment isM x=2a and its centre of mass is lowered by a distancex. The
potential energyof the rope in the displaced configuration is therefore

V D �
�

M x

2a

�
gx D �Mgx2

2a
:

Theenergy conservationequation for the rope then has the form

1
2
M v2 � Mgx2

2a
D E:

c
 Cambridge University Press, 2006



Chapter 9 The energy principle 318

The initial conditionsx D 0 andv D 0 whent D 0 imply thatE D 0 and the final
form of the energy conservation equation is

v2 D gx2

a
:

This gives thespeed of the ropewhen its displacement isx. The rope leaves the
peg whenx D a at which time its speed is.ag/1=2.
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Problem 9 . 8

A uniform heavy rope of lengtha is held at rest with its two ends close together
and the rope hanging symmetrically below. (In this position, the rope has two long
vertical segments connected by a small curved segment at thebottom.) One of the
ends is then released. Find the velocity of the free end when it has descended by a
distancex.

Deduce a similar formula for the acceleration of the free endand show that it
alwaysexceedsg. Find how far the free end has fallen when its acceleration has
risen to5g.

FIGURE 9.5 Rope falling with one end sup-
ported and the other free.

x

v
y

Solution
Let x be the downward displacement of the free end of the rope (see Figure 9.5)

and letv (D Px) be its velocity. In the displaced configuration, the lengthy of the
right side of the rope is given byx C 2y D a, that is,y D 1

2
.a � x/.

Since the left side of the rope is at rest and every particle ofthe right side has
the same velocityv, thekinetic energy of the rope is

T D 0 C 1
2

�
My

a

�
v2 D M

4a
.a � x/v2:

Thepotential energyof the rope in the displaced configuration is

V D �
�

M.x C y/

a

�
g
�

1
2
.x C y/

�
�
�

My

a

�
g
�
x C 1

2
y
�

D �Mg

4a

�
a2 C 2ax � x2

�
;
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after some simplification.
Theenergy conservationequation for the rope then has the form

M

4a
.a � x/v2 � Mg

4a

�
a2 C 2ax � x2

�
D E:

The initial conditionsx D 0 andv D 0 whent D 0 imply thatE D �1
4
Mga and

the final form of the energy conservation equation is

v2 D x.2a � x/g

a � x
:

This gives thespeed of the ropewhen its displacement isx.
On differentiating this formula with respect tot (and cancelling byv) we find

that the downwardaccelerationof the free end is given by

dv

dt
D
�

2a2 � 2ax C x2

2.a � x/2

�
g;

after more simplification.
It follows that

dv

dt
� g D

�
x.2a � x/

2.a � x/2

�
g;

which is positive forx in the physical range0 < x < a. Hence the downward
acceleration of the free end always exceedsg!

If dv=dt is to have the value5g, then the displacementx must satisfy

2a2 � 2ax C x2

2.a � x/2
D 5;

which yields the quadratic equation

9x2 � 18ax C 8a2 D 0;

whose solutions arex D 2
3
a andx D 4

3
a. The solutionx D 4

3
a lies outside the

physical range. Hence, the downward acceleration of the free end becomes equal to
5g when it has fallen a distance2

3
a.
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Problem 9 . 9

A heavy uniform rope of massM and length4a has one end connected to a fixed
point on a smooth horizontal table by light elastic spring ofnatural lengtha and
modulus1

2
Mg, while the other end hangs down over the edge of the table. When

the spring has its natural length, the free end of the rope hangs a distancea vertically
below the level of the table top. The system is released from rest in this position.
Show that the free end of the rope executes simple harmonic motion, and find its
period and amplitude.

!
x

a

v

Initial level

FIGURE 9.6 The rope and the spring.

Solution
Let x be the downward displacement of the free end of the rope from its initial

position (see Figure 9.6) and letv (D Px) be its velocity.
Since every particle of the rope has the same speed, thekinetic energy of the

rope is simply

T D 1
2
M v2:

In the displaced configuration, the potential energy of the spring is

V S D 1
2

 
1
2
Mg

a

!
x2 D Mgx2

4a
;

while the gravitational potential energy of the rope (relative to the initial configura-
tion) is

V G D �
�

M x

4a

�
g
�
a C 1

2
x
�

D �Mgx

8a
.2a C x/:
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The totalpotential energyof the system is therefore

V D V S C V G

D Mgx

8a
.x � 2a/:

Theenergy conservationequation for the rope then has the form

1
2
M v2 C

�
Mg

8a

�
x.x � 2a/ D E:

The initial conditionsx D 0 andv D 0 whent D 0 imply thatE D 0 and so the
final form of the energy conservation equation is

v2 D
� g

4a

�
x.2a � x/:

This gives thespeedof the rope when its displacement isx.
On differentiating this formula with respect tot (and cancelling byv) we find

that

dv

dt
D g

4a
.a � x/:

Hence theequation of motion for the displacementx can be written in the form

d2

dt2
.x � a/C g

4a
.x � a/ D 0:

Thus the free end of the rope performs simple harmonic oscillations about the point
x D a. Theperiod � of these oscillations is

� D 4�

�
a

g

�1=2

and, sincev D 0 whenx D 0, theamplitude of the oscillations isa.
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Problem 9 . 10

A circular hoop is rolling with speedv along level ground when it encounters a
slope leading to more level ground, as shown in book Figure 9.14. If the hoop loses
altitudeh in the process, find its final speed.

Solution
In the initial state, thekinetic energy of the hoop is

T I D 1
2
M v2 C 1

2

�
Ma2

� �v
a

�2

D M v2;

whereM is the mass of the hoop. The gravitationalpotential energy (relative to
the lower level ground) is

V I D Mg.h C a/:

The corresponding values in thefinal stateare

T F D M V 2 V F D Mga;

whereV is the final speed of the hoop.
Energy conservationthen requires that

M V 2 C Mga D M v2 C Mg.h C a/:

Hence, thefinal speedof the hoop is

V D
�
v2 C gh

�1=2

:
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Problem 9 . 11

A uniform ball is rolling in a straight line down arough plane inclined at an an-
gle ˛ to the horizontal. Assuming the ball to be in planar motion, find the energy
conservation equation for the ball. Deduce the acceleration of the ball.

Solution
Let x be the displacement of the ball down the plane (measured fromsome reference
configuration) and letv .D Px/ be its velocity.

Then thekinetic energy of the ball is

T D 1
2
M v2 C 1

2

�
2
5
Ma2

� �v
a

�2

D 7
10

M v2;

whereM is the mass of the ball. The gravitationalpotential energy of the ball
(relative to its initial configuration) is

V D �Mgx sin˛:

Theenergy conservationequation then has the form

7
10

M v2 � Mgx sin˛ D E;

whereE is the constant total energy.
On differentiating this formula with respect tot (and cancelling byv) we find

that theaccelerationof the ball down the plane is given by

dv

dt
D 5

7
g sin˛:
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Problem 9 . 12

A uniform circular cylinder (a yo-yo) has a light inextensible string wrapped around
it so that it does not slip. The free end of the string is secured to a fixed point
and the yo-yo descends in a vertical straight line with the straight part of the string
also vertical. Explain why the string does no work on the yo-yo. Find the energy
conservation equation for the yo-yo and deduce its acceleration.

FIGURE 9.7 The yo-yo in vertical motion.

!

G

v

C

Solution
The string does no work on the yo-yo because (i) the support isfixed, (ii) there is

no slippage between the string and the yo-yo.

Let z be thedownwarddisplacement of the yo-yo (measured from the support)
and letv .D Pz/ be its velocity.

Then thekinetic energy of the yo-yo is

T D 1
2
M v2 C 1

2

�
1
2
Ma2

� �v
a

�2

D 3
4
M v2;

whereM is the mass of the yo-yo. The gravitationalpotential energyof the yo-yo
(relative to the support) is

V D �Mgz:

Theenergy equationfor the yo-yo then has the form

3
4
M v2 � Mgz D E;
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whereE is the constant total energy.
On differentiating this formula with respect tot (and cancelling byv) we find

that the downwardaccelerationof the yo-yo is given by

dv

dt
D 2

3
g:
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Problem 9 . 13

Book Figure 9.15 shows a partially unrolled roll of paper on ahorizontal floor. Ini-
tially the paper on the roll has radiusa and the free paper is laid out in a straight
line on the floor. The roll is then projected horizontally with speedV in such a way
that the free paper is gathered up on to the roll. Find the speed of the roll when its
radius has increased tob. [Neglect the bending stiffness of the paper.] Deduce that
the radius of the roll when it comes to rest is

a

�
3V 2

4ga
C 1

�1=3

:

Solution
In the initial state, thekinetic energy of the paper is

T I D 1
2
mV 2 C 1

2

�
1
2
ma2

��V

a

�2

D 3
4
mV 2;

wherem is the mass of the roll when it has radiusa. The gravitationalpotential
energyof the paper (relative to the ground) is

V I D mga:

The corresponding values in thefinal stateare

T F D 3
4
M v2 V F D Mgb;

whereM is the mass andv is the speed of the roll when its radius isb.
Energy conservationthen requires that

3
4
mV 2 C mga D 3

4
M v2 C Mgb:

Hence, thespeedof the roll when its radius has increased tob is given by

v2 D m

M

�
V 2 C 4

3
ga
�

� 4
3
gb

D a2

b2

�
V 2 C 4

3
ga
�

� 4
3
gb

D a2V 2

b2
� 4

3

�
b3 � a3

b2

�
g;

on making use of the fact thatm=M D a2=b2.
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When the roll comes to rest,v D 0 and so the final radiusR must satisfy the
equation

a2V 2

R2
� 4

3

�
R3 � a3

R2

�
g D 0:

On solving, we find that thefinal radius of the roll is

R D a

�
1 C 3V 2

4ag

�1=3

:

c
 Cambridge University Press, 2006



Chapter 9 The energy principle 329

Problem 9 . 14

A rigid body of general shape has massM and can rotate freely about a fixed hori-
zontal axis. The centre of mass of the body is distanceh from the rotation axis, and
the moment of inertia of the body about the rotation axis isI . Show that the period
of small oscillations of the body about the downward equilibrium position is

2�

�
I

Mgh

�1=2

:

Deduce the period of small oscillations of a uniform rod of length2a, pivoted about
a horizontal axis perpendicular to the rod and distanceb from its centre.

Solution
Let � be the angular displacement of the body from the downward equilibrium

position and let! .D P�/ be its angular velocity.
Then thekinetic energy of the body is

T D 1
2
I !2

whereI is the moment of inertia of the body about its rotation axis. The gravitational
potential energyof the body (relative to the axis level) is

V D �Mgh cos�;

whereM is the mass of the the body.
Theenergy equationfor the body then has the form

1
2
I !2 � Mgh cos� D E;

whereE is the constant total energy.
On differentiating this formula with respect tot (and cancelling by!) we find

that theequation of motion for � is

R� C
�

Mgh

I

�
sin� D 0:

This is the exact equation of motion for large oscillations.The linearised equation
for small oscillations is

R� C
�

Mgh

I

�
� D 0;
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which is the SHM equation. Theperiod � of small oacillations is therefore

� D 2�

�
I

Mgh

�1=2

:

For the special case of the rod,h D b andI D 1
3
Ma2 C M b2. In this case, the

period of small oscillations is

2�

�
a2 C 3b2

3gb

�1=2

:
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Problem 9 . 15

A uniform ball of radiusa can roll without slipping on theoutsidesurface of a fixed
sphere of (outer) radiusb and centreO . Initially the ball is at rest at the highest
point of the sphere when it is slightly disturbed. Find the speed of the centreG of
the ball in terms of the variable� , the angle between the lineOG and the upward
vertical. [Assume planar motion.]

Solution
Let � be the angle betweenOG and theupwardvertical and letv .D .a C b/ P�/ be
the velocity ofG .

Then thekinetic energy of the ball is

T D 1
2
M v2 C 1

2

�
2
5
Ma2

� �v
a

�2

D 7
10

M v2;

whereM is the mass of the ball.
The gravitationalpotential energyof the ball (relative to the level ofO) is

V D Mg.a C b/ cos�:

Theenergy conservationequation for the ball then has the form

7
10

M v2 C Mg.a C b/ cos� D E;

whereE is the constant total energy. The initial conditions� D 0 andv D 0 when
t D 0 imply that E D Mg.a C b/ and the final form of the energy conservation
equation is

v2 D 10g.a C b/

7
.1 � cos�/:

This gives thespeedof the ball when its angular displacement is� .
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Problem 9 . 16

A uniform ball of radiusa and centreG can roll without slipping on theinsidesur-
face of a fixed hollow sphere of (inner) radiusb and centreO . The ball undergoes
planar motion in a vertical plane throughO . Find the energy conservation equa-
tion for the ball in terms of the variable� , the angle between the lineOG and the
downward vertical. Deduce the period of small oscillationsof the ball about the
equilibrium position.

Solution
Let � be the angle betweenOG and thedownwardvertical and letv (D .b � a/ P�)
be the velocity ofG.

Then thekinetic energy of the ball is

T D 1
2
M v2 C 1

2

�
2
5
Ma2

� �v
a

�2

D 7
10

M v2;

whereM is the mass of the ball.
The gravitationalpotential energyof the ball (relative to the level ofO) is

V D �Mg.b � a/ cos�:

Theenergy conservationequation for the ball then has the form

7
10

M v2 � Mg.b � a/ cos� D E;

whereE is the constant total energy.
If we now differentiate this formula with respect tot (and cancel byP�) we find

that theequation of motion for � is

R� C
�

5g

7.b � a/

�
sin� D 0:

This is the exact equation for large motions of the ball. Thelinearised equationfor
small motions is

R� C
�

5g

7.b � a/

�
� D 0;

which is the SHM equation. Theperiod � of small oscillations of the ball is there-
fore

� D 2�

�
7.b � a/

5g

�1=2

:

c
 Cambridge University Press, 2006



Chapter 9 The energy principle 333

Problem 9 . 17 �

Figure 9.6 shows a uniform thin rigid plank of length2b which can roll without
slipping on top of a rough circular log of radiusa. The plank is initially in equilib-
rium, resting symmetrically on top of the log, when it is slightly disturbed. Find the
period of small oscillations of the plank.

θ

G
A

O
x

y

C

FIGURE 9.8 Plank rolling on a log.

Solution
Let C be the point of contact between the plank and the log (see Figure 9.8) and let�
be the angle betweenOC and the upward verticalOA; then� is also the inclination
of the plank to the horizontal. Note also that, since the plank rolls on the log, the
lengthGC is equal to the length of the circular arcAC .

Let G have coordinates.X;Z/ in the Cartesian coordinate systemOxy shown
in Figure 9.8. Then

X D a sin� � .a�/ cos�;

D a
�

sin� � � cos�
�

and

Z D a cos� C .a�/ sin�

D a
�

cos� C � sin�
�
:

c
 Cambridge University Press, 2006



Chapter 9 The energy principle 334

Hence

PX D a
�
� sin�

� P�
PZ D a

�
� cos�

� P�:

We can now calculateT andV for the plank in terms of the coordinate� . The
kinetic energy of the plank is

T D 1
2
M
�

PX 2 C PZ2
�

C 1
2

�
1
3
M b2

�
P�2

D 1
2
Ma2�2 P�2 C 1

6
M b2 P�2;

and the gravitationalpotential energy(relative to the level ofO) is

V D MgZ

D Mga
�

cos� C � sin�
�
:

Theenergy conservationequation for the plank thus has the form

1
2
Ma2�2 P�2 C 1

6
M b2 P�2 C Mga

�
cos� C � sin�

�
D E;

whereE is the constant total energy.
If we now differentiate this equation with respect tot (and cancel byP� ), we find

that theequation of motion for � is

�
a2�2 C 1

3
b2
�

R� C
�
a2�

�
P�2 C ga� cos� D 0:

This is the exact equation for large oscillations of the plank. The linearised equa-
tion for small oscillations is

R� C
�

3ga

b2

�
� D 0;

which is the SHM equation. Theperiod � of small oscillations of the plank is
therefore

� D 2�

�
b2

3ga

�1=2

:
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Problem 10 . 1

Show that, if a system moves from one state of rest to another over a certain time
interval, then the average of the total external force over this time interval must be
zero.

An hourglass of massM stands on a fixed platform which also measures the
apparent weight of the hourglass. The sand is at rest in the upper chamber when, at
time t D 0, a tiny disturbance causes the sand to start running through. The sand
comes to rest in the lower chamber after a timet D � . Find the time average of the
apparent weight of the hourglass over the time intervalŒ0; � �. [The apparent weight
of the hourglass is howevernot constantin time. One can advance an argument
that, when the sand is steadily running through, the apparent weight of the hourglass
exceedsthe real weight!]

Solution
Let P be the linear momentum of the system andF the total external force acting
on it. Then, by thelinear momentum principle,

PP D F

and, for any time interval0 � t � � ,
Z �

0

F dt D P .�/ � P .0/:

In particular, if the system moves from one state of rest to another in the time
interval0 � t � � , thenP .0/ D P .�/ D 0 and

1

�

Z �

0

F dt D 0;

that is, themean value ofF over the time interval0 � t � � must be zero.

Suppose the hourglass is supported by a fixed platform that measures the up-
thrustX.t/ that it applies to the hourglass. Then�X is the apparent weight of the
hourglass. In this problem,F D X � Mgk, whereM is the total mass of the hour-
glass and its contents, andk is the unit vector pointing vertically upwards. Since
this system moves between two states of rest, it follows that

1

�

Z �

0

.X � Mgk/ dt D 0;

that is,

1

�

Z �

0

.�X/ dt D �Mgk:
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Hence themean valueof the apparent weight of the hourglass is the same as its
static weight.
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Problem 10 . 2

Show that, if a system moves periodically, then the average of the total external force
over a period of the motion must be zero.

A juggler juggles four balls of massesM , 2M ,3M and4M in a periodic man-
ner. Find the time average (over a period) of the total force he applies to the balls.
The juggler wishes to cross a shaky bridge that cannot support the combined weight
of the juggler and his balls. Would it help if he juggles his balls while he crosses?

Solution
Let P be the linear momentum of the system andF the total external force acting
on it. Then, by thelinear momentum principle,

PP D F

and, for any time interval0 � t � � ,
Z �

0

F dt D P .�/ � P .0/:

In particular, if the system moves periodically with period� , thenP .0/ D P .�/

and

1

�

Z �

0

F dt D 0;

that is, themean value ofF over a period of the motion must be zero.

For simplicity, suppose that the juggler walks over the bridge with constant ve-
locity and that we observe the motion from an inertial reference frame moving with
this velocity. Then

F D X � .m C 10M /gk;

whereX.t/ is the upthrust that the bridge applies to the juggler at timet , m is the
mass of the juggler, andk is the unit vector pointing vertically upwards.

In the new reference frame, the system moves periodically (this is what jugglers
do) and it follows that

1

�

Z �

0

�
X � .m C 10M /gk

�
dt D 0;

that is,

1

�

Z �

0

X dt D .m C 10M /gk:
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Hence, by the Third Law, themean valueof the total force that the juggler applies
to the bridge is simply equal to his own weight plus the combined weight of the
balls. Hence,averaged over a juggling period, there is nothing to be gained by
juggling the balls. In fact, sinceX .t/ is not a constant, there must be times when
its instantaneous value isgreaterthan its mean value, which makes juggling worse
than simply carrying the balls across. [He could have carried the balls across one at
a time, but he never thought of that!]
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Problem 10 . 3 �

A boat of massM is at rest in still water and a man of massm is sitting at the
bow. The man stands up, walks to the stern of the boat and then sits down again.
If the water offers a resistance to the motion of the boat proportional to the velocity
of the boat, show that the boat willeventuallycome to rest at its orginal position.
[This remarkable result is independent of the resistance constant and the details of
the man’s motion.]

ξ

x

O vM

m

FIGURE 10.1 Man walking on a boat.

Solution
Let x be the displacement of the boat at timet , andv (D Px) be its velocity. Let� be
the diplacement of the manrelative to the boatat timet , measured in the negative
x direction (see Figure 10.1). Then the true velocity of the man (in the positivex
direction) isv � P�.

The linear momentum of the system in the positivex-direction is therefore

P D M v C m.v � P�/ D .M C m/v � m P�:

The only horizontalforce acting on the system is the resistance forceR exerted by
the water. Since the resistance is known to be linear,R has the form

R D �.M C m/Kv;

whereK is a constant; the factorM C m has been included purely for convenience.
Then, by the linear momentum principle,PP D R, which can be written in the form

Pv C Kv D
�

m

M C m

�
R�:
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On integrating this equation with respect tot , we obtain

Px C Kx D
�

m

M C m

�
P� C C;

whereC is a constant of integration. Since the whole system starts from rest with
x D 0, it follows thatC D 0 and we obtain

Px C Kx D
�

m

M C m

�
P�:

This is theequation of motionsatisfied byx. The function�.t/ (the motion of the
man) is supposed to be known.

This is a first order linear ODE with integrating factoreK t . On solving, we find
that

x D
�

m

M C m

�
e�K t

Z t

0

P�.t 0/eK t 0

dt 0 C De�kt ;

whereD is a second constant of integration. The initial conditionx D 0 whent D 0

implies thatD D 0 and so thedisplacementx of the boat at timet is

x D
�

m

M C m

�
e�K t

Z t

0

P�.t 0/eK t 0

dt 0:

We now wish to show that the boat eventually regains its original position. Let
us suppose that the man has taken his seat at the back of the boat by time� . Then,
for t � � , P� D 0 and the integral can be restricted to the range0 � t 0 � � . The
solution forx for t > � can therefore be written

x D
�

m

M C m

�
e�K t

Z �

0

P�.t 0/eK t 0

dt 0

D
�

m

M C m

Z �

0

P�.t 0/eK t 0

dt 0
�

e�K t :

The expression in the brackets looks complicated but, sincethe limits of integration
are now constants, it is simply aconstantx0, say. Hence, fort � � , the solution for
x has the form

x D x0 e�K t :

This tends to zero ast tends to infinity, which is the required result.
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Problem 10 . 4

A uniform rope of massM and lengtha is held at rest with its two ends close
together and the rope hanging symmetrically below. (In thisposition, the rope has
two long vertical segments connected by a small curved segment at the bottom.) One
of the ends is then released. It can be shown by energy conservation (see Problem
9.8) that the velocity of the free end when it has descended bya distancex is given
by

v2 D
�

x.2a � x/

a � x

�
g:

Find the reactionR exerted by the support at thefixedend when the free end has
descended a distancex. The support will collapse ifR exceeds3

2
Mg. Find how far

the free end will fall before this happens.

Solution
The motion of the rope in this problem was found in Solution 9.8 by energy meth-
ods. We will make use of the notation and results from this solution.

The downwardslinear momentum P of the rope is

P D 0 C
�

My

a

�
v D M

2a
.a � x/v;

and total downwards forceF is

F D Mg � R;

whereR is the reaction of the support. Thelinear momentum principle PP D F

then implies that

M

2a

d

dt

�
.a � x/v

�
D Mg � R

which gives

R D Mg � M

2a

�
.a � x/ Pv � v2

�
:

If we now make use of the formulae

v2 D x.2a � x/g

a � x
; Pv D

�
2a2 � 2ax C x2

2.a � x/2

�
g
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that were obtained in Solution 9.8, we find that

R D Mg

4a

�
2a2 C 2ax � 3x2

a � x

�
;

after some simplification. This is thereaction exerted by the support at the fixed
end of the rope when the free end has descended a distancex.

This reaction will be equal to3
2
Mg when

Mg

4a

�
2a2 C 2ax � 3x2

a � x

�
D 3

2
Mg;

a condition which reduces to the quadratic equation

3x2 � 8ax C 4a2 D 0:

The solutions arex D 2
3
a andx D 2a. Since the solutionx D 2a lies outside the

physical range0 � x � a, thesupport will collapsewhenx D 2
3
a.
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Problem 10 . 5

A fine uniform chain of massM and lengtha is held at rest hanging vertically
downwards with its lower end just touching a fixed horizontaltable. The chain is
then released. Show that, while the chain is falling, the force that the chain exerts
on the table is alwaysthree timesthe weight of chain actually lying on the table.
[Assume that, before hitting the table, the chain falls freely under gravity.]

� When all the chain has landed on the table, the loose end is pulled upwards
with the constant force1

3
Mg. Find the height to which the chain will first rise. [This

time, assume that the force exerted on the chain by the table is equalto the weight
of chain lying on the table.]

Solution
Let x be the downward displacement of the top end of the chain andv (D Px) its

velocity. The mass of the vertical part of the chain isM.a � x/=a.
Then the downwardlinear momentum P of the chain is

P D M

a
.a � x/v

and the total downwardsforce F acting on the chain is

F D Mg � R;

whereR is the reaction of the table. Thelinear momentum principle PP D F then
implies that

M

a

d

dt

�
.a � x/v

�
D Mg � R

which gives

R D Mg � M

a

�
.a � x/ Pv � v2

�
:

Since the chain is assumed to be falling freely under gravity, Pv D g andv2 D 2gx,
from which it follows that

R D 3

�
M x

a

�
g:

This is thereaction of the table when the chain has fallen by a distancex. By the
Third Law, it is equal to the force that the chain exerts on thetable. Thus, theforce
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that the chain exerts on the table is always three times the weight of chain lying on
the table.

When the chain is being pulled up, letx be the height of the top end of the chain
above the table andv (D Px) its upwards velocity. The mass of the vertical part of
the chain isM x=a.

Then the upwardlinear momentum P of the chain is

P D M

a
xv

and the total upwardsforce F acting on the chain is

F D 1
3
Mg C R � Mg;

whereR is the reaction of the table. Thelinear momentum principle PP D F then
implies that

M

a

d

dt

�
xv
�

D R � 2
3
Mg;

that is,

M

a

�
v2 C x Pv

�
D R � 2

3
Mg:

In theupwardsmotion, we assume that the force exerted on the chain by the table is
equalto the weight of chain lying on the table, that is,

R D
�

M.a � x/

a

�
g:

We then obtain

x Pv C v2 D 1
3
g.a � 3x/;

which is theequation of motion for the chain.
To solve this equation, writePv D vdv=dx and introduce the new dependent

variablew D v2. The equation forw is then

x
dw

dx
C 2w D 2

3
g.a � 3x/:

This is a first order linear ODE with integrating factorx. On solving, we find that

v2 D 1
3
g.a � 2x/C C

x2
;
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whereC is a constant of integration.
A curious feature of this problem is that the initial conditionsx D 0 andv D 0

whent D 0 cannot be satisfied. The easiest way to make sense of this is tosuppose
that the motion starts from rest withx D b (instead ofx D 0), find the solution, and
then letb ! 0. The solution obtained turns out to be the same as puttingC D 0 in
the above expression. Hence thevelocity of the chain when its upward displacement
is x is given by

v2 D 1
3
g.a � 2x/:

Thechain first comes to restwhenv D 0, that is whenx D 1
2
a.
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Problem 10 . 6

A uniform ball of massM and radiusa can roll without slipping on the rough outer
surface of a fixed sphere of radiusb and centreO . Initially the ball is at rest at the
highest point of the sphere when it is slightly disturbed. Find the speed of the centre
G of the ball in terms of the variable� , the angle between the lineOG and the
upward vertical. [Assume planar motion.] Show that the ballwill leave the sphere
when cos� D 10

17
.

Solution
The motion of the ball in this problem was found in Solution 9.15 by energy meth-
ods. We will make use of the notation and results from this solution.

On making use of the centre of mass form of thelinear momentum principle

(resolved in the direction
�!
GO), we obtain

Mg cos� � R D M

�
v2

a C b

�
;

whereR is thenormal component of the reaction exerted on the ball by the fixed
sphere. If we now make use of the formula

v2 D 10g.a C b/

7

that was obtained in Solution 9.15, we find that

R D Mg

7
.17 cos� � 10/ :

The ball will leave the sphere whenR D 0, that is, when

cos� D 10
17
;

that is, when� D 54ı approximately.
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Problem 10 . 7

A rocket of initial massM , of whichM � m is fuel, burns its fuel at a constant rate
in time � and ejects the exhaust gases with constant speedu. The rocket starts from
rest and moves vertically under uniform gravity. Show that the maximum speed
acheived by the rocket isu ln 
 � g� and that its height at burnout is

u�

�
1 � ln 



 � 1

�
� 1

2
g�2;

where
 D M=m. [Assume that the thrust is such that the rocket takes off immedi-
ately.]

Solution
Let v be the upward velocity of the rocket at timet . Then, from the text p. 255, the
solution forv is given by

v D u ln

�
m.0/

m.t/

�
� gt;

wherem.t/ is the mass of the rocket and the remaining fuel at timet . In the present
problem,m.0/ D M and

m.t/ D M � t

�

�
M � m.�/

�

so that

m.t/

m.0/
D 1 �

�

 � 1


�

�
t;

where
 D M=m.�/. [Note that the question uses the symbolm for m.�/, but, in
order to avoid confusion with the previous usage ofm.t/, we will not use this in the
solution.]

Hence thevelocity of the rocket at timet into the burn is

v D �u ln.1 � kt/ � gt;

where

k D 
 � 1


�
:
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In particular,vmax, thevelocity at burnout, is given by

vmax D u ln 
 � g�:

The heightz achieved by the rocket at timet satisfies the equation

dz

dt
D �u ln.1 � kt/ � gt;

with the initial conditionz D 0 whent D 0. The solution is messy but straightfor-
ward and gives

z D �ut ln.1 � kt/C u

k
ln.1 � kt/C ut � 1

2
gt2:

This is theheight of the rocket at timet into the burn. In particular,h, theheight at
burnout is given by

h D u�

�
1 � ln 



 � 1

�
� 1

2
g�2:
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Problem 10 . 8 Saturn V rocket

In first stage of the Saturn V rocket, the initial mass was2:8 � 106 kg, of which
2:1 � 106 kg was fuel. The fuel was burned at a constant rate over 150 s and the
exhaust speed was2; 600 m s�1. Use the results of the last problem to find the speed
and height of the Saturn V at first stage burnout. [Takeg to be constant at9:8 m s�2

and neglect air resistance.]

Solution
This is a numerical application of the results of Problem 10.7. For the Saturn V

rocket,
 D 4, � D 150 s, u D 2; 600 m s�1 andg D 9:8 m s�2. The calculated
values ofvmax andh are

vmax D 2; 100 m s�1; h D 100 km;

approximately.
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Problem 10 . 9 Rocket in resisting medium

A rocket of initial massM , of which M � m is fuel, burns its fuel at a constant
ratek and ejects the exhaust gases with constant speedu. The rocket starts from
rest and moves through a medium that exerts the resistance force ��kv, wherev
is the forward velocity of the rocket, and� is a small positive constant. Gravity is
absent. Find the maximum speedV achieved by the rocket. Deduce a two term
approximation forV , valid when� is small.

Solution
Let v be the velocity of the rocket at timet . Then, on incorporating the resistance

force��kv into the rocket equation on p. 253 of the text, theequation of motion
for v is

m
dv

dt
D � Pmu � �kv;

wherem .D m.t// is the mass of the rocket and its fuel at timet . In the present
problem,m.0/ D M and Pm D �k so that

m.t/ D M � kt:

The equation of motion therefore becomes

dv

dt
C
�

�k

M � kt

�
v D ku

M � kt
:

This is a first order linear ODE with integrating factor.M � kt/��. The general
solution is

v D u

�
C C.M � kt/�;

whereC is a constant of integration. On applying the initial condition v D 0 when
t D 0, we find that

C D � u

�M �
:

Thevelocity of the rocket at timet into the burn is therefore

v D u

�

�
1 �

�
M � kt

M

�� �
:
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In particular, atburnout , M � kt D m and the rocket velocity is

V D u

�

�
1 � 
���;

where
 D M=m. [Note that the symbolm used hereis the same as them used
in the question. There is now little chance of confusion withthe previous usage of
m.t/.]

When� is small,


�� D exp
�

� � ln 

�

D 1 � � ln 
 C 1
2
.� ln 
 /2 C O

�
�3
�

and so the requiredapproximation to V when� is small is

V D u ln 

h
1 � 1

2
ln 
 � C O

�
�2
�i
:
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Problem 10 . 10 Two-stage rocket

A two-stage rocket has a first stage of initial massM1, of which.1 � �/M1 is fuel,
a second stage of initial massM2, of which.1 � �/M2 is fuel, and an inert payload
of massm0. In each stage, the exhaust gases are ejected with the same speedu. The
rocket is initially at rest in free space. The first stage is fired and, on completion,
the first stage carcass (of mass�M1) is discarded. The second stage is then fired.
Find an expression for the final speedV of the rocket and deduce thatV will be
maximised when the mass ratio˛ D M2=.M1 C M2/ satisfies the equation

˛2 C 2ˇ˛ � ˇ D 0;

whereˇ D m0=.M1 C M2/. [Messy algebra.]
Show that, wheň is small, the optimum value of̨ is approximatelely̌ 1=2 and

the maximum velocity reached is approximately2u ln 
 , where
 D 1=�.

Solution
It follows from the formula (10.9) on p. 254 of the text that the rocket velocity when
thefirst stage is completed is

v1 D u ln

�
M1 C M2 C m0

�M1 C M2 C m0

�
;

and that the rocket velocity when thesecond stageis completed is

V D v1 C u ln

�
M2 C m0

�M2 C m0

�

D u ln

�
.M1 C M2 C m0/.M2 C m0/

.�M1 C M2 C m0/.�M2 C m0/

�

D u ln

�
.1 C ˇ/.˛C ˇ/

.�C .1 � �/˛ C ˇ/.�˛C ˇ/

�
;

where

˛ D M2

M1 C M2

; ˇ D m0

M1 C M2

:

We must now choose the mass ratio˛ so as to maximiseV . The equation
dV =d˛ D 0 gives

� 1 � �

�C .1 � �/˛ C ˇ
C 1

˛ C ˇ
� �

�˛ C ˇ
D 0;
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which reduces to

˛2 C 2ˇ˛ � ˇ D 0

after much labour. On selecting the positive root, theoptimium value of ˛ is found
to be

˛ D �ˇ C
�
ˇ2 C ˇ

�1=2

:

Whenˇ is small, the optimum value of̨ is approximately

˛ D �ˇ C
�
ˇ2 C ˇ

�1=2

D �ˇ C ˇ1=2 .1 C ˇ/1=2

D �ˇ C ˇ1=2 .1 C O .ˇ//

D ˇ1=2 C O .ˇ/ :

Hence, when the mass ratiǒis small, the optimum value of the mass ratio˛ is
approximately̌ 1=2. In this limit, the final velocity achieved by the rocket is

V D u ln

 
.1 C ˇ/

�
ˇ1=2 C O.ˇ/

�
�
.�C .1 � �/ˇ1=2 C O.ˇ/

� �
.�ˇ1=2 C O.ˇ/

�
!

D u ln

 
ˇ1=2 C O.ˇ/

�2ˇ1=2 C O.ˇ/

!

D u ln

�
1

�2
C O.ˇ1=2/

�

D u ln
�

 2 C O.ˇ1=2/

�
;

D 2u ln 

�
1 C O.ˇ1=2/

�

where
 D 1=�. Hence, when the mass ratiǒis small and the mass ratiǫtakes
its optimum value, themaximum velocity achieved by the rocket is approximately
2u ln 
 .
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Problem 10 . 11 �

A raindrop falls vertically through stationary mist, collecting mass as it falls. The
raindrop remains spherical and the rate of mass accretion isproportional to its speed
and the square of its radius. Show that, if the drop starts from rest with a negligible
radius, then it has constant accelerationg=7. [Tricky ODE.]

Solution
Suppose that the drop has massm and downward velocityv at timet . Thenm and
v satisfy the following two conditions:

(i) Since the mass gained by the drop is at rest, thelinear momentum equation
becomes

d

dt

�
mv
�

D mg:

(ii) The rate ofmass increaseis given to be

dm

dt
D kr2v;

wherek is a constant andr is the radius of the drop at timet .

It is convenient to work with the radius of the drop rather than its mass. Since
the mass is proportional to the cube of the radius, the above equations become

d

dt

�
r3v

�
D r3g; (1)

dr

dt
D Kv; (2)

whereK is a new constant. These are a pair of simultaneous first orderODEs for
the unknown functionsv andr .

The trick is to eliminate the time and to obtain a single ODE for v as a function
of r . [In the language of dynamical systems, we are finding the phase paths of an
autonomous system.] Now

d

dt

�
r3v

�
D d

dr

�
r3v

�
� dr

dt

D
�

3r2v C r3 dv

dr

�
� dr

dt

D Kv

�
3r2v C r3 dv

dr

�
;
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on making use of equation (2). On substituting this result into equation (1), we
obtain

rv
dv

dr
C 3v2 D

� g

K

�
r:

This is the required ODE forv as a function ofr . To solve, we introduce the new
independent variablew D v2. The equation forw is then

dw

dr
C
�

6

r

�
w D 2g

K
;

which is a first order linear ODE with integrating factorr6. The general solution is

w D
�

2g

7K

�
r C C

r6
;

whereC is a constant of integration. The initial conditionsv D 0 andr D 0 when
t D 0 then imply thatC D 0 so that the solution forv is

v2 D
�

2g

7K

�
r:

This gives thevelocity of the drop when its radius isr .
To find theacceleration of the drop, we differentiate this last equation with

respect tot . This gives

2v
dv

dt
D
�

2g

7K

�
dr

dt

D
�

2g

7K

�
Kv;

on using equation (2) again. Hence

dv

dt
D 2g

7
;

as is required.
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Problem 10 . 12

A body of mass4m is at rest when it explodes intothreefragments of masses2m, m

andm. After the explosion the two fragments of massm are observed to be moving
with the same speed in directions making120ı with each other. Find the proportion
of the total kinetic energy carried by each fragment.

A

m

m

2 m

B

C
60◦

60◦

u

u

v i

j

FIGURE 10.2 The three emerging fragments.

Solution
Since the explosion conserves linear momentum, and the bodyis initially at rest, the
total linear momentum of the fragments must be zero. The three velocities must
therefore be coplanar. Also, since the two fragments of massm have equal speeds,
the third velocity must lie along the bisector of the angle between their paths (see
Figure 10.2).

Let the speed of the fragmentsA andB beu and the speed of fragmentC bev.
Then, since the total linear momentum in thei -direction must be zero, we have

mu cos60ı C mu cos60ı � .2m/v D 0:

Hence, thespeedof C is v D 1
2
u.

It follows that the threekinetic energiesare

T A D T B D 1
2
mu2;

T C D 1
2
.2m/

�
1
2
u
�2

D 1
4
mu2:
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The total kinetic energy is thereforeT D 5
4
mu2. Hence, theproportions of the

total kinetic energy carried by each fragment are

T A

T
D 2

5
;

T B

T
D 2

5
;

T C

T
D 1

5
:
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Problem 10 . 13

Show that, in an elastic head-on collision between two spheres, the relative velocity
of the spheres after impact is the negative of the relative velocity before impact.

A tube is fixed in the vertical position with its lower end on a horizontal floor.
A ball of massM is released from rest at the top of the tube followed closely by a
second ball of massm. The first ball bounces off the floor and immediately collides
with the second ball coming down. Assuming that both collisions are elastic, show
that, whenm=M is small, the second ball will be projected upwards to a height
nearly nine times the length of the tube.

Solution
In a head-on collision between spheres, the motion must be entirely rectilinear.

Suppose that the spheres have massesm1, m2, that their initial velocities areu1,
u2, and that their final velocities arev1, v2. These velocities are all measured in the
same direction along the line of motion.

Then conservation oflinear momentum requires that

m1u1 C m2u2 D m1v1 C m2v2;

and conservation ofenergyrequires that

m1u2
1 C m2u2

2 D m1v
2
1 C m2v

2
2 :

We wish to show thatv2 � v1 D u1 � u2. It is possible to grind this out directly, but
the following argument is neater.

Let the collision be observed from a reference frame in whichthe velocity ofm1

is reversedby the collision, that is,v1 D �u1. Such a choice is always possible.
[This reference frame is actually the ZM frame.] Then, in this reference frame, the
energy equation becomes

u2
2 D v2

2

so thatv2 D ˙u2. The linear momentum equation shows that the sign must be
negative so thatv2 D �u2. Thenv2 � v1 D .�u2/� .�u1/ D u1 � u2, as required.

Suppose the ballB1 of massM has speedv when it hits the floor. Since the
collision with the floor is elastic, the ball will be reflectedwith initial upward speed
v. The ball is then immediately in collision with the second ball B2 (of massm) that
has downwards speedv. Suppose that, after this second collision,B2 has upward
speedV . Since the collision between the balls is elastic, the result obtained above
applies and so the upward speed ofB1 must beV � 2v. Conservation oflinear
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momentum then implies that

M v C m.�v/ D M.V � 2v/C mV

from which it follows that

V D
�

3M � m

M C m

�
v:

This is the upwardvelocity of B2 after its collision withB1. B2 will then rise to the
height

H D V 2

2g
D
�

3M � m

M C m

�2
v2

2g

D
�

3M � m

M C m

�2

h;

whereh is the height from which the balls were dropped. When the massratio
m=M is small, this height is nearly9h. [This experiment makes quite a spectacular
demonstration.]
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Problem 10 . 14

Two particles with massesm1, m2 and velocitiesv1, v2 collide and stick together.
Find the velocity of this composite particle and show that the loss in kinetic energy
due to the collision is

m1m2

2.m1 C m2/
jv1 � v2j2 :

Solution
Let V be the velocity of the composite particle. Then, sincelinear momentum is
conserved in the collision,

m1v1 C m2v2 D .m1 C m2/V :

Hence thevelocity of the composite particle is

V D m1v1 C m2v2

m1 C m2

:

The loss inkinetic energy in the collision is therefore

�T D 1
2
m1v

2
1 C 1

2
m2v

2
2 � 1

2
.m1 C m2/V

2

D 1
2
m1v

2
1 C 1

2
m2v

2
2 � jm1v1 C m2v2j2

2.m1 C m2/

D 1
2
m1v

2
1 C 1

2
m2v

2
2 �

m2
1
v2

1
C m2

2
v2

2
C 2m1m2v1 � v2

2.m1 C m2/

D m1m2

2.m1 C m2/

�
v2

1 C v2
2 � 2v1 � v2

�

D m1m2

2.m1 C m2/
jv1 � v2j2
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Problem 10 . 15

In an elastic collision between a proton moving with speedu and a helium nucleus
at rest, the proton was scattered through an angle of45ı. What proportion of its
initial energy did it lose? What was the recoil angle of the helium nucleus?

Solution
In the standard notation of theelastic scattering formulae, we are given thatm1 D
1, m2 D 4 and�1 D 45ı. Then
 D 1

4
and formulaA gives

sin 

cos C 1
4

D 1;

where is the scattering angle in the ZM-frame. This equation for can be written
in the form

4
p

2 sin
�
 � �

4

�
D 1

and the solution is

 D �

4
C sin�1

�
1

4
p

2

�
� 55ı:

The proportion ofenergy lostby the proton is given by formulaD:

E2

E0

D 4


.
 C 1/2
sin2

�
1
2
 
�

D 16
25

sin2
�

1
2
 
�

� 14%:

Therecoil angleof the helium nucleus is given by formulaB:

�2 D 1
2
.� �  / � 62ı:
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Problem 10 . 16

In an elastic collision between an alpha particle and an unknown nucleus at rest,
the alpha particle was deflected through a right angle and lost 40% of its energy.
Identify the mystery nucleus.

Solution
In the standard notation of theelastic scattering formulae, we are given that

�1 D 90ı;
E2

E0

D 2

5
; 
 D 4

M
;

whereM is the mass of the mystery nucleus.
FormulaA then gives

cos C 
 D 0;

while formulaD gives

4


.
 C 1/2
sin2

�
1
2
 
�

D 2

5
;

which can be written in the form

2


.
 C 1/2
.1 � cos / D 2

5
:

The mass ratio
 therefore satisfies the equation

2


.
 C 1/2
.1 C 
 / D 2

5
;

which solves to give
 D 1
4
. Hence themystery nucleushas mass 16 and must

therefore beoxygen.
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Problem 10 . 17 Some inequalities in elastic collisions

Use the elastic scattering formulae to show the following inequalities:

(i) When m1 > m2, the scattering angle�1 is restricted to the range0 � �1 �
sin�1.m2=m1/.

(ii) If m1 < m2, the opening angle is obtuse, while, ifm1 > m2, the opening angle
is acute.

(iii)

E1

E0

�
�

m1 � m2

m1 C m2

�2

;
E2

E0

� 4m1m2

.m1 C m2/2
:

Solution

(i) From formulaA, thescattering angle�1 is given by

tan�1 D sin 

cos C 

;

where
 D m1=m2 and is the scattering angle in the ZM-frame.
Let F. / be the function

F. / D sin 

cos C 

:

Then tan�1 lies between zero and the maximum value achieved byF. / for
 in the interval0 �  � �. When the constant
 > 1, F is a continuous
function of and so the maximum certainly exists. The stationary points of
F satisfy the equationF 0. / D 0, that is,

1 C 
 cos 

.cos C 
 /2
D 0:

It follows that there is justone stationary pointof F in the range0 �  � �

at

 D cos�1

�
� 1




�
:

One could show that this sationary point is alocal maximum ofF by finding
F 00, but there is no need. The functionF is zero at the end points D 0; �
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and is positive within the interval. It follows that the stationary point D
cos�1.�1=
 /must give rise toF max, theglobal maximum of F . Hence

F max D
�
1 � 
�2

�1=2

�
�1 C 


D .
 2 � 1/�1=2:

The maximum value of�1 is therefore

� max
1 D tan�1

�

 2 � 1

��1=2

:

This is the answer, but it can be written more simply since

cosec2 � max
1 D 1 C cot2 � max

1 D 1 C
�

 2 � 1

�
D 
 2

and so sin� max
1

D 1=
 D m2=m1. We thus have the simpler formula

� max
1 D sin�1

�
m2

m1

�
:

The scattering angle therefore lies in the range0 � �1 � sin�1.m2=m1/.

(ii) From formulaC, theopening angle� is given by

tan� D
�

 C 1


 � 1

�
cot

�
1
2
 
�

D
(
> 0 for 
 > 1;

< 0 for 
 < 1:

Hence, the opening angle is acute form1 > m2 and obtuse form1 < m2.

(iii) From formulaD,

E1

E0

D 1 � E2

E0

D 1 � 4


.
 C 1/2
sin2

�
1
2
 
�

� 1 � 4


.
 C 1/2
D .
 � 1/2

.
 C 1/2

D
�

m1 � m2

m1 C m2

�2

:
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Also from formulaD,

E2

E0

D 4


.
 C 1/2
sin2

�
1
2
 
�

� 4


.
 C 1/2

D 4m1m2

.m1 C m2/2
:
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Problem 10 . 18 Equal masses

Show that, when the particles are of equal mass, the elastic scattering formulae take
the simple form

�1 D 1
2
 �2 D 1

2
� � 1

2
 � D 1

2
�

E1

E0

D cos2 1
2
 

E2

E0

D sin2 1
2
 

where is the scattering angle in the ZM frame.
In the scattering of neutrons of energyE by neutrons at rest, in what directions

should the experimenter look to find neutrons of energy1
4
E? What other energies

would be observed in these directions?

Solution
Whenm1 D m2, the mass ratio
 D 1.

(i) FormulaA then becomes

tan�1 D sin 

cos C 1
D tan

�
1
2
 
�
:

Hence�1 D 1
2
 .

(ii) FormulaB is unchanged.

(iii) Formula C becomes tan� D 1 so that� D �=2. If you do not like the
infinity, simply use formulaeA andB to give

� D �1 C �2 D 1
2
 C

�
1
2
� � 1

2
 
�

D 1
2
�:

(iv) FormulaD becomes

E2

E0

D sin2 1
2
 

from which we deduce that

E1

E0

D 1 � E2

E0

D 1 � sin2 1
2
 D cos2 1

2
 :

If it is scattered neutronsthat are being observed, then

E1

E
D 1

4
:
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Hence, from formulaD,

cos2
�

1
2
 
�

D 1
4

and D 120ı. FormulaA now tells us that�1 D 60ı. Hence, in order to see
scatteredneutrons with energy1

4
E, we must look at an angle of60ı to the direction

of the incident beam.
However, if it isrecoiling neutrons that are being observed, then

E2

E
D 1

4
:

Hence, from formulaD,

sin2
�

1
2
 
�

D 1
4

and D 60ı. FormulaA now tells us that�1 D 30ı. Hence, in order to see
recoilingneutrons with energy1

4
E, we must look at an angle of30ı to the direction

of the incident beam. Thus neutrons with energy1
4
E will be seen at angles of30ı

and60ı to the direction of the incident beam. At the30ı angle, we see recoiling
neutrons of energy1

4
E and scattered neutrons of energy

E1 D cos2 30ıE D 3
4
E;

while, at the60ı angle, we see scattered neutrons of energy1
4
E and recoiling neu-

trons of energy

E2 D sin2 60ıE D 3
4
E:

Hence neutrons of energy3
4
E are also seen at the30ı and60ı angles.
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Problem 10 . 19

Use the elastic scattering formulae to express the energy ofthe scattered particle as a
function of the scattering angle, and the energy of the recoiling particle as a function
of the recoil angle, as follows:

E1

E0

D
1 C 
 2 cos2�1 C 2
 cos�1

�
1 � 
 2 sin2 �1

�1=2

.
 C 1/2
;

E2

E0

D 4


.
 C 1/2
cos2 �2:

Make polar plots ofE1=E0 as a function of�1 for the case of neutrons scattered by
the nuclei of hydrogen, deuterium, helium and carbon.

Solution

(i) From formulaD, the energy of thescattered particle is given by

E1

E0

D 1 � 4


.
 C 1/2
sin2

�
1
2
 
�
;

D 1 C 
 2 C 2
 cos 

.
 C 1/2
;

where the ZM scattering angle is related to the actual scattering angle�1

by formulaA, namely,

tan�1 D sin 

cos C 

:

The object is to eliminate and expressE1=E0 in terms of�1. To do this,
we need to invert formulaA. On clearing the fractions, we obtain

sin. � �1/ D 
 sin�1

so that

 D �1 C sin�1 .
 sin�1/ :

Consequently,

cos D cos�1

�
1 � 
 2 sin2 �1

�1=2

� 
 sin2 �1;
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and, on substituting this expression into the formula forE1=E0, we obtain

E1

E0

D
1 C 
 2 cos2�1 C 2
 cos�1

�
1 � 
 2 sin2 �1

�1=2

.
 C 1/2
:

(ii) From formulaD, the energy of therecoiling particle is given by

E2

E0

D 4


.
 C 1/2
sin2

�
1
2
 
�
;

where the ZM scattering angle is related to the recoil angle�2 by formula
B, namely,

�2 D 1
2
.� �  /:

The object is to eliminate and expressE2=E0 in terms of�2. In this case,

 D � � 2�2 and consequently sin
�

1
2
 
�

D cos�2. Hence

E2

E0

D 4


.
 C 1/2
cos2 �2:

θ  = 0
O 1

C

D

H

He

1

FIGURE 10.3 Polar plots ofE1=E0 against�1 for neutrons scattered by nu-
clei of hydrogen, deuterium, helium and carbon.

The polar plots ofE1=E0 against�1 are shown in Figure 10.3.

c
 Cambridge University Press, 2006



Chapter 10 The linear momentum principle 371

Problem 10 . 20 Binary star

The observed period of the binary star Cygnus X-1 (of which only one component
is visible) is 5.6 days, and the semi-major axis of the orbit of the visible component
is about 0.09 AU. The mass of the visible component is believed to be about20Mˇ.
Estimate the mass of its dark companion. [Requires the numerical solution of a
cubic equation.]

Solution
Let m1, m2 be the masses of the bright and dark components of Cygnus X-1 and

let a1, a2 be the semi-major axes of their respective orbits. Thena2 D .m1=m2/a1

anda, the semi-major axis of the orbit ofrelative motion, is

a D a1 C a2

D
�

1 C 1




�
a1;

where
 D m2=m1. The period� of the orbit is then given by

�2 D a3

m1 C m2

D
.1 C 
 /2 a3

1


 3m1

;

in astronomical units. The mass ratio
 therefore satisfies the cubic equation

 
�2m1

a3
1

!

 3 � 
 2 � 2
 � 1 D 0:

On inserting the given values for� , a1 andm1 and performing a numerical solution,
we find that the cubic hasonereal root whose value is approximately 0.79. Hence the
mass of thedark componentof Cygnus X-1 is about16Mˇ. [This dark component
is thought to be a black hole.]
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Problem 10 . 21

In two-body elastic scattering, show that the angular distribution of therecoiling
particles is given by

4 cos�2 �
ZM .� � 2�2/;

where�ZM . / is defined by text equation (10.32).
In a Rutherford scattering experiment, alpha particles of energyE were scattered

by a target of ionised helium. Find the angular distributionof the emerging particles.

Solution
Let p be the impact parameter of an incoming particle. Then�R, the recoil cross

section of the helium nuclei, is given by

�R D
�

p

sin�2

�
dp

d�2

D
�

p

sin�2

��
dp

d 
� d 

d�2

�

D �
�

� p

sin 

dp

d 

��
sin 

sin�2

�
d 

d�2

D � �ZM . /

�
sin 

sin�2

�
d 

d�2

:

Now, from formulaB,

 D � � 2�2 and
d 

d�2

D �2

and so

�R D 2�ZM .� � 2�2/

�
sin.� � 2�2/

sin�2

�

D 4 cos�2 �
ZM .� � 2�2/;

as required.

ForRutherford scattering, we know from the text that

�ZM . / D q4

4E2

0
@ 1

sin4
�

1
2
 
�

1
A ;
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in the standard notation. Hence, therecoil cross sectionof the helium nuclei is

�R D q4

4E2

0
@ 4 cos�2

sin4
�

1
2
� � �2

�

1
A

D q4

E2

�
1

cos3 �2

�
:

Since alpha particles and helium nuclei are the same thing, theangular distribution
of the emerging particles is the sum of the recoil cross section�R and the two-body
Rutherfordscattering cross sectionfor equal masses, namely,

�S .�1/ D q4

E2

�
cos�1

sin4 �1

�
:

This gives theangular distribution

q4

E2

�
cos�

sin4 �
C 1

cos3 �

�
;

where� is measured from the direction of the incident beam.
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Problem 10 . 22 �

Consider two-body elastic scattering in which the incidentparticles have energyE0.
Show that the energies of therecoiling particles lie in the interval0 � E � Emax,
whereEmax D 4
E0=.1 C 
 /2. Show further that the energies of the recoiling par-
ticles are distributed over the interval0 � E � Emax by the frequency distribution

f .E/ D
�

4�

Emax

�
�ZM . /;

where�ZM is defined by text equation (10.32), and

 D 2 sin�1

�
E

Emax

�1=2

:

In the elastic scattering of neutrons of energyE0 by protons at rest, the energies
of the recoiling protons were found to be uniformly distributed over the interval
0 � E � E0, the total cross section beingA. Find theangulardistribution of the
recoiling protons and the scattering cross section of the incident neutrons.

Solution
From Problem 10.17 (iii), we know that

E

E0

� 4m1m2

.m1 C m2/2

D 4


.1 C 
 /2
:

Hence, the energies of the recoiling particles are bounded by

0 � E � 4
E0

.1 C 
 /2
D Emax:

Let the recoil cross section be�R.�2/. ThendF , the flux of recoiling particles
that have recoil angles between�2 and�2 C d�2 is

dF D 2�N sin�2 �
R.�2/d�2;

whereN is the incident flux per unit area. On using the result of Problem 10.21,
this can be written

dF D 8�N sin�2 cos�2 �
ZM .� � 2�2/ d�2

D 4�N sin2�2 �
ZM .� � 2�2/d�2

D �2�N sin �ZM . /d ;

c
 Cambridge University Press, 2006



Chapter 10 The linear momentum principle 375

where (D � � 2�2) is the ZM scattering angle.
Now, from formulaD, the recoil energyE is given in terms of by

E D Emaxsin2 1
2
 ;

and hencedE andd are related by

dE D 1
2
Emaxsin d :

Hence

dF D �
�

4�N

Emax

�
�ZM . /dE

D C
�

4�N

Emax

�
�ZM . / jdEj:

Now thefrequency distribution f .E/ is definedby the relation

dF D Nf .E/dE;

wheredE is now positive, and is hence given by

f .E/ D
�

4�

Emax

�
�ZM . /;

where the ZM scattering angle is expressed in terms ofE by the formula

 D 2 sin�1

�
E

Emax

�1=2

:

In the given example, the functionf .E/ is constant and hence so is the function
�ZM . /. It follows that the recoil cross section has the form

�R D k cos�2;

wherek is a constant. This constant can be determined from the fact that the total
cross section isA. This implies that

A D
Z �=2

0

k cos�2 .2� sin�2/ d�2

D �k

Z �=2

0

sin2�2 d�2

D �k:
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Hencek D A=�. Therecoil cross sectionof the protons is therefore given by

�R D A

�
cos�2 .0 � �2 � 1

2
�/:

The scattering cross sectionof the incident neutrons is given by the standard
two-body formula for equal masses (see the text page 272), namely,

�TB.�1/ D 4 cos�1 �
ZM .2�1/

D A

�
cos�1 .0 � �1 � 1

2
�/:

Although the functions�R and�TB happen to be the same in this example, this is
not true in general, even for particles of equal mass.
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Problem 10 . 23

A particleQ has mass2m and two other particlesP , R, each of massm, are con-
nected toQ by light inextensible strings of lengtha. The system is free to move on
a smooth horizontal table. InitiallyP , Q R are at the points.0; a/, .0; 0/, .0;�a/

respectively so that they lie in a straight line with the strings taut.Q is then projected
in the positivex-direction with speedu. Express the conservation of linear momen-
tum and energy for this system in terms of the coordinatesx (the displacement of
Q) and� (the angle turned by each of the strings).

Show that� satisfies the equation

P�2 D u2

a2

�
1

2 � cos2 �

�

and deduce thatP andR will collide after a time

a

u

Z �=2

0

h
2 � cos2 �

i1

2

d�:

!

x

θ

θ

ẋ

ẋ

ẋ

˙a θ

˙a θ
a

a

P

Q

R

O

FIGURE 10.4 Generalised coordinates and velocity diagram for the sys-
tem in Problem 10.23.

Solution
Takex, � as generalised coordinates. The corresponding velocity diagram is shown
in Figure 10.4.
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Since thex-component of the totallinear momentum is conserved,

.2m/ Px C 2 � m
�

Px � a P� cos�
�

D C;

whereC is a constant. From the initial conditions, we find thatC D .2m/u so that
the first conservation relation becomes

2 Px � a P� cos� D u: (1)

Thetotal energy is also conserved. Since there is no potential energy, this gives

1
2
.2m/ Px2 C 2 � 1

2
m
�

Px2 C .a P�/2 � 2 Px.a P�/ cos�
�

D E;

whereE is the constant total energy. From the initial conditions, we find thatE D
1
2
.2m/u2 so that the second conservation relation becomes

2 Px2 C a2 P�2 � 2a Px P� cos� D u2: (2)

On eliminatingPx between equations (1), (2), we obtain

P�2 D u2

a2

�
1

2 � cos2 �

�
;

after some simplification. This is the required equation forthe coordinate� .

Since� is an increasing function oft in the motion,

d�

dt
D Cu

a

�
1

2 � cos2 �

�1=2

;

which is a first order separable ODE. On separating and integrating, we find that� ,
the time at whichP andR collide is given by

� D a

u

Z �=2

0

�
2 � cos2 �

�1=2

d� � 1:91
�a

u

�
:
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Problem 10 . 24

A uniform rod of length2a has its lower end in contact with a smooth horizontal
table. Initially the rod is released from rest in a position making an angle of60ı

with the upward vertical. Express the conservation of linear momentum and energy
for this system in terms of the coordinatesx (the horizontal displacement of the
centre of mass of the rod) and� (the angle between the rod and the upward vertical).
Deduce that the centre of mass of the rod moves in a vertical straight line, and that
� satisifies the equation

P�2 D 3g

a

�
1 � 2 cos�

4 � 3 cos2 �

�
:

Find how long it takes for the rod to hit the table.

θ

x

ż

θ̇

˙

FIGURE 10.5 The velocity diagram for the falling
rod.

Solution
Suppose first that the rod can move freely in a vertical plane.Thenfx; z; �g is a

possible set of generalised coordinates, wherex andz are the horizontal and vertical
displacements of the centre of massG (relative to a fixed origin on the table), and
� is the angle between the rod and the upward vertical. The corresponding velocity
diagram is shown in Figure 10.5. If one end of the rod is now constrained to slide on
the table, these coordinates are no longer independent sincez D a cos� . The system
is thus reduced to two degrees of freedom and we will takefx; �g as its generalised
coordinates.

Since the horizontal component of the totallinear momentum is conserved,

M Px D C;
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whereC is a constant. From the initial conditions, we find thatC D 0 so that the
first conservation relation becomes

Px D 0:

Hence,G moves in a vertical straight line.
Thetotal energy is also conserved. The kinetic energy is

T D 1
2
M
�

Px2 C Pz2
�

C 1
2

�
1
3
Ma2

�
P�2

D 1
2
Ma2 sin2 � P�2 C 1

6
Ma2 P�2;

on using the fact thatPx D 0 and Pz D �a sin� P� . The gravitational potential energy
is

V D Mgz D Mga cos�:

The energy conservation equation thus has the form

1
6
Ma2

�
1 C 3 sin2 �

�
P�2 C Mga cos� D E;

whereE is the constant total energy. From the initial conditions, we find thatE D
1
2
Mga so that the second conservation relation becomes

P�2 D 3g

a

�
1 � 2 cos�

4 � 3 cos2 �

�
:

This is the required equation for� .

Since� is an increasing function oft in the motion,

d�

dt
D C

�
3g

a

�1=2 �
1 � 2 cos�

4 � 3 cos2 �

�1=2

;

which is a first order separable ODE. On separating and integrating, we find that� ,
the time at which the rod hits the table, is given by

� D
�

a

3g

�1=2 Z �=2

�=3

�
4 � 3 cos2 �

1 � 2 cos�

�1=2

d� � 1:18

�
a

g

�1=2

:
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Problem 11 . 1 Non-standard angular momentum principle

If A is a generally moving point of space andLA is the angular momentum of
a systemS aboutA in its motion relative toA, show that the angular momentum
principle forS aboutA takes the non-standard form

dLA

dt
D K A � M.R � a/� d2a

dt2
:

[Begin by expanding the expression forLA.]
When does this formula reduce to the standard form? [This non-standard version

of the angular momentum principle is rarely needed. However, see Problem 11.9.]

Solution
By definition, the angular momentum ofS aboutA in its motion relative toA is

LA D
X

m.r � a/�. Pr � Pa/;

where the summing is taken over all the particles ofS . On differentiating with
respect tot , this becomes

PLA D
X

m.r � a/�. Rr � Ra/

D
X�

mr � Pr � a�
�
m Rr
�

�
�
mr
�
� Ra C ma� Ra

�

D PLO � a�
�
M RR

�
�
�
M R

�
� Ra C M a� Ra

D K O � a�F � M.R � a/� Ra

D K A � M.R � a/� Ra;

as required.
This non-standard form of the angular momentum principle reduces to thestan-

dard form if

.R � a/� Ra D 0

at all times. This will be true if

(i) a D R, that is, the pointA is the centre of mass ofS, or

(ii) Ra D 0, that is,A moves with constant velocity, or

(iii) R � a happens to be parallel toRa at all times.
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Condition (i) leads to the standard angular momentum principle PLG D K G .
Condition (ii) is equivalent to the result that the standardangular momentum princi-
ple applies in the inertial frame moving with the constant velocity Pa. The author is
not aware of any practical problem in which condition (iii) holds.
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Problem 11 . 2

A fairground target consists of a uniform circular disk of massM and radiusa that
can turn freely about a diameter which is fixed in a vertical position. Initially the
target is at rest. A bullet of massm is moving with speedu along a horizontal
straight line at right angles to the target. The bullet embeds itself in the target at a
point distanceb from the rotation axis. Find the final angular speed of the target.
[The moment of inertia of the disk about its rotation axis isMa2=4.]

Show also that the energy lost in the impact is

1

2
mu2

�
Ma2

Ma2 C 4mb2

�
:

Solution

u

b

Ω

After impactBefore impact

b Ω CC

FIGURE 11.1 The system in problem 11.2 (viewed from above).

Since the target issmoothlypivoted about averticalaxis, the angular momentum
of the system about this axis is conserved. (The proof is similar to that given in
Example 11.8.) ThusLC � k is conserved, whereC is the centre of the disk andk
is the unit vector pointing vertically upwards.

Figure 11.1 shows the system before and after the impact.

(i) Before the impact, the bullet has angular momentummbu and the target is at
rest. Hence the initial value ofLC � k is mbu.

(ii) After the impact, the target has the unknown angular velocity� and the em-
bedded bullet has speedb�, as shown in Figure 11.1 (right). The final value

of LC � k is thereforemb.b�/C
�

1
4
Ma2

�
�.
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Since the angular momentumLC � k is conserved, we have

�
mb2 C 1

4
Ma2

�
� D mbu;

from which it follows that, after the impact, theangular velocity of the target is

� D 4mbu

Ma2 C 4mb2
:

Thekinetic energy of the system after the impact is then given by

T2 D 1
2
m.b�/2 C 1

2

�
1
4
Ma2

�
�2

D 1
8

�
Ma2 C 4mb2

�
�2

D 2m2b2u2

Ma2 C 4mb2
;

on using the calculated value of�. Theloss of energyin the impact is therefore

T1 � T2 D 1
2
mu2 � 2m2b2u2

Ma2 C 4mb2

D mMa2u2

2
�
Ma2 C 4mb2

� :
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Problem 11 . 3

A uniform circular cylinder of massM and radiusa can rotate freely about its axis
of symmetry which is fixed in a vertical position. A light string is wound around the
cylinder so that it does not slip and a particle of massm is attached to the free end.
Initially the system is at rest with the free string taut, horizontal and of lengthb. The
particle is then projected horizontally with speedu at right angles to the string. The
string winds itself around the cylinder and eventually the particle strikes the cylinder
and sticks to it. Find the final angular speed of the cylinder.

Solution

u

b

After impactInitially

a Ω

Ω

CC

FIGURE 11.2 The system in problem 11.3 (viewed from above).

Since the cylinder issmoothlypivoted about averticalaxis, the angular momen-
tum of the system about this axis is conserved. (The proof is similar to that given in
Example 11.8.) ThusLC � k is conserved, whereC is the centre of the cylinder and
k is the unit vector pointing vertically upwards.

Figure 11.2 shows the system initially and after the impact.

(i) Before the impact, the particle has angular momentummbu and the cylinder
is at rest. Hence the initial value ofLC � k is mbu.

(ii) After the impact, the cylinder has the unknown angular velocity� and the
attached particle has speeda�, as shown in Figure 11.2 (right). The final

value ofLC � k is thereforema.a�/C
�

1
2
Ma2

�
�.
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Since the angular momentumLC � k is conserved, we have

�
ma2 C 1

2
Ma2

�
� D mbu;

from which it follows that, after the impact, theangular velocity of the cylinder is

� D 2mbu

.M C 2m/a2
:
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Problem 11 . 4 Rotating gas cloud

A cloud of interstellar gas of total massM can move freely in space. Initially the
cloud has the form of a uniform sphere of radiusa rotating with angular speed�
about an axis through its centre. Later, the cloud is observed to have changed its
form to that of a thin uniform circular disk of radiusb which is rotating about an
axis through its centre and perpendicular to its plane. Findthe angular speed of the
disk and the increase in the kinetic energy of the cloud.

Solution
Since the gas cloud is anisolatedsystem, the angular momentumLG is conserved,
whereG is its centre of mass. For simplicity, we will suppose that the motion of the
cloud is viewed from an inertial frame in whichG is at rest.

Initially, the cloud is a uniform sphere of radiusa rotating with angular speed�
about a fixed axis throughG. Its angular momentum is therefore

LG D
�

2
5
Ma2

�
�k;

wherek is a unit vector pointing along the rotation axis. Later, thecloud is a uniform
disk of radiusb rotating with unknown angular speed�0 about a fixed axis through
G perpendicular to the plane of the disk. The angular momentumof the cloud in
this configuration is

LG D
�

1
2
M b2

�
�0k0;

wherek0 is a unit vector pointing along the new rotation axis.
Since the angular momentumLG is conserved, we therefore have

2
5
Ma2�k D 1

2
M b2�0k0:

Hencek0 D k (that is, the two rotation axes must be the same) and the newangular
speedof the cloud is

�0 D
�

4a2

5b2

�
�:
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The increase in thekinetic energy of the cloud is then given by

�T D 1
2

�
1
2
M b2

�
�02 � 1

2

�
2
5
Ma2

�
�2

D 1
4
M b2

�
4a2

5b2

�2

�2 � 1
5
Ma2�2

D
Ma2

�
4a2 � 5b2

�
�2

25b2
:
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Problem 11 . 5 Conical pendulum with shortening string

A particle is suspended from a support by a light inextensible string which passes
through a small fixed ring vertically below the support. Initially the particle is per-
forming a conical motion of angle60ı, with the moving part of the string ofa. The
support is now made to move slowly upwards so that the motion remains nearly
conical. Find the angle of this conical motion when the support has been raised by
a distancea=2. [Requires the numerical solution of a trigonometric equation.]

Solution

O

k

l
γ

u

FIGURE 11.3 A pendulum in conical motion .

Consider first a true conical pendulum with a string offixedlengthl inclined at
a constantangle
 to the downward vertical. What is its angular momentum about
the axisfO;kg (see Figure 11.3)? Newton’s equations of motion for the bob are

0 D T cos
 � mg;

mu2

l sin

D T sin
;

whereT is the tension in the string andu is the speed of the bob. It follows that

u2 D lg sin2 


cos

:
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The axial angular momentum of the pendulum is therefore

LO � k D m.l sin
 /u

D
m
�
l3g

�1=2
sin2 


.cos
 /1=2
:

Suppose now that the string is pulled upwards. Since the external forces are
either vertical or act atO , the axial angular momentumLO � k is conserved. The
motion of the pendulum is not now conical but, if the string ispulled upslowly, it
remains approximately conical. (Numerical solution of thefull equations of motion
confirms this.) Hence, if the pendulum passes slowly from a conical motion with a
string of lengtha and inclination̨ to a nearly conical motion with a string of length
b and inclinatioň , conservation of angular momentum requires that

m
�
a3g

�1=2
sin2 ˛

.cos˛/1=2
D

m
�
b3g

�1=2
sin2 ˇ

.cosˇ/1=2
;

that is,

a3 sin4 ˛

cos˛
D b3 sin4 ˇ

cosˇ
:

In particular, if the initial inclination̨ D 60ı and the final lengthb D 1
2
a, the

final inclination ˇ must satisfy the equation

sin4 ˇ

cosˇ
D 9:

Numerical solution of this trigonometric equation shows that ˇ D 84ı approxi-
mately.

c
 Cambridge University Press, 2006



Chapter 11 The angular momentum principle 392

Problem 11 . 6 Baseball bat

A baseball bat has massM and moment of inertiaM k2 about any axis through its
centre of massG that is perpendicular to the axis of symmetry. The bat is at rest
when a ball of massm, moving with speedu, is normally incident along a straight
line through the axis of symmetry at a distanceb from G. Show that, whether the
impact is elastic or not, there is a point on the axis of symmetry of the bat that is
instantaneously at rest after the impact and that the distancec of this point fromG

is given bybc D k2. In the elastic case, find the speed of the ball after the impact.
[Gravity (and the batter!) should be ignored throughout this question.]

Solution

b

u

G

v

G
V

Ω

Before impact Immediately after impact

Ci

k

FIGURE 11.4 The ball and the bat in problem 11.6 .

Since the system is assumed to beisolated, its linear momentum is conserved.
Initially, the ball has linear momentummui and the bat is at rest. Hence the initial
value ofP is mui . Immediately after the impact, the motion is assumed to havethe
form shown in Figure 11.4 (right). The ball has linear momentum �mvi and the
bat has linear momentumM V i . The final value ofP is therefore.�mvC M V /i .
SinceP is conserved, we therefore have

�mv C M V D mu;
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that is,

m.u C v/ D M V:

The fact that the system isisolatedalso has the consequence that itsangular
momentum about any fixed point is conserved. We will apply this principle about
G, the centre of mass of the bat. SinceG is not a fixed point (nor is it the centre
of mass of the whole system) this needs some justification. What we are actually
doing is using angular momentum conservation aboutG0, thefixed point of space
occupied byG before the impact. In the subsequent motion,G will move away from
G0, but the two points are still coincident immediately after the impact. The value
of LG at this instantis therefore the same as that before the impact.

Before the impact, the angular momentum of the ball aboutG is mbuj and
the bat is at rest. Hence the initial value ofLG is mbuj . Immediately after the
impact, the angular momentum of the ball aboutG is �mbvj and that of the bat is�
M k2

�
�j , whereM k2 is the moment of inertia of the bat aboutG. The ‘final’

value ofLG is therefore
�
�mbv C M k2�

�
j . SinceLG is conserved, we therefore

have

�mbv C
�
M k2

�
� D mbu:

It follows from these two conservation relations that

� D bV

k2
:

Let C be some point on the axis of the bat (see Figure 11.4) and letc be the
distanceGC . ThenvC , the forward velocity ofC immediately after the impact, is
given by

vC D V ��c

D V

�
1 � bc

k2

�
:

The pointC will be instantaneously at restafter the impact ifvC D 0, that is, if
bc D k2. [Note that the pointC that satisfies this equation may not lie within the
bat!]

In the special case in which the impact iselastic, the total kinetic energy is also
conserved so that

1
2
mv2 C 1

2
M V 2 C 1

2

�
M k2

�
�2 D 1

2
mu2:
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On using the relation� D bV =k2, this can be written in the form

m
�
u2 � v2

�
D M

�
1 C b2

k2

�
V 2:

Since we also have the linear momentum conservation relation

m.u C v/ D M V;

it follows that

u � v D
�

1 C b2

k2

�
V:

The last two equations can now be solved for the unknownsv andV . In particular,
thevelocity of the ball after the impact is

v D
�

1 � ˇ

1 C ˇ

�
u;

where

ˇ D m

M

�
1 C b2

k2

�
:
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Problem 11 . 7 Hoop mounting a step

A uniform hoop of massM and radiusa is rolling with speedV along level ground
when it meets a step of heighth (h < a). The particleC of the hoop that makes
contact with the step is suddenly brought to rest. Find the instantaneous speed of
the centre of mass, and the instantaneous angular velocity of the hoop, immediately
after the impact. Deduce that the particleC cannot remain at rest on the edge of the
step if

V 2 > .a � h/g

�
1 � h

2a

��2

:

Suppose that the particleC doesremain on the edge of the step. Show that the
hoop will go on to mount the step if

V 2 > hg

�
1 � h

2a

��2

:

Deduce that the hoop cannot mount the step in the manner described if h > a=2.

Solution

a

h
C

G

a
h

C

V
G

Ω

V ′

Ω′

Before hitting the step Immediately after hitting the step

i

k

α

FIGURE 11.5 The hoop and the step in problem 11.7 .

Consider the angular momentum of the hoop aboutC , the corner of the step.
While the hoop is rolling,

LC D M.a � h/V j C
�
Ma2

�
�j

D M.2a � h/V j ;
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on using the rolling condition. When the hoop hits the step, the contact particle is
suddenly brought to rest by an impulsive reaction supplied by the step. Since this
reaction acts throughC , its moment aboutC is zero. It follows that the value ofLC

is not changedby the impact. Immediately after the impact, the angular momentum
of the hoop aboutC is

LC D MaV 0j C
�
Ma2

�
�0

D 2MaV 0;

since the contact particle is instantaneously at rest. The velocity V 0 and angular
velocity�0 are those shown in Figure 11.5 (right). SinceLC is unchanged by the
impact, it follows that

V 0 D
�

1 � h

2a

�
V

and hence that

�0 D
�

1 � h

2a

�
V

a
:

What happens next is not clear. The hoopmustleave the floor, but it may or
may not maintain contact with the step. Suppose that, at least for a short time, the
hoop maintains contact with the step without slipping so that G moves on an arc of
a circle. The centre of mass equation forG then implies that

Mg cos˛ � R D M V 02

a
;

whereR is the initial reaction of the step (resolved in the direction
�!
C G), and˛ is the

angle betweenGC and the downward vertical (see Figure 11.5 (right)). It follows
that

R D Mg.a � h/

a
� M V 2

a

�
1 � h

2a

�2

:

SinceR must bepositive, it follows that the hoop willleave the step immedi-
ately if

V 2 > .a � h/g

�
1 � h

2a

��2

:
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Suppose from now on that

V 2 < .a � h/g

�
1 � h

2a

��2

and that the hoop maintains contact with the step (without slipping) until it either
mounts the step or falls back. NowLC is not conserved in this motion because of
the moment of the gravity force aboutC . However, thetotal energy is conserved.
The hoop willmount the stepif, and only if,

1
2
M V 02 C 1

2

�
Ma2

��V 0

a

�2

C Mga > Mg.a C h/;

that is

V 2 > gh

�
1 � h

2a

��2

:

This condition, together with the condition that the hoop should maintain contact
without slipping, means that the hoopcannot mount the step(by rolling up it) if

gh

�
1 � h

2a

��2

> .a � h/g

�
1 � h

2a

��2

;

that is, ifh > 1
2
a.
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Problem 11 . 8 Particle sliding on a cone

A particleP slides on the smooth inner surface of a circular cone of semi-angle˛.
The axis of symmetry of the cone is vertical with the vertexO pointing downwards.
Show that the vertical component of angular momentum aboutO is conserved in the
motion. State a second dynamical quantity that is conserved.

Initially P is a distancea from O when it is projected horizontally along the
inside surface of the cone with speedu. Show that, in the subsequent motion, the
distancer of P from O satisfies the equation

Pr2 D .r � a/

�
u2.r C a/

r2
� 2g cos˛

�
:

Case AFor the case in which gravity is absent, findr and the azimuthal angle�
explicitly as functions oft . Make a sketch of the path ofP (as seen from ‘above’)
when˛ D �=6.

Case BFor the case in which̨ D �=3, find the value ofu such thatr oscillates
betweena and2a in the subsequent motion. With this value ofu, show thatr will
first return to the valuer D a after a time

2
p

3

�
a

g

�1=2 Z 2

1

� d �

Œ.� � 1/.2 � �/.2 C 3�/�1=2
:

Solution

The forces acting onP are shown in Figure 11.6 (left). Since the cone issmooth,
the reactionN is always normal to its surface. The total moment of forces aboutO
is

K O D r�.�mgk/C r�N

and hence

KO � k D �mg.r�k/ � k C .r�N / � k:

Now the triple scalar product.r�k/ � k is zero since two of its vectors are the same.
Also the triple scalar product.r�N / � k is zero since its three vectors are coplanar.
ThusK O � k D 0 and hence theaxial angular momentumLO � k is conserved.

The fact that the cone is smooth also has the consequence thatthe total energy
of the particle isconserved.
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O

k

P

φ r

˙

(r sin  α )φ̇

Velocity diagramExternal forces

r

O

k

P

− m g k

N

r

α

FIGURE 11.6 The cone and the particle in problem 11.8 .

The coordinatesr , � and the corresponding velocity diagram are shown in Fig-
ure 11.6 (right). In terms of these coordinates,

LO � k D m
�
r sin˛

��
r sin˛ P�

�

D m sin2 ˛ r2 P�:

Since the initial value ofLO � k is m.a sin˛/u, theangular momentum conserva-
tion equation is

sin˛ r2 P� D au:

Similarly, theenergy conservation equationis

1
2
m
�

Pr2 C
�
r sin˛ P�

�2�C mg.r cos˛/ D 1
2
mu2 C mg.a cos˛/;

that is,

Pr2 C sin2 ˛ r2 P�2 D u2 C 2g cos˛.a � r /:

On eliminating P� between these two conservation equations, we find thatr sat-
isfies the equation

Pr2 D .a � r /

�
u2.r C a/

r2
� 2g cos˛

�
;

as required.
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Case A In the special case in which gravity is absent, the equation for r

becomes

Pr2 D u2.r2 � a2/

r2

so that the motion takes place withr in the rangea � r < 1. On taking
square roots, we obtain

Pr D Cu.r2 � a2/1=2

r
;

which is a separable first order ODE forr as a function oft . On separating
and integrating, we obtain

.r2 � a2/1=2 D ut C C;

whereC is the integration constant. Sincer D a whent D 0, it follows that
C D 0 and on solving forr we find that thetime variation of r is given by

r D
�
a2 C u2t2

�1=2

:

The corresponding time variation of� can now be found by substituting this
formula into the angular momentum conservation equation. This gives

sin˛
�
a2 C u2t2

�
P� D au;

which is a separable first order ODE for� as a function oft . On separating
and integrating, we obtain

� D 1

sin˛
tan�1

�
ut

a

�
C D;

whereD is the integration constant. If we suppose that� D 0 whent D 0,
thenD D 0 and thetime variation of � is given by

� D 1

sin˛
tan�1

�
ut

a

�
:

The path of the particle when̨ D �=6 is shown in Figure 11.7. Since�
tends to� ast tends to infinity, the path is asymptotically parallel to theline
� D �.
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O φ = 0

FIGURE 11.7 The path ofP in the absence of gravity when the cone
angle˛ D �=6 (viewed from above).

Case B The stationary values ofr are achieved whenPr D 0, that is, when

.a � r /

�
u2.r C a/

r2
� 2g cos˛

�
D 0;

which becomes

.a � r /

�
u2.r C a/

r2
� g

�
D 0

when the cone anglę D �=3. Hencer D a is one stationary value (a
consequence of the initial conditions) and any other stationary values must
satisfy the equation

r2 D u2

g
.r C a/:

If r D 2a is to be the maximum value achieved byr , then it must be a root
of the above equation which in turn implies thatu2 D 4

3
ag. With this value

of u (and with˛ D �=3), the equation satisfied byr then becomes

Pr2 D g.r � a/.2a � r /.2a C 3r /

3r2
;

after some simplification. On examining thesign of the right side of this
equation, we see thatr must oscillate periodically betweena and2a, which
is the required result.

It remains to find the period of this motion. In the first half period, r is
increasing so that

Pr D C
�g

3

�1=2
�
.r � a/.2a � r /.2a C 3r /

�1=2

r
;
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which is a separable first order ODE forr as a function oft . On separating
and integrating, we obtain

Z 2a

a

r dr
�
.r � a/.2a � r /.2a C 3r /

�1=2 D
�g

3

�1=2
Z �=2

0

dt;

where� is the period of the oscillations ofr . Hence

� D 2

�
3

g

�1=2 Z 2a

a

r dr
�
.r � a/.2a � r /.2a C 3r /

�1=2

D 2
p

3

�
a

g

�1=2 Z 2

1

� d�
�
.� � 1/.2 � �/.2 C 3�/

�1=2 ;

on making the substitutionr D a�. This is thetime taken for r to first return
to the valuer D a. A numerical integration shows that� � 5:19.a=g/1=2.
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Problem 11 . 9 � Bug running on a hoop

A uniform circular hoop of massM can slide freely on a smooth horizontal table,
and a bug of massm can run on the hoop. The system is at rest when the bug starts
to run. What is the angle turned through by the hoop when the bug has completed
one lap of the hoop? [This is a classic problem, but difficult.Apply the angular
momentum principle about the centre of the hoop, using thenon-standardversion
given in Problem 11.1]

Solution

G

α
θ

C

B

A

a(θ+α)� �

θ�

GC

B

A

Initially In motion

FIGURE 11.8 The bugB runs around the hoop with centreC . Note that the velocity ofB
shown is not its absolute velocity but that relative toC .

This problem can be solved by using linear and angular momentum conserva-
tion principles. Since there are no horizontal forces, and the vertical forces cancel,
the total external force is zero. Hence thelinear momentum is conservedwhich
implies that the centre of massG of the system moves with constant velocity. More-
over, since the system starts from rest, this constant velocity must be zero. HenceG
remains at restduring the motion.

We will apply the angular momentum principle aboutC , the centre of the hoop.
SinceC is not fixed (nor is it the centre of mass of thewhole system), this requires
thenon-standardform of theangular momentum principle given in problem 11.1.
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In the present case,K C D 0 and, if we take the fixed pointG as origin,R D 0.
The principle then reduces to

PLC D .M C m/c� Rc;

wherec is the position vector ofC relative to the fixed originG. Since

c� Rc D d

dt
.c� Pc/ ;

this equation can be integrated with respect tot to give

LC D .M C m/c� Pc C D;

whereD is the (vector) integration constant. Moreover, since the motion starts from
rest,LC and Pc are initially zero so thatD D 0. We thus obtain

LC D .M C m/c� Pc

as our (non-standard)angular momentum conservation equation.

Suppose that initially the bugB is at a marked pointA of the hoop, as shown
in Figure 11.8 (left). Suppose also that, after timet , the angle turned through by
the hoop is� while the angular displacement of the bugrelative to the hoopis ˛,
as shown in Figure 11.8 (right). (In this figure. the angles� and˛ are shown with
the same sign. This is simply to assist the drawing. If˛ is positive then� will turn
out to be negative!) ThenLC , the angular momentum of the system aboutC in its
motion relative toC is

LC D ma
�
a P� C a P̨

�
k C

�
Ma2

�
P�k

D a2
�
.M C m/ P� C m P̨

�
k;

wherek is the unit vector pointing vertically upwards. Also, sinceG divides the
line CB in the ratiom=M ,

c D �
�

m

M C m

�
bC ;
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wherebC is the position vector of the bugrelative toC . Hence

.M C m/c� Pc D
�

m2

M C m

�
bC � PbC

D
�

m2

M C m

�
a
�
a P� C a P̨

�
k

D
�

m2a2

M C m

��
P� C P̨

�
k:

The angular momentum conservation equation is therefore

a2
�
.M C m/ P� C m P̨

�
k D

�
m2a2

M C m

��
P� C P̨

�
k;

that is,

.M C 2m/ P� D �m P̨ ;

after a little simplification. On integrating with respect to t , we obtain

.M C 2m/� D �m˛ C D;

whereD is the integration constant. Since� D 0 and˛ D 0 whent D 0, D D 0

and the solution for� is

� D �
�

m

M C 2m

�
˛:

This is the angle turned through by the hoop when the bug has advanced to angular
displacement̨ . In particular, when the bug has completed one lap of the hoop,
˛ D 2� and theangle turned through by the hoopis

2�m

M C 2m

in theoppositedirection to the bug. Note that this result is independent ofthe details
of the bug’s motion.
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Problem 11 . 10 General rigid pendulum

A rigid body of general shape has massM and can rotate freely about a fixed
horizontal axis. The centre of mass of the body is distanceh from the rotation axis,
and the moment of inertia of the body about the rotation axis is I . Show that the
period of small oscillations of the body about the downward equilibrium position is

2�

�
I

Mgh

�1=2

:

Deduce the period of small oscillations of a uniform rod of length2a, pivoted about
a horizontal axis perpendicular to the rod and distanceb from its centre.

Solution

FIGURE 11.9 A rigid body of general shape
rotates freely about a fixed horizontal axis
throughO.

O

G

θ
h

M g

Since the body is constrained to rotate about a fixed axis throughO , its equation
of motion is the planar angular momentum principle

dLO

dt
D KO :

Since the body issmoothlypivoted atO , the only contribution to theplanar moment
KO is from the gravity force so that

KO D .h sin�/Mg

D Mgh sin�
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(see Figure 11.9). Theplanar angular momentum LO is

LO D �I P�;

whereI is the moment of inertia of the body about the rotation axis. Here we are
using the sign convention thatclockwisemoments, angular velocities and angular
momenta arepositive.

Theequation of motion is therefore

d

dt

�
� I P�

�
D Mgh sin�;

that is,

R� C
�

Mgh

I

�
sin� D 0:

For oscillations of small amplitude, this can be approximated by thelinearised
equation

R� C
�

Mgh

I

�
� D 0;

which is the SHM equation with�2 D Mgh=I . Theperiod � of small oscillations
of the body is therefore

� D 2�

�
I

Mgh

�1=2

;

as required.

For the particular case of the rod,h D b and

I D 1
3
Ma2 C M b2 D 1

3
M
�
a2 C 3b2

�

so that

� D 2�

�
a2 C 3b2

3gb

�1=2

:
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Problem 11 . 11 From sliding to rolling

A snooker ball is at rest on the table when it is projected forward with speedV
and no angular velocity. Find the speed of the ball when it eventually begins to roll.
What proportion of the original kinetic energy is lost in theprocess?

Solution

FIGURE 11.10 The snooker ball moves in
contact with the table but is not necessar-
ily rolling. Vertical forces are omitted for
clarity.

vG
ω

XC

Since the ball moves horizontally, itsplanar equations of motionreduce to

M
dVx

dt
D Fx ;

IG

d!

dt
D KG ;

that is,

M Pv D X;

2
5
Ma2 P! D �aX;

wherev, ! andX are shown in Figure 11.10. Here we are using the sign convention
that clockwisemoments, angular velocities and angular momenta arepositive. On
eliminating the unknown frictional forceX , we find that

Pv C 2
5
a P! D 0

and, on integrating with respect tot , we obtain

v C 2
5
a! D C;
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whereC is the integration constant. Initially,v D V and! D 0 so that C = V. We
have thus established the non-standardconservation principle

v C 2
5
a! D V

which holds in the subsequent motion whether the ball slidesor rolls.
Suppose that theball eventually rolls with speedV 0. By the rolling condition,

its angular velocity will then beV 0=a. Then, from the conservation principle,

V 0 C 2
5
a

�
V 0

a

�
D V;

so that thespeed of the ball when rollingmust be

V 0 D 5
7
V:

The final kinetic energy of the ball is therefore

T 0 D 1
2
M V 02 C 1

2

�
2
5
Ma2

��V 0

a

�2

D 7
10

M V 02

D 7
10

M
�

5
7
V
�2

D 5
14

M V 2

D 5
7
T;

whereT is theinitial kinetic energy. Hence theball loses2
7

of its kinetic energy in
the transition from sliding to rolling.
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Problem 11 . 12 Rolling or sliding?

A uniform ball is released from rest on a rough plane inclinedat angle˛ to the
horizontal. The coefficient of friction between the ball andthe plane is�. Will the
ball roll or slide down the plane? Find the acceleration of the ball in each case.

Solution

FIGURE 11.11 The ball and the inclined
plane in problem 11.12. α

v

ω

G

N
F

M g

Theplanar equations of motionare

M
dVx

dt
D Fx ;

M
dVz

dt
D Fz ;

IG

d!

dt
D KG ;

where thex-axis pointsdownthe plane. In the present problem, these equations give

M Pv D Mg sin˛ � F;

0 D N � Mg cos˛;
2
5
Ma2 P! D aF;

wherev,!, F andN are shown in Figure 11.11. Here we are using the sign conven-
tion thatclockwisemoments, angular velocities and angular momenta arepositive.
The second equation shows that, in all cases, the normal reaction N D Mg cos˛.
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Rolling Suppose that the ball rolls down the plane. Then, by the rolling
condition, when the velocity of the ball isv, its angular velocity must be
v=a. In this case, the third equation of motion givesF D 2

5
M Pv and the first

equation then gives theaccelerationof the ball to be

Pv D 5
7
g sin˛:

The requiredfrictional force F is therefore

F D 2
7
Mg sin˛:

Thus, in any period of rolling,

F

N
D 2

7
tan˛:

Hencerolling is impossible at any stage of the motion if the coefficient of
friction � < 2

7
tan˛. Conversely, if� > 2

7
tan˛ and the motion starts from

rest, then the ball will roll.

Sliding Suppose now that� < 2
7

tan˛ so that the ball always slides. In this
case,F has its maximum value, that is

F D �N

D �Mg cos˛:

The first equation of motion then gives theaccelerationof the ball to be

Pv D .sin˛ � � cos˛/g:
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Problem 11 . 13

A circular disk of massM and radiusa is smoothly pivoted about its axis of sym-
metry which is fixed in a horizontal position. A bug of massm runs with constant
speedu around the rim of the disk. Initially the disk is held at rest and is released
when the bug reaches its lowest point. What is the condition that the bug will reach
the highest point of the disk?

Solution

FIGURE 11.12 The bug and the disk in
problem 11.13.

θ φ

O

B

θ

A

u − a θ�

�

We solve this problem by using the planar angular momentum principle

dLO

dt
D KO

applied to thewhole systemof the diskandthe bug.
Let � be the angular displacement of the bug at timet , measured from the down-

ward vertical, and let� be the angle turned through by the disk at this instant, mea-
sured in theoppositedirection to� (see Figure 11.12). Since the bug moves with
speedu relative to the disk, its velocity relative to a fixed reference frame isu � a P� .
The planar angular momentumLO is then

LO D �ma
�
u � a P�

�
C
�

1
2
Ma2

�
P�:

Here we are using the sign convention thatclockwisemoments, angular velocities
and angular momenta arepositive. Since the disk is smoothly pivoted atO , the only
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contribution to theplanar moment KO is from the gravity force so that

KO D .a sin�/mg

D mga sin�:

Theequation of motion is therefore

d

dt

�
�ma

�
u � a P�

�
C
�

1
2
Ma2

� P�
�

D mga sin�;

which, sinceu is constant, simplifies to give

.M C 2m/a R� D 2mg sin�:

Since the bug runs with constant speedu, and� D � D 0 whent D 0, it follows
that

a.� C �/ D ut

and hence thatR� D � R�. Hence� satisfies the equation

.M C 2m/a R� D �2mg sin�;

which is the equation for large amplitude pendulum motion. The initial conditions
are� D 0 and P� D u=a whent D 0.

In order to find if the bug reaches the top we need to integrate this equation. On
multiplying through byP� and integrating, we obtain the ‘energy’ equation

1
2
.M C 2m/a P�2 D 2mg cos� C C;

whereC is the integration constant. SinceP� D u=a when� D 0,

C D 1
2
.M C 2m/

u2

a
� 2mg

so that� satisfies the first order ODE

.M C 2m/a2 P�2 D .M C 2m/u2 � 4mga.1 � cos�/:

If the bug is to reach the top of the disk,P� must remainpositivefor 0 � � � �.
This requires that

.M C 2m/u2 � 4mga.1 � cos�/ > 0 for 0 � � � �
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which is satisfied if, and only if,

.M C 2m/u2 > 8mga:

Hence, the bugwill reach the top of the disk if, and only if,

u2 >
8mga

M C 2m
:
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Problem 11 . 14 Yo-yo with moving support

A uniform circular cylinder (a yo-yo) has a light inextensible string wrapped around
it so that it does not slip. The free end of the string is fastened to a support and the
yo-yo moves in a vertical straight line with the straight part of the string also vertical.
At the same time the support is made to move vertically havingupward displacement
Z.t/ at timet . Find the acceleration of the yo-yo. What happens if the system starts
from rest and the support moves upwards with acceleration2g ?

Solution

Z�

GG

M g

T

Forces Velocities

v

ω

C

FIGURE 11.13 The yo-yo with a moving support.

Since the yo-yo moves vertically, itsplanar equations of motionreduce to

M
dVz

dt
D Fz;

IG

d!

dt
D KG ;
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that is,

M Pv D Mg � T;

1
2
Ma2 P! D aT;

wherev, ! andT are shown in Figure 11.13. Here we are using the sign convention
that clockwisemoments, angular velocities and angular momenta arepositive. On
eliminating the unknown string tensionT , we find thatv and! are related by

Pv C 1
2
a P! D g: (1)

Since the string does not slip on the yo-yo, the velocity of the pointC of the
string must be equal to the velocity of the particle of the yo-yo with which it is in
contact. This implies that

PZ D a! � v

and hence

RZ D a P! � Pv: (2)

Equations (1) and (2) can now be solved forPv and P! which gives

Pv D 2
3
g � 1

3
RZ;

a P! D 2
3
g C 2

3
RZ:

Thus the downwardsacceleration of the yo-yois 2
3
g � 1

3
RZ.

In particular, when RZ D 2g, Pv D 0 so that the yo-yo moves withconstant
velocity.
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Problem 11 . 15 Supermarket belt

A circular cylinder, which is axially symmetric but not uniform, has massM and
moment of inertiaM k2 about its axis of symmetry. The cylinder is placed on a
rough horizontal belt at right angles to the direction in which the belt can move.
Initially the cylinder and the belt are both at rest when the belt begins to move with
velocity V .t/. Given that there is no slipping, find the velocity of the cylinder at
time t .

Explain why drinks bottles tend to spin on a supermarket belt(instead of moving
forwards) if they are placed at right-angles to the belt.

Solution

ω v
G

F
V

FIGURE 11.14 The cylinder and the belt in problem 11.15. Vertical forces
have been omitted for clarity.

Since the cylinder moves horizontally, itsplanar equations of motion reduce
to

M
dVx

dt
D Fx ;

IG

d!

dt
D KG ;

that is,

M Pv D F;

M k2.� P!/ D �aF;

wherev, ! andF are shown in Figure 11.14. Here we are using the sign convention
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that clockwisemoments, angular velocities and angular momenta arepositive. On
eliminating the unknown frictional forceF , we find that

a Pv � k2 P! D 0

and, on integrating with respect tot , we obtain

av � k2! D C;

whereC is the integration constant. Since the cylinder is initially at rest,C D 0 and
hencev and! are related by

av � k2! D 0:

Since the cylinder does not slip on the belt, the velocity of the belt must be equal
to the velocity of the particles of the cylinder with which itis in contact. This implies
that

V D v C a!:

These two equations can now be solved forv and! which gives

v D
�

k2

a2 C k2

�
V;

! D
�

a

a2 C k2

�
V:

This is thevelocity (and angular velocity)of the cylinder at timet .

The drinks bottle is not a rigid body since it is filled with an inviscid fluid (ex-
pensive water!). When the bottle begins to rotate, the waterhardly moves for several
revolutions. The effect is that the bottle and its contents have asmall moment of in-
ertia, that is,k � a. In this case, the above formulae imply thatv � V while
! � V =a. Thus thebottle spins on the beltinstead of moving forwards.
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Problem 11 . 16 � Falling chimney

A uniform rod of length2a has one end on a rough table and is balanced in the
vertically upwards position. The rod is then slightly disturbed. Given that its lower
end does not slip, show that, in the subsequent motion, the angle � that the rod
makes with the upward vertical satisfies the equation

2a P�2 D 3g.1 � cos�/:

Consider now the theupper partof the rod of length2
a, as shown in book Figure
11.15. LetT , S andK be the tension force, the shear force and the couple exerted
on the upper part of the rod by the lower part. By considering the upper part of the
rod to be a rigid body in planar motion, find expressions forS andK in terms of� .

If a tall thin chimney begins to fall, at what point along its length would you
expect it to break first?

Solution

T

S

K

θ

a(2−γ)θ�

θ�

γ M g

Forces Velocities

FIGURE 11.15 The falling rod in problem 11.16.

The first part of the problem is a straightforward application of energy conser-
vation applied to thewhole rod. This gives

1
2
M
�
a P�
�2

C 1
2

�
1
3
Ma2

�
P�2 C Mga cos� D E;

whereE is the constant total energy. Since the rod starts from rest in the vertically
upright position,E D Mga and theenergy conservation equationbecomes

2a P�2 D 3g.1 � cos�/; (1)
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as required.

Condider now the planar motion of theupper segmentof the rod shown in Figure
11.15. The planar equations for the centre of mass of the segment in the radial and
transverse directions are

�

M

��
.2 � 
 /a P�

�2

.2 � 
 /a D T C
�

M

�
g cos�;

�

M

��
a.2 � 
 /

� R� D
�

M

�
g sin� � S ;

and the planar angular momentum equation about the centre ofmass is
�

1
3

�

M

��

a
�2� R� D K C

�

a
�
S :

Here,
 (as defined in the problem) is the ratio of the length of the segment to the
length of the whole rod. These three equations can be solved to find the stress and
couple resultantsT , S andK. This gives

T D 
 .2 � 
 /Ma P�2 � 
Mg cos�;

S D 
Mg sin� � 
 .2 � 
 /Ma R� ;
K D 2

3

 2.3 � 
 /Ma2 R� � 
 2Mga sin�:

We now wish to expressT , S andK in terms of the angle� alone. Now P�2 is
already given as a function of� by the energy equation

P�2 D 3g

2a
.1 � cos�/:

Moreover, if we differentiate this equation with respect tot , we find thatR� is given
by

R� D 3g

4a
sin�:

On making use of these relations, we find that thestressand couple resultants
exerted on the segment are given by

T D 1
2


�
3.2 � 
 / � .8 � 3
 / cos�

�
Mg;

S D 1
4

 .3
 � 2/Mg sin�;

K D 1
2

 2.1 � 
 /Mga sin�:
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We model the chimney as a long thin rod whose base does not slip. If the rod is
weak (as brick-built chimneys are), it will fracture at the point where thecouple re-
sultant K is largest. This is because the internalpointwisestresses in the rod due to
resultantsT , S andK are of ordersO .T=h/, O .S=h/ andO

�
K=h2

�
respectively,

whereh is the thickness of the rod. Sinceh is small, the pointwise stresses due toK

predominate. The variation ofK along the rod is determined by the function

f D 
 2.1 � 
 /;

which is positive for
 in the range0 < 
 < 1. Elementary calculus shows thatf
achieves its maximum value when
 D 2

3
which is one third way up the rod from

the base.We therefore expect the chimney to break by bending one thirdway up from
the base. Qualitatively, this is what is observed when tall brick-built chimneys are
demolished. Real chimneys are tapered however and the actual bending point is a
little higher than that predicted our simple theory (see thephotograph below).

FIGURE 11.16 The 120 ft chimney of the former Co-op brush
factory at Wymondham, Norfolk being demolished in 1988.
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Problem 11 . 17 Leaning triangular panel

A rough floor lies in the horizontal planez D 0 and the planesx D 0, y D 0

are occupied by smooth vertical walls. A rigid uniform triangular panelABC has
massm. The vertexA of the panel is placed on the floor at the point.2; 2; 0/
and the verticesB, C rest in contact with the walls at the points.0; 1; 6/, .1; 0; 6/
respectively. Given that the vertexA does not slip, find the reactions exerted by the
walls. Deduce the reaction exerted by the floor.

Solution

FIGURE 11.17 The triangular panel in prob-
lem 11.17.

A

B

C

x

y

z

N   iB

N     jC

X

−M g k

G

Let a, b, c be the position vectors of the verticesA, B, C relative to the origin
O . Then

a D 2i C 2j ;

b D j C 6k;

c D i C 6k;

andR, the position vector of the centre of massG, is given by

R D 1
3
.a C b C c/

D i C j C 4k:

Since the walls aresmooth, the reactions they exert are perpendicular to their
surfaces. Hence the reactions atB andC are in thei - andj -directions respectively.
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Let the reaction atB be NBi and the reaction atC be NC j . We now apply the
equilibrium conditions .

(i) The equilibrium conditionF D 0 gives

X C NBi C NC j � Mgk D 0;

whereX is the reaction of the floor. (The reactionX need not be vertical
because the floor is rough.) This equation merely serves to determineX

onceNB andNC are known.

(ii) The equilibrium conditionKA D 0 gives

0�X C .b � a/�.NBi /C .c � a/�.NC j /C .R � a/�.�Mgk/ D 0:

On substituting in the values ofa, b, c andR, this condition reduces to

.Mg � 6NC / i C .6NB � Mg/ i C .NB � NC /k D 0:

Sincefi ; j ;kg is a linearly independent set of vectors, this relation can hold
only when all the coefficients are zero, that is, when

Mg � 6NC D 0;

6NB � Mg D 0;

NB � NC D 0:

Thus we must satisfy three linear equations in only two unknowns. However,
the equationsareconsistent and the solution is

NB D 1
6
Mg;

NC D 1
6
Mg:

These are the requiredreactions at the walls.

Now thatNB andNC are known, the conditionF D 0 reduces to

X C 1
6
Mgi C 1

6
Mgj � Mgk D 0

so that thereaction at the floor is

X D �1
6
Mgi � 1

6
Mgj C Mgk:
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Problem 11 . 18 Triangular coffee table

A trendy swedish coffee table has an unsymmetrical triangular glass top supported
by a leg at each vertex. Show that, whatever the shape of the triangular top, each leg
bears one third of its weight.

Solution

A

B

O

G

−M g k

N   kB

N   kAN   kO

FIGURE 11.18 The table in problem 11.18.

Let the triangle have verticesO , A, B and leta, b be the position vectors of the
verticesA, B relative to the originO . ThenR, the position vector of the centre of
massG, is given by

R D 1
3
.0 C a C b/

D 1
3
.a C b/:

Let the reactions atO , A, B beNOk, NAk, NBk respectively. We now apply
theequilibrium conditions .

(i) The equilibrium conditionF D 0 gives

NOk C NAk C NBk � Mgk D 0;

that is

NO C NA C NB D Mg:
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This simply means that the sum of the reactions must balance the weight
force.

(ii) The equilibrium conditionKO D 0 gives

0�.NOk/C a�.NAk/C b�.NBk/C R�.�Mgk/ D 0;

that is,

h�
NA � 1

3
Mg

�
a C

�
NB � 1

3
Mg

�
b
i
�k D 0;

on using that fact thatR D 1
3
.a C b/. This equation is satisfied only when

the expression in the square brackets is zero, that is, when

�
NA � 1

3
Mg

�
a C

�
NB � 1

3
Mg

�
b D 0:

Furthermore, sincea, b are linearly independent vectors, this last relation is
satisfied only when both the coefficients are zero, that is, when

NA � 1
3
Mg D 0;

NB � 1
3
Mg D 0:

HenceNA D NB D 1
3
Mg.

Thus the legs atA andB each bear one third of the weight and the first equilib-
rium condition then implies thatNO D 1

3
Mg. Henceeach leg bears one third of

the weight.
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Problem 11 . 19 Pile of balls

Three identical balls are placed in contact with each other on a horizontal table and
a fourth identical ball is placed on top of the first three. Show that the four balls
cannot be in equilibrium unless (i) the coefficient of friction between the balls is at
least

p
3 �

p
2, and (ii) the coefficient of friction between each ball and the table is

at least1
4
.
p

3 �
p

2/.

Solution

A

B

C M
A

D

F1

N1

F2

F2

N2

N2NN

M

αN

FIGURE 11.19 The balls in problem 11.19.Left The lower three balls seen from above.Right
The upper ball andoneof the lower balls seen from the side. Gravity forces are omitted for clarity.

Consider first the equilibrium of one of the lower balls. Rotational equilibrium
implies thatF1 D F2 (see Figure 11.19 (right)) and we will denote the common
value of these forces byF . Horizontal and vertical equilibrium then imply that

N2 sin˛ � F � F cos˛ D 0;

N1 � N2 cos˛ � Mg D 0;

where˛ is the angle shown in Figure 11.19 (right). We will show laterthat˛ D
sin�1

q
1
3
, but it is easier not to use this fact at the moment.

Now consider the equilibrium of the upper ball. Vertical equilibrium implies
that

3N2 cos˛ C 3F sin˛ � Mg D 0;
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while horizontal and rotational equilibrium are automatically satisfied by symmetry.
We thus have three equations for the unknown forcesN1, N2 andF . On solving,

we find that

F D Mg sin˛

3.1 C cos˛/
;

N1 D 4
3
Mg;

N2 D 1
3
Mg:

(The formulaN1 D 4
3
Mg follows immediately from the vertical equilibrium of the

whole system of four balls. The formulaN2 D 1
3
Mg does not seem to have a simple

explanation.) Hence

F

N1

D sin˛

4.1 C cos˛/
;

F

N2

D sin˛

1 C cos˛
:

It follows that if�T is the coefficient of friction between each ball and the table, and
�B is the coefficient of friction between any two balls, then, for the balls to be in
equilibrium, the inequalities

�T >
sin˛

4.1 C cos˛/
;

�B >
sin˛

1 C cos˛
;

must both be satisfied.
It remains to evaluate the anglę. In Figure 11.19 (left),ABC is an equilateral

triangle of side2a andM is its median centre. Then

AM D 2
3
AN D 2

3

�p
3a
�

D 2ap
3
:

This is the same distanceAM shown in Figure 11.19 (right). Hence

sin˛ D AM

AD
D 1p

3

and hence

cos˛ D
r

2

3
:
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On substituting in these numerical values, we find that,for the balls to be equilib-
rium , the inequalities

�T >
1
4

�p
3 �

p
2
�

� 0:08;

�B >
p

3 �
p

2 � 0:32

must both be satisfied. Tennis balls can be stacked in this way, but snooker balls
cannot.
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Problem 12 . 1

A bicycle chain consists ofN freely jointed links forming a closed loop. The chain
can slide freely on a smooth horizontal table. How many degrees of freedom has
the chain? How many conserved quantities are there in the motion? What is the
maximum number of links the chain can have for its motion to bedetermined by
conservation principles alone?

P0

P1

P2

PN

(x   , y   )0   0

x

y

θ1

θ2

θN

a

a

a

FIGURE 12.1 Generalised coordinates for anunclosed
chain withN links.

Solution
Suppose first that the chain isunclosedas shown in Figure 12.1. Then the Cartesian

coordinatesx0, y0 together with the angles�1, �2, . . .�N are sufficient to determine
its position on the table. Since these variables are also independent, they are there-
fore a set of generalised coordinates for the unclosed chain. Theunclosed chain
with N links therefore hasN C 2 degrees of freedom.

Now suppose that the chain isclosed. The previous coordinates still specify the
position of the chain, but now they are not independent sincethe pointPN must
coincide with the pointP0. The Cartesian coordinates ofPN are given by

xN D x0 C a cos�1 C a cos�2 C � � � C a cos�N ;

yN D y0 C a sin�1 C a sin�2 C � � � C a sin�N ;
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and so the old coordinates must satisfy the two functional relations

a cos�1 C a cos�2 C � � � C a cos�N D 0;

a sin�1 C a sin�2 C � � � C a sin�N D 0:

These functional relations reduce the number of degrees of freedom by two so that
theclosed chainhasN degrees of freedom.

There are four conserved quantities, namely, the linear momentum components
Px, Py, the angular momentum componentLz (about any fixed point on the ta-
ble) and the kinetic energyT . These are sufficient to determine the motion of an
unclosed chainwith two links, or aclosed chainwith four links.
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Problem 12 . 2 Attwood’s machine

A uniform circular pulley of mass2m can rotate freely about its axis of symmetry
which is fixed in a horizontal position. Two massesm, 3m are connected by a light
inextensible string which passes over the pulley without slipping. The whole sys-
tem undergoes planar motion with the masses moving vertically. Take the rotation
angle of the pulley as generalised coordinate and obtain Lagrange’s equation for the
motion. Deduce the upward acceleration of the massm.

FIGURE 12.2 The velocity diagram for the
single Attwood machine.

m 3m

θ̇

a θ̇

a θ̇

2m

Solution
Let � be the rotation angle of the pulley measured from some reference configura-

tion. Then the velocity diagram is shown in Figure 12.2. Thekinetic energy of the
system is

T D 1
2
m
�
a P�
�2

C 1
2
.3m/

�
a P�
�2

C 1
2

�
1
2
.2m/a2

�
P�2

D 5
2
ma2 P�2

and thepotential energyrelative to the reference configuration is

V D mg .a�/C .3m/g .�a�/

D �2mga�:
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Lagrange’s equationfor the system is therefore

d

dt

�
5ma2 P�

�
� 0 D 2mga;

that is,

a R� D 2
5
g:

Theupward accelerationof the massm is therefore2
5
g.
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Problem 12 . 3 Double Attwood machine

A light pulley can rotate freely about its axis of symmetry which is fixed in a hor-
izontal position. A light inextensible string passes over the pulley. At one end the
string carries a mass4m, while the other end supports a second light pulley. A sec-
ond string passes over this pulley and carries massesm and4m at its ends. The
whole system undergoes planar motion with the masses movingvertically. Find
Lagrange’s equations and deduce the acceleration of each ofthe masses.

FIGURE 12.3 The coordinates and velocity
diagram for the double Attwood machine.
Note that the displacementy is measured
relative to the centre of the lower pulley.

m

4m

4m

x

y

ẋ

ẋ
˙− x + ẏ

˙     x + ẏ

Solution
Let x be the upward displacement of the first mass4m, and lety be the upward

displacement of the massm measured relative to the centre of the lower pulley. Then
the velocity diagram is shown in Figure 12.3. Thekinetic energy of the system is

T D 1
2
.4m/ Px2 C 1

2
m .� Px C Py/2 C 1

2
.4m/ . Px C Py/2

D 1
2
m
�
9 Px2 C 6 Px Py C 5 Py2

�

and thepotential energy is

V D .4m/gx C mg.�x C y/� 4mg.x C y/

D �mgx � 3mgy:
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Lagrange equationsfor the system are therefore

d

dt
.9 Px C 3 Py/ D g;

d

dt
.3 Px C 5 Py/ D 3g;

that is,

9 Rx C 3 Ry D g;

3 Rx C 5 Ry D 3g:

These simultaneous linear equations have the solution

Rx D �1
9

g; Ry D 2
3

g:

Theaccelerationsof the three masses are therefore1
9

g downwards,7
9

g upwards,
and 5

9
g downwards.

c
 Cambridge University Press, 2006



Chapter 12 Lagrange’s equations and conservation principl es 436

Problem 12 . 4 The swinging door

A uniform rectangular door of width2a can swing freely on its hinges. The door
is misaligned and the line of the hinges makes an angle˛ with the upward vertical.
Take the rotation angle of the door from its equilibrium position as generalised co-
ordinate and obtain Lagrange’s equation for the motion. Deduce the period of small
oscillations of the door about the equilibrium position.

FIGURE 12.4 The door is pivoted about the
fixed axisOA which makes an anglęwith
the upward vertical. The angle� is the
opening angle of the door from its equilib-
rium position. i

k

α

′k

′

j ′

θ

2 a

2 b
O

A

Solution
Let fi 0; j 0;k0g be a standard set of basis vectors withk0 along the line of the hinges

andi 0 along the equilibrium position of the bottom edge of the door, as shown in
Figure 12.4; the unit vectork points vertically upwards. Let� be the opening angle
of the door. Then thekinetic energy of the door is

T D 1
2
IOA

P�2

D 1
2

�
1
3
Ma2 C Ma2

�
P�2

D 2
3
Ma2 P�2:

To find thepotential energy of the door we need to find the vertical displace-
ment of the centre of massG when the door is opened. Relative toO , the position
vector ofG is ai 0 C bk0 in the equilibrium position anda cos�i 0 C a sin�j 0 C bk0

in the open position. The displacement ofG when the door is opened through an
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angle� is therefore

a.cos� � 1/i 0 C a sin�j 0:

Thevertical componentof this displacement is

�
a.cos� � 1/i 0 C a sin�j 0

�
� k D a.cos� � 1/.i 0

� k/C a sin�.j 0
� k/

D a.cos� � 1/.� sin˛/ C 0

D a sin˛.1 � cos�/:

The potential energy of the door is therefore

V D Mga sin˛.1 � cos�/:

Lagrange’s equationfor the door is therefore

4
3
Ma2 R� D �Mga sin˛ sin�;

that is

R� C
�

3g sin˛

4a

�
sin� D 0:

This is the equation for large oscillations of the door. The linearised equation for
small oscillations is

R� C
�

3g sin˛

4a

�
� D 0

and theperiod of small oscillations is therefore

4�

�
a

3g sin˛

�1=2

:
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Problem 12 . 5

A uniform solid cylinderC with massm and radiusa rolls on the rough outer surface
of a fixed horizontal cylinder of radiusb. In the motion, the axes of the two cylin-
ders remain parallel to each other. Let� be the angle between the plane containing
the cylinder axes and the upward vertical. Taking� as generalised coordinate, ob-
tain Lagrange’s equation and verify that it is equivalent tothe energy conservation
equation.

Initially the cylinderC is at rest on top of the fixed cylinder when it is given
a very small disturbance. Find, as a function of� , the normal component of the
reaction force exerted onC. Deduce thatC will leave the fixed cylinder when� D
cos�1.4=7/. Is the assumption that rolling persists up to this moment realistic?

v

ω

θ

a

b

C

FIGURE 12.5 A uniform solid cylinderC of radiusa rolls on the rough
outer surface of a fixed horizontal cylinder of radiusb.

Solution
Let v the velocity of the centre of mass of the cylinderC, and! its angular velocity.
Thenv D .a C b/ P� and, by the rolling condition,

! D
�

a C b

a

�
P�:
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Thekinetic energy of C is therefore

T D 1
2
mv2 C 1

2
IG !

2

D 1
2
m.a C b/2 P�2 C 1

2

�
1
2
ma2

��a C b

a

�2

P�2

D 3
4
m.a C b/2 P�2:

Thepotential energyof C (relative to the centre of the fixed cylinder) is

V D mg.a C b/ cos�:

Lagrange’s equationfor the cylinder is therefore

3
2
m.a C b/2 R� D mg.a C b/ sin�;

that is,

R� D 2g

3.a C b/
sin�:

Theenergy equationT C V D E is

3
4
m.a C b/2 P�2 C mg.a C b/ cos� D E;

which, on differentiation with respect tot , gives Lagrange’s equation. The two
equations are therefore equivalent.

On using the initial conditions� D 0 and P� D 0 whent D 0 we find that the
total energyE is given by

E D mg.a C b/;

and the energy equation becomes

P�2 D 4g

3.a C b/
.1 � cos�/:

To find whenC leaves the fixed cylinder, we need to find the normal reaction
N that it exerts onC. To do this we apply the centre of mass form of the linear
momentum principle. Itsnormalcomponent gives

mg cos� � N D mv2

a C b

D m.a C b/2 P�2

a C b

D 4
3
mg.1 � cos�/;
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on using the energy equation. It follows that

N D 1
3
mg.7 cos� � 4/:

The cylinderC will leave the fixed cylinder whenN D 0, that is, when� D cos�1 4
7
,

which is approximately55ı.
The assumption that rolling persists up to this moment is notrealistic. For any

finite coefficient of friction, slipping will occur first.
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Problem 12 . 6

A uniform disk of massM and radiusa can roll along a rough horizontal rail. A
particle of massm is suspended from the centreC of the disk by a light inextensible
string of lengthb. The whole system moves in the vertical plane through the rail.
Take as generalised coordinatesx, the horizontal displacement ofC , and� , the
angle between the string and the downward vertical. Obtain Lagrange’s equations.
Show thatx is a cyclic coordinate and find the corresponding conserved momentum
px. Is px the horizontal linear momentum of the system?

Given that� remains small in the motion, find the period of small oscillations of
the particle.

FIGURE 12.6 The velocity diagram for the
system in Problem 12.6.

θ

ẋ

ẋ

b θ̇

θ

a

b

ω

Solution
The velocity diagram for the system is shown in Figure 12.6. On applying the

rolling condition, the angular velocity! of the disk is given by! D Px=a. The
kinetic energy of the disk is

1
2
M Px2 C 1

2

�
1
2
Ma2

�� Px
a

�2

D 3
4
M Px2:

and the kinetic energy of the particle is

1
2
m
�

Px2 C .b P�/2 C 2 Px.b P�/ cos�
�
:

The totalkinetic energy of the system is therefore

T D 3
4
M Px2 C 1

2
m
�

Px2 C b2 P�2 C 2b Px P� cos�
�
:
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Thepotential energyof the system (relative to the centre of the disk) is

V D �mgb cos�:

Since@T=@x and@V =@x are both zero, the coordinatex is cyclic. The con-
served momentumpx is

px D @T

@ Px
D 3

2
M Px C m. Px C b P� cos�/:

This isnot the same as the horizontal component of linear momentum, which is

M Px C m. Px C b P� cos�/:

Lagrange’s equationsfor the system are therefore

d

dt

�
3
2
M Px C m. Px C b P� cos�/

�
� 0 D 0;

d

dt

�
mb2 P� C mb Px cos�

�
�
�
�mb Px P� sin�

�
D �mgb sin�:

On expanding these equations and eliminatingRx, we find that� satisfies the equation

�
3M C 2m sin2 �

�
R� C 2m sin� cos� P�2 C

�
.3M C 2m/g

b

�
sin� D 0:

This is the equation for large oscillations of the particle.The linearised equation
for small oscillations is

R� C
�
.3M C 2m/g

3M b

�
� D 0

and theperiod of small oscillations is therefore

2�

�
3M b

.3M C 2m/g

�1=2

:
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Problem 12 . 7

A uniform ball of massm rolls down a rough wedge of massM and anglę , which
itself can slide on a smooth horizontal table. The whole system undergoes planar
motion. How many degrees of freedom has this system? Obtain Lagrange’s equa-
tions. For the special case in whichM D 3m=2, find (i) the acceleration of the
wedge, and (ii) the acceleration of the ball relative to the wedge.

x

y

M
ẏ

ẋ

α

m

ẋ

ω

FIGURE 12.7 The coordinates and the velocity diagram from the system in Problem 12.7

Solution
The velocity diagram for the system is shown in Figure 12.7. On applying the

rolling condition, the angular velocity! of the ball is given by! D Py=a. The total
kinetic energy of the system is

T D 1
2
M Px2 C 1

2
m
�

Px2 C Py2 C 2 Px Py cos˛
�

C 1
2

�
2
5
ma2

�� Py
a

�2

D 1
2
M Px2 C 1

2
m
�

Px2 C 7
5

Py2 C 2 Px Py cos˛
�

and thepotential energyof the system (relative to the reference position) is

V D �mgy sin˛:
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Lagrange’s equationsfor the system are therefore

d

dt

�
M Px C m. Px C cos˛ Py/

�
� 0 D 0;

d

dt

�
7
5
m Py C m cos˛ Px

�
� 0 D mg sin˛:

For the particular case in whichM D 3
2
m, these equations become

5 Rx C 2 cos˛ Ry D 0;

5 cos˛ Rx C 7 Ry D 5g sin˛;

which give the requiredaccelerationsto be

Rx D �2g sin˛ cos˛

7 � 2 cos2 ˛
; Ry D 5g sin˛

7 � 2 cos2 ˛
:
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Problem 12 . 8

A rigid rod of length2a has its lower end in contact with a smooth horizontal floor.
Initially the rod is at an anglę to the upward vertical when it is released from
rest. The subsequent motion takes place in a vertical plane.Take as generalised
coordinatesx, the horizontal displacement of the centre of the rod, and� , the angle
between the rod and the upward vertical. Obtain Lagrange’s equations. Show that
x remains constant in the motion and verify that the� -equation is equivalent to the
energy conservation equation.

� Find, in terms of the angle� , the reaction exerted on the rod by the floor.

FIGURE 12.8 The velocity diagram for the
rod in terms of thenon-independentcoordi-
natesx, y, � .

θ

θ̇
ẋ

ẏ

Solution
Let x, y be the Cartesian coordinates of the centre of mass of the rod,and let�

be the angle between the rod and the upward vertical. These three coordinates are
not independentsincey D a cos� . In order to expressT andV in terms of the
generalised coordinatesx and� , we will need to eliminatey and Py. However, since
y D a cos� it follows that Py D �a sin� P� .

Thekinetic energy of the rod is

T D 1
2
m
�

Px2 C Py2
�

C 1
2
IG

P�2

D 1
2
m
�

Px2 C
�

� a sin� P�
�2�C 1

2

�
1
3
ma2

�
P�2

D 1
2
m
�

Px2 C a2
�

1
3

C sin2 �
� P�2

�
:

Thepotential energyof the rod (relative to the ground) is

V D mgy D mga cos�:
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Since@T=@x and@V =@x are both zero, the coordinatex is cyclic. The con-
served momentumpx is

px D @T

@ Px D m Px;

which is the horizontal component of linear momentum of the rod. Thus Px is a
constant of the motion. But since the rod is initially at rest, Px D 0 initially and so
mustalwaysbe zero. Hencex is alsoconstant in this motion.

The Lagrange equation for� is

d

dt

�
ma2

�
1
3

C sin2 �
� P�
�

�
�
ma2 sin� cos� P�2

�
D mga sin�;

which, after simplification, becomes

a
�

1
3

C sin2 �
�

R� C a sin� cos� P�2 D g sin�:

Theenergy equationT C V D E is

1
2
m
�

Px2 C a2
�

1
3

C sin2 �
� P�2

�
C mga cos� D E;

which becomes

1
2
ma2

�
1
3

C sin2 �
�

P�2 C mga cos� D E;

on using the linear momentum conservation equationm Px D 0. On differentiation
with respect tot , this gives Lagrange’s equation for� . The two equations are there-
fore equivalent.

On using the initial conditions� D ˛ and P� D 0 whent D 0, we find that the
total energyE is given byE D mga cos˛, and the energy equation becomes

a
�

1
3

C sin2 �
�

P�2 D 2g.cos˛ � cos�/:

To find the normal reactionN exerted by the floor, we apply theangular mo-
mentum principle about the centre of massG of the rod. This gives

d

dt

�
IG

P�
�

D N .a sin�/C 0;

since gravity has no moment aboutG. Hence, sinceIG D 1
3
ma2, N is given by

N D ma R�
3 sin�

:
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Now R� can be expressed in terms of� and P�2 by using the Lagrange equation for� ,
and P�2 can, in turn, be expressed in terms of� by using the energy equation. After
some labour, this gives thenormal reaction of the floor to be

N D mg
�
1 C 3 sin2 �

�2
�
4 C 3 cos2 � � 6 cos˛ cos�

�
:
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Problem 12 . 9

A particle P is connected to one end of a light inextensible string which passes
through a small holeO in a smooth horizontal table and extends below the table in
a vertical straight line.P slides on the upper surface of the table while the string
is pulled downwards from below in a prescribed manner. (Suppose that the length
of the horizontal part of the string isR.t/ at time t .) Take� , the angle between
OP and some fixed reference line in the table, as generalised coordinate and obtain
Lagrange’s equation. Show that� is a cyclic coordinate and find (and identify) the
corresponding conserved momentump� . Why is the kinetic energy not conserved?

If the constant value ofp� is mL, find the tension in the string at timet .

θ

Ṙ

˙R θ

R

S

FIGURE 12.9 The velocity diagram for the system in Problem
12.9.

Solution
The velocity diagram is shown in Figure 12.9. Remember that� is the generalised
coordinate whileR is a prescribed function of the timet . Thekinetic energy of the
particle is

T D 1
2
m
�

PR2 C R2 P�2
�

and thepotential energy(relative to the table top) is zero.
Since@T=@� and@V =@� are both zero,� is a cyclic coordinate. The corre-

sponding conserved momentump� is given by

p� D @T

@ P�
D mR2 P�;
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which is the vertical component of theangular momentumof the particle aboutO .
The kinetic energy of the particle is not conserved because the tensionS does work
(but no virtual work!).

To find the tensionS , apply the second law to the particle, resolved in the radi-
ally outwards direction. Then

�S D m
�

RR � R P�2
�

D m

�
RR � L2

R3

�
;

on using the fact thatp� D mL. Hence thetension in the string is

S D m

�
L2

R3
� RR

�
:

Thus (unlessL D 0) it is impossible to pull the particle through the hole!
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Problem 12 . 10

A particleP of massm can slide along a smooth rigid straight wire. The wire has
one of its points fixed at the originO , and is made to rotate in the.x; y/-plane with
angular speed�. Taker , the distance ofP from O , as generalised coordinate and
obtain Lagrange’s equation.

Initially the particle is a distancea from O and is at rest relative to the wire. Find
its position at timet . Find also the energy functionh and show that it is conserved
even though there is a time dependent constraint.

FIGURE 12.10 The velocity diagram for the
particle sliding on a rotating wire.

r

Ω r
ṙ

Ω t

m

O

Solution
The velocity diagram is shown in Figure 12.10. Remember thatr is the generalised
coordinate while� is a prescribed constant. Thekinetic energy of the particle is

T D 1
2
m
�

Pr2 C�2r2
�

and, since there is no gravity, thepotential energy is zero.
TheLagrange equationfor the coordinater is therefore

d

dt
.mPr/ �

�
m�2r

�
D 0;

that is,

Rr ��2r D 0:

The general solution of this equation can be written in the form

r D A cosh�t C B sinh�t;
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and, on applying the initial conditionsr D a and Pr D 0 whent D 0, we find that
A D a andB D 0. Theposition of the particle at timet is therefore given by

r D a cosh�t:

Theenergy functionh is given by

h D Pr @L
@ Pr � L D Pr @T

@ Pr � T

D mPr2 � 1
2
m
�

Pr2 C�2r2
�

D 1
2
m
�

Pr2 ��2r2
�

D 1
2
ma2�2

�
sinh2�t � cosh2�t

�

D �1
2
ma2�2;

which is aconstant. The fact thath is constant (though not its value) can be obtained
more quickly by remembering that

dh

dt
D �@L

@t

D �@T
@t

D 0:
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Problem 12 . 11 Yo-yo with moving support

A uniform circular cylinder (a yo-yo) has a light inextensible string wrapped around
it so that it does not slip. The free end of the string is fastened to a support and the
yo-yo moves in a vertical straight line with the straight part of the string also vertical.
At the same time the support is made to move vertically havingupward displacement
Z.t/ at timet . Take the rotation angle of the yo-yo as generalised coordinate and
obtain Lagrange’s equation. Find the acceleration of the yo-yo. What upwards
acceleration must the support have so that the centre of the yo-yo can remain at rest?

Suppose the whole system starts from rest. Find an expression for the total
energyE D T C V at timet .

FIGURE 12.11 The velocity diagram for the
yo-yo with a moving support.

v

θ̇
C

Z (t)

G

Solution
The velocity diagram for the yo-yo is shown in Figure 12.11. Remember that� is

the generalised coordinate whileZ.t/ is a prescribed function of the timet . Since
the string does not slip on the yo-yo, the velocity of the string and the yo-yo at the
pointC must be equal. Hencev C a P� D PZ and so

v D PZ � a P�:
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Thekinetic energy of the particle is therefore

T D 1
2
mv2 C 1

2
IG !

2

D 1
2
m
�

PZ � a P�
�2

C 1
2

�
1
2
ma2

�
P�2

D 1
2
m
�

PZ2 � 2a PZ P� C 3
2
a2 P�2

�
:

Thepotential energyof the yo-yo (relative to the reference position in whichZ D
� D 0) is

V D mg .Z � a�/ :

Lagrange’s equationfor the yo-yo is therefore

m
d

dt

�
3
2
a2 P� � a PZ

�
� 0 D mga;

so that

a R� D 2
3

�
g C RZ

�
:

The upwardaccelerationof the yo-yo is then given by

Pv D RZ � a R�
D RZ � 2

3

�
g C RZ

�

D 1
3

�
RZ � 2g

�
:

If the centre of the yo-yo remains at rest, thenPv D 0 and RZ D 2g. This is the
required upwards acceleration of the support.

If the motion begins from rest in the reference position, then the Lagrange equa-
tion integrates to give

a P� D 2
3

�
gt C PZ

�
and a� D 2

3

�
1
2
gt2 C Z

�
:

Then

T D 1
2
m

�
PZ2 � 4

3
PZ
�
gt C PZ

�
C 2

3

�
gt C PZ

�2
�

D 1
6
m
�

PZ2 C 2g2t2
�
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and

V D mg .Z � a�/ D 1
3
mg

�
Z � gt2

�
:

Hence the total energyE is

E D T C V

D 1
6
m
�

PZ2 C 2g2t2
�

C 1
3
mg

�
Z � gt2

�

D 1
6
m
�

PZ2 C 2gZ
�
:
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Problem 12 . 12 Pendulum with a shortening string

A particle is suspended from a support by a light inextensible string which passes
through a small fixed ring vertically below the support. The particle moves in a
vertical plane with the string taut. At the same time the support is made to move
vertically having an upward displacementZ.t/ at time t . The effect is that the
particle oscillates like a simple pendulum whose string length at timet is a � Z.t/,
wherea is a positive constant. Take the angle between the string andthe downward
vertical as generalised coordinate and obtain Lagrange’s equation. Find the energy
functionh and the total energyE and show thath D E � m PZ2. Is either quantity
conserved?

FIGURE 12.12 The velocity diagram for the
pendulum with a shortening string.

θ (a−Z) θ̇

˙-Z

˙Z

a−Z

Solution
The velocity diagram for the pendulum is shown in Figure 12.12. Remember that�
is the generalised coordinate whileZ.t/ is a prescribed function of the timet .

Thekinetic energy of the particle is

T D 1
2
m
�

PZ2 C .a � Z/2 P�2
�

and thepotential energyof the particle (relative to the restraining ring) is

V D �mg.a � Z/ cos�:
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Lagrange’s equationfor the pendulum is therefore

m
d

dt

�
.a � Z/2 P�

�
� 0 D �mg.a � Z/ sin�;

that is,

.a � Z/ R� � 2 PZ P� C g sin� D 0;

which is theequation of motionof the pendulum.
Thetotal energy E is given by

E D T C V D 1
2
m
�

PZ2 C .a � Z/2 P�2 � 2g.a � Z/ cos�
�
;

while theenergy functionh is given by

h D P�p� � L D P� @T
@ P�

� T C V

D m.a � Z/2 P�2 � 1
2
m
�

PZ2 C .a � Z/2 P�2
�

� mg.a � Z/ cos�

D 1
2
m
�
� PZ2 C .a � Z/2 P�2 � 2g.a � Z/ cos�

�
:

Thush � E � m PZ2, as required.
Neitherh norE is conserved in general. Consider, for example, the specialcase

in which the string is pulledupwardswith constant speedV . Then, sinceE andh

differ by a constant,dE=dt anddh=dt are equal. Also

dh

dt
D �@L

@t

D mV
�
.a � Z/ P�2 C g cos�

�
;

which is certainlypositivewhile � is an acute angle. Thush is not constant and so
neither isE. We would not expectE to be conserved since the tension in the string
does work (but no virtual work!).
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Problem 12 . 13 � Bug on a hoop

A uniform circular hoop of massM can slide freely on a smooth horizontal table,
and a bug of massm can run on the hoop. The system is at rest when the bug starts
to run. What is the angle turned through by the hoop when the bug has completed
one lap of the hoop?

G

(X, Y  )

θ
φ

A

m

M

y

X˙

Y˙

X˙

Y˙

a θ + a φ˙ ˙

x

θ + φ

θ̇

FIGURE 12.13 The coordinates and velocity diagram for the hoop and
the bug.

Solution
Take the generalised coordinates to beX , Y and� , as shown in Figure 12.13.X

andY are the Cartesian coordinates of the centre of massG of the hoop, and� is
the rotation angle of the hoop from its initial position.A is a fixed point of the hoop
which, in the initial position, is such thatGA is parallel to the positivex-axis. The
angle� is the angular displacement of the bugrelative to the hoop. Remember that
� is not a generalised coordinate but is regarded as a known function of the timet .
The velocity diagram corresponding to this choice of coordinates is also shown in
Figure 12.13.

The totalkinetic energy of the hoop and the bug is

T D 1
2
M V 2 C 1

2
IG !

2 C 1
2
mv2

D 1
2
M
�

PX 2 C PY 2
�

C 1
2

�
Ma2

�
P�2 C
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1
2
m
�

PX 2 C PY 2 C a2
� P� C P�

�2 � 2a PX
� P� C P�

�
sin.� C �/C 2a PY

� P� C P�
�

cos.� C �/
�
;

and thepotential energy(relative to the level of the table) is zero.
Since@L=@X and@L=@Y are both zero, it follows that the coordinatesX and

Y are cyclic. The corresponding momentapX andpY , given by

pX D @L

@ PX
D M PX C m

�
PX � a. P� C P�/ sin.� C �/

�
;

pY D @L

@ PY
D M PY C m

�
PX C a. P� C P�/ cos.� C �/

�
;

are therefore constants of the motion. The whole system (including the bug) starts
from rest, so thatPX , PY , P� and P� are all zero initially. We therefore obtain the two
conservation relations

M PX C m
�

PX � a. P� C P�/ sin.� C �/
�

D 0;

M PY C m
�

PY C a. P� C P�/ cos.� C �/
�

D 0:

Our third equation is theLagrange equationfor � . Now

@L

@ P�
D @T

@ P�
D Ma2 P� C ma

�
a
� P� C P�

�
� PX sin.� C �/C PY cos.� C �/

�

D .M C m/a2 P� C ma2 P� � m2a2

M C m

� P� C P�
�

on eliminating PX and PY by using the conservation relations. Also,

@L

@�
D @T

@�

D �ma
� P� C P�

�� PX cos.� C �/C PY sin.� C �/
�

D 0;

on using the conservation relations again. The Lagrange equation for� is therefore

d

dt

�
.M C m/a2 P� C ma2 P� � m2a2

M C m

� P� C P�
��

� 0 D 0;

which simplifies to give

R� D �
�

m

M C 2m

�
R�:
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On integrating and using the initial conditions, the solution for�.t/ is

� D �
�

m

M C 2m

�
�;

where�.t/ is the known angular displacement of the bug. The bug completes one
lap of the hoop when� D 2�. The angle turned by the ring at this instant is
therefore

2�m

M C 2m

in the opposite sense to the motion of the bug.

c
 Cambridge University Press, 2006



Chapter 12 Lagrange’s equations and conservation principl es 460

Problem 12 . 14

Suppose a particle is subjected to a time dependent force of the formF D f .t/gradW .r/.
Show that this force can be represented by the time dependentpotential U D
�f .t/W .r/. What is the value ofU whenF D f .t/i ?

Solution
If U D �f .t/W .r/, then

@U

@ Px D 0;
@U

@x
D �f .t/@W

@x
;

and

d

dt

�
@U

@ Px

�
� @U

@x
D f .t/

@W

@x
D Fx

D Qx;

since, in Cartesian coordinates, the generalised forceQx corresponding tox is just
thex-component of the actual forceF . A similar argument applies to they andz

components.
In particular, ifF D f .t/i , thenU D �f .t/x.
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Problem 12 . 15 Charged particle in an electrodynamic field

Show that the velocity dependent potential

U D e �.r; t/ � e Pr � A.r; t/

represents the Lorentz forceF D e E C e v�B that acts on a chargee moving with
velocity v in the generalelectrodynamicfield fE.r; t/;B.r; t/g. [Heref�;Ag are
theelectrodynamic potentialsthat generate the fieldfE ;Bg by the formulae

E D � grad� � @A

@t
; B D curlA:�

Show that the potentials� D 0, A D tz i generate a fieldfE ;Bg that satisfies
all four Maxwell equations in free space. A particle of massm and chargee moves
in this field. Find the Lagrangian of the particle in terms of Cartesian coordinates.
Show thatx andy are cyclic coordinates and find the conserved momentapx, py .

Solution
We are given that

U D e � � e Pr � A

D e �.r; t/ � e
�

PxAx C PyAy C PzAz

�
:

Then (dropping thee for the moment)

@U

@ Px D �Ax ;
@U

@x
D @�

@x
� Px @Ax

@x
� Py @Ay

@x
� Pz @Az

@x

and, by the chain rule,

d

dt

�
@U

@ Px

�
D �@Ax

@x
Px � @Ax

@y
Py � @Ax

@z
Pz � @Ax

@t
:
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Hence

d

dt

�
@U

@ Px

�
� @U

@x
D �@Ax

@x
Px � @Ax

@y
Py � @Ax

@z
Pz � @Ax

@t

�@�
@x

C Px @Ax

@x
C Py @Ay

@x
C Pz @Az

@x

D �@�
@x

� @Ax

@t
C Py

�
@Ay

@x
� @Ax

@y

�
� Pz

�
@Ax

@z
� @Az

@x

�

D �
�

grad�
�
x

�
�
@A

@t

�

x

C Py
�

curlA
�
z

� Pz
�
curlA

�
y

D �
�

grad�
�
x

�
�
@A

@t

�

x

C
�
Pr�curlA

�
x

D Ex C
�
Pr�B

�
x
;

which, on restoring thee, is thex component of the Lorentz force. A similar argu-
ment applies to they andz components.

If � D 0 andA D tz i , thenE D �z i and

B D curlA D grad.tz/�i D t k�i

D t j :

Then

div E D 0;

curlE D � gradz�i D �k�i D �j D �@B
@t
;

div B D 0;

curlB D 0 D @E

@t
;

so thatMaxwell’s equationsfor free space are satisfied.
When a particle of massm and chargee moves in this field, its Lagrangian is

L D T � U

D 1
2
m Pr2 � e� C e Pr � A

D 1
2
m
�

Px2 C Py2 C Pz2
�

C etz Px:

The coordinatesx andy arecyclic and the corresponding conserved momenta
are

px D m Px C etz;

py D m Py:
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The conserved momentumpy is the linear momentum of the particle in they-
direction, butpx is not the correspondingx-component.
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Problem 12 . 16 � Relativistic Lagrangian

The relativistic Lagrangian for a particle of rest massm0 moving along thex-axis
under the simple harmonic potential fieldV D 1

2
m0�

2x2 is given by

L D m0c2

 
1 �

�
1 � Px2

c2

�1=2
!

� 1
2
m0�

2x2:

Obtain the energy integral for this system and show that the period of oscillations of
amplitudea is given by

� D 4

�

Z �=2

0

1 C 1
2
�2 cos2 �

�
1 C 1

4
�2 cos2 �

�1=2
d�;

where the dimensionless parameter� D �a=c.
Deduce that

� D 2�

�

h
1 C 3

16
�2 C O

�
�4
�i
;

when� is small.

Solution
SinceL is given by

L D m0c2

 
1 �

�
1 � Px2

c2

�1=2
!

� 1
2
m0�

2x2;

it follows that

@L

@ Px D m0 Px
�

1 � Px2

c2

��1=2

and so theenergy functionh is given by

h D Px @L
@ Px � L

D m0 Px2

�
1 � Px2

c2

��1=2

� m0c2

 
1 �

�
1 � Px2

c2

�1=2
!

C 1
2
m0�

2x2

D m0c2

�
1 � Px2

c2

��1=2

C 1
2
m0�

2x2 � m0c2:
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Since@L=@t D 0, h is a constant of the motion; the conditionPx D 0 when
x D a shows that the value of this constant is1

2
m0�

2a2. Hence, the relativistic
energy equationcan be written

�
1 � Px2

c2

��1=2

D 1 C 1
2
�2

�
1 � x2

a2

�
;

where the dimensionless constant� is defined by� D �a=c.
On solving for Px, this gives

Px D ˙�a

�
1 C 1

4
�2
�
1 � x2

a2

��1=2

1 C 1
2
�2
�
1 � x2

a2

�
�

1 � x2

a2

�1=2

;

where thė sign depends on whether the particle is moving in positive ornegative
x-direction. Consider the particle moving in the positivex-direction fromx D 0 to
x D a, a motion that takes a quarter of the period� . On separating variables and
integrating, we obtain

Z �=4

0

dt D 1

�a

Z a

0

1 C 1
2
�2
�
1 � x2

a2

�

�
1 � x2

a2

�1=2 �
1 C 1

4
�2
�
1 � x2

a2

��1=2
dx:

Theperiod � of the motion is therefore given by

� D 4

�a

Z a

0

1 C 1
2
�2
�
1 � x2

a2

�

�
1 � x2

a2

�1=2 �
1 C 1

4
�2
�
1 � x2

a2

��1=2
dx:

This formula can be written in a simpler form by making the change of variable
x D a sin� .0 � � � �=2/. This gives

� D 4

�

Z �=2

0

1 C 1
2
�2 cos2 �

�
1 C 1

4
�2 cos2 �

�1=2
d�;

as required.
This is the formula for the exact period, but when the parameter � is small we
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can find a simple approximation. In this case, the integrand can be approximated by

1 C 1
2
�2 cos2 �

�
1 C 1

4
�2 cos2 �

�1=2
D
�
1 C 1

2
�2 cos2 �

��
1 C 1

4
�2 cos2 �

��1=2

D
�
1 C 1

2
�2 cos2 �

��
1 � 1

8
�2 cos2 � C O

�
�4
��

D
�
1 C 3

8
�2 cos2 � C O

�
�4
��

and, when this is substituted into the integral, we obtain

� D 2�

�

�
1 C 3

16
�2 C O

�
�4
��
;

as required. The period of the motion is thereforelengthenedby the inclusion of
relativistic effects.
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Problem 12 . 17

A particle of massm moves under the gravitational attraction of a fixed massM

situated at the origin. Take polar coordinatesr , � as generalised coordinates and ob-
tain Lagrange’s equations. Show that� is a cyclic coordinate and find (and identify)
the conserved momentump� .

FIGURE 12.14 The coordinates and velocity
diagram for the particle in Problem 12.17.

ṙr θ̇

r

θ

O

Solution
The coordinates and velocity diagram for the particle are shown in Figure 12.14.

Thekinetic energy of the particle is

T D 1
2
m
�

Pr2 C r2 P�2
�

and thepotential energyof the particle (relative to infinity) is

V D �MG

r
:

TheLagrangian of the particle is therefore

L D 1
2
m
�

Pr2 C r2 P�2
�

C MG

r
:

Since@L=@� D 0, the coordinate� is cyclic. The corresponding conserved
momentump� is given by

p� D @L

@ P�
D mr2 P�;

which is theangular momentum of the particle about the axis throughO perpen-
dicular to the plane of motion.
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Problem 12 . 18

A particle P of massm slides on the smooth inner surface of a circular cone of
semi-anglę . The axis of symmetry of the cone is vertical with the vertexO point-
ing downwards. Take as generalised coordinatesr , the distanceOP , and�, the
azimuthal angle about the vertical throughO . Obtain Lagrange’s equations. Show
that� is a cyclic coordinate and find (and identify) the conserved momentump� .

ṙ

φ

O

α

(r  sin  α) φ̇

r

FIGURE 12.15 The coordinates and velocity diagram for
a particle sliding on a cone.

Solution
The coordinates and velocity diagram for the particle sliding on the cone are shown
in Figure 12.15.

Thekinetic energy of the particle is

T D 1
2
m
�

Pr2 C r2 sin2 ˛ P�2
�

and thepotential energyof the particle (relative toO) is

V D mgr cos˛:

TheLagrangian of the particle is therefore

L D 1
2
m
�

Pr2 C r2 sin2 ˛ P�2
�

� mgr cos˛:
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Lagrange’s equationsare therefore

d

dt

�
mPr
�

�
�
mr sin2 ˛ P�2

�
D �mg cos˛;

d

dt

�
mr2 sin2 ˛ P�

�
� 0 D 0:

The second equation has the formdp�=dt D 0, wherep� D @L=@ P�, the mo-
mentum corresponding to�. This is because@L=@� D 0, that is,� is a cyclic
coordinate. The momentump� is theangular momentumof the particle about the
vertical axis throughO .
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Problem 12 . 19

A particle of massm and chargee moves in the magnetic field produced by a current
I flowing in an infinite straight wire that lies along thez-axis. The vector potential
A of the induced magnetic field is given by

Ar D A� D 0; Az D �
�
�0I

2�

�
ln r;

wherer , � , z are cylindrical polar coordinates. Find the Lagrangian of the parti-
cle. Show that� andz are cyclic coordinates and find the corresponding conserved
momenta.

Solution
Thekinetic energy of the particle is

T D 1
2
m
�

Px2 C Py2 C Pz2
�

and the (velocity dependent)potential energyof the particle is given by

U D �e Pr � A

D �e
�

PxAx C PyAy C PzAz

�
D C

�
e�0I

2�

�
Pz ln r:

TheLagrangian of the particle is therefore

L D 1
2
m
�

Px2 C Py2 C Pz2
�

�
�

e�0I

2�

�
Pz ln r

D 1
2
m
�

Pr2 C r2 P�2 C Pz2
�

�
�

e�0I

2�

�
Pz ln r

in cylindrical polar coordinates.
Since@L=� and@L=@z are both zero, the coordinates� andz arecyclic. The

corresponding conserved momentap� andpz are given by

p� D @L

@ P�
D mr2 P�;

pz D @L

@Pz D mPz �
�

e�0I

2�

�
ln r:

The momentump� is theangular momentum of the particle about thez-axis, but
pz is not the linear momentum of the particle in thez-direction.
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Problem 12 . 20

A particle moves freely in the gravitational field of a fixed mass distribution. Find
the conservation principles that correspond to the symmetries of the following fixed
mass distributions: (i) a uniform sphere, (ii) a uniform half plane, (iii) two particles,
(iv) a uniform right circular cone, (v) an infinite uniform circular cylinder.

Solution
In every case, the particle is free to move in any direction. It remains to find those
motions (translations or rotations) that preserve the gravitational potential energyV .

(i) V is preserved if the particle isrotated about any fixed axis through the
centreG of the sphere. The full vectorangular momentumLG is therefore
conserved.

(ii) Suppose the half-plane isx � 0, z D 0. ThenV is preserved if the particle
is translatedin the y-direction. Thelinear momentum componentPy is
therefore conserved.

(iii) V is preserved if the particle isrotatedabout the fixed axis passing through
the two particles. Theangular momentumabout this axis is therefore con-
served.

(iv) V is preserved if the particle isrotatedabout the axis of symmetry of the
cone. Theangular momentum about the symmetry axis is therefore con-
served.

(v) Since the cylinder is infinite,V is preserved if the particle istranslatedparal-
lel to the symmetry axis of the cylinder. Thelinear momentum component
in this direction is therefore conserved. Also,V is preserved if the parti-
cle isrotatedabout the symmetry axis. Theangular momentum about the
symmetry axis is therefore also conserved.
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Problem 12 . 21 � Helical symmetry

A particle moves in a conservative field whose potential energy V hashelical sym-
metry. This means thatV is invariant under thesimultaneousoperations (i) a rotation
through any anglę about the axisOz, and (ii) a translationc˛ in thez-direction.
What conservation principle corresponds to this symmetry?

Solution
This is essentially a linear combination of Theorems 12.1 and 12.2. In the present
case, there is a family of mappingsfM�g with the effectr i �! r�i , where

@r�i
@�

D c k C k�r�i ;

that preserve the potential energyV . The correspondingconserved quantity is
thereforecPz C Lz.
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Problem 13 . 1

Find the extremal of the functional

J Œx � D
Z 2

1

Px2

t3
dt

that satisfiesx.1/ D 3 andx.2/ D 18. Show that this extremal provides the global
minimum ofJ .

Solution
For this functional, the integrandF.x; Px; t/ is

F D Px2

t3

and the correspondingEuler-Lagrange equationis

d

dt

�
2 Px
t3

�
� 0 D 0:

This equation integrates immediately to give

2 Px
t3

D 8a;

wherea is an integration constant. (The factor 8 is introduced simply to avoid frac-
tions.) Hence

Px D 4at3;

and so

x D at4 C b;

whereb is a second integration constant. This is thefamily of extremals of the
functionalJ .

We must now find the extremals that satisfy the givenend conditions. The
conditionx D 3 whent D 1 givesaCb D 3, and the conditionx D 18 whent D 2

gives16a C b D 18. These simultaneous equations have the unique solutiona D 1,
b D 2. Hence there is exactlyone admissible extremal, namely

x D t4 C 2:
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To investigate the nature of this extremal, consider the functionx D t4 C 2 C h,
whereh.t/ is any admissible variation. Then

J Œ t4 C 2 C h � D
Z 2

1

.4t3 C Ph/2
t3

dt

D
Z 2

1

 
16t3 C 8 Ph C

Ph2

t3

!
dt

D
h
4t4

itD2

tD1
C
h
8h
itD2

tD1
C
Z 2

1

Ph2

t3
dt

D 60 C 0 C
Z 2

1

Ph2

t3
dt;

sinceh.1/ D h.2/ D 0 in anadmissiblevariation. In particular, by takingh � 0,
J Œ t4 C 2 � D 60. Hence

J Œ t4 C 2 C h � D J Œ t4 C 2 �C
Z 2

1

Ph2

t3
dt

� J Œ t4 C 2 �;

since the integrandPh2=t3 is positivein the ranget > 0. Sinceh is a general admissi-
ble variation, it follows that the extremalx D t4 C 2 provides theglobal minimum
for the functionalJ .
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Problem 13 . 2

Find the extremal of the functional

J Œx � D
Z �

0

�
2x sint � Px2

�
dt

that satisfiesx.0/ D x.�/ D 0. Show that this extremal provides the global maxi-
mum ofJ .

Solution
For this functional, the integrandF.x; Px; t/ is

F D 2x sint � Px2

and the correspondingEuler-Lagrange equationis

d

dt

�
� 2 Px

�
� 2 sint D 0;

that is

Rx D � sint:

The general solution of this equation is

x D sint C at C b;

wherea and b are integration constants. This is thefamily of extremals of the
functionalJ .

We must now find the extremals that satisfy the givenend conditions. The
conditionx D 0 whent D 0 givesb D 0, and the conditionx D 0 whent D �

then givesa D 0. Hence there is exactlyone admissible extremal, namely

x D sint:

To investigate the nature of this extremal, consider the function

x D sint C h;
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whereh.t/ is any admissible variation. Then

J Œsint C h � D
Z �

0

2.sint C h/ sint �
�
cost C Ph

�2

dt

D
Z �

0

2 sin2 t � cos2 t C 2h sint � 2 Ph cost � Ph2 dt

D
Z �

0

�
2 sin2 t � cos2 t

�
� d

dt

�
2h cost

�
� Ph2 dt

D 1
2
� �

h
2h cost

itD�

tD0
�
Z �

0

Ph2 dt ;

D 1
2
� C 0 �

Z �

0

Ph2 dt ;

sinceh.0/ D h.�/ D 0 in anadmissiblevariation. In particular, by takingh � 0,
J Œsint � D 1

2
�. Hence

J Œsint C h � D J Œsint � �
Z 2

1

Ph2dt

� J Œsint �:

since the integrandPh2 is positive. Sinceh is a general admissible variation, it follows
that the extremalx D sint provides theglobal maximum for the functionalJ .
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Problem 13 . 3

Find the extremal of the path length functional

LŒy � D
Z 1

0

"
1 C

�
dy

dx

�2
#1=2

dx

that satisfiesy.0/ D y.1/ D 0 and show that it does provide the global minimum
for L.

Solution
For this functional, the integrandF.y; Py;x/ is

F D
�
1 C Py2

�1=2

which has no explicitx dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Py @F
@ Py � F D constant:

In the present case, this simplifies to give

1
�
1 C Py2

�1=2 D constant

that is

Py D a;

wherea is a constant. The general solution of this equation is

y D ax C b;

whereb is an integration constant. Except possibly for constant solutions, this fam-
ily of straight lines is thefamily of extremals of the length functionalJ .

We must now find the extremals that satisfy the givenend conditions. The
conditiony D 0 whenx D 0 givesb D 0, and the conditiony D 0 whenx D 1

then givesa D 0. However, since the functiony � 0 is aconstantsolution of the
integrated equation, it may not actually be an extremal. We must check whether or
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not it satisfies the original Euler-Lagrange equation, namely

d

dx

 
Py

�
1 C Py2

�1=2

!
� 0 D 0:

The functiony � 0 clearly satisfies this equation and hence is theonly admissible
extremal. It represents the straight line joining the points.0; 0/ and.1; 0/.

To investigate the nature of this extremal, consider the path

y D 0 C h;

whereh.x/ is any admissible variation. Then

LŒy � D
Z 1

0

h
1 C Ph2

i1=2

dx

� 1;

since the integrand is alwaysgreater than unity. Thus thestraight line y D 0 really
is thepath of shortest lengthjoining the points (0,0) and (1,0).
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Problem 13 . 4

An aircraft flies in the.x; z/-plane from the point.�a; 0/ to the point.a; 0/. (z D 0

is ground level and thez-axis points vertically upwards.) The cost of flying the
aircraft at heightz is exp.�kz/ per unitdistanceof flight, wherek is a positive
constant. Find the extremal for the problem of minimising the total cost of the
journey. [Assume thatka < �=2.]

Solution
The cost functionalC Œz � for the flight pathz.x/ is given by

C Œz � D
Z a

�a

e�kz
�
1 C Pz2

�1=2

dx:

For this functional, the integrandF.z; Pz;x/ is

F D e�kz
�
1 C Pz2

�1=2

which has no explicitx dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Pz @F
@Pz � F D constant:

In the present case, this simplifies to give

e�kz

�
1 C Pz2

�1=2 D constant

that is

Pz2 D b2e�2kz � 1;

whereb is a positive constant. This equation evidently has the family of solutions
z D constant but these solutions do not satisfy the Euler-Lagrange equation and are
thereforenot extremals. Other solutions can be found by taking square roots and
separating, as usual. This gives

x D ˙
Z

dz
�
b2e�2kz � 1

�1=2

D ˙
Z

ekz dx
�
b2 � e2kz

�1=2 :
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On making the substitutionbu D ekz, this becomes

x D ˙ 1

k

Z
du

�
1 � u2

�1=2 D ˙ 1

k
cos�1 u C c;

D ˙ 1

k
cos�1

 
ekz

b

!
C c;

wherec is an integration constant. Hence thefamily of extremals of the functional
C is given by

ekz D b cosk.x � c/:

We must now find the extremals that satisfy the givenend conditions. The
conditionsz D 0 whenx D ˙a give

b cosk.a C c/ D b cosk.a � c/ D 1

from which it follows thatc D 0 andb D 1= coska. (We know thatka < �=2 so
that coska is positive.) Hence there is exactlyone admissible extremal, namely

z D 1

k
ln

�
coskx

coska

�
:

Figure 13.1 shows the optimal flight path in Problem 13.4 for three different values
of the parameterka.
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x

z

a−a

k a = 0.5

k a = 1.0

k a = 1.3

FIGURE 13.1 The optimal flight path in Problem 13.4 for three different
values of the parameterka.
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Problem 13 . 5 � Geodesics on a cone

Solve the problem of finding a shortest path over the surface of a cone of semi-angle
˛ by the calculus of variations. Take the equation of the path in the form� D �.�/,
where� is distance from the vertexO and� is the cylindrical polar angle measured
around the axis of the cone. Obtain the general expression for the path length and
find the extremal that satisfies the end conditions�.��=2/ D �.�=2/ D a.

Verify that this extremal is the same as the shortest path that would be obtained
by developing the cone on to a plane.

ρ
α

θ

FIGURE 13.2 The coordinates� and� used in Problem 13.5.

Solution
The coordinates� and� are shown in Figure 13.2. In terms of these coordinates,

the length elementds is given by

.ds/2 D .d�/2 C .� sin˛ d�/2;

where˛ is the semi-angle of the cone. Hence

ds D
"�

d�

d�

�2

C �2 sin2 ˛

#1=2

d�

and the length functional for paths over the surface of the cone is

LŒ� � D
Z �2

�1

"�
d�

d�

�2

C �2 sin2 ˛

#1=2

d�;
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where�1 and�2 are the initial and final values of� on the path. In the present case,
these values are��=2 and�=2 respectively.

For this functional, the integrandF.�; P�; �/ is

F D
�

P�2 C �2 sin2 ˛
�1=2

which has no explicit� dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

P�@F
@ P� � F D constant:

In the present case, this simplifies to give

�2

�
�2 sin2 ˛ C P�2

�1=2
D constant

that is

P�2 D b2�4 � �2 sin2 ˛;

whereb is a positive constant. This equation evidently has the family of solutions
� D constant but these solutions do not satisfy the Euler-Lagrange equation and are
thereforenotextremals.

Other solutions can be found by taking square roots and separating, as usual.
This gives

� D ˙
Z

d�

�
�
b2�2 � sin2 ˛

�1=2
:

On making the substitutionb� D sin˛ sec , this becomes

� D ˙  

sin˛
C c;

wherec is an integration constant. In reintroducing the variable� instead of we
find that thefamily of extremals of the length functionalL is given by

� D
�

sin˛

b

�
sec

�
.� � c/ sin˛

�
:
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We must now find the extremals that satisfy the prescribedend conditions. The
conditions� D a when� D ˙�=2 give

a D
�

sin˛

b

�
sec

��
1
2
� C c

�
sin˛

�
D
�

sin˛

b

�
sec

��
1
2
� � c

�
sin˛

�

from which it follows thatc D 0 and

b D
�

sin˛

a

�
sec

�
1
2
� sin˛

�
:

Hence there is exactlyone admissible extremal, namely

� D
cos

�
1
2
� sin˛

�

cos
�
� sin˛

� :

a

(π/2) sin  α

θ  sin  α

B

A

O

P

M

FIGURE 13.3 A cone of semi-anglę developed on to
a plane. The shortest path fromA.� D a; � D ��=2/

to B.� D a; � D �=2/ is the line segmentAB. P is a
general point on this path.

It remains to identify this extremal with the minimum lengthpath obtained by
developing the cone on to a plane. Figure 13.3 shows what the cone would look like
if it were slit along the generator� D � and then rolled out on a flat table.A and
B are the starting and end points of the path and the straight lineAB is the shortest
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path. LetP be a general point on this path with coordinates�; � . ThenOP D �

and the angle betweenOP andOM is � sin˛. The equation of the straight lineAB

is therefore

� cos
�
� sin˛

�
D a cos

�
1
2
� sin˛

�
;

which is the same as obtained from the Euler-Lagrange equation. Figure 13.4 shows
a path of shortest length on a cone of semi-angle�=6.

FIGURE 13.4 A path of shortest length on a cone of
semi-angle�=6.
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Problem 13 . 6 Cost functional

A manufacturer wishes to minimise the cost functional

C Œx � D
Z 4

0

�
.3 C Px/ Px C 2x

�
dt

subject to the conditionsx.0/ D 0 andx.4/ D X , whereX is volume of goods to
be produced. Find the extremal ofC that satisfies the given conditions and prove
that this function provides the global minimum ofC .

Why is this solution not applicable whenX < 8?

Solution
For this functional, the integrandF.x; Px; t/ is

F D .3 C Px/ Px C 2x

which has no explicitt dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Px @F
@ Px � F D constant:

In the present case, this simplifies to give

Px2 D 2x C a;

wherea is a constant. This equation evidently has the family of solutions x D
constant but these solutions do not satisfy the Euler-Lagrange equation and are there-
forenotextremals.

Other solutions can be found by taking square roots and separating, as usual.
This gives

t D ˙
Z

dx

.2x C a/1=2

D .2x C a/1=2 C b;

whereb is an integration constant. On solving forx, we find that thefamily of
extremalsof the cost functionalC is

x D 1
2
.t � b/2 � 1

2
a;
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which is a family of parabolas in the.t;x/-plane.
We must now find the extremals that satisfy the prescribedend conditions. The

conditionx D 0 whent D 0 gives

0 D b2 � a;

and the conditionx D X whent D 4 gives

2X D .4 � b/2 � a:

These equations have the solution

a D 1
16
.8 � X /2; b D 1

4
.8 � X /;

so that there is exactlyone admissible extremal, namely

x D 1
32
.4t C X � 8/2 � 1

32
.8 � X /2;

D 1
4
t.2t C X � 8/:

To investigate the nature of this extremal, letx� D 1
4
t.2t C X � 8/ and consider

the functionx� C h, whereh.t/ is any admissible variation. Then

C
�
x� C h

�
D C

�
x� �C

Z 4

0

h�
3 C 2t C 1

2
.X � 8/

� Ph C Ph2 C 2h
i

dt

D C
�
x� �C

h�
3 C 2t C 1

2
.X � 8/

�
h
itD4

tD0
C
Z 4

0

Ph2 dt

D C
�
x� �C 0 C

Z 4

0

Ph2 dt;

sinceh.0/ D h.4/ D 0 in anadmissiblevariation. Hence

C
�
x� C h

�
� C

�
x� �

since the integrandPh2 is positive. Sinceh is a general admissible variation, it follows
thatx� provides theglobal minimum for the cost functionalC .

This minimising function is not necessarily appropriate since solutions of the
actual problem must also satisfy a condition not previouslymentioned, namely, that
therate of production of goods must always be positive. Since

Px� D t C 1
4
.X � 8/;

this condition will be satisfied ifX � 8 but not otherwise. [Can you guess what the
optimum solution is whenX < 8?]
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Problem 13 . 7 Soap film problem

Consider the soap film problem for which it is required to minimise

J Œy � D
Z a

�a

y
�
1 C Py2

�1

2

dx

with y.�a/ D y.a/ D b. Show that the extremals ofJ have the form

y D c cosh
�x

c
C d

�
;

wherec, d are constants, and that the end conditions are satisfied if (and only if)
d D 0 and

cosh� D
�

b

a

�
�;

where� D a=c. Show that there aretwo admissible extremals provided that the
aspect ratiob=a exceeds a certain critical value andnone if b=a is less than this
crirical value. Sketch a graph showing how this critical value is determined.

The remainder of this question requires computer assistance. Show that the
critical value of the aspect ratiob=a is about 1.51. Choose a value ofb=a larger than
the critical value (b=a D 2 is suitable) and find the two values of�. Plot the two
admissible extremals on the same graph. Which one looks likethe actual shape of
the soap film? Check your guess by perturbing each extremal bysmall admissible
variations and finding the change in the value of the functional J Œy �.

Solution
For this functional, the integrandF.y; Py;x/ is

F D y
�
1 C Py2

�1=2

which has no explicitx dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Py @F
@ Py � F D constant:

In the present case, this simplifies to give

y
�
1 C Py2

�1=2 D constant;
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that is ,

Py2 D y2

c2
� 1;

wherec is a positive constant. This equation evidently has the family of solutions
y D constant but these solutions do not satisfy the Euler-Lagrange equation and are
thereforenot extremals. Other solutions can be found by taking square roots and
separating, as usual. This gives

x D ˙
Z

dy
��

y2=c2
�

� 1
�1=2

D ˙c cosh�1
�y

c

�
C d;

whered is an integration constant. On solving fory, we obtain

y D c cosh

�
x � d

c

�
:

This family of catenaries (hanging chains) is thefamily of extremals of the func-
tionalJ .

We must now find the extremals that satisfy the givenend conditions. The
conditionsy D b whenx D ˙a give

b D c cosh

�
a C d

c

�
D c cosh

�
a � d

c

�

from which it follows thatd D 0 and thatc must satisfy the equation

b

c
D cosh

�a

c

�
:

This equation determines the value of the constantc. If we introduce the dimension-
less unknown� D a=c, then� satisfies the equation

cosh� D
�

b

a

�
�:

This equation cannot be solved explicitly, but the nature ofits solutions can be
investigated graphically. Figure 13.5 shows that graphs ofcosh� andk� for various
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FIGURE 13.5 Graphs of cosh� andk� for
various values of the gradientk.

k =K

k >K

k <K

λ
Λ

values of the gradientk. There is acritical value K of the gradient such that the
straight lineK� touchesthe catenary cosh�. Whenk (D b=a) is less thanK, there
are no intersections, and whenk is greater thanK there aretwo. Each intersection
corresponds to anadmissible extremalof the functionalJ .

The critical gradientK can be found by observing that, at the touching point
� D ƒ, the functions cosh� andk� are equal, and so are their gradients. This gives
the simultaneous equations

cosh� D k�;

sinh� D k

for the critical values ofk and�. On eliminatingk, we find that the critical valueƒ
satisfies the equation

� tanh� D 1:

This equation cannot be solved explicitly, but it is easy to solve numerically and the
value ofƒ is found to be about 1.20. The corresponding value ofK (D sinhƒ) is
about 1.51.

When the aspect ratiob=a is lessthanK there are no extremals and hence no
soap film can exist. However, when the aspect ratiob=a is greaterthanK there are
two extremals and apparentlytwo different shapes that the film can have. Figure
13.6 shows the two extremals for the case in whichb=a D 2. It seems baffling that
two different solutions can exist since experience indicates that there is only one
configuration for the soap film (or none at all). Although we cannot prove this here,
it can be shown thatthe upper extremal provides aminimum for the functionalJ
while the lower extremal does not. Hence it is theupper extremal that provides the
unique stable configurationof the film.
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(a, b)(−a, b)

a−a
x

y

FIGURE 13.6 The two extremals in the soap film problem for
the case in which the aspect ratiob=a D 2.
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Problem 13 . 8

A sugar solution has a refractive indexn that increases with the depthz according
to the formula

n D n0

�
1 C z

a

�1=2

;

wheren0 anda are positive constants. A particular ray is horizontal whenit passes
through the origin of coordinates. Show that the path of the ray is not the straight
line z D 0 but the parabolaz D x2=4a.

Solution
Rays in this medium make theFermat time functional

T Œz � D
Z

n
�
1 C Pz2

�1=2

dx

stationary, wheren (D n.z/) is the refractive index of the medium. For this func-
tional, the integrandF.z; Pz;x/ is

F D n.z/
�
1 C Pz2

�1=2

which has no explicitx dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Pz @F
@Pz � F D constant:

In the present case, this simplifies to give

n0

�
1 C z

a

�1=2

�
1 C Pz2

�1=2 D constant;

that is,

Pz2 D A2n2
0

�
1 C z

a

�
� 1;

whereA is a positive constant. We are interested in a particular raythat is horizontal
when it passes through the origin, that is,z D 0 and Pz D 0 whenx D 0. For this
ray,A D 1=n0 and we have the simple ODE

Pz2 D z

a
:
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This equation evidently has the constant solutionz D 0 but this is not an extremal
unless it satisfies the original Euler-Lagrange equation

d

dx

 
n Pz

�
1 C Pz2

�1=2

!
�
�

n0
�
1 C Pz2

�1=2
�

D 0;

wheren0 D dn=dz. This equation admitsz D 0 as a solution ifn0.0/ D 0, but
not otherwise. Since this condition isnot satisfied by the medium in the present
problem, thestraight line solution is excluded.

Other solutions can be found by taking square roots and separating in the usual
way. This gives

x D ˙a1=2

Z
dz

z1=2

D ˙2a1=2z1=2 C B;

whereB is an integration constant. The initial conditionz D 0 whenx D 0 gives
B D 0 and hence the onlyadmissible extremalis the parabola

z D x2

4a
:

This is thepath of the ray.
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Problem 13 . 9

Consider the propagation of light rays in an axially symmetric medium, where, in a
system of cylindrical polar co-ordinates.r; �; z/, the refractive indexn D n.r / and
the rays lie in the planez D 0. Show that Fermat’s time functional has the form

T Œr � D c�1

Z �1

�0

n
�
r2 C Pr2

�1=2

d�;

wherer D r .�/ is the equation of the path, andPr meansdr=d� .

(i) Show that the extremals ofT satisfy the ODE

n r2

.r2 C Pr2/1=2
D constant:

Show further that, if we writePr D r tan , where is the angle between the
tangent to the ray and the local cylindrical surfacer D constant, this equation
becomes

r n cos D constant;

which is the form of Snell’s law for this case. Deduce that circular rays with
centre at the origin exist only when the refractive indexn D a=r , wherea is
a positive constant.

Solution
In plane polar coordinates, the element of lengthds is given by

.ds/2 D .dr /2 C .r d�/2;

that is,

ds D
 

r2 C
�

dr

d�

�2
!1=2

d�:

Hence, rays in this medium make theFermat time functional

T Œr � D
Z

n

 
r2 C

�
dr

d�

�2
!1=2

d�
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stationary, wheren (D n.r /) is the refractive index of the medium. For this func-
tional, the integrandF.r; Pr ; �/ is

F D n
�
r2 C Pr2

�1=2

which has no explicit� dependence. We may therefore replace the Euler-Lagrange
equation by theintegrated form

Pr @F
@ Pr � F D constant:

In the present case, this simplifies to give

r2n
�
r2 C Pr2

�1=2 D constant;

that is,

Pr2 D r2

�
n2r2

b2
� 1

�
; (1)

whereb is a positive constant. This equation evidently has the family of solutions
r D constant but these solutions do notgenerallysatisfy the Euler-Lagrange equa-
tion

d

d�

 
Prn

�
1 C Pr2

�1=2

!
�
 

n0
�
1 C Pr2

�1=2

� rn
�
1 C Pr2

�1=2

!
D 0;

wheren0 D dn=dr . Thus, if the circler D c is an extremal, then

n0.c/C cn.c/ D 0;

and if circles ofall radii are extremals, then the functionn.r /must satisfy the ODE

n0.r /C rn.r / D 0

for r > 0. Hencen must have thespecial radial dependence

n D a

r
; (2)
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wherea is a positive constant.

Other solutions may be investigated by introducing the angle  , which is the
angle between the tangent to the ray and the local cylindrical surfacer D constant.
The relationship is

tan D 1

r

dr

d�
:

On replacingPr in equation (1) byr tan , we find that, along each ray,r and must
related by the formula

rn cos D constant:

This is the form ofSnell’s law for this geometry. [It is tempting to try to establish
the formula (1) by putting D 0 in Snell’s law. However, although this gives the
right answer, this step is not justified. Why not?]
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Problem 13 . 10

A particle of mass 2 kg moves under uniform gravity along thez-axis, which points
verically downwards. Show that (in S.I. units) the action functional for the time
intervalŒ0; 2� is

S Œz � D
Z 2

0

�
Pz2 C 20z

�
dt;

whereg has been taken to be 10 m s�2.
Show directly that, of all the functionsz.t/ that satisfy the end conditionsz.0/ D

0 andz.2/ D 20, the actual motionz D 5t2 provides theleastvalue ofS .

Solution
For this mechanical system, theLagrangian is

L D T � V D 1
2
.2/Pz2 �

�
� .2/.10/z

�

D Pz2 C 20z;

and theaction functional for the time intervalŒ0; 2� is

S Œz � D
Z 2

0

�
Pz2 C 20z

�
dt:

By Hamilton’s principle , the motionz D 5t2 makes the action functional sta-
tionary. To investigate the nature of this extremal, consider the function

x D 5t2 C h;

whereh is an admissible variation. Then

S Œ5t2 C h � D
Z 2

0

�
10t C Ph

�2

C 20
�
5t2 C h

�
dt

D
Z 2

0

�
200t2 C 20t Ph C 20h C Ph2

�
dt

D
�

200t3

3

�tD2

tD0

C
h
20th

itD2

tD0
C
Z 2

0

Ph2dt

D 1600

3
C 0 C

Z 2

0

Ph2dt;
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sinceh.0/ D h.2/ D 0 in anadmissiblevariation. In particular, by takingh � 0,
S Œ5t2� D 1600=3. Hence

S Œ5t2 C h � D S Œ5t2 �C
Z 2

0

Ph2dt

� S Œ5t2 �;

since the integrandPh2 is positive. Sinceh is a general admissible variation, it follows
that the extremalx D 5t2 provides theglobal minimum for the action functional
S .
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Problem 13 . 11

A certain oscillator with generalised coordinateq has Lagrangian

L D Pq2 � 4q2:

Verify thatq� D sin2t is a motion of the oscillator, and show directly that it makes
the action functionalS Œq � satationary in any time intervalŒ0; � �.

For the time interval0 � t � �, find the variation in the action functional
corresponding to the variations (i)h D � sin4t , (ii) h D � sint , where� is a small
parameter. Deduce that the motionq� D sin2t does not makeS a minimum or a
maximum.

Solution
Theequation of motioncorresponding to the LagrangianL D Pq2 � 4q2 is

Rq C 4q D 0;

which is the classical SHM equation with! D 2. Henceq� D sin2t is a possible
motion of the system.

Theaction functional for the time intervalŒ0; � � is

S Œq � D
Z �

0

�
Pq2 � 4q2

�
dt

and, byHamilton’s principle , the motionq� D sin2t makesS stationary. To prove
this from first principles, consider the function

q D q� C h;

whereh is an admissible variation. Then

S Œq� C h � D
Z �

0

�
2 cos2t C Ph

�2

� 4
�

sin2t C h
�2

dt

D
Z �

0

�
4 cos4t C 4 Ph cos2t � 8h sin2t C Ph2 � 4h2

�
dt

D sin4� C
h
4h cos2t

itD�

tD0
C
Z �

0

�
Ph2 � 4h2

�
dt

D sin4� C 0 C
Z �

0

�
Ph2 � 4h2

�
dt;

sinceh.0/ D h.�/ D 0 in anadmissiblevariation. In particular, by takingh � 0,
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S Œq�� D sin4� . Hence

S Œq� C h � D S Œq� �C
Z �

0

�
Ph2 � 4h2

�
dt

D S Œq� �C O
�
jjhjj2

�
:

Thus, in accordance with Hamilton’s principle, the motionq� D sin2t makes the
action functionalstationary.

To investigate the nature of this extremal for the particular time intervalŒ0; ��,
let q� first be perturbed by the variationh1 D � sin4t , where� is a positive constant.
Then

S Œq� C h � D S Œq� �C
Z �

0

�
Ph2 � 4h2

�
dt

D S Œq� �C
Z �

0

�
16�2 cos2 4t � 4�2 sin2 4t

�
dt

D S Œq� �C 6��2:

On the other hand, whenq� is perturbed by the variationh2 D � sint ,

S Œq� C h � D S Œq� �C
Z �

0

�
Ph2 � 4h2

�
dt

D S Œq� �C
Z �

0

�
�2 cos2 t � 4�2 sin2 t

�
dt

D S Œq� � � 3
2
��2:

ThusS is increasedby the variationh1 anddecreasedby the variationh2. It follows
that the motionq� providesneither a minimum nor a maximum for the action
functionalS over the time intervalŒ0; ��.
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Problem 13 . 12

A particle is constrained to move over a smooth fixed surface underno forcesother
than the force of constraint. By using Hamilton’s principleand energy conservation,
show that the path of the particle must be a geodesic of the surface. (The term
geodesic has been extended here to mean those paths that makethe length functional
stationary).

FIGURE 13.7 The particleP slides over the
smooth surfaceS.

S
A

B
P

Solution
Let A andB be two points on an actual path traced out by the particleP (see Figure
13.7) and suppose that the motion betweenA andB takes place in the time interval
0 � t � � .

Since the surface is smooth and there are no forces other thanthe constraint
force, theLagrangian L D 1

2
mjv j2 and theaction functional for the intervalŒ0; � �

is

S D 1
2
m

Z �

0

jv j2 dt:

Let q (D .q1; q2/) be a set of generalised coordinates for the particle and let
q�.t/ be the actual motion shown in Figure 13.7. Then, byHamilton’s principle ,

S Œq� C h � D S Œq� �C O
�
jjhjj2

�
;

whereh.t/ is any admissible variation. In the present problem, this states that
Z �

0

jv j2 dt D
Z �

0

jv� j2 dt C O
�
jjhjj2

�
;
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wherev is the velocity corresponding to the geometrically possible trajectoryq D
q� C h andv� is the velocity corresponding to the actual motionq�.

Since the surface is smooth and there are no prescribed forces, energy conser-
vation applies in the formT D constant. Hence, in the actual motion,P moves
with constant speed. Since the motion takes place over the time intervalŒ0; � �, this
speed must beL�=� , whereL� is the path length of the actual motion connectingA

andB. Hence

Z �

0

jv j2 dt D .L�/2

�
C O

�
jjhjj2

�
:

Now comes the clever bit. LetC be some path onS connecting the pointsA and
B, and letq.t/ be the trajectory in whichP traversesC at constant speed. Since all
trajectories are supposed to take place over the time interval Œ0; � �, the constant speed
required isL=� , whereL is the length ofC. Then Hamilton’s principle implies that

L2

�
D .L�/2

�
C O

�
jjhjj2

�
;

which in turn implies that

L D L� C O
�
jjhjj2

�
:

SinceC can beanypath connectingA andB, this formula states that the motionq�

makes the path length functional stationary. In other words, the path of the particle
is ageodesic of the surfaceS.
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Problem 13 . 13

By using Hamilton’s principle, show that, if the LagrangianL.q; Pq; t/ is modified
to L0 by any transformation of the form

L0 D L C d

dt
g.q; t/;

then the equations of motion are unchanged.

Solution
The action functionalS 0corresponding to the LagrangianL0 over the time interval
ŒtA; tB � is

S 0Œq � D
Z tB

tA

L0 dt

D
Z tB

tA

�
L C d

dt
g.q; t/

�
dt

D
Z t2

t1

L dt C
h

g.q; t/
itDtB

tDtA

D S Œq �C
�
g.qB; tB/ � g.qA; tA/

�
:

ThusS andS 0 differ by a constant and hence have the same family of extremals
extremals. The Lagrange equations forL andL0 therefore havethe same family of
solutions.
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Problem 14 . 1

Find the Legendre transformG.v1; v2; w/ of the function

F.u1;u2; w/ D 2u2
1 � 3u1u2 C u2

2 C 3wu1;

wherew is a passive variable. Verify that@F=@w D �@G=@w.

Solution
In a specific example such as this it isalwayseasier to work from first principles

rather than from the relationF C G D u1v1 C u2v2.
The new variablesv1, v2 are expressed in terms of the old variablesu1, u2 by

v1 D @F

@u1

D 4u1 � 3u2 C 3w;

v2 D @F

@u2

D �3u1 C 2u2:

The first step is to invert these relations by solving the simultaneous equations

4u1 � 3u2 D v1 � 3w;

3u1 � 2u2 D �v2;

which gives

u1 D �2v1 � 3v2 C 6w;

u2 D �3v1 � 4v2 C 9w:

The Legendre transformG.v1; v2; w/ then satisfies the equations

@G

@v1

D �2v1 � 3v2 C 6w;

@G

@v2

D �3v1 � 4v2 C 9w;

from which it follows that

G D �v2
1 � 3v1v2 � 2v2

2 C 6wv1 C 9wv2 C f .w/:

In this method of solution, we mustmakeG satisfy the equation@G=@w D �@F=@w
by an appropriate choice of the functionf .w/. Now

@G

@w
D 6v1 C 9v2 C f 0.w/;

�@F
@w

D �3u1 D 6v1 C 9v2 � 18w;
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and these expressions are equal iff 0.w/ D �18w. Hencef .w/ D �9w2 to within
an added constant. TheLegendre transform of F is therefore

G D �v2
1 � 3v1v2 � 2v2

2 C 6wv1 C 9wv2 � 9w2:
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Problem 14 . 2

A smooth wire has the form of the helixx D a cos� , y D a sin� , z D b� , where�
is a real parameter, anda, b are positive constants. The wire is fixed with the axisOz

pointing vertically upwards. A particleP of massm can slide freely on the wire.
Taking � as generalised coordinate, find the Hamiltonian and obtain Hamilton’s
equations for this system.

Solution
In terms of the coordinate� , the particle haskinetic energy

T D 1
2
m
�

Px2 C Py2 C Pz2
�

D 1
2
m
�
.�a sin�/2 C .a cos�/2 C b2

�
P�2

D 1
2
m
�
a2 C b2

�
P�2:

Thepotential energy is V D mgz D mgb� . Hence theLagrangian of the system
is

L.�; P�/ D T � V D 1
2
m
�
a2 C b2

�
P�2 � mgb�:

Theconjugate momentump� is then given by

p� D @L

@ P�
D m

�
a2 C b2

�
P�

and the corresponding inverse relation is

P� D p�

m.a2 C b2/
:

Since this system is conservative, theHamiltonian is given by

H .�;p� / D T C V D 1
2
m
�
a2 C b2

�� p�

m.a2 C b2/

�2

C mgb�

D
p2
�

2m.a2 C b2/
C mgb�:

Hamilton’s equations for the system are then given by

P� D @H

@p�

Pp� D �@H
@�
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that is,

P� D p�

m.a2 C b2/

Pp� D �mgb
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Problem 14 . 3 Projectile

Using Cartesian coordinates, find the Hamiltonian for a projectile of massm mov-
ing under uniform gravity. Obtain Hamilton’s equations andidentify any cyclic
coordinates.

Solution
In terms of Cartesian coordinatesx, z, the particle haskinetic energy

T D 1
2
m
�

Px2 C Pz2
�

andpotential energyV D mgz. Hence theLagrangian of the system is

L.x; z; Px; Pz/ D T � V D 1
2
m
�

Px2 C Pz2
�

� mgz:

Theconjugate momentapx , pz are then given by

px D @L

@ Px D m Px;

pz D @L

@Pz D mPz

and the corresponding inverse relations are

Px D px

m
;

Pz D pz

m
:

Since this system is conservative, theHamiltonian is given by

H .x;y;px;pz/ D T C V D 1
2
m

��px

m

�2

C
�pz

m

�2
�

C mgz

D p2
x C p2

z

2m
C mgz:

Hamilton’s equations for the system are then given by

Px D @H

@px

;

Pz D @H

@pz

;

Ppx D �@H
@x
;

Ppz D �@H
@z
;
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that is,

Px D px

m
;

Pz D pz

m
;

Ppx D 0;

Ppz D �mg:

The coordinatex does not appear inH and is thereforecyclic. As a result, the
conjugate momentumpx is conserved.
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Problem 14 . 4 Spherical pendulum

The spherical pendulum is a particle of massm attached to a fixed point by a light
inextensible string of lengtha and moving under uniform gravity. It differs from the
simple pendulum in that the motion is not restricted to lie ina vertical plane. Show
that the Lagrangian is

L D 1
2
ma2

�
P�2 C sin2� P�2

�
C mga cos�;

where the polar angles� , � are shown in Figure 11.7.
Find the Hamiltonian and obtain Hamilton’s equations. Identify any cyclic co-

ordinates.

Solution
In terms of the polar angles� , �, the system haskinetic energy

T D 1
2
m
�
.a P�/2 C .a sin� P�/2

�

andpotential energyV D �mga cos� . Hence theLagrangian of the system is

L.�; �; P�; P�/ D T � V D 1
2
ma2

�
P�2 C sin2� P�2

�
C mga cos�:

Theconjugate momentap� , p� are then given by

p� D @L

@ P�
D ma2 P�;

p� D @L

@ P�
D ma2 sin2� P�:

Since this system is conservative, theHamiltonian is given by

H .�; �;p� ;p�/ D T C V

D 1
2
ma2

 � p�

ma2

�2

C sin2�

�
p�

ma2 sin2�

�2
!

� mga cos�

D 1

2ma2

 
p2
� C

p2
�

sin2�

!
� mga cos�:

Hamilton’s equations for the system are then given by

P� D @H

@p�
;

P� D @H

@p�
;

Pp� D �@H
@�
;

Pp� D �@H
@�
;
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that is,

P� D p�

ma2
;

P� D p�

ma2 sin2�
;

Pp� D
p2
�

cos�

ma2 sin3�
� mga cos�;

Pp� D 0:

The coordinate� does not appear inH and is thereforecyclic. As a result, the
conjugate momentump� is conserved.
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Problem 14 . 5

The system shown in Figure 10.9 consists of two particlesP1 andP2 connected by
a light inextensible string of lengtha. The particleP1 is constrained to move along
a fixed smooth horizontal rail, and the whole system moves under uniform gravity
in the vertical plane through the rail. For the case in which the particles are of equal
massm, show that the Lagrangian is

L D 1
2
m
�
2 Px2 C 2a Px P� C a2 P�2

�
C mga cos�;

wherex and� are the coordinates shown in Figure 10.9.
Find the Hamiltonian and verify that it satisfies the equations Px D @H=@px and

P� D @H=@p� . [Messy algebra.]

Solution
In terms of coordinatesx, � , the system haskinetic energy

T D 1
2
m Px2 C 1

2
m

�
Px2 C

�
a P�
�2

C 2 Px
�
a P�
�

cos�

�

D 1
2
m
�
2 Px2 C a2 P�2 C 2a Px P� cos�

�
:

Thepotential energy is V D �mga cos� . Hence theLagrangian of the system is

L.x; �; Px; P�/ D T � V D 1
2
m
�
2 Px2 C a2 P�2 C 2a Px P� cos�

�
C mga cos�:

Theconjugate momentapx , p� are then given by

px D @L

@ Px D m
�
2 Px C a P� cos�

�
;

p� D @L

@ P�
D ma

�
a P� C Px cos�

�
:

This is more typical of the general case in that we must solve apair of coupled
equations to obtainPx and P� in terms ofpx andp� . This gives

Px D px � cos� .p�=a/

m
�
2 � cos2 �

� ;

a P� D 2 .p�=a/ � cos� px

m
�
2 � cos2 �

� :
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Since this system is conservative, theHamiltonian is given by

H .x; �;px;p� / D T C V D p2
x C 2.p�=a/

2 � 2 cos� px .p�=a/

2m
�
2 � cos2 �

� � mga cos�;

after much algebra.

It may now be verified thatH satisfies

@H

@px

D px � cos� .p�=a/

m
�
2 � cos2 �

� D Px;

@H

@p�
D 2 .p�=a/ � cos� px

m
�
2 � cos2 �

� D P�:
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Problem 14 . 6 Pendulum with a shortening string

A particle is suspended from a support by a light inextensible string which passes
through a small fixed ring vertically below the support. The particle moves in a
vertical plane with the string taut. At the same time, the support is made to move
vertically having an upward displacementZ.t/ at time t . The effect is that the
particle oscillates like a simple pendulum whose string length at timet is a � Z.t/,
wherea is a positive constant. Show that the Lagrangian is

L D 1
2
m
�
.a � Z/2 P�2 C PZ2

�
C mg.a � Z/ cos�;

where� is the angle between the string and the downward vertical.
Find the Hamiltonian and obtain Hamilton’s equations. IsH conserved?

Solution
In terms of coordinate� , the system haskinetic energy

T D 1
2
m
�

PZ2 C .a � Z/2 P�2
�

and potential energy is V D �mg.a � Z/ cos� . (Remember thatZ is not a
coordinate but a specified function oft .) Hence theLagrangian of the system is

L.�; P�/ D T � V D 1
2
m
�

PZ2 C .a � Z/2 P�2
�

C mg.a � Z/ cos�:

Theconjugate momentump� is then given by

p� D @L

@ P�
D m.a � Z/2 P�

and the corresponding inverse relation is

P� D p�

m.a � Z/2
:

Since this system isnot conservative, theHamiltonian must be found from the
general expression

H .�;p� / D P�p� � L

D
�

p�

m.a � Z/2

�
p� � 1

2
m

 
PZ2 C

p2
�

m2.a � Z/2

!
� mg.a � Z/ cos�

D
p2
�

2m.a � Z/2
� 1

2
m PZ2 � mg.a � Z/ cos�:
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Hamilton’s equations for the system are then given by

P� D @H

@p�
; Pp� D �@H

@�
;

that is,

P� D p�

m.a � Z/2
; Pp� D �mg.a � Z/ sin�:

SinceH has an explicit time dependence throughZ.t/, H will not generallybe
conserved. Itwill be conserved however ifPZ.t/ is constant. [Why is this?]
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Problem 14 . 7 Charged particle in an electrodynamic field

The Lagrangian for a particle with massm and chargee moving in the general
electrodynamic fieldfE.r; t/;B.r; t/g is given in Cartesian coordinates by

L.r; Pr ; t/ D 1
2
m Pr � Pr � e �.r; t/C e Pr � A.r ; t/;

wherer D .x;y; z/ andf�;Ag are the electrodynamic potentials of fieldfE ;Bg.
Show that the corresponding Hamiltonian is given by

H .r;p; t/ D .p � eA/ � .p � eA/

2m
C e �;

wherep D .px;py ;px/ are the generalised momenta conjugate to the coordinates
.x;y; z/. [Note thatp is not the ordinary linear momentum of the particle.] Under
what circumstances isH conserved?

Solution
In terms of Cartesian coordinatesx, y, z, the system hasLagrangian

L D 1
2
m
�

Px2 C Py2 C Pz2
�

� e� C e PxAx C e PyAy C e PzAz :

Theconjugate momentapx , py , pz are given by

px D @L

@ Px D m Px C eAx ;

py D @L

@ Py D m Py C eAy ;

pz D @L

@Pz D mPz C eAz:

and the corresponding inverse relations are

Px D 1

m
.px � eAx/ ;

Py D 1

m

�
py � eAy

�
;

Pz D 1

m
.pz � eAz/ :

Since this system isnot conservative, theHamiltonian must be found from the
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general expression

H .r;p/ D Pxpx C Pypy C Pzpz � L

D 1

m

�
px.px � eAx/C py.py � eAy/C pz.pz � eAz/

�

� 1

2m

�
.px � eAx/

2 C .py � eAy/
2 C .pz � eAz/

2
�

Ce� � e

m

�
Ax.px � eAx/C Ay.py � eAy/C Az.pz � eAz/

�

D 1

2m

�
.px � eAx/

2 C .py � eAy/
2 C .pz � eAz/

2
�

C e�

D 1

2m
.p � eA/ � .p � eA/C e�:

This is the requiredHamiltonian . SinceH has an explicit time dependence through
f�.t/, A.t/g, H will not generallybe conserved. Itwill be conserved however if the
potentialsf�;Ag are independent oft , that is, if the fields are static.
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Problem 14 . 8 Relativistic Hamiltonian

The relativistic Lagrangian for a particle of rest massm0 moving along thex-axis
under the potential fieldV .x/ is given by

L D m0 c2

 
1 �

�
1 � Px2

c2

�1=2
!

� V .x/:

Show that the corresponding Hamiltonian is given by

H D m0 c2

 
1 C

�
px

m0 c

�2
!1=2

� m0 c2 C V .x/;

wherepx is the generalised momentum conjugate tox.

Solution
Since the particle hasLagrangian

L D m0 c2

 
1 �

�
1 � Px2

c2

�1=2
!

� V .x/;

theconjugate momentumpx is given by

px D @L

@ Px

D m0 Px
�

1 � Px2

c2

��1=2

and the corresponding inverse relation is

Px D cpx

�
m2

0c2 C p2
x

��1=2

:

This system is conservative, but the non-standard form of the ‘kinetic energy’
part ofL means that the Hamiltonian must be found from the general expression

H .x;px/ D Pxpx � L

D cp2
x

�
m2

0c2 C p2
x

��1=2

�m0c2 C m0c2
�
m2

0c2 C p2
x

��1=2

C V .x/

D m0 c2

 
1 C

�
px

m0 c

�2
!1=2

� m0 c2 C V .x/:
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This is the required relativisticHamiltonian .
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Problem 14 . 9 A variational principle for Hamilton’s equations

Consider the functional

J Œq.t/;p.t/ � D
Z t1

t0

�
H .q;p; t/ � Pq � p

�
dt

of the 2n independent functionsq1.t/; : : : ; qn.t/; p1.t/; : : : ;pn.t/. Show that the
extremals ofJ satisfy Hamilton’s equations with HamiltonianH .

Solution
In expanded form, the integrand is

F D H .q;p; t/ � . Pq1p1 C Pq2p2 C � � � C Pqnpn/

and there is one Euler Lagrange equation corresponding to each of thefqjg and one
corresponding to each of thefpjg, making2n equations in all.

The Euler Lagrange equation corresponding to the variableqj is

d

dt

�
@F

@ Pqj

�
� @F

@qj

D 0;

that is,

d

dt

�
� pj

�
� @H

@qj

D 0;

which becomes

Ppj D � @H
@qj

.1 � j � n/: (1)

Similarly, the Euler Lagrange equation corresponding to the variablepj is

d

dt

�
@F

@ Ppj

�
� @F

@pj

D 0;

that is,

d

dt

�
0
�

�
�
@H

@pj

� Pqj

�
D 0;

which becomes

Pqj D @H

@pj

.1 � j � n/: (2)

Equations (1) and (2) are exactly Hamilton’s equations for asystem with Hamil-
tonianH .q;p; t/.
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Problem 14 . 10

In the theory of dynamical systems, a point is said to be anasymptotically stable
equilibrium pointif it ‘attracts’ points in a nearby volume of the phase space.Show
that such points cannot occur in Hamiltonian dynamics.

Solution

x0 x0

R 0

R

FIGURE 14.1 The motion of phase points towards the asymptot-
ically stable equilibrium pointx0.

Suppose that there is an asymptotically stable equilibriumpointx0 and that the
sphereR0 is sufficiently small so thatall of its phase points are attracted tox0

(see Figure 14.1, left). Then, with increasing time, the region R occupied by these
points will shrink in size as its points are drawn towardsx0 (see Figure 14.1, right).
Thus the volume of this region isnot conserved. However, by Liouville’s theorem,
volumes in phase spaceare conserved for any Hamiltonian system. The conclusion
is that asymptotically stable equilibrium points cannot bea feature of Hamiltonian
systems.
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Problem 14 . 11

A one dimensional damped oscillator with coordinateq satisfies the equationRq C
4 Pq C 3q D 0, which is equivalent to the first order system

Pq D v; Pv D �3q � 4v:

Show that the areaa.t/ of any region of points moving in.q; v/-space has the time
variation

a.t/ D a.0/ e�4t :

Does this result contradict Liouville’s theorem?

Solution
Let a.t/ be the area of a regionAt of phase points moving in the phase plane.q; v/
of the first order system of equations

Pq D v;

Pv D �3q � 4v:

Then, as in the proof of Liouville’s theorem,

da

dt
D
Z

At

div F dqdv;

where

div F D @F1

@x1

C @F2

@x2

D @

@q

�
v
�

C @

@v

�
� 3q � 4v

�

D �4:

Hence

da

dt
D
Z

At

div F dqdv

D
Z

At

�
� 4

�
dqdv

D �4a:
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The areaa.t/ therefore satisfies the equation

da

dt
D �4a

thegeneral solutionof which is

a.t/ D a.0/ e�4t :

This example does not contradict Liouville’s theorem sincethe original oscilla-
tor equationRq C 4 Pq C 3q D 0 contains the ‘damping term’4 Pq and is thereforenot
derivable from a Lagrangian.
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Problem 14 . 12 Ensembles in statistical mechanics

In statistical mechanics, a macroscopic property of a system S is calculated by av-
eraging that property over a set, orensemble, of points moving in the phase space of
S. The number of ensemble points in any volume of phase space isrepresented by
a density function�.q;p; t/. If the system is autonomous and instatistical equilib-
rium, it is required that, even though the ensemble points are moving (in accordance
with Hamilton’s equations), their density function shouldremain the same, that is,
� D �.q;p/. This places a restriction on possible choices for�.q;p/. Let R0 be
any region of the phase space and suppose that, after timet , the points ofR0 occupy
the regionRt . Explain why statistical equilibrium requires that

Z

R0

�.q;p/ dv D
Z

Rt

�.q;p/ dv

and show that theuniformdensity function�.q;p/ D �0 satisfies this condition. [It
can be proved that the above condition is also satisfied by anydensity function that
is constant along the streamlines of the phase flow.]

Solution
The equation

Z

R0

�.q;p/ dv D
Z

Rt

�.q;p/ dv

merely expresses the condition that thenumberof ensemble points lying in the mov-
ing regionRt remains constant.

If �.q;p/ D �0, then

Z

Rt

�.q;p/dv D
Z

Rt

�0 dv D �0v.t/;

wherev.t/ is the volume of the regionRt . Sincev.t/ is known to be constant
by Liouville’s theorem, it follows that the uniform densityfunction�.q;p/ D �0

satisfies the condition for statistical equilibrium.
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Problem 14 . 13

Decide if the energy surfaces in phase space are bounded in the following cases:
(i) The two-body gravitation problem withE < 0.
(ii) The two-body gravitation problem viewed from the zero momentum frame

and withE < 0.
(iii) The three-body gravitation problem viewed from the zero momentum frame

and withE < 0. Does the solar system have the recurrence property?

Solution

(i) Let us take generalised coordinatesfR; rg, whereR is the position vector of
G andr is the position vector ofoneof the particles relative toG. Then the
conjugate momentafP ;pg are bounded inanymotion, and the coordinater
is bounded in a motion with negative energy. However, the coordinateR is
not bounded. The energy surfaces in phase space are thereforeunbounded.

(ii) The difference with (i) is that, in the zero momentum frame, G is at rest
and we are left with the coordinater . Then the conjugate momuntump is
bounded inanymotion and the coordinater is bounded in a motion with neg-
ative energy. Hence, surfaces in phase space with constant negative energy
arebounded. The recurrence theorem therefore applies, but this does not
yield an interesting result since motions with negative energy were already
known to be periodic.

(iii) In the three body problem, take generalised coordinatesfR; r1; r2g, where
R is the position vector ofG, andr1, r2 are the position vectors oftwo of
the particles relative toG. In the zero momentum frame,G is at rest and we
are left with the coordinatesfr1; r2g. Then the conjugate momentafp1;p2g
are bounded inany motion and we need to decide whetherr1 and r2 are
bounded in a motion in which the total energy is negative. In general, the
answer is no. In the three body problem, it is known to be possible for one
body to escape, even though the total energy is negative. In such a case,
one of the position vectorsr1, r2 must be unbounded. Hence, surfaces in
phase space with constant negative energy are generallyunbounded. The
recurrence theorem does not apply and so we have no right to expect that the
three body problem has the recurrence property. Similar remarks apply (even
more so!) to the solar system.
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Problem 14 . 14 Poisson brackets

Suppose thatu.q;p/ andv.q;p/ are any two functions of position in the phase
space.q;p/ of a mechanical systemS. Then thePoisson bracketŒu; v � of u andv
is defined by

Œu; v� D gradq u � gradp v � gradp u � gradq v D
nX

jD1

�
@u

@qj

@v

@pj

� @u

@pj

@v

@qj

�
:

Thealgebraicbehaviour of the Poisson bracket of two functions resemblesthat
of the cross productU �V of two vectors or the commutatorU V � V U of two
matrices. The Poisson bracket of two functions is closely related to the commutator
of the corresponding operators in quantum mechanics.�

Prove the following properties of Poisson brackets.

Algebraic properties

Œu;u � D 0; Œv;u � D �Œu; v �; Œ�1u1 C �2u2; v � D �1Œu1; v �C �2Œu2; v �

Œ Œu; v �; w �C Œ Œw;u �; v �C Œ Œv; w �; u � D 0:

This last formula is calledJacobi’s identity. It is quite important, but there seems to be no way of proving
it apart from crashing it out, which is very tedious. Unless you can invent a smart method, leave this one
alone.

Fundamental Poisson brackets

Œqj ; qk � D 0; Œpj ;pk � D 0; Œqj ;pk � D ıjk ;

whereıjk is the Kroneker delta.

Hamilton’s equations

Show that Hamilton’s equations forS can be written in the form

Pqj D Œqj ;H �; Ppj D Œpj ;H �; .1 � j � n/:

Constants of the motion

� The commutatorŒU;V � of two quantum mechanical operatorsU, V corresponds toi¯Œu; v �, where¯ is
the modified Planck constant, andŒu; v � is the Poisson bracket of the corresponding classical variablesu,
v.
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(i) Show that thetotal time derivative ofu.q;p/ is given by

du

dt
D Œu;H �

and deduce thatu is a constant of the motion ofS if, and only if, Œu;H � D 0.

(ii) If u andv are constants of the motion ofS, show that the Poisson bracketŒu; v �
is another constant of the motion. [Use Jacobi’s identity.]Does this mean that you
can keep on finding more and more constants of the motion ?

Solution

Algebraic properties

(i)

Œu;u � D gradq u � gradp u � gradp u � gradq u D 0:

(ii)

Œv;u � D gradq v � gradp u � gradp v � gradq u

D �
�
gradq u � gradp v � gradp u � gradq v

�

D �Œu; v �:

(iii)

Œ�1u1 C �2u2; v � D gradq .�1u1 C �2u2/ � gradp v � gradp .�1u1 C �2u2/ � gradq v

D �1

�
gradq u1 � gradp v � gradp u1 � gradq v

�

C �2

�
gradq u2 � gradp v � gradp u2 � gradq v

�

D �1Œu1; v �C �2Œu2; v �:

(iv) You must be joking!

Fundamental Poisson brackets

(i)

Œqj ; qk � D gradq qj � gradp qk � gradp qj � gradq qk

D ej � 0 � 0 � ek

D 0:
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Hereej is then-dimensional basis vector with zeros everywhere except in
thej -th position where there is a one. For example,e1 D .1; 0; 0; : : : ; 0/ and
e2 D .0; 1; 0; 0; : : : ; 0/.

(ii)

Œpj ;pk � D gradq pj � gradp pk � gradp pj � gradq pk

D 0 � ek � ej � 0

D 0:

(iii)

Œqj ;pk � D gradq qj � gradp pk � gradp qj � gradq pk

D ej � ek � 0 � 0

D ıij :

Hamilton’s equations

(i)

Œqj ;H � D gradq qj � gradp H � gradp qj � gradq H

D ej � gradp H � 0 � gradq H

D @H

@pj

D Pqj :

(ii)

Œpj ;H � D gradq pj � gradp H � gradp pj � gradq H

D 0 � gradp H � ej � gradq H

D � @H
@qj

D Ppj :

Constants of the motion

(i)

Œu;H � D gradq u � gradp H � gradp u � gradq H

D gradq u � Pq � gradp u � .� Pp/

D gradq u � Pq C gradp u � Pp

D du

dt
:
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(ii) Fom Jacobi’s identity,

Œ Œu; v �;H �C Œ ŒH;u �; v �C Œ Œv;H �;u � D 0:

However, sinceu andv are known to be constants of the motion,

Œu;H � D Œv;H � D 0;

and so

Œ Œu; v �;H � D 0:

HenceŒu; v � must be another constant of the motion.

Obviously one cannot keep on finding more and more constants of the mo-
tion! The reason is thatŒu; v � may be simply some combination ofu andv
and therefore not anindependentconstant.
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Problem 14 . 15 Integrable systems and chaos

A mechanical system is said to beintegrable if its equations of motion are soluble
in the sense that they can be reduced to integrations. (You donot need to be able
to evaluate the integrals in terms of standard functions.) Atheorem due to Liouville
states thatany Hamiltonian system with n degrees of freedom is integrable if it hasn

independent constants of the motion, and all these quantities commute in the sense
that all their mutual Poisson brackets are zero.� The qualitative behaviour of inte-
grable Hamiltonian systems is well investigated (see Goldstein [?]). In particular,
no integrable Hamiltonian system can exhibit chaos.

Use Liouville’s theorem to show that any autonomous system with n degrees of
freedom andn � 1 cyclic coordinates must be integrable.

Solution
For any autonomous system,H is a constant of the motion. Also this system

hasn � 1 cyclic coordinatesq1; q2; : : : ; qn�1 and thereforen � 1 conserved mo-
mentap1;p2; : : : ;pn�1. Hence there are a total ofn constants of the motion and
Liuoville’s theorem will be satisfied if all these variablescommute. We already
know thatŒpj ;pk � D 0, and

Œpj ;H � D Ppj D 0;

since eachpj is conserved. Hence the conditions of Liuoville’s theorem are satisfied
and so the system must beintegrable. Most integrable systems are like this.

� This result is really very surprising. Ageneralsystem of first order ODEs in2n variables needs2n

integrals in order to be integrable in the Liouville sense. Hamiltonian systems need only half that number.
The theorem does not rule out the possibility that that therecould be other classes of integrable systems.
However, according to Arnold [?], every system that has ever been integrated is of the Liouville kind!
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Problem 15 . 1

A particleP of mass3m is connected to a particleQ of mass8m by a light elastic
spring of natural lengtha and strength̨ . Two similar springs are used to connect
P andQ to the fixed pointsA andB respectively, which are a distance3a apart
on a smooth horizontal table. The particles can perform longitudinal oscillations
along the straight lineAB. Find the normal frequencies and the forms of the normal
modes.

The system is in equlilibrium when the particleP receives a blow that gives it a

speedu in the direction
�!
AB. Find the displacement of each particle at timet in the

subsequent motion.

Solution

3 m 8 m

x y

A B

FIGURE 15.1 The system in problem 15.1.

Let the displacements of the two particles from their equilibrium positions bex,
y, as shown in Figure 15.1. Then the exact and approximatekinetic energiesare
the same, namely

T D T app D 1
2
.3m/ Px2 C 1

2
.8m/ Py2;

and theT -matrix is

T D 1
2
m

�
3 0

0 8

�
:

Likewise, since the springs are linear, the exact and approximatepotential en-
ergiesare the same, namely

V D V app D 1
2
˛x2 C 1

2
˛.y � x/2 C 1

2
˛y2;

D 1
2
˛
�
2x2 � 2xy C 2y2

�
;

and theV -matrix is

V D 1
2
˛

�
2 �1

�1 2

�
:
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Theeigenvalue equationdet.V � !2T/ D 0 can be written
ˇ̌
ˇ̌
ˇ
2 � 3� �1

�1 2 � 8�

ˇ̌
ˇ̌
ˇ D 0;

where� D m!2=˛. When expanded, this gives the quadratic equation

24�2 � 22�C 3 D 0

whose roots are� D 1
6

and� D 3
4
. Since� D m!2=˛, thenormal frequencies

are therefore given by

!2
1 D ˛

6m
; !2

2 D 3˛

4m
:

Since the normal frequencies are non-degenerate, the corresponding amplitude vec-
tors are unique to within multiplied constants. In theslow mode, � D 1

6
and the

equations.V � !2T/ � a D 0 for the amplitude vectora become

�
3 �2

�3 2

�
�

�
X

Y

�
D
�

0

0

�
;

on clearing fractions. It is evident thatX D 2, Y D 3 is a solution so that the
amplitude vector for the!1-mode isa1 D .2; 3/. The other mode is treated in a
similar way and its amplitude vector is found to bea2 D .4;�1/. In column vector
form, theamplitude vectorsof the normal modes are therefore

a1 D
�

2

3

�
: a2 D

�
4

�1

�
:

These are theforms of the normal modes.
It follows that thegeneral solutionof the small motion equations is

x D 2C1 cos.!1t � 
1/C 4C2 cos.!2t � 
2/

y D 3C1 cos.!1t � 
1/ � C2 cos.!2t � 
2/;

whereC1, C2, 
1, 
2 are arbitrary constants. This can be written in the alternative
form

x D 2
�
A1 cos!1t C B1 sin!1t

�
C 4

�
A2 cos!2t C B2 sin!2t

�
;

y D 3
�
A1 cos!1t C B1 sin!1t

�
�
�
A2 cos!2t C B2 sin!2t

�
;
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whereA1, B1, A2, B2 are arbitrary constants.
It remains to determine the constantsA1, B1, A2, B2 from theinitial conditions

x D 0, y D 0, Px D u, Py D 0 whent D 0. These conditions require that

2A1 C 4A2 D 0;

3A1 � A2 D 0;

2!1B1 C 4!2B2 D u;

3!1B1 � !2B2 D 0;

from which it follows thatA1 D A2 D 0 and

B1 D u

14!1

; B2 D 3u

14!2

:

Themotion resulting from the given initial conditions is therefore

x D 2u

14!1!2

�
!2 sin!1t C 6!1 sin!2t

�
;

y D 3u

14!1!2

�
!2 sin!1t � !1 sin!2t

�
:
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Problem 15 . 2

A particleA of mass3m is suspended from a fixed pointO by a spring of strength
˛ and a second particleB of mass2m is suspended fromA by a second identical
spring. The system performs small oscillations in the vertical straight line through
O . Find the normal frequencies, the forms of the normal modes,and a set of normal
coordinates.

Solution

FIGURE 15.2 The system in problem 15.2.
The displacements of the particles are mea-
sured from theequilibrium configurationof
the system.

3 m

2 m

x

y

Let the displacements of the two particles from their equilibrium positions bex,
y, as shown in Figure 15.2. In the equilibrium configuration, the tension in the upper
spring is5mg while the tension in the lower spring is2mg. Hence, in the displaced
configuration, the total potential energy of the springs, relative to the equilibrium
configuration, is given by

V S D
Z x

0

.5mg C ˛�/ d� C
Z y�x

0

.2mg C ˛�/ d�

D 3mgx C 2mgy C 1
2
˛x2 C 1

2
˛.y � x/2

D 3mgx C 2mgy C 1
2
˛
�
2x2 � 2xy C y2

�
:

The total gravitational potential energy, relative to the equilibrium configuration, is

V G D �.3m/gx � .2m/gy

D �3mgx � 2mgy:
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Hence, the totalpotential energyof the system is

V D V S C V G

D 1
2
˛
�
2x2 � 2xy C y2

�
:

The exact and approximatepotential energiesare the same so that

V app D 1
2
˛
�
2x2 � 2xy C y2

�

and theV -matrix is

V D 1
2
˛

�
2 �1

�1 1

�
:

Likewise, the exact and approximatekinetic energiesare the same, namely

T D T app D 1
2
.3m/ Px2 C 1

2
.2m/ Py2;

and theT -matrix is

T D 1
2
m

�
3 0

0 2

�
:

Theeigenvalue equationdet.V � !2T/ D 0 can be written
ˇ̌
ˇ̌
ˇ
2 � 3� �1

�1 1 � 2�

ˇ̌
ˇ̌
ˇ D 0;

where� D m!2=˛. When expanded, this gives the quadratic equation

6�2 � 7�C 1 D 0

whose roots are� D 1
6

and� D 1. Since� D m!2=˛, thenormal frequencies
are therefore given by

!2
1 D ˛

6m
; !2

2 D ˛

m
:

Since the normal frequencies are non-degenerate, the corresponding amplitude vec-
tors are unique to within multiplied constants. In theslow mode, � D 1

6
and the

equations.V � !2T/ � a D 0 for the amplitude vectora become
�

3 �2

�3 2

�
�

�
X

Y

�
D
�

0

0

�
;
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on clearing fractions. It is evident thatX D 2, Y D 3 is a solution so that the
amplitude vector for the!1-mode isa1 D .2; 3/. The other mode is treated in a
similar way and its amplitude vector is found to bea2 D .1;�1/. In column vector
form, theamplitude vectorsof the normal modes are therefore

a1 D
�

2

3

�
: a2 D

�
1

�1

�
:

These are theforms of the normal modes.

The matrixP, whose columns are the (un-normalised) amplitude vectors,is
therefore

P D
�

2 1

3 �1

�

and a set of normal coordinates is given by

�
�1

�2

�
D P0

� T �

�
x

y

�

D 1
2
m

�
2 3

1 �1

�
�

�
3 0

0 2

�
�

�
x

y

�

D 1
2
m

�
6 6

3 �2

�
�

�
x

y

�
:

These are a set ofnormal coordinates, but we may remove inessential scaling fac-
tors and take the set

�1 D x C y;

�2 D 3x � 2y

instead.
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Problem 15 . 3 Rod pendulum

A uniform rod of length2a is suspended from a fixed pointO by a light inextensible
string of lengthb attached to one of its ends. The system moves in a vertical plane
throughO . Take as coordinates the angles� , � between the string and the rod
respectively and the downward vertical. Show that the equations governing small
oscillations of the system about� D � D 0 are

b R� C a R� D �g�;

b R� C 4
3
a R� D �g�:

For the special case in whichb D 4a=5, find the normal frequencies and the forms
of the normal modes. Is the general motion periodic?

Solution

FIGURE 15.3 The rod pendulum in problem
15.3.

a

a

θ

φ

b

The kinetic energy of the rod can be expressed as the sum of its translational
and rotational contributions in the form

T D 1
2
M V 2 C 1

2
IG!

2;

whereM is the mass of the rod,V is the speed of its centre of massG, IG is its mo-
ment of inertia aboutG, and! is its angular speed. The value ofT app can be found
by evaluatingT when the system ispassing through its equilibrium configuration.
In terms of the coordinates� , � shown in Figure 15.3, this is

T app D 1
2
M
�
b P� C a P�

�2

C 1
2

�
1
3
Ma2

�
P�2;

D 1
2
M
�
b2 P�2 C 2ba P� P� C 4

3
a2 P�2

�
:
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TheT -matrix is therefore

T D 1
2
M

 
b2 ba

ba 4
3
a2

!
:

The gravitationalpotential energyof the rod relative to the equilibrium config-
uration is

V D Mg
�
b.1 � cos�/C a.1 � cos�/

�
;

from which it follows that

V app D 1
2
Mg

�
b�2 C a�2

�
:

TheV -matrix is therefore

V D 1
2
Mg

 
b 0

0 a

!
:

Thesmall oscillation equationsare then

T �

 
R�
R�

!
C V �

�
�

�

�
D
�

0

0

�
;

that is,

b R� C a R� C g� D 0;

b R� C 4
3
a R� C g� D 0;

as required.
Theeigenvalue equationdet.V � !2T/ D 0 is

ˇ̌
ˇ̌
ˇ
gb � b2!2 �ba!2

�ba!2 ga � 4
3
a2!2

ˇ̌
ˇ̌
ˇ D 0:

For the special case in whichb D 4
5
a, this reduces to

ˇ̌
ˇ̌
ˇ
5 � 4� �5�

�12� 15 � 20�

ˇ̌
ˇ̌
ˇ D 0;
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where� D a!2=g. When expanded, this gives the quadratic equation

4�2 � 32�C 15 D 0

whose roots are� D 1
2

and� D 15
2

. Since� D a!2=g, thenormal frequencies
are therefore given by

!2
1 D g

2a
; !2

2 D 15g

2a
:

Since the normal frequencies are non-degenerate, the corresponding amplitude vec-
tors are unique to within multiplied constants. In theslow mode, � D 1

2
and the

equations.V � !2T/ � a D 0 for the amplitude vectora become

�
6 �5

�6 5

�
�

�
A

B

�
D
�

0

0

�
;

on clearing fractions. It is evident thatA D 5, B D 6 is a solution so that the
amplitude vector for the!1-mode isa1 D .5; 6/. The other mode is treated in a
similar way and its amplitude vector is found to bea2 D .3;�2/. In column vector
form, theamplitude vectorsof the normal modes are therefore

a1 D
�

5

6

�
: a2 D

�
3

�2

�
:

These are theforms of the normal modes.

For this system, the ratio of the normal frequencies is!2=!1 D
p

15 which
is an irrational number. It follows that�2=�1 is also irrational and that the general
motion of the pendulum isnot periodic.

c
 Cambridge University Press, 2006



Chapter 15 The general theory of small oscillations 543

Problem 15 . 4 Triple pendulum

A triple pendulum has three strings of equal lengtha and the three particles (starting
from the top) have masses6m, 2m, m respectively. The pendulum performs small
oscillations in a vertical plane. Show that the normal frequencies satisfy the equation

12�3 � 60�2 C 81� � 27 D 0;

where� D a!2=g. Find the normal frequencies, the forms of the normal modes,
and a set of normal coordinates. [� D 3 is a root of the equation.]

Solution

FIGURE 15.4 The system in problem 15.4.

a

a

a

6 m

2 m

m

θ

φ

ψ

The value ofT app can be found by evaluatingT when the system ispassing
through its equilibrium configuration. In terms of the coordinates� , �,  shown in
Figure 15.4, this is

T app D 1
2
.6m/

�
a P�
�2

C 1
2
.2m/

�
a P� C a P�

�2

C 1
2
m
�
a P� C a P� C a P 

�2

D 1
2
ma2

�
9 P�2 C 3 P�2 C P 2 C 6 P� P� C 2 P� P C 2 P� P 

�
:

TheT -matrix is therefore

T D 1
2
ma2

0
@

9 3 1

3 3 1

1 1 1

1
A :
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The gravitationalpotential energyof the system relative to the equilibrium con-
figuration is

V D 6mga.1 � cos�/C 2mg
�
a.1 � cos�/C a.1 � cos�/

�
C

mga
�
.1 � cos�/C a.1 � cos�/C a.1 � cos /

�
;

from which it follows that

V app D 1
2
mga

�
9�2 C 3�2 C  2

�
:

TheV -matrix is therefore

V D 1
2
mga

0
@

9 0 0

0 3 0

0 0 1

1
A :

Theeigenvalue equationdet.V � !2T/ D 0 can be written
ˇ̌
ˇ̌
ˇ̌
ˇ

9 � 9� �3� ��
�3� 3 � 3� ��
�� �� 1 � �

ˇ̌
ˇ̌
ˇ̌
ˇ

D 0:

where� D a!2=g. When expanded, this gives the cubic equation

4�3 � 20�2 C 27� � 9 D 0;

as required. We are given that� D 3 is a root, and, on extracting the factor� � 3,
we are left with the quadratic equation

4�2 � 8�C 3 D 0;

whose roots are� D 1
2

and� D 3
2
. Since� D a!2=g, thenormal frequenciesare

therefore given by

!2
1 D g

2a
; !2

2 D 3g

2a
; !2

3 D 3g

a
;

Since the normal frequencies are non-degenerate, the corresponding amplitude vec-
tors are unique to within multiplied constants. In theslow mode, � D 1

2
and the

equations.V � !2T/ � a D 0 for the amplitude vectora become
0
@

9 �3 �1

�3 3 �1

�1 �1 1

1
A �

0
@

A

B

C

1
A D

0
@

0

0

0

1
A ;
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on clearing fractions. On discarding the first equation and solving the remaining
two, we find thatB D 2A andC D 3A. The amplitude vector for the!1-mode
is thereforea1 D .1; 2; 3/. The other modes are treated in a similar way and the
amplitude vectors are found to bea2 D .1; 0;�3/ anda3 D .1;�3; 3/. In column
vector form, theamplitude vectorsof the normal modes are therefore

a1 D

0
@

1

2

3

1
A : a2 D

0
@

1

0

�3

1
A ; a3 D

0
@

1

�3

3

1
A :

These are theforms of the normal modes.

The matrixP, whose columns are the (un-normalised) amplitude vectors,is
therefore

P D

0
@

1 1 1

2 0 �3

3 �3 3

1
A

and a set of normal coordinates is given by

0
@
�1

�2

�3

1
A D P0

� T �

0
@
�

�

 

1
A

D 1
2
ma2

0
@

1 2 3

1 0 �3

1 �3 3

1
A �

0
@

9 3 1

3 3 1

1 1 1

1
A �

0
@
�

�

 

1
A

D 1
2
ma2

0
@

18 12 6

6 0 �2

3 �3 1

1
A �

0
@
�

�

 

1
A :

These are a set ofnormal coordinates, but we may remove inessential scaling fac-
tors and take the set

�1 D 3� C 2� C  ;

�2 D 3� �  ;

�3 D 3� � 3� C  

instead.
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Problem 15 . 5

A light elastic string is stretched to tensionT0 between two fixed pointsA and
B a distance3a apart, and two particles of massm are attached to the string at
equally spaced intervals. The strength ofeachof the three sections of the string is
˛. The system performs small oscillations in a plane throughAB. Without making
any prior assumptions, prove that the particles oscillate longitudinally in two of the
normal modes and transversely in the other two. Find the fournormal frequencies.

Solution

m

x

y

m

1

1

x

y

2

2

a a a

FIGURE 15.5 The system in problem 15.5.

Let the displacements of the two particles from their equilibrium positions be
x1; y1 andx2; y2, as shown in Figure 15.5. Then the exact and approximatekinetic
energiesare the same, namely

T D T app D 1
2
m
�

Px2
1 C Py2

1

�
C 1

2
m
�

Px2
2 C Py2

2

�

D 1
2
m
�

Px2
1 C Py2

1 C Px2
2 C Py2

2

�
;

so that theT -matrix is

T D 1
2
m

0
BB@

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

1
CCA :

Let�2 be the extension of the middle segment of the string, relative to its state
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in the equilibrium configuration of the system. Then

�2 D
�
.a C x2 � x1/

2 C .y2 � y1/
2
�1=2

� a

D a

�
1 C 2.x2 � x1/

a
C .x2 � x1/

2 C .y2 � y1/
2

a2

�1=2

� a

D a

 
1 C x2 � x1

a
C .x2 � x1/

2 C .y2 � y1/
2

2a2
C
�

1
2

��
� 1

2

�

2!

�
2.x2 � x1/

a

�2

C � � �
!

� a

D .x2 � x1/C .y2 � y1/
2

2a
;

correct to quadratic terms. The exact potential energy of the segment relative to the
equilibrium configuration is

V2 D
Z �2

0

�
T0 C ˛�

�
d�;

D T0�2 C 1
2
˛�2

2;

and so the corresponding approximate potential energy is

V
app

2
D T0.x2 � x1/C T0

2a
.y2 � y1/

2 C 1
2
˛.x2 � x1/

2:

The approximate potential energies of the other segments ofthe string are calculated
similarly and are given by

V
app

1
D T0x1 C T0

2a
y2

1 C 1
2
˛x2

1;

V
app

3
D �T0x2 C T0

2a
y2

2 C 1
2
˛x2

2 :

The approximate totalpotential energyof the system is therefore

V app D ˛
�
x2

1 � x1x2 C x2
2

�
C T0

a

�
y2

1 � y1y2 C y2
2

�
:

On taking the coordinates in the orderx1, x2, y1, y2, theV -matrix becomes

V D 1
2

0
BBBBB@

2˛ �˛ 0 0

�˛ 2˛ 0 0

0 0 2T0=a �T0=a

0 0 �T0=a 2T0=a

1
CCCCCA
:
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Theeigenvalue equationdet.V � !2T/ D 0 is therefore

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

2˛ � m!2 �˛ 0 0

�˛ 2˛ � m!2 0 0

0 0 2T0=a � ˛ �T0=a

0 0 �T0=a 2T0=a � m!2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

that is
ˇ̌
ˇ̌
ˇ
2˛ � m!2 �m!2

�m!2 2˛ � m!2

ˇ̌
ˇ̌
ˇ �

ˇ̌
ˇ̌
ˇ
2T0=a � m!2 �m!2

�m!2 2T0=a � m!2

ˇ̌
ˇ̌
ˇ D 0:

Thus the eigenvalue equation is satisfied if

(a) either
ˇ̌
ˇ̌
ˇ
2 � � �1

�1 2 � �

ˇ̌
ˇ̌
ˇ D 0;

where� D m!2=˛,

(b) or
ˇ̌
ˇ̌
ˇ
2 � � ��
�� 2 � �

ˇ̌
ˇ̌
ˇ D 0:

where� D ma!2=T0.

In Case (a), the determinant expands to give the quadratic equation

�2 � 4�C 3 D 0;

whose roots are� D 1 and� D 3. The corrresponding normal frequencies are

!L
1 D

� ˛
m

�1=2

; !L
2 D

�
3˛

m

�1=2

:

In order to identify these frequencies withlongitudinal modes, we determine the
correspondingamplitude vectors. In the slow mode,!2 D ˛=m and the equations
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.V � !2T/ � a D 0 for the amplitude vectora become
0
BBBBB@

˛ �˛ 0 0

�˛ ˛ 0 0

0 0 2T0=a � ˛ �T0=a

0 0 �T0=a 2T0=a � ˛

1
CCCCCA

�

0
BB@

X1

X2

Y1

Y2

1
CCA D

0
BB@

0

0

0

0

1
CCA :

These equations have the solutionX1 D X2, Y1 D Y2 D 0 so that the amplitude
vector for the!L

1
-mode isaL

1
D .1; 1; 0; 0/. The fast!L

2
-mode is treated in

a similar way and its amplitude vector is found to beaL
2

D .1;�1; 0; 0/. Thus
y1 D y2 D 0 in these two modes, that is, the modes arepurely longitudinal . The
existence of such modes is entirely to be expected since it isclear by the symmetry
of the system that purely longitudinal motions do exist.

In Case (b), the determinant expands to give the quadratic equation

�2 � 4� C 3 D 0;

whose roots are� D 1 and� D 3. The corrresponding normal frequencies are

!T
1 D

�
T0

ma

�1=2

; !T
2 D

�
3T0

ma

�1=2

:

In order to identify these frequencies withtransverse modes, we determine the cor-
respondingamplitude vectors. In the slow mode,!2 D T0=ma and the equations
.V � !2T/ � a D 0 for the amplitude vectora become

0
BBBBB@

2˛ � T0=a �˛ 0 0

�˛ 2˛ � T0=a 0 0

0 0 T0=a �T0=a

0 0 �T0=a T0=a

1
CCCCCA

�

0
BB@

X1

X2

Y1

Y2

1
CCA D

0
BB@

0

0

0

0

1
CCA :

These equations have the solutionY1 D Y2, X1 D X2 D 0, so that the amplitude
vector for the!T

1
-mode isaT

1
D .0; 0; 1; 1/. The fast!T

2
-mode is treated in

a similar way and its amplitude vector is found to beaL
2

D .0; 0; 1;�1/. Thus
x1 D x2 D 0 in these two modes, that is, the modes arepurely transverse. This
was not to be expected since there is no symmetry reason why purely transverse
motions should exist. Indeed, in the large displacement theory, they donot exist.
However, in the linearisedsmall displacementtheory they do exist and this is what
we have found.
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Problem 15 . 6

A rod of massM and lengthL is suspended from two fixed points at the same
horizontal level and a distanceL apart by two equal strings of lengthb attached to
its ends. From each end of the rod a particle of massm is suspended by a string of
lengtha. The system of the rod and two particles performs small oscillations in a
vertical plane. FindV andT for this system. For the special case in whichb D 3a=2

andM D 6m=5, find the normal frequencies. Show that the general small motion
is periodic and find the period.

Solution

a

b

m

b

m

a

M

θ θ

φ ψ

FIGURE 15.6 The system in problem 15.6.

The approximatekinetic energy of the system can be found by evaluatingT

when the system ispassing through its equilibrium configuration. In terms of the
coordinates� , �,  shown in Figure 15.6, this is

T app D 1
2
M
�
b P�
�2

C 1
2
m
�
b P� C a P�

�2

C 1
2
m
�
b P� C a P 

�2

D 1
2
.M C 2m/b2 P�2 C 1

2
ma2 P�2 C 1

2
ma2 P 2 C Cmba P� P� C mba P� P :

[Note that therotationalkinetic energy of the rod is zero.] TheT -matrix is therefore

T D 1
2

0
B@
.M C 2m/b2 mba mba

mba ma2 0

mba 0 ma2

1
CA :

c
 Cambridge University Press, 2006



Chapter 15 The general theory of small oscillations 551

The gravitationalpotential energyof the system relative to the equilibrium con-
figuration is

V D Mgb.1�cos�/Cmg
�
b.1�cos�/Ca.1�cos�/

�
Cmg

�
b.1�cos�/Ca.1�cos /

�

from which it follows that

V app D 1
2
.M C 2m/gb�2 C 1

2
mga�2 C 1

2
mga 2:

TheV -matrix is therefore

V D 1
2
g

0
B@
.M C 2m/b 0 0

0 ma 0

0 0 ma

1
CA :

For the special case in whichb D 3a=2 andM D 6m=5, T andV reduce to

T D ma2

20

0
@

72 15 15

15 10 0

15 0 10

1
A ; V D mga

10

0
@

24 0 0

0 5 0

0 0 5

1
A :

Theeigenvalue equationdet.V � !2T/ D 0 is then
ˇ̌
ˇ̌
ˇ̌
ˇ

48 � 72� �15� �15�

�15� 10 � 10� 0

�15� 0 10 � 10�

ˇ̌
ˇ̌
ˇ̌
ˇ

D 0:

where� D a!2=g. When expanded, this gives the cubic equation

9�3 � 49�2 C 56� � 16 D 0

whose roots are� D 4
9
, � D 1 and�3 D 4. [You were supposed to spot that� D 1

is a root.] Since� D a!2=g, thenormal frequenciesare therefore given by

!1 D 2
3
n; !2 D n; !3 D 2n;

wheren2 D g=a.

The periods of the normal modes are�1 D 3�=n, �2 D 2�=n and�3 D �=n.
The ratios of these periods arerational numbersand hence thegeneral motion is
periodic. The period of the general motion is the lowest common multiple of �1, �2,
�3, which is6�=n
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Problem 15 . 7

A uniform rod is suspended in a horizontal position byunequalvertical strings of
lengthsb, c attached to its ends. Show that the frequency of the in-planeswinging
mode is..b C c/g=2bc/1=2, and that the frequencies of the other modes satisfy the
equation

bc�2 � 2a.b C c/�C 3a2 D 0;

where� D a!2=g. Find the normal frequencies for the particular case in which
b D 3a andc D 8a.

Solution

b
c

aa
(X, Y   )

G

A

B

B0G0A 0B0G0A 0

θ

y

x

FIGURE 15.7 The system in problem 15.7:Left : In the equilibrium position (side view).Right: In
general position (viewed from above).

This problem is quite similar to that in Example 15.6. Let.X;Y / be the hori-
zontal displacement of the centre of massG of the rod from its equilibrium position,
and let� be the rotation angle of the rod when viewed from above (see Figure 15.7).
The geometry is complicated by the fact that the rod does not remain horizontal
in the motion. However, its vertical displacement isquadraticin the small quanti-
ties X , Y , � , and this enables us to make approximations. In particular,�a, the
displacement of the endA, is given by

�a D X i C .Y � a�/j ;

correct to thefirst order in small quantities. The vertical displacementzA of the end
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A is therefore given by

.b � zA/2 D b2 �
�
X 2 C .Y � a�/2

�

correct to thesecondorder in small quantities. Hence

zA D b �
�
b2 �

�
X 2 C .Y � a�/2

��1=2

D b � b

�
1 � X 2 C .Y � a�/2

b2

�1=2

D b � b

�
1 � X 2 C .Y � a�/2

2b2
C � � �

�1=2

D X 2 C .Y � a�/2

2b

correct to thesecondorder in small quantities. SimilarlyzB, the vertical displace-
ment of the endB, is given by

zB D X 2 C .Y C a�/2

2c

correct to thesecondorder in small quantities. HencezG , the vertical displacement
of G is given by

zG D 1
2

�
zA C zB

�

D X 2 C .Y � a�/2

4b
C X 2 C .Y C a�/2

4c

correct to thesecondorder in small quantities. Since the gravitationalpotential
energyof the system isV D MgzG , the approximate potential energy is

V app D Mg

4bc

�
.b C c/X 2 C .b C c/Y 2 C .b C c/a2�2 C 2a.b � c/Y�

�
:

TheV -matrix is therefore

V D Mg

4bc

0
BB@

b C c 0 0

0 b C c a.b � c/

0 a.b � c/ .b C c/a2

1
CCA :
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The kinetic energy of the rod can be expressed as the sum of its translational
and rotational contributions in the form

T D 1
2
M V 2 C 1

2
IG!

2;

whereV is the speed ofG, IG is the moment of inertia of the rod aboutG, and! is
its angular speed. The value ofT app can be found by evaluatingT when the system
is passing through its equilibrium configuration. In terms of the chosen coordinates,
this is

T app D 1
2
M
�

PX 2 C PY 2
�

C 1
2

�
1
3
Ma2

�
P�2:

TheT -matrix is therefore

T D 1
2
M

0
BB@

1 0 0

0 1 0

0 0 1
3
a2

1
CCA :

Theeigenvalue equationdet.V � !2T/ D 0 can be written

ˇ̌
ˇ̌
ˇ̌
ˇ̌

a.b C c/� 2bc� 0 0

0 a.b C c/ � 2bc� a2.b � c/

0 a2.b � c/ .b C c/a3 � 2
3
a2bc�

ˇ̌
ˇ̌
ˇ̌
ˇ̌

D 0:

where� D a!2=g. This equation will be satisfied if

(a) either

a.b C c/� 2bc� D 0;

(b) or
ˇ̌
ˇ̌
ˇ
a.b C c/ � 2bc� a2.b � c/

a2.b � c/ a3.b C c/ � 2
3
a2bc�

ˇ̌
ˇ̌
ˇ D 0:

In Case (a),

� D a.b C c/

2bc
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and the corrresponding normal frequency is

!2
0 D .b C c/g

2bc
:

In order to identify this frequency with the longitudinal mode, we determine the
correspondingamplitude vector. For this normal frequency, the equations.V �
!2T/ � a D 0 for the amplitude vectora become

0
BB@

0 0 0

0 0 a2.b � c/

0 a2.b � c/ 1
3
.b C c/a3

1
CCA �

0
@

X

Y

‚

1
A D

0
@

0

0

0

1
A :

These equations have the solutionY D ‚ D 0 so that the amplitude vector for the
!0-mode isa0 D .1; 0; 0/. Thusy D � D 0 in this mode, that is, the mode is
purely longitudinal . The existence of such a mode is entirely to be expected since
it is clear by the symmetry of the system that purely longitudinal motions do exist.

In Case (b), the determinant expands to give the quadratic equation

bc�2 � 2a.b C c/�C 3a2 D 0;

as required.

In the special case in whichb D 3a andc D 8a, the longitudinal frequency
becomes!2

0
D 11g=48a and the equation for the other normal frequences becomes

24�2 � 22�C 3 D 0;

the roots of which are� D 1
6

and� D 3
4
. Hence, in this special case, the three

normal frequencies are

!2
0 D 11g

48a
; !2

1 D g

6a
; !2

2 D 3g

4a
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Problem 15 . 8 �

A uniform rodBC has massM and length2a. The endB of the rod is connected
to a fixed pointA on a smooth horizontal table by an elastic string of strength˛1,
and the endC is connected to a second fixed pointD on the table by a second elastic
string of strength̨ 2. In equilibrium, the rod lies along the lineAD with the strings
having tensionT0 and lengthsb, c respectively. Show that the frequency of the
longitudinal mode is..˛1 C ˛2/=M /1=2 and that the frequencies of the transverse
modes satisfy the equation

b2c2�2 � 2bc.2ab C 3bc C 2ac/�C 6abc.2a C b C c/ D 0;

where� D Ma!2=T0. [The calculation ofV app is very tricky.]
Find the frequencies of the transverse modes for the particular case in which

a D 3c andb D 5c.

Solution

(X, Y  )

G

B

C

θ

a ab c

y

x
G0

A
D

FIGURE 15.8 The system in problem 15.8.

Let .X;Y / be the displacement of the centre of massG of the rod from its
equilibrium positionG0, and let� be the rotation angle of the rod (see Figure 15.8).

The kinetic energy of the rod can be expressed as the sum of its translational
and rotational contributions in the form

T D 1
2
M V 2 C 1

2
IG!

2;

whereM is the mass of the rod,V is the speed ofG, IG is the moment of inertia
of the rod aboutG, and! is its angular speed. The value ofT app can be found by
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evaluatingT when the system ispassing through its equilibrium configuration. In
terms of the chosen coordinates, this is

T app D 1
2
M
�

PX 2 C PY 2
�

C 1
2

�
1
3
Ma2

�
P�2

and theT -matrix is therefore

T D 1
2
M

0
@

1 0 0

0 1 0

0 0 1
3
a2

1
A :

The lengthAB of the left string segment is given by

AB2 D
�
b C X C a.1 � cos�/

�2 C
�
Y � a sin�

�2

D b2 C X 2 C a2.1 � cos�/2 C 2bX C 2ab.1 � cos�/C 2aX.1 � cos�/

CY 2 C a2 sin2 � � 2aY sin�

D b2 C 2bX C X 2 C Y 2 C a.a C b/�2 � 2aY�;

correct to thesecondorder in small quantities. The extension�1 of this segment is
therefore

�1 D AB � b

D
�
b2 C 2bX C X 2 C Y 2 C a.a C b/�2 � 2aY� C � � �

�1=2

� b

D b

�
1 C 2X

b
C X 2 C Y 2 C a.a C b/�2 � 2aY�

b2
C � � �

�1=2

� b

D b

 
1 C X

b
C X 2 C Y 2 C a.a C b/�2 � 2aY�

2b2
C
�

1
2

��
� 1

2

�

2!

�
2X

b

�2

C � � �
!

� b

D X C Y 2 C a.a C b/�2 � 2aY�

2b
;

correct to thesecondorder in small quantities.
The potential energy of the segment relative to the equilibrium configuration is

V1 D
Z �1

0

�
T0 C ˛1 �

�
d�;

D T0�1 C 1
2
˛1�

2
1;
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and so the approximate potential energy of the segment is

V
app

1
D T0X C T0

2b

�
Y 2 C a.a C b/�2 � 2aY�

�
C 1

2
˛1X 2:

The approximate potential energy of the right string segment can be calculated sim-
ilarly and is given by

V
app

2
D �T0X C T0

2c

�
Y 2 C a.a C b/�2 C 2aY�

�
C 1

2
˛2X 2:

The approximate totalpotential energyof the system is therefore

V app D 1
2
.˛1C˛2/X

2C T0

2bc

�
.b C c/Y 2 C a.ab C ac C 2bc/�2 C 2a.b � c/Y�

�

and theV -matrix is

V D T0

2bc

0
BB@

bc.˛1 C ˛2/=T0 0 0

0 b C c a.b � c/

0 a.b � c/ a.ab C ac C 2bc/

1
CCA :

Theeigenvalue equationdet.V � !2T/ D 0 is therefore

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

abc.˛1 C ˛2/=T0 � bc� 0 0

0 a.b C c/� bc� a2.b � c/

0 a2.b � c/ a2.ab C ac C 2bc/� 1
3
a2bc�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

where� D Ma!2=T0. The eigenvalue equation is satisfied if

(a) either

abc.˛1 C ˛2/=T0 � bc� D 0;

(b) or
ˇ̌
ˇ̌
ˇ̌
a.b C c/� bc� a2.b � c/

a2.b � c/ a2.ab C ac C 2bc/� 1
3
a2bc�

ˇ̌
ˇ̌
ˇ̌ D 0:
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In Case (a),

� D a.˛1 C ˛2/

T0

and, since� D Ma!2=T0, the corresponding normal frequency is

!2
0 D ˛1 C ˛2

M
:

It is easily verified that the correspondingamplitude vector is a0 D .1; 0; 0/ so
that this mode ispurely longitudinal . The existence of such a mode is entirely to be
expected since it is clear from the symmetry of the system that purely longitudinal
motions do exist.

In Case (b), the determinant expands to give the quadratic equation

bc�2 � 2.2ab C 2ac C 3bc/�C 6a.2a C b C c/ D 0;

as required.

In the special case in whicha D 3c andb D 5c, this equation reduces to

5�2 � 102�C 216 D 0;

the roots of which are� D 12
5

and� D 18. Since� D Ma!2=T0, the corrre-
sponding normal frequencies are

!2
1 D 12T0

5Ma
; !2

2 D 18T0

Ma
:
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Problem 15 . 9 �

A light elastic string is stretched between two fixed pointsA and B a distance
.n C 1/a apart, andn particles of massm are attached to the string at equally spaced
intervals. The strength ofeachof then C 1 sections of the string is̨. The system
performs smalllongitudinaloscillations along the lineAB. Show that the normal
frequencies satisfy the determinantal equation

�n �

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

2 cos� �1 0 � � � 0 0

�1 2 cos� �1 � � � 0 0
:::

:::
:::
: : :

:::
:::

0 0 0 � � � 2 cos� �1

0 0 0 � � � �1 2 cos�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

where cos� D 1 � .m!2=2˛/.
By expanding the determinant by the top row, show that�n satisfies the recur-

rence relation

�n D 2 cos��n�1 ��n�2;

for n � 3. Hence, show by induction that

�n D sin.n C 1/�= sin�:

Deduce the normal frequencies of the system.

Solution
Let the longitudinal displacements of the particles from their equilibrium positions
bex1, x2, . . . , xn. Then the exact and approximatekinetic energiesare the same,
namely

T D T app D 1
2
m Px2

1 C 1
2
m Px2

2 C � � � C 1
2
m Px2

n ;

so that theT -matrix is

T D 1
2
m

0
BBBBB@

1 0 � � � 0 0

0 1 � � � 0 0
:::
:::
: : :

:::
:::

0 0 � � � 1 0

0 0 � � � 0 1

1
CCCCCA
:
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Likewise, since the elastic string is linear, the exact and approximatepotential
energiesare the same, namely

V D V app D 1
2
˛x2

1 C 1
2
˛.x2 � x1/

2 C � � � C 1
2
˛.xn � xn�1/

2 C 1
2
˛x2

n

D ˛
�
x2

1 � x1x2 C x2
2 � x2x3 C x2

3 � � � � C x2
n�1 � xn�1xn C x2

n

�
;

so that theV -matrix is

V D 1
2
˛

0
BBBBB@

2 �1 � � � 0 0

�1 2 � � � 0 0
:::

:::
: : :

:::
:::

0 0 � � � 2 �1

0 0 � � � �1 2

1
CCCCCA
:

Theeigenvalue equationdet.V � !2T/ D 0 can therefore be written in the form

�n �

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

2 cos� �1 0 � � � 0 0

�1 2 cos� �1 � � � 0 0

0 �1 2 cos� � � � 0 0
:::

:::
:::

: : :
:::

:::

0 0 0 � � � 2 cos� �1

0 0 0 � � � �1 2 cos�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

where cos� D 1 � .m!2=2˛/.
In order to evaluate�n, we first show that it satisfies the given recurrence rela-

tion. On expanding�n by the top row, we obtain

�n D 2 cos� �n�1 � .�1/

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

�1 �1 � � � 0 0

0 2 cos� � � � 0 0
:::

:::
: : :

:::
:::

0 0 � � � 2 cos� �1

0 0 � � � �1 2 cos�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 2 cos� �n�1 C .�1/�n�2;

on expanding this new determinant by its first column. Hence,for n � 3,

�n D 2 cos� �n�1 ��n�2;
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as required.
We now wish to show that�n D Dn, where

Dn D sin.n C 1/�

sin�
:

We prove this by induction.

(i) Whenn D 1,

�1 D 2 cos� D 2 sin� cos�

sin�
D sin2�

sin�

D D1:

(ii) When n D 2 ,

�2 D
ˇ̌
ˇ̌
ˇ
2 cos� �1

�1 2 cos�

ˇ̌
ˇ̌
ˇ

D 4 cos2 � � 1 D 3 � 4 sin2 � D 3 sin� � 4 sin3 �

sin�
D sin3�

sin�

D D2:

(iii) Suppose�m D Dm for m D 3, 4, . . . ,n � 1. Then

�n D 2 cos��n�1 ��n�2

D 2 cos�Dn�1 � Dn�2

D 2 cos� sinn� � sin.n � 1/�

sin�

D sin.n C 1/� C sin.n � 1/� � sin.n � 1/�

sin�

D sin.n C 1/�

sin�

D Dn:

This completes the induction and hence

�n D sin.n C 1/�

sin�
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for all n � 1.

The normal frequencies are found by solving the equation�n D 0, that is,

sin.n C 1/� D 0:

The roots are

� D j�

n C 1
;

wherej is any integer. Since cos� D 1 � .m!2=2˛/, thenormal frequenciesare
given by

!2
j D 2˛

m

�
1 � cos

�
j�

n C 1

��

D 4˛

m
sin2

�
j�

2.n C 1/

�
:

Hence then normal frequencies of the system are all distinct and are given by

!j D 2
� ˛

m

�1=2

sin

�
j�

2.n C 1/

�
;

wherej D 1, 2, . . . ,n. Further values ofj give nothing new.
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Problem 15 . 10

A light string is stretched to a tensionT0 between two fixed pointsA and B a
distance.n C 1/a apart, andn particles of massm are attached to the string at
equally spaced intervals. The system performs small planetransverseoscillations.
Show that the normal frequencies satisfy the same determinantal equation as in the
previous question, except that now cos� D 1 � .ma!2=2T0/. Find the normal
frequencies of the system.

Solution
Let the transverse displacements of the particles from their equilibrium positions

bey1, y2, . . . , yn. Then the exact and approximatekinetic energiesare the same,
namely

T D T app D 1
2
m Py2

1 C 1
2
m Py2

2 C � � � C 1
2
m Py2

n ;

so that theT -matrix is

T D 1
2
m

0
BBBBB@

1 0 � � � 0 0

0 1 � � � 0 0
:::
:::
: : :

:::
:::

0 0 � � � 1 0

0 0 � � � 0 1

1
CCCCCA
:

The extension�n of then-th segment of the string is

�n D
�
a2 C .yn � yn�1/

2
�1=2

� a

D a

�
1 C .yn � yn�1/

2

a2

�1=2

� a

D a

�
1 C .yn � yn�1/

2

2a2
C � � �

�
� a

D .yn � yn�1/
2

2a
;

correct to the second order in small quantities.
The potential energy of the segment relative to the equilibrium configuration is

Vn D
Z �n

0

�
T0 C ˛�

�
d�;

D T0�n C 1
2
˛�2

n;
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and so the approximate potential energy of then-th segment is

T0

2a
.yn � yn�1/

2:

The approximate totalpotential energy is therefore

V app D T0

a

�
y2

1 � y1y2 C y2
2 � y2y3 C y2

3 � � � � C y2
n�1 � yn�1yn C y2

n

�
;

so that theV -matrix is

V D T0

2a

0
BBBBB@

2 �1 � � � 0 0

�1 2 � � � 0 0
:::

:::
: : :

:::
:::

0 0 � � � 2 �1

0 0 � � � �1 2

1
CCCCCA
:

Theeigenvalue equationdet.V�!2T/ D 0 can therefore be written in the form

�n �

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

2 cos� �1 0 � � � 0 0

�1 2 cos� �1 � � � 0 0

0 �1 2 cos� � � � 0 0
:::

:::
:::

: : :
:::

:::

0 0 0 � � � 2 cos� �1

0 0 0 � � � �1 2 cos�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

where cos� D 1 � .ma!2=2T0/.
In order to evaluate�n, we first show that it satisfies the given recurrence rela-

tion. On expanding�n by the top row, we obtain

�n D 2 cos� �n�1 � .�1/

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

�1 �1 � � � 0 0

0 2 cos� � � � 0 0
:::

:::
: : :

:::
:::

0 0 � � � 2 cos� �1

0 0 � � � �1 2 cos�

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

D 2 cos� �n�1 C .�1/�n�2;

on expanding this new determinant by its first column. Hence,for n � 3,

�n D 2 cos� �n�1 ��n�2;
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as required.
We now wish to show that�n D Dn, where

Dn D sin.n C 1/�

sin�
:

We prove this by induction.

(i) Whenn D 1,

�1 D 2 cos� D 2 sin� cos�

sin�
D sin2�

sin�

D D1:

(ii) When n D 2 ,

�2 D
ˇ̌
ˇ̌
ˇ
2 cos� �1

�1 2 cos�

ˇ̌
ˇ̌
ˇ

D 4 cos2 � � 1 D 3 � 4 sin2 � D 3 sin� � 4 sin3 �

sin�
D sin3�

sin�

D D2:

(iii) Suppose�m D Dm for m D 3, 4, . . . ,n � 1. Then

�n D 2 cos��n�1 ��n�2

D 2 cos�Dn�1 � Dn�2

D 2 cos� sinn� � sin.n � 1/�

sin�

D sin.n C 1/� C sin.n � 1/� � sin.n � 1/�

sin�

D sin.n C 1/�

sin�

D Dn:

This completes the induction and hence

�n D sin.n C 1/�

sin�
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for all n � 1.

The normal frequencies are found by solving the equation�n D 0, that is,

sin.n C 1/� D 0:

The roots are

� D j�

n C 1
;

wherej is any integer. Since cos� D 1 � .ma!2=2T0/, thenormal frequencies
are given by

!2
j D 2T0

ma

�
1 � cos

�
j�

n C 1

��

D 4T0

ma
sin2

�
j�

2.n C 1/

�
:

Hence then normal frequencies of the system are all distinct and are given by

!j D 2

�
T0

ma

�1=2

sin

�
j�

2.n C 1/

�
;

wherej D 1, 2, . . . ,n. Further values ofj give nothing new.
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Problem 15 . 11 Unsymmetrical linear molecule

A general linear triatomic molecule has atomsA1, A2, A3 with massesm1, m2,
m3. The chemical bond betweenA1 andA2 is represented by a spring of strength
˛12 and the bond betweenA2 andA3 is represented by a spring of strength˛23.
Show that the vibrational frequences of the molecule satisfy the equation

m1m2m3 !
4 �

�
˛12m3.m1 C m2/C ˛23m1.m2 C m3/

�
!2

C ˛12˛23.m1 C m2 C m3/ D 0:

Find the vibrational frequencies for the special case in which m1 D 3m, m2 D m,
m3 D 2m and˛12 D 3˛, ˛23 D 2˛.

The molecule O – C – S (carbon oxysulphide) is known to be linear. Use the��1
1

values given in Table 2 of the book (p. 441) to estimate its vibrational frequencies.
[The experimentally measured values are2174 cm�1 and874 cm�1.]

Solution

m1
m

2
m

3

x1 x2
x3

α1 2
α2 3

FIGURE 15.9 The system in problem 15.11.

Let the longitudinal displacements of the atoms from their equilibrium positions
be x1, x2, x3 as shown in Figure 15.9. Then the exact and approximatekinetic
energiesare the same, namely

T D T app D 1
2
m1 Px2

1 C 1
2
m2 Px2

2 C 1
2
m3 Px2

3 ;

so that theT -matrix is

T D 1
2

0
@

m1 0 0

0 m2 0

0 0 m3

1
A :

Likewise, since the springs are linear, the exact and approximatepotential en-
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ergiesare the same, namely

V D V app D 1
2
˛12.x2 � x1/

2 C 1
2
˛23.x3 � x2/

2

D 1
2

�
˛12x2

1 � 2˛12x1x2 C .˛12 C ˛23/x
2
2 � 2˛23x2x3 C ˛23x2

3

�
;

so that theV -matrix is

V D 1
2

0
B@
˛12 �˛12 0

�˛12 ˛12 C ˛23 �˛23

0 �˛23 ˛23

1
CA :

Theeigenvalue equationdet.V � !2T/ D 0 is therefore
ˇ̌
ˇ̌
ˇ̌
ˇ

˛12 � m1!
2 �˛12 0

�˛12 ˛12 C ˛23 � m2!
2 �˛23

0 �˛23 ˛23 � m3!
2

ˇ̌
ˇ̌
ˇ̌
ˇ

D 0:

On expanding the determinant, we obtain

!2
h
m1m2m3 !

4 �
�
˛12m3.m1 C m2/C ˛23m1.m2 C m3/

�
!2

C ˛12˛23.m1 C m2 C m3/
i

D 0;

a cubic equation in the variable!2. The root! D 0 corresponds to a rigid body
translation of the whole molecule. There are therefore onlytwo vibrational modes,
the frequencies of which satisfy the equation

m1m2m3 !
4 �

�
˛12m3.m1 C m2/C ˛23m1.m2 C m3/

�
!2

C ˛12˛23.m1 C m2 C m3/ D 0;

a quadratic equation in the variable!2.

In the special case in whichm1 D 3m, m2 D m, m3 D 2m and˛12 D 3˛,
˛23 D 2˛, the equation for the normal frequencies reduces to

m2!4 � 7m˛!2 C 6˛2 D 0

and thenormal frequenciesare

!2
1 D ˛

m
; !2

2 D 6˛

m
:
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In order to calculate the vibrational frequencies ofcarbon oxysulphide, we
need to know̨ 12 and˛23, the strengths of the O—C and C—S bonds. These can
be found from the vibrational frequencies of CO2 and CS2 given in Table 2 of the
book. From Example 15.5 , the strength˛ of the bonds in asymmetrictriatomic
molecule is given by̨ D M!2

1
, whereM is the mass of each of the outer atoms

and!1 is the frequency of the symmetric stretching mode.
In order to use the data given in Table 2 more easily, we introduce a non-standard

system of units in which the unit of mass is the atomic unit, the unit of length is the
centimetre, and the unit of time is taken so that the speed of light is 1=2�. In these
units, the mass of an atom isequalto its atomic weight, and the angular frequency
of a mode isequalto its reciprocal wavelength in cm�1. For the carbon oxysulphide
molecule,m1 D 16, m2 D 12, m3 D 32 and the bond strengths are given by

˛12 D 16 � 13372; ˛23 D 32 � 6572;

on using the values of��1
1

given in Table 2. On substituting this data into the equa-
tion for the normal frequencies, we find that thevibrational frequencies of carbon
oxysulphide are

��1
1 D 2230 cm�1; ��1

2 D 880 cm�1;

correct to three significant figures. (Examination of the amplitude vectors reveals
that the�1-mode is predominantly a C—O stretching mode, while the�2-mode is
predominantly a C—S stretching mode.) The experimentally measured values are
2174 cm�1 and874 cm�1 respectively.
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Problem 15 . 12 � Symmetric V-shaped molecule

Book Figure 15.7 shows the symmetric V-shaped triatomic molecule X Y2; the
X – Y bonds are represented by springs of strengthk, while the Y – Y bond is rep-
resented by a spring of strength� k. Common examples of such molecules include
water, hydrogen sulphide, sulphur dioxide and nitrogen dioxide; the apex angle2˛
is typically between90ı and120ı. In planar motion, the molecule has six degrees of
freedom of which three are rigid body motions; there are thereforethreevibrational
modes. It is best to exploit the reflective symmetry of the molecule and solve sepa-
rately for the symmetric and antisymmetric modes. Book Figure 15.7 (left) shows a
symmetric motion while (right) shows an antisymmetric motion; the displacements
X , Y , x, y are measuredfrom the equilibrium position. Show that there is one
antisymmetric mode whose frequency!3 is given by

!2
3 D k

mM
.M C 2m sin2 ˛/;

and show that the frequencies of the symmetric modes satisfythe equation

�2 �
�
1 C 2
 cos2 ˛ C 2�

�
�C 2� cos2 ˛.1 C 2
 / D 0;

where� D m!2=k and
 D m=M .
Find the three vibrational frequencies for the special casein which M D 2m,

˛ D 60ı and� D 1=2.

Solution

Anti-symmetric modes

Let the coordinatesY , x, y be those shown in book Figure 15.7 (right). Then the
exact and approximatekinetic energiesare the same, namely

T D T app D 1
2
M PY 2 C 1

2
m
�

Px2 C Py2
�

C 1
2
m
�

Px2 C Py2
�
;

so that theT -matrix is

T D m

0
@

1=2
 0 0

0 1 0

0 0 1

1
A ;

where
 D m=M .
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The extension of the upper X—Y bond from its equilibrium configuration is

x cos˛ C y sin˛ � Y sin˛;

correct to thefirst order in small quantities. Its approximate potential energy is
therefore

1
2
k.x cos˛ C y sin˛ � Y sin˛/2

and the approximate potential energy of the lower X—Y bond has the same value.
The extension of the Y—Y bond from its equilibrium configuration is zero and hence
its potential energy is also zero. The approximate totalpotential energy of the
molecule is therefore

V app D k.x cos˛ C y sin˛ � Y sin˛/2

so that theV -matrix is

V D k

0
B@

s2 �sc �s2

�sc c2 sc

�s2 sc s2

1
CA ;

wheres D sin˛ andc D cos˛.
Theeigenvalue equationdet.V � !2T/ D 0 can therefore be written

ˇ̌
ˇ̌
ˇ̌
ˇ

s2 � �=2
 �sc �s2

�sc c2 � � sc

�s2 sc s2 � �

ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;

where� D m!2=k. On expanding the determinant, we obtain

�2.1 C 2
 sin2 ˛ � �/ D 0;

a cubic equation in the variable�. The double root�2 D 0 corresponds to rigid
body motions of the whole molecule (one translation and one rotation). There is
therefore onlyone vibrational modecorresponding to the root� D 1 C 2
 sin2 ˛.
Since� D m!2=m and
 D m=M , the frequency!3 of this mode is given by

!2
3 D k

mM
.M C 2m sin2 ˛/:

In the special case in whichM D 2m and˛ D 60ı, the antisymmetric mode
has frequency!2

3
D 7k=4m.
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Symmetric modes

Let the coordinatesX , x, y be those shown in book Figure 15.7 (left). Then the
exact and approximatekinetic energiesare the same, namely

T D T app D 1
2
M PX 2 C 1

2
m
�

Px2 C Py2
�

C 1
2
m
�

Px2 C Py2
�
;

so that theT -matrix is

T D m

0
@

1=2
 0 0

0 1 0

0 0 1

1
A :

The extension of the upper X—Y bond from its equilibrium configuration is

x cos˛ C y sin˛ � X cos˛;

correct to thefirst order in small quantities. Its approximate potential energy is
therefore

1
2
k.x cos˛ C y sin˛ � X cos˛/2

and the approximate potential energy of the lower X—Y bond has the same value.
The extension of the Y—Y bond from its equilibrium configuration is2y and hence
its potential energy is1

2
.�k/.2y/2 D 2�ky2. The approximate totalpotential en-

ergy of the molecule is therefore

V app D k.x cos˛ C y sin˛ � X cos˛/2 C 2�ky2

so that theV -matrix is

V D k

0
B@

c2 �c2 �sc

�c2 c2 sc

�sc sc s2 C 2�

1
CA ;

wheres D sin˛ andc D cos˛.
Theeigenvalue equationdet.V � !2T/ D 0 can therefore be written

ˇ̌
ˇ̌
ˇ̌
ˇ

c2 � �=2
 �c2 �sc

�c2 c2 � � sc

�sc sc s2 C 2� � �

ˇ̌
ˇ̌
ˇ̌
ˇ

D 0;
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where� D m!2=k. On expanding the determinant, we obtain

�
�
�2 �

�
1 C 2
 cos2 ˛ C 2�

�
�C 2� cos2 ˛.1 C 2
 /

�
D 0;

a cubic equation in the variable�. The root� D 0 corresponds to a rigid body
translation of the whole molecule . There are therefore onlytwo vibrational modes
corresponding to the roots of the quadratic equation

�2 �
�
1 C 2
 cos2 ˛ C 2�

�
�C 2� cos2 ˛.1 C 2
 / D 0;

where� D m!2=m and
 D m=M .
In the special case in whichM D 2m, ˛ D 60ı and � D 1

2
, this equation

reduces to

4�2 � 9�C 2 D 0;

the roots of which are� D 1
4

and� D 2. Since� D m!2=k, the symmetric modes
therefore have frequencies

!2
1 D k

4m
; !2

2 D 2k

m
:
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Problem 15 . 13 Plane triangular molecule

The molecule BCl3 (boron trichloride) is plane and symmetrical. In equlibrium, the
Cl atoms are at the vertices of an equilateral triangle with the B atom at the centroid.
Show that the molecule has six vibrational modes of which fiveare in the plane of
the molecule; show also that the out-of-plane mode and one ofthe in-plane modes
have axial symmetry; and show finally that the remaining fourin-plane modes are in
doubly degenerate pairs. Deduce that the BCl3 molecule has a total of four distinct
vibrational frequencies.

Solution

OA1

A2

A3

k

FIGURE 15.10 The boron trichloride molecule.

This problem involves theclassificationof vibrational modes rather than the
determination of their frequencies. There is a general method for classifying vi-
brational modes based on a study of the symmetry group of the molecule. Here
however we will find the solution byad hocsymmetry arguments. Such arguments
are adequate for small molecules.

(a) Total number of modes Since each atom has three degrees of freedom,
the molecule has twelve degrees of freedom. However, since any molecule
has six possible rigid body motions (three translational and three rotational)
there are onlysix normal modes. Note that the number ofdistinct normal
frequencies may be less than six.

(b) In-plane and anti-plane modes Since the molecule is plane, the particle
motions in its normal modes must all lie either (i) in the plane of the mole-
cule (in-plane motion) or (ii) perpendicular to it (anti-plane motion). If we
restrict the motion of the molecule to be in-plane, this reduces the number of
degrees of freedom to eight and the number of rigid body motions to three
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(two translational and one rotational). Hence there must befive in-plane
modesand therefore onlyone anti-plane mode.

(c) Axially symmetric modes Let fO;kg be the axis of rotational symmetry
of the molecule in its equilibrium position (see Figure 15.10). Then amo-
tion is said to have axial symmetry if it is preserved when the molecule is
rotated through an angle of120ı about the axisfO;kg. If we restrict the
motion of the molecule to be in-planeand to have axial symmetry, this re-
duces the number of degrees of freedom to two and the number ofrigid body
motions to one (a rotation). Hence, of the five in-plane modes, only one is
axially symmetric. Similarly, if we restrict the motion of the molecule to be
anti-planeand to have axial symmetry, this reduces the number of degrees
of freedom to two and the number of rigid body motions to one (atransla-
tion). Hence,the anti-plane mode is axially symmetric. The forms of these
axially symmetric modes are depicted in Figure 15.11.

FIGURE 15.11 The axially symmetric modes of boron trichloride.Left: the in-plane
mode.Right: the anti-plane mode.

(d) Degenerate modes It remains to show that the remaining four in-plane
modes are in doubly degenerate pairs. This arises from the rotational symme-
try of the molecule. LetM be some normal mode with frequency�. Then
M0, the motion obtained by rotatingM through120ı about the axisfO;kg,
is also a normal mode with frequency�. If M is axially symmetric, then
M0 D M and we have found nothing new. However, in any other case, we
have found a second normal mode with frequency�. Hence, except for the
axially symmetric modes, all the normal frequencies must be(at least) dou-
bly degenerate. It follows that the remaining four in-planemodes must be in
doubly degenerate pairs. [Exceptionally, it might happen that these doubly
degenerate frequencies are equal, producing one fourfold degeneracy. Mea-
surement shows that this doesnothappen for boron trichloride.]
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Problem 16 . 1

A rigid body is rotating in the right-handed sense about the axis Oz with a constant
angular speed of 2 radians per second. Write down the angularvelocity vector of
the body, and find the instantaneous velocity, speed and acceleration of the particle
of the body at the point.4;�3; 7/, where distances are measured in metres.

Solution
The vector angular velocity of the body is! D 2k radians per second. The given
particleP has position vectorr D 4i � 3j C 7k and itsvelocity v is given by

v D !�r

D .2k/�.4i � 3j C 7k/

D

ˇ̌
ˇ̌
ˇ̌

i j k

0 0 2

4 �3 7

ˇ̌
ˇ̌
ˇ̌

D 6i C 8j m s�1:

Thespeedof P is jv j D
�
62 C 82

�1=2 D 10 m s�1.

Theaccelerationof P can then be calculated as follows:

a D Pv D d

dt
.!�r/

D P!�r C !� Pr

D 0�r C !�v

D

ˇ̌
ˇ̌
ˇ̌

i j k

0 0 2

6 8 0

ˇ̌
ˇ̌
ˇ̌

D �16i C 12j m s�2:
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Problem 16 . 2

A rigid body is rotating with constant angular speed 3 radians per second about a
fixed axis through the pointsA.4; 1; 1/, B.2;�1; 0/, distances being measured in

centimetres. The rotation is in the left-handed sense relative to the direction
�!
AB.

Find the instantaneous velocity and acceleration of the particle P of the body at the
point .4; 4; 4/.

Solution
The pointsA andB have position vectorsa D 4i C j C k andb D 2i � j

respectively. The rotation axis
�!
AB has directionb � a D �2i � 2j � k and so the

unit vectorn pointing in this direction is given by

n D b � a

jb � aj

D � 2i C 2j C k

j2i C 2j C kj
D �1

3
.2i C 2j C k/:

Theangular velocity of the body is therfore

! D �3n D 2i C 2j C k

radians per second.
The instantaneousvelocity of the particleP that has position vector4i C 4j C

4k is then given by

v D !�.r � b/

D .2i C 2j C k/�.2i C 5j C 4k/

D

ˇ̌
ˇ̌
ˇ̌

i j k

2 2 1

2 5 4

ˇ̌
ˇ̌
ˇ̌

D 3i � 6j C 6k cm s�1:
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The instantaneousaccelerationof P is can then be calculated as follows:

a D Pv D d

dt
.!�.r � b//

D P!�.r � b/C !�. Pr � Pb/

D 0�r C !�.v � 0/

D !�v

D

ˇ̌
ˇ̌
ˇ̌

i j k

2 2 1

3 �6 6

ˇ̌
ˇ̌
ˇ̌

D 18i � 9j � 18k cm s�2:
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Problem 16 . 3

A spinning top (a rigid body of revolution) is in general motion with its vertex (a
particle on the axis of symmetry) fixed at the originO . Let a.t/ be the unit vector
pointing along the axis of symmetry and let!.t/ be the angular velocity of the
top. (In general,! doesnot point along the axis of symmetry.) By considering the
velocities of particles of the top that lie on the axis of symmetry, show thata satisfies
the equation

Pa D !�a:

Deduce that the most general form! can have is

! D a� Pa C �a;

where� is a scalar function of the time. [This formula is needed in the theory of the
spinning top.]

Solution

FIGURE 16.1 The symmetrical spinning top
with its vertex fixed atO has angular veloc-
ity !. The unit vectora points along the
symmetry axis of the top.

a

P

O

ω
k

Let P be the particle of the top that lies on the symmetry axis and isunit distance
from the vertexO . Then the position vector ofP (relative to the originO) is the
axial unit vectora.t/. It follows thatv, the velocity ofP , is Pa. However,v can also
be expressed in the formv D !�a. It follows that the vectorsa and! must be
related by the formula

Pa D !�a: (1)
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On taking the cross product of this formula witha, we obtain

a� Pa D a�.!�a/

D .a � a/! � .! � a/a

D ! � .! � a/a;

sincea � a D 1. Hence! must have the form

! D a� Pa C �a; (2)

where� is some scalar function of the time. (Actually,� D ! � a, the axial com-
ponent of!.) In fact, the expression (2) satisfies equation (1) foranychoice of the
scalar function�.t/ and this is therefore the most general form that! can have.
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Problem 16 . 4

A penny of radiusa rolls without slipping on a rough horizontal table. The penny
rolls in such a way that its centreG remains fixed (see Figure 16.5). The plane of
the penny makes a constant angle˛ with the table and the point of contactC traces
out a circle with centreO and radiusa cos˛, as shown. At timet , the angle between
the radiusOC and some fixed radius is� . Find the angular velocity vector of the
penny in terms of the unit vectorsa.t/, k shown.

Find the velocity of the highest particle of the penny.

Solution
Suppose that the penny is viewed from a frame rotating about the axisfO;kg with
angular velocity! D P� k. In the rotating frame,G is still fixed anda is now
constant. The apparent angular velocity of the penny must therefore have the form
!0 D �a, where� is some scalar function of the time. Hence, by theaddition
theorem for angular velocities, the true angular velocity of the penny is given by

! D ! C !0

D P� k C �a:

It remains to determine the scalar function� from therolling condition . Since
G is permanently at rest and the contact particleC is instantaneously at rest, the
instantaneous axis of rotation must lie along the lineGC . In particular then,! must
be perpendicular toa. The condition! � a D 0 gives

P�.k � a/C �.a � a/ D 0;

that is,

P�.k � a/C � D 0;

sincea � a D 1. Hence

� D � P�.k � a/ D � P� cos˛

and theangular velocity of the penny is

! D P�.k � cos˛a/:

The velocity of the highest particle of the penny can be foundwithout using the
above formula for!. Since the highest particle of the penny lies on the instantaneous
rotation axis, its velocity must be zero.
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Problem 16 . 5

A rigid circular cone with altitudeh and semi-anglę rolls without slipping on a
rough horizontal table. Explain why the vertexO of the cone never moves. Let�.t/
be the angle betweenOC , the line of the cone that is in contact with the table, and
some fixed horizontal reference lineOA. Show that the angular velocity! of the
cone is given by

! D �
�

P� cot˛
�

i ;

wherei .t/ is the unit vector pointing in the direction
�!
OC . [First identify thedirec-

tion of !, and then consider the velocities of those particles of the cone that lie on
the axis of symmetry.]

Identify the particle of the cone that has the maximum speed and find this speed.

a

i 

k

θ

P

O
C

FIGURE 16.2 A cone of semi-anglę rolls on a flat table.

Solution
The cone is shown in Figure 16.2. The unit vectora .D a.t// lies along the sym-

metry axis, and the unit vectori .D i .t// lies along the generator of the cone that
is in instantaneous contact with the table. By therolling condition , every particle
of the cone lying on this generator is instantaneously at rest. HenceO must beper-
manentlyat rest and the angular velocity of the cone must point along the direction
OC . ThusO is fixed and! has the form

! D �i ;

where� is some scalar function of the time.
To determine the scalar function�, consider the motion of a particleP on the

symmetry axis that is distancea from O . Then the position vector ofP relative to
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O is

r D a cos˛ i C a sin˛k;

and its velocity is given by

v D !�r

D �i �.a cos˛ i C a sin˛k/

D a� sin˛.i �k/:

However, it is evident thatP moves on a horizontal circle of radiusa cos˛
centered on the axisfO;kg, and that its scalar velocity is.a cos˛/ P� . On comparing
these two formulae, we see that�a� sin˛ D .a cos˛/ P� . Hence

� D � P� cot˛

and theangular velocity of the cone is

! D �
�

P� cot˛
�

i :

The instantaneous speed ofany particleQ of the cone is!p, where! D j!j
and p is the perpendicular distance ofQ from the instantaneous axisOC . The
particle with the highest speed is therefore the particle furthest fromOC , namely,
the highest particle. This particle has perpendicular distance.h sec̨ / sin2˛ from
OC and its speed is therefore

jvj D !p D j� P� cot˛j.h sec̨ / sin2˛

D 2h cos˛ j P� j:
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Problem 16 . 6 �

Two rigid plastic panels lie in the planesz D �b andz D b respectively. A rigid
ball of radiusb can move in the space between the panels and is gripped by them
so that it does not slip. The panels are made to rotate with angular velocities!1k,
!2k about fixed vertical axes that are a distance2c apart. Show that,with a suitable
choice of origin, the position vectorR of the centre of the ball satisfies the equation

PR D !�R;

where! D 1
2
.!1 C !2/. Deduce that the ball must move in a circle and find the

position of the centre of this circle.

Solution
Suppose that the panelz D �b rotates with angular velocity!1k about an axis

through the point.�c; 0; 0/, and that the panelz D b rotates with angular velocity
!2k about an axis through the point.c; 0; 0/. Let r be the position vector of the
centre of the ball relative toO and let! be its angular velocity.

Then therolling conditions at the points where the ball contacts the panels
z D ˙b are

Pr C !�.�b k/ D .!1k/�.r C c i /;

Pr C !�.b k/ D .!2k/�.r � c i /:

Adding these equations together gives

2 Pr D .!1 C !2/.k�r/C c.!1 � !2/.k�i /;

which can be written in the form

Pr D
�

1
2
.!1 C !2/k

�
�
�

r C c
�!1 � !2

!1 C !2

�
i

�
:

Hence, if we defineR by

R D r C c
�!1 � !2

!1 C !2

�
i ;

thenR satisfies the equation

PR D !�R;

where! D 1
2
.!1 C!2/k D 1

2
.!1 C!2/. The change fromr to R represents a shift

in the origin of position vectors fromO to the new originO 0 whose coordinates are
�

�c
�!1 � !2

!1 C !2

�
; 0; 0

�
:
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Now the solutions of the equationPR D !�R (where! is a constant) are known
to be motions in which the point with position vectorR moves on a circle lying in
a plane perpendicular to the vector!, and with centre lying on the axisfO;!g. It
follows that, in our case, the centre of the ball moves on a circle in the.x;y/-plane
with centre at the pointO 0.
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Problem 16 . 7

Two hollow spheres have radiia andb (b > a), and their common centreO is fixed.
A rigid ball of radius1

2
.b � a/ can move in the annular space between the spheres

and is gripped by them so that it does not slip. The spheres aremade to rotate with
constant angular velocities!1, !2 respectively. Show that the ball must move in a
circle whose plane is perpendicular to the vectora!1 C b !2.

Solution

O

C

n

r
ω

FIGURE 16.3 The ball is gripped between two rotat-
ing hollow spheres.

Let r be the position vector of the centre of the ball and let!be its angular

velocity. Letn be the unit vector in the direction
�!
OC . Then therolling conditions

at the points where the ball contacts the inner and outer spheres are

Pr C !�.�1
2
.b � a/n/ D !1�.an/;

Pr C !�.1
2
.b � a/n/ D !2�.b n/:

Adding these equations together gives

2 Pr D .a!1 C b !2/�n:

Sincer D 1
2
.a C b/n, this equation can be written in the form

Pr D
�

a!1 C b !2

a C b

�
�r :

Now the solutions of the equationPr D !�r (where! is a constant) are known
to be motions in which the point with position vectorr moves on a circle lying in
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a plane perpendicular to the vector!, and with centre lying on the axisfO;!g. It
follows that, in our case, the centre of the ball moves on a circle whose plane is
perpendicular to the vectora!1 C b !2.

c
 Cambridge University Press, 2006



Chapter Seventeen

Rotating reference frames

c
 Cambridge University Press, 2006



Chapter 17 Rotating reference frames 591

Problem 17 . 1

Use the velocity and acceleration transformation formulaeto derive the standard
expressions for the velocity and acceleration of a particlein plane polar coordinates.

Solution

θ

r
�

θ
�

k
Ω  =  θ k˙

O
r P

FIGURE 17.1 The frameF 0 rotates about the axisfO;kg with scalar
angular velocityP� . In this frame, the unit vectorsbr,b� are constants.

Suppose the polar coordinatesr , � , are measured relative to the frameF and let
F 0 be the frame rotating about the axisfO;kg with scalar angular velocityP� . Then
�, the vector angular velocity ofF 0 relative toF is � D P� k, as shown in Figure
17.1.

Suppose that a particleP moves in the plane and is viewed from both frames.
Then, inF 0, the unit vectorbr is constantso that

r 0 D rbr ; v0 D Prbr ; a0 D Rrbr:

Thevelocity of P is given by

v D ��r 0 C v0

D
� P� k

�
�
�
rbr
�

C Prbr
D Prbr C

�
r P�
�b�;

as required.
In the same way, theaccelerationof P is given by

a D P��r 0 C 2��v0 C ��
�
��r 0�C a0

D
� R� k

�
�
�
rbr
�

C 2
� P� k

�
�
�
Prbr
�

C
� P� k

�
�
�� P� k

�
�
�
rbr
��

C Rrbr

D
�

Rr � r P�2
�
br C

�
r R� C 2 Pr P�

�
b�
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Problem 17 . 2 Addition of angular velocities

Prove the ‘addition of angular velocities’ theorem, Theorem 17.1.

Solution

O

O ′

P

r
r ′

F
V

ΩB F ′

A

a′

a

FIGURE 17.2 The angular velocity addition theorem.

Let B be a rigid body whose motion is observed from the reference framesF
andF 0 as shown in Figure 17.2. The frameF 0 has velocityV and angular velocity
� relative toF . Let A be some reference particle ofB andP a general particle.
Then, by thevelocity transformation formula,v, the velocity ofP in F is given
by

v D V C ��r 0 C v0;

wherev0, the velocity ofP in F 0, is given by therigid body formula

v0 D v0
A C !0�.r 0 � a0/;

where�0 is the angular velocity ofB in F 0. Hence

v D V C ��r 0 C v0
A C !0�.r 0 � a0/

D
�
V C ��a0 C v0

A

�
C
�
� C !0��

�
r 0 � a0�

D vA C
�
� C !0��.r � a/ :

But v is also given directly by therigid body formula

v D vA C !�.r � a/;
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where! is the angular velocity ofB in F . By comparing these two formulae forv,
we see that

! D � C !0:

This is exactly the theorem on theaddition of angular velocities.
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Problem 17 . 3

A circular cone with semi-anglę is fixed with its axis of symmetry vertical and its
vertexO upwards. A second circular cone has semi-vertical angle.�=2/ � ˛ and
has its vertex fixed atO . The second cone rolls on the first cone so that its axis
of symmetry precesses around the upward vertical with angular speed�. Find the
angular speed of the rolling cone.

Solution

λ

n

k

O

Fixed cone Rolling cone
α

FIGURE 17.3 The upper cone rolls on the fixed lower one.

Suppose the frameF be fixed and the frameF 0 is rotating with scalar angular
velocity� about the axisfO;kg. ThenF 0 has vector angular velocity�k relative
toF .

In the frameF 0, the rolling cone has its axis of symmetry fixed and so its angular
velocity!0 must have the form

!0 D �n;

where� is some scalar function of the time. Theaddition theorem for angular
velocities then shows that!, the true angular velocity of the cone, is given by

! D �k C �n:

It remains to determine� from the rolling condition . Since the particles on the
contact generator of the rolling cone are instantaneously at rest, it follows that

!�r D 0
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for those position vectorsr that have the form

r D a .� cos˛k C sin˛n/ :

Hence

.�k C �n/�.� cos˛k C sin˛n/ D 0;

from which it follows that

� sin˛ C � cos˛ D 0:

Hence� D �� tan˛ and theangular velocity of the rolling cone is therefore

! D � .k � tan˛n/

It follows that theangular speedof the rolling cone is

j!j D j� .k � tan˛n/ j

D �
�
1 C tan2 ˛

�1=2

D � sec̨
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Problem 17 . 4

A particleP of massm can slide along a smooth rigid straight wire. The wire has
one of its points fixed at the originO , and is made to rotate in a plane throughO

with constant angular speed�. Show thatr , the distance ofP from O , satisfies the
equation

Rr ��2r D 0:

Initially, P is at rest (relative to the wire) at a distancea from O . Findr as a function
of t in the subsequent motion.

Solution
Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular

velocity� about the axisfO;kg, where the unit vectork is perpendicular to the
plane of motion of the wire. Then the vectorangular velocity of F 0 relative toF is
�k. In the frameF 0, the unit vectorsbr ,b� are constants and so

r 0 D rbr ; v0 D Prbr ; a0 D Rrbr:
The equation of motion for the particleP in the rotating frameF 0 is therefore

m
h

Rrbr C 0 C 2.�k/�. Prbr/C .�k/�
�
.�k/�.rbr/

� i
D N b� ;

whereN is the reaction of the wire on the particle. Since the wire issmooththis
points perpendicular to the wire. This equation simplifies to give

m
h �

Rr ��2r
�
br C

�
2� Pr

�b�
i

D Nb�

and, on equating components in thebr ,b� directions, we obtain the two scalar equa-
tions

Rr ��2r D 0;

2m� Pr D N:

The second equation serves to determine the normal reactionN . The general solu-
tion of the first equation can be written

r D A cosh�t C B sinh�t;

and, on applying the initial conditionsr D a and Pr D 0 whent D 0, we obtain the
solution

r D a cosh�t:

This is themotion of the particleP along the wire.
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Problem 17 . 5 Larmor precession

A particle of massm and chargee moves in the force fieldF .r/ and the uniform
magnetic fieldBk, wherek is a constant unit vector. Its equation of motion is then

m
dv

dt
D
�

eB

c

�
v�k C F .r/

in cgs Gaussian units. Show that the term.eB=c/v �k can be removed from the
equation by viewing the motion from an appropriate rotatingframe.

For the special case in whichF .r/ D �m!2
0

r, show that circular motions with
two different frequencies are possible.

Solution
Suppose the frameF is fixed and the frameF 0 is rotating with vector angular

velocity � about some axis throughO , the origin of position vectors. Then the
equation of motion of the particle in the rotating frameF 0 is

m
h

a0 C P��r 0 C 2��v0 C ��
�
��r 0�i D

�
eB

c

� �
v0 C ��r 0��k C F .r/:

We see that the terms involvingv0 can be made to cancel by taking

� D �
�

eB

2mc

�
k;

that is, by takingF 0 to be rotating with scalar angular velocity� D eB=2mc about
an axis parallel to the uniform magnetic field. The quantity� is called theLarmor
frequency.

On making the substitution� D ��k and dropping the dashes, the equation of
motion for the particle becomes

m
dv

dt
D F .r/C m�2

�
k�.k�r/

�
:

For the special case in whichF D �m!2
0
r , this reduces to

dv

dt
D �!2

0 r C�2k�.k�r/:

Let us seek motions in which the particle moves in a plane throughO perpen-
dicular to the uniform magnetic field. Thenk�.k�r/ D �r and the equation of
motion becomes

dv

dt
C
�
!2

0 C�2
�

r D 0:
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This is the two-dimensionalSHM equation. The most general motion of the particle
is elliptical with centreO and with frequency.!2

0
C�2/1=2. In particular,circular

motionswith centreO and frequency.!2
0

C�2/1=2 are possible.
This is how the motions appear in the rotating frame. On returning to the fixed

frame, the circular motions remain circular but have one oftwo different frequen-
cies .!2

0
C �2/1=2 ˙ �, depending on theirdirection of motion around the axis

fO;kg. Whenj�=!0j � 1, as is usually the case, the two frequencies are given
approximately by!0 ˙�.
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Problem 17 . 6

A bullet is fired vertically upwards with speedu from a point on the Earth with co-
latitudeˇ. Show that it returns to the ground west of the firing point by adistance
4�u3 sinˇ=3g2.

Solution
In the standard notation, the equation of particle motion relative to the rotating Earth
is

m

�
dv

dt
C 2��v

�
D �mgk;

where the Earth’s angular velocity� is given by

� D �.� sinˇ i C cosˇk/

andˇ is the co-latitude.
One integration with respect tot gives

dr

dt
C 2 ��r D .u � gt/k;

on using the initial conditionsv D uk andr D 0 whent D 0.
A second integration with respect tot leads to theintegral equation

r.t/ D .ut � 1
2
gt2/k � 2��

Z t

0

r.t 0/dt 0

on using the initial conditionr D 0 whent D 0.
Hence thezero order approximation to the motion is

r.0/ D .ut � 1
2
gt2/k

and thefirst order approximation is given by

r.1/ D r.0/ � 2��
Z t

0

r.0/.t 0/ dt 0

D r.0/ � 2��
Z t

0

.ut 0 � 1
2
gt 02/k dt 0

D r.0/ � 2.�� k/
�

1
2
ut2 � 1

6
gt3

�

D r.0/ C� sinˇ
�

1
3
gt3 � ut2

�
j ;
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wherej is the unit vector pointing east. Hence thefirst order correction to the
zero order solution is a deflection of

� sinˇ
�

1
3
gt3 � ut2

�

to the east.
To find the value of this deflection when the bullet returns to the ground, we need

an approximation to� , the time of flight. In this case, the zero order approximation
is sufficient, namely

� .0/ D 2u

g
:

On substituting in this value fort , thedeflectionof the bullet is found to be

4�u3 sinˇ

3g2

to thewest.
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Problem 17 . 7

An artillery shell is fired from a point on the Earth with co-latitudeˇ. The direction
of firing is duesouth, the muzzle speed of the shell isu and the angle of elevation
of the barrel is̨ . Show that the effect of the Earth’s rotation is to deflect theshell
to the west by a distance

4�u3

3g2
sin2 ˛ .3 cos˛ cosˇ C sin˛ sinˇ/ :

Solution
In the standard notation, the equation of particle motion relative to the rotating Earth
is

m

�
dv

dt
C 2��v

�
D �mgk;

where the Earth’s angular velocity� is given by

� D �.� sinˇ i C cosˇk/

andˇ is the co-latitude.
One integration with respect tot gives

dr

dt
C 2 ��r D u.cos˛ i C sin˛k/� gt k;

on using the initial conditionsv D u.cos˛ i C sin˛k/ andr D 0 whent D 0.
A second integration with respect tot leads to theintegral equation

r.t/ D u.cos˛ i C sin˛k/t � 1
2
gt2 k � 2��

Z t

0

r.t 0/ dt 0

on using the initial conditionr D 0 whent D 0.
Hence thezero order approximation to the motion is

r.0/ D u.cos˛ i C sin˛k/t � 1
2
gt2 k;
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and thefirst order approximation is given by

r.1/ D r.0/ � 2��
Z t

0

r.0/.t 0/ dt 0

D r.0/ � 2��
Z t

0

�
u.cos˛ i C sin˛k/t 0 � 1

2
gt 02 k

�
dt 0

D r.0/ � ��
�
u.cos˛ i C sin˛k/t2 � 1

3
gt3k

�

D r.0/ C 1
3
�gt3 sinˇj ��ut2

�
cos˛ cosˇ C sin˛ sinˇ

�
j

D r.0/ C�
�

1
3
gt3 sinˇ � ut2 cos.˛ � ˇ/

�
j ;

wherej is the unit vector pointing east. Hence thefirst order correction to the
zero order solution is a deflection of

�
�

1
3
gt3 sinˇ � ut2 cos.˛ � ˇ/

�

to the east.
To find the value of this deflection when the particle returns to the ground, we

need an approximation to� , the time of flight. In this case, the zero order approxi-
mation is sufficient, namely

� .0/ D 2u sin˛

g
:

On substituting in this value fort , the requireddeflectionof the shell is found to be

4�u3

3g2
sin2 ˛

�
3 cos˛ cosˇ C 2 sin˛ sinˇ

�

to thewest.

c
 Cambridge University Press, 2006



Chapter 17 Rotating reference frames 603

Problem 17 . 8

An artillery shell is fired from a point on the Earth with co-latitudeˇ. The direction
of firing is dueeast, the muzzle speed of the shell isu and the angle of elevation of
the barrel is̨ . Show that the effect of the Earth’s rotation is to deflect theshell to
the south by a distance

4�u3

3g2
sin2 ˛ cos˛ cosˇ:

� Show also that the easterly range is increased by

4�u3

3g2
sin˛ sinˇ

�
3 � 4 sin2 ˛

�
:

[Hint. The second part requires a corrected value for the flight time.]

Solution
In the standard notation, the equation of particle motion relative to the rotating Earth
is

m

�
dv

dt
C 2��v

�
D �mgk;

where the Earth’s angular velocity� is given by

� D �.� sinˇ i C cosˇk/

andˇ is the co-latitude.
One integration with respect tot gives

dr

dt
C 2 ��r D u.cos˛j C sin˛k/ � gt k;

on using the initial conditionsv D u.cos˛ i C sin˛k/ andr D 0 whent D 0.
A second integration with respect tot leads to theintegral equation

r.t/ D u.cos˛j C sin˛k/t � 1
2
gt2 k � 2��

Z t

0

r.t 0/dt 0

on using the initial conditionr D 0 whent D 0.
Hence thezero order approximation to the motion is

r.0/ D u.cos˛j C sin˛k/t � 1
2
gt2 k;
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and thefirst order approximation is given by

r.1/ D r.0/ � 2��
Z t

0

r.0/.t 0/dt 0

D r.0/ � 2��
Z t

0

�
u.cos˛j C sin˛k/t 0 � 1

2
gt 02 k

�
dt 0

D r.0/ � ��
�
u.cos˛j C sin˛k/t2 � 1

3
gt3k

�

D r.0/ C 1
3
�gt3 sinˇj C�ut2

�
cos˛ cosˇi � sin˛ sinˇj C cos˛ sinˇk

�

Hence the first ordercorrection to the zero order solution is

1
3
�gt3 sinˇj C�ut2

�
cos˛ cosˇi � sin˛ sinˇj C cos˛ sinˇk

�
:

In particular, the shell suffers a deflection of

�ut2 cos˛ cosˇ

to the south.
To find the value of this deflection when the particle returns to the ground, we

need an approximation to� , the time of flight. In this case, the zero order approxi-
mation is sufficient, namely

� .0/ D 2u sin˛

g
:

On substituting in this value fort , the requireddeflectionof the shell is found to be

4�u3

g2
sin2 ˛ cos˛ cosˇ

to thesouth.

Finding the correction to theeasterly range is very tricky. This part should
probably not have been set, but it’s too late now!

The total easterly displacement of the shell at timet is given by the first order
approximation to be

ut cos˛ C 1
3
�gt3 sinˇ ��ut2 sin˛ sinˇ; (1)

and we now need to replacet in this expression by� , the time of flight. The second
and third terms of this expression are small corrections andit is sufficient to use� .0/,
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the zero order approximation to� . However, the first term is not small and we need
to use� .1/, thefirst order approximation to� . To find � .1/, consider thevertical
motion. The total vertical displacement of the shell at timet is given by the first
order approximation to be

ut sin˛ � 1
2
gt2 C�ut2 cos˛ sinˇ

and the flight time� .1/ must make this expression zero. It follows that

� .1/ D 2u sin˛

g

�
1 � 2�u

g
cos˛ sinˇ

��1

:

One last hurdle. Since the first order approximation alreadyneglects squares and
higher powers of the small dimensionless paramater�u=g, we may replace this
expression for� .1/ by the simpler formula

� .1/ D 2u sin˛

g

�
1 C 2�u

g
cos˛ sinˇ

�
:

This is the required expression for thetime of flight , correct to the first order.
It now remains to substitute this value for� .1/ into the first term of (1) and the

value of � .0/ into the last two terms. After some heavy algebra we find that the
easterly rangeof the shell is increased by

4�u3

3g2
sin˛ sinˇ

�
3 � 4 sin2 ˛

�
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Problem 17 . 9

Consider Problem 17.4 again. This time find the motion of the particle by using the
transformed energy equation.

Solution
Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular

velocity� about the axisfO;kg, where the unit vectork is perpendicular to the
plane of motion of the wire. Then, in the rotating frameF 0, the wire is at rest and
the system is standard and conservative withapparent potential energyzero.

Theapparent kinetic energy is T D 1
2
mPr2 and themoment of inertia of the

system about the axisfO;kg is I D mr2. Theenergy conservation principlefor
uniformly rotating frames then implies that

1
2
mPr2 C 0 � 1

2
m�2r2 D E;

whereE is a constant. The initial conditionsr D a and Pr D 0 whent D 0 show
thatE D �1

2
m�2a2 and so theenergy conservation equationbecomes

Pr2 D �2
�
r2 � a2

�
:

On taking square roots and separating, we find that

cosh�1
� r

a

�
D ˙�t C C;

whereC is a constant of integration. The initial conditionr D a whent D 0 shows
thatC D 0 and the solution forr is found to be

r D a cosh�t:

This is themotion of the particle along the wire.

c
 Cambridge University Press, 2006



Chapter 17 Rotating reference frames 607

Problem 17 . 10

One end of a straight rod is fixed at a pointO on a smooth horizontal table and the
rod is made to rotate aroundO with constant angular speed�. A uniform circular
disk of radiusa lies flat on the table and can slide freely upon it. The disc remains
in contact with the rod at all times and is constrained toroll along the rod. Initially,
the disk is at rest (relative to the rod) with its point of contact at a distancea from
O . Find the displacement of the disk as a function of the time.

Solution

FIGURE 17.4 The disk rolls along the rotat-
ing rod. OO

G

CΩ

a

r

Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular
velocity� about the axisfO;kg, where the unit vectork is perpendicular to the
plane of motion of the rod. Then, in the rotating frameF 0, the rod is at rest and the
system is standard and conservative withapparent potential energyzero.

Theapparent kinetic energy is

T D 1
2
M Pr2 C 1

2

�
1
2
Ma2

�� Pr
a

�2

D 3
4
M Pr2:

Themoment of inertia of the system about the axisfO;kg is

IfO;kg D IfG;kg C M.OG/2

D 1
2
Ma2 C M

�
r2 C a2

�

D M r2 C 3
2
Ma2:

Theenergy conservation principlefor uniformly rotating frames then implies
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that

3
4
M Pr2 C 0 � 1

2
M�2

�
r2 C 3

2
a2
�

D E;

whereE is a constant. The initial conditionsr D a and Pr D 0 whent D 0 show
that

E D �5
4
M�2a2

and so theenergy conservation equationbecomes

Pr2 D 2
3
�2

�
r2 � a2

�
:

On taking square roots and separating, we find that

cosh�1
�r

a

�
D ˙

q
2
3
�t C C;

whereC is a constant of integration. The initial conditionr D a whent D 0 shows
thatC D 0 and the solution forr is found to be

r D a cosh

�q
2
3
�t

�
:

This is thedisplacementof the disk at timet .
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Problem 17 . 11

A horizontal turntable is made to rotate about a fixed vertical axis with constant
angular speed�. A hollow uniform circular cylinder of massM and radiusa can
roll on the turntable. Initially the cylinder is at rest (relative to the turntable), with
its centre of mass on the rotation axis, when it is slightly disturbed. Find the speed
of the cylinder when it has rolled a distancex on the turntable.

� Find also an expression (in terms ofx) for the force that the turntable exerts
on the cylinder.

Solution

O
G

x

ij

k

Ω

FIGURE 17.5 The hollow circular cylinder rolls on the rotating turntable.

Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular
velocity� about the axisfO;kg, where the unit vectork is perpendicular to the
plane of the turntable. Then, in the rotating frameF 0, the turntable is at rest and the
system is standard and conservative withapparent potential energyzero.

Theapparent kinetic energy is

T D 1
2
M Px2 C 1

2

�
Ma2

�� Px
a

�2

D M Px2:

Themoment of inertia of the system about the axisfO;kg is

IfO;kg D IfG;kg C M x2:
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[We could put in the value ofIfG;kg from the table in the Appendix, but there is no
point. It is just a constant and will eventually cancel.]

Theenergy conservation principlefor uniformly rotating frames then implies
that

M Px2 C 0 � 1
2
�2

�
IfG;kg C M x2

�
D E;

whereE is a constant. The initial conditionsx D 0 and Px D 0 whent D 0 show
that

E D �1
2
�2IfG;kg

and so theenergy conservation equationbecomes

Px2 D 1
2
�2x2:

This equation obviously has the equilibrium solutionx D 0, but this is not what
we are looking for. We are interested in thenon-zerosolution in which

Px D C
�
�p

2

�
x:

In this solution, thevelocity of the cylinder when it has rolled a distancex on the
turntable is�x=

p
2.

To find the reaction forceX acting on the cylinder, we use the full equation for
particle motion in rotating frames. This gives

X � Mgk D m

�
dv

dt
C 0 C 2��v C ��

�
��r

� �
;

wherer D x i , v D Px i , � D �k and the unit vectorsfi ; j ;kg are shown in
Figure 17.5. Now, from the energy equation,

dv

dt
D Rx i D

�
�p

2

�
Px i D

�
�p

2

��
�p

2

�
x i

D 1
2
�2x i ;

and, on substituting in all of these values, we find that

X D Mgk C M
h

1
2
�2x i C

p
2�2j ��2x i

i

D Mgk C M�2
hp

2j � 1
2

i
i

x:

This is theforce exertedon the cylinder by the turntable.
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Problem 17 . 12 Newton’s bucket

A bucket half full of water is made to rotate with angular speed� about its axis of
symmetry, which is vertical. Find, to within a constant, thepressure field in the fluid.
By considering the isobars (surfaces of constant pressure)of this pressure field, find
the shape of the free surface of the water.

What would the shape of the free surface be if the bucket were replaced by a
cubical box?

Solution
Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular

velocity� about the same vertical axis as the bucket. Then, in the rotating frame
F 0, the bucket is at rest.

Suppose that the water has come to rest relative to the bucket. The equation of
‘hydrostatics’ in the rotating frameF 0 is

���.��r/ D F � gradp;

where� is the (constant) water density,p is the pressure field,� .D �k/ is the
angular velocity of the bucket, andF is the body force (per unit volume) acting on
the water.

In this problem, the body force is gravity so that

F D ��gk:

It follows that pressure fieldp.r/must satisfy the equation

gradp D ��gk � ��2k�.k�r/

D ��gk C ��2RbR;

whereR is the distance of the pointr from the rotation axis andbR is the unit vector
pointing in the direction of increasingR. (In other words,R andbR relate to the
cylindrical polar coordinate system whose axis lies along the rotation axis ofthe
bucket.) This equation forp can be integrated to give

p D �
�

1
2
�2R2 � gz

�
C constant

This is thepressure fieldin the water, correct to within a constant. The surfaces of
constant pressure (of which the free surface must be one) aretherefore

z D �2R2

2g
C constant
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Each of these surfaces is aparaboloid (a parabola of revolution) whose axis lies
along the rotation axis of the bucket. In particular then, the free surfaceof the water
must be one of these paraboloids.

If the bucket is replaced by acubical box (or any other container), the above
solution still holds. The only difference is that the free surface will now terminate
where it meets the sides of thebox instead of where it met the bucket.
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Problem 17 . 13

A sealed circular can of radiusa is three-quarters full of water of density�, the
remainder being air at pressurep0. The can is taken into gravity free space and then
rotated about its axis of symmetry with constant angular speed�. Where will the
water be when it comes to rest relative to the can? Find the water pressure at the
wall of the can.

Solution
Suppose the frameF is fixed and the frameF 0 is rotating with scalar angular

velocity� about the symmetry axis of the can. Then, in the rotating frameF 0, the
can is at rest.

Suppose that the water has come to rest relative to the can. The equation of
‘hydrostatics’ in the rotating frameF 0 is

���.��r/ D F � gradp;

where� is the (constant) water density,p is the pressure field,� .D �k/ is the
angular velocity of the bucket, andF is the body force (per unit volume) acting on
the water.

In this problem, there is no body force so thatF D 0. It follows that pressure
field p.r/must satisfy the equation

gradp D ���2k�.k�r/

D ���2RbR;

whereR is the distance of the pointr from the rotation axis andbR is the unit vector
pointing in the direction of increasingR. (In other words,R andbR relate to the
cylindrical polar coordinate system whose axis lies along the symmetry axis ofthe
can.) This equation forp can be integrated to give

p D 1
2
��2R2 C constant

This is thepressure fieldin the water, correct to within a constant. Thesurfaces of
constant pressure(of which the free surface must be one) are therefore

R D constant;

a family of cylindrical surfaces whose axes lie along the axis of the can. In particular
then, the free surface of the water must be one of these surfaces.

The onlystableconfiguration of the system is the one in which the water occu-
pies the region between the curved wall of the can and one of the above cylindrical
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surfaces. The actual one is determined by the fact that the water hasconstant vol-
ume, and a little geometry shows that thefree surfaceof the water actually lies in
the surfaceR D 1

2
a. At the free surface, the water pressure is known to bep0, the

same as that of the enclosed air. On applying the boundary condition p D p0 when
R D 1

2
a, we find that thepressure fieldin the water is

p D p0 C 1
8
��2

�
4R2 � a2

�
:

By substitutingR D a into this formula, we find that thepressure at the can
wall is

p0 C 3
8
��2a2:
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Problem 18 . 1

Show that the matrix

A D 1

7

0
@

3 2 6

�6 3 2

2 6 �3

1
A

is orthogonal. IfA is the transformation matrix between the coordinate systems C
andC0, doC andC0 have the same, or opposite, handedness?

Solution

A � AT D 1

49

0
@

3 2 6

�6 3 2

2 6 �3

1
A
0
@

3 �6 2

2 3 6

6 2 �3

1
A D 1

49

0
@

49 0 0

0 49 0

0 0 49

1
A

D

0
@

1 0 0

0 1 0

0 0 1

1
A :

Hence the matrixA is orthogonal.
Also, detA is given by

detA D 1

73

ˇ̌
ˇ̌
ˇ̌

3 2 6

�6 3 2

2 6 �3

ˇ̌
ˇ̌
ˇ̌

D 1

73

h
3.�9 � 12/ � 2.18 � 4/C 6.�36 � 6/

i
D �343

73

D �1:

Since detA D �1, it follows that the transformation represented byA consists of
a rotation followed by a reflection. Hence, the coordinate systemsC andC0 have
opposite handedness.
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Problem 18 . 2

Find the transformation matrix between the coordinate systemsC andC0 whenC0 is
obtained

(i) by rotatingC through an angle of45ı about the axisOx2,
(ii) by reflectingC in the planex2 D 0,

(iii) by rotatingC through a right angle about the axis
�!
OB, whereB is the point

with coordinates.2; 2; 1/,
(iv) by reflectingC in the plane2x1 � x2 C 2x3 D 0.

In each case, find the new coordinates of the pointD whose coordinates inC are
.3;�3; 0/.

Solution

(i) The transformation matrix whenC is rotated through an angle about the
axisOx2 is

A D

0
@

cos 0 � sin 
0 1 0

sin 0 cos 

1
A :

Hence, when D 45ı, thetransformation matrix is

A D 1p
2

0
@

1 0 �1

0
p

2 0

1 0 1

1
A :

Thenew coordinatesof the pointD are the elements of the column vector

A �

0
@

3

�3

0

1
A D 1p

2

0
@

1 0 �1

0
p

2 0

1 0 1

1
A
0
@

3

�3

0

1
A

D 1p
2

0
@

3

�3
p

2

3

1
A :

Hence, in the coordinate systemC0, D is the point.3=
p

2; �3; 3=
p

2/.

(ii) The transformation matrix whenC is reflected in the planex2 D 0 is

A D

0
@

1 0 0

0 �1 0

0 0 1

1
A :
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Thenew coordinatesof the pointD are the elements of the column vector

A �

0
@

3

�3

0

1
A D

0
@

1 0 0

0 �1 0

0 0 1

1
A
0
@

3

�3

0

1
A

D

0
@

3

3

0

1
A :

Hence, in the coordinate systemC0, D is the point.3; 3; 0/, which is obvious
anyway.

(iii) In C, the line segment
�!
OB is represented by the vector2i C 2j C k. Hence

n, the unit vector in the direction
�!
OB is given by

n D 2i C 2j C k

j2i C 2j C kj
D 1

3
.2i C 2j C k/ :

To find the required transformation matrix, we now substitute this value ofn
(and D 90ı) into the general formula (18.10) on page 497. This gives

A D 1

9

0
@

4 7 �4

1 4 8

8 �4 1

1
A :

Thenew coordinatesof the pointD are the elements of the column vector

A �

0
@

3

�3

0

1
A D 1

9

0
@

4 7 �4

1 4 8

8 �4 1

1
A
0
@

3

�3

0

1
A

D

0
@

�1

�1

4

1
A :

Hence, in the coordinate systemC0, D is the point.�1;�1; 4/.

(iv) The plane2x1 � x2 C 2x3 D 0 can be written in the formn � x D 0, where
the unit vectorn is given by

n D 2i � j C 2k

j2i � j C 2kj
D 1

3
.2i � j C 2k/ :
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To find the required transformation matrix, we now substitute this value ofn
into the general formula (18.11) on page 498. This gives

A D 1

9

0
@

1 4 �8

4 7 4

�8 4 1

1
A :

Thenew coordinatesof the pointD are the elements of the column vector

A �

0
@

3

�3

0

1
A D 1

9

0
@

1 4 �8

4 7 4

�8 4 1

1
A
0
@

3

�3

0

1
A

D

0
@

�1

�1

�4

1
A :

Hence, in the coordinate systemC0, D is the point.�1;�1;�4/.
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Problem 18 . 3

Show that the matrix

A D 1

3

0
@

2 �1 �2

2 2 1

1 �2 2

1
A

is orthogonal and has determinantC1. Find the column vectorsv that satisfy the
equationA �v D v. If A is the transformation matrix between the coordinate systems

C andC0, show thatA represents a rotation ofC about the axis
�!
OE whereE is the

point with coordinates.1; 1;�1/ in C.
� Find the rotation angle.

Solution

A � AT D 1

9

0
@

2 �1 �2

2 2 1

1 �2 2

1
A
0
@

2 2 1

�1 2 �2

�2 1 2

1
A D 1

9

0
@

9 0 0

0 9 0

0 0 9

1
A

D

0
@

1 0 0

0 1 0

0 0 1

1
A :

Hence the matrixA is orthogonal. Thedeterminant of A is given by

detA D 1

33

ˇ̌
ˇ̌
ˇ̌
2 �1 �2

2 2 1

1 �2 2

ˇ̌
ˇ̌
ˇ̌

D 1

27

h
2.4 C 2/C 1.4 � 1/� 2.�4 � 2/

i

D C1:

Since detA D C1, it follows that the transformation represented byA is arotation .
In expanded form, the equationA � v D v is

1

3

0
@

2 �1 �2

2 2 1

1 �2 2

1
A
0
@
v1

v2

v3

1
A D

0
@
v1

v2

v3

1
A ;

that is,
0
@

�1 �1 �2

2 �1 1

1 �2 �1

1
A
0
@
v1

v2

v3

1
A D

0
@

0

0

0

1
A :
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The last equation is just the sum of the first two, and the first two can be written in
the form

v1 C v2 D �2v3;

2v1 � v2 D �v3;

The general solution of these equations isv1 D �, v2 D �, v3 D ��, where� may
take any value. Hence thegeneral solutionof the equationA � v D v is

v D �

0
@

1

1

�1

1
A ;

where� may take any value.
It follows that points that have coordinates of the form.�; �;��/ in C have

thesame coordinatesin C0 and so must lie on the rotation axis of the rotation repre-
sented byA. In particular, therotation axis must pass through the pointE.1; 1;�1/.

There are many ways to find the rotation angle. One way is to substitute the
valuen D .i C j � k/=

p
3 into the general formula (18.10) and pick out the values

of cos and sin . Alternatively, one may work from first principles, using the
following homespun method:

Select a pointF such thatOE andOF are perpendicular. The point.1; 0; 1/
will do. Now find the coordinates ofF in C0. These are the elements of the column
vector

1

3

0
@

2 �1 �2

2 2 1

1 �2 2

1
A
0
@

1

0

1

1
A D

0
@

0

1

1

1
A

The rotation angle about
�!
OE must therefore be the same as the angle between the

vectorsi C k andj C k, which is cos�1 1
2
. The angle is thereforė �=3. The

correctsign can be determined by examining the sign of the triple scalar product�
.i C k/�.j C k/

�
� .i C j � k/. It turns out that therotation angle about the axis

�!
OE is C�=3.
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Problem 18 . 4

Write out the transformation formula for a fifth order tensor. [The main difficulty is
finding enough suffix names!]

Solution
As it says in the text on page 502, the tensor transformation formulae follow a pat-
tern. In the definition of a vector there is only one summationand one appearance of
ap q; in the definition of a tensor of the second order, there are two summations and
two appearances ofap q, and so on. The suffices of the tensor on the left (in order)
must be the same as the first suffix of each of theap q (in order), and the suffices of
the tensor on the right (in order) must be the same as the second suffix of each of the
ap q (in order). By observing these rules, one can deduce the transformation formula
for a tensor ofanyorder. In particular, for a tensor of order five, thetransformation
formula is

t 0
ijklm D

3X

pD1

3X

qD1

3X

rD1

3X

sD1

3X

tD1

aip ajq akr als amt tpqrst
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Problem 18 . 5

In the coordinate systemC, a certain second order tensor is represented by the matrix

T D

0
@

1 0 1

0 1 0

1 0 1

1
A :

Find the matrix representing the tensor in the coordinate systemC0, whereC0 is
obtained

(i) by rotatingC through an angle of45ı about the axisOx1,
(ii) by reflectingC in the planex3 D 0.

Solution

(i) The transformation matrix whenC is rotated through an angle about the
axisOx1 is

A D

0
@

1 0 0

0 cos sin 
0 � sin cos 

1
A :

Hence, when D 45ı, thetransformation matrix is

A D 1p
2

0
@

p
2 0 0

0 1 1

0 �1 1

1
A :

ThenT0, the matrix representing the tensor in the coordinate system C0, is
given by

T0 D A � T � AT

D 1

2

0
@

p
2 0 0

0 1 1

0 �1 1

1
A
0
@

1 0 1

0 1 0

1 0 1

1
A
0
@

p
2 0 0

0 1 �1

0 1 1

1
A

D 1p
2

0
@

p
2 1 1

1
p

2 0

1 0
p

2

1
A

(ii) The transformation matrix whenC is reflected in the planex3 D 0 is

A D

0
@

1 0 0

0 1 0

0 0 �1

1
A :
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ThenT0, the matrix representing the tensor in the coordinate system C0, is
given by

T0 D A � T � AT

D

0
@

1 0 0

0 1 0

0 0 �1

1
A
0
@

1 0 1

0 1 0

1 0 1

1
A
0
@

1 0 0

0 1 0

0 0 �1

1
A

D

0
@

1 0 �1

0 1 0

�1 0 1

1
A
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Problem 18 . 6

The quantitiestijk anduijkl are third and fourth order tensors respectively. Decide
if each of the following quantities is a tensor and, if it is, state its order:

(i) tijkulmnp (ii) tijk tlmn (iii)
3X

jD1

tijj

(iv)
3X

jD1

tjij (v)
3X

iD1

tiii (vi)
3X

kD1

tijkuklmn

(vii)
3X

iD1

3X

jD1

uiijj (viii)
3X

kD1

uklmn (ix)
3X

iD1

3X

jD1

3X

kD1

tijk tijk .

Solution

(i) tijkulmnp is theouter productof the tensorstijk anduijkl and is therefore a
seventh order tensor.

(ii) tijk tlmn is theouter productof the tensortijk with itself. It is therefore a
sixth order tensor.

(iii)
P3

jD1 tijj is the tensortijk with the suffix pairfj ; kg contracted. It is there-
fore afirst order tensor (a vector).

(iv)
P3

jD1 tjij is the tensortijk with the suffix pairfi; kg contracted(and the
suffix j renamed asi ). It is therefore afirst order tensor (a vector).

(v)
P3

iD1 tiii is not a contraction of the tensortijk sincethreesuffices are set
equal and summed. It is thereforenot a tensor. Mathematicians might like
to provide an explicit example of a third order tensor (one isenough) for
which

P3
iD1 tiii is not preserved under coordinate transformation.

(vi)
P3

kD1 tijkuklmn is theouter productof the tensorstijk andulmnp with the
suffix pairfk; lg contracted (and the sufficesm, n, p renamed asl , m, n). It
is therefore afifth order tensor .

(vii)
P3

iD1

P3
jD1 uiijj is the tensoruijkl with the suffix pairsfi; j g and fk; lg

contracted. It is therefore azero order tensor(a scalar).

(viii)
P3

kD1 uklmn is nota contraction of the tensoruklmn sincenosuffices are set
equal. It is thereforenot a tensor.
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(ix)
P3

iD1

P3
jD1

P3
kD1 tijk tijk is the tensortijk tlmn with the suffix pairsfi; lg

andfj ;mg andfk;ng all contracted. It is therefore azero order tensor (a
scalar). Thus the sum of the squares of the elements of the tensor tijk is an
invariant.
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Problem 18 . 7

Show that the sum of the squares of the elements of a tensor is an invariant. [First
and second order tensors will suffice.]

Solution
Suppose that the three component quantityvi is a vector. Then the sum of the

squares of its elements is

v2
1 C v2

2 C v2
3 D

3X

iD1

vivi

which is the second order tensorvivj with the suffix pairfi; j g contracted. It is
therefore aninvariant .

Similarly, suppose that the nine component quantitytij is a second order tensor.
Then the sum of the squares of its elements is

3X

iD1

3X

jD1

tij tij

which is the fourth order tensortij tkl with the suffix pairsfi; kg and fj ; lg con-
tracted. It is therefore aninvariant .

The corresponding result for third order tensors is part (ix) of question 18.6 and
a similar argument applies to tensors of any order.

c
 Cambridge University Press, 2006



Chapter 18 Tensor algebra and the inertia tensor 628

Problem 18 . 8

If the matrixT represents a second order tensor, show that detT is an invariant. [We
have now found three invariant functions of a second order tensor: the sum of the
diagonal elements, the sum of the squares of all the elements, and the determinant.]

Solution
If T represents a second order tensor, then it satisfies the transformation formula

T0 D A � T � AT ;

whereA is the transformation matrix. Then

detT0 D det
�
A � T � AT

�

D detA � detT � detAT

D detA � detT � detA
D detT;

since detA D 1 whenA is a rotation matrix. Hence detT is preserved under coor-
dinate transformation and is therefore aninvariant .
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Problem 18 . 9

In crystalline materials, the ordinary elastic moduli are replaced bycijkl , a fourth
order tensor with eighty one elements. It appears that the most general material has
eighty one elastic moduli, but this number is reduced becausecijkl has the following
symmetries:

(i) cjikl D cijkl (ii) cijlk D cijkl (iii) cklij D cijkl

How many elastic moduli does the most general material actually have?

Solution
The symmetry (i) means that, for each choice of the suffix pairfk; lg, there aresix
independent choices for the suffix pairfi; j g instead of nine. Likewise, the symme-
try (ii) means that, for each choice of the suffix pairfi; j g, there aresix independent
choices for the suffix pairfk; lg instead of nine. This reduces the number of in-
dependent moduli from eighty one to thirty six. These thirtysix elements can be
set out in a convenient6 � 6 array. For example, we can ‘number’ the rows and
columns of this array by using the labelsf1; 1g, f2; 2g, f3; 3g, f2; 3g, f3; 1g, f1; 2g.
The symmetry (iii) then implies that the elements in this6 � 6 array are symmetric
about the leading diagonal. On counting up the number of elements on or above this
diagonal, we find that the number of independentelastic moduli is actually twenty
one. [Further symmetries of the crystal lead to further reductions in the number of
elastic constants; an isotropic material has only two!]

Triclinic crystals have the full twenty one elastic constants. Such crystals exhibit
the least symmetry of all crystal systems. Their axes are unequal and do not intersect
at right angles anywhere.Brazilian axinite is an example of a triclinic crystal.

c
 Cambridge University Press, 2006



Chapter 18 Tensor algebra and the inertia tensor 630

FIGURE 18.1 A typical particle of the body
has massm, position vectorr, and is dis-
tancep from the axisfO;ng. O

r

n

p

m

Problem 18 . 10

Show thatIfO;ng, the moment of inertia of a body about an axis throughO parallel
to the unit vectorn, is given by

IfO;ng D nT
� IO � n

whereIO is the matrix representing the inertia tensor of the body atO (in some
coordinate system), andn is the column vector that contains the components ofn

(in the same coordinate system).
Find the moment of inertia of a uniform rectangular plate with sides2a and2b

about a diagonal.

Solution

This formula can be proved by comparing the scalar and tensorexpressions for
the angular momentum of a rigid body about an axis. However, since the result is
entirely geometrical (and has no direct connection with angular momentum), it is
perhaps preferable to give a direct geometrical proof.

Figure 18.1 shows a typical particle of the body with massm, position vectorr ,
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G
a

b

x3

1x

2x
A

FIGURE 18.2 Principal axes for the reactangular plate at the point
G.

and distancep from the axisfO;ng. Then

p2 D r � r � .r � n/2

D
�
x2

1 C x2
2 C x2

3

�2 �
�
n1x1 C n2x2 C n3x3

�2

D
�
1 � n2

1

�
x2

1 C
�
1 � n2

2

�
x2

2 C
�
1 � n2

3

�
x2

3

�2n1n2x1x2 � 2n1n3x1x3 � 2n2n3x2x3

D
�
n2

2 C n2
3

�
x2

1 C
�
n2

1 C n2
3

�
x2

2 C
�
n2

1 C n2
2

�
x2

3

�2n1n2x1x2 � 2n1n3x1x3 � 2n2n3x2x3

D
�
x2

2 C x2
3

�
n2

1 C
�
x2

1 C x2
3

�
n2

2 C
�
x2

1 C x2
2

�
n2

3

�2n1n2x1x2 � 2n1n3x1x3 � 2n2n3x2x3

D
�
n1 n2 n3

�
0
@

x2
2

C x2
3

�x1x2 �x1x3

�x1x2 x2
1 C x2

3 �x2x3

�x1x3 �x2x3 x2
1 C x2

2

1
A
0
@

n1

n2

n3

1
A :

On multiplying this equality bym and summing over all the particles, we obtain

IfO;ng D
X

mp2 D
�
n1 n2 n3

�
0
@

I11 I12 I13

I21 I22 I23

I31 I32 I33

1
A
0
@

n1

n2

n3

1
A

D nT
� IO � n

which is the required result.
Figure 18.2 shows the rectangular plate and the principal axes at the pointG.

Relative to these axes, the diagonalGA points in the direction of the unit vectorn,
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where

n D cos˛e1 C sin˛e2;

and˛ is the angle betweenGA and thex1-axis. Then

n D

0
@

cos˛
sin˛

0

1
A

andIGA, the moment of inertia of the plate about the axisGA, is given by

IGA D nT
� IG � n

D
�
cos˛ sin˛ 0

�
0
@

1
3
M b2 0 0

0 1
3
Ma2 0

0 0 1
3
M.a2 C b2/

1
A
0
@

cos˛
sin˛

0

1
A

D M

3.a2 C b2/

�
a b 0

�
0
@

b2 0 0

0 a2 0

0 0 a2 C b2

1
A
0
@

a

b

0

1
A

D 2Ma2b2

3.a2 C b2/
:
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AG

x3

1x

2x

FIGURE 18.3 Principal axes for the circular disk at the pointG.

Problem 18 . 11

Find the principal moments of inertia of a uniform circular disk of massM and
radiusa (i) at its centre of mass, and (ii) at a point on the edge of the disk.

Solution

(i) The axes shown in Figure 18.3 are a set ofprincipal axes of the disk atG.
This follows from the reflective symmetry of the disk in each of the three
coordinate planes. Also, since the disk is a lamina lying in the planex3 D 0,
theperpendicular axestheorem shows that

IfG;e3g D IfG;e1g C IfO;e2g;

and the rotational symmetry of the disk about the axisfG; e3g implies that
IfG;e1g D IfG;e2g. From thetable of moments of inertia on page 570,
IfG;e3g D 1

2
Ma2, and so theprincipal moments of inertia of the disk at

G are

IfG;e1g D 1
4
Ma2; IfG;e2g D 1

4
Ma2; IfG;e3g D 1

2
Ma2

(ii) The set of parallel axesAe1e2e3 areprincipal axes of the disk atA. This
follows from the reflective symmetry of the disk in each of thetwocoordinate
planesx2 D 0 and x3 D 0. [Why is two enough?] The corresponding
principal moments can be found by using theparallel axes theorem. The
principal moments of inertia of the disk atA are therefore

IfA;e1g D 1
4
Ma2; IfA;e2g D 5

4
Ma2; IfA;e3g D 3

2
Ma2
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Problem 18 . 12

A uniform circular disk has massM and radiusa. A spinning top is made by fitting
the disk with a light spindleAB which passes through the disk and is fixed along its
axis of symmetry. The distance of the endA from the disk is equal to the disk radius
a. Find the principal moments of inertia of the top at the endA of the spindle.

Solution
Let Gx1x2x3 be the set of axes shown in Figure 18.3. Then the set of parallel axes
Ax1x2x3 areprincipal axesof the top at the tipA. This follows from the rotational
symmetry of the top about the axisAx3. The corresponding principal moments
can be found from those atG by using theparallel axes theorem. Theprincipal
momentsof inertia of the top atA are therefore

IfA;e1g D 5
4
Ma2; IfA;e2g D 5

4
Ma2; IfA;e3g D 1

2
Ma2
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Problem 18 . 13

A uniform hemisphere has massM and radiusa. A spinning top is made by fitting
the hemisphere with a light spindleAB which passes through the hemisphere and
is fixed along its axis of symmetry with the curved surface of the hemisphere facing
away from the endA. The distance ofA from the point where the spindle enters the
flat surface is equal to the radiusa of the hemisphere. Find the principal moments
of inertia of the top at the endA of the spindle.

Solution

Let Cx1x2x3 be a set of axes like those shown in Figure 18.3, whereC is the
centre of the circular flat face of the hemisphere andCx3points along the axis of
rotational symmetry of the top. Then the set of parallel axesGx1x2x3 areprincipal
axesof the top at the centre of massG. This follows from the rotational symmetry
of the top about the axis of the spindle. The corresponding principal moments can be
found from those atC by using theparallel axestheorem. The principal moments
of inertia of the top atG are therefore

IfG;e1g D 2
5
Ma2 � Md2; IfG;e2g D 2

5
Ma2 � Md2; IfG;e3g D 2

5
Ma2;

whered is the distanceGC , which was found in Example A.2 to be3
8
a. It follows

that theprincipal moments of the top atG are

IfG;e1g D 83
120

Ma2; IfG;e2g D 83
120

Ma2; IfG;e3g D 2
5
Ma2:

In a similar way, the second set of parallel axesAx1x2x3 areprincipal axes of
the top at the tipA. The corresponding principal moments can be found from those
atG by a second application of theparallel axestheorem. Theprincipal moments
of inertia of the top at the tipA are therefore

IfA;e1g D IfG;e1g C M.d C a/2 D 83
120

Ma2 C
�

11
8

�2
Ma2 D 43

20
Ma2;

IfA;e2g D IfG;e2g C M.d C a/2 D 83
120

Ma2 C
�

11
8

�2
Ma2 D 43

20
Ma2;

IfG;e2g D 2
5
Ma2
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FIGURE 18.4 The cube with principal axes
atGx1x2x3 at G andBx0

1x0
2x0

3 at B.

G

A

B

x1

x1

x3

x3

x2

′

′

′
x2

Problem 18 . 14

Find the principal moments of inertia of a uniform cube of mass M and side2a (i)
at its centre of mass, (ii) at the centre of a face, and (iii) ata corner point.

Find the moment of inertia of the cube (i) about a space diagonal, (ii) about a
face diagonal, and (iii) about an edge.

Solution

(i) Consider the coordinate systemGx1x2x3 shown in Figure 18.4. Since the
cube hasreflectivesymmetry in each of the three coordinate planes, this is a
set of principal axes atG. The moment of inertia of the cube about the axis
Gx1 is the same as that of a uniform plate of massM occupying the region
x1 D 0, �a � x2;x3 � a, which, from Example A.7 is2

3
Ma2. The other

principal moments have the same value. Hence theprincipal moments of
the cube atG are 2

3
Ma2, 2

3
Ma2, 2

3
Ma2.

(ii) Now consider a set of parallel axes at the pointA. Since the cube hasre-
flectivesymmetry in each of the coordinate planesx1 D 0, x2 D 0, this is
a set of principal axes atA. [Why aretwo reflective symmetries enough?]
The corresponding principal moments can be found from thoseatG by using
theparallel axestheorem. Hence theprincipal moments of the cube at the
pointA are 5

3
Ma2, 5

3
Ma2, 2

3
Ma2.

(iii) Now consider the corner pointB. A set of parallel axes atB is not a princi-
pal set since there are now no reflective symmetries. However, the cube has a
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rotational symmetry (of order three) about the space diagonalGB, which is
therefore an axis of dynamical symmetry. HenceGB is a principal axis, and
the other principal axes atB can be any axes that form an orthogonal set. In
particular, the axesBx0

1
x0

2
x0

3
shown in Figure 18.4 are a set of principal axes

at B. It looks tough to find the corresponding principal moments,but the sit-
uation is saved by the fact that the cube hasdynamical spherical symmetry
atG. It follows that the moment of inertia of the cube aboutanyaxis through
G is 2

3
Ma2. Hence the principal moments atB can be found from those at

G by using theparallel axestheorem. Theprincipal moments of the cube
at B are therefore11

3
Ma2, 11

3
Ma2, 2

3
Ma2.

The moment of inertia of the cube about a space diagonal is known to be2
3
Ma2

and the others can be found from those atG by using theparallel axestheorem. For
the face diagonal, the moment is5

3
Ma2, and, for the edge, the moment is8

3
Ma2.
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Problem 18 . 15

A uniform rectangular block has massM and sides2a, 2b and2c. Find the principal
moments of inertia of the block (i) at its centre of mass, (ii)at the centre of a face
of area4ab. Find the moment of inertia of the block (i) about a space diagonal, (ii)
about a diagonal of a face of area4ab.

Solution

(i) Consider the coordinate systemGx1x2x3 shown in Figure 18.4, where the
body is now considered to be a rectangular block. Since the block hasreflec-
tivesymmetry in each of the three coordinate planes, this is a setof principal
axes atG. The moment of inertia of the block about the axisGx1 is the
same as that of a uniform plate of massM occupying the regionx1 D 0,
�b � x2 � b, �c � x3 � c, which, from Example A.7 is1

3
M.b2 C c2/.

The other principal moments are found in a similar way. Hencetheprinci-
pal momentsof the block at the pointG are 1

3
M.b2 C c2/, 1

3
M.a2 C c2/,

1
3
M.a2 C b2/.

(ii) Now consider a set of parallel axesAx1x2x3 at the pointA. Since the block
hasreflectivesymmetry in each of the coordinate planesx1 D 0, x2 D 0, this
is a set of principal axes atA. [Why aretwo reflective symmetries enough?]
The corresponding principal moments can be found from thoseatG by using
theparallel axestheorem. Hence theprincipal moments of the block at the
pointA are 1

3
M.b2 C 4c2/, 1

3
M.a2 C 4c2/, 1

3
M.a2 C b2/.

There seems to be no simple way to find the principal axes and moments at a
corner point of the block.

(i) To find the moment of inertia of the block about the space diagonalGB, we
can use the known principal moments atG, together with the formula

IfG;ng D nT
� IG � n:

In the present application, the unit vectorn is

n D ai C b j C c k

.a2 C b2 C c2/1=2
:
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Hence

IGB D nT
� IG � n

D M

3.a2 C b2 C c2/

�
a b c

�
0
@

b2 C c2 0 0

0 a2 C c2 0

0 0 a2 C b2

1
A
0
@

a

b

c

1
A

D 2M.a2b2 C a2c2 C b2c2/

3.a2 C b2 C c2/

(ii) To find the moment of inertia of the block about the face diagonalAB, we
can use the known principal moments atA, together with the formula

IfA;ng D nT
� IA � n:

In the present application, the unit vectorn is

n D ai C b j

.a2 C b2/1=2
:

Hence

IAB D nT
� IA � n

D M

3.a2 C b2/

�
a b 0

�
0
@

b2 C 4c2 0 0

0 a2 C 4c2 0

0 0 a2 C b2

1
A
0
@

a

b

0

1
A

D 2M.a2b2 C 2a2c2 C 2b2c2/

3.a2 C b2/
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Problem 18 . 16

Find the principal moments of inertia of a uniform cylinder of massM , radiusa and
length2b at its centre of massG. Is it possible for the cylinder to have dynamical
sphericalsymmetry aboutG?

Solution
Since the cylinder has rotational symmetry (of infinite order) about its axis, this

must be an axis ofdynamical axial symmetry. Hence, any orthogonal coordinate
systemAx1x2x3 in which A lies on the axis andAx3 points along the axis is a
set ofprincipal axes at A. In particular, this is true atG, the centre of mass. The
correspondingprincipal moments atG are given in the table in the Appendix. They
are

1
4
Ma2 C 1

3
M b2; 1

4
Ma2 C 1

3
M b2; 1

2
Ma2:

The cylinder will havedynamical spherical symmetryat G if all the principal
moments atG are equal. This will be true if

1
4
Ma2 C 1

3
M b2 D 1

2
Ma2;

that is, if

b D
p

3

2
a
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Problem 18 . 17

Determine the dynamical symmetry (if any) of each the following bodies about their
centres of mass:

(i) a frisbee,
(ii) a piece of window glass having the shape of an isosceles triangle,
(iii) a two bladed aircraft propellor,
(iv) a three-bladed ship propellor,
(v) an Allen screw (ignore the thread),
(vi) eight particles of equal mass forming a rigid cubical structure,
(vii) a cross-handled wheel nut wrench,
(viii) the great pyramid of Giza,
(ix) a molecule of carbon tetrachloride.

Solution

(i) The frisbee has one rotational symmetry (of infinite order), and so hasdy-
namical axial symmetryat G.

(ii) The window glass has a rotational symmetry (of order two), but this is not
enough to give rise to any dynamical symmetry.

(iii) The two bladed aircraft propellor has a rotational symmetry of order two, but
this is not enough to give rise to any dynamical symmetry.

(iv) The three-bladed ship propellor has one rotational symmetry (of order three)
and so hasdynamical axial symmetryat G.

(v) The Allen screw has one rotational symmetry (of order six) and so hasdy-
namical axial symmetryat G.

(vi) The cubical structure has three different rotational symmetries atG; each
symmetry is of order four. The structure therefore hasdynamical spherical
symmetry at G.

(vii) The cross-handled wheel nut wrench has one rotationalsymmetry (of order
four) and so hasdynamical axial symmetryat G.

(viii) The great pyramid of Giza has one rotational symmetry(of order four) and
so hasdynamical axial symmetry atG.

(ix) The molecule of carbon tetrachloride has the form of a regular tetrahedron
with the four chlorine atoms at the vertices and the carbon atom at the centre
G. [Surely you knew that!] The molecule thus has four different rotational
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symmetries atG; each symmetry is of order three. The molecule therefore
hasdynamical spherical symmetryat G.

c
 Cambridge University Press, 2006



Chapter 18 Tensor algebra and the inertia tensor 643

Problem 18 . 18 �

A uniform rectangular plate has massM and sides2a and4a. Find the principal
axes and principal moments of inertia at acornerpoint of the plate. [Make use of
the formula forIC obtained in Example 18.6, withb D 2a.]

Solution
In Example 18.6, we found that the inertia tensor of a rectangular plate at a corner
pointC is

IC D 1

3
M

0
@

4b2 �3ab 0

�3ab 4a2 0

0 0 4.a2 C b2/

1
A ;

where the axesCx1x2x3 are those shown in Figure 18.3 (right). Whenb D 2a, this
expression becomes

IC D 2
3
Ma2

0
@

8 �3 0

�3 2 0

0 0 10

1
A ;

The object is to move to a new set of coordinates in which the inertia tensor is
diagonal. The standard method provided by linear algebra is to find theeigenvalues
andeigenvectorsof the matrixIC .

It is convenient to drop the constant multiplier2
3
Ma2 for the time being. Let

J D

0
@

8 �3 0

�3 2 0

0 0 10

1
A :

By definition, the eigenvalues� and eigenvectorsv of J satisfy the equation

J � v D �v;

which is equivalent to the homogeneous system of linear equations

.J � �1/ � v D 0:

Written out in full, this becomes
0
@

8 � � �3 0

�3 2 � � 0

0 0 10 � �

1
A
0
@
v1

v2

v3

1
A D

0
@

0

0

0

1
A :
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For this system of equations to have anon-trivial solution forv, the determinant of
the matrix must be zero, that is,

ˇ̌
ˇ̌
ˇ̌
8 � � �3 0

�3 2 � � 0

0 0 10 � �

ˇ̌
ˇ̌
ˇ̌ D 0:

On expanding the determinant, this equation becomes

.� � 10/
�
�2 � 10�C 7

�
D 0;

from which it follows that theeigenvaluesof the matrixJ are

�1 D 5 C 3
p

2; �2 D 5 � 3
p

2; �3 D 10:

We must now find theeigenvectorcorresponding to each eigenvalue.

Eigenvalue�1 When� D 5 C 3
p

2, the system of equations forv becomes
0
@

p
2 � 1 1 0

1
p

2 C 1 0

0 0 1

1
A
0
@
v1

v2

v3

1
A D

0
@

0

0

0

1
A ;

which has the general solution

v1 D k; v2 D �k
�p

2 � 1
�
; v3 D 0;

wherek can take any value. In particular, the column vector

v1 D ˛

0
@

1

�.
p

2 � 1/

0

1
A ;

where˛ D
�
4 � 2

p
2
��1=2

, is a normalised eigenvectorof the matrixJ
corresponding to the eigenvalue� D 5 C 3

p
2.

Eigenvalue�2 By proceeding in a similar way, we find that

v2 D ˛

0
@

p
2 � 1

1

0

1
A

is anormalised eigenvectorof the matrixJ corresponding to the eigenvalue
� D 5 � 3

p
2.
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Eigenvalue�3 This time, we find that

v3 D

0
@

0

0

1

1
A

is anormalised eigenvectorof the matrixJ corresponding to the eigenvalue
� D 10.

Let V be the matrix whose columns are the normalised eigenvectorsof J, that
is,

V D
�
v1 jv1 jv3

�
:

Then linear algebra theory tells us that

VT
� J � V D

0
@
�1 0 0

0 �2 0

0 0 �3

1
A ;

which is adiagonal matrix. If we now compare this formula with the tensor
transformation formula (18.17) on page 503, we see that we have achieved
our object of diagonalisingIC and that the transformation matrixA that does
the job isVT . Hence, the requiredtransformation matrix is

A D

0
@

˛ �˛.
p

2 � 1/ 0

˛.
p

2 � 1/ ˛ 0

0 0 1

1
A

If we now compare this transformation matrix with that givenby equation
(18.8) on page 495, we see thatA represents arotation about the axisCx3

through a negative acute angle� , where

� D � tan�1.
p

2 � 1/ D ��
8
:

This rotated coordinate system is a set ofprincipal axes for the plate atC .
The correspondingprincipal moments are

2
3
.5 C 3

p
2/Ma2; 2

3
.5 � 3

p
2/Ma2; 20

3
Ma2
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Problem 19 . 1 Ball rolling on a slope

A uniform ball can roll or skid on a rough plane inclined at an angle ˇ to the
horizontal. Show that, inanymotion of the ball, the component ofw perpendicular
to the plane is conserved. If the ballrolls on the plane, show that the path of the ball
must be a parabola.

ω

V
G

C

X

−M g k ′

i

j

k
k ′

β

FIGURE 19.1 A ball of massM and radiusa rolls and skids on a rough plane
inclined at anglě to the horizontal.

Solution
The plane and the ball are shown in Figure 19.1; the plane appears to be horizontal,
but observe the direction of gravity! The vectorsfi ; j ;kg are a standard basis set
with k perpendicular to the plane,j horizontal, andi pointing down the direction
of steepest slope. The unit vectork0 points vertically upwards.

The equations of motion for the ball are as follows. The equation for thetrans-
lational motion of G is

M PV D X � Mgk0; (1)

while the equation for therotational motion relative toG is

�
�Ma2

�
Pw D .�ak/�X C 0�.�Mgk0/

D aX �k: (2)
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HereM is the mass anda the radius of the ball, and� is a constant depending on
the moment of inertia of the ball. For auniformball, � D 2

5
and, for ahollow ball,

� D 2
3
.

On eliminating the reactionX between these two equations, we find that

�a Pw D
�

PV C gk0�� k

D PV � k C g sinˇj : (3)

If we take the scalar product of this equation withk, we obtain

�a Pw � k D
�

PV � k
�

� k C g sinˇj � k

D 0:

Sincek is aconstantvector, it follows that

w � k D n; (4)

wheren is a constant. Hence thespin of the ball perpendicular to the plane is
conserved.

If we now take the vector product of equation (3) withk, we obtain

�ak� Pw D k�
�

PV � k
�

C g sinˇk�j

D
�
.k � k/ PV � .k � PV /k

�
� g sinˇ i

D PV � g sinˇ i :

HenceV andw must always be related by

PV D �ak� Pw C g sinˇ i : (5)

Equations (4), (5) hold forany motionof the ball whether skidding or rolling.
Suppose that we now restrict the ball torolling motions. Then by the rolling

condition atC ,

vC D V C w �.�ak/ D 0;

that is,

V C ak�w D 0: (6)

If we now differentiate equation (6) with respect tot , and use this equation to elim-
inatek� Pw from equation (5), we obtain

PV D
�

g sinˇ

1 C �

�
i : (7)
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This is the requiredequation of motionsatisfied byG in rolling motions. The most
generalrolling motion therefore consists of

(i) constant spinperpendicular to the plane, and

(ii) constant accelerationdown the plane of magnitudeg sinˇ=.1 C �/. In par-
ticular, the path of the point of contactC must be aparabola.

For a uniform ball, the acceleration of the ball down the plane is 5
7
g sinˇ.
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Problem 19 . 2 � Ball rolling on a rotating turntable

A rough horizontal turntable is made to rotate about a fixed vertical axis through
its centreO with constantangular velocity�k, where the unit vectork points ver-
tically upwards. A uniform ball of radiusa can roll or skid on the turntable. Show
that, inanymotion of the ball, the vertical spinw � k is conserved. If the ballrolls
on the turntable, show that

PV D 2
7
�k�V ;

whereV is the velocity of the centre of the ball viewed from afixedreference frame.
Deduce the amazing result that the path of the rolling ball must be a circle.

Suppose the ball is held at rest (relative to the turntable),with its centre a dis-
tanceb from the axisfO;kg, and is then released. Given that the ball rolls, find the
radius and the centre of the circular path on which it moves.

G

C

X

−M g k

RO

k

Ω

FIGURE 19.2 A ball of massM and radiusa rolls and skids on a rough rotating
turntable.

Solution
The turntable and the ball are shown in Figure 19.2. The unit vector k points

vertically upwards.
The equations of motion for the ball are as follows. The equation for thetrans-

lational motion of G is

M PV D X � Mgk; (1)
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while the equation for therotational motion relative toG is
�
�Ma2

�
Pw D .�ak/�X C 0�.�Mgk/

D aX �k: (2)

HereM is the mass anda the radius of the ball, and� is a constant depending on
the moment of inertia of the ball. For auniformball, � D 2

5
and, for ahollow ball,

� D 2
3
.

On eliminating the reactionX between these two equations, we find that

�a Pw D
�

PV C gk
�
�k

D PV �k: (3)

If we take the scalar product of this equation withk, we obtain

�a Pw � k D
�

PV �k
�

� k

D 0:

Sincek is aconstantvector, it follows that

w � k D n; (4)

wheren is a constant. Hence thevertical spin of the ball isconserved.
If we now take the vector product of equation (4) withk, we obtain

�ak� Pw D k�
�

PV �k
�

D .k � k/ PV � .k � PV /k

D PV :

HenceV andw must always be related by

PV D �ak� Pw : (5)

Equations (4), (5) hold forany motionof the ball whether skidding or rolling.
Suppose that we now restrict the ball torolling motions. Then by the rolling

condition atC ,

vC D V C w �.�ak/ D
�
�k

�
�R;

whereR is the position vector ofG relative toO . Hence

V C ak�w D �k�R:
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On differentiating this equation with respect tot , we obtain

PV C ak� Pw D �k�V ;

and this equation can now be used to eliminatek�w from equation (5). This gives

PV D
�
��

1 C �

�
k�V ;

which is the requiredequation of motion satisfied byG in rolling motions. On
integrating with respect tot , we obtain

PR D
�
��

1 C �

�
k�R C C ; (6)

whereC is a constant of integration.

Suppose that, initially,
�!
OG is in thei -direction, where the basis vectorsfi ; j ;kg

arefixed in spaceandk points vertically upwards. Then the initial conditions require
thatR D b i and PR D �b j whent D 0. It follows that

C D �b j �
�
��

1 C �

�
k�.b i /

D
�
�b

1 C �

�
j :

The equation of motion (6) can therefore be written in the form

PR D
�
��

1 C �

�
k�

�
R C

�
b

�

�
i

�
:

This solutions of this equation are known to representuniform circular motions
with centre at the point�.b=�/i . Since the initial value ofR is b i , theradius of
the circle must be.1 C �/b=�. In particular, for auniform ball, the centre of the
circle is at the point�5

2
b i and the radius is7

2
b.
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Problem 19 . 3 � Ball rolling on a fixed sphere

A uniform ball with radiusa and centreC rolls on the rough outer surface of a fixed
sphere of radiusb and centreO . Show that the radial spinw � c is conserved, where

c (D c.t/) is theunit vector in the radial direction
�!
OC . [Take care!] Show also that

c satisfies the equation

7.a C b/c� Rc C 2an Pc C 5gc�k D 0;

wheren is the constant value ofw � c andk is the unit vector pointing vertically
upwards.

By comparing this equation with that for the spinning top, deduce the amazing
result that the ball can roll on the spherical surface without ever falling off. Find the
minimum value ofn such that the ball is stable at the highest point of the sphere.

ω

V

X

−M g k

C

O

c (t)

a

bb

O

C
k

G

FIGURE 19.3 A ball of massM and radiusa rolls on the rough surface of a fixed ball
of radiusb.

Solution
The ball and the sphere are shown in Figure 19.3. Note thatR, the position vector
of the centre of the ball, isR D .a C b/c, so thatV D .a C b/ Pc.

The equations of motion for the ball are as follows. The equation for thetrans-
lational motion of G is

M PV D X � Mgk; (1)
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while the equation for therotational motion relative toG is
�
�Ma2

�
Pw D .�ac/�X C 0�.�Mgk/

D aX �c: (2)

HereM is the mass anda the radius of the ball, and� is a constant depending on
the moment of inertia of the ball. For auniformball, � D 2

5
and, for ahollow ball,

� D 2
3
.

On eliminating the reactionX between these two equations, we find that

�a Pw D PV �c C gk�c; (3)

an equation satisfied inany motionof the ball whether skidding or rolling.
If we take the scalar product of this equation withc, we obtain

�a Pw � c D
�

PV �c
�

� c C g
�
k�c

�
� c

D 0:

However, sincec is nota constant vector, it does not follow (from this) thatw � c is
constant. Actually, itis constant in rolling motions, but not in general.

Suppose then that we restrict the ball torolling motions. We will proceed in the
same manner as in the derivation of the vectorial equation for the top. The rolling
condition at the contact pointC implies that

vC D V C w �.�ac/ D 0;

and so

V C ac�w D 0:

If we take the vector product of this equation withc, we obtain

c�V C ac�
�
c�w

�
D 0;

which simplifies to give

w D
�

1

a

�
c�V C .w � c/c:

Hence,w must have the form

w D
�

1

a

�
c�V C �c;
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where� is some scalar function of the time. If we now substitute thisformula forw
into equation (3) and make use of the formulaV D .a C b/ Pc, we obtain

.1 C �/.a C b/c� Rc C �a
�P�c C � Pc

�
C gc�k D 0;

after some simplification. This is the equation satisfied by the radial unit vectorc.
If we take the scalar product of this equation withc, the only term on the left that

survives is�aP�c � c and henceP� D 0. Thus theradial spin of the ball isconserved.
Theequation of motion for c then reduces to

.1 C �/.a C b/c� Rc C �an Pc C gc�k D 0;

wheren is the constant value of the radial spinw � c. In particular, for auniform
ball, the equation forc is

7.a C b/c� Rc C 2an Pc C 5gc�k D 0;

as required.

From the vectorial theory of thetop, the equation for the unit axial vectora is

Aa� Ra C C n Pa C Mgha�k D 0;

in the standard notion. We observe that the equations for theradial vectorc of the
ball and the axial vectora of the top have the same form. Moreover, they become
exactlythe same if we multiply the equation forc by Ma and giveA, C andh the
special values

A D 7Ma.a C b/;

C D 2Ma2;

h D 5a:

Hence, if we were to construct a top with these parameters andgive it spinn, then the
motions of its axial vectora would be exactly the same as those of the radial vector
c of the ball with spinn. For example, since thetop can undergo steady precession
with a at a fixed angle to the vertical, theball must be able to move so that its point
of contactC moves uniformly round a horizontal circle. The ball would never fall
off!

Similarly (see Problem 19.5), thetop is known to be stable in the vertically
upright position if

C 2n2 > 4AMgh:
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On substituting in the above values forA, C andh, it follows that theball will be
stable on the top of the sphere if

n2 >
35.a C b/g

a2
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Problem 19 . 4

Investigate the steady precession of a top for the case in which the axis of the top
moves in the horizontal plane throughO . Show that for anyn ¤ 0 there is justone
rate of steady precession and find its value.

Solution
We give two solutions to this problem, the first based on Lagrangian mechanics and
the second on vectorial mechanics.

Lagrangian solution

TheLagrangian for the top in terms of Euler’s angles is

L D 1
2
A P�2 C 1

2
A
�

P� sin�
�2

C 1
2
C
�

P C P� cos�
�2

� Mgh cos�:

The coordinates� and arecyclicand the corresponding conservation relations
are

A P� sin2 � C C n cos� D Lz;

P C P� cos� D n;

where the spinn and angular momentumLz are constants, determined by the initial
conditions.

The coordinate� is not cyclicand the corresponding Lagrange equation is

A R� �
�
A P�2 cos� � C n P� C Mgh

�
sin� D 0:

We now seek solutions in which� D �=2 for all t . This is possible if, and only
if,

A P� D Lz;

P D n;

C n P� � Mgh D 0:

Hence, for anyn ¤ 0, there is justonerate ofsteady precession, namely,

P� D Mgh

C n

Vectorial solution
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FIGURE 19.4 The top precesses with angu-
lar velocity� with its axis in the horizontal
plane throughO.

a

k

O

Ω

Figure 19.4 shows the top precessing with angular velocity� with its axis in the
horizontal plane throughO . Then, in the reference frame precessing with the top,
the axis vectora is fixed and theapparentangular velocity of the top has the form
�a, where� is some scalar function of the time. Hence, by the theorem on the
addition of angular velocities, thetrueangular velocity of the top is

w D �k C �a:

Sincea andk are principal directions of the top atO , it follows that the correspond-
ing angular momentumaboutO is

LO D A�k C C�a;

whereA, A, C are the principal moments of inertia of the top atO .
Theangular momentum principle then requires that

d

dt

�
A�k C C�a

�
D .ha/�.�Mgk/;

that is,

A
� P�k

�
C C

�
P�a C � Pa

�
D Mghk�a:

If we take the scalar product of this equation withk, we find that P� D 0 so that the
rate of precession must be constant. Similarly, if we take the scalar product witha,
we find thatP� D 0 so that the axial spinw � a must be constant. The equation fora

then becomes

C n Pa D Mghk�a;

wheren is the constant value ofw � a. However, in this steady precession,Pa D
.�k/�a and so there is justonerate of precessionwhich is given by

� D Mgh

C n
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Problem 19 . 5 The sleeping top

By performing a perturbation analysis, show that a top will be stable in the vertically
upright position if

C 2n2 > 4AMgh;

in the standard notation.

Solution

We give two solutions to this problem, the first based on Lagrangian mechanics
and the second on vectorial mechanics.

Lagrangian solution

TheLagrangian for the top in terms of Euler’s angles is

L D 1
2
A P�2 C 1

2
A
�

P� sin�
�2

C 1
2
C
�

P C P� cos�
�2

� Mgh cos�:

The coordinates� and arecyclicand the corresponding conservation relations
are

A P� sin2 � C C n cos� D Lz;

P C P� cos� D n;

where the spinn and angular momentumLz are constants, determined by the initial
conditions.

The coordinate� is not cyclicand the corresponding Lagrange equation is

A R� �
�
A P�2 cos� � C n P� C Mgh

�
sin� D 0:

When the top is spinning in the vertically upright position,the constantsn and
Lz are related byLz D C n. Suppose now that the top is disturbed from this steady
state by being given a horizontal impulse that does not change theinstantaneous
values of P and P�. Then, in the subsequent motion,n andLz retain their undisturbed
values and the angular momentum equation still has the form

A P� sin2 � C C n cos� D C n:

If we now use this equation to eliminateP� from the Lagrange equation for� , we
obtain

A R� C
�C 2n2.1 � cos�/2

A sin4 �
� Mgh

�
sin� D 0:
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This is theequation of motion for the inclination angle� . This equation is exact
and applies to large disturbances as well as small ones.

To investigate thestability of the top when spinning in the upright position, we
suppose that� and its time derivatives are small and approximate the equation for �
by linearising. It is not difficult to show that, when� is small,

.1 � cos�/2

sin4 �
� 1

4

so that thelinearised equationfor � is

A R� C
�

C 2n2

4A
� Mgh

�
� D 0:

The top will be stable whensmall disturbances remain smalland this requires that
the bracketed coefficient bepositive. This in turn requires that

C 2n2 � 4AMgh;

which is thecondition for stability .

Vectorial solution

FIGURE 19.5 The axial vectora is ex-
pressed in the forma D k C �.

k

a

ξ

k

i

j

This time we start from the equation of motion for the axial vector of the top,
namely

Aa� Ra C C n Pa C Mgha�k D 0:

If we write a in the form

a D k C � ;

then theequation of motion for � becomes

A.k C �/� R� C C n P� C Mgh� �k D 0:
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This equation is exact and applies to large disturbances as well as small ones. To
investigate thestability of the top when spinning in the upright position, we suppose
that� and its time derivatives are small and approximate the equation by linearising.
The linearised equationfor � is

Ak� R� C C n P� C Mgh� �k D 0:

In order to analyse the solutions of this vector equation, write

� D �1 i C �2 j C �3 k;

where the standard basis setf i ; j ;kg is fixedin space.
Then, in thelinear approximation , �3 is negligible and�1, �2 satisfy the equa-

tions

A R�1 C C n P�2 � Mgh�1 D 0;

A R�2 � C n P�1 � Mgh�2 D 0:

This pair of coupled equations for the components�1, �2 can be combined into the
single equation

A RZ � iC n PZ � MghZ D 0

by introducing thecomplexunknownZ D �1 C i�2. This second order ODE forZ
is linear, homogeneous and has constant coefficients (like the damped SHO). One of
the coefficients is complex, but this does not affect the solution method in any way.
The general solution is

Z D D e�1t C E e�2t ;

where

�1 D
iC n C

�
4AMgh � C 2n2

�1=2

2A
; �2 D

iC n �
�
4AMgh � C 2n2

�1=2

2A
;

andD, E are arbitrary constants.
The top will be stable whensmall disturbances remain smalland this requires

that neither exponent should have a positive real part. Thisin turn requires that

C 2n2 > 4AMgh;

which is thecondition for stability .
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Problem 19 . 6

Estimate how large the spinn of a pencil would have to be for it to be stable in the
vertically upright position, spinning on its point. [Take the pencil to be a uniform
cylinder 15 cm long and 7 mm in diameter.]

Solution
This is a numerical application of the result in Problem 19.6. If the pencil has mass
M , radiusa and length2b, then (ignoring the fact that one end has been sharpened!)

A D
�

1
4
Ma2 C 1

3
M b2

�
C M b2 D 1

4
Ma2 C 4

3
M b2;

C D 1
2
Ma2;

h D b:

For our pencil,a D 0:0035 m andb D h D 0:075 m. On takingg D 9:81 m s�2,
thestability condition

C 2n2 > 4AMgh

shows thatn must be greater than 24,250 radians per second, which is about 3,860
revolutions per second.
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Problem 19 . 7

A juggler is balancing a spinning ball of diameter 20 cm on theend of his finger.
Estimate the spin required for stability (i) for a uniform solid ball, (ii) for a uniform
thin hollow ball. Which do you suppose the juggler uses?

Solution
This is a numerical application of the result in Problem 19.6. If the ball has mass

M and radiusa, then

A D �Ma2 C Ma2;

C D �Ma2;

h D a;

where� D 2
5

for the uniform ball and� D 2
3

for the hollow ball.
For our ball,a D 0:1 m andh D 0:1 m. On takingg D 9:81 m s�2, thestability

condition

C 2n2 > 4AMgh

shows thatn must be greater than about 9.3 revolutions per second for theuniform
ball, and greater than about 6.2 revolutions per second for thehollow ball.

The juggler should therefore use thehollow ball since it is stable at lower angu-
lar speeds. [It is also has the advantage of being lighter!]
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Problem 19 . 8

Solve the problem of the free motion of an axisymmetric body by the Lagrangian
method. Compare your results with those in Section 19.4.

Solution
Suppose thatG, the centre of mass of the body is at rest. Then, in terms of Euler’s
angles centred onG, theLagrangian for the body is

L D 1
2
A P�2 C 1

2
A
�

P� sin�
�2

C 1
2
C
�

P C P� cos�
�2

� Mgh cos�:

The coordinates� and arecyclicand the corresponding conservation relations are

A P� sin2 � C C n cos� D Lz;

P C P� cos� D n;

where the angular momentumLz .D LG � k/ and spinn .D w � a/ are constants,
determined by the initial conditions.

Take the coordinate axisGz to point in the direction of the angular momentum
vectorLG. ThenLz D jLG j D L and the axial angular momentumC n is related
to L by

C n D LG � a D L cos�:

Hence� D ˛ (a constant), and the conservation equation forLz then becomes

A P� D L:

Hence, therate of precessionof the body about the axisfG;LGg is

P� D L

A
: (1)

Furthermore, from the constant spin equation,

P D n � P� cos˛

D L cos˛

C
�
�

L

A

�
cos˛

D
�

A � C

AC

�
L cos˛: (2)

This is theapparent rate of spin, viewed from the precessing frame. Equations (1)
and (2) confirm the results of section 19.4.
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Problem 19 . 9 Frisbee with resistance

A (wobbling) frisbee moving through air is subject to a frictional couple equal to
Kw . Find the time variation of the axial spin� (D w � a), wherea is the axial unit
vector. Show also thata satisfies the equation

Aa� Ra C K a� Pa C C� Pa D 0:

� By taking the cross product of this equation withPa, find the time variation of
j Pa j. Deduce that the angle betweenw anda decreases with time ifC > A (which
it is for a normal frisbee). Thus, in the presence of linear resistance, the wobble dies
away.

Solution
By following the same procedure as that in section 19.4, we find thatw , the angular
velocity of the frisbee can be expressed in the form

w D a� Pa C �a;

where the unit vectora points along the axis of symmetry, andn is some scalar
function of the timet . By the axial symmetry of the frisbee, the corresponding
angular momentum aboutG is

LG D Aa� Pa C C�a;

whereA, A, C are the principal moments of inertia of the frisbee atG.
The equation of rotational motion is theangular momentum principle about

G, namely,

d

dt

�
Aa� Pa C C�a

�
D N G;

whereN G is the total moment of external forces aboutG. In the present problem,
the resistance forces provide the moment

N G D �Kw

and the equation of motion for the axial vectora becomes

Aa� Ra C C P�a C C� Pa D �K
�
a� Pa C �a

�
;

that is,

Aa� Ra C Ka� Pa C
�
C P�C K�

�
a C C� Pa D 0:
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If we take the scalar product of this equation witha we find that

C P�C K� D 0;

which is an ODE for the unknown axial spin�.t/. The general solution of this
equation is

� D �e�K t=C ;

where� is a constant. Thus, in the presence of resistance, the spinw � a is not
constantbut decays exponentially.

On making use of this formula, theequation of motion for the axial vectora
becomes

Aa� Ra C Ka� Pa C C� Pa D 0:

If we now take the vector product of this equation witha we find that

A . Pa � Ra/a C K . Pa � Pa/ a D 0;

which leads to the scalar equation

A Pa � Ra C K Pa � Pa D 0:

Now

Pa � Pa D j Paj2 and Pa � Ra D 1
2

d

dt

�
j Paj2

�

from which it follows that

A
d

dt

�
j Paj2

�
C 2K

�
j Paj2

�
D 0:

The general solution of this ODE forj Paj is

j Paj D ��e�K t=A;

where� is a dimensionless constant. This is the requiredtime variation of j Paj.
� The time variation of� , the angle betweenw anda, can now be found ex-

plicitly. To do this, we observe that, sincew � a D � andw �a D Pa, the angle� can
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be expressed as

tan� D jw �aj
w � a

D j Paj
�

D ��e�K t=A

�e�K t=C

D � exp

�
�K

�
C � A

AC

�
t

�
:

It follows that the wobbledecaysif A < C butgrowsif A > C .
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Problem 19 . 10 Spinning hoop on a smooth floor

A uniform circular hoop of radiusa rolls and slides on aperfectly smoothhorizontal
floor. Find its Lagrangian in terms of the Euler angles, and determine which of the
generalised momenta are conserved. [Suppose thatG has nohorizontalmotion.]

Investigate the existence of motions in which the angle between the hoop and
the floor is a constant̨. Show that�, the rate of steady precession, must satisfy the
equation

cos˛�2 � 2n� � 2
g

a
cot˛ D 0;

wheren is the constant axial spin. Deduce that, forn ¤ 0, there are two possible
rates of precession, a faster one going the ‘same way’ asn, and a slower one in the
opposite direction. [These are interesting motions but onewould need averysmooth
floor to observe them.]

Solution

FIGURE 19.6 The hoop (or disk) slides on a
perfectly smooth floor.

G

O

θ

a

z

Z

φ

ψ

Since there are no horizontal forces acting on the hoop, the horizontal compo-
nents of linear momentum are conserved. It follows thatG has constanthorizontal
velocity. Any motion of the hoop can therefore be viewed froman inertial frame in
whichG moves vertically, as shown in Figure 19.6.

The kinetic energy of the hoop is the sum of its translational and rotational
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parts, that is,

T D 1
2
M PZ2 C 1

2
A P�2 C 1

2
A
�

P� sin�
�2

C 1
2
C
�

P C P� cos�
�2

;

whereZ is the vertical displacement ofG and f�; �; g are the standard Euler
angles based atG. SinceZ D a sin� ,

PZ D a cos� P�

and the expression forT becomes

T D 1
2

�
A C Ma2 cos2 �

�
P�2 C 1

2
A sin2 � P�2 C 1

2
C
�

P C P� cos�
�2

:

The correspondingpotential energy is simply

V D MgZ D Mga sin�:

Hence, in terms of the generalised coordinatesf�; �; g, the hoop hasLagrangian

L D 1
2

�
A C Ma2 cos2 �

�
P�2 C 1

2
A sin2 � P�2 C 1

2
C
�

P C P� cos�
�2

� Mga sin�:

The coordinates�,  arecyclic and the corresponding conserved momenta are

p� D A sin2 � P� C C cos�
�

P C P� cos�
�
;

p D C
�

P C P� cos�
�
:

This gives theconservation relations

A P� sin2 � C C n cos� D Lz;

P C P� cos� D n;

where the angular momentumLz .D LG � k/ and spinn .D w � a/ are constants,
determined by the initial conditions.

The coordinate� is not cyclic and its Lagrange equation is

d

dt

h
A P� C Ma2 cos2 � P�

i
C

c
 Cambridge University Press, 2006



Chapter 19 Problems in rigid body dynamics 670

h
Ma2 sin� cos� P�2 � A sin� cos� P�2 C C n sin� P� C Mga cos�

i
D 0;

on making use of the spin conservation relation.

We can now investigateprecessional motionsin which � D ˛, a constant. In
this case, the Lagrange equation for� is satisfied if

A cos˛�2 � C n� � Mga cot˛ D 0;

where we have now written� for the rate of precessionP�. Hence�must be constant
and take one of the two possible values

� D
C n ˙

�
C 2n2 C 4AMga cos˛ cot˛

�1=2

2A cos˛
:

WhenC 2n2 � 4AMga, these values of� are given approximately by

�F � C n

A cos˛
;

�S � �Mga cot˛

C n
;

so that the fast precession goes the ‘same way’ asn and the slow precession goes
the opposite way.
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Problem 19 . 11 Bicycle wheel

A bicycle wheel (a hoop) of massM and radiusa is fitted with a smooth spindle
lying along its symmetry axis. The wheel is spun with the spindle horizontal, and
the spindle is then made to turn with angular speed� about a fixed vertical axis
through the centre of the wheel. Show thatn, the axial spin of the wheel, remains
constant and find the moment that must be applied to the spindle to produce this
motion.

Solution
Let Gx1x2x3 be a set ofembedded principal axesof the wheel atG with Gx3

lying along the symmetry axis. Then, sinceB D A, Euler’s equations for the
wheel become

A P!1 � .A � C /!2!3 D K1;

A P!2 � .C � A/!3!1 D K2;

C P!3 D K3;

whereK G .D K1 e1 C K2 e2 C K3 e3/ is the applied moment of external forces
aboutG.

Since the wheel issmoothlypivoted about its axis,K3 D 0 and the equations
become

A P!1 C .C � A/!2!3 D K1;

A P!2 � .C � A/!3!1 D K2;

P!3 D 0:

Hence, inanymotion, theaxial spin component!3 D n, aconstant, and the spin
components!1, !2 satisfy the equations

A P!1 C .C � A/n!2 D K1; (1)

A P!2 � .C � A/n!1 D K2: (2)

In this problem we aregiventhat the spindle is made to turn with constant an-
gular speed� about a fixed vertical axis throughG. Let Gxyz be a set of Cartesian
axes withGx horizontal,Gy vertical (and fixed), andGz coincident with the spin-
dle axisGx3, as shown in Figure 19.7. Since the axesGxyz rotate with the wheel
around the fixed vertical axisGy, we will call them theprecessingaxes. Because
of the axisymmetry of the wheel, the precessing axes are alsoa set of principal axes,
but they arenot embeddedand Euler’s equations do not apply in them.
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FIGURE 19.7 The embedded axes
Gx1x2x3 and theprecessingaxesGxyz.

x

y

z

x1
x2

x3

nt

G

Relative to the precessing axes, the spindle axis is at rest and so theapparent
angular velocity must have the formw 0 D �k, where� is some scalar function
of the time. Hence, by the theorem on the addition of angular velocities, thetrue
angular velocity of the wheel is

w D �j C �k;

which, sincew � k D n, becomes

w D �j C nk:

The components of this angular velocity in the embedded axesare therefore

!1 D � sinnt;

!2 D � cosnt;

!3 D n;

and, if we now substitute these values for!1, !2 into the Euler equations (1), (1),
we find that

K1 D C n� cosnt;

K2 D �C n� sinnt:

Themoment that must be applied to the wheel is therefore

K G D C n�.cosnt e1 � sinnt e2/ ;
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which, in terms of the unit vectorsfi ; j ;kg of the precessing axes, becomes

K G D C n�i :

This is the formula for theapplied momentK G. Note that this moment is applied
about thehorizontalaxisGx1.

If the wheel can be modelled by a hoop of massM and radiusa, thenC D Ma2

and the required moment is

K G D Ma2 n�i :
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Problem 19 . 12 Stability of steady rotation

An unsymmetrical body is in steady rotation about a principal axis throughG. By
performing a perturbation analysis, investigate the stability of this motion for each
of the three principal axes.

Solution
Since the body is subject to no external moments,Euler’s equationsare

A P!1 � .B � C /!2!3 D 0;

B P!2 � .C � A/!3!1 D 0;

C P!3 � .A � B/!1!2 D 0;

whereGx1x2x3 are a set ofembedded principal axesof the body atG. Suppose
the body is rotating with constant angular velocityƒ about the principal axisGx3

when it isslightlydisturbed. Then, in the subsequent motion,

!1 D �1;

!2 D �2;

!3 D ƒC �3;

where�1, �2, �3 areinitially small. We wish to find conditions such that theyremain
small. The motion will then be stable.

On substituting these forms into Euler’s equations, we find that, in thelinear
appraoximation, �1, �2, �3 satisfy the equations

A P�1 � .B � C /ƒ�2 D 0;

B P�2 � .C � A/ƒ�1 D 0;

P�3 D 0:

Thus�3 is constant and certainly remains small. It remains to find the time depen-
dencies of�1, �2. If we differentiate the first equation with respect tot and then
make use of the second equation, we find that�1 satisfies the equation

R�1 C
�
.C � A/.C � B/

AB

�
ƒ2 �1 D 0;

and it can be shown that�2 satisfies a similar equation. The quantities�1, �2 will
therefore remain small if the bracketed coefficient ispositive, that is, if

.C � A/.C � B/ > 0:
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This is true if the principal momentC is thebiggestorsmallestof fA;B;C g, but not
otherwise. Hence,the steady rotation of an unsymmetrical body about a principal
axis is stable for the axes with the greatest and least moments of inertia, but unstable
for the other axis.
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Problem 19 . 13 Frisbee with resistance

Re-solve the problem of the frisbee with resistance (Problem 19.9) by using Euler’s
equations.

Solution
Since the resistance forces are known to exert the momentN G D �Kw aboutG,
Euler’s equationsfor the frisbee are

A P!1 � .A � C /!2!3 D �K!1;

A P!2 � .C � A/!3!1 D �K!2;

C P!3 D �K!3;

whereGx1x2x3 is a set ofembedded principal axesof the frisbee atG with Gx3

lying along the symmetry axis.
The third equation is a first order ODE for!3 alone and its general solution is

!3 D ƒe�K t=C ;

whereƒ is a constant of integration. This is the generaltime variation of !3.
If we now multiply the first equation by!1, the second by!2, and add, we

obtain

A
�
!1 P!1 C !2 P!2

�
C 0 D �K

�
!2

1 C !2
2

�
;

which can be written in the form

A
d

dt

�
!2

1 C !2
2

�
C 2K

��
!2

1 C !2
2

��
D 0:

This is a first order ODE for the quantity
�
!2

1
C !2

2

�
and its general solution is

!2
1 C !2

2 D �2e�2K t=A;

where� is a second constant of integration. Hence

�
!2

1 C !2
2

�1=2

D �e�K t=A:

This is the generaltime variation of
�
!2

1 C !2
2

�1=2
.

Theangle� between the angular velocity vectorw and the unit axial vectora
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is then given by

tan� D
�
!2

1 C !2
2

�1=2

!3

D �e�K t=A

ƒe�K t=C

D
�
�

ƒ

�
exp

�
�K

�
C � A

AC

�
t

�
:

It follows that the wobbledecaysif A < C butgrowsif A > C .
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Problem 19 . 14 Wobble on spinning lamina

An unsymmetrical lamina is in steady rotation about the axisthroughG perpen-
dicular to its plane. Find an approximation to the wobble of this axis if the body is
slightly disturbed. [This is a repeat of Example 19.7 for thespecial case in which
the body is an unsymmetricallamina; in this caseC D A C B and there is much
simplification.]

Solution
Takeembedded principal axesat G with Gx3 perpendicular to the plane of the

lamina. Then, by the perpendicular axes theorem,C D A C B andEuler’s equa-
tions reduce to

P!1 C !2!3 D 0;

P!2 � !3!1 D 0;

.A C B/ P!3 � .A � B/!1!2 D 0:

Suppose the body is rotating with constant angular velocityƒ about the principal
axisGx3 when it isslightlydisturbed. Then, in the subsequent motion,

!1 D �1;

!2 D �2;

!3 D ƒC �3;

where�1, �2, �3 are small (at least initially). On substituting these formsinto Euler’s
equations, we find that, in thelinear approximation , �1, �2, �3 satisfy the equations

P�1 Cƒ�2 D 0;

P�2 �ƒ�1 D 0;

P�3 D 0:

To find an equation for�1 alone, we differentiate the first equation with respect tot

and then make use of the second equation. This gives

R�1 Cƒ2 �1 D 0:

Hence the time variation of�1 has the general form

�1 D �ƒ cos.ƒt C 
 /;

where� and
 are arbitrary constants. The corresponding time variationof �2 is then

�2 D �ƒ sin.ƒt C 
 /:
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Now we find the time variaton of the unit vectore3. In general this is obtained
by solving the system ofcoupledODEs

Pe1 D !3 e2 � !2 e3;

Pe2 D !1 e3 � !3 e1; (1)

Pe3 D !2 e1 � !1 e2;

for thethreeunknown vectorse1, e2, e3.
In the undisturbed motion,

e1 D cosƒt i C sinƒt j ;

e2 D � sinƒt i C cosƒt j ;

e3 D k;

wherefi ; j ;kg is afixedorthonormal set. Since!1, !2 are small in the disturbed
motion, the vectorse1 ande2 that appear in the third equation of (1) can be replaced
by their steady (zero order) approximations to give

Pe3 D �2 .cosƒt i C sinƒt j / � �1 .� sinƒt i C cosƒt j / ;

correct to the first order. On substituting in the approximate forms for�1 and�2, we
find that

Pe3 D �ƒ sin.ƒt C 
 / .cosƒt i C sinƒt j / �
�ƒ cos.ƒt C 
 / .� sinƒt i C cosƒt j /

D �ƒ
h

sin.2ƒt C 
 /i � cos.2ƒt C 
 /j
i
:

Hence, correct to the first order, the ODE fore3 is uncoupledfrom the other two
and integrates to give

e3 D k � 1
2
�
h

cos.2ƒt C 
 /i C sin.2ƒt C 
 /j
i

C �C ;

whereC is a constant of integration.
Hence, in the first order theory, the principal axisGx3 has aperiodic wob-

ble with frequency 2ƒ. This result is consistent with the motion of a freeax-
isymmetricbody, which precesses around the axisfG;LGg with frequencyL=A D
C n=.A cos˛/, wheren is the axial spin and̨ is the angle between the axial vector
a and the angular momentumLG . For anaxisymmetric lamina, C D 2A and the
frequency of the wobble is2n= cos˛.
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Problem 19 . 15 � Euler theory for the unsymmetrical lamina

An unsymmetrical lamina has principal axesGx1x2x3 atG with the corresponding
moments of inertiafA;B;A C Bg. Initially the lamina is rotating with angular
velocity� about an axis throughG that lies in the.x1;x2/-plane and makes an
acute anglę with Gx1. By using Euler’s equations, show that, in the subsequent
motion,

!2
1 C !2

2 D �2;

.B � A/!2
2 C .B C A/!2

3 D .B � A/�2 sin2 ˛:

Interpret these results in terms of the motion of the ‘w -point’ moving in.!1; !2; !3/-
space and deduce thatw is periodic when viewed from the embedded frame.

Find an ODE satisfied by!2 alone and deduce that the lamina will once again
be rotating about the same axis after a time

4

�

�
B C A

B � A

�1=2 Z �=2

0

d�

.1 � sin2 ˛ sin2 �/1=2
:

Solution
Takeembedded principal axesat G with Gx3 perpendicular to the plane of the

lamina. Then, by the perpendicular axes theorem,C D A C B andEuler’s equa-
tions become

P!1 C !2!3 D 0;

P!2 � !3!1 D 0;

.A C B/ P!3 � .A � B/!1!2 D 0:

Without loss of generality, we will suppose thatA < B; if not, this can be be made
true by rotating the axes through a right angle.

If we multiply the first Euler equation by!1, the second by!2, and add, we
obtain

!1 P!1 C !2 P!2 D 0;

which can be integrated immediately to give

!2
1 C !2

2 D C;

whereC is a constant. It follows from the initial conditions!1 D � cos˛ and
!2 D � sin˛ whent D 0 thatC D �2. Hencew satisfies the firstconservation
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relation

!2
1 C !2

2 D �2:

If instead we multiply the second Euler equation by.B � A/!2, the third by!3,
and add, we obtain

.B C A/!3 P!3 C .B � A/!2 P!2 D 0;

which can also be integrated immediately to give

.B � A/!2
2 C .B C A/!2

3 D D;

whereD is a constant. This time, the initial conditions show thatD D .B �
A/�2 sin2 ˛. Hencew also satisfies the secondconservation relation

.B � A/!2
2 C .B C A/!2

3 D .B � A/�2 sin2 ˛:

ω1

ω3

ω2

P

Q

R

S

FIGURE 19.8 The ‘point’ in w -space moves along the curve in which the
circular cylinder!2

1
C !2

2
D �2 meets the elliptical cylinder

.B � A/!2
2

C .B C A/!2
3

D .B � A/�2 sin2 ˛:

These two conservation relations enable us to find the path ofthe ‘w -point’ in
.!1; !2; !3/ space. The first relation shows that thew -point must move on the ‘ver-
tical’ circular cylinder shown in Figure 19.8. Similarly, the second relation shows
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that thew -point must also move on the ‘horizontal’ elliptic cylindershown in the
same figure. Thew -point must therefore move along thecurve of intersection
PQRS of these two surfaces. Thew -point begins atP D .� cos˛;� sin˛; 0/ at
time t D 0 and proceeds in the direction shown, eventually returning to P . It follows
thatw is periodic when viewed from the embedded frame.

To obtain an ODE satisfied by!2 alone, we begin with the second Euler equation
and make use of the two conservation relations. This gives

P!2 D !1!3

D
�
˙
�
�2 � !2

2

�1=2
�

�
"

˙
�

B � A

B C A

�1=2 �
�2 sin2 ˛ � !2

2

�1=2
#

D ˙
�

B � A

B C A

�1=2 �
�2 � !2

2

�1=2 �
�2 sin2 ˛ � !2

2

�1=2

;

where the sign depends on which part of the curvePQRS thew -point is on; on
the ‘upper’ half of the curve, the sign ispositiveand, on the ‘lower’ half, the sign is
negative. This first order separable ODE is therequired equation for !2.

Finally we must find the time� taken for thew -point to return toP . On inte-
grating the ODE for!2 over the sectionSP of the curve, we obtain

Z � sin˛

0

d!2

�
�2 � !2

2

�1=2 �
�2 sin2 ˛ � !2

2

�1=2
D C

�
B � A

B C A

�1=2 Z �=4

0

dt

and so

� D 4

�
B C A

B � A

�1=2 Z � sin˛

0

d!2

�
�2 � !2

2

�1=2 �
�2 sin2 ˛ � !2

2

�1=2

D 4

�

�
B C A

B � A

�1=2 Z �=2

0

d�

.1 � sin2 ˛ sin2 �/1=2
;

on making the substitution!2 D � sin˛ sin� .
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